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Conditional independence and graphical models are well studied for prob-
ability distributions on product spaces. We propose a new notion of condi-
tional independence for any measure A on the punctured Euclidean space
R? \ {0} that explodes at the origin. The importance of such measures stems
from their connection to infinitely divisible and max-infinitely divisible dis-
tributions, where they appear as Lévy measures and exponent measures, re-
spectively. We characterize independence and conditional independence for
A in various ways through kernels and factorization of a modified density, in-
cluding a Hammersley—Clifford type theorem for undirected graphical mod-
els. As opposed to the classical conditional independence, our notion is inti-
mately connected to the support of the measure A. Our general theory unifies
and extends recent approaches to graphical modeling in the fields of extreme
value analysis and Lévy processes. Our results for the corresponding undi-
rected and directed graphical models lay the foundation for new statistical
methodology in these areas.
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1. Introduction. Conditional independence is a central concept in probability theory
that enables the definition of graphical models. It is a cornerstone of modern statistical
methodology for understanding latent structures in the data, construction of parsimonious
models in high dimensions and estimation of causal relationships (Dawid, 1979; Lauritzen,
1996; Maathuis et al., 2019). The classical notion of probabilistic conditional independence is
defined for random vectors through factorizations of conditional probabilities. In fact, follow-
ing an axiomatic approach, conditional independence can be seen as a more general notion
of irrelevance with applications beyond random vectors (e.g., Lauritzen, 1996, Chapter 3).

In this paper we define a new notion of conditional independence and graphical models for
the class of Borel measures A on the punctured d-dimensional Euclidean space £ = R9\ {0},
where A is finite on all Borel sets that are bounded away from the origin. For disjoint subsets
A, B, C of the index set V = {1,...,d}, we denote this conditional independence of A and
B given C for the measure A by

(1) ALB|C[AlL

The essence of our definition in Section 3.2 is that we require classical conditional inde-
pendence on the normalized restrictions of A to any charged product form set in £ that is
bounded away from the origin.

Measures A of the above kind are indeed fundamental in various fields of probability
and statistics. Notably, they arise as Lévy measures of infinitely divisible probability laws
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with respect to semi-group operations on R? for which the origin is a neutral element (Berg,
Christensen and Ressel, 1984). We focus here on the following important examples. A ran-
dom vector X is (sum-)infinitely divisible or max-infinitely divisible, if for every n € N it
has the stochastic representation

n n
) XL3" x0D or xL\/ XD,
i=1 i=1
respectively, for some independent, identically distributed vectors X (1) .. X (") where

the sums and maxima are taken in the component-wise sense. In the context of maxima,
the term exponent measure is often preferred over Lévy measure for A and we adopt the
same convention here (Resnick, 2008). Importantly, infinitely divisible distributions appear
as limit laws of triangular arrays; for sums this observation dates back to Skorohod (1957) and
Feller (1971, Part XVII.11), for instance, and we refer to Balkema and Resnick (1977) and
de Haan and Resnick (1977) for maxima. This explains the ubiquity of measures A and their
appearance in the vast literature on related point processes, random sets or large deviation
principles (e.g., Davydov, Molchanov and Zuyev, 2008; Dombry and Ribatet, 2015; Hult
and Lindskog, 2007). In most situations, including typical cases of sum- and max-infinitely
divisible distributions, the measure A explodes at the origin and therefore has infinite mass
on &£. Therefore, classical probabilistic conditional independence is not meaningful for such
measures. Our new notion in (1) resolves this issue in an arguably natural way.

A first fundamental result for our new conditional independence is that, under a mild ex-
plosiveness assumption, the four axioms of a semi-graphoid are satisfied (Lauritzen, 1996,
Chapter 3). This directly implies various useful properties of the corresponding graphical
models. Moreover, we provide several alternative characterizations. If A possesses a den-
sity A with respect to some product measure, then the conditional independence (1) is equiv-
alent to the factorization of (a modified version of) this density. Under the mild explosiveness
condition, (1) induces certain constraints on the support of the measure A. In particular, the
independence A L B [A] is completely characterized by the condition that A can have mass
only on certain sub-faces of £. This is in sharp contrast to usual probabilistic independence,
which would suggest a factorization of the measure into the product of marginals. Graphical
models for measures A as above can be defined readily by means of suitable Markov proper-
ties. We reveal several fundamental links between properties of the measure A and the graph
structure. For instance, for an undirected, decomposable graph we prove a Hammersley—
Clifford type theorem that states that the global Markov property for A is equivalent to a
factorization of the modified density of A on the cliques of the graph.

The general theory of conditional independence and graphical models for A measures
translates into new insights in the respective areas of probability theory, where such mea-
sures arise naturally. In particular, many of our findings in this manuscript have been mo-
tivated by recent developments and open questions from multivariate extreme value theory,
which studies the dependence structure in the distributional tail of a random vector. The most
fundamental limiting models that appear in this field are max-stable distributions, which are
max-infinitely divisible distributions with homogeneous exponent measures A, that is,

3) A(tA) =t7"A(A), >0,

for some « > 0 and all Borel sets A C £ bounded away from the origin. While classical the-
ory in this field intensively studied stochastic processes with spatial domains (e.g., de Haan,
1984; Kabluchko, Schlather and de Haan, 2009), recent research concentrates on finding
sparse structures in multivariate extreme value models; see Engelke and Ivanovs (2021) for an
overview. One line of work develops recursive max-linear models on directed acyclic graphs,
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which correspond to a specific class of spectrally discrete max-stable distributions (Gissibl
and Kliippelberg, 2018; Kliippelberg and Lauritzen, 2019). However, if a max-stable dis-
tribution admits a positive density, it cannot satisfy non-trivial (classical) conditional inde-
pendence (Papastathopoulos and Strokorb, 2016). Instead, Engelke and Hitz (2020) define a
notion of extremal conditional independence and undirected graphical models on the level
of multivariate Pareto distributions (Rootzén and Tajvidi, 2006), which can also be charac-
terized by the homogeneous exponent measure A; see Section 8.1 for details. In the case of
tree graphs, these models arise as extremal limits of regularly varying Markov trees (Segers,
2020).

These two active research directions have so far co-existed without a clear connection.
Since max-linear models and multivariate Pareto distributions are both described by the ex-
ponent measure A, it seems natural that this object also encodes the graphical properties.
Indeed, it turns out that our conditional independence notion in (1) unifies and extends both
approaches. We show that for recursive max-linear models, any classical conditional inde-
pendence implied by its directed acyclic graph is also present on the level of A in the sense
of (1). Concerning the extremal conditional independence in Engelke and Hitz (2020), we
note that it is originally only defined if A has a Lebesgue density on £ and no mass on sub-
faces. As a consequence, no extremal independence can exist and their extremal graphical
models are always connected. Several discussion contributions' of their paper raised these
points as limitations for statistical modeling. Our conditional independence (1) extends the
notion of Engelke and Hitz (2020) to arbitrary exponent measures A and thereby overcomes
several of these restrictions.

(i) It allows for disconnected extremal graphs with mass on sub-faces and, as an illustra-
tion, we provide an extension of Hiisler—Reiss tree models (Asenova, Mazo and Segers,
2021; Engelke and Volgushev, 2022) to forests with richer dependence structures. Since
no densities are required, our notion also includes max-linear models.

(ii) It extends to max-infinitely divisible distributions that can exhibit asymptotic indepen-
dence (Huser, Opitz and Thibaud, 2021), and therefore opens the door to graphical mod-
eling in this large field of research, in which many approaches go back to the conditional
approach for extreme value modelling by Heffernan and Tawn (2004).

(iii) The support constraints from the conditional independence of A connect our theory to
sparsity notions for tails of multivariate distributions and the field of concomitant extremes
(e.g., Chiapino and Sabourin, 2017).

We discuss these extensions in Section 8 and provide some basic examples that motivate the
potential for the construction of new models. A more in-depth study of these new modelling
routes and the development of corresponding statistical methodology is beyond the scope of
this paper.

Another promising application of our theory lies in the field of infinitely divisible distribu-
tions and Lévy processes (Ivanovs, 2020), where A plays the role of the Lévy measure. Much
less literature on graphical models and sparsity exists in this area. In the case of a-stable dis-
tributions, that is, if the Lévy measure is homogeneous as in (3), Misra and Kuruoglu (2016)
introduce recursive stable models that are similar to Gissibl and Kliippelberg (2018). Again,
the classical conditional independence is reflected in the corresponding (degenerate) Lévy
measure A through our conditional independence. For more general Lévy measures, we can
define graphical models with respect to our A-based notion of conditional independence. We

'More precisely, we refer to the contributions of J. Wadsworth, 1. Papastathopoulos, K. Strokorb, C. Darne
and A. C. Davison, L. Mhalla, P. Wan, Y. Zhang and L. Wang in the discussion part of Engelke and Hitz (2020)
(here listed in order of appearance therein).
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provide an outlook on how this translates into probabilistic properties of the corresponding
Lévy processes in the concluding Section 9; the details of this direction are part of future
research.

