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Description of the main results

The thesis is dedicated to investigating a limiting procedure for extending “local”
integral operator equalities to the “global  ones in the sense explained below, and to
applying it to obtaining generalizations of the Newton-Leibnitz formula for operator-
valued functions for a wide class of unbounded operators.

The integral equalities considered in the thesis have the following form

©00.1) o(Fr) [ FulBr) dn(e) = hip).
They involve functions of the kind
X >z fi(Rp) € B(F),

where X is a general locally compact space, [’ is a suitable Banach subspace of a fixed
complex Banach space G, for example /' = (. The integrals are with respect to a
general complex Radon measure on X and with respect to the o(B(F'), N)— topology
"on B(F). Rp is a possibly unbounded scalar type spectral operator in F' such that
o0(Rr) C 0(Rg), and for all x € X f, and g, h are complex-valued Borelian maps on
the spectrum o (R¢) of Re.

If F' # G we call the integral equalities (0.0.1) “local”, while if F' = G we call them
“global”.

Let G be a complex Banach space and B((G) the Banach algebra of all bounded linear
operators on (. Scalar type spectral operators in G were defined in [DS] Definition
18.2.12. * (see Section 2.1), and were created for providing a general Banach space
with a class of unbounded linear operators for which it is possible to establish a Borel
functional calculus similar to the well-known one for unbounded self-adjoint operators
in a Hilbert space.

"Here N is a suitable subset of B (F)*, the topological dual of B(F), associated with the resolution of

the identity of Rr.
%For the special case of bounded spectral operators on G see [Dow].



We start with the following useful formula * for the resolvent of T’

0
(0.0.2) (T — A1) =i / e AT (¢,

Here A\ € C is such that /m(\) > 0 and the integral is with respect to the Lebesgue
measure and with respect to the strong operator topology on B(G) *.

It is known that this formula holds for

(1) any bounded operator 7' € B((G) on a complex Banach space G with real
spectrum o (7"), see for example [LN];

(2) any infinitesimal generator 7' of a strongly continuous semi-group in a Ba-
nach space, see Corollary 8.1.16. of [DS], in particular for any unbounded self-
adjoint operator 7' : D(7') C H — H in a complex Hilbert space H.

Next we consider a more general case. Let S be an entire function and L > 0, then

the Newton-Leibnitz formula

0.0.3) R / b %(UR) dt = S(uR) — S(urR),

1

Vuy,ug € [—L, L] was known for any element R in a Banach algebra A, where S(tR)
and % (tR) are understood in the standard framework of analytic functional calculus on
Banach algebras, while the integral is with respect to the Lebesgue measure in the norm
topology on A see for example [Rud, Dieu, Schw].

If E is the resolution of the identity of R then YU € B(C) °

W) ={f:C—C||fwl <oo}.

3An important application of this formula is made in proving the well-known Stone theorem for strongly
continuous semigroups of unitary operators in Hilbert space, see Theorem 12.6.1. of [DS]. In [Dav] it
has been used for showing the equivalence of uniform convergence in strong operator topology of a one-
parameter semigroup depending on a parameter and the convergence in strong operator topology of the
resolvents of the corresponding generators, Theorem 3.17.

“*Notice that if ¢ = —iX and Q = iT, then the equality (0.0.2) turns into

(Q+¢1)™ ! = /OO e e @t at,

0
which is referred in 7X.1.3. of [Kat] as the fact that the resolvent of @ is the Laplace trasform of the
semigroup e~%*. Applications of this formula to perturbation theory are in 1.X.2. of [Kat].

3B(C) is the class of all Borelian sets of C.



Here yp : C — Cisequal to 1 in U and 0 in CU and for all maps F' : C — C

1Fll% = £ — €55 Sup [F(N)| = {568(5)?;(5):1}?5 [F(N)].
See [DS].
We say (see Definition 3.3.5) that A/ is an F—appropriate set if
(1) N C B(G)* linear subspace;
(2) N separates the points of B(G), namely

(4T € B(G) — {0})(Fw € N)(w(T) £ 0);
(3) (Vw € N)(Vo € B(C)) we have

(0.0.4) woR(E(s)) e Nandwo L(E(0)) € N.

Moreover, we say that A/ is an F—appropriate set with the duality property if in
addition

(0.0.5) N* C B(G).

Here for any Banach algebra A, so in particular for A = B(G), we set R : A — AA
and £ : A — A defined by

R(T): Ash—The A
L(T): A>h— hT € A,
forall T' € A. In (0.0.5) we mean
(3Yo C B(G)N*={A N | AeYo}),

where () : B(G) — (B(G)*)* is the canonical isometric embedding of B(G) into its
bidual.

In the thesis the following generalizations of (0.0.3) are proved for the case when

(0.0.6)

R : D C G — G is an unbounded scalar type spectral operator in a complex Banach
space (&, in particular when R : D C H — H is an unbounded self-adjoint operator in a
complex Hilbert space H. Under the assumptions that S': U — C is an analytic map on
an open neighbourhood U of the spectrum o(R) of R suchthat (3L > 0)(]— L, L[-U C
U) and

5.c 250, (3 €25t



forall t €] — L, L[, where (S):(\) = S(t\) and (%Zt()\) = 43(¢)\) forallt €] — L, L]
and A\ € U, while for any map F' : U — C we set F' the 0—extension of /' to C. The
following statements are proved.

(1) If
—~— E

“N(dS
(0.0.7) / (ﬁ)t

and Vw € N'themap]—L, L[> ¢t — w (42 (tR)) € C is Lebesgue measurable,
then in Corollary 3.5.1 it is proved that formula (0.0.3) holds where the integral

dt < oo

is the weak-integral ¢ with respect to the Lebesgue measure and with respect
to the o(B(G), N')—topology for any F—appropriate set N with the duality
property. Mwer in Corollary 3.5.2 it is proved that formula (0.0.3) also
holds when (45), € £%(c(R)) almost everywhere on | — L, L[ with respect to
the Lebesgue measure.

(2) In particular it is proved that formula (0.0.3) holds where the integral is the
weak-integral with respect to the Lebesgue measure and with respect to the
sigma-weak operator topology, when G is a Hilbert space (Corollary 3.5.3).

(3) Ifinaddition to (0.0.7), G is a reflexive complex Banach space then in Corollary
3.5.4 it is proved that formula (0.0.3) holds where the integral is the weak-
integral with respect to the Lebesgue measure and with respect to the weak
operator topology.

4) If

E

ds
X ),

then in Theorem 2.3.6 it is proved that formula (0.0.3) holds where the integral

(0.0.8) Sup
te]—L,L{

< 00,

is with respect to the Lebesgue measure and with respect to the strong operator
topology.
(5) In Theorem 2.3.4 it is proved that if in addition to the (0.0.8)

sup [|(S)e1Z, < o0,
te]—L,L[

%See formula (0.0.17) below.



then Vo € D the mapping | — L, L[> t — S(tR)v € G is differentiable, and
(Vv € D)(Vt €] — L, L)
dS(tR)v  _dS

(0.0.9)

(6) In Corollary 2.4.1 formula (0.0.2) is deduced from formula (0.0.3) for any un-
bounded scalar type spectral operator ' : D(T) € G — G in a complex

Banach space GG with real spectrum.

In these statements 95 (¢R) and S(¢R) are understood in the framework of the Borel
functional calculus for unbounded scalar type spectral operators in G. See definition
18.2.10. in Vol 3 of the Dunford-Schwartz monograph [DS] (also see Section 2.1 of the
thesis).

In order to prove equality (0.0.3) when R is an unbounded scalar type spectral
operator in (G, we procede in two steps. First of all we consider the Banach spaces
G,, = E(0,)G where 0, = B,(0) C C, with n € N, the bounded operators
R,, = REFE(0,), and their restrictions (R,, [ G,,) to G,,. Then by Key Lemma
2.1.7 the operators R,, | G, are bounded scalar type spectral operators on G, , and
forallz € G

(0.0.10) S(R)x = hé% S(R,, | Go,)E(0n)x,
in G and
(0.0.11)

(Ron f Gcrn> /u2 %(t(RUn f GUn)) dt = S(UQ(RUn f Gon)) - S(ul(Ran f Gon))

The second and most important step it is to set up a limiting procedure, which allows
by using the convergence (0.0.10) to extend the “local” equality (0.0.11) to the “global”
one (0.0.3).

As we shall see below such a limiting procedure can be set up in a very general
context. First we wish to point out that the following equalities Vn € Nand Vt €]—L, L],
which follow from Key Lemma 2.1.7 are essential for making this limiting procedure
possible
BAR)E(0n) = 35 (LR, | Go,)) E(on),

(0.0.12) A A
S(tR)E(0y,) = S(t(R,, | Gy,))E(0n).



We note that one cannot replace in (0.0.11) R,, | G,, with the simpler operator
R, for the following reason. Although R, is a bounded operator on G for n € N and
Rx = lim,en Ry, z in G, in general R,, is not a scalar type spectral operator, hence
the expression %(thn) is not defined in the Dunford-Schwartz Functional Calculus
for scalar type spectral operators, which turns to be mandatory in the sequel when using
general Borelian maps not necessarily analytic.

Next we formulate a rather general statement allowing, by using a limiting procedure,
to pass from “local” equalities similar to (0.0.11) to “global” ones similar to (0.0.3).

We generalize (0.0.3) in several directions. We replace

e the operator R to the left of the integral by a function g( R), where ¢ is a general
Borelian map on o(R) ’,
e the compact set [u;, us| and the Lebesgue measure on it by a general locally

compact space X and a complex Radon measure on it respectively,

o the map [uy,us] 3 t — (%), € Bor(c(R)) by themap X 3 = — f, €

Bor(c(R)) such that f, € £3(c(R)) where f, is the 0—extension to C of f,,
and the map X > = — f,(R) € B(G) is strongly integrable with respect to the
measure /i; °
e the map S, — S, by a Borelian map / on (R) such that i € £3(c(R)).
One of the main results of the thesis is Theorem 2.2.10 where we prove that if {7, },en

is an £—sequence °, and '°Vn € N
(0.0.13) Ry, | G,, = RE(c,) | (G,, N Dom(R)),

and Vn € N the following local inclusion
00.14) oo, 1 Go) [ folRo, 1 Go)dpe) € (R, 1 G

"The most interesting case is when the operator g(R) is unbounded.

8This means that X > z — fz(R)v € G is integrable with respect to the measure y for all v € G, in the
sense of Ch 4, §4 of Bourbaki [INT], and the map G 3> v — f fz(R)v € G is a (linear) bounded operator
on G.

9By definition this means that (Vn € N)(o,, € B(C)), (Vn,m € N)(n > m = 0, 2 o,); supp(E) C
U,hen 0n; hence we have lim,, ey E(0,) = 1 strongly.

"By Key Lemma 2.1.7 R,, | G, is a scalar type spectral operator in the complex Banach space G, ,
but in contrast to the previous case where o, = B,,(0) was bounded, here o,, could be unbounded so it
may happen that G, ¢ Dom(R) hence the restriction R, | G, of R,, to G, has to be defined on
the set G,, N Dom(R), and it could be an unbounded operator in G,



holds, then h(R) € B(G) and the global equality holds, i.e.

0.0.15) 9(R) / fo(R) dpu(z) = h(R).

Here all the integrals are with respect to the strong operator topology.

Now we can describe Extension Theorem and the Newton-Leibnitz formula for the
integration with respect to the o(B(G), N')— topology, where N is a suitable subset
of B(G)*, which, roughly speaking, is the weakest among reasonable locally convex
topologies on B((G), for which the aforementioned limiting procedure can be performed.

In Section 3.2 we recall the definition of scalar essential y—integrability and the
weak-integral of maps defined on X and with values in a Hausdorff locally convex
spaces, where 1 is a Radon measure on a locally compact space X.

Here we need just to apply these definitions to the case of o(B(G), ), i.e. the weak
topology on B(G) defined by the standard duality between B(G) and N where N is
a subset of the (topological) dual B(G)* of B(G) such that it separates the points of
B(G).

Thus f : X — (B(G),0(B(G),N)) is by definition scalarly essentially
pu—integrable or equivalently f : X — B(G) is scalarly essentially ;—integrable with
respect to the measure 1 and with respect to the o(B(G), N') topology on B(G) if for
allw € N themap wo f : X — C is essentially u—integrable !!, so we can define its
integral as the following linear operator

Now— /w(f(x))du(x) e C.

Let f: X — (B(G),0(B(G),N)) be scalarly essentially y—integrable and assume
that

0.0.16) (3B € B(G))(Vw € N) (w(B) _ /w(f(x))d,u(a:)) |

Notice that the operator B is defined by this condition uniquely. In this case, by
definition f: X — (B(G),o(B(G),N)) is scalarly essentially (1, B(G))—integrable
or f: X — B(G) is scalarly essentially (i, B(G))—integrable with respect to the
o(B(G),N)— topology and its weak-integral with respect to the measure i and with
respect to the o(B(G), N')— topology or simply its weak-integral, is defined by

0.0.17) / F@)dp(z) = B.

1See for the definition Ch. 5, 81, n°3, of [INT]



Next we can state Theorem 3.4.2 , the main result of the thesis.

THEOREM 0.0.1 ( o(B(G),N)— Extension Theorem ). Let G be a complex Ba-
nach space, X a locally compact space and | a complex Radon measure on it. In
addition let R be a possibly unbounded scalar type spectral operator in G, o(R) its
spectrum, E its resolution of the identity and N" an E—appropriate set. Let the map
X 52+ f, € Bor(o(R)) be such that f, € £3((R)) pu— locally almost everywhere
on X and the map X > z — f.(R) € (B(GQ),0(B(G),N)) be scalarly essentially
(1, B(G))—integrable. Finally let g,h € Bor(o(R)) and h € £2(a(R)).
If {0, }nen is an E—sequence and N¥'n € N

0.0.18) 9B, 1 Go) [ FolRo, 1 Go) ) € (R, 1 G

then h(R) € B(G) and

0.0.19) mm/VAMdmwzhmy

In (0.0.18) the weak-integral is with respect to the measure . and with respect to the
o(B(Gy,), N, )— topology ', while in (0.0.19) the weak-integral is with respect to the
measure |1 and with respect to the o(B(G), N')— topology.

Notice that g(R) is a possibly unbounded operator in G.
We list the most important results that allow to prove Theorem 3.4.2:

(1) Key Lemma 2.1.7;
(2) “Commutation” property (Theorem 3.3.7):

(0.0.20) Vo € B(C) [ / Fo(R)d pu(2), E(U)] —0;

(3) “Restriction” property (Theorem 3.3.16): Yo € B(C) we have that f,(R, |
G,) € B(G,), u— locally almost everywhere on X, X 3 z — f.(R, | G,) €
(B(G,),0(B(G,),N,)) is scalarly essentially (1, B(G,))—integrable, and

0.0.21) /h@HGJW@=/h@MWMM%

lzNgn is, roughly speaking, the set of the restrictions to B(G,, ) of all the functionals belonging to A

n

For the exact definition and properties see Definition 3.3.14 and Lemma 3.3.11.

10



(4) finally the fact that

Dom (g(R)/ fAR)du(x)) is dense in G.

We remark that the reason for introducing the concept of an F—appropriate set is
primarily for obtaining the commutation and restriction properties.

Now we define
(0022) Mt(G> = <B<G)7 Tst(G)>* = ’Q’C({w(qb,v) | (¢a U) € G x G})

Here (B(G), 7:(G))" is the topological dual of B(G) with respect to the strong operator
topology, Vs : B(G) 2 T — ¢(Tv) € C, while £¢(J) is the complex linear space
generated by the set J C B(G)*. Then o(B(G), Ny (Q)) is the weak operator topology
on B(G) and N4 (@) is an E—appropriate set for any spectral measure E.

Moreover we set in the case in which G is a complex Hilbert space
N,a(G) = predual of B(G),

which is by definition the linear space of all sigma-weakly continuous linear functionals
on B(G).
Note that

(0.0.23) Noa(G)* = B(G).

(See statement (#ii) of Theorem 2.6., Ch. 2 of [Tak], or Proposition 2.4.18 of [BR]).
Here we mean that the normed subspace NV,4(G)* of the bidual (B(G)*)* is isometric to
B(G), through the canonical embedding of B(G) into (B(G)*)*.

Hence we can apply the Extension Theorem 3.4.2 to the case N' = N (G), or
N = N,4(G) and use the following additional property which is proved in Proposition
3.3.17

(0024) (Mt(G)>U = -/\/’St(G0'>’ and (di<G))a = di(GO')'

The reason of introducing the concept of duality property for £ —appropriate set is
primarly for assuring that a map f : X — (B(G),0(B(G),N)) scalarly essentially
pu—integrable is also (i, B(G))—integrable.

As an application of this fact and of the Extension theorem we obtain the Newton-
Leibnitz formula in (0.0.3) by replacing .4 with B(G), R with an unbounded scalar type
spectral operator in a complex Banach space (7, by considering .S analytic in an open
neighbourhood U of ¢(R) such that | — L, L[-U C U, and the integral with respect to

11



the o(B(G), N')—topology, where N\ is an E—appropriate set with the duality property
( Corollary 3.5.1).

Finally in a similar way we obtain the corresponding results for the cases of the
sigma-weak operator topology (Corollary 3.5.3), and for the cases of weak operator
topology (Corollary 3.5.4). The last result is a complement to Theorem 2.3.6.

Equality (0.0.3) where R is an element in a Banach algebra .4 under the assumptions
on S formulated above follows from the appropriate differentiation formula
dg®oT

dt

s dg
=R> aunt" 'R"! =R o1(t)

0.0.25
( ) 0\

n=1

Vt € }—%, H%H [, where g(A) = > a, A" is a complex power series with positive
radius of convergence @, T'(t) = tR,and ¢* : Bo(0) C Ag > R— > 7 a,R" € Ag,
where Apg the real Banach algebra corresponding to .A.

In Chapter 1 we consider a general formula for the Fréchet differential of a power
series in \A. In Theorem 1.0.11 it is proved that the Fréchet differential of the map
A>T — > 7 a,T" € A, can be expressed in terms of absolutely convergent series
involving the commutant C'(7") : A > h — hT —Th € Awith T € A, in three different
forms containing C'(T"), C'(T™) or C(T)". Explicitly if g(\) = >~ , a, A", the radius
of convergence is 7 > 0 and B,.(0) is the ball of radius r in the Banach algebra A, then
we have

(1) forall T € B,(0)
(0.0.26)

- Z no, L(T)" 1 — {Z { Z (n—p— 1)an£(T)"(2+p)} R(T)p} c(T)

p=0 \(n=p+2

(here all the series converge absolutely uniformly on B,(0) forall 0 < s < ),
(2) forall T € B,(0)

(0.0.27) (T Z no, L Z {Z e } c(T+ ).

(here all the series converge absolutely uniformly on B,(0) for all 0 < s < ),
(3) VT' € B:(0)

(0.0.28) Z % T))C(T)P~ L.

12



(here the series converges absolutely uniformly on B, (0) forall 0 < s < £ and
¢® : K — K is the p—th derivative of the function ¢).

The proof of this result needs a general statement about the Fréchet differentiability
term by term of a power series in a Banach algebra. Although this last result was known
- indeed for complex Banach spaces was proved by [Mar] whereas the proof for real
Banach spaces, given for the first time in [Mic] - the proof in Lemma 1.0.9 has the
advantage of giving for the particular case of Banach algebras a unified approach for
both the cases real and complex.

13



Summary of the main results

Let G be a complex Banach space, R an unbounded scalar type spectral operator in G,
for example an unbounded self-adjoint operator in a Hilbert space, o(R) its spectrum
and E its resolution of identity. The main results of the thesis are the following ones.

(1) Extension procedure leading from local equality (0.0.18) to global equal-
ity (0.0.19) for integration with respect to the o(B(G), N')—topology (The-
orem 3.4.2 if ' is an E—appropriate set and Corollary 3.4.3 if N is an
E —appropriate set with the duality property).

(2) Extension procedure leading from local equality (0.0.18) to global equality
(0.0.19) for integration with respect to the sigma-weak topology ( Corollary
3.4.5 and Theorem 3.4.6) and for integration with respect to the weak operator
topology (Corollary 3.4.4 and Theorem 3.4.7 or Theorem 2.2.10 and Corollary
2.2.11).

(3) Newton-Leibnitz formula (0.0.3) for a suitable analytic map S for integration
with respect to the o(B(G), N')— topology, where A is an E—appropriate set
with the duality property (Corollary 3.5.1 and Corollary 3.5.2); for integra-
tion with respect to the sigma-weak topology (Corollary 3.5.3) and for integra-
tion with respect to the weak operator topology (Corollary 3.5.4 and Theorem
2.3.6).

(4) Differentiation formula (0.0.9) for a suitable analytic map S ( Theorem 2.3.2
and Theorem 2.3.4).

(5) Formulas (0.0.26), (0.0.27) and (0.0.28) for the Fréchet differential of a power
series in a Banach algebra in terms of commutants (Theorem 1.0.11).

(6) A new proof for the resolvent formula (0.0.2) via formula (0.0.3) (Corollary
24.1).

14



CHAPTER 1

Fréchet differentiable functions in Banach algebras

1.0.1. Fréchet differential of a power series of differentiable functions.

NOTATIONS 1.0.1. We denote by N the set of all natural numbers {0,1,2,...}. Let K €
{R,C} and (G, || - ||g), or simply G, be a Banach space over K, then (Ya € G)(Vr > 0)
we define the open ball centered in a of radius r, to be the following set B,.(a) = {v €
G | |lv—alle <}, hence its closure in G is B,(a) = B,(a) = {v € G | ||[v—all¢ < r}.
Let F.G be two Banach spaces over K, briefly K—Banach spaces, then
(B(F,G), | - |rc)) will denote the K—Banach space of all linear continuous map-
pings of F' to G and ||\U||p(r.c) = supj,| <1 [IU(v)|lc, we also set (B(G), |- lB@) =
(B(G,G), |- sca))
Let {G\, ..., G} be a finite set of K—Banach spaces, then (JT,_, Gy, | - |12, ¢, ) is
the Banach space where [ [,_, Gy, is the product of the vector spaces {G1, ..., G, } , and

If Yk = 1,...,n)(Gy, = G), then we will use the following notation (G", || - ||gn) =
(ITiei Gl - I, 6 )- Let {Fh, ..., F,, G} be a finite set of K—Banach spaces, then
B, (ITi—; Fr: G) is the K—vector space of all n—multilinear continuous mappings de-
fined on [[,_, Fy, with values in G. If (Vk € {1,..,n})(Fy, = F) then we set
B, (F™;,G) = B,(I1,—, Fx; G).

In the sequel we shall deal with Fréchet differentiable functions

fUCF—>G

defined on an open set U of a K—Banach space F' and with values in a K—Banach
space G. Its Fréchet differential function will be denoted by

fU.UCF— B(FG).
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Recall that amap f : U C F — G is Fréchet differentiable at x( € U if there exists a
T € B(F,Q) such that

lim |f(zo +h) — f(xo) = T(h)]c

9 allr

T is called the Fréchet differential of f at xy and is denoted by f"(x,). f is Fréchet
differentiable on U if f is Fréchet differentiable at each x € U, and in this case the map
fU: U — B(F,Q) is called the Fréchet differential function of f. For the properties of
Fréchet differentials see Ch 8 of the Dieudonne book [Dieu].

Let A be an associative algebra over K (or briefly associative algebra) then the

=0.

standard Lie product on A is the following map
[, ]: AxA>(A,B)—[A,B|]=AB—-BAc A

the commutator of A, B. By denoting by A* the set of all maps from A to A, let R :
A— Atand L : A — A be defined by

R(T): Ash—The A
L(T): Ash—hT e A

(1.0.1)

forall T € A. We also define the map C' : A — A* by
C=—-ad=L-TR.
We consider Vn € N the following mapping
Up AT —T" € A.

A Banach algebra over K (or briefly Banach algebra), see for example [Dal] or [Pal], is
an associative algebra A over K with a norm || - || on it such that (A, || - ||) is a Banach
space and VA, B € A we have

[ABI[ < [l BI|

If A contains the unit element then it is called unitary Banach algebra.

It is easy to verify directly that

(10.2) (V1. Ty € A)(R(TL), L(Ty)] = O).
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By recalling definition (1.0.1) we have VT, h € A that |R(T)(h)||a < ||T|| allh|
IL(T)(A)lla < T [|allh]

A, and

A, therefore

(1.0.3) R(T),L(T) € B(A)
with
1.04) IR aey < 1T 1L s < 1714 ICT) 1m0 < 21T

Since L and R are linear mappings we can conclude that

(10.5) L, R e B(A,B(A))

IRl Bea.sy, 1€l BaBy < 1.
We now present a simple formula which will be used later to decompose the commutator

C(T") in terms of C(T).

LEMMA 1.0.2. Let A be an associative algebra, then (¥Yn € N —
{0})(VAy, ..., Apy1, B € A) we have

n+1 n s n+1
=y ( Ak> [Ac1.B] ] 45
k=1

[T4. 5
k=1 s=0 j=542

If s = 0 then the first factor of the summand should be omitted, if s = n then the last

one should be omitted.

