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ALMOST SURE CENTRAL LIMIT THEOREM FOR THE

HYPERBOLIC ANDERSON MODEL WITH LÉVY WHITE NOISE

RALUCA M. BALAN, PANQIU XIA, AND GUANGQU ZHENG

Abstract. In this paper, we present an almost sure central limit theorem

(ASCLT) for the hyperbolic Anderson model (HAM) with a Lévy white noise
in a finite-variance setting, complementing a recent work by Balan and Zheng

(Trans. Amer. Math. Soc., 2024) on the (quantitative) central limit theorems

for the solution to the HAM. We provide two different proofs: one uses the
Clark-Ocone formula and takes advantage of the martingale structure of the

white-in-time noise, while the other is obtained by combining the second-order

Gaussian Poincaré inequality with Ibragimov and Lifshits’ method of charac-
teristic functions. Both approaches are different from the one developed in the

PhD thesis of C. Zheng (2011), allowing us to establish the ASCLT without

lengthy computations of star contractions. Moreover, the second approach is
expected to be useful for similar studies on SPDEs with colored-in-time noises,

when the former approach, based on Itô calculus, is not applicable.

.

1. Introduction

This short note is devoted to the study of a stochastic (linear) wave equation (∂2
tt − ∂2

xx)u = uL̇(
u(0, •), ∂tu(0, •)

)
= (1, 0)

on (t, x) ∈ R+ × R,(1.1)

driven by a space-time pure-jump Lévy white noise; see Section 1.3 for a precise
description of the noise and the solution.

1.1. Central limit theorems for SPDEs. In a recent work [24], Huang, Nualart,
and Viitasaari established a central limit theorem (CLT) for the spatial integral of
the solution to a stochastic nonlinear heat equation with space-time Gaussian white
noise and constant initial condition on R+ × R:

(∂t − 1
2∂

2
xx)u = σ(u)Ẇ and u(0, x) = 1,(1.2)

where Ẇ denotes the space-time Gaussian white noise on R+ × R and the nonlin-
earity σ(u) is described by a Lipschitz function σ : R→ R. More precisely, letting

1991 Mathematics Subject Classification. 35Q35, 60F15, 60H30.
Key words and phrases. Almost sure central limit theorem; hyperbolic Anderson model;

Ibragimov-Lifshits’ criterion; second-order Gaussian Poincaré inequality; Clark-Ocone formula;
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2 RALUCA M. BALAN, PANQIU XIA, AND GUANGQU ZHENG

u = {u(t, x)}(t,x)∈R+×R be the solution to (1.2), and denoting (with t0 > 0 fixed)

Fθ :=

ˆ θ

−θ

[
u(t0, x)− 1

]
dx and σθ :=

√
Var(Fθ),(1.3)

for any θ > 0, the authors of [24] established that Fθ/σθ admits Gaussian fluctuation
as θ → ∞. This result was partially motivated by the study of mathematical
intermittency of the random field solution. In retrospect, (a) it is not hard to expect
that the solution u is spatially stationary due to the constant initial condition and
homogeneous noise; (b) it is also natural to investigate furthermore the spatial
ergodicity of u that will lead to the first-order result, a law of large number: as

θ → +∞, 1
2θ

´ θ
−θ u(t, x)dx→ 1 in L2(P) and almost surely; (c) therefore, the central

limit theorem (the second-order fluctuation) would naturally come into the picture.
Since the appearance of the work [24], there have been a growing body of liter-

ature on similar CLT results for heat equations with various Gaussian noises; see,
for example, [25, 40, 37, 15, 16, 17, 39, 42, 45, 36]. Meanwhile, such a program was
carried out by Nualart, Zheng, and their collaborators to investigate the stochastic
(nonlinear) wave equations driven by Gaussian noises; see [19, 13, 42, 41, 7] and see
also the recent works [21, 22] by Ebina on three and higher-dimensional stochastic
wave equations. In a recent paper [8] by Balan and Zheng, a similar program for
the SPDEs with Lévy noises has been initiated; see Section 1.3 for an overview.

1.2. Almost sure central limit theorems. The almost sure central limit theo-
rem (ASCLT) was first formulated by Paul Lévy in his book [32, page 270] without
a proof. It had not gained much attention until being rediscovered by various au-
thors in the 1980’s ([23, 14, 47, 29]). The simplest form of ASCLT can be stated
as follows. Let {Xn}n≥1 be an independent and identically distributed sequence of
centered random variables with the unit variance. Then, for P-almost every ω ∈ Ω,

1

log n

n∑
k=1

1

k
δ Sk√

k
(ω)

=⇒ γ as n→ +∞,(1.4)

where δx denotes the Dirac mass at x, Sk = X1 + ... + Xk, γ stands for the
standard normal distribution, and “=⇒” represents the weak convergence of finite
measures. In other words, the Gaussian asymptotic behavior can be observed along
a generic trajectory via this logarithmic average. It was explored in several papers
[29, 11, 2, 31] that the above hypothesis of i.i.d. sequence of random variables
with mean zero and unit variance is optimal for ASCLT. See also [10, 27] for more
details. Let us first state a few definitions, one of which generalizes (1.4).