2. Preliminaries.

2.1. Conditional independence. Consider a probability space (€2, .A,P) and let X,Y, Z
be random elements with values in some Borel spaces. Conditional independence of X and
Y given Z with respect to [P, denoted by

X1UY|Z,
is defined as the factorization of conditional probabilities
P(X € Ex,Y € Ey|Z)=P(X € Ex|Z)P(Y € Ey|Z), a.s.,

for all E'x, Fy in the respective o-algebras; we refer to Kallenberg (2002, Chapter 6) for the
basic theory and further properties. In terms of the regular conditional probability P(-|Z = z)
it reads

P(X € Ex,Y € Ey|Z=2)=P(X € Ex|Z=2)P(Y € Ey|Z=2), forPz-almostall z,

where Pz denotes the law of Z. By a standard argument (see Kallenberg, 2002, Thm. 6.3),
this factorization holds for all such E'x, F/y and all z outside some fixed P-null set. In other
words, X and Y are independent under P(-|Z = z) for Pz-almost all z.

When (X,Y, Z) possesses a joint density f(z,y, z) with respect to some product measure
w=pux @ uy & pz, where each component is a o-finite measure, the conditional indepen-
dence X Ll Y | Z is equivalent to the following density decomposition:

f(x7yaz)fZ(Z) = fXZ('raz)fYZ(?/?Z) for p-almost all (.T,y,Z)-

Here, we used the naturally induced notation for the marginal densities; see for in-
stance Dawid (1979) or Lauritzen (1996, Chapter 3). In particular, if (X,Y,7) is discrete,
then its probability mass function factorizes for all (z,y, z). If u is Lebesgue and all the
involved densities are continuous, then this equality must be true for all (x,y, z). Note that
continuity of f does not imply continuity of the marginal densities, which explains the for-
mulation of the last sentence.

2.2. Infinitely divisible distributions for sums and maxima. For d > 1 consider the do-
main £ = R?\ {0}, which is a d-dimensional space of real numbers punctured at the origin.
Let A be a Borel measure on this domain, such that the following basic boundedness condi-
tion is satisfied:

(B) A(A) < 0 for any Borel set A C £ bounded away from the origin.

As discussed in the introduction, such measures appear naturally in various areas of proba-
bility and statistics. In particular, they arise in the limits of sums and maxima of random vari-
ables in the theory of infinitely divisible and max-infinitely divisible distributions as in (2).

In the max-infinitely divisible case we assume that each component X; is non-negative
with lower endpoint 0, that is, each X; has some mass arbitrarily close to 0:

4) inf{z:P(X; <z)>0}=0.
Then the distribution function of X is given by
(5) P(X <z)=exp [~ A(E:\[0,2])],  2>0,
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where A is null outside of the domain £, = [0,00)¢ \ {0} and satisfies (B), while x > 0
is meant componentwise; see Resnick (2008, Prop. 5.8). Conversely, every such measure
A, called an exponent measure, leads to a max-infinitely divisible distribution. The standard
assumption A (€ ) = oo corresponds to no point mass of X at the origin. One may also define
a Poisson point process with intensity measure d¢ ® A(dz) and retrieve X as the maximum
over the space-points with £ < 1.

In the infinitely divisible case the characteristic function of X is given by

Eel®X) —exp | — % (6,%60) +1(v,0) + / (e —1—1(0,2) 1 {ju<iy)A(dz) |, 0 €RY,
£

where v € R is a drift parameter, 3. is the symmetric, non-negative definite d x d covariance
matrix of the Gaussian component, and A is the so-called Lévy measure, which satisfies (B)
together with f||acH€(O,1) |z[|*A(dz) < oo, where || - || is an arbitrary norm on R?; see Sato
(2013, Thm. 8.1). The Lévy measure is used to define a Poisson point process of jumps with
intensity measure d¢ ® A(dz), the compensated sum of which yields the non-Gaussian part
of X in the limit sense. Conversely, every such characteristic triplet (v, %, A) leads to an
infinitely divisible law.

EXAMPLE 2.1. Let ®,: R? — [0,1] be the distribution function of a bivariate normal
distribution with correlation coefficient p € [0, 1] and standard normal margins. When p > 0,
the bivariate normal distribution is max-infinitely divisible (Resnick, 2008, Section 5.2), a
property inherited by the corresponding log-normal distribution @, o log. Thus, by (5)

Ap(E4\[0,2]) = —log ®,(logx), x>0,

is a valid measure satisfying (B). In addition, it explodes at the origin.

Various connections between the infinitely divisible and max-infinitely divisible laws have
been explored in Kabluchko (2009) and Wang and Stoev (2010). Davydov, Molchanov and
Zuyev (2008) and Molchanov (2009) draw further attention to multivariate £,-infinitely divis-
ible laws, or more generally, infinitely divisible laws with respect to semi-group operations.
All of these works focus on the important special case where the involved Lévy measures (or
exponent measures) A are —a-homogeneous, that is, the property (3) holds for some o > 0.
A max-infinitely divisible X with (standard) a-Fréchet marginals is max-stable if and only
if A is —a-homogeneous (Resnick, 2008, Prop. 5.11). An infinitely divisible X is a-stable
with a € (0,2) if and only if ¥ = 0 and A is —a-homogeneous (Sato, 2013, Thm. 14.3(ii)).

EXAMPLE 2.2. The exponent measure corresponding to the bivariate max-stable Hiisler—
Reiss distributions (Hiisler and Reiss, 1989) with parameter I' > 0 is

Ar(5+\[0,x]):—$11® (\f+w\;f/f‘1)> _;2@ <f+w\}r/$2)> >0,

where ® denotes the univariate standard normal cumulative distribution function. This mea-
sure also satisfies (B). Since it is —1-homogeneous, it also explodes at the origin.
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3. Definition of conditional independence for A and first properties.

3.1. Setup and notation. ~As previously, let V = {1,...,d} be a finite index set and A a
measure on £ = RY \ {0y} satisfying (B). For a subset A C £, we say that a property holds
for A-almost all y € A if the subset of A where it does not hold is a A-null set. As test sets
for conditional independence we consider the class R(A) of charged product-form sets in £
not containing the origin Oy in their closure

(6) RMJ:{R:>§RW}%€B®LAU@>QOV¢R}

By definition, we have A(R) € (0, 00) for any R € R(A), which allows us to define a proba-
bility measure Pr on R via

) Pr(dy) = w

We write Y ~ P, for a d-dimensional random vector Y distributed according to Pp.
For a non-empty subset D of V, the measure A induces two natural measures on the lower
dimensional domain

(8) EP =RP\ {0p},
namely the marginal measure A p and the restricted measure AOD as given by

) Ap(-)=A(yp € ), AD()=Alyp €, yv\p =0\p),
respectively. Both measures also satisfy the basic assumption (B) in their common do-
main £,

The class R(Ap) is understood to contain product form sets Rp = X, R (satisfying

the other conditions as in (6) with respect to R” instead of R"') and the respective probability
measures are denoted by Pr,,. The product set R will sometimes be written as Rp X Ry\p

irrespective of the indices in D. Note that Rp € R(Ap) implies Rp x RV\P € R(A). Some
basic consistency properties are stated in Appendix A.1.

3.2. Definition of conditional independence for A. 'We are now ready to give our defini-
tion of conditional independence for the measure A based on the above test sets.

DEFINITION 3.1. For disjoint sets A, B,C' C V that form a partition of V', we say that
A admits conditional independence of A and B given C, denoted by
AL B|CIA]
if we have the classical conditional independence
(10) Ya 1Ll Yp | Yo for Y ~Pr forall ReR(A).

This is trivially true for A or B being empty, and for C' = () we say that A admits indepen-
dence of A and B, and write

ALBI[AlL

If the sets A, B and C are not a partition of V, then the above definition remains the same
with the test class in (10) replaced by R(Aaupuc)-



REMARK 3.2. If A is a zero measure, the test classes R(A aupuc) are empty, hence any
such (conditional) independence statement with respect to A is true. Moreover, for strictly
monotone, continuous transformations 7, : R — R with 7;,(0) = 0, v € V, the conditional
independence of A in Definition 3.1 is equivalent to the corresponding statement for the
pushforward measure AoT~! for T'(x) = (T, (z,))vey . Definition 3.1 is similar to the notion
of conditional inner independence as suggested by Zhang and Wang (2020) for a random
vector supported by a non-product-form space.