(1.0.6)

PROOF. For n = 1 it is easy to see that [A; Ay, B] = Ai[Ay, B] + [A1, B]As. We
shall prove the statement by induction. Let n € N— {0, 1}, and (1.0.6) be true for n — 1,
then (VAy, ..., A,i1, B € A) we have

n+1 n
1148 (H Ak> Api1, B
k=1 k=1

bY[AlAQrB]:3A1L4%Zﬂ‘+[A1%BL42

= (ﬁ Ak) [Apy1, B] +

k=1

Aﬂ+1

[
k=1

17



by hypothesis

= (ﬁ Ak) [Ant1, B +nZ <H Ak) s+1, B ( ﬁ Aj) Anta
N (ﬁAk> (Ayi1, B] ﬁ A

k=1 Jj=s+2

g

COROLLARY 1.0.3. Let A be a unitary associative algebra, then (VYn € N)(VT, h € A)

we have
(T = ZR ZR )" C(T).
PROOF. The second equality follows by Lemma 1.0.2 where A; = A, = ... =

A1 = T, the first one by the second and (1.0.2). O

The following equality is stated without proof in the exercise 19, §1, Ch. 1 of [LIE]. For

the sake of completeness we give a proof.

LEMMA 1.0.4. Let A be a unitary associative algebra, then we have Y1 € A and
Vn € N that

ctry =30 () )reyreay

k=0

PROOE. Since by (1.0.2) £(T") and R(T') commute it follows the statement. O

LEMMA 1.0.5. Let A be a unitary associative algebra. Then VT € A and¥n € N—{0}

we have Xn:(;b)’]'\{( (T ZR Y=o L(T

p=1

18



PROOF. Since £ = C + R and by (1.0.2) C(T") and R(7T") commute we have

Y RM)TLTPT =Y RT)I(CT) + R(T)

e ( i (p . 1)) R(T)" " +C(T)*

(1.0.7) -y (”>R(T)“C(T)81.

g

o0

DEFINITION 1.0.6. Let A be a unitary Banach algebra, f(\) =Y, a,\", where the
series defined in K is with the coefficients a,, € K and has the radius of convergence
R > 0. Then VT € A such that |T||4 < R we can define

fI)=> a,Tm e A
n=0

It is well-known that 7™ is Fréchet differentiable. For the sake of completeness we give
a direct proof of the Fréchet differential function of 7™ in several forms which will be

used in the sequel.

LEMMA 1.0.7. Let A be a unitary Banach algebra. Then ¥n € N the map u, : A >
T — T € Ais Fréchet differentiable and its Fréchet differential map vl : A — B (A)
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is such that u[l] (T) =0, um (I)=1€ B(A),VT € AandVn € N—{0,1}

W ZR yrL(r

k=2
= (Z)R(T)”‘pC(T)p‘l
(1.0.8) =nL(T)"! — S (n—s—1)L(T)""CHIR(T)*C(T).

Finally¥n € N — {0} and VT € A
(1.0.9) lun (Dl < 2ITIE

PROOF. For brevity in this proof we write || - || for || - || 4. The cases n = 0,1 are
trivial. Assume thatn € N—{0,1} and T, h € A

ZR P L(TY N (h) = KT + TRT™ 2 + .+ TR % TR

SO

(T + h)" T”+ZR VPL(TYP (R + T(h; T 2).

Here ¥(h;T};2) is a polynomial in the two variables 7" and h each monomial of which

is at least of degree 2 with respect to the variable h. Hence

(1.0.10)
TR =T =370 R(T)PL(TP R 1%k T52)||
lim = lim —————*
h=0 Al =0 |[A]]
< fim AT _
h=0 [ Al

Here T(||h||; ||T]|; 2) is the polynomial in the variables || h|| and ||7’|| obtained by replac-
ing in T(h;T';2) the variable h with ||k || and 7" with ||T"||. Hence

(1.0.11) ulll (T ZR )" PL(T
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and the first of equalities (1.0.8) follows. Therefore we have (VI € A)(Vh € A)

(1.0.12)
ul(TY(h) = AT Y + ThT™" 2 + .+ T 'RT" % . 4+ T 'h

=hT" ' + [T, hT" 2+ RT" " + .+ [T BT + AT +
+ [T B+ AT
= nhT"" > [T Tk

k=2
This is the second equality in (1.0.8). The fourth equality in (1.0.8) follows by the
second one, by the commutativity property in (1.0.2) and by Corollary 1.0.3. By the
first equality in (1.0.8) and Lemma 1.0.5 we obtain the third equality in (1.0.8). Finally
VT, h € Aby (1.0.11) and the (1.0.5) we obtain (1.0.9)

lup (T !—HZR )UELTP (R
<Z||R Wy L@y Ik

< Z [l [ i 1Y
p=1

=n| " Al
O

REMARK 1.0.8. Let S # () and X be a Banach space over K, then we define the space
of bounded functions

(1.0.13) B(S, X) = {F 1S = X | |F|Bs.x) = sup |F(T)||x < oo} :
€

Then (B(S, X), || - |B(s.x)) is a Banach space over K and the convergence in it is
called the uniform convergence on S in || - || x —topology , or simply when this does not
cause confusion, the uniform convergence on S, see Ch.10 of [GT].

Let { f }nen C B(S, X) then the series ., f, converges uniformly on S if there
exists W € B(S, X) such that

(1.0.14) lim sup

neNreg

= fulT)
h=1

X
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The series y ., [, converges absolutely uniformly on S or converges absolutely
uniformly for 7" € S if

S sup[£ul Tl < o,
“— Tes

Since B(S, X) is a Banach space, the absolute uniform convergence implies uniform

convergence.

Now we shall show that a power series g(7') = > «,7" in a Banach algebra
A is Fréchet differentiable term by term, the corresponding power series of its Fréchet
differential g!!! is uniformly convergent on B,(0) in the norm topology of B(.A) for
all 0 < s < R, and finally that ¢!" is continuous, where the radius of convergence
R of >~ a,\" is different to zero. The proof is based on the well-known results
stating that uniform convergence in Banach spaces, preserves Fréchet differentiability
and continuity, see Theorem 8.6.3. of the [Dieu] for the first and Theorem (2), §1.6.,
Ch. 10 of the [GT] for the second one.

The Fréchet differentiability of g can be seen as a particular case of the Fréchet
differentiability of a power series of polynomials between two Banach spaces. The
first time for complex Banach spaces was proved in [Mar]. Whereas the proof for
real Banach spaces, given for the first time in [Mic], used a weak form of Markoff’s
inequality for the derivative of a polynomial, see [Scha].

Our proof has the advantage of giving for the particular case of Banach algebras a

unified approach for both the cases real and complex.

LEMMA 1.0.9 ( Fréchet differentiability of a power series in a Banach algebra ). Ler A
be a unitary Banach algebra, {a, }nen C K be such that the radius of convergence of
the series g(\) =Y " ap,\" is R > 0.

(1) The series

oo
E QpUp
n=0

converges absolutely uniformly on B,(0) for all 0 < s < R. ' Hence we can
define the map g : Br(0) — Aas g(T) = >_° ; anun(T).

1By Remark 1.0.8,

oo

S s Jlan Ty < oo
n—0 L'€Bs(0)

forall0 < s < R.
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(2) g is Fréchet differentiable on Br(0) and

(1.0.15) g =" anulll
n=1

Here the series converges absolutely uniformly on B,(0), for all0 < s < R?*

and g is continuous.

PROOF. (Vs € (0,R))(VT € B4(0))(Vn € N) we have ||, T"||a < |oo|||T]] <

|, |s™, so

oo oo
Z sup ||, T"||a4 < Z |, |s"™ < oo,
n=0 TeBs(0) n=0

Which is statement (1).
By (1.09) forall 0 < s < R

> sup [lanul(T) sy <D lamins™ < oo
n=0 TeBr(0) n=0

Hence the series )~ 04nu£l1 ) converges absolutely uniformly on B,(0) forall 0 < s <

R. Thus the mapping

(1.0.16) T3 Br(0) C A= Y aulll(T) € B(A)

n=0
is well defined on By(0) and the series converges uniformly for 7' € B,(0) for all
0 < s < R. Hence we can apply Theorem 8.6.3. of the [Dieu] and then deduce (1.0.15).

Now it remains to show the last part of the statement (2), i.e. the continuity of the
differential function ¢g['!. By the first part of Lemma 1.0.7 applied to the unitary Banach
algebra B(.A) and by (1.0.5) Vn € N the maps

(1.0.17) A>T L(T)" € B(A), A>T R(T)" € B(A)

are continuous. Moreover the product is continuous on B(A) x B(A) so by (1.0.17)
and the first equality in (1.0.8) Vn € N

(1.0.18) ulll : A — B(A) is continuous.
2By Remark 1.0.8
(o)
Y swp Janul (T) gy < oo
n—1T€B;(0)

forall0 < s < R.
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By (1.0.18), the uniform convergence of which in the first part of statement (2), and
finally by the fact that the set of all continuous maps is closed with respect to the topol-
ogy of uniform convergence, see for example Theorem (2), §1.6., Ch. 10 of the [GT],
we conclude that YO < s < R the mapping g/'! | B,(0) : B,(0) C A — B(A) is
continuous. This ends the proof of statement (2). O

REMARK 1.0.10. By statement 2 of Lemma 1.0.9 we have

JU(T Z anul(T

Here the series converges absolutedly uniformly for (T, h) € Bg(0) x B(0), for all
L>0and0 < s <R.

THEOREM 1.0.11 ( Fréchet differential of a power series ). Let A be a unitary
Banach algebra, {ay,}nen C K be such that the radius of convergence of the series
g(A) =>" yapn\"is R > 0. Then

(1) forall T € Bg(0)
(1.0.19)

= nonL(T)"" - {Z { > (n-p- 1)anc<T)"—<2+p>} R(T)p} C(T).

p=0 \n=p+2

Here all the series converge absolutely uniformly on B,(0) for all 0 < s < R.
(2) forall T € Br(0)

(1.0.20) (T Z nap L Z {Z anl } c(T* ).

k=2

Here all the series converge absolutely uniformly on B,(0) for all 0 < s < R.
3)VI'e B g(O)

(1.0.21) Zpi T))C(T)P~L.

Here the series converges absolutely uniformly on B,(0) forall 0 < s < % and
gP) K — K is the p—th derivative of the function g.

REMARK 1.0.12. If R/3 < s < R then in general the series in (1.0.21) may not con-

verge, see for a counterexample the [Bur].
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REMARK 1.0.13. Clearly both (1.0.19) and (1.0.20) immediately imply that if T, h € A
are such that [T, h] = 0, then

= i noa, hRT™ L.
n=1

PROOF OF THEOREM 1.0.11. By Lemma 1.0.9 and Lemma 1.0.7

H(T) = Z anup (T)
n—2
=l + Z o (nﬁ - (n—-s-1)L )"‘(s+2)R(T)SO(T)> :
s=0

n=2

By (1.04) forall 0 <r < R

o

sup ||ap,nl(T)" ! ) < n|ay, |r™t
;TEBT(O) | (@ lza Z e
and
0o n—2
>N sup [etn(n — s — 1)L(T)"~CFAR(T)*C(T) || ay <
n=2 s=0 TeBbr(0
(1.0.22) Z || Z(n —s—1)r"3(2r) = Z || (n — D)nr™ ™t < oo.
n=2 s=0 n=2
Therefore
(1.0.23) gM(T Zannﬁ Zanz n—s—1)L(T)""CDR(T)C(T).

Here each series converges absolutely uniformly on B,.(0) for all 0 < r < R. Inequality
1.0.22 also implies that

25



Here each series converging absolutely uniformly on B,.(0) for all 0 < r < R and
statement (1) follows.

k—2

sup (1> o L(T)"FR(T)*L(T) ) C(T)
n=2 k=2 1'€Br(0) || s=o B(A)
o n k—2
= Z sup an R(T)L(T)~ 9 C(T)
n=2 k=2 T€Br(0) |[s=0 B(A)
o n k-2
n—( 2 s
<> Z ] sup [ R(T) 5500 £ ICT) 5
n=2 k=2 s= TeBr(0)
oo n k-2
<2} aul sup |7
n=2 k=2 s=0 TeB:(0)
= n(n—1a,| swp |T|
n—o T€B-(0)
(1.0.24) = n(n—1)]ay|r"™" < oo
n=2
Here in the second inequality we used (1.0.4). Therefore
co n k-2
> o L(T)" *R(T)* L(T)*C+)C(T)
n=2 k=2 s=0
© oo k—2
=D > D al(D)"FR(TY LT EHOT)
k=2 n=k s=0
oo 00 k—2
=D ) L(T)FY R(T)L(T)HCHIC(T)
k=2 n=k s=0
(1.0.25) => {Z oznﬁ(T)"_k} o(T* ).
k=2 \n=k

All the series uniformly converge for 7' € B,.(0). Here in the last equality we used
Corollary 1.0.3 and the fact that £(C'(T%!)) € B(B(.A)). Moreover by (1.0.2)

oo n k-2 0o n—2

SN () FR(TY LT e ZZ n—s—1)o, L(T)"~"FIR(T)*C(T)

n=2 k=2 s=0 n=2 s=0

hence by (1.0.25) and (1.0.23) we obtain statement (2).
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Finally we have Vs < g

oo n n
A = sup ||a, < )R(T)"_pC(T)p_l
nz:; p:zl T€B,(0) p B(A)

HM

7 TeBs(0

<33 (p)\anr s [R5 OO

IN

( >\Oén| sup || 7|52 | T

TeBs(0)

( )]an|s”_12p_1.
1

13 3 ()

p=1

S £ ()

p=0

_ Z |an|sn—13n
n=1
(o0
=51 Z |, [(3s)" < o0
n=1

Thus by the third equality in Lemma 1.0.7 and Lemma 1.0.9 we obtain statement (3).
0

M3 IIM:

5

n=1p

Hence

The previous Theorem 1.0.11 is the main result of the present chapter. Let A be a
unitary K—Banach algebra and ), o, A" a series at coefficients in K having radius
of convergence R > 0. We give for the first time the Fréchet differential ¢!l of the
A—valued function g(T') = >~ ja,T", ina C(T)— depending uniformly convergent
series on B,(0), for all 0 < s < R, in statement (1); and in a C(T"*)— depending
uniformly convergent series on B;(0), for all 0 < s < R and with k > 1, in statement
(2). This allows us to give immediately a simplified formula for the value g™*/(T")(h) in
case of the commutativity [T', h] = 0, with T" € Bg(0) and h € A, see Remark 1.0.13.

Finally we give a different proof respect to [Rud] and in such a way generalizing that
in [Bur], of the known formula in statement (3), in case 0 < s < %, see Remark 1.0.15
and Remark 1.0.20.
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REMARK 1.0.14. We note that formula (1.0.19) explicitly contains C(T') as a factor,
formula (1.0.20) gives an expansion in terms of C(T*) and finally formula (1.0.21) gives

an expansion in terms of C(T)*.

REMARK 1.0.15. For all T such that |T|| < & and Yh € A we have

o

1
(1.0.26) gN(T)(h) = ];g“”) (T)C(T)y (h).
Here the series is uniformly convergent for (T, h) € B,(0) x BL(0) forall 0 < s < &
and L > 0.

COROLLARY 1.0.16 ( Fréchet differential of a power series of differentiable functions
defined on an open set of a K—Banach Space and at value in a K—Banach algebra A
). Let A be a unitary Banach algebra, and {c, }nen C K be such that the radius of
convergence of the series g(\) = >~ o,\"is R > 0and 0 < s < R. Finally
let X be a Banach space over K, D C X an open setin X and T : D — A a
Fréchet differentiable mapping such that T(D) C B,(0) or alternatively D is convex
and bounded and sup, p, | TV (2)|| p(x.4) < 00. Ifwe set § = sup,cp |T(z)|

A, then
(1) s < cand if s < R then

goT = i o, T".
n=0

Here the series is uniformly convergent on D, while T" : D > x +— T(x)™.
(2) If0 < s < R then the function g o T' is Fréchet differentiable and

(1.0.27) [goT| [1] Za ul] T[”( ), VzeD.

Here the series converges in B(X, A). Moreover
@ If T : D — B(X,.A) is continuous then the function [go T|" : D —
B(X, A), is also continuous.
(b) If sup,cp ITM(2) || 5(x,4) < 00, then the series in (1.0.27) absolutely uni-

formly converges on D.

PROOF. Let us consider the case in which D is convex and bounded, and
sup,ep || T0H(2)||px,.4) < oo. Leta,b € D and S, the segment jointing a,b. D is
convex so S, C D. By an application of the Mean Value Theorem, see Theorem 8.6.2.
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of [Dieu], we have for any z(, € D

IT(0) = T(a) = T"(20) (b — )]l < [Ib—allx - sup [ TM(x) — T (20) || px.0)-

x€Sqp

Thus by | A|| — || B|| < ||A— B]| in any normed space, we have fixed b € D and xy € D,
that Va € D

(1.0.28)
sup [|T'(a)]].4
a€eD

< sup || T(b) — T (xo)(b—a)llAvLsupllb—aHx sup sup [T () — T (x0) || p(x.a)
a€D a€D z€S,

S ITONa+ 1T o)l sup o = allx +sup o = allx - sup | T() = (o) 0
a€ ac xre

< T+ sup b= als - (207 wo) . + sup 1790 . ) < .
ac FAS

Here we considered that D is bounded and sup,.p, |7 (z) | 5(x,4) < oo by hypothesis.
So by (1.0.28) s < oo which is the first part of statement (1).
Let D C X be the open set of which in the hypotheses. By s < oo we can assume

that 0 < s < R, then the second part of statement (1) follows by statement (1) of Lemma
1.0.9.

In the sequel of the proof we assume that 0 < s < R. By statement (2) of Lemma
1.0.9 and by the Chain Theorem, see 8.2.1. of the [Dieu], g o T" is Fréchet differentiable
and its differential map is
(1.0.29)

[go T : D 52— ¢gM(T(2)) o TW (2 {Z% ¢ }OTW( ) € B(X, A),

where in the second equality we considered that uniform convergence implies puntual

convergence. By statement (2) of Lemma 1.0.9 and s < R the previous series converges
in B(.A), moreover if we set

<'7'> : B(A) X B(X,A) = (¢7¢) = ¢01/) € B(X7A)
then it is bilinear and continuous i.e.

since ||¢ o Y| px.4) < |9l Ba) - [|1¥||B(x,4)- Therefore by (1.0.29) follows (1.0.27).
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Set
I':Dsaz~ (gMoT(x), TM(z)) € B(A) x B(X, A).
By (1.0.29)

(1.0.31) [goTIM = (-, )oT.

TH is continuous by hypothesis, and g!! is continuous by statement (2) of Lemma
1.0.9, while T is continuous being differentiable by hypothesis, so g!!l o T"is continuous.
Therefore by Proposition 1, §4.1., Ch 1, of the [GT] the map I is continuous. Thus by
(1.0.31) and (1.0.30) [g o T]m is continuous and statement (2a) follows.

By (1.0.9)

[e.9]

S sup [l ul (T(2)) o T (@) 5x.

n= OxGD

< ngp W@ sy - 1T @) 5o
n= Ox

< Zsup ol T (@) 57 | TH(@) e,

n— Oxe

< 3" suplaalallT (@) 5 - sup [T sen
n=0 xeD $ED

o0
< JZ |, |ns" ™ < o0
n=0

where J = sup,.p [|T%(z)| 5(x.4) and statement (2b) follows. O

REMARK 1.0.17. By (1.0.29), statement (3) of Theorem 1.0.11 and (1.0.30), if 0 < 5 <
3, we have Vx € D

(1.032) 901" (@) = Y- S50 (R @)CT(@) TV (z).

In addition if sup,cp, [|TY(2) | (x,4) < 00, then the series in the (1.0.32) is absolutely
uniformly convergent on D. If ) < 5 < E by (1.0.32) we have Vh € X

(1.0.33) goT]" Z % V(T ()P~ (T () (h)).
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In addition if sup,cp, |TY(2) | p(x,4) < 00, then the series in the (1.0.33) is absolutely
uniformly convergent for (z,h) € D x Bp(0), for all L > 0.

REMARK 1.0.18. In a similar way of the proof of statement 2b of Corollary 1.0.16 we

have

(1) if0<s<R

[goT] [1] ZnanT[l )T ()" 1
Z i (n—p— 1)OénT<gj)p[T(x),T[1] (z)(M)]T (z) (2+p)

(1.0.34)

S0 S (0= p = DanT (@[T (), T () (h) T (),
p=0 n=p+2
If in addition sup,¢p || TU (2)||p(x,4) < oo then all the series in (1.0.34) are
absolutely uniformly convergent for (x,h) € D x Br(0), forall L > 0.
(2) If0 < s < Rwe have

(1.0.35)
lgo 7" (2)
= Znan il (g Z {Z anL } C(T(z)*HyTl ().

If in addition sup,¢p || TU (2)||p(x,4) < oo then all the series in (1.0.35) are

absolutely uniformly convergent on D.

DEFINITION 1.0.19. Let (G, || - ||g) be a C—Banach space, then we denote by Gg the
vector space GG over R whose operation of summation is the same of that of the C—vector
space G, and whose multiplication by scalars is the restriction to R x G of the multi-
plication by scalars on C x G, finally we set || - ||g. = || - llc- Then (Gg, || - ||gy) is a
Banach space over R and will be called the R—Banach space associated to (G, || - ||¢)-

Let F', G be two C—Banach spaces then of course B(F,G) C B(Fg, Gr), where the
inclusion is to be intended only as a set inclusion. Let A C F then if A is open in F it
is open also in Fg. For a mapping f : A C F — G, we will denote with the symbol
R A C Fp — Gg the same mapping but considered defined in the subset A of the

31



R—Banach space associated to F' and at values in the R—Banach space associated to

G.

REMARK 1.0.20. Let Y,Z be two C—Banach spaces, then by considering that
B(Y,Z) C B(Yg,Zr), we have that for each Fréchet differential function f : A C
Y — Z the same function f* : A C Yg — Zy considered in the corresponding real
Banach spaces, is differentiable, in addition f'! = (). Therefore if we get a real Ba-
nach space X, we shall obtain the same statements of Corollary 1.0.16, Remark 1.0.17
and Remark 1.0.18 by replacing A with Ag. In particular by taking X = R we obtain
by (1.0.33) that if 0 < s < %, and by denoting g(\) = >~ a, \" we have V't € D

(1036) WL =3 sy (o).

In addition if sup,cp, || %5 (t)||.4 < oo, then the series in the (1.0.36) is absolutely uni-
formly convergent on D. This formula has been shown for the first time by Victor I.
Burenkov in [Bur].

Notice that C(T'())° = 1 and Vn € N — {0}
cawy (o) =|- || Foro].o).|

In particular if [ (¢), T'(¢)] = 0, then
dg®oT

(1.0.37) ——(t) = (T (1) —(®).
If [[4E(t),T(t)] , T(t)] = O then
12T 0) — ) S0+ 502 0) | S0 70)

and so on.

COROLLARY 1.0.21. Let A be a unitary Banach algebra, {c, }nen C K be such that
the radius of convergence of the series g(\) =Y~ o, \" is R > 0. Finally let W €
A={0},0 < s < R Diow) = |~y ity | and

Vit € D(swy. Then with the notations adopted in the statements of Lemma 1.0.9, we
have



() .
gt o T(t) = Z a, t"Wn
n=0
and the series is absolutely uniformly convergent for t € D, w).
(2) g® o T is derivable, the following map

dg®oT
dt

() =W amt" "W = wdd g T(t)
n=1

1.0.
(1.0.38) N

Vt € D w) is the derivative function of g% o T, is continuous and the series in

the (1.0.38) is absolutely uniformly convergent.

PROOF. Statement (1) is trivial. The map 7" is derivable with constant derivative
equal to W € A, hence we have statement (2) by Remark 1.0.20 and (1.0.34). 0

1.0.2. Application to the analytic functional calculus in a C—Banach space. In
this section G is a complex Banach space, we denote by o(7") the spectrum of 7" for
all T € B(G) and (YU € Open(C) | o(T) C U)(Vg : U — C analytic) by ¢(T)
the operator belonging to B(() as defined in the analytic functional calculus framework
given in Definition 7.3.9. of the [DS], that is

o1) = 5 [ SR
Here R(\;T) = (A1 — T')~! is the resolvent of 7', while B C U is the boundary of an
open set containing o (7") and consisting of a finite number of rectifiable Jordan curves.
If U is an open neighborhood of 0 and (VA € U)(g(\) = >~ a;,A") then by Theorem
7.3.10. of the [DS] g(T") = >, o, T converging in B(G). Therefore for this case we

can apply all the results in Section 1.0.1.

COROLLARY 1.0.22 ( Fréchet differential of an operator valued analytic function defined
on an open set of a R—Banach Space ). Let Uy be an open neighborhood of 0 € C,
g : Uy = C an analytic function such that (VA € Up)(g(A) = >~ yanA"). Let R > 0
be the radius of convergence of the seriesy ., ., \". Finally let X be a Banach space
overR, D C X anopen setof X and T : D — B(G)g a Fréchet differentiable mapping
suchthat (3s € RT |0 < s < R)

() T(D) € By(0)

(2) Vz € D)(o(T(x)) C Uy)
Then
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(M )
gR oT = Z a, T,
n=0

Here the series absolutely uniformly converges on D.