Definition 1.1. (i) [Discrete version] A sequence {Fk}k∈N of real random variables
is said to satisfy the ASCLT if for P-almost every ω ∈ Ω,

µωN :=
1

logN

N∑
k=1

1

k
δFk(ω) =⇒ γ as N →∞.(1.5)

(ii) [Continuum version] A family {Fy}y≥1 of real random variables is said to satisfy
the ASCLT if for P-almost every ω ∈ Ω, the map y 7→ Fy(ω) is almost surely
measurable and 1

1The (random) measure νωT can be understood by first testing it with f ∈ Cc(R) (continuous

function with compact support), i.e., (?) 〈νωT , f〉 = 1
log T

´ T
1 f

(
Fy(ω)

) dy
y
, which defines a positive
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νωT :=
1

log T

ˆ T

1

δFy(ω)
dy

y
=⇒ γ as T → +∞.(1.6)

In this note, we aim to establish an ASCLT for the spatial integrals of the solution
to an SPDE. Then, it is more natural for us to proceed with the continuum version
of Definition 1.1, while the discrete analogue can be dealt with in the same way.

Remark 1.2. (i) For simplicity, we take the logarithmic average in (1.5) and (1.6).
In fact, one can consider more general weights, for example, using (dk, DN ) in place
of ( 1

k , logN), where dk > 0, DN = d1 + · · ·+dN with DN+1/DN → 1 as N → +∞;
see also the discussion in [29, page 204].

(ii) By the separability of R, there exists a countable family {φn}n∈N of bounded
Lipschitz functions on R such that {φn}n∈N forms a separating class for the weak
convergent probability measures on R; see [27, Proposition 2.2]. Thus, the validity
of (1.6) (for P-almost every ω ∈ Ω) is equivalent to each of the following statements:2

(a) dFM(νωT , γ)
almost surely−−−−−−−−→
T→+∞

0, with dFM defined as in (2.1);

(b) ∀f ∈ Cb(R), almost surely, 1
log T

´ T
1

1
θf(Fθ) dθ

T→+∞−−−−−→
´
R f(x)γ(dx); here

Cb(R) is the set of real bounded continuous functions on R. In view of [38,
Proposition C.3.2], the above statements are also equivalent to the following
statements;

(c) almost surely, ∀t ∈ R, 1
log T

´ T
1

1
θ1{Fθ≤t} dθ

T→+∞−−−−−→ γ((−∞, t]);

(d) dKol(ν
ω
T , γ)

almost surely−−−−−−−−→
T→+∞

0, with dKol defined as in (2.3).

The usual CLT does not require the random variables to be defined on a common
probability space, while the ASCLT does; and furthermore, the convergence to
normality at a fast rate does not necessarily imply the ASCLT. This can be readily
confirmed by, for example, setting Fk ≡ Y ∼ γ for all k, leading to a clear violation
of the ASCLT (1.5). In other words, a finer understanding of the whole family of
random variables is necessary to investigate the ASCLT.

1.3. SPDEs driven with Lévy noises. Stochastic differential equations driven
by Lévy processes have been studied intensively in the literature since 1970, often
using semi-martingale techniques. There are already several monographs dedicated
to this topic (e.g., [12, 44, 1]). The study of SPDEs driven by Lévy noise is a rela-
tively new area in stochastic analysis, which extends these techniques to problems
that incorporate a spatially-dependent component for the noise. These equations
can be studied using either the variational approach (developed at length in the
mongraph [43]), or the random field approach (see, e.g., [5, 6]). One needs to dis-
tinguish between the finite-variance case (in which many techniques are similar to
the Gaussian case) and the infinite-variance case (see, e.g., [4, 28]).

The present paper constitues a new contribution to this area, and focuses on the
hyperbolic Anderson model in dimension 1, driven by a finite-variance Lévy noise.
This model can be used for describing the evolution of a wave perturbed by random

linear functional on Cc(R), and hence, as a result of Riesz’s representation theorem, νωT defined

in (1.6) makes sense as the unique Radon measure satisfying (?)

2(b) is equivalent to the seemingly stronger statement: (b’) almost surely, for any bounded

continuous f , 1
log T

´ T
1

1
θ
f(Fθ) dθ

T→+∞−−−−−→
´
R f(x)γ(dx).
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forces, which are characterized by a sequence of impulses in space-time (described
rigorously by a Poisson random measure). Models with this type of noise could be
useful in a variety of situations, when the Gaussian space-time white noise is not a
correct model for describing the sources of randomness perturbing the system.

Consider the equation (1.1) driven by a space-time Lévy white noise L̇. Through-
out this paper, we make the following assumptions:
(i) L̇ is the space-time (pure-jump) Lévy noise on R+ × R with finite variance:

(i-a) let Z := R+ × R × R0, with R0 := R \ {0} equipped with the distance
d(x, y) = |x−1 − y−1|, and let Z be the Borel σ-algebra on Z, and let m =
Leb×ν, with Leb the Lebesgue measure on R+×R and ν a σ-finite measure
on R0 satisfying the Lévy-measure condition

´
R0

min{1, |z|2}ν(dz) <∞ and

the finite-variance condition m2 :=
´
R0
|z|2ν(dz) <∞;

(i-b) let N be a Poisson random measure on the space (Z,Z) with intensity m,

and let N̂ = N −m be the compensated version of N , and we put L(A) =´
A×R0

zN̂(ds, dy, dz) for any Borel set A ⊂ R+ × R0 with Leb(A) < ∞,

where the above integral L(A) is defined in the Itô sense, which is an infin-
itely divisible random variable with Lévy-Khintchine formula E

[
eiλL(A)

]
=

exp
(
Leb(A)

´
R0

(eiλz − 1− iλz)ν(dz)
)
, λ ∈ R;

(i-c) L̇(s, y) = L(ds, dy) is the formal derivative ∂s∂yL;

(ii) the product of the unknown u and the Lévy noise L̇ is intetpreted in the Itô
sense; and in Duhamel formulation, we rewrite (1.1) in the following integral form:

u(t, x) = 1 +

ˆ t

0

ˆ
R
Gt−s(x− y)u(s, y)L(ds, dy),(1.7)

and Gt(x) = 1
21{|x|<t} denotes the wave kernel.3

It is known that equation (1.1) admits a unique solution u = {u(t, x)}(t,x)∈R+×R
that is an F-predictable process satisfying (1.7) and sup(t,x)∈[0,T ]×R E[|u(t, x)|2] <

∞ for any finite T > 0; see [6, Theorem 1.1]. Here, F = {Ft}t∈R+ denotes the

natural filtration generated by the Lévy noise L̇.4

In a recent work [8], Balan and Zheng established the following result on spatial
ergodicity and CLT results for (1.1).