It is useful to observe that for AU B U C C D C V, the two statements
(11) AL B|CI[A] and AL B|C[Ap]

are equivalent. However, some caution is needed. We would like to stress that the conditional
independence A | B | C' [A] does not(!) imply

YallYp|Ye for Y ~Pr forall ReR(A)

unless (A, B,C) is a partition of V, because restriction according to the additional di-
mensions in V' \ (AU B U (') amounts to conditioning on the respective components; see
Lemma A.2 in Appendix A.1.

A second simple observation, which will accompany us throughout this work, is the fol-
lowing:

LEMMA 3.3. A1 B|C [A] implies A L B[AY gl

PROOF. If AY g is null, there is nothing to prove. Else consider Raup € R(AY ) and
the respective Y, p. Set Yo = O¢ and note that the law of such a vector Y alternatively
arises from the measure A and the set R4 p X {Oc} € R(A). Now A L B | C [A] implies
Y4 1l Y | Yo and thus also Yy 1L Yp, because Yo = O¢ a.s. |

REMARK 3.4. Slightly more general, the same reasoning shows that A | B | C' [A] im-
plies A L B|C’[AY 5] for any subset C’ C C. When C = (), the statement in Lemma 3.3
is a tautology.

3.3. Semi-graphoid properties. A semi-graphoid is an abstract independence model that
satisfies a set of algebraic properties (Lauritzen, 1996; Maathuis et al., 2019; Pearl, 1988).
For our conditional independence defined in Section 3.2 for a measure A, if A, B,C, D are
disjoint subsets of V, these properties read as follows.

(L1) If AL B|C[A],then B L A|C[A]. (Symmetry)
(L2) f AL (BUD)|C[A], then A L B|C[A]. (Decomposition)
(L3) fAL(BUD)|C[A],then AL B|CUDIA]. (Weak union)
(L4) f ALB|C[A]land AL D|BUC[A],then A L (BUD)|C[A]. (Contraction)

These conditions are crucial in the study of graphical models as they directly imply certain
equivalences or implications among fundamental Markov properties usually considered in
directed and undirected graphical models; see Sections 6 and 7.

If we restrict our attention to homogeneous measures A that admit a Lebesgue density
on &, as considered in Engelke and Hitz (2020) in the context of extreme value theory,
Steffen Lauritzen argues already in his discussion contribution that their extremal conditional
independence is a semi-graphoid. We will confirm this finding below (Section 3.3) and even
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FIG 1. Hllustration of Example 3.6. The measure A consists of two point masses with different yo-
coordinate, so that {1} L {3} | {2} [A] (center). Its marginal measure N1s is a point mass (right),
hence {1} L {2} [A]. However, the restriction of A to the admissible product set R x R x {1} does
not factorize (left); the L4 conclusion {1} L {2,3} [A] is violated.

show that homogeneous measures A with a positive continuous Lebesgue-density on £, (and
independent concatenations thereof) give rise to a graphoid (Appendix E).

However, our general setting here goes far beyond this situation in several ways. Our A is
not necessarily homogeneous, it does not necessarily have a density, its mass is not restricted
to the positive upper orthant and it may even have mass on sub-faces of £. This leads to a
situation, where only the properties (L1)—(L3) always hold. The contraction condition (L4)
is more involved.

PROPOSITION 3.5. Conditional independence with respect to A as defined in Defini-
tion 3.1 satisfies (L1), (L2) and (L3).

PROOF. Properties (L1) and (L3) follow directly from their respective counterparts for
probability laws, whereas (L2) follows similarly if one takes into account the compatibility
with marginal measures as stated in Lemma A.2. |

It will be shown in Theorem 5.3 below that also property (L4) is true under the explosive-
ness assumption (E1). This property is not true, however, for general finite measures A, in
which case our Definition 3.1 might not be natural. The problem arises from the exclusion of
the origin in the domain £ = RV \ {0y}, which is neither necessary nor natural in the finite
case. The following simple example illustrates this.

EXAMPLE 3.6 (Violation of (L4) for a finite measure). Consider A= {1},B ={2},C' =
0, D = {3} and A putting mass 1 at each of the points (0,0, 1) and (1,1, 1); see Figure 1 for an
illustration. Observe that A 4 is a point mass at (1,1) and so we trivially have A L B [A].
Furthermore, we also have A L D | B [A], because the two point masses have a different B
coordinate and so any admissible P, results in the corresponding conditional independence
statement. Finally, the statement A L (B U D) [A] is not true, because there exists a product
set, namely R =R x R x {1}, for which we get that Y ~ Px can only assume the values
(0,0,1) or (1,1, 1), each with probability 1/2, and thus, Y7 and (Y2, Y3) are not independent.

Even stronger properties than those of a semi-graphoid are represented by the notion of
a graphoid (Lauritzen, 1996). The A-induced conditional independence defines a graphoid,
when not only (L.1)—(L4) are satisfied, but additionally the axiom

(L5) fALB|CUD[AJand AL C|BUDIA],then AL BUC|DI[A]  (Intersection)

In Appendix E, we document situations when the graphoid axioms are satisfied, and both
trivial and subtle cases under which (L1)—(L4) hold, but (L5) is violated.
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4. Alternative characterizations of A-conditional independence. We establish three
alternative characterizations of the conditional independence A L B | C' [A] in this section,
each of which further demonstrates that our notion is both natural and intuitive. The first
characterization, Theorem 4.1, is a reduction to test sets of a simple form. The second, Theo-
rem 4.4, is in terms of the underlying probability (Markov) kernel (3¢, -) from £ to RAVEB,
It allows to view our notion of conditional independence as the classical independence for
a family of probability laws. The third, Theorem 4.6, is in terms of the factorization of the
density of A with respect to some dominating measure, assuming it exists.

Without loss of generality, we focus on the case, where the sets A, B and C' form a partition
of V. The independence case C' = () is excluded, unless mentioned otherwise, but we return
to it in Section 5. The more technical proofs and auxiliary results are given in Appendix A.

4.1. Reduction of the test class. Our first result reduces the test class R = R(A) to sets
of the form

(12)  Ryc={yeR%:|y|>e} =R\ (—c,e) xRV} weV e>o.

When writing Y ~ Pr _, we implicitly assume A(R, ) > 0 and hence R, . € R(A). The
proof is postponed to Appendix A.

THEOREM 4.1 (CI via test classes). Let (A, B,C') be a partition of V.
Then A L B| C [A] is equivalent to any of the following statements:

() Ya UL Y | Yo withY ~Pg, _forallveV,e>0,
(i) Y4 LLYp|Yo withY ~Pg__forall cc C, € >0, and additionally, A L B [A%UB}.

Moreover, A L B [A] is equivalent to (i) with C = ().
REMARK 4.2. The characterizations (i) and (ii) in Theorem 4.1 can be modified in vari-
ous ways. For instance in item (i) a single v € V is sufficient when A(‘)/\ (v} 1S a zero measure;

see Lemma A.7 below. If the measure A is homogeneous, it suffices to consider a fixed € > 0
instead of all e > 0, e.g., e = 1.

4.2. Probability kernel. We verify first that the measure A can be represented in terms
of a probability kernel (Kallenberg, 2002, p. 20) when restricted to the set {y € £ : yo # 0}.
To this end we use the notation that a set R is of product form if it can be represented as
R =X,y Ry = Raup x Ro with R, € B(R) and Oc ¢ Rc. We postpone the technical
proof to Appendix A.

LEMMA 4.3 (Probability kernel representation). There exists a Ac-unique probability
kernel v from £ to RAYE such that for all R of product form we have

A(R) = / . velie Basg)Ae(dye) € 0.09], ifoc ¢ Fe.
Yyc C

Moreover, for any c € C and € > 0 such that A(R. ) > O there is the identity
ve(yo, Raup) =P(Yaus € Raus|Ye = yc), Y ~Pgr,.

for Ac-almost all yo with |y.| > e.

We can now characterize conditional independence as given by Definition 3.1 in terms of
this kernel representation.
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THEOREM 4.4 (CI via kernel factorization). Let (A, B,C) be a partition of V. Then
A L B| C[A] if and only if the probability kernel factorizes,
ve(ye, Raus) = vo(ye, Ra x RP)vo(ye, Re x RY)

for Ac-almost all yo # 0c and any R oy p of product form, and additionally A 1. B [A%U 5l

PROOF. According to Theorem 4.1 (ii) it is sufficient to show that Y4 Ll Yp | Y with
Y ~Pp,__forall c € C, e > 0 if and only if the kernel factorizes for Ac-almost all yo # Oc.
Fix ¢ € C, € > 0 and note that Y4 L Yp | Y¢ is equivalent to

P(Yaup € Rau|Ye =yc) =P(Ya € RalYo =yo)P(Yp € Rp|Ye = yc)

for Py, -almost all y< and any product form R 4up. These are A¢-almost all yo satisfying
|yc| > € and the factorization can be stated in terms of the kernel v according to its repre-
sentation in Lemma 4.3. This factorization readily extends to Ac-almost all yo # O¢, since
¢ € C, € > 0 are arbitrary, which completes the proof. ]

4.3. Density factorization. An important case concerns the measure A having density A
on &£ with respect to some product measure

= Q) 1o,
veV

where each p, is a o-finite measure on (R, B(R)). For any non-empty D C V, the marginal
density Ap, the density of Ap in (9), with respect to up = Q) p Hv i8

Ap(yp) = /)‘(yDayV\D)MV\D(dyV\D)7 yp # Op,
which must be finite for pp-almost all yp # Op. We also note that the density )\OD of AOD
with respect to up is given by

Ab(Yp) = Ayp, 0v\p) v\ p ({0 p}), yp # O0p.