(2) The statements of Corollary 1.0.16, Remark 1.0.17 and Remark 1.0.18 hold
with A replaced by B(G)g, while Remark 1.0.20 holds with A replaced by
B(G).

PROOF. The map g* o T is well defined by the condition (Vz € D)(o(T'(z)) C Uy),
while the power series expansion follows by Theorem 7.3.10. of the [DS]. Therefore
statement 1 follows by the hypothesis 7'(D) C B,(0), with 0 < s < R and Remark
1.0.20. Statement 2 is by Corollary 1.0.16 and Remark 1.0.20. U

REMARK 1.0.23. If we assume that G is a complex Hilbert space and T'(z) is a normal
operator Nz € D, then the condition T(D) C Bg(0) is equivalent to the following one
(Vz € D)(o(T(x)) C Bs(0)).

Although the following is a well-known result, for the sake of completeness we shall

give a proof by using Corollary 1.0.21.

COROLLARY 1.0.24. Let {c, }nen C C be such that the radius of convergence of the
series g(\) = > .07 a, A" is R > 0. Moreover let W € B(G) — {0}, 0 < s < R, and

n=0

Dwy = } — ”V“;’,”, HV?/H [ Then the operator g(tW) is well defined ¥t € D, w) and

g(tW) = Z at"Wwn.
n=0

Here the series converges absolutely uniformly on D, y. Moreover the map D) >
t — B(tW) is Lebesgue integrable in B(G) in the sense defined in [INT], Definition 2
Ch. 1V, 83, n°4, and Yuy,uy € D5 w)

u2 g
Wjaf (W) dt = gV — gl W),

Here f;f Z—i(tW) dt is the Lebesgue integral of the map D wy > t +— j—i(tW) as

defined in Definition 1 Ch. 1V, §4, n°1 of [INT].
PROOF. By (1.0.3)

(1.0.39) R(W) € B(B(G)).
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Set T'(t) = tW forall t € D). Then 44 o T'(t) = 320 | a,nt" WL and the map
Dwy >t — dg o T'(t) is continuous in B(G) as a corollary of (1.0.38), by replacing

the map ¢ with % o5, hence it is Lebesgue-measurable in 5(G). Finally let u;, uy € D w)
i dg i = n—1 n—1
= EW)dt = 1Y nt™ W d
[u1,u2] [u1,u2] n=1
/ Z loup|ns™td t
[ut,u2] p=1
= |uy — uy | Z v, ns™ ! < o0

n=1

Here f 1s the upper integral of the Lebesgue measure on [u;, us]. By this bound-

edness and by its Lebesgue- measurability we conclude by Theorem 5, V.71 of [INT]
that [uy, us] 5 t — dg o T'(t) € B(G) is Lebesgue-integrable in B((G), so in particular
by Definition 1, / V.33 of [INT]

(1.0.40) 374 % o T(t)dt € B(G).

Therefore by (1.0.39), (1.0.40), Theorem 1, /V.35 of [INT] and (1.0.38)

" dg 2 dgi(T(t))
(1.0.41) Wfi 75 o1 7{ W )dt_/a{ ot

1

Furthermore by the continuity of the map D w) > t — % o T'(t) in B(G) and by

(1.0.38), D(swy 2 t — dg* g( ) is continuous in B(G) and it is the derivative of the
map D¢y D t — ¢~ o T. Therefore it is Lebesgue integrable in B(G), where the
integral has to be understood as defined in Ch /1 of [FVR], see Proposition 3, n°3, §1,
Ch I1 of [FVR]. Finally the Lebesgue integral for functions with values in a Banach
space as defined in Ch /] of [FVRY], turns to be the integral with respect to the Lebesgue
measure as defined in Ch. IV, §4, n°1 of [INT] (see Ch 11, §3, n°3 and example in Ch

1V, 84, n°4 of [INT]). Thus the statement follows by (1.0.41). Ul

One of the main aims of the sequel is proving this formula for a certain class of un-
bounded operators in a Banach space and by considering the integral in weaker topolo-
gies than that induced by the norm in B(G).
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CHAPTER 2

Extension theorem. The case of the strong operator topology

2.1. Key lemma

PRELIMINARIES 2.1.1. Integrals of bounded Borelian functions with respect to a
vector valued measure.  In the sequel G = (G, | - ||¢) will be a complex Banach
space. Denote by Pr((G) the class of all projectors on G, that is the class of P € B(G)
such that P? = P. Consider a Boolean algebra By, see Sec. 1.12 of [DS], of subsets of
a set X, with respect to the order relation defined by o > § < ¢ O ¢ and complemented
by the operation o’ = Co. In particular Bx contains () and X and is closed under finite
intersection and finite union.
The map £ : Bx — B(G) is called a spectral measure in G on B, or simply on X
if X is a topological space and By is the Boolean algebra of its Borelian subsets, if
(1) E(Bx) C Pr(G);
(2) (Vo1,09 € Bx)(E(01 Nog) = E(01)E(02));
(3) (Vo1,09 € Bx)(E(01 U o) = E(01) + E(02) — E(01)E(02));
4) E(X) =1,
(5) E(0) = 0.
(See Definition 15.2.1 of [DS]).
If condition (3) is replaced by condition

(3"(Voy,00 € Bx | o1 Ny = 0)(E(oy Uos) = E(01) + E(02)),

we obtain an equivalent definition.

Notice that if F is a spectral measure in G on By, then it is a Boolean homomor-
phism onto the Boolean algebra F/(Bx) with respect to the order relation induced by
that defined in Pr(G) by P > Z < Z = ZP and complemented by the operation
P" = (1 — P). Indeed for all 0,0 € Bx wehave 0 C 0 = E(§) = E(0No) =
E(§)E(0) & E(§) < E(0), while 1 = E(c UCo) = E(0) + E(Co).

36



A spectral measure E' is called (weakly) countable additive if for all sequences
{e,}nen C Bx of disjoint sets, Vo € G and V¢ € G* we have

¢ (E(U En)ﬂ?> = ¢ (Blen)r).

neN

If Bx is a o-field, i.e. a Boolean algebra closed under the operation of forming
countable unions, we have by Corollary 15.2.4. of the [DS] that £ is countably additive
with respect to the strong operator topology, i.e. for all sequence {&, },en C B(C) of

disjoint sets and for all z € G we have !

(2.1.1) E(U En)T = ZE(én)x = ZE(an)x

neN neN
Since E(J,,cy €n) = E(Unen €p(n))» for any permutation p of N, hence Y~ | E(e,,)z =
Yoo L E(epm))x forall z € G, therefore by Proposition 9,§5.7., Ch. 3 of [GT] we obtain
the second equality in (2.1.1).

By B(C) we denote the set of the Borelian subsets of C, and by Bor(U) the complex
linear space of all Borelian complex maps defined on a Borelian subset U of C.

We denote with TM the space of the totally B(C)— measurable maps , which is
the closure in the Banach space (B(C), || - ||sup) of all complex bounded functions on C
with respect to the norm ||g||sup = sup,cc [g(A)|, of the linear space generated by the
set {x, | o € B(C)}, where x, is the characteristic function of the set o.

(TM, || - ||sup) is @ Banach space, and the space of all bounded Borelian complex
functions is in TM so dense in it. Finally (TM, || - ||syp) is @ C*—subalgebra, in par-
ticular a Banach subalgebra, of (B(C), || - ||sup) if we define the pointwise operations of
product and involution on B(C).

Let X be a complex Banach space and F' : B(C) — X a weakly countably finite
additive vector valued measure, see Section 4.10. of [DS], then we can define the integral
with respect to F', see Section 10.1 of [DS], which will be denoted by fc fdF. The

operator
(2.1.2) Ig:TMBfH/deeX
C

IBy definition, see Ch.3 of [GT],v = 3, .y E(en)z if v = limjep, o) ,cs E(en)x, where P, (N) is
the direct ordered set of all finite subsets of N ordered by inclusion.

’In [DS] denoted by B(C, B(C)), while by using the notations of [Din2] and considering C as a real
Banach space we have TM = TMg (B(C)).
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is linear and norm-continuous °>. We have the following useful property if Y is a

C—Banach space and ) € B(X,Y), then
(2.1.3) Q oIl =127,

see statement ( f) of Theorem 4.10.8. of the [DS].

If X = B(G), the case we are mostly interested in, we have, as an immediate result
of this property and the fact that the map @), : B(G) > A — Az € G is linear and
continuous Vz € G, that

(2.1.4) (Vo € G)(Vf € TM)(IE(f)x =TE"(f)).

Here F* : B(C) > o + F(o)z. Finally if F is a spectral measure on C, then I¥ is a
continuous unital homomorphism between the two Banach algebras (TM, || - ||sup), and
(B(G), || - ||(c)) and I (Xsupp £) = 1, see (2.1.6) and Section (2), Ch 15 of [DS].

Borel functional calculus for possibly unbounded scalar type spectral operators
inG. If T: D(T) C G — G is apossibly unbounded linear operator then we denote by
o(T) its standard spectrum. A possibly unbounded linear operator 7' : D(T7') C G — G
is called a spectral operator in G if it is closed and there exists a countably additive
spectral measure £ : B(C) — Pr(G) such that

i: for all bounded sets § € B(C)
E(5)G € D(T);
ii: (Vo € B(C))(Vz € D(T)) we have
(1) (E(0)D(T) € D(T)),
2) TE(8)x = E(6)Tx;
iii: for all 0 € B(C) we have
o (T | (D(T) N E@)G)) C 3.
Here o (T | (D(T) N E(§)G)) is the spectrum of the restriction of 7" to the
domain D(T') N E(J)G.
(See Definition 18.2.1. of the [DS]). We call any E with the above properties a reso-

lution of the identity of 7". Theorem 18.2.5. of [DS] states that the resolution of the
identity of a spectral operator is unique.

3Notice that if we identify B(G) with B(R, B(G)) and recall that TM = TMg(B(C)), then with the
notations of Definition 24, §1, Ch. 1 of [Din2] we have that Ig is the immediate integral with respect to
the vector valued measure E : B(C) — B(R, B(G)).
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Finally we call support of a spectral measure £ on By, the following set

supp B = ﬂ o.
{ceBx|E(c)=1}

It is easy to see * that
(2.1.6) E(supp E) = 1.

Notice that an unbounded spectral operator 7' is closed by definition. Now we will
show that 7" is also densely defined. In fact if E is the resolution of the identity of 7'
and if {0}, }nen C B(C) is a non decreasing sequence of Borelian sets such that o(7") C
Unen @n» then by the strong countable additivity of £, the fact that £(o(7)) = 1 we
can deduce 1 = lim,,cy F(0,,) in the strong operator topology of B(G), see (2.2.1).

Now we can choose {0, },en such that o, = B,(0) = {\ € C | |\ < n}, or
on = W(0,2n) = {\ € C | |Re(N)| < n,|Im(\)| < n,}. But by the property (i)
of the Definition 18.2.1. of [DS], we know that for all bounded sets 0 € B(C) we have
E(0)G € Dom(T). Therefore we conclude that (Vv € G)(v = lim,ey E(0,)v) and
(Vn € N)(E(o,)v € Dom(T)), so Dom(T) is dense in G.

We want to remark that for each possibly unbounded spectral operator 7" in G by
denoting with o(7') its spectrum and with £ : B(C) — Pr(G) its resolution of the
identity, we deduce by Lemma 18.2.25. of [DS] that o(T") is closed, that supp E = o(T")
so by (2.1.6)

E(o(T)) =1.
Now we will give the definition of the Borel functional calculus for unbounded spectral

operators in a complex Banach space (G, that is essentially the same as in Definition
18.2.10. of the [DS].

DEFINITION 2.1.2. Let X be a set, S C X, V a vector space over K € {R,C} and
f S — V. Then we define fX, or simply f when it doesn’t cause confusion, to be the

“Indeed let S = supp E then
(2.1.5) Cs = U Co.
{c€Bx|E(c)=1}

Moreover E is order-preserving so for all o € Bx such that E(c) = 1 we have E(C7) < E(Co) =
1 — E(o) = 0. Hence by the definition of the order E(C7) = E(C7)0 = 0. Therefore by the Principle
of localization (Corollary, Ch 3, §2, n°1 of [INT]) which holds also for vector measures (footnote in Ch
6, 62, n°1 of [INT]) we deduce by (2.1.5) that F(CS) = 0. Finally

E(S)=1-E((S) =1.
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O0—extension of [ to X, iLe. ]7: X — V such that ]? 'S = f and f(:c) = 0 for all
x € (X — 5), where 0 is the zero vector of V.

DEFINITION 2.1.3. [Borel Functional Calculus of E] Assume that

(1) E: B(C) — Pr(G) is a countably additive spectral measure and S its support;
(2) f € Bor(S);

(3) Vo C Cwe set f, : C — C such that f, = ]? Xos

4) 9, = [-n,+n| and

Ju= f?fluén)'

Here (Yo C C)(¥g: D — C)(g(c) = {N €D | g(\) € a}).
Of course f, € TM for alln € N so we can define the following operator in G
Dom(f(E)) = {x € G| Iim,en IE(f,) 7}
(Y € Dom(f(E)))(f(E)r = limnenIE(fa)2).

Here all limits are considered in the space G. We call the map f — f(E) the Borel

2.1.7)

Junctional calculus of the spectral measure E.

In the case in which £ is the resolution of the identity of a possibly unbounded
spectral operator 7', recalling Lemma 18.2.25. of [DS] stating that o(7") is the support
of E, we can define f(T') = f(F) for any map f € Bor(o(T)) and call the map

Bor(o(T)) > f = f(T)
the Borel functional calculus of the operator 7.

DEFINITION 2.1.4. [18.2.12. of [DS]] A spectral operator of scalar type in G or a scalar
type spectral operator in G is a possibly unbounded linear operator R in G such that
there exists a countably additive spectral measure E : B(C) — Pr(G) with support S
and the property
R =(FE).
Here1r: S 5 A X\ € C, and «(E) is relative to the Borel functional calculus of the
spectral measure E. We call E a resolution of the identity of R.

Let R be a scalar type spectral operator in G' and E a resolution of the identity of R,
then we have the following statements by [DS]:

e T'is a spectral operator in GG;
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e [7 is the resolution of the identity of 1" as spectral operator;

e [/ is unique.

DEFINITION 2.1.5 ([DS]). Let E : B(C) — Pr(G) be a countably additive spectral
measure and U € B(C), then the space of all E—essentially bounded maps is the fol-

lowing linear space
W) ={f:C—>C||fwl <oo}.

Here xy : C — C is the characteristic map of U which is by definition equal to 1 in
U and 0 in CU, and for each map F : C — C
|Flls = E — ess Sup [F(N)| = . LS p[F(A)].
For a Borelian map f : U D o(R) — C, with U € B(C), we define f(R) to be the
operator (f [ o(R))(R).
Let g : U C C — C be a Borelian map. Then g is E'—essentially bounded if

E —esssup [g(\)| = [[9]|Z < oo.
AeU

See Definition 17.2.6. of [DS]. One formula arising by statement (i) of the Spec-
tral Theorem 18.2.11. of the [DS], which will be used many times in the thesis is the
following: for all Borelian complex function f : ¢(R) — C and for all ¢ € G* and
y € Dom(f(R))

(2.1.8) ¢ (f(R)y) =/Cde<¢>,y>-

Here G* is the topological dual of GG, that is the normed space of all C—linear and
continuous functionals on GG with the sup —norm, and V¢ € G*,Vy € G we define
Egy) : B(C) 3 0 — ¢(E(0)y) € C.

Finally if P € Pr(G) then (P(G), - @) with || - [py = || - o | P(G), is
a Banach space. In fact let {v, },eny C G be such that v = limneN Pu,, in || - ||g, so
P = P? being continuous we have that Pv = lim,cy P%n = limneN Puv,, = v, so
v € P(G), then P(G) is closed in (G, ]| - [|¢) , hence (P(G),]| - ||p()) is a Banach
space.

If £ : By — Pr(G) is a spectral measure in G on By and o € By, then we shall
denote by G or simply G, the complex Banach space E(c)G, without expressing its
dependence by £/ whenever it does not cause confusion. In addition for any () possibly
unbounded operator in G we define Vo € By the following possibly unbounded operator
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operator in G

Qs = QE(0).
Finally we shall denote by B,(C) the subclass of all bounded subsets of 5(C).
DEFINITION 2.1.6. Let F' be a C—Banach space, P € Pr(F) and S : Dom(S) C F —
F', then we define
(2.1.9) SP | P(F) = SP | (P(F) N Dom(SP)).

Notice that by the property P? = P we have P(F) N Dom(S) = P(F)N Dom(SP),
and that
SP | P(F)=S51(P(F)nDom(S)).
Moreover in the case in which PS C SP then
SP | P(F):P(F)nDom(S)— P(F).

Thatis SP | P(F)is alinear operator in the Banach space P(F). Let E : By — Pr(G)
be a spectral measure in G on By, 0 € By and () a possibly unbounded operator in G
such that E(0)Q C QE(0), then

Q. | Go : Gy N Dom(Q) — G,.

In particular if R is a possibly unbounded scalar type spectral operator in GG, E its
resolution of the identity and f € Bor(o(R)), then by statement (g) of Theorem 18.2.11
of [DS], we have that for all o € B(C)

E(0)f(R) € f(R)E(0).

Hence for all o € B(C)
(2.1.10)

R, | Gy =R, | (G, N Dom(R)) = R | (G, N Dom(R))
f(R)s | Go = f(R)s | (Go N Dom(f(R))) = f(R) | (G5 N Dom(f(R)))

are linear operators in G,.

Finally E(o(R)) = 1 implies E(0) = E(oc No(R)) forall o € B(C) so by (2.1.10)

R, | G, = Ryne Goro
Q.1.11) f ro(r) | Gono(r)
f(R)O' r Ga‘ = f(R)O'mO'(R) r GO’ﬂa’(R)-
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LEMMA 2.1.7 (Key Lemma). Let R be a possibly unbounded scalar type spectral oper-
ator in G, E its resolution of the identity, o(R) its spectrum and f € Bor(c(R)). Then
Vo € B(C)

(1) R, | G, is a scalar type spectral operator in G, whose resolution of the iden-
tity E, is such that for all § € B(C)

E,(0)=FE() | G, € B(G,),
2)

f(R)U rGa:f(Ra fGo),
(3) Vg € Bor(o(R)) such that g(o N o(R)) is bounded, we have that

9(R)E(0) =1E(7 - x») € B(G).

PROOF. Let o € B(C). By the fact that E(c N §) = E(0)E (o) = E(o)E(S) for all
9 € B(C) and E(0) | G, = 1, the unity operator on G,,, we have for all § € B(C)

(2.1.12) E,(0) = E(cné) | G, € B(G,).

In particular E, : B(C) — B(G,), moreover E is a countably additive spectral

measure in GG, so
(2.1.13) E,isa countably additive spectral measure in G,,.

By Lemma 18.2.2. of [DS] EU is the resolution of identity of the spectral operator
R, | G, so by Lemma 18.2.25. of [DS] applied to R, | G,

(2.1.14) supp E, = 0(Ry | Gy).

Furthermore by (2.1.11) and (éi7) of Definition 18.2.1. of [DS] we have o(R, |
G,) C 0 No(R), then by the equality 7 N o(R) = 7 N o(R), we deduce

(2.1.15) o(R, | G,) Canao(R) Co(R).

Hence (2.1.14) and (2.1.15) imply that the operator function f(FE,) is well defined.
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For all z € Dom(f(R), | Gy)

(f(R)s | Go)z = f(R)x by (2.1.10)
_héerIE (f - x‘ 1|(n) by (2.1.7), (2.1.4)
_}Llé%l “(f- X )) by = € Gy, (2.1.13)
—}Ilerll\l!IE"(f X n))x by (2.1.4)
= f(E,)z. by (2.1.7)

So f(R), | G» C f(E,).
For all z € Dom(f(E,))

f(E, )x—hmI (f- o )) by (2.1.7),(2.1.4)

n

—hmI 1
e Xe n)>

= limI& T by (2.1.4)
neN (: lel(én)) Y

= (f(R)y | Go)z. by (2.1.7),(2.1.10)

So f(E,) C f(R), | G, then
(2.1.16) f(R)s | Gy = f(E,)

Therefore statement (1) follows by setting f = 2, while statement (2) follows by
statement (1) and (2.1.16).
Let g € Bor(o(R)) such that g(o N o(R)) is bounded, then

(3n € N)(¥m > n)(o O [gl(6) = o O o(R)).
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Next E(c(R)) = 1,s0 E(c) = E(0)E(c(R)) = E(c(R) N o). Since IZ is an algebra
homomorphism, Vm € N

IE(G-x1  )E()=1EG-x )E(cNno(R))

‘9|(57n) ‘9|(57n)
=18 X1 E(Xoror)
l91(dm)
- IE qg- -1 * XonNo
c(g X5 ) Xon (R))
—IE(7-v_
Xt 5 ooty
=I5 x- .
Xt
This equality implies that
(2.1.17) (3n e N)(Vm > n)(I£(g - Xt s ))E(U) =1I£(7  Xoro(r)))-
g|(Om
Furthermore
IZ(G * Xoro(r) = IE (GXoXo(R))
= IE(ﬁXU)L@(XU(R))
= I¢(9x.)E(0(R))
= IE(x0)-
Therefore by (2.1.17)
(2.1.18) (3n € N)(Vm > n)(IZ(g - X, )E(0) = IE(7 - Xo))-
gi(Om

Moreover by definition in (2.1.7) we have Vo € Dom(g(R)) that
g(R)r = lim IZ(G-y» )z
(R)e = B Tel X,y
and Dom(g(R)) is the set of x € G such that such a limit exists; thus by (2.1.18) we
can conclude that F(0)G C Dom(g(R)) and g(R)E(c) = 1E(g - x,) € B(G), which
is statement (3). O

COROLLARY 2.1.8. Let R be a possibly unbounded scalar type spectral operator in G,
and € Bor(c(R)). ThenVo € B(C)
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Moreover if f(o No(R)) is bounded then
[(Bs | Go) E(0) € B(G).

PROOF. Let y € Dom(f(R)E(0)) then E(o)y € G, N Dom(f(R)) hence by
(2.1.10), Lemma 2.1.7

So f(R)E(0) € f(Rs | Go)E(0).
Next let y € Dom(f(Ry | G»)E(0)), then E(0)y € Dom(f(R, | G,)), hence by
Lemma 2.1.7 and (2.1.10)

f(Bo | Go)(E(0)y) = f(R)E(0)E(o)y = f(R)E(0)y.

So f(R, | G,)E(0) C f(R)E(c). Thus we obtain statement (1). Statement (2) follows
by statement (1) and statement (3) of Lemma 2.1.7. O

2.2. Extension theorem for strong operator integral equalities

NOTATIONS 2.2.1. Let X be a locally compact space and p a measure on X in the
sense of the Bourbaki text [INT] see I/1.7, Definition 2, that is a continuous linear
C—functional on the C—locally convex space H(X) of all compactly supported com-
plex continuous functions on X, with the direct limit topology (or inductive limit) of
the spaces H(X; K) with K running in the class of all compact subsets of X, where
H(X; K) is the space of all complex continuous functions f : X — C such that

supp(f) = {x € X | f(x) # 0} C K with the norm topology of uniform convergence
3. In the thesis any measure 1 on X in the sense of [INT] will be called complex Radon
measure on X.

For the definition of p—integrable functions defined on X and with values in a
C—Banach space G see 1V.23. Definition 2 of [INT], while the integral with respect to
w of a p—integrable function f : X — G , which will be denoted with [ f(z)du(z) €
@, is defined in Definition 1, 171.33 and Definition 1, IV.33 of [INT].

For the definition of the total variation ||, and definition and properties of the upper
integral [* gd|u|(z) see Ch. 3 — 4 of [INT]. We denote by Comp(X) the class of the
compact subsets of X and by §, (X; ;1) the seminormed space, with seminorm |- ||, (x;u)»

H (X; K) is isometric to the Banach space of all continuous maps g : K — C equal to 0 on 0K, with
the norm topology of uniform convergence
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of all maps F': X — C such that

1Flls, o = / F(2)|d () < co.

In this section it will be assumed, unless the contrary is stated, that X is a locally
compact space and p is a complex Radon measure over X.

Let B C X be a u—measurable set, then by y—a.e.(B) we mean “ almost everywhere
in B with respect to the measure p ™.

Let f : X — B(G) be a map p—integrable in the normed space B(G) (Definition 2
Ch. IV, §3, n°4 of [INT]) then we convene to denote with the symbol

7{ f(z)dp(z) € B(G)

its integral in B(G) (Definition 1 Ch. IV, §4, n°1 of [INT]), which is uniquely deter-
mined by the following property V¢ € B(G)*

o f f(2) d () = / o(f(2)) d ().

For any scalar type spectral operator .S in a complex Banach space G and for any
Borelianmap f : U D o(S) — C we assume that f(.5) is the closed operator defined in
(2.1.7) and recall that we denote by f the O—extension of f to C, see Definition 2.1.2.