Theorem 1.3 ([8, Theorem 1.1]). Let u = {u(t, x)}(t,x)∈R+×R be the solution to
(1.1). Fix t0 > 0, and let Fθ and σθ be defined as in (1.3) for θ > 0. Then,

(i) {u(t0, x)}x∈R is strictly stationary and ergodic.

(ii) σθ =
√

Var(Fθ) �
√
θ as θ →∞.

(iii) Assume additionally that m2+2α +m1+α <∞ for some α ∈ (0, 1],5 where

mp :=

ˆ
R0

|z|pν(dz), p ∈ [1,∞).(1.8)

3The integral in (1.7) is understood as
´
R×RX(s, y)L(ds, dy) =

´
R×R×R0

X(s, y)zN̂(ds, dy, dz),

whenever the right side exists.
4More precisely, let F0

t be the σ-algebra generated by the random variables N([0, s]×A×B)

with s ∈ [0, t] and Leb([0, s]×A)+ν(B) <∞. And let Ft = σ
(
F0
t ∪N

)
be the σ-algebra generated

by F0
t and the set N of P-null sets. This gives us a filtration F = {Ft}t∈R+

.
5In particular, this forces m2 to be finite.
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Then, dist
(
Fθ
σθ
,N (0, 1)

)
. θ−

α
1+α , where the implicit constant does not de-

pend on θ, and one can choose the distributional metric dist to be one of
the following: Fortet-Mourier, 1-Wasserstein, and Kolmogorov distances (see
(2.1)-(2.3)).

Note that σθ > 0 for θ > 0; see [8, Remark 4.3]. One of the key ingredients for
part (iii) is a second-order Poincaré inequality that goes back to Last, Peccati, and
Schulte’s paper [30], and has been recently improved by Trauthwein [48].

The goal of the current note is to provide the following ASCLT.

Theorem 1.4. With the notation as in Theorem 1.3 and let F̃θ = Fθ/σθ for θ > 0.

Assume m1+α+m2+2α <∞ for some α ∈ (0, 1]. Then, {F̃θ}θ≥1 satisfy the ASCLT.

The paper is organized as follows. In Section 2, we collect some preliminaries
for the proofs of Theorem 1.4 presented in Section 3. Proofs of technical lemmas
will be given in the Appendix A.

2. Preliminaries

2.1. Notations. In this paper, all random objects are defined on a rich common
probability space (Ω,F ,P), and E, Var,Cov stand for the associated expectation,
variance, covariance operators respectively. We use ‖X‖p := ‖X‖Lp(Ω) for any
p ∈ [1,∞) and real-valued random variable X, and we write ‖f‖∞ for the essential-
sup norm for any measurable f : R → R. We write Y ∼ γ to mean that Y is a
standard normal random variable. For any two (probability) measures µ1 and µ2

on R, we define the Fortet-Mourier distance

dFM(µ1, µ2) := sup
‖φ‖∞+‖φ‖∞<1

∣∣∣ˆ
R
φ(x)µ1(dx)−

ˆ
R
φ(x)µ2(dx)

∣∣∣.(2.1)

It is well-known that dFM characterizes the weak convergence of probability mea-
sures on R; see [20, Theorem 11.3.3]. Another two stronger metrics, the Wasserstein
distance dWass and the Kolmogorov distance dKol, are defined, respectively, by

dWass(µ1, µ2) := sup
‖φ′‖∞≤1

∣∣∣ˆ
R
φ(x)µ1(dx)−

ˆ
R
φ(x)µ2(dx)

∣∣∣,(2.2)

dKol(µ1, µ2) := sup
t∈R
|µ1((−∞, t])− µ2((−∞, t])|.(2.3)

For two random variables X and Y , we also write dWass(X,Y ) for the Wasserstein
distance between their distributions. On the L2 probability space generated by the
Poisson random measure N , one can develop the Malliavin calculus; see [8, Section
2] for more details and for any unexplained notation. In particular, we recall that
for F ∈ D1,2, DξF denotes the Malliavin derivative DF ∈ L2(Ω;L2(Z,m)) valued
at ξ ∈ Z, where for convenience, ξ and m(dξ) are short for ξ = (r, y, z) ∈ R+×R×R0

and m(dξ) = dr × dy × ν(dz) respectively, whenever no ambiguity arises. For two
functions g(t) and h(t), g(t) � h(t) means that 0 < c1 ≤ lim inft→+∞ g(t)/h(t) ≤
lim supt→+∞ g(t)/h(t) ≤ c2 <∞ for some constants c1 and c2.