LEMMA 4.5 (Kernel density). Assume that A has a p-density \. Then the probability
kernel v(yc,-) has density

AMy)
Ac(yo)

fyc (yAUB) =
with respect to paup for Ac-almost all yo # Oc.

PROOF. Take any R of product form such that O ¢ R¢, and observe that
A
am=[ (f ) aom(dyav) ) Acdue).
yc€Rc yauB€ERAUB AC(yC)

Hence the expression in brackets coincides with v(yc, Raup) for all R4y p and Ac-all yo #
0c, see Lemma 4.3. [ |

This readily yields another characterization result of our conditional independence (Defi-
nition 3.1 with C' # ).

THEOREM 4.6 (CI via density factorization). Let (A, B,C) be a partition of V and as-
sume that A has a p-density \. Then A L B | C [A] if and only if the factorization

My)Ac(ye) = Aavc(yaue) Asuc(yBuc)
holds for p-almost all y € £, yo # 0¢, and additionally, A | B [A%U Bl
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PROOF. According to Theorem 4.4 it will suffice to establish equivalence to the kernel
factorization. By Lemma 4.5 kernel factorization is equivalent to u4yp-almost everywhere
factorization of the density f, . for Ac-almost all yc # Oc. The marginal density of f,, with
respect to A is given by A quc(yauc) /Ao (ye) and the analogous result holds for the set B.
Thus, we have

My)  Aauc(yaue) ABuc(yBuc)

Ac(yo) Ac(ye) Ac(ye)
for paup ® Ac-almost all (yaup,yc) with yo # Oc. It is left to note that the set {y :
Ac(ye) =0, Xaue(yaue) > 0} is p-negligible. -

Importantly, we do not claim that the independence statement A 1 B [A] implies the
factorization A\(y) = Aa(ya)AB(yp). The marginals A4 and A\p are not even defined for
ya = 04 or yg = Op, respectively, and considering a restriction to y4 # 04, yp # 0p does
not resolve the matter either; see Section 5.3 below. Instead, as will be also shown in Sec-
tion 5.3, one needs to consider a modified density in order to achieve an equivalence to a
(modified) density factorization.

5. Independence and the support of A.

5.1. Independence characterization via the support of A. Throughout this section we
make the following explosiveness assumption

(B0) Ay £0) =Apy (€M) =AW xRV € {0,00}  forallv eV,

which means that all one-dimensional marginal measures Ay, of A are either infinite or
zero measures. It is much less restrictive than imposing homogeneity on the measure A;
however note that (E0) is always met for a —a-homogeneous A, since £ v} x RVM?} js a
scale-invariant set.

PROPOSITION 5.1 (Independence). Consider a partition (A, B) of V and assume (E0).
Then

AJ_B[A] — A(yA;éOAand yB#OB):O.

PROOF. The if statement follows trivially from the definition, since any Y ~ Pr for an
admissible R € R(A) is such that either Y4 =04 a.s. or Yp = 0p a.s. (the assumption (E0)
is not needed for this direction).

Now assume A | B [A] and that the support of A contains some y with y, # 0 and y; # 0
for some a € A, b € B. Note that A, is infinite by (E0), since it can not be a zero measure.
Furthermore, we may take ¢ > 0 small such that A(R, s N Rp5) > 0. Letting Y ~ Pp_ _ with
e € (0,6) we observe that
A(Ra 6) A(Rb,J N Ra,e)

=P(|Ya] 26, |Yy| = 0) = P(|Ya| = 6)P(|Ys| = 0) = ’

A(ng n Rb75>
A(Rq ) A(Ra:)  A(Rge)

Multiply both sides by A(R,.) € (0,00) and observe that A(Rpys N R, ) stays bounded,
whereas A(Rq ) = A(yq #0) =00 as e | 0. Hence A(Rq 5N Rp5) =0, a contradiction. M

Proposition 5.1 is closely related to the concept of asymptotic independence in extremes,
which we discuss in Section 8. We may rephrase the condition in Proposition 5.1 in a number
of ways, for instance in terms of the sets

(13) Hp={ye& : yrp=0npt= |J é&a
0#£ACD
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where
(14) Eax={yef  y;#0Vie A and yi:OViGV\A}:(R\{O})A X {OV\A}

is the sub-face of £ corresponding to the subset A C V; it should not be confused with
E4 =RA\ {04}. For convenience we summarize a few of these reformulations as follows.
Figure 2 provides an illustration.

COROLLARY 5.2. Consider a partition (A, B) of V' and assume (EO0). The following
statements are equivalent.
(i) AL BIA]
(i) A(EA X EP)=A(ya#04and yp#0p)=0
(iii) supp(A) CHaUHp
(iv) Aa=AY
(V) AB = A%

The independence characterization of Proposition 5.1 (or its extended reformulation
Corollary 5.2) only treats the case where (A, B) is a partition of V. Suppose that this is
not the case and denote by (A, B,C) a partition of V. We recall that by (11), A L B [A]
is equivalent to A | B [A4yp] and that (EO) for A implies (EO) for A g4up. Thus, applying
Proposition 5.1 to the measure A 45, we obtain

(15) ALB[A] < A(ya#04,yp#0B)=0 <= supp(A) C Hauc UHBuC.

Due to Lemma 3.3, we will often work with the statement A L B [AY 5]. If (E0) holds for
the reduced measure A%U p» Proposition 5.1 translates into the equivalence

ALBAYy B <= Aa#04,yp+#0p,yc=0c)=0
<= supp(A) CHAUHpU(E\Haup)-

When translating items (iv) and (v) from Corollary 5.2 to these situations, where A and B
are not a partition of V, but only disjoint, it is useful to take Lemma A.1 from Appendix A.1
into account.

5.2. Contraction semi-graphoid property (L4). 'We are now in a position to establish the
remaining contraction semi-graphoid property (L4). In order to do so, we need to strengthen
the explosiveness assumption (E0), so that it also holds for all underlying restricted measures:

ED  AD(ya#0) = (AD) (g (£
= A (& x RPMH x {0y p}) €{0,00}  forallde D C V.

,,,,,,,,,,,,,,,

Hyzy

FIG 2. lllustration of the sets Hp for V. ={1,2,3}. No mass of A\ outside of’H{LQ} and 7—[{3} corre-
sponds to {1,2} L {3} [A], see Proposition 5.1. No mass of A outside of Hy oy and Hyo 3y corre-
sponds to {1} L {3} [A], see (15).



14

Assumption (E1) means that all one-dimensional marginals (A%){d} of all restricted mea-
sures A% (including A = A%) are either infinite or zero measures. This necessarily entails
that also all one-dimensional marginals (Ap);qy = Agqy of all marginal measures Ap are
infinite or zero measures, hence (EO).

THEOREM 5.3.  Under Assumption (E1) conditional independence with respect to A as
defined in Definition 3.1 satisfies all four semi-graphoid properties (L1)—(L4).

PROOF. Properties (L1)—(L3) are already established in Proposition 3.5. To prove (L4), it
is sufficient to assume that the union of A, B,C, D is V'; see Lemma A.2.

First we establish (L4) for C' = (). That is, we show that for a partition (A, B, D) of V the
statements A | B [A]and A L D | B [A] imply A L BUD [A]. According to Proposition 5.1
we need to show that A has no mass outside of # 4 UH gup. Note that A | B [A] implies that
there is no mass outside of % 4up U Hpup, whereas A 1 D | B [A] implies A L D [A% ],
see Lemma 3.3, and thus all the mass of A on H 4 p must be contained in H 4 U H p. Sum-
marizing, supp(A) C (Ha UHp) U Hpup = Ha U Hpup, completing the first part of the
proof. Here we used the explosiveness assumption (EQ) for the measures A 45 and A%U D>
which follows from (E1).