DEFINITION 2.2.2 (E—sequence). Let E : By — Pr(G) be a spectral measure in G
on By then we say that {0, },en is an E—sequence if there exists an S € By such that
E(S)=1and

e (Vn € N)(o, € By);

e (Vn,meN)(n>m= o0, 2o,);

® 5 C U, enn-

PROPOSITION 2.2.3. Let E : By — Pr(G) be a countably additive spectral measure in
G on a o— field By, and {0, } ey an E—sequence. Then

(2.2.1) lim E(c,) =1 in strong operator topology.

n—oo
PROOF. Let S € By of which in Definition 2.2.2 associated to the E'—sequence
{on}nen. So E(S) = 1 and E is an order-preserving map, then E(|J,,c.y ) > E(S) =
1. Since 1 is a maximal element in (E(By ), >)
E(| on) =1.
neN
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Let us define 1, = oy, and (Vn > 2)(n, = 0,NCo,,—1), 50 (Vn € N)(0,, = Up_, 7x)

and (Vn # m € N)(n, N0 = 0), finally U,,cn 0 = Unen (Up ) = Unen On-
Therefore by the countable additivity of £ with respect to the strong operator topology

E(U On) = E(U M) = ZE(%)

neN neN

= JEEOZE(W) = lim E({_ m)
k=1

n—00
k=1

= lim E(0y,).

n—oo

Here all limits are with respect to the strong operator topology, hence the statement. [

DEFINITION 2.2.4 (Integration in the Strong Operator Topology). Let G, Gy be two
complex Banach spaces, and f : X — B(G1, Gs). Then we say that f is u— integrable
with respect to the strong operator topology if

(1) Vv € Gy the map X > x — f(x)v € Go is u—integrable;

(2) if we set

F:Gisv— /f(:z)(v)du(x) € Gs
then F' € B(G1,Gs).

In such a case we set [ f(x)du(x) = F, in other words the integral [ f(x)d p(x) of

f with respect to the measure | and the strong operator topology is a bounded linear
operator from G4 to Gy such that for all v € G,

([ f@du) 0= [ s duta

We shall need the following version of the Minkowski inequality

PROPOSITION 2.2.5. Let G, G5 be two complex Banach spaces, and a map f : X —
B(G4, Gy) such that
() Vv € Gy)(Vo € G%) the complex map X > x — o(f(z)v) € Cis
p—measurable;
(2) (Vv € G1)(VK € Comp(X))(3H C Gq) such that H is countable and
f(x)v € H p—ae(K);
G) (X 3z = [[f(@)llBc1.c2) € F1(X5p),
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Then f is y—integrable with respect to the strong operator topology and we have

[ 1) duto </ @) sen.cn d 1l (2).
B(Gl,Gz)

PROOF. By hypothesis (3) we have Vv € G

22 [ Ir@elediel@) < lole, [ 15@ a0 dlul@) <.

By hypothesis (1 — 2) and Corollary 1, IV.70 of [INT], we have Vv € G that the map
X — f(x)v € Gy is u—measurable. Therefore by (2.2.2) and by Theorem 5, IV.71 of
[INT] we deduce Vv € G that X — f(x)v € G9 is p—integrable. So in particular by
Definition 1, 7V.33 of [INT] (Vv € G1)(3 [ f(z)vd u(z) € G3) while by Proposition
2, I'V.35 of [INT] and the (2.2.2) we obtain Vv € G

H/f(x)vdu(a:) 2 < olle, /* 1F (@) 5.y 2] ()

Hence the statement follows. O

G

REMARK 2.2.6. As it follows by the above proof Proposition 2.2.5 is also valid if we
replace the hypotheses (1 — 2) with the following one

(1) Yo € Gy themap X 3 x v f(x)v € Gy is p—measurable.

LEMMA 2.2.7. Let X, Y, Z be three normed spaces over the same field K € {R,C}, R :
Dom(R) CY — Z a possibly unbounded closed linear operator and A € B(X,Y).
Then Ro A : D — Z is a closed operator, where D = Dom(R o A)

PROOF. Let {z,}nen € D = {z € X | A(x) € Dom(R)}, and (z,2) € X x Z
such that x = lim,,_,o, ,, and z = lim,, .., R o A(x,). A being continuous we have
A(z) = lim,, o A(z,,), but z = lim,,_,, R(Ax,), and R is closed, so z = R(A(z)) =
Ro A(z), hence (x, z) € Graph(R o A), which is just the statement. O

LEMMA 2.2.8. Let X be a normed space and Y a Banach space over the same field
K € {R,C}, finally U : D C X — Y be a linear operator. If U is continuous and

closed then D is closed.

PROOF. Let {z,},en € D and x € X such that z = lim,,_,, x,,. So by the continu-
ity of U we have Vn, m € Nthat |U(z,) —U(xy)|| = |U(xn—2n)|| < [|U||||2n—Zmll,

hence lim,, ;yenz [|U(2n) — U(2,,)|| = 0, thus Y being a Banach space we have that
(Jy € Y)(y = lim,, oo U(x,,)). But U is closed, therefore y = U(z), so x € D, which
is the statement. U
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THEOREM 2.2.9. Let R be a possibly unbounded scalar type spectral operator in G,
o(R) its spectrum and FE its resolution of the identity. Let the map X > x© +— f, €
Bor(o(R)) be such that (Vx € X)(f, € L£¥(0(R))) where X > z — f.(R) € B(G)
is p—integrable with respect to the strong operator topology.

Then

(1) Vo € B(C) the map X > x — f.(R, | G,) € B(G,) is u—integrable with

respect to the strong operator topology and

/ £(Ry 1 G d (o) / £2(R) d u(z)

(2) If g, h € Bor(o(R)), {on}nen is an E—sequence, and ¥'n € N

<
B(Go) B(G)

(2.2.3) o(Ro 1 Go) / fo(Ror | Go) dpi(x) € h(Ra, | o).
then

(2.2.4) 4(R) / fo(R)du(x) 1© = h(R) | ©,

where © = Dom (g(R) [ f.(R)du(z)) N Dom(h(R)) and all the integrals are with

respect to the strong operator topologies.

Notice that g(R) is possibly an unbounded operator in G.

PROOF. Let o € B(C) then by (2.1.15)
(Vo € B(C))(c(R, | G;,) CTaNao(R) Co(R)).

which implies that all the following operator functions ¢(R, [ G,), h(R, | G,) and
Vo € X the f,.(R, | G,), are well defined.

By the fact that { € B(C) | E(6) = 1} C {6 € B(C) | E,(6) = 1,} which follows
by statement (1) of Lemma 2.1.7, we deduce Vo € X

£l < felloe = Ifexom e < oo,

where the last equality came by fxxo( R) = fx, while the boundedness by the hypothesis
fx € £F(0(R)). Thus f, € £% (C) hence by statement (c) of Theorem 18.2.11. of
[DS] applied to the scalar type spectral operator R, | G,

(2.2.3) (Vo € B(C))(fo(Rs | G5) € B(Go)).
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A more direct way for obtaining (2.2.5) is to use statement (2) of Lemma 2.1.7 and the
fact that f, € £2(o(R)) implies f,(R) € B(G).

Vo € B(C) we claim that X > 2 — f,(R, | G,) € B(G,) is u-integrable with
respect to the strong operator topology. By Lemma 2.1.7 we have (Vo € B(C))(Vv €
Go)

(2.2.6) / [f2(Ro | Go)vlla, d|pl(x) =/ [f2(R)vlla d]|pul(z) < oo

Here the boundedness comes by Theorem 5, IV.71 of [INT] applied to the ;1—integrable
map X > x — f,(R)v € G. By Corollary 1, IV.70 and Theorem 5, IV.71 of [INT]
applied, for any v € G, to the pu—integrable map X > =z — f,(R)v € G, we have
(Vv € G)(VK € Comp(X))(3H” C G countable )(f,(R)v € HY, i — a.e.(K)). But
by statement (g) of Theorem 18.2.11. of [DS] and f,(R) € B(G), we have (Vo €
B(C))([f+(R), E(c)] = 0), hence by the previous equation and by the fact that F/(c) €
B(G), so is continuous, we obtain (Vo € B(C))(Vv € G)(VK € Comp(X))

(3H" C G countable )(f,(R)E(0)v = E(0) f.(R)v € H?, i — a.e.(K)).

Here HY = E(o)H". Therefore by Lemma 2.1.7 we state that (Vo € B(C))(Vv €
G,)(VK € Comp(X))

(2.2.7) (3H? C G, countable )(f.(Ry | Go)v € H? C Gy, pt — a.e.(K)).

That Fg C G, follows by the fact that GG, is closed in GG. Therefore we can consider the
closure H? as the closure in the Banach space G,. By the Hahn-Banach Theorem, see

Corollary 3, 171.23 of the [TVS], Vo € B(C)

(2.2.8) {o1G,|0eG}=(G,)"

Moreover by Corollary 1, V.70 and Theorem 5, IV.71 of [INT] applied, for any v € G,
to the p—integrable map X > = — f,(R)E(o)v € G, we have V¢ € G*

X o>z ¢(f(R)E(0)v) € Cis p—measurable.
Thus by Lemma 2.1.7 we have (Vo € B(C))(Vv € G,) (V¢ € G¥))

X3z ¢(f.(R, | G,)v) € Cis p—measurable.
Hence by (2.2.8) we can state (Vo € B(C))(Vv € G,,) that

(2.2.9) (Voo € (Go) )X 2 2+ ¢o(fo(Ry | Go)v) € Cis p—measurable.)
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Now by collecting (2.2.9), (2.2.6) and (2.2.7), where the closure H? is to be intended
how the closure in the Banach space G, we can apply Corollary 1, /V.70 and Theorem
5, IV.71 of [INT] to the map X > x — f.(R, | G,)v € G, in order to state that

(2.2.10) (Vo € B(C))(Yv € G,)(X 3z — f.(R, | Go)v € G, is p—integrable.)
This means in particular that there exists its integral, so (Vo € B(C))(Vv € G,)

‘/ fe(R)vd p(z) by Lemma 2.1.7

] [ £Ba 1 Goodta)

Go ‘ G

lvlle, -
B(G)

(2.2.11) < H/fx(R)du(fC)

Here the inequality follows by the hypothesis that X > z= — f,(R) € B(G) is
p—integrable in the strong operator topology. Therefore by Definition 2.2.4 and (2.2.5),
(2.2.10), (2.2.11) we can conclude that

(2.2.12)

(Vo € B(C))(X 32— f.(R, | G,) € B(G,) is p—integrable in the strong operator topology)
1S fo(Ro 1 Go) d ()| gy < IS fo(R) dal@)| 5 -

Which is the claim we wanted to show, then statement (1) follows.
Statement (1) proves that the assumption (2.2.3) is well set, so we are able to start
the proof of the statement (2).
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~o(R) [ LR dua)y

~tim E()g(R) [ £.(R) dp(a)y by (2:2.1)
~ lim g(R)E(,) / fo(R) d pu(z)y by (¢) of Theorem 18.2.11 of [DS]
= lim g(R) E(7) / o(R)y d u(x) by Definition 2.2.4
= lim g(R) B(0,) / E(0.)fo(R)yd () by Theorem 1, IV.35 of [INT]
= lim g(R) E(o7) / F(RYE(0)y d pu(x) by (g) of Theorem 18.2.11 of [DS]
~ i g(R, | Go,) [ folRa, 1 Ga)E(@)yd(a) by Lemma 2.1.7

neN

= limg(R,, | Go,) / fe(Ry, | Go,) du(x)E(0,)y by statement (1) and Definition 2.2.4

= }llg\lI h Ry, | Gy, )E(0n)y by hypothesis (2.2.3)
= gé% h(R)E(o,)y by Lemma 2.1.7
= 71321\11 E(o,)h(R)y by (g) of Theorem 18.2.11 of [DS]
= h(R)y by (2.2.1).
Therefore

o) [ FAR) dn(e) 1 © =h(R) | O
O

THEOREM 2.2.10 ( Strong Extension Theorem ). Let X be a locally compact space,
w a complex Radon measure on X, R be a possibly unbounded scalar type spectral
operator in G, o(R) its spectrum and E its resolution of the identity. Let the map
X 3 2 — f, € Bor(o(R)) be such that (Vz € X)(f, € £2(c(R))), where the map
X 3z f.(R) € B(G) be u—integrable with respect to the strong operator topology.
Finally let g, h € Bor(c(R)) and h € £5(0(R)).

If {0, }nen is an E—sequence and N¥'n € N

(2.2.13) o(Ro, 1 ) / foRo, 1 o) dp() € h(Ro, | Go)
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then h(R) € B(G) and

R) / fo(R) dp(x) = h(R).

Here all the integrals are with respect to the strong operator topologies.

Notice that g(R) is possibly an unbounded operator on G.

PROOF. h(R) € B(G) by Theorem 18.2.11. of [DS] and the hypothesis h €
£2(c(R)), so by (2.2.4)

(2.2.14 o) [ £(B) dula) € (R)
Let us set
(2.2.15) (Vn € N)(3, = I_gll([O, n))).

We claim that

(2.2.16) n>m= 0, 2 0n
(Vn € N)(g(9,,) is bounded. )

In addition being |g| € Bor(o(R)) we have 6,, € B(C) for all n € N, so {0, }nen is an
E —sequence, hence by (2.2.1)

(2.2.17) lim E(5,) = 1

neN

with respect to the strong operator topology on B((G). Indeed the first equality follows

—1 —1 —1
since ey 0n = Unen 191((0,7]) = gl (Uenl0. 7)) = 19l(R*) = Dom(g) = o(R),
the second by the fact that | gl| preserves the inclusion, the third since |g|(5,) C [0,n].
Hence our claim.

By the third statement of (2.2.16), 9,, € B(C) and statement 3 of Lemma 2.1.7

(2.2.18) (vn € N)(E(6,)G € Dom(g(R))).

fx(R)E(5,) = E(6,) fz(R), by statement (g) of Theorem 18.2.11 of [DS], so Vv € GG

| L@ dn@EG)w = [ LREG) )
= [ B Bwante) = B [ LRvdu
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where the last equality follows by applying Theorem 1, IV.35. of [INT]. Hence Vn € N

/ £2(R) d p(x) E(6,)G C E(6,)G C Dom(g(R)).

where the last inclusion is by (2.2.18). Therefore

(¥n € N)(Yo € @) (E(én)v € Dom <g(R) / f.(R)d u@:))) |

Hence by (2.2.17)
(2.2.19) D = Dom ( / fe(R)d p(x ) is dense in (.

Next [ f,(R)dp(z) € B(G) and g(R) is closed by Theorem 18.2.11. of [DS], so by
Lemma 2.2.7

(2.2.20) 9(R) / fz(R) d p(x) is closed.

Moreover h(R) € B(G) hence by (2.2.14)

(2.2.21) g(R)/ fz(R)du(z) € B(D,G).

(2.2.20), (2.2.21) and Lemma 2.2.8 allow us to state that D is closed in G, thus by
(2.2.19) we have
D=G.

Therefore by (2.2.14) the statement follows. ]

Now we shall prove a corollary of the previous result in which conditions are given

ensuring the strong operator integrability of the map f.(R).

COROLLARY 2.2.11. Let R be a possibly unbounded scalar type spectral operator in
G. Let {0, } nen be an E—sequence and (Vx € X)(f, € Bor(c(R))) such that

(X sz [|f]E) € §,(X;n)

and X > = — f,(R) € B(G) satisfies the conditions (1 — 2) of Proposition 2.2.5,
(respectively Vv € G the map X > x w f,(R)v € G is u—measurable). Finally let
g,h € Bor(c(R)). If we assume that ¥n € N holds (2.2.13) and that h € £2(o(R)),
then the same conclusions of Thm. 2.2.10 hold.

PROOF. By statement (¢) of Theorem 18.2.11 of [DS] and Proposition 2.2.5, (re-
spectively Remark 2.2.6) the map X > z — f,(R) € B(G) is u—integrable with
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respect to the strong operator topology and

H/fx(R)du(x) . < 4M/* INE d gl (2)

B(
Here M = sup,cpc) [[£(0)]| B()- Therefore the statement follows by Theorem 2.2.10.
U

2.3. Generalization of the Newton-Leibnitz formula

The main result of this section is Theorem 2.3.6 which generalizes the Newton-
Leibnitz formula to the case of unbounded scalar type spectral operators in G.

For proving Theorem 2.3.6 we need two preliminary results, the first is Theorem
2.3.2, concerning the Newton-Leibnitz formula for any bounded scalar type spectral
operator on GG and any analytic map on an open neighbourhood of its spectrum, so
generalizing Corollary 1.0.24. The second, Theorem 2.3.4, concerns strong operator
continuity, and under additional conditions also differentiability, for operator maps of
the type K > t — S(tR) € B(G), where K is an open interval of R, S(¢R) arises by
the Borel functional calculus for the unbounded scalar type spectral operator R in G and
S is any analytic map on an open neighbourhood U of ¢(R) such that K - U C U.

Let Z be a non empty set, Y a K—linear space (K € {R,C}), U C Y, K C K such
that K -U CUand F: U — Z. Then we set F; : U — Z such that Fy(\) = F(t\), for
allt € Kand A € U.

If F', G are two C—Banach spaces, A C Fopenand f : A C ' — G a map, we
convene to denote Fy and G by F' and G respectively and with the symbol f the map
f®: A C Fg — Gg. See Definition 1.0.19.

LEMMA 2.3.1. Let (Y, d) be a metric space, U an open of Y and o a compact such that
0 CU. Thend@Q >0

2.3.1) K= |]J Boly) U,

moreover if o is of finite diameter then K is of finite diameter.
PROOF. By Remark §2.2., Ch. 9 of [GT] we deduce
P = dist(o,CU) # 0,

where dist(A, B) = infzeayepy d(z,y), forall A, B C Y.
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Set

P

Q= B

then (Vy € o)(Va € Bg(y))(Vz € CU) we have
(2.3.2) d(z,z) > d(z,y) —d(y,z) > g # 0.

Thus by applying Proposition 2, §2.2., Ch. 9 of [GT] Bo(y)NCU = 0,i.e. Bo(y) C U,
then
A= | Baly cU.
{yeo}
Moreover by Proposition 3, §2.2., Ch. 9 of [GT] the map = + d(z,CU) is continuous
onY, hence by 2.3.2)Vz € A

P
d(x,CU) = }lié%d(xn,CU) > 5 # 0,

V{x,tnen C A such that x = lim, ey x,. Therefore by Proposition 2, §2.2., Ch. 9 of
[GT] (2.3.1) follows.

Let B C Y be of finite diameter then by the continuity of the mapd : Y x Y — R™
it is of finite diameter also B. Indeed let diam/(B) = sup (e} d(z,y), if by absurdum
SUpy, ,ep} A(x, y) = oo then

(2.3.3) (320,10 € B)(d(w0,y0) > diam(B) + 1).

Let {(Za,Ya)}acp C B x B be a net such that lim,ep(Za,Ya) = (20, yo) limit in
(Y, d) x (Y,d). Thus by the continuity of d

d(zo,yo) = her% d(Ta,Yo) < diam(B)

which contradicts (2.3.3), so supy, , .5 d(z,y) < oo.
Therefore if A is of finite diameter itis so K. Let 21, 2o € A then there existy;,ys € o
such that zj, € Bg(yx), for k € {1,2}. Then

d(z1,22) < d(z1,91) + d(y1, y2) + d(y2, 22) < 2Q + diam(o) < oo,
where diam(o) = supy, e,y d(7,y). Hence A is of finite diameter. O

THEOREM 2.3.2. Let T € B(G) be a scalar type spectral operator, o(T) its spectrum.
Assume that 0 < L < oo, U is an open neighbourhood of o(T') such that |—L, L[-U C U
and F : U — C is an analytic map. Then ¥t €| — L, L]
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(1

(2.3.4) F(T) = F(T);
2)
dF(T)  dF,
(2.3.5) =T (T);
(3) Vul, U2 6] — L, L[
(2.3.6) T Jq{ - (ji—];(tT)dt = F(usT) — F(u;T).

Here Fy(T), (respectively %(tT) and F(tT)) are the operators arising by the Borelian
functional calculus of the operator T (respectively tT)Vt €| — L, L|.

PROOF. T is a bounded operator on G so o(7T) is compact. Let us denote by
(C(a(T)) || - |sup) the Banach algebra of all continuous complex valued maps defined
on o(7T") with the norm ||g||sup = SUPeo(ry [9(A)]- Set

Clo(T)) = {f:C—C| fa(T) €C(o(T)). f I Co(T) =0},

(2.3.7) ~
J:C(o(T)) 39— geC(a(T)).

Notice that C(c (7)) is an algebra moreover J is a surjective morphism of algebras and
suprec [J(9)(A)| = ||gllsup for all g € C(o(T")) furthermore J(g) € Bor(C) since

g € Bor(o(T)) and o(T') € B(C). Hence C(o(T)) is a subalgebra of TM, moreover .J

is an isometry between (C(c(T")), || - ||sup) and <C(0(T)), Il - ||sup>.

Thus <5(0(T)),||~Hsup> is a Banach subalgebra of the Banach algebra
(TM, || - ||sup) and J is an isometric isomorphism of algebras.

Therefore by denoting with E the resolution of the identity of 7', by (2.1.2)
we have that IZ o J is a unital ® morphism of algebras such that IZ o J €

B{C(a(T)), | - lsup) » BG)).

Sindeed by setting 1 : C 3 A+ 1 € C the unity element in TM then IZ0J (1 | o(T)) = IE(1-xo(r) =
IE (VIE (Xo(r)) = 1.
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In the sequel we convene to denote for brevity with the symbol IZ the operator IE o J
SO
I¢ € B({C(a(D)) | - lswp) » B(G)),
(2.3.8) IZ is a unital morphism of algebras

(Vg € Cla(T))(9(T) =1Z(9))-

In particular I¥ is Fréchet differentiable with constant differential map equal to

IZ. In the sequel we shall denote with O the zero element of the Banach space
(€M) [+ llsup-

Lett €] — L,L[—{0}, and o, = t -2, where 2 : o(T) 2 X — A So u(T) =
I£(t -2) = t1E(1) = ¢T. Hence by the general spectral mapping theorem 18.2.21.
of [DS] applied to the map ¢, the fact that o(7") is closed and the product by no zero
scalars in C is a homeomorphism, we deduce that ¢7 is a scalar type spectral operator
and E; : B(C) 2 § — E(t'9) its resolution of the identity. Finally

(Vt €] — L, L) (o(tT) = to(T) C U),

the inclusion is by hypothesis. So F'(¢T") arising by the Borel functional calculus of the
operator t1" is well defined and by (2.3.8)

F(IT) = TE(F | o(tT)) = 1" (F | o(tT))
(2.3.9) =15(Foy)
=1¢(F, | o(T)) = F(T).

Thus (2.3.4).
Set
A= L Lzt (Fou) e (Cla(T)), [ [lsu)
by the third equality in (2.3.9)

(2.3.10) (Vt €] — L, L))(F(tT) = IE o A(2)).

We claim that A is derivable (i.e. Fréchet differentiable) and V¢ €] — L, L[
dA dF

2.3.11 — () =1 | = T).

@31 = (5) 1o
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Set
Cu(o(T)) ={f €C(o(T)) | f(o(T)) C U},
C:]=L, L[>t €Cy(a(T)) C(C(a(T)), || - [lsup)
T:Cy(a(T)) > frFofe(lloD),Isup) -
Notice

(2.3.12) A=Tol,

moreover ( is Fréchet differentiable and V¢t €] — L, L]
ac,
Next Vf € Cy(o(T)) by Lemma 2.3.1 applied to the compact f(o (7)), 3Qf > 0

(2.3.13) =1.

(2.3.14) = |J B, (f()CU.
{/\60 7)}

in particular

(2.3.15) Bg,(f) C Cula(T)).

Thus Cy(o(T")) is an open set of the space (C(c (7)), || - ||sup). therefore we can claim
that 7 is Fréchet differentiable and its differential map YV : Cy;(o(T)) — B(C(o(T)))
is such that (Vf € Cy(a(T)))(Vh € C(a(T)))(VA € o(T))

TUf)(h)(X) = LE(F(A)AN),
TN ey < 1% © Fllsup

Let us fix f € Cy(o(T)) and Ky as in (2.3.14), so by the boundedness of f(o(T))
and Lemma 2.3.1 K is compact. Morever ‘g is continuous on U therefore uniformly

continuous on the compact K, hence (Ve > 0)(36 > 0)(Vh € Bg,(0) N B;(0))

dF dF
(2.3.17) tzl[épl] Azflpﬂ |— ) (f(A) +th(N)) — ﬁ(f()\))’ <,

indeed f(A) + th(\) € Ky and [f(A) + th(A) — f(A)| < [h(N)] < 6, forall A € o(T)
and t € [0, 1].

Let us identify for the moment C as the R—normed space R?, then the usual product
(1) : C x C — C is R—bilinear, therefore the map F : U C R* — R? is Fréchet

(2.3.16)
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differentiable and (Vz € U)(Vh € R?)