2.2. Preliminary results.

Proposition 2.1 ([8, Proposition 3.2]). Let mp be defined as in (1.8) for p ≥ 1.
Assume m2 +m2+2α <∞ for some α ∈ (0, 1]. Then, for any 0 < r1 < r2 < t0,

‖Dr1,y,zu(t0, x)‖2+2α . Gt0−r1(x− y)|z|,
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and

‖Dr2,y2,z2Dr1,y1,z1u(t0, x)‖2+2α . |z1z2|Gt0−r2(x− y2)Gr2−r1(y2 − y1).(2.4)

The following proposition is a variant of [48, Theorem 3.4] for random variables
whose variances are not necessarily one. The modification is standard within the
Stein’s method ([46, 18, 38]). For the completeness, we provide a sketchy proof.

First, we recall the framework used in [48]. Let (X,X , λ) be a σ-finite measure
space, and NX be the set of N0∪{∞}-valued measures on X. Let NX be the smallest
σ-field on NX for which all maps NX 3 ξ 7→ ξ(B) are measurable for B ∈ X .

Let χ be a Poisson random measure (PRM) on X of intensity λ, defined on a
probability space (Ω,F ,P). For any χ-measurable random variable F , there exists
a measurable function f : NX → R such that F = f(χ) a.s. For such a variable,
we define the add-one cost operator DxF = f(χ + δx) − f(χ) for all x ∈ X. It
is known that for F ∈ D1,2, DF coincides with the add-one cost operator and
hence we will simply use the same notation; see [8, Remark 2.7]. In our framework,
(X,X , λ) = (Z,Z,m). If η is a PRM on Y = X× [0, 1] of intensity λ = λ⊗ dt, then
χ = η(· × [0, 1]) is a PRM on X of intensity λ, and for any χ-measurable random
variable F , D(x,s)F = DxF for all (x, s) ∈ Y.

Proposition 2.2. Let χ be a Poisson random measure on X of intensity λ. Let
F ∈ D1,2 be such that E(F ) = 0 and E(F 2) = σ2. Then,

dWass(F,N (0, 1)) ≤ 2√
π
|1− σ2|+ γ1 + γ2 + γ3,(2.5)

where, for p, q ∈ (1, 2],

γ1 :=
2

2
p+ 1

2

√
π

(ˆ
X

[ˆ
X
‖Dx2

F‖2p‖Dx1
Dx2

F‖2p λ(dx2)

]p
λ(dx1)

) 1
p

,

γ2 :=
2

2
p−

1
2

√
π

(ˆ
X

[ˆ
X
‖Dx1

Dx2
F‖22p λ(dξ2)

]p
λ(dx1)

) 1
p

,

γ3 := 2

ˆ
X
E|DxF |q+1 λ(dx).

(2.6)

Proof. Let η be given as above, then we can view F as a η-measurable random
variable F with DyF = DxF for all y = (x, s) ∈ Y.

We use [48, (3.3)] (whose proof does not rely on the fact that E(F 2) = 1):

dWass(F,N (0, 1)) ≤
√

2/πE
∣∣1− σ2 −G

∣∣+ 2

ˆ
Y
|E[DyF |η]| · |DyF |qλ(dy),(2.7)

where G :=
´
YDyF E[DyF |η]λ(dy) − σ2 has mean zero in view of [48, (D.20)],

and the second term in (2.7) is bounded by γ3 in view of [48, (D.47)]. The same
argument as for [48, (D.18)] shows that E|G| ≤ β′1 + β′2, where β′1 and β′2 have the

same expressions as β1, β2 in [48, Theorem 3.2], but without σ−2, and without
√

2/π
(which is a typo in [48]). Hence, the above Wasserstein distance (2.7) is bounded

by
√

2/π|1− σ2|+
√

2/πE|G|+ γ3. Then
√

2/π(β′1 + β′2) = β1 + β2, where β1 and
β2 are given as in [48, Theorem 3.2] without the factor σ−2. The conclusion follows
since β1 + β2 ≤ γ1 + γ2, by [48, D.46]. �

Remark 2.3. Proposition 2.2 will be combined with Ibragimov-Lifshits’ method of
characteristic functions (Proposition 3.3) to provide the second proof of Theorem
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1.4 in Section 3.2. It is important to note that F in (2.5) may not have the unit
variance, whereas the original statement of [48, Theorem 3.4] gives an estimate for

dWass(F̂ , Y ) with F̂ = (F − E(F ))/
√

Var(F ). This seemingly minor modification
is crucial for obtaining (3.14): applying directly [48, Theorem 3.4] would require a
uniform (positive) lower bound for the variance Vθ,w in (3.15), but Vθ,θ = 0.

3. Two proofs of Theorem 1.4

3.1. Proof of Theorem 1.4 via the Clark-Ocone formula. In view of Remark
1.2-(ii), it suffices to show

1

log T

ˆ T

1

1

θ
f(F̃θ)dθ

a.s.−−−−−→
T→+∞

ˆ
R
f(x)γ(dx)(3.1)

for any bounded Lipschitz function f on R with the Lipschitz constant Lip(f). By

Theorem 1.3-(iii), limθ→∞ E[f(F̃θ)] =
´
R f(x)γ(dx). Then, (3.1) is equivalent to

1

log T

ˆ T

1

1

θ

(
f(F̃θ)− E[f(F̃θ)]

)
dθ

a.s.−−−−−→
T→+∞

0.(3.2)

Put

Hθ := f(F̃θ)− E[f(F̃θ)].(3.3)

Then, one can deduce from the Clark-Ocone formula (see, e.g., [8, Lemma 2.5])
that