Finally we prove the case C' # (). As a consequence of Lemma 3.3 and Lemma A.1
we see that A L B | C [A] implies A L B [AY g pl, whereas A L D|B U C[A] im-
plies A L D|B[A% gz p] (see Remark 3.4). Hence from the first step we readily get
A L (BUD)[AY g pl- According to Theorem 4.1 (ii) it is left to consider Y ~ Pp__
for c € C, € > 0, and to establish Y4 Ll Ypyp | Y. But the assumption in (L4) implies
Ya Ul Yp | Yo (see Lemma A.2) and Y4 1L Yp | Yeuc, and we apply the classical analogue
of (L4) to complete the proof. ]

REMARK 5.4. At first sight, the explosiveness assumption (E1) may seem restrictive.
However, it is a very natural condition for exponent measures and Lévy measures in the con-
text of infinitely divisible distributions; see Section 2.2. Importantly, for a —a-homogeneous
A as in (3), all measures AOD are —a-homogeneous and so Assumption (E1) is satisfied. In
addition, the necessity of this assumption (see Example 3.6) underlines the special role of the
origin in our setting, which is not apparent through the first three properties (L1)-(L3).

5.3. A modified density. Here we revisit the case when A has a density A with respect
to a product measure 1 = ), 1, - Let us first review the independence situation. Under
assumption (EO) the independence A | B [A] is equivalent to A(y4 # 04,y5 #0p) =0.In
this case

Ap(yp) =% (yp), for jup-almost all yp € EP for D € {A, B},

whereas A(y) = 0 for p-almost all y = (y4,yp) € EA x £B. So, unless we have the degen-
erate situation that the full measure A is entirely concentrated either on # 4 only or on Hp
only, a factorization of the form A(y) = A4 (y4)Ap(yp) for u-almost all y € £4 x £B cannot
hold true. Hence the density does not factorize on the product set where the marginals are
defined.

However, with a slight modification of the density, we can achieve a factorization, as long
it is tested only on the correct subsets of RV To this end, we will assume /1, ({0,}) > 0 for
all v € V, and we define for a non-empty D C V' the modified densities

_ ~ | Ap(yp) foryp € EP =RP\ {0p},
(16) Ap(yp) = {1/MD({OD}) for yp =0p,
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whereas Ay = 1. In particular, A(y) = A(y) for all y € £ =R" \ {0y }. As a special case of
the following result we will see that A | B [A] is equivalent to the factorization

Ay) = Aa(ya)Ap(yB)
for p-almost all y € € with either y4 =04 or yp =0p.

PROPOSITION 5.5. Assume (El) and that A has a p-density \, where 11,({0,}) >0
for all v € V. Then for a partition (A, B,C) of V with possibly empty C' the conditional
independence A L B | C [A] is equivalent to the factorization

(17) A)Ae(ye) = Aave (yaue)Asuc (ysuc)
Jor p-almost all y € RY \ {y : ya # 04,y # 0B,yc =0}

PROOF. For y = 0y the statement (17) is trivial; it follows simply from the factorization
of u({0y}) into the factors p,({0,}), v € V. On the set {yc # O¢} the factorization (17) is
that of A as in Theorem 4.6. In view of Theorem 4.6 it is therefore sufficient to check that
ALlB [A%U 5] is equivalent to the factorization of A for p-almost all y # Oy with yauc =
0auc or ypuc = 0Buc-

Indeed, according to Corollary 5.2 the independence A L B [AY ;] is equivalent to
Aya#04,y5 # 0p,yc = 0¢) = 0, which holds if and only if

(18) Aave(yave) = Ma(ya)/pe({0c}) = Ay)ns({08})

for p-almost all y # 0y with ypuo = 0puc, and the analogous statement with exchanged
roles of A and B holds. The equality (18) can be rewritten as

Ay)/uc({0c}) = Aavc(yaue)/mBuc({0Buc}),

which is the claimed factorization of A on {y € £ : ypuc = 0puc}. The same argument
applies with roles of A and B interchanged, and the proof is complete. ]

REMARK 5.6. If AL B|C[A],then A{y:ya#04,y8 # 0B,yc =0c}) = 0. Propo-
sition 5.5 does not need the entire extended explosiveness assumption (E1). It is sufficient to
assume (EO) for the reduced measure A%U p instead, which is guaranteed by (E1).

5.4. A generic construction. To conclude this section we give a constructive example
of a measure A in d = 3 dimensions with index set V' = {1,2,3} such that the conditional
independence {1} L {3} | {2} [A] holds. As a dominating product measure ;. we take

d d
(19) p(dzy, ..., dzg) = ®,ui(dxi) = ®(dx, + do(dx)),
i=1 i=1
where dg is the point mass at 0. As building blocks, we employ two bivariate densities r;;
for (i,5) € {(1,2),(2,3)} defined on (0,00)? with identical univariate marginal densities
ki(yi) = m(yi), yi € (0,00), for all i € V. As in (B) we further assume that the marginal
measure on (0, 00) defined by the density m puts finite mass on sets bounded away from 0.
For each of these bivariate densities r;; we can add mass on the axes to define a density with

respect to the measure f1;; = j1; @ 1 on Ef = [0, 00) {71\ {0453} by

20)  Nij(yij) = Pij Ly 0y Fis (Uig) + @i g0y m () + dij L gumoym(ys),  vis €Y,

where p;; € [0,1] is a mixture probability and g;; = 1 — p;;; the case p;; = 0 implies inde-
pendence between components 7 and j in the sense of Proposition 5.1.
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By construction, the marginal densities of \;; also satisfy A;(y;) = m(y;) fori e V. We
can combine these two bivariate densities using the modified densities in (16) into a trivariate
density

(21) Ay) = Ma(y12) 23 (y23) /A2 (y2),

forany y € 4\ {y:y1 #0,y3 # 0,y2 = 0}, and A(y) = 0 otherwise. To be more precise,
we can write this out in terms of the densities \;; and obtain for any y € £,

AMy) = M2(y12) A2s(y23) /m(y2), Y2 #0,
A(91,0,0) = A12(y1,0), y1#0,
A0,0,3) = A23(0, y3), ys #0,

Ay1,0,y3) =0, Y1 #0, y3 #£ 0.

The corresponding measure is determined for any Borel set A C £, bounded away from the
origin, by

A(4) = /A A(w)(dy).

By construction, A has identical marginals A(y; > u) = [ m(y)dy, u >0, i € V, and it
satisfies the finiteness condition (B). Indeed, for any set A C £; bounded away from the
origin there exists € > 0 such that A C L. = £, \ [0, €]%, and therefore
o
A(A) <A(Le) < ZA(% >€) = d/ m(y)dy < oo.

eV €
The measure A also satisfies the conditional independence {1} L {3} | {2} [A] according
to Proposition 5.5. If 0 < pj2,p23 < 1 then the density of A puts mass on every sub-face
of &4 = [0,00)3 \ {0} except for {y: y1 > 0,92 = 0,y > 0}. Indeed, the latter is the only
sub-face that cannot contain mass in this situation if A satisfies the explosiveness assumption
(E1); see Lemma 3.3 and Proposition 5.1. Further details and an illustration of this construc-
tion are provided in Appendix B. Concrete examples of this construction involving either
the homogeneous measure from Example 2.2 or the non-homogeneous measure from Exam-
ple 2.1 will be given in Sections 8.1 and 8.2, respectively.

6. Undirected graphical models.

6.1. Fundamentals. For the fundamental definitions we follow again the axiomatic ap-
proach to conditional independence as in Lauritzen (1996), from which we also adopt relevant
notions that characterize relations in a graph. Let our index set V' coincide with the vertex set
(node set) of an undirected graph G = (V, F) with set of edges E. The subset C is said to sep-
arate A from B if all paths from any of the nodes of A to any of the nodes of B necessarily
intersect with C.

DEFINITION 6.1. The measure A satisfies the global Markov property with respect to an
undirected graph G if A L B | C' [A] for any disjoint subsets A, B, C' where (possibly empty)
C separates A from B. In this case we say that A is an undirected graphical model on G.

REMARK 6.2. In Definition 6.1, it is sufficient to consider only partitions (A, B,C') of
V. 1If (A, B,C) is instead a triplet of disjoint subsets of V' not forming a partition, one can
enlarge the subsets A and B so that separation still holds, i.e. there exist subsets A’, B’, such
that (A’, B’, C') forms a partition of V' with A C A’, B C B’ and C separates A’ and B’; and
according to the semi-graphoid property (L2) A’ L B'| C [A] implies A L B | C' [A].
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Throughout this section we will further assume that the measure A satisfies our fundamen-
tal explosiveness assumption (E1). This allows us to apply the independence characterization
in Proposition 5.1 to any restricted measure AY, for () £ D C V and is important as the con-
dition A 1 B [AOAU ] appears always when checking conditional independence statements;
see Section 4. It has critical implications on the support of A. The following simple result is
a direct consequence of Lemma 3.3 and Proposition 5.1 and helps understanding where A is
allowed to have mass.