(2.3.18) FU(z)(h) = %(;p) - h.
Vh € Bg,(0)
(2.3.19) up [(FUO) +AO)) = F(FO)) - C;—f(m))m)\ =
Sup [(F(F) +RN) = F(FON) = FUFO) ()] <
sup sup. IEHCFO) + th(A) = FU(FO) | peee) up 1] =

dFr

sup sup F(f()\) +th(\)) — "IN

o FODP|sup-
sw sup |0 (£ Wl
Here in the first equality we use (2.3.18), in the first inequality an application of the
Mean value theorem applied to the Fréchet differentiable map £ : U C R? — R?, in the

second equality we use a corollary of (2.3.18).
Finally by (2.3.19) and (2.3.17) (Ve > 0)(39 > 0)(Vh € EQf(O) N Bs(0) — {0})

sUPreo(r) | (F(f(N) + h(N)) = F(f(N) = G (F))RD)] -

1A lsup
Equivalently
T —7(f) =7l
(2.3.20) i PG+ 0) = 7(F) D Dlswp _
o 17l sup
Moreover

dF
ITE ) B s < I

then by (2.3.20) we proved the claimed (2.3.16).
By (2.3.12), (2.3.13) and (2.3.16) we deduce that A is derivable in addition V¢ €
| = L,L[and Y\ € o(T)

o f”suthHsup

dA

200 = 7))

dF dF
= TG = (55) W

Thus the claimed (2.3.11).
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In conclusion by the fact that Ig is a morphism of algebras, (2.3.10), (2.3.8) and
23.1)Vte| - L, L]

% _ % (120 A) (t) = 1E (%(t))

(o (4), )

o ((55) 1am) =7 (%) @

Therefore statement (2) by statement (1) applied to the map 4%

The map | — L, L[> ¢ — 42 (tT) € B(G) is continuous by (2.3.5) (by replacing the
map F with 9€) hence it is Lebesgue-measurable in B(G). Let uy,us €] — L, L[, by
statement (1) and Theorem 18.2.11. of [DS]

dF
— | (1)]||dt
(2),7]

— 0| dt =
/[uhuz] d)‘( >H /[ ]

Uu1,u2

* dF
<AM (—> Fo(T)|| dt
[u17u2] d)\ t sup
< AM Dlugy — uy| < 00,
where M = supsep(c) | E(9)]], and
dF dF
D = sup (—) Fo(T) = sup | =~ (t\)| < oo,
tefurus) | N AN/ wp  (ENEuLug)xa(m) A
indeed [uy, us] x o(T) is compact and the map (¢, \) — <X (t)) is continuous on ] —
L,L[xU.
Therefore by Theorem 5, IV.71 of [INT] ] — L, L[> t — 24E(tT) is Lebesgue-

integrable with respect to the norm topology on B(G), so in particular by Definition 1,
1V.33 of [INT]

(2.321) 3 7{” %(tT)dt € B(@).

u1

Therefore by (1.0.3), (2.3.21), Theorem 1, V.35 of [INT] and (2.3.5)

w“ (R [, dF [ dF(T)
(2.3.22) Tf; ﬂ(tT)dt_il Tﬂ(tT)dt—i .

By (2.3.5) the map | — L, L[> t — F(tT), is derivable moreover its derivative

| =L, L[>t~ % is continuous in B(G) by (2.3.5) and the continuity of the map

1 1
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|—L,L[>t~ 2£(¢T) in B(G). Therefore [u1, us] > t % is Lebesgue integrable
in B(G), where the integral has to be understood as defined in Ch /7 of [FVR], see
Proposition 3, n°3, §1, Ch /1 of [FVR].

Finally the Lebesgue integral for functions with values in a Banach space as defined
in Ch /7 of [FVR], turns to be the integral with respect to the Lebesgue measure as
defined in Ch. IV, §4, n°1 of [INT] (see Ch 11, §3, n°3 and example in Ch IV, &4,

n°4 of [INT]). Thus statement (3) follows by (2.3.22). O

LEMMA 2.3.3. Let R be a possibly unbounded scalar type spectral operator in G, o(R)
its spectrum, E its resolution of the identity, K # () and ¥Vt € K be f; € Bor(c(R))
such that

(2.3.23) N =sup || fi]|Z < oo.
teK
If g € Bor(c(R)) and {0, }nen is an E—sequence then Vv € Dom(g(R))
limsup || fe(R)g(R)v — fi(R)g(R)E(o,)v]| = 0.
neN teK

PROOF. By statement (g) of Theorem 18.2.11. of [DS] the statement is well set.
Let M = sup,epc) || E(0)| (@) then M < oo by Corollary 15.2.4. of [DS]. Hy-
pothesis (2.3.23) together statement (c¢) of Theorem 18.2.11. of [DS], imply that (V¢ €
K)(f:(R) € B(G)) and

Sup 1f:(R)[| ) < 4MN.

Therefore Vv € Dom(g(R)) we have

lier%sup [fi(R)g(R)v — fi(R)g(R)E(0,)v||
nel teK
< lmsup [[fi(R)] - [l9(R)v — g(R) E(on)v]
neN teK
< AMN lim lg(R)o — g(R) (o)l
=4MN hgl\I lg(R)v — E(0,)g(R)v|| by (g) of Theorem 18.2.11. of [DS]
—0 by (2.2.1).
U

THEOREM 2.3.4 ( Strong operator derivability ). Let R be a possibly unbounded
scalar type spectral operator in G, K C R an open interval of R and U an open neigh-
bourhood of o(R) such that K - U C U. Assume that f : U — C is an analytic map
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and

sup [| fell < oo
teK

Then
(1) the map K >t — f(tR) € B(G) is continuous in the strong operator topol-
o8y,
@) if
E
df
2.3.24 su — < 00,
( ) tEfE (d)‘)t oo
then (Yv € Dom(R))(Vt € K)
dftR)v  _df

PROOF. Let {0, },en be an E—sequence of compact sets, then by Lemma 2.3.3
applied for the Borelian map g : 0(R) > A — 1 € C, so g(R) = 1, and by (2.3.4) we
have Vv € G

(2.3.25) limsup || f(tR)v — f(tR)E(o,)v|| = 0.
neN e g

By (2.3.4) and Key Lemma 2.1.7Vn € N
fR)E(0s) = fi(R)E(on) = fi(Ro, | G, )E(0)
= f(t(Rcrn f Gon>>E(0n)

o, is bounded so by Key Lemma 2.1.7 R, | G, is a scalar type spectral operator
such that R, | G,, € B(G,,), moreover by (2.1.15) U is an open neighbourhood of
o(R,, | G,,). Thus by statement (2) of Theorem 2.3.2 the map

(2.3.26)

K>t~ f(t(R,, | Gs,)) € B(G,,)

is derivable, so in particular || - || p(c,, )—continuous.
Now (Vn € N)(Vv, € G,,) define &, : B(G,,) 2 A — Av, € G, then &, €
B(B(G,,), G), thus as a composition of two continuous maps also the following map

(2327) K>t fE(crn)v (f(t(Ran f Gan))) €G
is || - ||c—continuous, ¥n € N and Vv € G. Hence by (2.3.26) we have Vn € N

(2.3.28) K >tw f(tR)E(0,) € B(G) is strongly continuous.
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Finally by (2.3.28) and (2.3.25) we can apply Theorem 2, §1.6., Ch. 10 of [GT] to the
uniform space B(G)s whose uniformity is generated by the set of seminorms defining
the strong operator topology on B((G). Thus we conclude that K > t — f(tR) € B(G)
is strongly continuous, and statement (1) follows.

Letn € Nand v, € G, so &, € B(B(G,,),G) thus &, is Fréchet differentiable
with constant differential map &/ : B(G,,) 3 A — &,, € B(B(G,,),G). Therefore
by statement (2) of Theorem 2.3.2 (Vn € N)(Vv € G) the map in (2.3.27) is Fréchet
differentiable as composition of two Fréchet differentiable maps, and its derivative is
Vie K

4 U0, 1 Ga))B0,)0) = €t ((0(Re, 162,)))
= (U, 1 Co)) B
= (R, [ Go) S0 R, 1 G ) E o) by (23.5)
_ %(t(li’an | Gy ))(Ro, | Go)E(0n)v, by 18.2.11., [DS]
_ (%)t(&" 1 G )(Ro, | G )E(o)0 by (2.3.4)
_ (%)t(R)(R"" [ Gy )E(0n)0 by Key Lemma 2.1.7
(2.3.29) - %(tR)(Ran | Gy VE (o). by (2.3.4)

Thus by (2.3.26) (Vn € N)(Vv € G)

K >t f(tR)E(0,)v € G is differentiable and

(2.3.30)
K>t L(tR)(R,, | Gy, )E(0,)v € Gis its derivative.

By (2.3.24) we can apply Lemma 2.3.3 to the maps (%), [ o(R)and g =+ : o(R) >
A= A€ C,s0¢g(R) = R, hence by (2.3.4) Vv € Dom(R)

df df
a(tR)RU - ﬁ(tR) (Ro, | Go,)E(0)v

Moreover Va € K let r, € R* be such that B, (a) C K which exists K being open,
then the equations (2.3.31), (2.3.30) and (2.3.25) hold again if we replace K by B, (a).
Hence we can apply Theorem 8.6.3. of [Dieu] and deduce Yv € Dom(R) that the map

(2.3.31) lim sup

neN teK

=0.
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K >t~ f(tR)v € G is derivable, and its derivative map is

d
K>t— d—];\(tR)Rv €qG.

Finally (Vo € Dom(R))(RE(tR)v = L (tR)Rv), by Dom(%(tR)) = G and the
commutativity property of the Borel functional calculus expressed in statement (f) of
Theorem 18.2.11. of [DS]. Hence the statement follows. ]

COROLLARY 2.3.5. Let R be a possibly unbounded scalar type spectral operator in G,

U an open neighbourhood of o(R) and S : U — C an analytic map. Assume that
3L > 0suchthat| — L, L[-U C U and

(1) S, € £5(0(R)) and (£2), € £5(o(R)) forall t €] — L, L[;
E

(2)
/ | [/dS
dx/,
(here the upper integral is with respect to the Lebesgue measure on | — L, L[);

(3) Vv € Gthemap] — L, L[> t — “2(tR)v € G is Lebesgue measurable.
Then Nuy,us €] — L, L]

dt < oo

R / - %(m) dt = S(usR) — S(uiR) € B(G).

1
Here the integral is with respect to the Lebesgue measure on [uy, us] and with respect to
the strong operator topology on B(G), see Definition 2.2.4.

PROOF. Let M = sup,cp(c) [|E(0)||c and p the Lebesgue measure on [uy, uy], then
by (2.3.4), hypotheses, and statement (c¢) of Theorem 18.2.11 of [DS] we have
a: (Vi € [u,us])(S(tR) € B(G));
b: (V¢ € [u1, us]) (23 (tR) € B(G));
ez ([ur,uz] 3t = [ F(ER) | p(e)) € ([, uals ).
So by hypothesis (3), the (¢) and Remark 2.2.6 we have that the map

[ug,ug] >t — fl—i(t}%) € B(G)

is Lebesgue integrable with respect to the strong operator topology. This means that,
except for (2.2.13), the hypotheses of Theorem 2.2.10 hold for X = [uj,us|, h =
(Suy, —Su;) 1 0(R), g : 0(R) 2 X — X\ € C and finally for the maps f; = (%)t I o(R),
forall t € [uy, usg).
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Next let o € B(C) be bounded, so by Key Lemma 2.1.7 R, | G, is a scalar type
spectral operator such that R, | G, € B(G,), moreover by (2.1.15) U is an open
neighbourhood of o (R, | G,). Thus we can apply statement (3) of Theorem 2.3.2 to
the Banach space G, the analytic map S and to the operator R, | G,.

In particular the map [u1,us] 3 t = 22(t(R, | G,)) € B(G,) is Lebesgue inte-
grable in || - || (g, )—topology, that is in the meaning of Definition 2, /V.23 of [INT!].

Next we consider Vv € G, the following map
T € B(G,) — Tv € G,

which is linear and continuous in the norm topologies. Thus by Theorem 1, 1V.35 of the
[INT], [u1,us] 3t %(t(Ro I G,))v € G, is Lebesgue integrable Vv € G, and

/uw %(t(Rg [ Go))vdt = (f@ %(t(Ro 1 G,)) dt) v,

1 1

Therefore by Definition 2.2.4 we can state that [u1, us] 3 ¢ — %X (¢(R, | G,)) € B(G,)
is Lebesgue integrable with respect to the strong operator topology on B(G,,) and

“2dS “2dS
2.3.32 —(t(R, | G, = —(t(R, | G, :
(2332) 1; S bR, 1 Gy dt Lilcm“R ' G,))dt
Here fuuf 45 (¢(R, | G,))dt is the integral of 22 (¢(R, | G,)) with respect to the

Lebesgue measure on [u;, us| and the strong operator topology on B(G,,). Furthermore
by statement (3) of Theorem 2.3.2
Y248
(R, | GU)]{ ﬁ(t(Ra [ G,))dt = S(ua(Rs | Go)) — S(ui(R, [ Gy)).

1

Thus by (2.3.32)

“2dS

(B [ Go))dt = S(uz(Ro | Go)) = S(ur(Ro | Go)).

(2.333) (R, | G,) /

ul
Which implies (2.2.13), by choosing for example o,, = B,,(0), for all n € N. Therefore
by Theorem 2.2.10 we obtain the statement. U

THEOREM 2.3.6 ( Strong operator Newton-Leibnitz formula ). Let R be a possibly
unbounded scalar type spectral operator in G, U an open neighbourhood of o(R) and
S : U — C an analytic map. Assume that 3 L > 0 such that | — L, L[-U C U and

(1) S € £x(o(R)) forall t € - L, L;
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2)

—_— E

ds
dX ),

sup < 0.

te]-L,L{

Then
(1) Yuy,us €] — L, L]

R / - %(m) dt = S(usR) — S(uiR) € B(G).

1

Here the integral is with respect to the Lebesgue measure on [uy, us| and with

respect to the strong operator topology on B(G).
E

(2) If also supye)_p, 1 ‘ Si|| < oo, then (Vv € Dom(R))(Vt €] — L, L)
dS(tR)v  _dS

PROOEF. By hypothesis (2) and statement (1) of Theorem 2.3.4 Vv € G the map
] — L, L[> t — 23 (tR)v € G is continuous. Thus statement (1) by Corollary 2.3.5 and
the fact that continuity implies measurability. Statement (2) follows by statement (2) of
Theorem 2.3.4. U

REMARK 2.3.7. We end this section by remarking that f : X — B(G) is p—integrable
with respect to the strong operator topology as defined in Definition 2.2.4, if and only
if f: X — B(Q) is scalarly (u, B(G))—integrable with respect to the weak operator
topology in the sense explained in Notations 3.2.1.

In Chapter 3 we shall extend the results of Chapter 2 to the case of integration
with respect to the measure i and with respect to the o(B(G), N')—topology, where
N C B(G)* is a suitable linear subspace of the topological dual of B(G).

2.4. Application to resolvents of unbounded scalar type spectral operators in a
Banach space GG

COROLLARY 2.4.1. Let T be a possibly unbounded scalar type spectral operator in G

with real spectrum o(T'). Then
(H VAeC|Im(A) >0

0
(2.4.1) (T —X1)! = z/ e" e dt € B(G).

—00
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(2) (Vv € Dom(T))(Vt € R)
d eit(T=A1),,
dt
REMARK 2.4.2. If we set the map (VA € C)(S(A\) = exp(i))) then the operator func-
tions in Corollary 2.4.1 are so defined e*" = S,(T) and "=V = S,(T — A1), in the
sense of the Borelian functional calculus for the scalar type spectral operators T and
(T — A1), respectively, as defined in Definition 2.1.3.

The integral in Corollary 2.4.1 is with respect to the Lebesgue measure and with respect

= i(T — \1)e!T =Dty

to the strong operator topology on B(G). Meaning by definition that
0
/ e dt € B(G)

such thatVv € G

0 0 0
et dt v = lim et dt v = lim e Mty d t.
—oo U——00 w u——oo [,

Here the integral in the right side of the first equality is with respect to the Lebesgue

measure on [u, 0] and with respect to the strong operator topology on B(QG).

PROOF. Let A € C and set R = (T — 1)), then R is a scalar type spectral operator,
see Theorem 18.2.17. of the [DS]. Let A € C | Im(\) # 0 and E be the resolution
of the identity of R, then o(R) = o(T") — ), as as corollary of the well-known spectral
mapping theorem. Then V¢ € R

dsS
E —ess sup |——(tv)| = E —ess sup |S(tv)| <
veo(R) d\ veo(R)
< sup [S(tv)]
veo(R)

= sup \ei(“”\)t\
pea(T)
_ elm()\)t'

Therefore are verified the hypotheses of Corollary 2.3.6 with the position R = (7' — A1),
then we can state Vv € G and Vu € R that

0
(242) (T =) [ TNy T,

Here (™1 = S,(R). One should note an apparent ambiguity about the symbol
e =21 standing here for the operator S;(R) = S(tR), which could be seen also as
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a Borelian function of the operator 7. By setting g™ (u) =y — A\, so g™ =2 - X1
with 1 : C 5 A\ — 1, considering that by the composition rule, see Theorem 18.2.24 of
[DS], we have S, 0 gMN(T) = S,(¢™(T)), finally R = +(T) = AL(T) = (2 — X - 1) (T) =

gN(T), we can assert

T -\ =gMN(T)y=T-\

(2.4.3) , .
T2 = (T — \1) = S, 0 gN(T) = TN,

Therefore we can consider the operator e*/(7=*1)

as an operator function of R or of
T. Now (Vt € R)(Sup,,c,(r | exp(iut)| = 1), therefore we can deduce by statement (c)

of Theorem 18.2.11. of [DS]

(2.4.4) sup || exp(iTt) | 5() < 4M.
te

Here M = sup,cpc) |E(0)|lc- But with the notations before adopted we have
Vu € Cthat S; o g™ (1) = exp(it(u — \)) = exp(—itA)S; (1), therefore by consid-
ering that S,(T) = S(tT), see (2.3.4), we have S, o g (T) = exp(—it\)S(T) =
exp(—itA)S(tT). Thus by (2.4.3) we have Vi € Rand VA € C | Im(A\) > 0

(2.4.5) T2 — oxp(—it\)S(tT) = exp(—it))eT .
We have by (2.4.5) and (2.4.4)

lim [|le™™ 2| gy < 4M lim exp(Im(M\)u) = 0

or equivalently lim,,  e®@ =) = Qin | - || 5 —topology. Hence by (2.4.2) Vv € G

0
246 v=i lim (T 1) [ e udtin] - o

U——00

By considering that Im()\) # 0 we have {u € C | g™ () = 0}No(T) = 0, therefore
if we denote with F' the resolution of the identity of the spectral operator 7', we have
F(o(T)) =1so F({u € C | gM(u) = 0}) = F({p € C | gM(n) = 0} N o(T)) =
F(()) = 0. Thus by applying statement () of Theorem 18.2.11. of [DS], we can assert
that

(T -\t = %(T) = —
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Finally F — esssupueU(T)|m| < supMEU(T)|m| = supuea(T)\ﬁ| =

1 1
- <
Wl oo (=N = TTm(y] < 9> 80

%(T) € B(@).

Hence by the previous equation and the fact 7' — A =T — A1, see (2.4.3), we can state
(T — 2 1)"' e B(G).
Finally by following a standard argument, see for example [LN], by this one and
(2.4.6) we can deduce Vv € G that
(T —A)to =i lim (T —X1)"4T — A1) /0 T2y d ¢

U——00

0
=4 lim eMT=A)y, 4t
U—r—00 u

So statement (1) by (2.4.5).
By (2.4.5), the fact that S;(7") = S(tT") and statement (2) of Theorem 2.3.4 applied
to the operator 7" and to the map S : C 3 u +— €', we obtain statement (2). U

REMARK 2.4.3. An important application of this formula is made in proving the well-
known Stone theorem for strongly continuous semigroups of unitary operators in Hilbert
space, see Theorem 12.6.1. of [DS]. In [Dav] it has been used for showing the equiva-
lence of uniform convergence in strong operator topology of a one-parameter semigroup
depending on a parameter and the convergence in strong operator topology of the resol-
vents of the corresponding generators, Theorem 3.17..

Notice that if ( = —iX and () = iT, then the equality (2.4.1) turns into

(Q + Cl)fl _ /OO e,tcethdt,
0

which is referred in 1 X.1.3. of [Kat] as the fact that the resolvent of () is the Laplace
transform of the semigroup e~%t. Applications of this formula to perturbation theory
are in [ X .2. of [Kat].
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CHAPTER 3

Extension theorem. The case of the topology o(B(G), )

3.1. Introduction

Let R be an unbounded scalar type spectral operator R in a complex Banach space G
and E its resolution of identity. The main results of this chapter and of the thesis are of
two types.

The results of the first type are Extension Theorems for integration with respect to the
o(B(G), N)—topology, when N is an E—appropriate set: Theorems 3.4.2 and when N/
is an I/—appropriate set with the duality property: Corollary 3.4.3.

As an application we will prove, by using (3.3.19), the Extension theorems for the in-
tegration with respect to the sigma-weak topology: Corollary 3.4.5 and Corollary 3.4.6,
and for integration with respect to the weak operator topology: Corollary 3.4.4, and
Corollary 3.4.7.

The results of the second type are Newton-Leibnitz formulas for integration with
respect to the o(B(G), N')—topology, when N is an E—appropriate set with the du-
ality property: Corollary 3.5.1 and Corollary 3.5.2; for integration with respect to the
sigma-weak topology: Corollary 3.5.3; for integration with respect to the weak operator
topology: Corollary 3.5.4

For obtaining the Extension Theorem 3.4.2 we need to introduce the concept of
E'—appropriate set, Definition 3.3.5, which allows us to establish two important prop-
erties for the proof of Theorem 3.4.2, namely the “Commutation” property, Theorem
3.3.7, and the “Restriction” property, Theorem 3.3.16.

Finally for obtaining Corollary 3.4.3 and the Newton-Leibnitz formula in Corollary
3.5.1 we have to introduce the concept of an E—appropriate set N/ with the duality
property, Definition 3.3.5, which allows us to establish conditions ensuring that a map
is scalarly essentially (u, B(G))—integrable with respect to the o(B(G), N')—topology,
Theorem 3.2.2. Similar results for the weak operator topology are contained in Theorem
3.2.5 and Corollary 3.2.6.
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3.2. Existence of the weak-integral with respect to the o(B(G), N')— topology

In this section we shall obtain a general result, Theorem 3.2.2 about conditions
ensuring that a map is scalarly essentially (i, B(G))—integrable with respect to the
o(B(G), N )—topology, where N is a suitable subset of B(G)*.

NOTATION WITH COMMENTS 3.2.1. Let K € {R,C}, Z a linear space over K and
7 a locally convex topology on Z, then we indicate with (Z, 7) the associated locally
convex space over K. We denote with LC'S(K) the class of all the locally convex spaces
over K and for any (Z,7) € LCS(K) we set (Z, )" for its topological dual, that is the
K—linear space of all K—linear continuous functionals on Z.

Let Y be a linear space over K and U a subspace of Hom(Y,K), then we indicate
with the symbol o (Y, U) the weakest (locally convex) topology on Y such that U C
(Y,o(Y,U))", Def. 2, I[1.42 of [TVS], which coincides with the locally convex topology
on Y generated by the set of seminorms I'(U) associated to U where I'(U) = {qs : Y >
y— o)l ¢oeU}

It is not hard to see that (Y, U) is the topology generated by the set of seminorms
I'(S) for any S such that U = £k(.5), where £x(.5) is the K—linear space generated by
the set .S.

By Proposition 2, 17.43 of [TVS], o(Y, U) is a Hausdorff topology if and only if U
separates the points of Y, i.e.

(3.2.1) VT eY)T#0= (3pcU)(o(T)#0)).
Also by Proposition 3, 1.43 of [TVS]
(3.2.2) (Y,o(Y,U))" =U.

Let X be a locally compact space and p a K— Radon measure on X, Definition 2,
§1, n°3, Ch. 3, of [INT] where it is called just measure. We denote with |u| the total
variation of g, §1, n°6, Ch. 3, of [INT], and with [ " the upper integral with respect to a
positive measure, as for example ||, Definition 1, §1, n°1, Ch. 4, of [INT], With [ * we
denote the essential upper integral with respect to a positive measure, Definition 1, §1,
n°1, Ch. 5, of [INT]. ' We readdress for the definition of essentially ;.—integrable map
f: X =K, toCh. 5, §1, n°3, of [INT].

Let (Y,7) € LCS(K) of Hausdorff then f : X — (Y, 7) is scalarly essentially
p—integrable or equivalently f : X — Y is scalarly essentially pi—integrable with

'In general [* < [, however if X is o—compact, in particular compact, then [* = [
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respect to the measure yi and with respect to the T— topology on Y if forall w € (Y, 7)"
the map w o f : X — Kis essentially y—integrable, so we can define its integral as the

following linear operator

Y, 7Y 2w~ /w(f(:v))d,u(x) cK.

See Ch. 6, §1, n°1 for K = R, and for the extension to the case K = C see the end of
§2, n°10, of [INT].