Hθ =

ˆ t0

0

ˆ
R

ˆ
R0

E
[
Dr,y,zHθ|Fr

]
N̂(dr, dy, dz),(3.4)

which is an Itô integral with respect to the compensated Poisson random measure

N̂ . Then, we deduce from the Itô isometry, the chain rule (e.g. [8, (2.42)]), the
Cauchy-Schwarz, and Jensen’s inequalities that for θ < w,∣∣E[HθHw]

∣∣ ≤ Lip2(f)

σθσw

ˆ t0

0

ˆ
R

ˆ
R0

‖Dr,y,zFθ‖2 · ‖Dr,y,zFw‖2 drdyν(dz);(3.5)

while Proposition 2.1, together with Minkowski’s inequality, implies that

‖Dr,y,zFθ‖2 ≤
ˆ θ

−θ
‖Dr,y,zu(t0, x)‖2 dx . |z|

ˆ θ

−θ
Gt0−r(x− y)dx.(3.6)

Thus, it follows from (3.5), (3.6), Theorem 1.3-(ii), and the following inequalities

Gt0−r(•) ≤ Gt0(•), Gt0(x1 − y)Gt0(x2 − y) ≤ Gt0(x1 − y)G2t0(x1 − x2)

that ∣∣E[HθHw]
∣∣ . 1√

θw

ˆ t0

0

ˆ
R

ˆ
R0

|z|2
(ˆ θ

−θ
Gt0−r(x1 − y)dx1

)

·
(ˆ w

−w

Gt0−r(x2 − y)dx2

)
drdyν(dz)

≤ m2t0√
θw

ˆ
R

(ˆ θ

−θ
Gt0(x1 − y)dx1

)
·
(ˆ w

−w

G2t0(x2 − x1)dx2

)
dy

≤ 4m2t
3
0

(
θ/w

) 1
2 for θ < w,

(3.7)
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where the last step is obtained by integrating in the order of dx2, dy, then dx1.
Hence, the proof of (3.2) is done by invoking the following Lemma 3.1. �

Lemma 3.1. Let {Hθ}θ>0 be a family uniformly bounded random variables with∣∣E[HθHw]
∣∣ ≤ Cβ(θ/w)β

for any 0 < θ < w, where the exponent β > 0 and the constant Cβ do not depend
on (θ,w). Assume also that θ 7→ Hθ is a measurable function almost surely. Then,

LT :=
1

log T

ˆ T

1

1

θ
Hθdθ

a.s.−−−−−→
T→+∞

0.(3.8)

A discrete analogue of Lemma 3.1 can be formulated in a straightforward manner.
Lemma 3.1 follows essentially from a Borel-Cantelli argument, and for the sake of
completeness, we present a short proof in the Appendix A.

Remark 3.2. The aforementioned Lemma 3.1 for Hθ = f(F̃θ) − E
[
f(F̃θ)

]
with

bounded Lipschitz f is enough to prove Theorem 1.4. A crucial point is the usage
of the Clark-Ocone representation Hθ as an Itô integral (3.4), and applying the
moment estimate of the Malliavin derivatives (Proposition 2.1). This idea has
been used in papers [33, 34, 35] for similar studies on SPDEs driven by Gaussian
noises. However when the noise is not white in time (e.g., [7, 39]), the strategy,
based on Itô’s calculus, is not applicable any more. This motivates us to provide
another proof using a combination of the Ibragimov-Lifshits’ criteria for ASCLT
and the second-order Gaussian Poincaré inequalities; see also Remark 3.4 for a
further discussion.

3.2. Proof of Theorem 1.4 based on the Ibragimov-Lifshits’ criterion. Let
us first state a variant of the Ibragimov-Lifshits’ result.

Proposition 3.3. ([26, Ibragimov-Lifshits’ criterion]) A family of random variables
{Fθ}θ≥1 satisfies the ASCLT if θ 7→ Fθ is measurable almost surely, and

sup
|s|≤T

ˆ ∞
2

E
[
|Kt(s)|2

]
t log t

dt <∞,(3.9)

for any finite T > 0, where

Kt(s) :=
1

log t

ˆ t

1

1

θ

(
eisFθ − e−s

2/2
)
dθ, t ∈ (1,∞).(3.10)

In Ibragimov-Lifshits’ original paper [26], the criterion is proved for the discrete
version (see Definition 1.1-(i)). For readers’ convenience, we provide a sketchy proof
of Proposition 3.3 in the Appendix A though it is almost identical to that in [26].

Let Fθ be defined as in (1.3) and Kt(s) be given by (3.10) with Fθ replaced by

F̃θ = 1
σθ
Fθ. By expanding |Kt(s)|2, we write

|Kt(s)|2 =
1

(log t)2

ˆ
[1,t]2

1

θw

(
eisF̃θ − e− s

2

2

)(
e−isF̃w − e− s

2

2

)
dθdw

=
1

(log t)2

ˆ
[1,t]2

1

θw

(
eis(F̃θ−F̃w) + e−s

2

− eisF̃θe− s
2

2 − e−isF̃we−
s2

2

)
dθdw

= It(s)− e−
s2

2 IIt(s),

where
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It(s) :=
1

(log t)2

ˆ
[1,t]2

1

θw

(
eis(F̃θ−F̃w) − e−s

2
)
dθdw,

IIt(s) :=
1

log t

ˆ t

1

1

θ

(
eisF̃θ + e−isF̃θ − 2e−

s2

2

)
dθ.