COROLLARY 6.3. Assume (El) and that A is globally Markov with respect to an undi-
rected graph G. Then A(ya # 04, yp # 0B, yo = 0¢) = 0 for any disjoint subsets A, B,C
where (possibly empty) C separates A from B.

Assumption (E1) ensures the validity of all four semi-graphoid properties (L1)—(L4);
see Theorem 5.3. This implies that various standard results for conditional independence
in the probabilistic setting carry over automatically to the A-based conditional independence,
as they only rely on these properties. For example, the global Markov property implies the
local Markov property, which in turn implies the pairwise Markov property (see Lauritzen,
1996, Prop. 3.4).

The theory of conditional independence and graphical models in the case where A has
no mass on any of the lower-dimensional sets Hp defined in (13) is similar to the classical
theory of probabilistic graphical models, and issues arising from the special role of the origin
can then be avoided. Our main focus in this section is therefore on the general case with mass
on several lower-dimensional sub-faces, which is highly desirable in applications for instance
in extremes; see Section 8.

6.2. Decomposable graphs. Decomposable (or chordal) graphs are an important sub-
class of general graphical structures. A triple of disjoint subsets (A, B, .S) is a decomposition
of Gif AUBUS =1V and a fully connected S separates A from B. A graph is then called
decomposable if it can be reduced to a set of cliques C (i.e., maximal fully connected sub-
graphs) via decompositions. Importantly, a graph is decomposable if and only if it has the
following running intersection property (e.g. Lauritzen (1996) Prop. 2.17 or Maathuis et al.
(2019) Section 1.6): there exists an ordering of its cliques C1, ..., C}, such that for all j < n:

* Sj:=Cj41ND; CC;forsome i < j, where D;j = |, Ci;
o the multiset S = {S1,...,S,_1} is independent of the ordering,
and it is comprised of all minimal fully connected separators of G.

We note that S is a multiset since it may contain the same set several times, and it contains
the empty set if G is disconnected. Figures 3 and 4 illustrate two examples of such graphs
with their cliques and separators.

FIG 3. A decomposable graph with (maximal) cliques C = {{1,2},{2,3},{2,4},{4,5,6},{4,5,7,8}}
They are separated by the (minimal) separators S = {{2},{2},{4},{4,5}}. Note that S is a multiset.
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For classical probabilistic graphical models, the Hammersley—Clifford theorem (Lau-
ritzen, 1996, Theorem 3.9) states that the global Markov property on a decomposable graph
is equivalent to the factorization of the density of the model into marginal densities on the
cliques. Considering instead the measure A with density A, we obtain a similar result. If all
mass of A is concentrated on &y = {y : y; # 0Vi € V'}, then the global Markov property in
Definition 6.1 is equivalent to

(22) Aw) [T Asws) = [T Ae(wo),

Ses cecC

for p-almost all y € £ with y; # 0 for all ¢ € V. This statement is a special case of the much
more general Theorem 6.4 below; see also Engelke and Hitz (2020, Theorem 1) who showed
such as factorization for homogeneous measures A in the context of extreme value theory.

As we turn to the general case with possible mass on several lower-dimensional subsets
Hp, D C V,aninteresting twist of the A-conditional independence theory appears compared
to the classical probabilistic theory. The factorization (22) for A is in general no longer equiva-
lent to the global Markov property and the modified densities A defined in (16) become instru-
mental. Our main theorem of this section is a characterization of the global Markov property
of A in the spirit the classical Hammersley—Clifford theorem. For its proof, we need an aux-
iliary result, Proposition C.1 in Appendix C.1, which allows us to derive the global Markov
property from a decomposition into a globally Markov sub-graph and a clique. Its proof is
based on the four semi-graphoid properties (L1)—(L.4), and therefore Assumption (E1) is crit-
ical again. We define for an undirected graph G = (V, E) the set

Z:Z(g>: U {yERV:ya#(Lyb#ovyS:OS}a
a,beV,Ses:
S separates a from b

and observe that A being globally Markov for G implies A(Z) = 0 by Corollary 6.3.

THEOREM 6.4. Assume that A satisfying (E1) has a density A with respect to a product
measure [y with p,({0,}) > 0, and the graph G is decomposable. Then A is globally Markov
if and only if

(23) M) [T Xs(ws) = ] 2elyo)

SeS cec

for p-almost all y ¢ Z(G), and Ay = 1 by convention.

The proof of this result is based on an inductive argument using the running intersection
property for decomposable graphs and given in Appendix C.2.

REMARK 6.5. In the setting of Theorem 6.4, if A is globally Markov for G, we have that
A(Z) =0Dby Corollary 6.3. Hence A(y) = 0 for p-almost all y € Z in this situation. However,
it is important to note that this is not(!) true for the right hand side of (23). A simple example
of this phenomenon becomes apparent from the construction of Section 5.4; see Table 2 (the
sixth row) in Appendix B.

REMARK 6.6.  Alternatively to the factorization of X in Theorem 6.4, one may be tempted
to consider instead a characterization of the global Markov property via the factorization of
A as in (22) on the set where all the relevant marginals are defined together with respective
support assumptions as in Corollary 6.3. However, first, such a factorization cannot hold for
a globally Markov A on a disconnected graph as discussed in Section 5.3. Second, although
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the factorization of A does hold for a connected graph when A is globally Markov, one needs
to be cautious with the converse implication; one may not deduce the global Markov property
from the factorization of A alone. In Appendix C.3 we give an example that illustrates this
caveat.

Collectively, this shows that factorization of A is not a suitable characterization of Markov
properties of A on an undirected graph, and that the modified densities A are the more natural
object for this purpose.

7. Directed graphical models.

7.1. Fundamentals. In this section we consider a directed acyclic graph (DAG) G with
vertex set V. The classical definition of the directed Markov properties require the following
graph notions; see Lauritzen (1996) for details. Let pa(v), an(v) and de(v) denote parents,
ancestors and descendants of v € V, respectively. The ancestral set of a subset A C V' in
a DAG @G is defined as A together with all the ancestors of every vertex in A. The moral
graph of G is an undirected graph obtained by connecting the parents of every vertex in G
and dropping the directions of the original edges. The following directed Markov properties
are again in line with the axiomatic approach to conditional independence.

DEFINITION 7.1 (Directed Markov properties). (DL) We say that A satisfies the directed
local Markov property with respect to the DAG G if for every vertex v € V/

v LV\ ({v} Ude(v) Upa(v)) | pa(v) [A]

(DG) We say that A satisfies the directed global Markov property with respect to G if for
every triplet of disjoint subsets (A, B,S) of V it holds that A L B | S [A] if A and B are
separated by S in the moral graph of the ancestral set of AU BU S.

An alternative equivalent characterization of the global Markov property via the concept
of d-separation is also possible (e.g., Lauritzen, 1996). Further, it is shown in Lauritzen et al.
(1990, Prop. 4) that in the classical setting the two properties (DL) and (DG) are equiva-
lent. The proof only requires properties (L1)—(L4) of the classical conditional independence,
and so due to Theorem 5.3 this is also true in our setting as long as A satisfies our basic
explosiveness assumption (E1).

COROLLARY 7.2. Assume A satisfies (E1) and V' is the vertex set of a DAG G. Then A
satisfies (DG) with respect to G if and only if A satisfies (DL) with respect to G.

7.2. Recursive max-linear models. Recursive max-linear models introduced by Gissibl
and Kliippelberg (2018) received a lot of attention in recent years (e.g., Améndola et al.,
2022; Gissibl, Kliippelberg and Otto, 2018; Gissibl, Kliippelberg and Lauritzen, 2021). They
are defined on a DAG G by

(24) X;= \/ Bi; X;V Bii €, eV,

Jj€pal(i)
where 3;; > 0 and ¢; ~ F; are independent non-negative random variables. It is a special
case of the classical recursive structural equation model and as such X satisfies the classical

probabilistic (DL) property (cf., Pearl, 2009, Thm. 1.4.1). Note that 3;; corresponds to the
arc j — 4 in the graph G, which is a common notation in the literature.
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The recursive equation (24) can be rewritten as

25  Xi=\/ e, i€V, wih y;= \ [ Bw ijeV
JjeV pepaths;; (k—l)ep

where paths; is the set of paths from j to ¢ with the additional convention that each path
starts with the (j — j) transition, and y;; = 0 for empty paths;.

Such a model without a restriction on the non-negative -;; is called max-linear. It is im-
mediate that max-linear models are always max-infinitely divisible since every univariate
random variable ¢; is max-infinitely divisible. We additionally assume that

(26) inf{z: Fj(z) >0} =0, jev,

which guarantees that X satisfies (4) and so the exponent measure A is finite away from the
origin. Let us further recall that the support of this measure consists of |V| rays, each spanned
by a column (+.5) (e.g., Yuen and Stoev, 2014).