Notice that the previous definitions depend only on the dual space (Y, 7)", hence
both the concepts of scalar essential ;,—integrability and integral will be invariant if we
replace 7 with any other Hausdorff locally convex topology 75 on Y compatible with the
duality (Y, (Y, 7)"), i.e. such that (Y, 7)" = (Y, 7)".

Therefore as a corollary of the well-known Mackey-Arens Theorem, see Theorem 1,
IV.2 of [TVS] or Theorem 5 §8.5. of [Jar], fixed a locally convex space (Y, 7) and de-
noted by N/ = (Y, 7)" its topological dual, we have that scalar essential ;—integrability
(respectively integral) is an invariant property (respectively functional) under the varia-
tion of any Hausdorff locally convex topology 71 on Y such that

o(Y,N) <7 <7(Y,N).

Here a < b means a is weaker than b and 7(Y, V) is the Mackey topology associated to
the canonical duality (Y, V).
Let f : X — (Y, 7) be scalarly essentially ;1—integrable and assume that

(3.2.3) (HBGWWwEWJW(MBﬁi/Mﬂ@MM@>

Notice that by the Hahn-Banach theorem (Y, 7)" separates the points of Y, so the
element B is defined by this condition uniquely. In this case, by definition f : X —
(Y, 7) is scalarly essentially (1., Y')—integrable (or f: X — Y isscalarly essentially
(i, Y)—integrable with respect to the 7— topology on Y ) and its weak-integral with
respect to the measure 1 and with respect to the 7—topology, or briefly its weak-
integral, is defined by

(3.2.4) /}@mwwiB.

In the thesis we shall use this integral for the case (Y, 7) = (B(G),o(B(G),N)),
where N is a linear subspace of B((G)* which separates the points of B(G). Notice that
by (3.2.2) (B(G),0(B(G),N))" = N.
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Let G be a K—normed space, then the strong operator topology 74 (G) on B(G) is
defined to be the locally convex topology generated by the following set of seminorms
{¢, : B(G) 2 A ||Av|lc | v € G}. Hence 74(G) is a Hausdorff topology, in fact a
base of the neighbourhoods of A € B(G) is the class of the sets U .(A) = {B €
So B € {0}, the closure of {0} in the strong operator topology, if and only if (Ve €
Rt — {0})(Vo € G)(|Bv|¢ < ¢), thatis B = 0. Hence {0} = {0} and then 7,,(G) is
of Hausdorff. By Ch. 6, §1, n°3, of [INT]

(32.5) Nat(G) = (B(G), 7(G))" = Lx({¥p0) | (6,v) € G" x G}).

Here

Yoy : B(G) 2T — ¢(Tw) € K.
Here if Z is a K—linear space and S C Z then £k(S) is the space of all K—linear
combinations of elements in S.

The first locally convex space in which are mainly interested, is
(B(G),0(B(G),N4(G))), for which by (3.2.2) we have

(3.2.6) (B(G), 0(B(G), Nu(G)))' = Nu(G).

Notice that by what said o(B(G), Ng(G)) is the topology on B(G) generated
by the set of seminorms associated to the set {t(4.) | (¢,v) € G* x G}, hence
o(B(G), N(Q)) is nothing but the usual weak operator topology on B(G).

Notice that by (3.2.1), and the Hahn-Banach theorem applied to G we have that
o(B(G), N«(Q)) is a topology of Hausdorff.

Let GG be a complex Hilbert space. We define

Noo(G) = B(G)..

Here B(G). is the “predual” of the von Neumann algebra B(G), see for example Defi-
nition 2.4.17. of [BR], or Definition 2.13., Ch. 2 of [Tak], So every w € N,4(G) has the
following form, see Proposition 2.4.6 of [BR] or statement (ii.4) of Theorem 2.6., Ch.
2 of [Tak]

(3.2.7) w:B(G)> B+ > (un, Buy) €C.

n=0

Here {u, }nen, {wn}nen C G are such that Y7 |lu,||* < coand Y oo [lw,|]* < oc.
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We say that w is determined by {u,}nen, {wWn}nen if (3.2.7) holds. No-
tice that w is well-defined, indeed VB € B(G) we have > 7| (u,, Bw,)[* <
IBI1Z (3o llunll?) (325Zo lwnll?) < 00, hence 3w (B) and w € B(G)*, so

(3.2.8) Noa(G) € B(G)*.

The second locally convex space in which are mainly interested is
(B(G),0(B(G),Npa(G))), for which by (3.2.2) we have

(3.2.9) (B(G), 0(B(G), NyulG)))" = Nya(GD).

By the fact that every w € N;(G) is determined by the {u, })_,, {w, })_,, for some

N € N, we have that N (G) C N,u(G). Hence being o(B(G), N(G)) a topology of
Hausdorff we can conclude by (3.2.1) that it is so also the o(B(G), N,4(G))— topology.

Notice that by what said o(B(G), N,q(G)) is the topology on B(G) generated by
the set of seminorms associated to the set \V,,4(G), hence is nothing but the usual sigma-
weak operator topology on B(G), see for example for its definition Section 2.4.1 of
[BRY], so often we shall refer to it just as the sigma-weak operator topology on B(G).

We want just to remark that as a corollary of the beforementioned invariance property
for the weak-integration, when we change the topology 7 on Y with any other Hausdorff
topology compatible with it, we deduce by (3.2.5) that f : X — B(G) is scalarly
essentially (u, B(G))—integrable with respect to the measure p and with respect to the
o(B(G), N (G)) topology on B(G), if and only if it is so with respect to the strong
topology 75 (G) on B(G), and in this case their weak-integrals coincide.

Let A be a K—Banach algebra then (VA, B € A)([A, B] = AB — BA), while the
map R : A — B(A)and £ : A — B(A), as previously defined in (1.0.1), see also
(1.0.3) and (1.0.5), are such that forall 7" € A

R(T): Ash—The A
L(T): A>h— hT € A.

(3.2.10)
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Let G be a K—Banach space and N' C B(G)* a linear subspace of the normed space

B(G)*, then we introduce the following notations
N*CB@G) Y 3Y, CBG)N* = {ATN | AcYy));
|| |
B(G)
(ay;] C B(@))(Vp e N)EFA € Y)((¢ = A T N) A (6]l = 1Al 5c)))-

Here (*) : B(G) — (B(G)*)* is the canonical isometric embedding of B((G) into its
bidual.
By statement (ii7) of Theorem 2.6., Ch. 2 of [Tak], or Proposition 2.4.18 of [BR]

(3.2.11) Noa(G)* lg‘ B(G).
Let H : By — Pr(G) be a spectral measure in G on By then we continue to follow
the notation
(Vo € B(C))(G, = H(0)G),
without expressing the dependence on H everywhere it does not cause confusion.

In this Chapter we assume to be fixed a complex Banach space G, a locally
compact space X a complex Radon measure ;; on X, a possibly unbounded scalar
type spectral operator R with spectrum o(R) and resolution of the the identity £.

For eachmap f : U C C — C we denote by fthe O0—extension of f to C.
Finally we shall denote with §,,,(X; x) the seminormed space, with the seminorm

5...(x;)» of all maps H : X — C such that

1Hls...c00 = [ H@] dlul(@) < o0

By p — l.a.e.(X) we shall mean “locally almost everywhere on X with respect to y”.

Moreover if f : Xy — C is a map defined ;1 — [.a.e.(X), then we convene to say
that f € Sess(X;:u) if there exists a map ' : X — C such that F' | X, = f and
Feg

685(

; 10). In such a case we set

(3.2.12) If

Fous(X) = 1 F 5., (X o00)-

(3.2.12) is well-defined since the definition is independent of which map F' € §,_,.(X; 1)
extends f, as an application of statement (@) of Proposition 1, n°1, §1, Ch. V of [INT].

Moreover let (Y, 7) be a locally convex space and f : Xy — Y a map defined
p—1l.a.e.(X), then we for brevity say that the map f : X — (Y, 7) is scalarly essentially
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(i, Y)—integrable if there exists a map F' : X — Y such that F [ Xy, = f and
F: X — (Y, 1) is scalarly essentially (x4, Y )—integrable. In this case we define

(3.2.13) /f(x) dp(z) :/F(x) du(z).

This definition is well-defined since it does not depend by the scalarly essentially
(i, Y)—integrable map F' which extends f.

Indeed let for all £ € {1,2} the map Fj, : X — Y be such that F}, | Xy = f and
Fr : X — (Y, 7) be scalarly essentially (u, Y )—integrable, then (Vw € (Y, 7)")(Vk €

{1,2))
o ([ A in)) = [t duto) = [ @lfi)duto),

Next (Vo € X)(xx, (2)w(Fi(2)) = xxo(@)w(f(z)) = xx,(¥)w(F2(2))), s0 Y €

v, 7y
o ([ R@ i) o ( [ Foau)

then by (3.2.1) follows [ Fi(z)du(z) = [ Fo(x) du(z).

Now we will show some result about which functions are scalarly essentially
(u, B(G))—integrable with respect to the o(B(G), N')—topology. Here N' C B(G)*,
such that separates the points of B(G) and N* C B(G). Then we apply these results to
the case when G is a Hilbert space and N = N4(G).

THEOREM 3.2.2. Let G be a complex Banach space, a subspace N' C B(G)* be such
that N separates the points of B(G) and

N* C B(G).

Let F : X — B(G) be a map such that Vw € N the map wo F : X — C is

p—measurable and
(3.2.14) (X ST HF(‘T)HB(G)) < gess<X;u)'

Then the map F : X — (B(G),0(B(G),N)) is scalarly essentially (u, B(G))—

-
integrable, if in addition N* C B(G) then its weak-integral is such that

(32.15) H/memwm®s/Wﬂ@m@wmm.
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PROOF. Forallw € N we have [w(F(z))| < ||w||||F(2)| 5), hence Vw € N

(3.2.16) / w(F ()| dlul(z) < [« / 1P @)l s dlul(a).

Moreover the map w o F'is yy—measurable by hypothesis, therefore by (3.2.16) and
Proposition 9, §1, n°3, Ch. 5 of [INT] we have that w o F' is essentially y—integrable.

By this fact we can define the following map
U:N>3wr / ) du(x) € C

which is linear. Moreover for any essentially u—integrable map H : X — C

)| < [ @]l

(3.2.18) U e N

(3.2.17) ‘ / H(z)dp(z

hence by (3.2.16)

Finally by the duality property N* C B(G) in hypothesis the statement follows by
(3.2.18) and (3.2.16). U

REMARK 3.2.3. Let G be a complex Hilbert space, then the statement of Theorem 3.2.2
holds if we set N = Npq(G). Indeed we have the duality property (3.2.11).

Now we give similar results for N' = Ny (G).

LEMMA 3.2.4. Let G be reflexive, that is (G*)* is isometric to G through the natural
injective embedding of any normed space into its bidual. In addition let B : G*xG — C

be a bounded bilinear form, that is

BC>0)(V(¢,v) € G x G)(|B(9,v)] < Clolla-[[vlle)-

Then
(3L € B(G))(Vo € G*)(Vv € G)(B(9,v) = ¢(L(v))
and HLHB < ||B|, where || B|| = SUD{(p.0)|||llg=,llv]l <1} |B(¢,v)].

PROOF. Yv € G let T'(v) : G* 5 ¢ — B(¢p,v) € Cso T(v) € (G*)* such
that [|T'(v)[|(e=) < ||B]| - [[v|le. G is reflexive, hence (Vv € G)(I!L(v) € G)(Vo €
G (G(L()) = T(v)(6)), in addition |L)lla = T < IBI - ol L is
linear by the linearity of 7" and by the fact that G* separates the points of G' by the
Hahn-Banach theorem. Thus L is linear and bounded and || L|| p(¢) < || B||. This implies
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the existence of L. Let now L' € B(G) be another operator with the same property, so
(Vo € G*)(VYv € G)(d(L(v)) = ¢(L'(v))), thus by the Hahn-Banach theorem (Vv €
G)(L(v) = L'(v)), which shows the uniqueness. O

THEOREM 3.2.5. Let G be reflexive, F' : X — B(G) be a map such that for all (¢,v) €
G* x G the map X > x — ¢(F(x)v) € C is u—measurable, finally assume that
(3.2.14) holds. Thenthe map F : X — (B(G),0(B(G), N&(G))) is scalarly essentially
(u, B(G))—integrable and its weak-integral satisfies (3.2.15).

PROOF. We have (V¢ € G*)(Vv € @) and Vo € X that |p(F(z)v)| <
V][I F(x) | 3(c), hence

(3.2.19) / [o(F(z)v)] dlpl(z) < HMHIUH/ 1 @) o) dlul(z)

Furthermore the map X > x — ¢(F(z)v) is p—measurable by hypothesis, therefore
by (3.2.19) and Proposition 9, §1, n°3, Ch. 5 of [INT] we have that X > = +— ¢(F(x)v)
is essentially p—integrable.

By this fact we can define the following map

B:G"x G5 (60 H/¢ o) du(z) € C,

which is bilinear. So by (3.2.17) and (3.2.19)

1B(¢,v)| < [[l]lv]] / ()| (e dl pl ()

Hence B is a bounded bilinear form whose norm is such that ||B]] <
[ IF (2)|| 5(c) d|pt| (), then the statement by Lemma 3.2.4. O

COROLLARY 3.2.6. Let G be reflexive, F : X — B(G) a map o(B(G),N4(G))—
continuous, i.e. for all (p,v) € G* X G the map X > x — ¢(F(x)v) € C is continuous,
finally assume that (3.2.14) holds.

Then the map F : X — (B(G),0(B(G),Nu(G))) is scalarly essentially
(1, B(G))—integrable and its weak-integral satisfies (3.2.15).

PROOF. By definition of y—measurability we have that the continuity condition im-
plies that V(¢,v) € G* x G the map X > = — ¢(F(z)v) € Cis u—measurable, hence
the statement by Theorem 3.2.5. U
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3.3. Commutation and restriction properties

Let H : By — Pr(G) be a spectral measure in G on By, then in the sequel we
shall introduce a special class of subspaces of B(G)*, the class of all “H—appropriate
sets”, which allows one to show two important properties for proving the main Extension
Theorem 3.4.2. These are

(1) “Commutation” property: Theorem 3.3.7, for a general F—appropriate set \/,
and Corollary 3.3.8 for N = N 4(G) or N = Ny (G);
(2) “Restriction” property: Theorem 3.3.16 for a general F—appropriate set \.

LEMMA 3.3.1. Let A € B(G) such that AR C RA and f € Bor(o(R)). Then
Af(R) C [(R)A.
PROOF. By Corollary 18.2.4. of [DS]
(3.3.1) (Vo € B(C))([A, E(0)] = 0).
By (1.0.3) (VT' € B(G))(R(T),L(T) € B(B(G))), so by using the notations in Pre-

liminaries 2.1.1, we have Vn € N

IZ(fa)A = (L(A) o IE) (fa)

= IEW°F (1) by (2.1.3), L(A) € B(B(G))

=15 () by (3.3.1)

= (R(A) o I) (fn) by (2.1.3), R(A) € B(B(G))
(3.3.2) = ATE(f,).

Let x € Dom(f(R)) then by (2.1.7), the fact that A € B(G) and (3.3.2)
Af(Ryr = lim TE(f,) Ar.
Hence (2.1.7) implies Az € Dom(f(R)) and
F(R) Az = lim TE(f,) Az = Af(R)z.
U

LEMMA 3.3.2. Let N' C B(G)* be such that o(B(G),N) is a Hausdorff topology,
A € B(G), and the map X 3> z — f, € Bor(c(R)) be such that f, € £2(c(R))
w—la.e(X). Assume that
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(1) the map X > = — f.(R) € (B(G),0(B(G),N)) is scalarly essentially
(1, B(G))—integrable;
(2) poR(A) € Nand po L(A) € N,V¢p € N;
(3) AR C RA.
Then

[ rm duta). 4] =0

PROOF. By the hypothesis f, € £X(c(R)), yu — l.a.e.(X) and statement (c) of
Theorem 18.2.11. of [DS] applied to the scalar type spectral operator R, we have
fz(R) € B(G), p— l.a.e.(X).

Letus set Xy = {x € X | f,(R) € B(G)}. By the hypothesis (1) we deduce that
JF : X — B(G) such that

o (Vo€ Xo)(F(x) = fo(R));
e F: X = (B(G),0(B(G),N)) is scalarly essentially (u, B(G))—integrable.
Thus by definition

(33.3) [ £®)dnte) = [ F@)duto)
Notice that (Vo € X) (V¢ € N)
(334) Yo () 6 0 LAY (F()) = xx0(2) & 0 R(A)(F(1)),

since by Lemma 3.3.1 Vz € X
F(x)A = f.(R)A = Af,(R) = AF(x).

Moreover V¢ € N
a5 | T9LA(F@) i) = [ xx ()90 £A) (Plo)) duto)

J oo R(A) (F(x)) du(x) = [ xx,(x) ¢ o R(A) (F(z)) du(z).
Indeed ¢ o L(A) € N hence X > x +— ¢ o L(A) (F(x)) is essentially y—integrable so
by Proposition 9 n°3 §1 Ch 5 of [INT]

[ bex@ o0 £ (F@) alul(@) < [ o0 £04) (F@) [d (@) < o

Furthermore by Proposition 6 n°2 §5 Ch 4 of [INT] X > = — xx,(x) ¢ o L(A) (F(x))

is p—measurable. Thus by Proposition 9 n°3 §1 Ch 5 of [INT] the map X > z —

Xx,(x) po L(A) (F(x)) is essentially —integrable and we obtain the first statement of
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(3.3.5) by the fact that two essentially p—integrable maps that are equal i — l.a.e.(X)
have the same integral. In the same way it is possible to show also the second statement
of (3.3.5).

Therefore V¢ € N

o( [ mantora) =02 ([ rm duto))
— bo L(A) ( / Flz) d,u(x)) by (3.3.3)
_ /¢OL(A) (F(x)) du(x) by do L(A) €N
_ / 0 R(A) (F(x)) du(z) by (3.3.5), (3.3.4)
_ oR(A) ( / Flz) du(x)> by 6o R(A) € N

=¢ <A/fx(R) du(a:)) : by (3.3.3)
Then the statement by (3.2.1) ]

REMARK 3.3.3. By definition of Ng(G), see (3.2.5), the hypothesis (2) of Lemma 3.3.2
holds VA € B(G) and for N = N4 (G). Moreover o(B(G), N (G)) is a Hausdorff
topology on B(QG).

Let G be a Hilbert space, by (3.2.7) we note that for all A € B(G) we have woL(A) €
Noa(G), and wo R(A) € Npa(G), indeed if w is determined by {uy, }nen, {wn tnen, then
w o L(A), (respectively w o R(A)), is determined by {u, }nen, { Awy, nen, (respectively
{A*uy, tnen, {wn }nen). Hence the hypothesis (2) of Lemma 3.3.2 holds VA € B(G) and
for N' = Npa(G). Furthermore o(B(G), N,a(G)) is a Hausdorff topology on B(G).

REMARK 3.3.4. By Definition 18.2.1 of [DS] (Vo € B(C))(E(c)R C RE(0)), thus
hypothesis (3) of Lemma 3.3.2 holds for A = E(o).

DEFINITION 3.3.5 ( H—appropriate set ). Let H : By — Pr(G) be a spectral mea-
sure in G on By, see Preliminaries 2.1.1. Then we define N to be an H—appropriate
set, if

(1) N C B(G)* linear subspace,

(2) N separates the points of B(G), namely

(VT € B(G))(T'# 0 = (3¢ € N)(6(T) #0));
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(3) (Vo € N)(Vo € By)

(3.3.6) poR(MH(o)) e N ¢poL(H(o)) e N.

Furthermore N is an H-—appropriate set with the duality property if N is an
H-—appropriate set such that

N* C B(G).
Finally N is an H—appropriate set with the isometric duality property if N is an

H-—appropriate set such that
I
N* C B(G).

REMARK 3.3.6. Some comments about the previous definition. The separation property
is equivalent to require that o (B(G), N') is a Hausdorff topology on B(G), while (3.3.6)
is equivalent to require that for all o € By the maps on B(G), R(H(o)) and L(H(0))
are continuous with respect to the o(B(G), N')— topology. Moreover the duality prop-
erty N* C B(QG) ensures that suitable scalarly essentially p—integrable maps with
respect to the o(B(G), N')— topology, are (i, B(G))—integrable, see Theorem 3.2.2.
Finally by Remark 3.3.3 N (G) and N,a(G), in case in which G is a Hilbert space,
are H—appropriate sets for any spectral measure H, furthermore by (3.2.11), Npu(G)

is an H—appropriate set with the isometric duality property.

THEOREM 3.3.7 (Commutation 1). Let N be an E—appropriate set, the map X > x +—
fo € Bor(o(R)) be such that f, € £5(c(R)) p— la.e.(X). Assume that the map
X 3z f.(R) € (B(GQ),0(B(G),N)) is scalarly essentially (u, B(G))—integrable.
Then Vo € B(C)

(3.3.7) { / £.(R)du(z), E(o)| = 0.

PROOF. N being an E—appropriate set ensures that hypothesis (2) of Lemma 3.3.2
is satisfied for A = FE(o) for all 0 € B(C), so the statement by Remark 3.3.4 and
Lemma 3.3.2. U

COROLLARY 3.3.8 (Commutation 2). (3.3.7) holds if we replace N in Theorem 3.3.7
with Nt(G) or with N,q(G) and assume that G is a Hilbert space.

PROOF. By Remark 3.3.6 and Theorem 3.3.7. U

Now we are going to present some results necessary for showing the Restriction
property in Theorem 3.3.16, namely that the map X > z — f. (R, [ G,) €
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(B(G,),0(B(G,),N,)) is scalarly essentially (u, B(G,))—integrable, where N\ is a
E—appropriate set, and V, could be thought as the “restriction” of N to B(G,,) for all
o € B(C).

In particular when N = Ny (G), respectively N' = N,4(G), we can replace N, with
Nst(Gy), respectively N,q(G,), Proposition 3.3.17.

LEMMA 3.3.9. Let H : By — Pr(G) be a spectral measure in G on By, see Prelimi-
naries 2.1.1. Then (Vo € By)(G = G, @ G,), where o' = (o.

PROOF. H(0)+ H(¢o') =H(cUo') =1soH(¢') =1 —H(o) and H(o)H(0') =
H(¢')H(o) = 0. Hence (Vv € G)(v = H(o)v + H(o')v), or G = G, + G,+. But for
any 0 € By wehave Gs = {y € G | y = H)y} then G, NG, ={y € G |y =
H(O’)H(O',)y} = {0} Thus G, + G4 = G, @ G, O
DEFINITION 3.3.10. Let H : By — Pr(G) be a spectral measure in G on By, o € By

and o' = Co. Then Lemma 3.3.9 allows us to define the operator £ : B(G,) — B(G),
such thatV'T, € B(G,)

(3.3.8) ¢NT,) =T,20, € B(G).

Whenever it does not cause confusion we shall denote £ simply by &,. Here 0, €
B(Gy) is the null element of the space B(G,), while the direct sum of two operators
T, € B(G,) andT,, € B(G,) is the following standard definition
(TU D TU/) -G, @ Gy 2 (’UU D ’UU/) — Tove ® Tyov, € Gy, @ Gy
LEMMA 3.3.11. Let H : By — Pr(G) be a spectral measure in G on By, then Vo € By
and VT, € B(G,) we have that
(3.3.9) &HT,) = T,H(o).
Hence &2 is well-defined, injective, &% €  B(B(G,),B(G)) and
1€ 1 BB(G.).BG) < IH(0)B©)
PROOF. Let o € By then Vv € G we have
(Ty ®0,)v = (T, ®0,)(H(c)vdH(c')v) = (T,H(c)v & 0) = T,H(o)v,
then the first part. Let 7, € B(G,) such that &,(7,,) = 0, then T,H(c) = 0, which
implies that for all v, € G, we have T,v, = T,H(c)v, = 0. So T, = 0,.
Let us consider H(o) € B(G,G,), and T, € B(G,,G), so T,H(c) € B(G) and

1T H (o) 3y < 1 T5lBeeo.0) - IH(9) B0y = 115G - H(0) ][ 3c)- 0
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Notice that by (3.3.9) and the fact that B(G,,) is a Banach space, it is possible to show
that &, (B(G,,)) is a Banach subspace of B(G), thus &, has a continuous inverse.

REMARK 3.3.12. Let H : By — Pr(G) be a spectral measure in G on By, and o € By.

If we consider the product space G, x G, with the standard linearization and define

Loy Ly = %o + Ty )
5310 (a0l = s + 2l

I:Gy X Gy 3 (25,T5) — Ty + x5 € G,

then by G = G, G,/, see Lemma 3.3.9, the two spaces (G, X Gy, || - ||e) and
(G, || - |lg) are isomorphics, thus isometric and I is an isometry between them.

It is not difficult to see that the topology induced by the norm || - ||o is the product
topology on G, x G4 %, which implies the following property that in any case we prefer

to show directly.