(3.11)

Therefore, thanks to Proposition 3.3, it suffices to show that

A1(s) :=

ˆ ∞
2

E
[
It(s)

]
t log t

dt and A2(s) :=

ˆ ∞
2

E
[
IIt(s)

]
t log t

dt, s ∈ [−T, T ]

are both uniformly bounded for any given T > 0.
? Estimation of the A2 term. Applying Euler’s formula eiz + e−iz = 2 cos(z),

z ∈ R, and E[eisY ] = e−
s2

2 for Y ∼ γ, one can write, with φs(z) = 2 cos(sz), that∣∣E(eisF̃θ + e−isF̃θ − 2e−
s2

2

)∣∣ =
∣∣E(φs(F̃θ)− φs(Y )

)∣∣ ≤ 2|s|dWass(F̃θ, Y ),(3.12)

where we used (2.2) and the fact that φs is a Lipschitz function with Lip(φs) ≤
2|s| ≤ 2T . Then, it follows from (3.11), (3.12), and Theorem 1.3-(iii) that

sup
|s|≤T

∣∣E[IIt(s)]
∣∣ .T 1

log t

ˆ ∞
1

dθ

θ1+ α
1+α
.T

1

log t
,

where.T suggests the implicit constant in the inequality only depends on T . There-
fore, it holds that sup{|A2(s)| : s ∈ [−T, T ]} <∞ for any finite T > 0.
? Estimation of the A1 term. We first write

sup
|s|≤T

A1(s) ≤ 2
√

2T

ˆ ∞
2

1

t(log t)3

(ˆ
[1,t]2

1

θw
dWass

(
F̃θ−F̃w√

2
, Y
)
dθdw

)
dt

= 4
√

2T

ˆ ∞
2

1

t(log t)3

(ˆ
1<θ<w<t

1

θw
dWass

(
F̃θ−F̃w√

2
, Y
)
dθdw

)
dt,(3.13)

where we used dWass(−X,Y ) = dWass(X,Y ) for Y ∼ γ and the following bound∣∣E[eis(F̃θ−F̃w) − e−s
2]∣∣ =

∣∣E[ei√2s(
F̃θ−F̃w√

2
) − ei

√
2sY
]∣∣ ≤ 2

√
2|s|dWass

(
F̃θ−F̃w√

2
, Y
)
.

We claim that there exist positive real numbers β1, β2, and β3 such that

dWass

(
F̃θ−F̃w√

2
, Y
)
. θ−β1 + w−β2 + (θ/w)β3(3.14)

for 1 < θ < w <∞. It is then easy to deduce the finiteness of (3.13) from the claim
(3.14). The rest of the proof is then devoted to verifying the claim (3.14).

Observe that F̃θ and F̃w are centered with unit variance, and thus,

Vθ,w := E
[(
F̃θ−F̃w√

2

)2]
= 1− Cov(F̃θ, F̃w).(3.15)

It follows from Proposition 2.2 with (3.15) that

dWass

(
F̃θ−F̃w√

2
, Y
)
≤ |Cov(F̃θ, F̃w)|+

3∑
j=1

γj(θ,w),(3.16)

where γj(θ,w), j = 1, 2, 3, are defined as in (2.6) with F = F̃θ−F̃w√
2

and p = 1 + α,

q = min{2, 1 + 2α} for some α ∈ (0, 1]; namely, ignoring the constants
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γ1 :=

[ ˆ
Z

(ˆ
Z

∥∥Dξ2(F̃θ − F̃w)
∥∥

2p

∥∥Dξ1Dξ2(F̃θ − F̃w)
∥∥

2p
m(dξ2)

)1+α

m(dξ1)

] 1
1+α

,

γ2 :=

[ˆ
Z

(ˆ
Z

∥∥Dξ1Dξ2(F̃θ − F̃w)
∥∥2

2p
m(dξ2)

)1+α

m(dξ1)

] 1
1+α

,

and

γ3 :=

ˆ
Z

∥∥Dξ(F̃θ − F̃w)
∥∥q+1

q+1
m(dξ).

Step (i). The estimate for Cov(F̃θ, F̃w) is already there, if one notices that

Cov(F̃θ, F̃w) = E[HθHw], where H is defined as in (3.3) with f(x) = x for all
x ∈ R. As a consequence of (3.7), for all 0 < θ < w,6

|Cov(F̃θ, F̃w)| . (θ/w)
1
2 .(3.17)

Step (ii). In this step we provide the estimate for γ1. It is clear that

γ1+α
1 (θ,w) . T1(θ, θ) + T1(θ,w) + T1(w, θ) + T1(w,w),(3.18)

where

T1(θ,w) :=

ˆ
Z

[ˆ
Z

‖Dξ2 F̃θ‖2p‖Dξ1Dξ2 F̃w‖2pm(dξ2)

]1+α

m(dξ1).

Note that T1(θ, θ) and T1(w,w) have been already dealt with in [8], and we have

T1(θ, θ) . θ−α and T1(w,w) . w−α;(3.19)

see equations (4.21)–(4.24) therein. The other two terms in (3.18) can be addressed
similarly. Using Proposition 2.1, we can write next inequities analogous to (3.6),

‖Dr,y,zFθ‖2p . |z| ·
ˆ θ

−θ
Gt0(x− y)dx,

‖Dr1,y1,z1Dr2,y2,z2Fw‖2p . |z1z2| ·
ˆ w

−w

Gt0(x− y1)Gt0(y2 − y1)dx,

(3.20)

where t0 is fixed as in Proposition 2.1; see also equations (4.18)–(4.20) in [8].7

Now, we are ready to estimate T1(θ,w) by utilizing (3.20) and Theorem 1.3-(ii):

T1(θ,w) ≤ 1

(σθσw)1+α

ˆ t0

0

ˆ
R×R0

m(dξ1) |z1|1+α

[ˆ t0

0

ˆ
R×R0

m(dξ2) |z2|2

·
(ˆ θ

−θ
Gt0(x2 − y2)dx2

)(ˆ w

−w

Gt0(x1 − y1)Gt0(y2 − y1)dx1

)]1+α

.
1

(θw)
1+α
2

ˆ
R
dy1T̃1(θ,w, y1)1+α,

6To limit the length of this note, here we take a shortcut by using directly (3.7) although this
does not really fit the spirit of the second proof. Instead of an application of (3.7), the explicit

chaos expansion of F̃θ can be used to verify the bound (3.17); we leave this for interested readers.