LEMMA 7.3. Let A be the exponent measure of the recursive max-linear model (24)
satisfying (26). Then A is given by

AME)=) nj({t>0:ty; € E})
JjeVv
for measurable E C &, where ~y.; denotes the j-th column of the |V'| x |V'| matrix (v;;) and
1; denotes the exponent measure of € ;.

PROOF. From (5), it is immediate that

AENa) = > millaj,00) with aj= N\ @i/

jEV:’y.j;éOV iGV:'y,,j>0

It suffices to note that the case «y.; = Oy cannot appear due to 7;; > 0 and that for ¢ > 0 we
have that ¢t > a; if and only if ¢tv.; € £ \ [0, 2], while sets of the form &, \ [0,z] form a
separating measure-determining class.

The restricted measures AOD for ) £ D C V are also readily obtained from Lemma 7.3 and
given by

AYE)= > n({t>0:typ; € E})
JEV :vp; #0p
Yvapy; = 0vip
for measurable £ C £ f . The measure A% is supported on the rays spanned by the columns
(7.j) (restricted to the D-components), whose complementary V' \ D-components are all
equal to zero, if such columns exist; otherwise A% = 0. In particular, if not null, A}, corre-
sponds itself to a max-linear model for a subset of the innovations ().

LEMMA 7.4. Let A be the exponent measure of the recursive max-linear model (24)
satisfying (26). If F;; has no mass at 0 for all j € V, then A satisfies (E1).

PROOF. Since each of the restricted measures AY, corresponds itself to another max-linear
model for a subset of (&) if not null, it is sufficient to prove (E0). Now for any v € V,¢ > 0

AMyo>t)= Y n((t/w00) == > logFj(t/v),
JEV 17,;>0 JEV 17,;>0

which either converges to co as ¢ | 0 (because F);(0+) = 0 by assumption) or remains 0 when
all ,; = 0. |
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The main result of this section shows that the exponent measure A of a recursive max-
linear model (24) satisfies also the properties of a directed graphical model with respect to
its underlying graph G in the sense of Definition 7.1 (in addition to X being a classical
probabilistic graphical model with respect to G).

THEOREM 7.5. Consider the recursive max-linear model in (24) defined on a DAG G
and satisfying (26). Then the corresponding exponent measure A\ satisfies the directed local
Markov property (DL) on G. It also satisfies the directed global Markov property (DG) on G
ife; >0foralljeV.

PROOF. In view of Lemma 7.4 and Corollary 7.2, it is sufficient to show (DL). In other
words, we need to establish A L B | S [A] for an arbitrary vertex v € V and A = {v}, S =
pa(v), B=V\ ({v}Ude(v) Upa(v)). This is the same as conditional independence for the
marginal measure Aaupus = Ay \de(v)» Which is the exponent measure of the original max-
linear model (24) with (X;,¢;), i € de(v) removed. Thus, we may assume that v is a terminal
node (it has no children), and hence (A4, B, S) is a partition of V.

Let us first consider the measure A%U B= A?/\pa(v), which is supported by the rays corre-
sponding to the columns +.; with the index j such that -y,; = 0 for all parent nodes p € pa(v).
Now either 7,; = 0 or v = j, and in the latter case 7;, = 0 for all ¢ 7 v since v is terminal, in
particular for i € B. Thus, we obtain A 1 B [AY p].

Next, suppose that there is a pair of indices (i, 7) such that

vsi = cys; # Os

for some ¢ > 0. Then, since S = pa(v), both ¢ and j are ancestors of v and it holds that

Yvi = \/ Bfupf}/pi =c \/ ﬁvp’}'pj = CYyj-

pEpa(v) pEpa(v)

Hence the two rays (corresponding to 7.; and +.;) projected on pa(v) U {v} result in the same
ray. Choose any p € pa(v) and consider the random vector Y ~ P R,. With R, - asin (12). It
is clear from the above proportionality that conditioning on Yg renders Y,, a constant. Hence
Y, is independent of Y given Yg and the proof is complete in view of Theorem 4.1 (ii). H

REMARK 7.6. Beyond establishing the (DL) property for A, the proof of Theorem 7.5
also reveals a certain degeneracy of the recursive max-linear model. That is, conditioning on
the parents identifies their common child. More precisely, the kernel 1,5, (ypa(v), -) has a
deterministic v-th component for A, (,-all values of Yy, () # Opago)-

The recursive max-linear models are not faithful as a classical directed graphical
model (see Améndola et al., 2022). That is, X typically will satisfy additional conditional in-
dependence properties which can not be inferred from the graph. This continues to be true for
the respective A-graphical model as can be verified for instance by using the same diamond
graph example as in Améndola et al. (2022).

7.3. Recursive infinitely divisible models. By replacing the maximum operation with the
sum operation we obtain another basic example of a structural equation model:

27 Xi= Y BiyXj+Buci=» viej i€V,
jepali) jev

where f3;; # 0 and ~;; is given by (25) but with maximum replaced by the sum over the
paths from 5 to ¢. This is again a directed graphical model with respect to the underlying
graph (Pearl, 2009, Thm. 1.4.1). Misra and Kuruoglu (2016) assume that &; are mutually
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independent a-stable random variables, making X a multivariate a-stable vector. More gen-
erally, we may consider €; to be independent infinitely divisible random variables, and so X
is infinitely divisible.

We remark that, while every univariate distribution is max-infinitely divisible, it is not nec-
essarily infinitely divisible. This explains the need for the extra assumption on the innovation
terms €, in order to employ the framework of infinitely divisible vectors and respective Lévy
measures.

LEMMA 7.7. If all €; are infinitely divisible, then the Lévy measure of the infinitely di-
visible X defined in (27) is supported by the rays spanned by .;.

PROOF. Consider the respective Lévy processes ¢;(t) and X (t), and recall that their in-
dependence implies that they do not jump simultaneously a.s. (Sato, 2013). Thus, every jump
of X (t) arises from a jump Ac;(t) of a single £;(¢), and therefore it has a form ~.;Ae;(t).
These jumps belong to the ray spanned by ~.; and the proof is complete. ]

Thus, the Lévy measure A has the same form as the exponent measure A corresponding to
the recursive max-linear model, and so we arrive at the analogue of Theorem 7.5.

COROLLARY 7.8. Consider a recursive linear model in (27) defined on a DAG G such
that all €; are infinitely divisible. Then the Lévy measure A corresponding to infinitely di-
visible vector X satisfies the directed local Markov property (DL) with respect to G. It also
satisfies the directed global Markov property (DG) with respect to G when the Lévy measures
of €j explode at O forall j € V.

PROOF. In light of Lemma 7.7, the proof of Theorem 7.5 can be repeated almost verba-
tim for the present situation (replace maximum by sum when expressing -,;) to establish
(DL). Note that the arguments do not depend on A being supported by the positive orthant.
Furthermore, we may establish (E1) similarly to the proof of Lemma 7.4, where we note that

Allyol > 1) =i (lyr0i] > 1),
Jjev
where 7); is the Lévy measure of ¢;. If all n); are exploding at 0, the limit (as t — 0) is either
0 or oo. ]

8. Relation to conditional independence in extremes. In this section we discuss the
implications of our results on several aspects in the study of sparsity in multivariate extreme
value models. When studying limit theorems in this field, the sub-class of exponent measures
A on the space £, = [0,00)%\ {0} plays a central role. To any such measure we can associate
a max-infinitely divisible random vector Z = (Z; : i € V') with distribution function

(28) Ga(z) =exp{-A(E+ \[0,2])}, ze€&y.

Up to a marginal standardization, these distributions G5 are the only possible limits of tri-
angular arrays of maxima (Balkema and Resnick, 1977; de Haan and Resnick, 1977). In the
following we assume that A has the same marginal measures A(u) := A(y; > ) > 0 for all
u € (0,00) and 7 € V, so that each univariate survival function P(Z; > u) = 1 —exp(—A(u))
is asymptotically equivalent to A () in the sense that

(29) lim (%> %)

=1.
U—00 A(u)
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The strength of dependence between the largest observations of the components i-th and j-th
component of Z can be summarized by the extremal correlation coefficient

Ay, >u,y; >u
(30) X = I P(Z; > | Z; > u) = lim (v : (;j;f > u)
whenever the limit exists and where the second equation follows from a simple Taylor expan-
sion. Two dependence regimes are usually distinguished: if ;; > 0 we speak of asymptotic
dependence between i, j € V, and if x;; = 0, we say the components are asymptotically in-
dependent. Accordingly, this section is structured as follows.

