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ALMOST SURE CENTRAL LIMIT THEOREM FOR THE
HYPERBOLIC ANDERSON MODEL WITH LEVY WHITE NOISE

RALUCA M. BALAN, PANQIU XIA, AND GUANGQU ZHENG

ABSTRACT. In this paper, we present an almost sure central limit theorem
(ASCLT) for the hyperbolic Anderson model (HAM) with a Lévy white noise
in a finite-variance setting, complementing a recent work by Balan and Zheng
(Trans. Amer. Math. Soc., 2024) on the (quantitative) central limit theorems
for the solution to the HAM. We provide two different proofs: one uses the
Clark-Ocone formula and takes advantage of the martingale structure of the
white-in-time noise, while the other is obtained by combining the second-order
Gaussian Poincaré inequality with Ibragimov and Lifshits’ method of charac-
teristic functions. Both approaches are different from the one developed in the
PhD thesis of C. Zheng (2011), allowing us to establish the ASCLT without
lengthy computations of star contractions. Moreover, the second approach is
expected to be useful for similar studies on SPDEs with colored-in-time noises,
when the former approach, based on It6 calculus, is not applicable.

1. INTRODUCTION

This short note is devoted to the study of a stochastic (linear) wave equation

(1.1) on (t,z) € Ry xR,
(u(0, ), 8;u(0,e)) = (1,0)

driven by a space-time pure-jump Lévy white noise; see Section for a precise
description of the noise and the solution.

1.1. Central limit theorems for SPDEs. In a recent work [24], Huang, Nualart,
and Viitasaari established a central limit theorem (CLT) for the spatial integral of
the solution to a stochastic nonlinear heat equation with space-time Gaussian white
noise and constant initial condition on R4 x R:

(1.2) (0 — 202, )u = o)W and u(0,z) =1,

where W denotes the space-time Gaussian white noise on R4+ x R and the nonlin-
earity o(u) is described by a Lipschitz function o : R — R. More precisely, letting
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u = {u(t, )} ¢,2)er, xr be the solution to (1.2, and denoting (with o > 0 fixed)

0
(1.3) EFy ::/ [u(to,z) — 1]dz  and og = +/Var(Fp),

-0

for any 6 > 0, the authors of [24] established that Fy/op admits Gaussian fluctuation
as # — oo. This result was partially motivated by the study of mathematical
intermittency of the random field solution. In retrospect, (a) it is not hard to expect
that the solution w is spatially stationary due to the constant initial condition and
homogeneous noise; (b) it is also natural to investigate furthermore the spatial
ergodicity of u that will lead to the first-order result, a law of large number: as
6 — 400, 55 ffa u(t,z)dz — 1in L?(P) and almost surely; (c) therefore, the central
limit theorem (the second-order fluctuation) would naturally come into the picture.

Since the appearance of the work [24], there have been a growing body of liter-
ature on similar CLT results for heat equations with various Gaussian noises; see,
for example, [25] 40, 37 [15] 16, 177, B9, [42], 45, [36]. Meanwhile, such a program was
carried out by Nualart, Zheng, and their collaborators to investigate the stochastic
(nonlinear) wave equations driven by Gaussian noises; see [19} 13| 42} [41] [7] and see
also the recent works [21} [22] by Ebina on three and higher-dimensional stochastic
wave equations. In a recent paper [8] by Balan and Zheng, a similar program for
the SPDEs with Lévy noises has been initiated; see Section for an overview.

1.2. Almost sure central limit theorems. The almost sure central limit theo-
rem (ASCLT) was first formulated by Paul Lévy in his book [32] page 270] without
a proof. It had not gained much attention until being rediscovered by various au-
thors in the 1980’s ([23] 14, [47], 29]). The simplest form of ASCLT can be stated
as follows. Let {X,,},>1 be an independent and identically distributed sequence of
centered random variables with the unit variance. Then, for P-almost every w € €Q,

n

1 1
(1.4) lognkzys%(w) = asn — +oo,

where J, denotes the Dirac mass at x, Sy = X; + ... + X}, 7 stands for the
standard normal distribution, and “=" represents the weak convergence of finite
measures. In other words, the Gaussian asymptotic behavior can be observed along
a generic trajectory via this logarithmic average. It was explored in several papers
[29, 11 2| BI] that the above hypothesis of i.i.d. sequence of random variables
with mean zero and unit variance is optimal for ASCLT. See also [10, 27] for more
details. Let us first state a few definitions, one of which generalizes .