PROPOSITION 3.3.13. Let H : By — Pr(G) be a spectral measure in G on By and
assume the notations in (3.3.10) and Definition 3.3.10. For all T, € B(G,) and T, €
B(G,) set
To X Ty : Gy X Gor D (5, 251) = (Toe, Tyry) € Gy X Gy
Then
T, ®T, = I(Tg X TU/)I_l = TUH(O') -+ TU/H<O'/) S B(G)

(3.3.11)
T, x T, = Iﬁl(TgH(U) + TU/H(O'/))I S B(GU X GUI).

PROOF. I(Ta X Ta/)lfl(fba D ZL‘U/) = I(TgﬁmTalfL‘UI) = T,x, & Tyx,, for all
Ty € G, and x,» € G, so the first equality. Vo € G
I(T, x T, Y(x) = I(T, x T,)I""(H(o)z + H(o')z)
= [(T,H(o)z, T, H(c')x)
=T,H(o)z+ T, H(c")x.
Then the second equality. The third equality is by the second and the fact that [ is an
isometry. O
Notice that by the first statement in (3.3.11) we obtain (3.3.9).

’Indeed let o € By such that H(o) # 0, set M = max{||H(o)|, |[H(¢")||} and Vr > 0 define B (0) =

{(@5,251) € Go xGor | ||(xo,700)||g < r}. Thus Ve > 0by setting ) = 5 we have B,)(0,) x B, (0,,)
B#(0), while Ve1,e5 > 0 by setting ¢ = W we have BE (0) C B¢, (0,) x B, (0},).

86



DEFINITION 3.3.14. Let H : By — Pr(G) be a spectral measure in G on By and
N C B(G)*. We define (Vo € By ) (V¢ € N)

vy FYog! € B(Go)

NGt ={ys' v e N,
where £ has been defined in (3.3.8). We shall express 1 and NB simply by 1, and

N, respectively, whenever it does not cause confusion.

(3.3.12)

PROPOSITION 3.3.15. Let H : By — Pr(G) be a spectral measure in G on By, N' C
B(G)* such that N separates the points of B(G) and o € By. Then N, separates the
points of B(G,).

PROOF. Let T, € B(G,) — {0,}, by Lemma 3.3.11 &, is injective so &,(T,) # O.
But  separates the points of B(G), so (3¢ € N)(¢¥(&,(T5)) # 0). O

THEOREM 3.3.16 (Restriction). Let N be an E—appropriate set, the map X > x +
fo € Bor(o(R)) be such that f, € £5(0(R)) p — lLa.e.(X) Assume that the map
X sz fo(R) € (B(G),0(B(G),N)) is scalarly essentially (1, B(G))—integrable.

Then Yo € B(C) the map X > x — f,(R, | G,) € (B(G,),0(B(Gy),Ny)) is
scalarly essentially (11, B(G,))—integrable and

(3.3.13) / fo(Ro | ) dpa() = / fo(R) du(x) | Gy,

PROOF. Let 0 € B(C) then (2.1.15) implies that Yz € X the operator f,(R, [ G,)
is well-defined.

By the hypothesis f, € £2(o(R)), p — l.a.e.(X) and statement (¢) of Theo-
rem 18.2.11. of [DS] applied to the scalar type spectral operator R, we have f,(R) €
B(G), p — la.e.(X). Let us set

Xo={ze X | f.(R) € B(G)},
thus by statement (2) of Lemma 2.1.7 we obtain
(3.3.14) (Vz € Xo)(fa(Ros | Go) € B(Gy)).

Hence f,(R, | G,) € B(G,), p — l.a.e.(X). So by Proposition 3.3.15 and (3.2.1) it is
well-defined the statement that X > = — f.(R, | G,) € (B(G,),0(B(G,),N,)) is
scalarly essentially (i, B(G,,))—integrable.
By hypothesis we deduce that 3 F' : X — B((G) such that
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o (Vo € Xo)(F(x) = fa(R));
e F: X = (B(G),0(B(G),N)) is scalarly essentially (u, B(G))—integrable.
Thus by (3.2.13)

(3.3.15) / Fo(R) du(x) = / F(a) du(x)

Now Vo € B(C) let us define the map F? : X — B(G,,) such that Vo € X

By (3.3.14) we can claim that

(1) (Vo € Xo)(F7(2) = fo(Rs | Go));
(2) the map F° : X — (B(G,),0(B(G,),N,)) is scalarly essentially
(1, B(G,))—integrable, moreover

(3.3.16) [ Fr@duto) = [ f(Byduta) 16

Then the statement will follow by setting according (3.2.13)

[ £Ba 1 Gy (o) = [ (@) dute)

\V/I‘EXQ

= fx(R>E(g) [ G, by [fx(R)’ E(U)] =0
= f.(R, | Gy) by Key Lemma 2.1.7.
Hence (1) of our claim follows.
(Vi e N)(Vz € X)
o L(E(0)) o R(E(0)) (F(x)) = ¢ (E(0)F(x)E(0))
= Yo (E(0)F(2) | Go)
(3.3.17) = o (F ().

Here in the second equality we deduce by Lemma 3.3.11 that for all 7" € B(G) we have
& (E(0)T | Gy) = E(0)TE(0).
F : X — (B(G),0(B(G),N)) is scalarly essentially u—integrable, and (Vi) €
N) (o L(E(0)) o R(E(0)) € N), hence by (3.3.17) the map
F?: X — (B(G,),0(B(G,),N,)) is scalarly essentially ;1—integrable.
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Now by (3.3.7) we have Vv € G,
6318 [ LR duw)e = [ L) dula) By = E) [ L(R)du(o € G
moreover [ f,(R)du(z) € B(G) so

[ 5By duta) 1 6o € B(Ga).
Therefore Vi) € N

oo ([ 1R (o) 164

_ 4, (E(g)/fx(R) dpu(z) [GU) by (3.3.18)

_y (E(a) / F£o(R) du(z) E(o)> by Lemma 3.3.11

- o cisono et (| s
iwanw»oR@®w</F@MM@)lwﬁﬁﬁ)

= [0 £(B0)) 0 R(B@)) (F)) duta) by 0 £(B()) 0 R(B(o)) € N

— [ o (7)) duta) by 3307
Hence (3.3.16) by (3.2.3) and (3.2.4) and the statement follows.
PROPOSITION 3.3.17. Vo € B(C)

(3.3.19) (Net(@))o = Nat(Go) and (Npa(G))o = Npa(Go);

PROOF. By the Hahn-Banach theorem

(3.3.20) (Go)" ={o1G, |9 G}

Then we have

(Nat(G))o = Lc({t(o) 0 & | (0,v) € G* x G})
= Lc({Y@icouw | (4,w) € G* x G, })
= Le({Ypw) | (0 w) € (Go)" x Go})
= Nu(G,).
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Here in the third equality we used (3.3.20), while in the second equality we considered
that V(¢,v) € G* x G and VT, € B(G,)

Vigw) © &o(Ty) = H(T,E(0)v) by (3.3.9)
= (¢ | Go) (T, E(0)v)
(3.3.21) = o165 (Ty)-

Let GG be a complex Hilbert space then

(Npal @) = { (Z wm;,wn)) °&

o0 o0
(oo e € 6.3l < o0 3 o oo}

(Yt om) © o)

{Un}neN> {wn}nEN c G, Z ”un”G < 00, Z ”wnHG < OO}

o0

D Vit

{un}n€N7 {wn}nEN C G Z ||un||G <00 Z ||wn”G < OO}

o) *un) 1Go,E(0)wy)

Z ¢(al bn)
n=0

pd<Ga>‘

Here for any Hilbert space I’ we set u' € F* such that u'(v) = (u,v) for all u,v € F,

{un}nen; {wntnen C G, Z lunllé; < o0 Z lwnllé; < OO}

n=0 n=0

£
5
{5
;

S [
{an}ner, {bntnen € Go, > llanllg, < 00, ) Iball&, < OO}
n=0 n=0

and the series in the first equality is converging with respect to the strong operator topol-
ogy on B(G)*, while all the others are converging with respect to the strong operator
topology on B(G,,)*.

The first equality follows by 3.2.7, the third is by (3.3.21), the forth by the fact that
E(o) | G, = 1, the identity operator on G,,.

Now we shall show the fifth equality. Notice that

> IE(@)wllg, = ZHE Jwallg < [1E(0)]? lewn\la < 0.
n=0

While the fact that T : H — H* is an antisometry, we have for all n € N that exists only
one a, € G, such that al = (E(0)*u,)" | G, moreover

lanllc, = Il (B(o) w,)"
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Next

I(E()un) I Gollos = sup  [(E(0) up,v)|
{veGsllvlle, <1}
= sup | (tp,v) | < sup | (U, ) |
{veGsllvlle, <1} {vedlvlle<1}
= [[ul e+ = llunlle.
Hence Y [lan ||, < D07 llun|l& < oo and the fifth equality follows. O

3.4. Extension theorem for integral equalities with respect to the o(B(G),N)—
topology

In the present section wil shall prove the Extension Theorems for integration with
respect to the o( B(G), N')—topology, when N is an E—appropriate set: Theorems 3.4.2
and when N\ is an F'—appropriate set with the duality property: Corollary 3.4.3.

As an application we shall consider the cases of the sigma-weak topology: Corollary
3.4.5 and Corollary 3.4.6; and weak operator topology: Corollary 3.4.4, and Corollary
34.7.

In this section it will be adopted all the notations defined in Section 3.2.

THEOREM 3.4.1. Let N be an E—appropriate set and {o, } ,en be an E—sequence (see
Definition 2.2.2) and the map X > x — f, € Bor(c(R)) be such that f, € £2((R))
p—lae(X) Lt X > x — f.(R) € (B(G),0(B(G),N)) be scalarly essentially
(1, B(G))—integrable and g, h € Bor(c(R)).

Ifvn € N
GAD  9(Re, 1Ga) [ LR, 1Ga)dn(e) C bR, | G
then
(3.42) o) [ FAR)dn(e) 10 =h(R) O

In (3.4.1) the weak-integral is with respect to the measure |, and with respect to the
0(B(G,,), Ny, )— topology, while in (3.4.2)

0 = Do (o(0) [ £.(R)dute) ) 0 Dom(1(r)

and the weak-integral is with respect to the measure | and with respect to the

o(B(G),N)— topology.
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PROOF. (3.4.1) is well set since Theorem 3.3.16.
By (2.2.1) forally € ©

o) [ LR dula)y =t E(o)o(R) [ £.AR) du(o)y

by statement (g) of Theorem 18.2.11 of [DS] and (3.3.7)

lim g(R) / fo(R)d () E(on)y

neN

by (3.3.13) and Lemma 2.1.7 applied to g(R)

=lim g(R,, | Gy,) / fo(Ro, | Go,)d p(z) E(0n)y

neN

by hypothesis (3.4.1)

=limh(R,, | Gy,) E(0,)y

neN

by Lemma 2.1.7 and statement (g) of Theorem 18.2.11 of [DS]

= lim E(o,)h(R) y
(3.4.3) = h(R)y.
In the last equality we considered (2.2.1). U

THEOREM 3.4.2 ( o(B(G),N)— Extension Theorem ). Let R be a possibly un-
bounded scalar type spectral operator in G, E its resolution of the identity, N an
E—appropriate set. Let the map X > z — f, € Bor(o(R)) be such that f; €
£2X(o(R)) p — la.e.(X) and the map X > x — f.(R) € (B(G),o0(B(G),N))
be scalarly essentially (u, B(G))—integrable. Finally let g,h € Bor(c(R)) and
h e £2(a(R)).

If {0, }nen is an E—sequence and N'n € N

(3.4.4) 9(R,, fGan)/ fe(Ro, | Go,) d () € MRo, | Go,)

then h(R) € B(G) and

(3.45) 9(R) / fo(R) dpu(z) = h(R).
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In (3.4.4) the weak-integral is with respect to the measure | and with respect to
the 0(B(G,,), N, )— topology, while in (3.4.5) the weak-integral is with respect to the
measure |1 and with respect to the o(B(G), N')— topology.

Notice that g(R) is a possibly unbounded operator in G.

PROOF. Theorem 18.2.11. of [DS] and hypothesis i € £%(o(R)) imply that
h(R) € B(G), so by (3.4.2) we can deduce

(3.4.6) o) [ FR) dn(a) € h(R).
Let us set
(3.4.7) (v € N)(8, = [gl([0.n])).

We claim that

(3.4.8) n>m= 0,2 0n
(Vn € N)(g(9,,) is bounded. )

Since |g| € Bor(o(R)) we have §,, € B(C) foralln € N, so {4, },en is an E—sequence,
hence by (2.2.1)

(3.4.9) lim E(5,) = 1

neN

with respect to the strong operator topology on B(G).
-1 -1
Indeed the first equality follows by [, o 0n = U,.en [91([0, 2]) = [9] (U,,en[0,7]) =

—1 -1
lg|(RT) = Dom(g) = o(R), the second by the fact that |g| preserves the inclusion, the

third by the inclusion |g|(d,) C [0, n]. Hence our claim.
By the third statement of (3.4.8), 6,, € B3(C) and statement 3 of Lemma 2.1.7

(3.4.10) (Vn € N)(E(6,)G € Dom(g(R))).
By (3.3.7) and (3.4.10) foralln € N

/ﬁ@MM@ﬂMGQM%WQDWMWH
Therefore

(¥n € N)(Yo € @) (E(én)v € Dom <g(R) / f.(R)d u@))) |
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Hence by (3.4.9)
(3.4.11) D = Dom (g(R)/ fz(R) du(x)) is dense in G.

But [ f.(R)du(z) € B(G) and g(R) is closed by Theorem 18.2.11. of [DS], so by
Lemma 2.2.7 we have

(3.4.12) g(R) / fz(R) d p(x) is closed.

But we know that h(R) € B(G) so by (3.4.6) we deduce

(3.4.13) g(R)/ fz(R)du(z) € B(D,G).

The (3.4.12), (3.4.13) and Lemma 2.2.8 allow us to state that D is closed in (G, therefore
by (3.4.11)
D=a@G.

Hence by (3.4.6) we can conclude that the statement holds. ]

Now we shall show a corollary of the previous theorem, in which we give conditions
on the maps f, ensuring that f,(R) € B(G), and that X > 2 — f,(R) € B(G) is
scalarly essentially (u, B(G))—integrable with respect to the o( B(G), N')— topology.

COROLLARY 3.4.3 ( 0(B(G),N)— Extension Theorem. Duality case. ). Let N
be an E—appropriate set with the duality property and X > = +— f, € Bor(c(R)).
Assume that 3 Xy C X such that CX is u—locally negligible and ]?; € £¥(a(R)) forall
x € Xo, moreover let there exists F' : X — B(QG) extending Xy > z — f.(R) € B(G)
such thatVw € N the map X 3> x — w(F(x)) € C is u—measurable and

(3.4.14) (X 22— [|[F(2)|B@)) € Fess (X 1)

If g,h € Bor(o(R)) is such that h € £2(0(R)) and {0, }nen is an E—sequence
such that Yn € N holds (3.4.4) then the statement of Theorem 3.4.2 holds. Moreover if
N is an E—appropriate set with the isometric duality property

H/fx(R) dp(z) e < /. 1£2(R) |l 3(c) el ().

PROOF. By the duality property of hypothesis, and Theorem 3.2.2 the map X >

x — [.(R) € (B(G),0(B(G),N)) is scalarly essentially (u, B(G))—integrable.

Hence the first part of the statement by Theorem 3.4.2. The inequality follows by

(3.2.15), (3.2.13) and (3.2.12). O
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Now we will give the corollaries of the previous two results in the cases in which N/ =
Nu(G) or N = N,u(G) and G be a Hilbert space.

COROLLARY 3.4.4. The statement of Theorem 3.4.2 holds if N is replaced by N +(G)
and N, is replaced by N (G,,), for all n € N.

PROOF. By Remark 3.3.6 we know that N, (G) is an E—appropriate set, therefore
the statement by (3.3.19) and Theorem 3.4.2. O

COROLLARY 3.4.5. The statement of Theorem 3.4.2 holds if G is a complex Hilbert
space, N is replaced by N,q(G) and N, is replaced by N,q4(G., ), for all n € N.

PROOF. By Remark 3.3.6 we know that N,;(G) is in particular an E'—appropriate
set, therefore the statement by (3.3.19) and Theorem 3.4.2. Ul

THEOREM 3.4.6 ( Sigma-weak Extension Theorem ). Let G be a Hilbert space, then
the statement of Corollary 3.4.3 holds if we set N' = N,o(G) and N, = N,u(G.,,) for
alln € N.

PROOF. By Remark 3.3.6 \V,,4(G) is an E—appropriate set with the isometric duality
property, so we obtain the statement by Corollary 3.4.3 and by (3.3.19). U

COROLLARY 3.4.7 ( Weak Extension Theorem ). Ler GG be reflexive, then the state-
ment of Corollary 3.4.3 holds if we set N = Ng4(G) and N,, = Nyu(G,,) for all
n €N,

PROOF. By Theorem 3.2.5 we have that the map X > z +— f,(R) €
(B(GQ),0(B(G),Nx(G))) is scalarly essentially (u, B(G))—integrable. Hence the first
part of the statement by Corollary 3.4.4. While the inequality follows by (3.2.15),
(3.2.13) and (3.2.12). U

REMARK 3.4.8. In the case in which G is an Hilbert space we can obtain Corollary
3.4.7 as an application of the duality property of the predual Nyu(G). Indeed as we
know Nst(G) C N,a(G), hence by the Hahn-Banach theorem (V¥ € Nu(G)*)(3V €
Nopa(G)) (W | Not(G) = W), thus by the duality property N,a(G)* = B(G) we obtain
(VU € Not(G)*)(IB € B(G))(Vw € Nu(G))(Yo(w) = w(B)), which ensures that
the weak-integral with respect to the measure |1 and with respect to the weak operator
topology of the map X 3 x — f.(R) € B(G) belongs to B(G).
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REMARK 3.4.9. Let D C G be a linear subspace of G and E : B(C) — Pr(G) be a
countably additive spectral measure, then by (2.1.3) forall f € TM, ¢ € G*andv € D
that

GA1S) |6 ()| - ' [ 1000 BN < M llnl el

where M = supsepc) [|E(9)], Y0 @ B(G) 2 A ¢(Av) € C and TM is the space
of all totally B(C)—measurable complex maps on C.

Next we know that
(3.4.16) H(C) c TM.

Here H(C) is the space of all compactly supported complex continuous functions on C,
with the direct limit topology, of the spaces H(C; K) with K running in the class of all
compact subsets of C; where H(C; K) is the space of all complex continuous functions
f: € — C such that supp(f) C K with the topology of uniform convergence.

Let us set

FP = B(D,G)in £,(D,q),

where £,(D, G) is the Hausdor{f locally convex space of all linear operators on D at

values in G with the topology generated by the following set of seminorms
{£,(D,G) 3 B |gs0(B)| | (¢,v) € G* x D},

where q4.,(B) = ¢(Bv) forall (¢,v) € G* x Dand B € £,(D,G), while B(D, G) is
the space of all bounded operators belonging to £,,(D, G).
By (3.4.16) we can define

mg: H(C)> f— (IE(f) ID) € F,

Moreover by (3.4.15) we have, with the notations in 2.2.1, that for all compact K the
operator mg | H(C; K) is continuous.

Therefore as a corollary of the general result in statement (ii) Proposition 5, n°4, §4,
Ch 2 of [TVS] about locally convex final topologies, so in particular for the inductive

limit topology, we deduce that mp is continuous on H(C) i.e.
my; is a vector measure on C with vales in FD.

Here, by generalizing to the complex case the definition 1, n°1, §2, Ch 6 of [INT], we
call a vector measure on a locally compact space X with values in a complex Hausdorff

locally convex space Y any C—linear continuous map m : H(X) — Y. Furthermore
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V(¢,v) € G* x D

Qoo omp = by, o If | H(C)
=I2°°P | H(C). by (2.1.3)
Hence
£,(C;qppompg) = £,(C; by, 0 E),

where the left hand side it is intended in the sense of Ch 4 of [INT], while the right hand
side it is intended in the standard sense, and for all f € £,(C; g4, o mp)

(3.4.17) /}uwwwommuwa/ﬂdewomu>

Finally let us assume that D is dense, then for all f € Bor(supp E) such that
Dom(f(E)) = D by (2.1.7) we have
f(E) € F;,

and by Theorem 18.2.11 of [DS] for all (¢,v) € G* x D we have f € £,(C;vy, 0 E)

and

(3.4.18) %AﬂEﬁz/ﬂdeWO@@)

Therefore by adopting the definitions in n°2, §2, Ch 6 of [INT], we deduce by (3.4.17)
that each f € Bor(supp E) such that Dom(f(E)) = D is essentially integrable for mg

and
ﬂE%i/ﬂMdmmM-

Here [ f(\)dmpg()) is the integral of f with respect to mp.
Thus if R is an unbounded scalar type spectral operator in G, then for all f €
Bor(o(R)) such that Dom(f(R)) = D f is essentially integrable for mp and

ﬂR%i/ﬂMdmﬂM-

3.5. Generalization of the Newton-Leibnitz formula

In this section we shall apply the results of the previous one in order to prove Newton-
Leibnitz formulas for integration with respect to the o(B(G), N')—topology, when N is
an I/ —appropriate set with the duality property, for integration with respect to the sigma-

weak topology, and for integration with respect to the weak operator topology.
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COROLLARY 3.5.1 ( 0(B(G), N')— Newton-Leibnitz formula 1). Let R be a possibly
unbounded scalar type spectral operator in G, U an open neighborhood of o(R), S :
U — C an analytic map and N an E—appropriate set with the duality property. Assume
that S : U — C is an analytic map and 3 L > 0 such that | — L, L[-U C U and

—_——

(1) S, € £5(0(R)), (43), € L5 ((R)) forall t €] — L, L[;
E

(2)
/ |l /dS
ix),
(here the upper integral is with respect to the Lebesgue measure on | — L, L[);

(3) Vw € N themap] — L, L[> t — w (£2(tR)) € C is Lebesgue measurable.
Then Yuy,ug €] — L, L]

dt < oo

R / - %(m) dt = S(usR) — S(uiR) € B(G).

1

Here the integral is the weak-integral of the map [u,us] 3 t — “2(tR) € B(G)
with respect to the Lebesgue measure on [uy, us] and with respect to the o(B(G),N')—
topology.

Moreover if N is an E—appropriate set with the isometric duality property and
M = sup,epc) [ £(0) || 5(a) then

w“gg
/u 2 (uR) dr

1

—~ E
as
().
PROOF. Let y the Lebesgue measure on [ug, uz|. By (2.3.4), the hypotheses, and

statement (c) of Theorem 18.2.11 of [DS] we have

a: (V& € [u,us])(S(tR) € B(Q));

b: (Vt € [u,us])(22(tR) € B(G));

et ([ur,us] 3t = |53 (ER) 1 5(e)) € Fil[wr, uas ),
So by hypothesis (3), by (c¢) and Theorem 3.2.2 we have that the map

*

<4aM
B(G) [u1,u2]

(3.5.1) ’ dt.

(3.5.2) RBEE %(m) € (B(Q),a(B(GQ),N))

is scalarly essentially (u, B(G))— integrable and if N is an E—appropriate set with the

isometric duality property then its weak-integral satisfies (3.5.1).
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This means that, made exception for (3.4.4), all the hypotheses of Theorem 3.4.2
hold for X = [uy, us], h = (Su, — Su,) [ 0(R), g : 0(R) 2 XA+~ X € C and finally for
the map [uy,us] 5t +— f; = (%)t [ o(R).

Next let 0 € B(C) be bounded, so by Key Lemma 2.1.7 R, | G, is a scalar type
spectral operator such that R, [ G, € B(G,), moreover by (2.1.15) U is an open
neighborhood of o(R, | G, ). Thus we can apply statement (3) of Theorem 2.3.2 to the
Banach space GG, the analytic map S and to the operator R, | G,.

In particular the map [u1, us] > t = L(¢(R, | G,)) € B(G,) is Lebesgue inte-
grable in || - || g, )—topology, that is in the meaning of Definition 2, n°4, §3, Ch. IV of
[INT].

By Lemma 3.3.11 ¢, € B(B(G,), B(G)), so
N, C B(G,)*.

Therefore we deduce by using Theorem 1, IV.35 of the [INT], that (Vw, €
No)([ur,uz] 2t = wy (23(¢(R, | G,))) € C) is Lebesgue integrable, in addition
Yw, € N,

/:2 Wo (%(t(}%g rGa))) dt = w, (Z{M Z—‘i(t(Rg 1 G,)) dt) .

Thus we can state that [uy, up) 3 t — 5 (t(R, | G,)) € (B(G,),0(B(G,),N,)) is
scalarly essentially (1, B(G,))—integrable and its weak-integral is such that
“2d8 “2d8
(3.5.3) /u1 ﬁ(t(Ra f GO’)) dt = f;l ﬁ(t(Ra f GO’)) dt.
Moreover by statement (3) of Theorem 2.3.2
“2dS
(R, | GU)% ﬁ(t(Rg 1 G,))dt = S(ux(R, | Gy)) — S(u1(R, | Gy)).