It is worth pointing out that this approach based on the chaos expansion requires f(x) ≡ x for all
x ∈ R in (3.3), and the obtention of (3.7) for general f crucially relies on the Clark-Ocone formula

for f(F̃θ), which is not available in the colored-in-time setting.
7The bounds in (3.20) follow easily from those in [8, (4.18)–(4.20)] and triangle inequality with

the fact Gt0−r ≤ Gt0 .
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where m(dξi) = dridyiν(dzi) for i = 1, 2 (see Section 2);

T̃1(θ,w, y1) :=

ˆ
R
dy2

ˆ θ

−θ
dx2

ˆ w

−w

dx1Gt0(x2 − y2)Gt0(x1 − y1)Gt0(y2 − y1) ≤ t30;

and in the last inequality we used the finiteness of m2 and m1+α (see Footnote 5).
Therefore, an application of Jensen’s inequality implies that

T1(θ,w) .
t3α0

(θw)
1+α
2

ˆ
R
dy1T̃1(θ,w, y1) .

θ

(θw)
1+α
2

≤ (θ/w)
1+α
2(3.21)

for 1 ≤ θ ≤ w, where in the second-to-last inequality, we have simply performed
integration in the exact order of dx1, dy1, dy2, dx2. In the same way, we can obtain

T1(w, θ) ≤ (θ/w)
1+α
2 for 1 ≤ θ ≤ w.(3.22)

Therefore, in view of (3.18), (3.19), (3.21), and (3.22), we get

γ1(θ,w) . θ−α + w−α + (θ/w)
1+α
2 .(3.23)

Step (iii). For the term γ2, we can write

γ1+α
2 (θ,w) .

ˆ
Z

[ˆ
Z

‖Dξ1Dξ2 F̃θ‖22pm(dξ2)

]1+α

m(dξ1)

+

ˆ
Z

[ˆ
Z

‖Dξ1Dξ2 F̃w‖22pm(dξ2)

]1+α

m(dξ1) . θ−α + w−α,

(3.24)

which is essentially done in [8, (4.25)–(4.27)].

Step (iv). Now we consider the last term γ3(θ,w) with q = min{2, 1+2α} ∈ (1, 2].

γ3(θ,w) .
ˆ
Z

‖DξF̃θ‖q+1
q+1m(dξ) +

ˆ
Z

‖DξF̃w‖q+1
q+1m(dξ) . θ−

q−1
2 + w−

q−1
2 ,

(3.25)

where the last step is essentially done in [8, (4.28)–(4.30)]. Claim (3.14) follows
from (3.16), (3.17), (3.23), (3.24), and (3.25). Hence, the proof is complete. �

Remark 3.4. In this proof, we merged Ibragimov-Lifshits’ criteria and the second-
order Gaussian Poincaré inequalities. The strategy was largely motivated by earlier
works [9, 50, 51, 3] based on a combination of Ibragimov-Lifshits’ method and the
Malliavin-Stein approach ([38]). With the chaos expansion, papers [9, 50, 51] have
established sufficient conditions (in terms of contractions) for the ASCLT on Gauss-
ian, Poisson, and Rademacher settings. Our strategy shares the same root as the
aforementioned references but differs by incorporating the second-order Gaussian
Poincaré inequalities. This novelty avoids lengthy computation of asymptotic neg-
ligibility of the (star-)contractions, and will be further illustrated in the work [49].

Appendix A. Proofs of Lemma 3.1 and Proposition 3.3

Proof of Lemma 3.1. Let us first compute the second moment of LT in (3.8):

E
[
L2
T

]
=

1

(log T )2

ˆ T

1

ˆ T

1

1

θw
E[HθHw] dθdw

≤ 2

(log T )2

ˆ
1<θ<w≤T

1

θw
Cβ
(
θ/w

)β
dθdw ≤ 2Cβ

β log T
.
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In particular, we get (by Fubini)

E
∞∑
k=1

L2
2k2

< +∞, and therefore L2k2
a.s.−−→ 0 as k → +∞.

Next, we will show the almost sure convergence along the continuum parameter
(as T → +∞). By the uniform boundedness of {Hθ}θ>0, one can find a constant
M > 0 such that |Hθ| ≤ M , ∀θ > 0, with probability one. Then, for any T > 1,
one can find some (unique) k = kT ∈ N≥0 such that

2k
2
T ≤ T < 2(kT+1)2 .(A.1)

It follows that

|LT | =
∣∣∣ log(2k

2

)

log T
L2k2 +

1

log T

ˆ T

2k2

1

θ
Hθ dθ

∣∣∣
≤
∣∣L2k2

∣∣+
M

log T

[
log T − log(2k

2)]
with k = kT as in (A.1)

≤
∣∣L2k2

∣∣+
M

k2

[
(k + 1)2 − k2

]
,

which goes to 0 as T →∞ (k = kT →∞ as well). Hence the proof is complete. �

Proof of Proposition 3.3. The proof consists of two parts: (i) for any s ∈ R, Kt(s)→
0 a.s. as t→∞; and (ii) for P-almost every ω ∈ Ω and for any sequence tn ↑ ∞ (as
n → ∞), the family of probability measures {νωtn : n ≥ 1} is tight, where we have
used the notation νωT from (1.6). Then, we can deduce from (i) and (ii) together
that P({ω ∈ Ω : νωT =⇒ γ as T → +∞}) = 1. That is, ASCLT holds for {Fθ}θ≥1.