Definition 1.1. (i) [Discrete version] A sequence {Fj }ren of real random variables
is said to satisfy the ASCLT if for P-almost every w € €,

1 1
(1.5) uy = @; E(sF"(w) =7 as N — oo.
(ii) [Continuum version] A family {F),},>1 of real random variables is said to satisfy
the ASCLT if for P-almost every w € 2, the map y — F,(w) is almost surely
measurable and [1

IThe (random) measure v can be understood by first testing it with f € C.(R) (continuous

function with compact support), i.e., (x) (v5, f) = @ flT f(Fy (w)) %7 which defines a positive
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1 T dy
1.6 5= OF (b)— = T— .
(1.6) vr logT_/l Fy(w) Y v as +00
In this note, we aim to establish an ASCLT for the spatial integrals of the solution
to an SPDE. Then, it is more natural for us to proceed with the continuum version

of Definition while the discrete analogue can be dealt with in the same way.

Remark 1.2. (i) For simplicity, we take the logarithmic average in and ( .
In fact, one can consider more general weights, for example, using (dk, D ~) in place
of (%,logN), where d, > 0, Dy =dy +---+dy with Dyy1/Dy — 1 as N — +oo;
see also the discussion in [29, page 204].

(ii) By the separability of R, there exists a countable family {¢, }nen of bounded
Lipschitz functions on R such that {¢, }nen forms a separating class for the weak
convergent probability measures on R; see [27, Proposition 2.2]. Thus, the validity
of (for P-almost every w € Q) is equivalent to each of the following statementsﬂ

——— 0, with drn defined as in (2.1));

(b) Vf € Cp(R), almost surely, @LT% (Fy)do 12 — [ f( ; here
Cy(R) is the set of real bounded continuous functions on R. In view of [38,
Proposition C.3.2], the above statements are also equivalent to the following
statements;

(c) almost surely, Vt € R, @ flT 51 (r,<ey df Toteo, ¥((—00,1]);

(d) dxor(V%,7) W 0, with dko) defined as in ([2.3)).
— o0

almost surely

(a) drm(VF,7)

The usual CLT does not require the random variables to be defined on a common
probability space, while the ASCLT does; and furthermore, the convergence to
normality at a fast rate does not necessarily imply the ASCLT. This can be readily
confirmed by, for example, setting Fy, =Y ~ « for all k, leading to a clear violation
of the ASCLT . In other words, a finer understanding of the whole family of
random variables is necessary to investigate the ASCLT.

1.3. SPDEs driven with Lévy noises. Stochastic differential equations driven
by Lévy processes have been studied intensively in the literature since 1970, often
using semi-martingale techniques. There are already several monographs dedicated
to this topic (e.g., [12, (44, [1]). The study of SPDEs driven by Lévy noise is a rela-
tively new area in stochastic analysis, which extends these techniques to problems
that incorporate a spatially-dependent component for the noise. These equations
can be studied using either the variational approach (developed at length in the
mongraph [43]), or the random field approach (see, e.g., [5l [6]). One needs to dis-
tinguish between the finite-variance case (in which many techniques are similar to
the Gaussian case) and the infinite-variance case (see, e.g., [4, 2§]).

The present paper constitues a new contribution to this area, and focuses on the
hyperbolic Anderson model in dimension 1, driven by a finite-variance Lévy noise.
This model can be used for describing the evolution of a wave perturbed by random

linear functional on C.(R), and hence, as a result of Riesz’s representation theorem, v defined
in (1.6]) makes sense as the unique Radon measure satisfying (x)

2(b) is equivalent to the seemingly stronger statement: (b’) almost surely, for any bounded

continuous f, logT f f(Fg ) do Todeo, Jz
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forces, which are characterized by a sequence of impulses in space-time (described
rigorously by a Poisson random measure). Models with this type of noise could be
useful in a variety of situations, when the Gaussian space-time white noise is not a
correct model for describing the sources of randomness perturbing the system.
Consider the equation driven by a space-time Lévy white noise L. Through-
out this paper, we make the following assumptions:
(i) L is the space-time (pure-jump) Lévy noise on R, x R with finite variance:
(i-a) let Z == Ry x R x Ry, with Ry := R\ {0} equipped with the distance
d(z,y) = |v=1 —y~!], and let Z be the Borel o-algebra on Z, and let m =
Leb x v, with Leb the Lebesgue measure on R} xR and v a o-finite measure
on Ry satisfying the Lévy-measure condition fRo min{1, |z|?}v(dz) < oo and
the finite-variance condition mg = fRo |z|?v(dz) < oo;
(i-b) let N be a Poisson random measure on the space (Z, Z) with intensity m,
and let N = N — m be the compensated version of N, and we put L(A) =
fAXRo 2N (ds,dy, dz) for any Borel set A C Ry x Ry with Leb(A) < oo,
where the above integral L(A) is defined in the Itd sense, which is an infin-
itely divisible random variable with Lévy-Khintchine formula E [e”‘L(A)] =
exp (Leb(A) fp (e =1 —iXz)v(d2)), A € R;
(i-c) L(s,y) = L(ds,dy) is the formal derivative 9,0, L;
(ii) the product of the unknown u and the Lévy noise L is intetpreted in the Itd
sense; and in Duhamel formulation, we rewrite in the following integral form:

(1.7) u(t,z) =1 +/0 /]RGt_s(:c —y)u(s,y)L(ds, dy),

and Gy(x) = $1{j4/<¢y denotes the wave kernelﬂ

It is known that equation admits a unique solution u = {u(t, )} 2)er, xr
that is an F-predictable process satisfying and sup( ,)eo,71xr Ellu(?, z)|?] <
oo for any finite T > 0; see [6, Theorem 1.1]. Here, F = {F;};cr, denotes the
natural filtration generated by the Lévy noise L

In a recent work [§], Balan and Zheng established the following result on spatial
ergodicity and CLT results for .

Theorem 1.3 ([8, Theorem 1.1]). Let u = {u(t, 7)}(t,0)er, xr be the solution to
(1.1). Fizxtg > 0, and let Fyp and oy be defined as in (1.3) for @ > 0. Then,

(i) {u(to,z)}zer is strictly stationary and ergodic.

(ng oo = \/Var(Fp) < V0 as 6 — .

(iii) Assume additionally that mayoq + M14a < 00 for some a € (0, 1]E| where

(1.8) myp ::/]R |z[Pv(dz), pe€l,00).

3The integral in is understood as [ . X (s,y)L(ds, dy) = foRxRO X(s,y)zN(ds, dy, dz),
whenever the right side exists.

4More precisely, let F? be the o-algebra generated by the random variables N ([0, s] x A x B)
with s € [0,¢] and Leb([0, s] x A)+v(B) < co. And let F; = o(FP UN) be the o-algebra generated
by F? and the set A of P-null sets. This gives us a filtration F = {Fitier, -

51n particular, this forces mo to be finite.
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Then, dist(f—:,./\/'(o,l)) < O~ Ta, where the implicit constant does not de-
pend on 0, and one can choose the distributional metric dist to be one of
the following: Fortet-Mourier, 1-Wasserstein, and Kolmogorov distances (see

E.3-23).

Note that oy > 0 for 6 > 0; see [8, Remark 4.3]. One of the key ingredients for
part (iii) is a second-order Poincaré inequality that goes back to Last, Peccati, and
Schulte’s paper [30], and has been recently improved by Trauthwein [48].

The goal of the current note is to provide the following ASCLT.

Theorem 1.4. With the notation as in Them"em and let ﬁg = Fy/og ford > 0.
Assume miqo+mataq < 0o for some o € (0,1]. Then, {Fy}o>1 satisfy the ASCLT.

The paper is organized as follows. In Section [2, we collect some preliminaries
for the proofs of Theorem [I.4] presented in Section [3] Proofs of technical lemmas
will be given in the Appendix [A]

2. PRELIMINARIES

2.1. Notations. In this paper, all random objects are defined on a rich common
probability space (Q, F,P), and E, Var, Cov stand for the associated expectation,
variance, covariance operators respectively. We use || X[, = || X[ () for any
p € [1,00) and real-valued random variable X, and we write || f||o for the essential-
sup norm for any measurable f : R — R. We write Y ~ 7 to mean that Y is a
standard normal random variable. For any two (probability) measures py and po
on R, we define the Fortet-Mourier distance

(2.1) dem(pi1, p2) = ‘/¢ x) 1 (dx) /¢ x) pa dx
H¢Hoo+“¢”00<1

It is well-known that dgy; characterizes the weak convergence of probability mea-
sures on R; see [20, Theorem 11.3.3]. Another two stronger metrics, the Wasserstein
distance dwass and the Kolmogorov distance dko, are defined, respectively, by

(2.2) Awass (i1, f2) == sup ’/ x) 1 (dx) /¢ x)po(dzx)|,
H¢’Hoo<1
(2.3) diol(p1, p2) = igﬂglul((*oov t]) — p2((—o0, )|