1

Thus by (3.5.3)

354) (R, [ G,) / “ds

dA

1

(t<R0 | GU)) dt = S(“Z(Ra I GU)) - S(“l(RU I GG))

This implies exactly the hypothesis (3.4.4) of Theorem 3.4.2, by choosing for example
o, = B,(0), for all n € N. Therefore by Theorem 3.4.2 we obtain the statement. U

COROLLARY 3.5.2 ( o(B(G), N')— Newton-Leibnitz formula 2 ). Let R be a possibly
unbounded scalar type spectral operator in G, U an open neighborhood of o(R), S :
U — C an analytic map and N an E—appropriate set with the duality property. Assume
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that 3L > 0 such that|— L, L[-U C U, (Vt €| — L, L[)(S; € £2(c(R))) and 3K, C] —
L, L] such that CK, is a Lebesgue negligible set and (Vt € K) ((%)t € SOEO(U(R))>

moreover

(1) 3F ;] — L, L[~ B(G) extending Ko > t — 93 (tR) € B(G) such that

/ 1P| gy dt < o0

(here the upper integral is with respect to the Lebesgue measure on | — L, L),
(2) YVw e Nthemap| — L, L[> t — w(F(t)) € C is Lebesgue measurable.

Then Nuy,uy €] — L, L]

R / - %(m) dt = S(uR) — S(w R) € B(G).

1

Here the integral is the weak-integral of the map [u1,us] 3 t — “2(tR) € B(G)

with respect to the Lebesgue measure on [uy, us| and with respect to the o(B(G), N')—
topology. Moreover if N is an E—appropriate set with the isometric duality property

then g i}
/ WSaryar]| < /
w dA B(G) [u1,usz]

1
PROOF. By Theorem 3.2.2 and (3.2.13)

95 iR)

dt.
d

B(G)

[ug, ug] >t — fl—i(tR) € (B(G),0(B(G),N))

is scalarly essentially (u, B(G))—integrable and if A/ is an F—appropriate set with the
isometric duality property its weak integral satisfies by (3.2.12) the inequality in the
statement. Thus the proof goes on as that in Corollary 3.5.1. U

COROLLARY 3.5.3 (Sigma-Weak Newton-Leibnitz formula ). The statement of Corol-
lary 3.5.1 (respectively Corollary 3.5.2) holds if G is a complex Hilbert space and ev-
erywhere N is replaced by N,qa(G).

PROOF. By Remark 3.3.6, NV,,4(G) is an E—appropriate set with the isometric dual-
ity property, hence the statement by Corollary 3.5.1 (respectively Corollary 3.5.2). [

COROLLARY 3.5.4 (Weak Newton-Leibnitz formula ). The statement of Corollary 3.5.1

(respectively Corollary 3.5.2) holds if G is a reflexive complex Banach space and every-
where N is replaced by Ny (G).
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PROOF. By using Corollary 3.2.6 instead of Theorem 3.2.2, we obtain (3.5.2) and
(3.5.1) by replacing N with N,;(G). Then the proof procedes similarly to that of Corol-
lary 3.5.1 (respectively Corollary 3.5.2). U
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Appendix. Further developments

Although it will be not included in this thesis, we found some results on the possibility
of generalizing the concept of spectral operator in Banach space; here we want to outline

some of them.

Introduction

There could be many ways for trying to generalize the Extension Theorem 3.4.2,
for example by considering integration with respect to a measure on general topological
spaces, as defined in Ch. 9 of [INT], or in the other side checking other locally convex
topologies in B(G). Or by replacing B(G) with a suitable locally convex space of
operators defined in a subset of G and with values in GG, case which we performed.

But in our opinion what is most important to do firstly it is to generalize the concept
of spectral operator by recognizing that an unbounded spectral operator (not only of
scalar type), as defined by using its resolution of the identity as in Ch 18 of [DS], it is
a geometric object. Only after that we can perform the generalization of all previous
results in a rather wide sense by defining a new kind of integration.

More exactly it is possible to show, by using Key Lemma 2.1.7, that to any unbounded
spectral operator R in a complex Banach space, with £ its resolution of the identity and
o(R) its spectrum, and any D C G such that E(B(C))'D C D ?, corresponds a suitable

presheaf = = <M(U ) JSU,V> over o(R) * at values in the category ST of Spectral
3E(B(C)) is the commutant in B(G) of E(B(C)), i.e. the class of all operators T € B(G) such that

E(o)T =TE(o) forall o € B(C).
4Abridgement of {<M(U),]5U,v> | U,V € Op(c(R)) | U D V}
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Structures ° such that

9(Ru | Gu) | D(U) € M(U)

Pyy [9(Ry | Gu) I D(U)] = [g(Rv | Gyv) | D(V)]
VU,V € Op(c(R)) such that U O V and for all maps ¢ in a suitable class §%" C
Bor(c(R)). Where D(U) = E(U)D, and M(U) is the Hausdorff completion of the
topological unital algebra A(U) = E(U)E(B(C))" with the locally convex topology
generated by the set of seminorms {¢J, : A(U) > A — |¢(Av)| | (¢,v) € G* x D(U)}
®. Finally FA’U,V is the extension by continuity to M (U) of the operator Py : A(U) >
a— E(V)ae AV).

This presheaf characterization allowed me to generalize the definition of spectral

(3.5.5)

operators in Banach spaces to a rather general categorical framework.
More exactly

DEFINITION 3.5.5. (O,T") is a sheaf couple over Y at values in C if Y is a topological
space, C is a small category’, T = (N'(U), Quy) and © = (O(U), Syy) are respec-
tively a presheaf and a sheaf on'Y at values in C 8, moreover YU € Op(Y') we have
N(U) CO(U) and

(VV e Op(Y) | U 2 V)(Quy = Suy [ N(U)).

Then we can set

>Which is a small category whose class of objects is a subclass of that of all bimodules over topological
algebras, bimodules which are also Hausdorff complete locally convex spaces.

By definition a presheaf over a topological space Y with values in a category §J is just a functor with
values in the category ) and defined in the opposite category Op(Y')° of the the category Op(Y') whose
objects are open sets of Y and Mor(V,U) = {sy,y} if U D V, otherwise is the empty set, where 2y ¢ is
the identity map of V into U. See Ch. 17 of [KS] for the definition of presheaves and sheaves; while for
the case $§ = SET see [Bor] Vol.3, or [McLM]. Finally for category theory see [McL].
®The following consideration is the first step towards the proof that [¢(Ry | Gy) | D(U)] € M(U). If

—1
we set 0, = |¢]([0, n]), for n € N, then by the fact that lim, ¢y E(0,) = 1 strongly, by Corollary 2.1.8
and by the commutativity property in statement (g) of 18.2.11. of [DS], we have

9(Ru | Gu)y = lim EU)g(R)E(on)y

forall y € D(U), in addition g(R)E(o,,) € E(B(C))".

7By definition any category whose objects are sets.

8By restricting our attention to the case of a small category as in our case C, by definition (O(U), Sp.v')
is a sheaf on Y with values in C if it is a presheaf on Y with values in C such that the following gluing
property holds: for each U € Op(Y'), open cover {U; };c; of U and family {f; | fi € O(U;)}ier such
that (Vi,j € I)(Su,v,nu; (fi) = Su,,u.nu, (fj)) there exists only one element f € O(U) such that
(Vi € I)(fi = Su,u; (f)), see pg 66 of [McLM] for the case C = SET, the category of sets.
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DEFINITION 3.5.6. Let (©,T) be a sheaf couple over Y at values in C, then by denot-
ing' = (N(U),Quy) and © = (O(U), Su,v) we define the class of all G-spectral
operators associated to (O,1") to be the following class

SO(6,1) = {A € O(Y) | (YU € Op(Y))(Sxu(A) € N(U))}.
Finally VA € SO (0,T), we call the map
Open(Y) 3 U — Sxuy € Mor(C)
the G-resolution of identity of A.

Notice that V(Y) C SO (©,T) C O(Y).

In case where C satisfies the request 17.4.1. of [KS] % the most natural example of a
sheaf couple is (i ') where [ is the sheaf generated by the presheaf I'.

Hence if we denote with = = <Mv (U), FA’U,V> the sheaf generated by =, then (2, Z)
is a sheaf couple over o(R) at values in the category of Spectral Structures. In addition
by (3.5.5) g(R) | D is a G-spectral operator associated to (2,2) such that g(R) |
D e M(o(R)), and Open(o(R)) > U — PU(R),U € Mor(ST) is its G-resolution of
identity.

The easier way for constructing G-spectral operators is that which uses the gluing
property of the sheaf generated by a fixed presheaf.

More exactly if I' = (N(U), Qu,v) is a presheaf on a topological space Y, at values
in a small category C satisfying the request 17.4.1. of [KS] and B is an open cover filter
basis of Y ' then we can define the class of spectral elements of I relative to B as the

class of sets { fi }yes such that

(VU € B)((fu e N(U))
(YW eB|U2V)(Quv(fu)=fv))

Being the presheaf I' embedded canonically into the sheaf I = </\N/ (0), CNQU’V> by it
generated, we have that any spectral element { fi; }yeg of I' could be considered as a
spectral element of I', therefore by using gluing property of any sheaf we can associate
9The request 17.4.1., which is satisfied for example by the small category of Spectral Structures, is in-
tended to provide a tool for associating to any presheaf at values in C a sheaf valued in the same category,
see Theorem 17.4.7. of [KS].

0By definition B C Op(Y) such that (VU,V € B)(3W € B)(W C UNV), and UvesU = X, see
[GT] for the definition of a filter basis

106



to {fu }ves an unique element f € N(Y) such that Qx i (f) = fy forall U € B. We
will call such an element global associated to { fy }yeg-

Now it is not so difficult to see that SO (f, F) is the class of the global elements
associated to all spectral elements { fi; }yep of ', where B is any open cover filter basis
of Y.

We encountered a spectral element, in fact by (3.5.5) {¢(Ry | Gy) | D(U) | U € B}
is a spectral element of = relative to any open covering filter basis 153 of o(R), for all
g € F™P, in addition, by the uniqueness in the gluing property, its global element
belongs to M(o(R)) and is g(R).

But it is clear that the most interessant and new cases of G-spectral operators associ-
ated to (Z, =) to analyze, are those belonging to M(a(R)) N CM(o(R)).

In any case the gluing property in the sheaf framework allows us to generalize
the weak-integration, in the sense of Ch 6 of [INT], to suitable maps with values in
M(o(R)) resp. in M (¢(R)), which might be “not” scalarly essentially u—integrable
with respect to a Radon measure p on a locally compact space X and with respect to the
topology on M (o (R)) resp. on M(J(R)).

The main idea is to use this property for constructing a functor SH defined on a
suitable category and a values in the category of vector spaces, and then apply it to

(/)

of the weak-integral [ to a wide variety of maps possibly non-integrable in the standard

contruct the generalization

sense.

Finally we apply this new integral to the case of maps of the kind X > z — f,(R) €
M(o(R)), where f, € FP locally p— a.e.(X), for generalizing the Extension Theo-
rem 3.4.2. We add the Appendix “Further developments” for describing some result we

found in this direction.

Description of some results

Some of the main results in this direction that we found are the following.

(1) Construction of a suitable category and a functor S defined on it and a
values in the category of vector spaces, such that the wanted generalization

of the integral [ is the linear operator SH ([). More exactly let us fix two
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categories C and D and a topological space Y . Then we introduce a category
- which we called category of of Sh-Spectral Elements associated to (C, D)
- rougly speaking whose objects are couples (I', ©) where I" is a presheaf over
Y with values in a subcategory Cy of C depending by I', while © : Cy — D
is a suitable functor such that © o I' is a sheaf, finally the class of natural
transformations between the two functors ©; o I'; and ©, o I'y is the class of
morphisms Mor((I'y,04), ('3, O9)). After that we construct a functor SH
defined in the category of Sh—Specral Elements associated to (C,D) and a
values in D.

(2) Now we can apply the result before described to the case in which C is the
category HLCS of Hausdorff locally convex spaces, D is the category VS
of vector spaces. And the result we found is the possibility of generalizing

12 over X with respect to j, of maps with values

the concept of integration
in a locally convex space. More exactly let us fix a presheaf (I', Q) over
Y, shortly I', at values in the category HLCS of Hausdorff locally convex

spaces and as usual let us indicate with <f, @U,v> , the corresponding sheaf.

Now the couple <f, F2> with F; the forgetful functor is of course an object
of the category of Spectral Elements associated to (HLCS,VS). In order to
use the functor SH, firstly we showed that also the couple <fX , F1> s an

object of the same category. Where I is rougly speaking the presheaf over
Y with values in a subcategory Cy C HLCS of space of scalarly essentially
p—integrable maps, so that VU € Op(Y) the rx (U) is the space of all scalarly
essentially p—integrable functions fU X = f(U ) whose integral belongs to
f(U ), with a locally convex topogy making the integral a continuous operator,
and with structure maps fU > @U,v o fU , where U,V € Op(Y). Finally
Fy :Cy> S+ ZX € Dif S the space of all scalarly essentially y1—integrable
functions defined on X and at values in a locally convex space Z and whose
integral belongs to Z. Secondly we showed that the integral operator f is a
morphism belonging to Morph (<fX , F1> , <f, F2>) Hence we were able to

11Although the general definition which we made consider presheaves over different topological spaces,
here for simplifying the notations, it shall be assumed fixed a topological space Y.
121 the sense exposed in Ch 6 of [INT].
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(3.5.6)

set the following definition

Sh—1=8H (/) L SH(ITY) c (Y)Y = T(Y)

as a linear map between the linear spaces SH(I'Y) ¢ I'(Y)* and SH(T) =
f(Y) The remarkable property of the Sh-integral Sh—1 is to generalize the in-
tegral operator [ to the space S H(fX ) which contains all maps f: X — f(Y)
such that the map fz X — f(Ul) is scalarly essentially p—integrable and its
integral belongs to f(Ui), for all 7« € I where fZ = @Y,m o fand {Ui}ier is
an open cover of Y which for technical reasons we prefer to get closed under
finite intersection. Now we can consider I'(U) as a subspace of I'(U), while
CNQU,V an extension of ()yy, so for example, for what said, the Sh—Integral
applies to every map f : X — T'(Y) possibly “not” scalarly essentially
p—integrable or such that its integral does NOT belongs to I'(Y’) such that
the map f*: X — Qyy, € T'(U;) o f*is scalarly essentially u—integrable and
its integral belongs to I'(U;), for all ¢ € 1.

And even if we get a family of maps {f* : X — T(U;)}icsr such that
(VU; 2 U;)(Qu,u, © [* = f7), and f; is scalarly essentially ;i—integrable
and its integral belongs to I'(U;), for all i € [I; then Sh—Integral applies to
the map f: X — f(Y) possibly not scalarly essentially g —integrable or such
that its integral does not belongs to 1:(\}//) such that fv(x) is obtained by gluing
together the family { f(x)};c; forall z € X

(3) Finally as an application of the Sh—Integral to the choice

r=Mm

we were able to generalize the extension formula (0.0.19) to suitable possibly
“not” scalarly essentially y—integrable maps X > x — f.(R) € M(c(R))
by replacing the standard integral [ with the Sh—Integral Sh — I. Similar
generalization holds also for the integro-differential formula (0.0.3). See below
for more details.

(4) Inthe beginning it was outlined that the real possibility of extending the concept

of scalar type spectral operator to more general setting, is the construction of
preshaves valued in the category of Spectral Structures. To this end, by using
a result in locally convex quasi-algebras, see [Schm] or [AIT], we construct

a presheaf I" over C and with values in the category of Spectral Structures so
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that the space of the global sections I'(C) is a suitable subspace of the locally

convex space ' of all continuous linear operators defined in the Schwartz space

S(R™) with its standard topology and at values in its conjugate topological dual

S’'(R™) with the topology of uniform convergence over bounded sets of S(R").
Now we shall see a litle bit more in details in what consists and how to construct the
presheaf M associated to an unbounded scalar type spectral operator.

First of all let D C G a linear space so that
(3.5.7) E(B(C))D C D

for example the set of analytic elements (), .y Dom(R") of a self-adjoint operator in

a Hilbert space. Let §™P be the family of all Borelian functions g on o(R) such that

—1
D C Dom(g(R)), g € P, and o,, = |¢/([0, n]), forn € N. Hence 1 = lim,cy F(a,,),
strongly and for all y € Dom(g(Ry | Gy))

g(Ry | Gu)y = hm E(on)g(Ry | Gu)E(U)y
= lim E(0,)g(R)E(U)y

neN

(3.5.8) =lim E(U)g(R)E(0,)y.

neN
Here the second equality comes by Corollary 2.1.8, while the third by the commutativity
in statement (g) of 18.2.11. of [DS]
But g(R)E(0,,) € B(G) "“s0 g(R)E(0,,) € E(B(C)) by (g) of 18.2.11. of [DS].
Therefore by the convergence (3.5.8), if we set D(U) = E(U)D, the restriction
g(Ry | Gy) | D(U) ' of the operator g(Ry | Gyy) to D(U) could be considered, see
below, as an element of the Hausdorff completion M({Ag(U), 7p(U))) of the topolog-
ical unital algebra (Ag(U), 7p(U)), where

Ar(U) = E(U)E(B(C))

with S’ is the commutant in the algebra B(G) of S C B(G), i.e. the set of all elements
of B(G) which commutate with every elements of .S. While the locally convex topology

Bwith respect to a suitable locally convex topology

In fact g(o,, N o(R)) is bounded by construction of ¢, so by Key Lemma 2.1.7 stat. (3) we have
g(R)E(o,) € B(G).

SWell set indeed by (3.5.7) E(U)D(U) = EWU)D C D C Dom(g(R)), so D({U) C
Dom(g(R)E(U)) N Gy, therefore by Corollary 2.1.8 we conclude D(U) C Dom(g(Ru | Gu)).
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7p(U) is that induced by the following set of seminorms
{4hy) : Ar(U) 3 A [$(A2)| | (,2) € G* x D(U)}.

Here D(U) = E(U)D. As previously said we note that Ag(U) is unital with unity
E(U). In addition the request (3.5.7) assures that (Ar(U), 7p(U)) is a topological al-
gebra, i.e. an algebra with a topological vector space structure making its product sep-
aratedly continuous. For making notations more readible, we convene YU € Op(c(R))
to denote (A (U), 7p(U)) with A(U) and M({(Ar(U),p(U))) with M(U). Infact we
shown that VU € Op(o(R)) after suitable hypotheses

(3.5.9) M(U) = (Ax(0) T D(U)) in L(D(U), G).
(

Here Ar(U) | D(U) ={A | D(U) | A € Ar(U)} and the closure is in L(D(U), G)
the locally convex space of all maps A [ D(U), with A € B(G), with the topology
induced by the set of seminorms {A >+ \¢(Av)] | (¢,v) € G* x D(U)} '°. Therefore
by (3.5.8) and the fact that D(U) C Dom(g(Ry | Gv))

(3.5.10) (YU € Op(a(R))) (Vg € ) ([g(Ru | Gu) | D(U)] € M(U)).

Notice that A(U) is Hausdorff iff D(U) is dense and in general the product is not jointly
continuous.
Let us set YU, V Borelian so that V' C U the map

PU,V : A(U) 5 A E(V)A

then of course is linear, in addition by the property E(d; N d2) = E(d;)E(d2) we have
Pyy : A(U) = A(V), and Pyw Pyyv = Pyw. Finally by the fact that E(V)? = E(V)
and F (V') commutates with any element of A(U) we deduce that Py is a morphism
of algebras, while by (3.5.7) we deduce that A(U)D(U) C D(U) hence together the
fact that £(U) is linear and continuous, we have that P,y is continuous with respect the

(7o), Tp(v)) — topologies. Therefore we have shown that
(3.5.11) (A(U), Pyy) is a presheaf over o(R) of Locally Convex Algebras.

Finally it is a well known fact '’ that the completion M (.A) of any topological algebra
A has the structures of a topological vector space and of a bimodule over the algebra A
1Notice that M(U) = (Ar(U) | D) in Lin,(D(U),G) where Lin,(D(U),G) is the locally convex
algebra of all elements A € L(D(U), G) such that AD(U) C D(U).

17Especially in the theory of partial algebras in which this type of bimodules are called quasi-algebras,
see [AIT]
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whose two external products A4 x M(A) — M(.A) are continuous in the right place.
In addition to these we found other algebro-topological nice properties holding by
M(A) which could be encoded in a better way in a categorical framework. For this
reason we define the category of Spectral Structures respect to which M (.A) is one of
its objects.

What it is important, is that such a construction M : A — M(A) is a functor
from the category of topological algebras to that of Spectral Structures. Therefore any
presheaf over the space o(R) of topological algebras, being by definition a functor, can
be extended,by componing it with M, to a presheaf over o(R) at values in the category

of Spectral Structures. Hence by (3.5.11) we have

<M(U)7 PU,V>
(3.5.12) is a presheaf over o(R)

at values in the category of Spectral Structures.

Here the map pU,V : M(U) — M(V) is obtained by extending by continuity to the
completion M (U) the linear and continuous map Py : A(U) — A(V).

Therefore (3.5.10) and (3.5.12) make clear the connection between the field of Bore-
lian functional calculus for unbounded scalar type spectral operators in a Banach space
and the field of presheaf with values in the category of bimodules over topological alge-
bras (or more specifically the category of Spectral Structures).

Why it is so important to translate the theory of Spectral Operators into that of
presheaf valued in the category of Spectral Structures?

The reason is very simple: because to every presheaf with values in that category, we
can associate a sheaf and therefore use the gluing property of any sheaf for exctracting
by a problem concerning unbounded scalar type spectral operators, global informations -
i.e. related to o (R) - from local informations - i.e. related to any open U; where {U;};cr
is an open cover of o(R). As application of this general sheaf approach we mention
some result which we obtained in this direction. Let X a locally compact space and p a
Radon measure on X, I? an unbounded scalar type spectral operator in a Banach space
G andI" = {U, };c; an open cover of o( R) which is closed for finite intersection. Finally
recall that for any locally convex algebra A the bimodule M (.A) has by construction the
standard locally convex topology of the Hausdorff completion of .A. Then

112



(1) let us set the class of the maps $)
f: X = M(c(R))

sothat Vi € I themap f; : X > x = Pypyu,(f(x)) € M(U)) is scalarly
essentially p—integrable, in the meaning of C'h.6 of [INT], and its integral
belongs to M(U;). B

Let us indicate with </\7 (U), I5U7V> the sheaf associated to the presheaf

<M(U ) f’U,v> over o(R) '® Let us set the space of maps §) whose elements

are maps f : X — .//\\/l/(O'(R)) so that there exists a map f € $) such that
Vo € X the f(x) is the element in M(o(R)) obtained by gluing togeter the
class of elements { f;(z) };c;. Now by applying the general construction (3.5.6)

we can define the operator
Sh—1:9%— M(co(R))

called Sh—Integral so that Sh — I(f) is exactly the element in M (o (R)) ob-

tained by gluing the class of elements '

ey

Now let us mention two remarkable facts
(@) If f(z) € M(o(R)) p — l.a.e.(X), then by the uniqueness of the glu-
ing property we have f = f, u — l.a.e.(X) therefore we can apply the

Sh—Integral to f and calculate the value

(3.5.13) Sh—1(f) € M(c(R));

®) If f(z) € M(o(R)) p — lae(X), and f is scalarly essentially
p—integrable, and its integral belongs to M(o(R)), then by using the
continuity property of the integral and again the uniqueness of the gluing

18Roughly speaking we can see M (U) as the space of all maps defined in U and at values in M (U), with
the topology of pointwise convergence. Hence M (U) is canonically embedded in M (U) as the space of
costant maps.

YMore exactly, in the notations used before, we have Sh — I = SH ( f ), where f is considered as a
morphism | € Morph <<MX, F1> <./T/l/, F2>> in the category of Sh—Spectral Elemnets associated to

(HLCS,VS), where the functors Fy, Fy at values in the category of vector spaces are such that (F} o
MX)(U) = M(U)X, while (Fy o M)(U) = M (U), for all U open set of o (R).
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property, we can deduce that

(3.5.14) Sh—1(f) = /fdu.

Therefore by (3.5.13) and (3.5.14) the Sh—Integral Sh — I extends the usual
locally convex vector valued integration also to possibly NOT-integrable maps.

(2) One should note that (3.5.5) allows us to construct maps in §) by using suitable
maps in §%0 .

Just by employing this fact we can shown the fundamental result that the

extension formula in (0.0.19) still holds if we

(@) replace the standard [ with the Sh—Int Sh — I

(b) replace the hypothesis X > =z +— f,(R) is scalarly essentially
p—integrable with integral belonging to B(G) with f, € F%P, u—a.e.in
X andthe map X 3 o — [f.(R, | Go,) | D(0,)] € M(0y,) is scalarly
essentially ;—integrable with integral belonging to £(D(a,,), G) *° for all
n € N;

(c) replace f,(R) with f(R).

Now what is important to point out is that if f,(R) € M(c(R)), p —
l.a.e.(X) then by what said f,(R) = f,(R) hence we have the remarkable fact
that, although X > x — f.(R) € M(c(R)) could be NOT scalarly essentially
integrable or its integral is not belonging to M(o(R)); the extension formula
(0.0.19) is still true by providing to replace [ with Sh — 1.

(3) we have shown a similar result also for the integro-differential formula (0.0.3).

2OHence belogs to M (0, being it closed in £(D(07,), G)
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