To show part (i), we fix any s ∈ R. Let h > 1 and define

Ij = [eh
j

, eh
j+1

], j ∈ N≥0.

It is clear that t 7→ E
[
|Kt(s)|2

]
is continuous, and therefore there exists some

(deterministic) sj ∈ Ij such that

E
[
|Ksj (s)|2

]
= min

t∈Ij
E
[
|Kt(s)|2

]
≤
(ˆ

Ij

1

t log t
dt

)−1 ˆ
Ij

E
[
|Kt(s)|2

]
t log t

dt

=
1

log h

ˆ
Ij

E
[
|Kt(s)|2

]
t log t

dt,

(A.2)

which is summable in j by assumption (3.9). It follows from Fubini that

almost surely, Ksj (s)→ 0 as j →∞.(A.3)

Next, for eh
j ≤ a < b ≤ ehj+1

, we get∣∣Ka(s)−Kb(s)
∣∣ =

∣∣∣( 1

log a
− 1

log b

)ˆ a

1

1

θ
eisFθ dθ − 1

log b

ˆ b

a

1

θ
eisFθ dθ

∣∣∣
≤ 2(1− 1

h ).

(A.4)

Thus, part (i) follows from (A.3) and (A.4): almost surely,

lim sup
t→∞

|Kt(s)| ≤ 2(1− 1
h ) for all h > 1.(A.5)
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Now, let us continue with part (ii). First, we deduce from the same continuity
argument as in (A.2) that for r > 0, there exists some (deterministic) s∗j ∈ Ij
(depending on r as well) such that

E
ˆ r

−r
|Ks∗j

(s)|2ds = min
t∈Ij

E
ˆ r

−r
|Kt(s)|2ds ≤

1

log h

ˆ
Ij

dt

t log t

(
E
ˆ r

−r
|Kt(s)|2ds

)
,

which, together with Fubini and the assumption (3.9), implies that

E
∑
j

ˆ r

−r
|Ks∗j

(s)|2ds ≤ 2r

log h
sup
|s|≤r

ˆ ∞
2

1

t log t
E
[
|Kt(s)|2

]
dt < +∞.

Thus, it holds almost surely that
´ r
−r |Ks∗j

(s)|2ds → 0 as j → +∞. Therefore, we

can obtain by the same arguments as in (A.3), (A.4), and (A.5) that with probability
one,

´ r
−r |Kt(s)|2ds→ 0 as t→ +∞. Then, we get from Hölder inequality that

almost surely,

ˆ r

−r
φνωt (s)ds→

ˆ r

−r
φγ(s)ds as t→ +∞,(A.6)

where φµ(s) =
´
R e

isxµ(dx) denotes the characteristic function of a probability
measure µ on R, and γ denotes the standard Gaussian measure on R in this paper.
Using the fact | sin(z)| ≤ |z|, ∀z ∈ R, we deduce that

µ
(
{x ∈ R : |x| ≤ 1

r2 }
)
≥
ˆ
|x|≤r−2

sin(rx)

rx
µ(dx)

≥
ˆ
R

sin(rx)

rx
µ(dx)− r =

1

2r

ˆ r

−r
φµ(s)ds− r.

(A.7)

It follows from (A.7) and (A.6) that for P-almost every ω ∈ Ω and for every ε > 0,

lim inf
t→+∞

νωt (|x| ≤ r−2) ≥ 1

2r

ˆ r

−r
φγ(s)ds− r ≥ 1− ε

2

for small enough r = rε that does not depend on ω. For any increasing divergent
sequence {tn}, the above bound indicates that there is some N = Nε such that

νωtn(|x| ≤ r−2
ε ) ≥ 1− ε, ∀n ≥ Nε;(A.8)

while by choosing another small enough r′ε > 0, we get

νωtn(|x| ≤ 1
(r′ε)

2 ) ≥ 1− ε, ∀n < Nε.(A.9)

Combining (A.8) and (A.9) yields the tightness of {νωtn : n ≥ 1}. Therefore, the
result in part (i) implies that νωtn =⇒ γ as n → ∞, and such weak convergence
holds for true for any increasing divergent sequence {tn}n∈N. Hence, we proved
P{ω ∈ Ω : νωT =⇒ γ as T → +∞} = 1. �
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1077.
17. L. Chen, D. Khoshnevisan, D. Nualart, F. Pu, Spatial ergodicity and central limit theorems

for parabolic Anderson model with delta initial condition, J. Funct. Anal. 282 (2022), no. 2,
Paper No. 109290, 35 pp.

18. L.H. Chen, L. Goldstein, Q.-M. Shao, Normal approximation by Stein’s method, Probab.

Appl. (N. Y.) Springer, Heidelberg, 2011. xii+405 pp.
19. F. Delgado-Vences, D. Nualart, G. Zheng, A central limit theorem for the stochastic wave

equation with fractional noise, Ann. Inst. Henri Poincaré Probab. Stat. 56 (2020), no. 4,
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