For two random variables X and Y, we also write dyass(X,Y") for the Wasserstein
distance between their distributions. On the L? probability space generated by the
Poisson random measure N, one can develop the Malliavin calculus; see [8 Section
2] for more details and for any unexplained notation. In particular, we recall that
for F € D2, D¢F denotes the Malliavin derivative DF € L?(Q; L?(Z,m)) valued
at & € Z, where for convenience, £ and m(d¢) are short for £ = (r,y, z) € Ry xRxRg
and m(d€) = dr x dy x v(dz) respectively, whenever no ambiguity arises. For two
functions ¢(t) and h(t), g(t) < h(t) means that 0 < ¢; < liminf; 4 g(t)/h(t) <
limsup;_, | o, 9(t)/h(t) < c2 < oo for some constants ¢; and cy.

2.2. Preliminary results.

Proposition 2.1 ([8, Proposition 3.2]). Let m, be defined as in (1.8)) for p > 1.
Assume ma + Majaa < 00 for some a € (0,1]. Then, for any 0 <1y < 19 < to,

||Dr1,y,zu(t07$)||2+2a S Gro—r (7 = y)2],
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and
(24) ||DT2;?/2;Z2D7'1;?/1;21u(t07 -’13)H2+2a 5 |Z1Z2‘Gto—7‘2 (I - yQ)GTz—ﬁ (y2 - yl)'

The following proposition is a variant of [48, Theorem 3.4] for random variables
whose variances are not necessarily one. The modification is standard within the
Stein’s method ([406] [18, [38]). For the completeness, we provide a sketchy proof.

First, we recall the framework used in [48]. Let (X, X, ) be a o-finite measure
space, and N be the set of NgU{oo}-valued measures on X. Let Nx be the smallest
o-field on Nx for which all maps Nx 3 £ — £(B) are measurable for B € X.

Let x be a Poisson random measure (PRM) on X of intensity A, defined on a
probability space (2, F,P). For any y-measurable random variable F, there exists
a measurable function f : Nx — R such that F' = f(x) a.s. For such a variable,
we define the add-one cost operator D, F = f(x + 6,) — f(x) for all x € X. Tt
is known that for F € D%2, DF coincides with the add-one cost operator and
hence we will simply use the same notation; see [8, Remark 2.7]. In our framework,
(X, X,\) = (%, Z,m). If nisa PRM on Y = X x [0, 1] of intensity A\ = A\ ® dt, then
x = n(- x [0,1]) is a PRM on X of intensity A, and for any y-measurable random
variable F', D(, o F = D, F for all (z,s) € Y.

Proposition 2.2. Let x be a Poisson random measure on X of intensity A. Let
F € DY2 be such that E(F) = 0 and E(F?) = 0. Then,

2
2.5 dwass(F,N(0,1)) < —|1 — o2 ,
(2.5) Wass (F NV ( ))_ﬁl o7+ + 72 +73

where, for p,q € (1,2],

2 1
25"1‘5 p
= 2 (] 10 F LD Dl o) | agaen) )

=

2
P

26 =2 \/;( / [ / ||DZ1D$2F||%pA(d@)]pA(dxl))”,
v3 ::2/X]E|DmF\q“>\(dz).

Proof. Let n be given as above, then we can view F as a n-measurable random
variable F' with D, F = D, F for all y = (z,s) € Y.
We use [48], (3.3)] (whose proof does not rely on the fact that E(F?) = 1):

(2.7)  dwass(F,N(0,1)) < /2/7E|1 — 0 — G| + 2/Y |E[D,F|n]| - | D, F|9X(dy),

where G := [, D,FE[D,F|nA(dy) — 02 has mean zero in view of [48, (D.20)],
and the second term in is bounded by 73 in view of [48] (D.47)]. The same
argument as for [48] (D.18)] shows that E|G| < 1 + 3%, where 3] and (3} have the
same expressions as 31, 32 in [48, Theorem 3.2], but without o~2, and without /2/7
(which is a typo in [48]). Hence, the above Wasserstein distance is bounded
by \/2/7|1 — 02|+ /2/7E|G| +73. Then /2/7(8} + B%) = 81 + B2, where 3 and
3 are given as in [48, Theorem 3.2] without the factor 0 ~2. The conclusion follows
since 81 + B2 < y1 + 72, by [48, D.46]. O

Remark 2.3. Proposition 2.2 will be combined with Ibragimov-Lifshits’ method of
characteristic functions (Proposition to provide the second proof of Theorem
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in Section It is important to note that F' in may not have the unit
variance, whereas the original statement of [48 Theorem 3.4] gives an estimate for
dwass(F,Y) with F' = (F E(F Var(F'). This seemingly minor modification
is crucial for obtaining (3 : applylng dlrectly [48, Theorem 3.4] would require a
uniform (positive) lower bound for the variance Vp y in , but Vp e = 0.

3. TWO PROOFS OF THEOREM [L.4]

3.1. Proof of Theorem [1.4] via the Clark-Ocone formula. In view of Remark
(ii), it suffices to show

(3.1) 1OgT/ = f(Fp) d9—>/f

for any bounded Lipschitz functlon fonR w1th the Llpschltz constant Lip(f). By
Theorem [1.3p(iii), limp_,oo E fR . Then, is equivalent to

T ~ ~
(32) o7 gmm ~ 7 (Fo)])d0 0
Put
(3.3) Hy := f(Fy) — E[f(Fp)].

Then, one can deduce from the Clark-Ocone formula (see, e.g., [8, Lemma 2.5])
that

to ~
(3.4) Hy = / / E [Dr,y,zHQLFr] N(dT, dy, dZ),
0 R JRg

which is an It6 integral with respect to the compensated Poisson random measure
N. Then, we deduce from the It6 isometry, the chain rule (e.g. [8, (2.42)]), the
Cauchy-Schwarz, and Jensen’s inequalities that for 8 < w,

L1p to
(35)  |E[HoH.]| e / // | Dy Foll2 - [| Dy 2 Furl|2 drdyv(dz);

while Proposition [2.1] together with Minkowski’s inequality, implies that

0 0
(36)  |Dry-Foll2 < / 1Dy b, )|z dz < |2] / Gryr( — y)d.
—6 —6

Thus, it follows from ({3.5]), (3.6]), Theorem (ii)7 and the following inequalities
Gto*r(.) < Gto (.)7 Gta (371 - y>Gt0 (-T2 - y) < Gto (‘Tl - y)GQto (56'1 - 372)

that
1 to 9 %
E[H,H, 57/ // /GH —y)d
| [Hp H Vow Jo Ja ]R0|Z| » to—r(T1 — y)dzy

. ( /_ V:V Gron(s — y)da:2> drdyv(dz)

¢ 6 w
< n\}% . (/_0 Gio(z1 — y)d$1> : (/_W Gaty (22 — ﬂﬂl)d$2> dy

< 4m2t3 (H/W)% for 6 < w,

(3.7)
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where the last step is obtained by integrating in the order of dzo,dy, then dx;.
Hence, the proof of (3.2]) is done by invoking the following Lemma ([

Lemma 3.1. Let {Hy}o>o be a family uniformly bounded random variables with
[B[HyH,]| < Cs(60/w)”

for any 0 < § < w, where the exponent 5 > 0 and the constant Cg do not depend
on (0, w). Assume also that 0 — Hy is a measurable function almost surely. Then,

1 [T as
. Ly = —— —-H — 0.
(38) T logT/1 0 0df T—+o0 0

A discrete analogue of Lemma[3.1]can be formulated in a straightforward manner.
Lemma [3.7] follows essentially from a Borel-Cantelli argument, and for the sake of
completeness, we present a short proof in the Appendix [A]

Remark 3.2. The aforementioned Lemma for Hy = f(Fy) — ]E[f(f'g)] with
bounded Lipschitz f is enough to prove Theorem A crucial point is the usage
of the Clark-Ocone representation Hy as an It6 integral (3.4), and applying the
moment estimate of the Malliavin derivatives (Propositi This idea has
been used in papers [33] [34], B5] for similar studies on SPDEs driven by Gaussian
noises. However when the noise is not white in time (e.g., [7, B9)]), the strategy,
based on Itd’s calculus, is not applicable any more. This motivates us to provide
another proof using a combination of the Ibragimov-Lifshits’ criteria for ASCLT
and the second-order Gaussian Poincaré inequalities; see also Remark for a
further discussion.

3.2. Proof of Theorem based on the Ibragimov-Lifshits’ criterion. Let
us first state a variant of the Ibragimov-Lifshits’ result.

Proposition 3.3. ([26] Ibragimov-Lifshits’ criterion]) A family of random variables
{Fy}o>1 satisfies the ASCLT if 0 — Fy is measurable almost surely, and

>~ E[K 2
(3.9) sup / Mdt< 00,
|s|<T J2 thgt
for any finite T > 0, where
o[t
(3.10) Ki(s) = logt /, 5(618% — e /2)dp, te (1,00).

In Ibragimov-Lifshits’ original paper [26], the criterion is proved for the discrete
version (see Definition[T.1}(i)). For readers’ convenience, we provide a sketchy proof
of Proposition in the Appendix [A] though it is almost identical to that in [26].

Let Fy be defined as in and K;(s) be given by with Fy replaced by

Fy = L Fy. By expanding |K;(s)|?, we write

0o

1 1 T s2 T s2
2 i1sF, — —isFy _sZ
|Kt(5)‘ = (logt)2 /[1 tP%(e b —e 2 )(6 —e 2 )deW
1 1, .5 _% L= 2 =2
~ (log?)? /[1 g2 OW (=P e — gisFoe= — =P ™7 ) df v

— Ly(s) — e~ T Ty(s),

where
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1 1 o= = 2
I — = [, is(Fo—Fyw) _ —s
t(S) (lOg f)2 /[vl,t]z Ow (6 € ) d@dw,

1 ("1, .5 = 2
I[t(s) = *(EZSFQ + efstg - 2677) d6.
Therefore, thanks to Proposition it suffices to show that

logt J; 6
Aq(s) = /200 Wdt and  As(s) = /200 Et[llléést)]dt, se[-T,T)

(3.11)

are both uniformly bounded for any given T > 0.
x Estimation of the Ay term. Applying Euler’s formula e + e~% = 2cos(2),

z € R, and E[e?*Y] = e for Y ~ 7, one can write, with ¢s(z) = 2 cos(sz), that
(3.12) |E(e isFy | g=isFo _ 2e—*)y = |E(¢s(Fp) — ¢s(Y))| < 2[5|dwass (Fp. V),

where we used (2.2) and the fact that ¢ is a Lipschitz function with Lip(¢s) <
2|s| < 2T. Then, it follows from (B.11)), (3.12), and Theorem [L.3}(iii) that

1 © db 1
E[IL( = S ;
‘s|u<%’ i ‘ ~T 10gt/1 oitss ~T logt

where <7 suggests the implicit constant in the inequality only depends on T'. There-
fore, it holds that sup{|Az(s)| : s € [-T,T]} < oo for any finite T' > 0.
* Estimation of the Ay term. We first write

sup Ai(s) < 2\@T/ (/ dywass (2= d9dw>
ls|<T 1(8) 2 t(logt)3 \ Jp 2 ow (= \/5 Y)

& 1 1 5o
3.13 :4\@T/ (/ dywass (5L Y d@dw)dt
( ) o tlogt)? \ Jicocw<t ow ( V2 )
where we used dwass(—X,Y) = dwass(X,Y) for Y ~ v and the following bound

|]E[eis(ﬁ97ﬁw) _ 67‘92] | _ |E[6i\/§s( ﬁe\;;“’) . eiﬁsY} | < 2\E|S|dWass(ﬁ9\_ﬁﬁw ) Y)

We claim that there exist positive real numbers 31, 82, and 3 such that

(3.14) dwass (B75,Y) S 070 +w P+ (0/w)™

for 1 < 6 < w < co. It is then easy to deduce the finiteness of (3.13)) from the claim
(3.14). The rest of the proof is then devoted to verifying the claim ([3.14]).

Observe that Fy and ﬁw are centered with unit variance, and thus,

(3.15) Vo 1= E{(fegwﬂ =1 - Cov(Fy, Fy).

It follows from Proposition with (3.15)) that

(316) dWaSS(~\_[w Y) < |COV FG’ |+Z’yj 9 W

where v;(6,w), j = 1,2, 3, are defined as in (2.6) with F' = % and p =1+ a,

¢ = min{2,1 + 2a} for some « € (0, 1]; namely, ignoring the constants
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1

wim [ [ ([ 1B Bl D DBy~ ol misen)) misen)] ™

1o = [ i ( | 106 D (o = B3, m dﬁz))lmm(d&)]lia,

= [ 1DeFo - B mide).

and

Step (i). The estimate for Cov(Fy, Fy) is already there, if one notices that
Cov(Fy, Fyy) = E[HpHy], where H is defined as in (3.3)) with f(z) = « for all
x € R. As a consequence of m forall 0 < 6 < WE|

(3.17) \Cov(Fg, wl < (H/W)

Step (ii). In this step we provide the estimate for v;. It is clear that
(3.18) 11t (0, w) < T1(6,0) + T1(0,w) + T1(w,0) + T1(w,w),
where

1+«

Ty (0, w) = / [ / | Des Follap || Des Dey Fo g mides)| midey).

Note that T1(6,0) and T (w, w) have been already dealt with in [8], and we have
(3.19) T.(6,0) <607 and Ti(w,w)Sw

see equations (4.21)—(4.24) therein. The other two terms in (3.18)) can be addressed
similarly. Using Proposition we can write next inequities analogous to ({3.6]),

0
1Dy =Follap < 1] - / Gy (@ — y)da,
(3.20) =0

w
||D”‘1,y1,21D”"2,92722FW||2p NIEE2IE / G (x — y1)Gi, (y2 — y1)de,
—W

where tg is fixed as in Proposition see also equations (4.18)—(4.20) in [§]{'}
Now, we are ready to estimate T (6, w) by utilizing (3.20) and Theorem (ii):

w # K m z 1+a{ " m 252
0 w 1+«
: (/9 Gy (72 — y2)dﬂ?2> (/ Gio(r1 — y1)Giy (Y2 — y1)d$1)}

1 ~
5 (9 )1+a ‘/Rdlel(eﬂwvyl)l-i_a7
w) 2

6To limit the length of this note, here we take a shortcut by using directly (3.7)) although this
does not really fit the spirit of the second proof. Instead of an application of , the explicit
chaos expansion of Fg can be used to verify the bound (| ; we leave this for lnterested readers.
It is worth pointing out that this approach based on the chaos expansion requires f(z) = z for all
z € Rin , and the obtention of for general f crucially relies on the Clark-Ocone formula
for f (ﬁg), which is not available in the colored-in-time setting.

"The bounds in follow easily from those in [8] (4.18)—(4.20)] and triangle inequality with
the fact Gty—r < Giy.



ASCLT FOR HAM WITH LEVY NOISE 11

where m(d¢;) = dr;dy;v(dz;) for i = 1,2 (see Section [2);

1(0,w, 1) /dyQ/ dﬂCQ/ dz1Gyy (22 — y2)Geo (21 — Y1) G (Y2 — y1) < t3;

and in the last inequality we used the finiteness of mo and mq4, (see Footnote [3)).
Therefore, an application of Jensen’s inequality implies that

3a . 0
— [ dnTi(0, W) S ——
(fw)* 2" /R (fw) 2"
for 1 < 6 < w, where in the second-to-last inequality, we have simply performed
integration in the exact order of dz1, dy1, dys, dxo. In the same way, we can obtain

< (0/w) =

(3.21) T, (0,w) <

(3.22) Ty(w,0) < (0/w) 2" for 1 <6<w.
Therefore, in view of (3.18), (3.19), (3.21), and (3:22), we get
(3.23) (0, W) SO +w o (0)w) 2"

Step (iii). For the term 92, we can write

(3.24) 10w S / [/ ||D51D52F0||2p (diz)] 1+am(dfl)

1+a
+ [ [1papeRlg mig)] ) s 074w,
z z

which is essentially done in [8, (4.25)—(4.27)].
Step (iv). Now we consider the last term v3(0, w) with ¢ = min{2, 1+ 2a} € (1,2].
(3.25)

q—1

. L
(0, w) < /Z | De Fl| 72 m(de) + / | De B |7 m(de) < 07 7F 4w T,

where the last step is essentially done in [8 (4.28)—(4.30)]. Claim ) follows

from (3.16), (3.17), (3.23)), (3.24)), and (3.25)). Hence, the proof is complete |

Remark 3.4. In this proof, we merged Ibragimov-Lifshits’ criteria and the second-
order Gaussian Poincaré inequalities. The strategy was largely motivated by earlier
works [9, 50, 511 [B] based on a combination of Ibragimov-Lifshits’ method and the
Malliavin-Stein approach ([38]). With the chaos expansion, papers [9, 50, 51] have
established sufficient conditions (in terms of contractions) for the ASCLT on Gauss-
ian, Poisson, and Rademacher settings. Our strategy shares the same root as the
aforementioned references but differs by incorporating the second-order Gaussian
Poincaré inequalities. This novelty avoids lengthy computation of asymptotic neg-
ligibility of the (star-)contractions, and will be further illustrated in the work [49].

APPENDIX A. PrROOFs oF LEMMA [3.1] AND PROPOSITION [3.3]

Proof of Lemma[3.1] Let us first compute the second moment of Ly in (3.8):

E[L%] = log e / / E[Hy H,] dfdw

20,
— 0 dfdw < .
<logT> / b owcﬁ( fw)” dbd < Blog T
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In particular, we get (by Fubini)

oo
EZ Lgkz < 400, and therefore L2 2% 0 as k — +oo.
k=1

Next, we will show the almost sure convergence along the continuum parameter
(as T'— +00). By the uniform boundedness of {Hg}g~0, one can find a constant
M > 0 such that |Hy| < M, V8 > 0, with probability one. Then, for any T > 1,
one can find some (unique) k = kr € N> such that

(A.1) 2hr < T < olbr 1),

It follows that

log(2%*) 1 (7 L
Ly| = ‘7L d0’
| Lr logT ~2¥* P logT log T /2k2 0 Hy

|L2k2|+ M [logT log(2* )] with k& = kp asin

‘L2k2‘+ [k+ 1)? kQ]’
which goes to 0 as T' — oo (k = kg — oo as well). Hence the proof is complete. [

Proof of Proposition[3.3 The proof consists of two parts: (i) for any s € R, K;(s) —

0 a.s. as t = oo; and (ii) for P-almost every w € Q and for any sequence t,, T oo (as

n — 00), the family of probability measures {v{ : n > 1} is tight, where we have

used the notation v4 from (1.6). Then, we can deduce from (i) and (ii) together

that P({w € Q : v4¥ = vy as T — +oo}) = 1. That is, ASCLT holds for {Fy}g>1.

To show part (i), we fix any s € R. Let h > 1 and define

i pitt

]

Ij:[eh ,€ R jENzo.

It is clear that ¢ — E[|K;(s)|?] is continuous, and therefore there exists some
(deterministic) s; € I; such that

E[|Ks, (s)I*] = minE[[K(s)|*] < (/ tlsgtdt>_ /f W‘“

Wy
logh tlogt ’

which is summable in j by assumption (3.9 . It follows from Fubini that

(A.2)

(A.3) almost surely, K, (s) — 0 as j — oo.

Next, for el <a<b< e , we get

1 1 @1 1 /1,
K, - K } etsFo _ isFy ‘
’ (5) (s >‘ (loga logb)/ 0 d0 log b 96 d0

<2(1-4).

Thus, part (i) follows from (A.3) and (A.4)): almost surely,
(A.5) limsup [K,(s)| <2(1—+) forall h > 1.
t—o0

(A.4)
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Now, let us continue with part (ii). First, we deduce from the same continuity
argument as in (A.2) that for 7 > 0, there exists some (deterministic) s} € I;
(depending on r as well) such that

' 270 _ 2 ' 2
E/_T| (s)[7ds = mln]E/ |K:(s)|7ds < logh tlogt(E/_r |K:(s)] ds),

which, together with Fubini and the assumption (3.9 , implies that

2r > 1
E < E[|K,(s)|?]dt < .
Z/ S_logh\ |<r/2 tlogt (1K ()]t < o0

Thus, it holds almost surely that fir |K+(s)|>ds — 0 as j — +oo. Therefore, we

can obtain by the same arguments as in (A.3)), (A.4), and (A.5)) that with probability
one, 7 |Ky(s)[*ds — 0 as t — +o00. Then, we get from Holder inequality that

T s
(A.6) almost surely, Py (s)ds — dy(s)ds ast — 400,
—r —r

where ¢,(s) = [, e*"u(dx) denotes the characteristic function of a probability
measure i on R, and v denotes the standard Gaussian measure on R in this paper.
Using the fact |sin(z)| < |z|, ¥z € R, we deduce that

plwerile < by > [ Ty

|z|<r—2 rr

sin(rx)
> dx) —r = — )ds —
_/Rm(x)T /d)“sr
It follows from (A.7) and (A.6]) that for P-almost every w € Q and for every € > 0,

(A7)

1 (" €
< > —r>1-==
ltlin_&{.lofl/t (Jz| <r72) > ) Oy(s)ds —r >1 5
for small enough r = r. that does not depend on w. For any increasing divergent
sequence {t,}, the above bound indicates that there is some N = N, such that

(A.8) v (|l <r2?) >1—¢, Vn>Ng
while by choosing another small enough rl >0, we get
(A.9) ve (|| < ) s)>1—¢, Vn<N..

Combining and (| - ylelds the tightness of {vf’ : n > 1}. Therefore, the
result in part (i) implies that v’ = v as n — oo, and such weak convergence
holds for true for any increasing divergent sequence {t,}nen. Hence, we proved
P{lweQ:vf=~vasT — oo} =1. O
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