In Section 8.1 we focus on the case of asymptotic dependence, where a homogeneous
measure A can be used to fully describe the extremal dependence properties. Asymptotically
independent models are far more complex to describe mathematically. Section 8.2 provides a
concrete example of such a max-infinitely divisible distribution that shows how our theory on
density factorizations of general A measures opens the door to a new theory of asymptotically
independent graphical models. Finally, Section 8.3 connects extremal graphical models to
other sparsity notions and the field of concomitant extremes.

€0,1],

8.1. Extremal graphical models. Let X > 0 be a random vector and assume for simplic-
ity that it has heavy-tailed marginal distributions with common tail-index o« > 0. In the case
of asymptotic dependence, there are two different, but closely related classical approaches
for describing the extremes of the multivariate distribution of X.

The first approach is concerned with scale-normalized componentwise maxima

a(n)”' max X®
i=1,2,....n
of independent copies X9 of X, where a(n) > 0. The only possible limit laws of such
maxima as n T oo are max-stable with distribution function (28), where the exponent mea-
sure A satisfies (B) and is —a-homogeneous as in (3). In particular, the distribution GG has
necessarily a-Fréchet marginals.
The second approach studies the distribution of the scale-normalized exceedances

u ' X | max Xj>u
j=1,...,d
of the random vector X, conditioning on the event that at least one component X; exceeds
a large threshold u. The only possible limits of these peaks-over-threshold as u 1 co are
multivariate Pareto distributions (Rootzén and Tajvidi, 2006), whose probability laws are
induced by a homogeneous measure A on the (non-rectangular) set £ = £, \ [0,1]¢ and take
the form P, (dy) = A(dy)/A(L).

An apparent connection between these two approaches is the exponent measure A, which
characterizes distribution functions of both, multivariate max-stable distributions and multi-
variate Pareto distributions. In fact, the connection is due to a fundamental limiting result,
which links the two approaches via regular variation. This has been neatly summarized and
extended in Dombry and Ribatet (2015, Thm. 1). We only recall here that

(31 a(n)™ max XO Gy < u'X| max X;>u—"Pg,

i=1,2,...,n j=1,...,d
where a(n) is the (1 — 1/n)-quantile of max;—; _4X;. In addition each of these limit-
ing statements is equivalent to the regular variation of the random vector X with limit-
ing measure A in the sense that the measure uP(a(u) !X € -) converges vaguely to A on
€4 =10,00]%\ {0}, denoted by X ~ RV (A). In other words, for a given X ~ RV (A)
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the corresponding max-stable distribution G and multivariate Pareto distribution P, are
associated via the same exponent measure A.

It seems therefore natural to approach conditional independence for multivariate extremes
in terms of the exponent measure A. We start by linking known versions of extremal (con-
ditional) independence to the A-based conditional independence introduced here in Defini-
tion 3.1, where A assumes now the role of the associated exponent measure. Recall that such
exponent measures naturally satisfy our key explosiveness assumption (E1) due to their ho-
mogeneity; see Remark 5.4. When writing (X4, Xp) € RV} (A) below, we tacitly assume
that (A, B) constitutes a partition of V, and analogously (X 4, Xp, X¢) € RV (A) implies
(A, B,C) being a partition of V.

DEFINITION 8.1 (Traditional extremal independence). Let (X4, Xp) € RVL(A), then
X 4 and X g are said to exhibit extremal independence, denoted by

Xaly Xp,

if we have classical independence Z4 Ll Zp for Z ~ Gy .

A first observation is that the notion of traditional extremal independence coincides with
our new notion of independence with respect to the exponent measure A, since both state-
ments are equivalent to A(y4 # 04,y5 # 0) = 0; see Proposition 5.1 and, for instance,
Strokorb (2020).

COROLLARY 8.2. Let (X4,Xp)€RVLE(A), then X4 Ly, Xp ifand only if A 1 B [A].

REMARK 8.3. If we consider more generally Z ~ G5, where A is not necessarily ho-
mogeneous, but still satisfies the basic assumptions (B) and (EO), then also Z4 1l Zp if and
only if A L B[A].

One might be tempted now to extend Definition 8.1 to extremal conditional independence
in a similar manner. However, it was shown in Papastathopoulos and Strokorb (2016) that this
leads to a flawed approach if one considers models G, with a positive continuous density.
Instead two other routes have been successfully pursued. Gissibl and Kliippelberg (2018)
study spectrally discrete structural models in the maxima setting where G5 does not admit a
density; see also Section 7.2. In contrast, Engelke and Hitz (2020) study extremal conditional
independence for multivariate Pareto distributions and propose in essence the following def-
inition.

DEFINITION 8.4 (Extremal conditional independence based on Engelke and Hitz (2020)).
Let (X4,Xp,Xc) € RVE(A), then X4 and Xp are said to exhibit extremal conditional
independence given X, denoted by

XaleXp|Xc,

if we have classical conditional independence Y 1L Y | Yo forY ~Pr, , = A(dy)/A(Ry1)
forallveV.

REMARK 8.5. Engelke and Hitz (2020) only consider the case where A has a Lebesgue
density on £, and therefore no mass on any of the sub-faces £p, D C V for D # V. They
show in this case that it suffices to verify classical conditional independence in the above
definition for one v € C' in the conditioning set. Our Lemma A.7 in the Appendix shows that
indeed any v € V is sufficient, even if v € V'\ C..
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Since the exponent measure A is homogeneous, it is an immediate consequence of Theo-
rem 4.1 (see also Remark 4.2) that the extremal conditional independence from Definition 8.4
and our A-based conditional independence coincide. To be precise, we may formulate this
finding as follows. In particular, we would like to stress that it is valid for any homogeneous
exponent measure A without further assumptions; A need not have a Lebesgue density and
C = () is allowed.

COROLLARY 8.6. Let (X4, Xp,Xc) € RVE(A), then
XAJ_GXB‘XC — AJ_B’C[A].

In particular, this includes the case C = ().

Originally, Engelke and Hitz (2020) excluded the independence case C = (), as their ap-
proach is based on working with a Lebesgue density of A and does not allow for positive
mass on the lower-dimensional subsets H 4 U H p; in view of Proposition 5.1 we know that
mass on such subsets is crucial for the independence case. In our new setup, Definition 8.4
and Corollary 8.6 naturally encapsulate the case C' = () and it is furthermore in line with the
traditional notion of extremal independence. We have seen now that for (X 4, X5) € RV (A)

X4l XB — XaleXp — A1 B A

The first equivalence has already been shown in Strokorb (2020).

In Corollary 8.6 it is also possible to consider discrete spectral measures, which builds
a bridge to the structural max-linear models (24) from Gissibl and Kliippelberg (2018); see
Section 7.2. Theorem 7.5 shows that we recover all the conditional independencies that are
encoded in the structural model equations also within our A-based notion of conditional
independence.

REMARK 8.7. Instead of restricting oneself to the cone £; = [0,00)% \ {0}, we can
also consider a random vector X on &£ that is regularly varying in the sense that there
exists a scaling function a(u), such that ulP(a(u)~'X € -) converges vaguely to a mea-
sure A. Definition 8.4 and Corollary 8.6 also carry over naturally to the situation when
(X4, XB,Xc) €RVy(A).

Extremal graphical models have been applied to assess flood risk (Asenova, Mazo and
Segers, 2021; Rottger, Engelke and Zwiernik, 2023), financial risks (Engelke, Lalancette and
Volgushev, 2021) and large delays in flight networks (Hentschel, Engelke and Segers, 2022).
The parametric family of Hiisler—Reiss distributions (Hiisler and Reiss, 1989) can be seen as
the analogue of the multivariate Gaussian distribution in extremes, and it is so far the only
one used in these kind of statistical applications. One advantage of our new theory here in
the context of extremal graphical models is that we lay the foundation to construct much
more general models than in Engelke and Hitz (2020), overcoming key limitations that were
pointed out in its discussion part. In particular, we do not require Lebesgue densities and
the exponent measure A can have mass on lower-dimensional sub-faces of £,. Importantly,
the graph can therefore have unconnected components, which corresponds to asymptotically
independent groups of variables. The following example provides a generalization of the
widely used Hiisler—Reiss distributions that makes use of all of the above features.

EXAMPLE 8.8. Let V ={1,...,d} and suppose that G = (V, E) is a forest, that is, a
graph where each connected component is a tree. The (maximal) cliques of such a graph are
its edges together with its isolated points, cf. also Figure 4, i.e. C = E'UZ, where Z consists
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FIG 4. A forest with cliques C = {{1,2},{2,3},{2,4},{5,6},{6,7},{7,8},{7,9},{10}} (edges and
isolated singleton {10}) separated by separators S = {{2},{2},0,{6},{7},{7},0}. The empty set
appears twice in S, as the forest consists of three connected components. For each node i € V =
{1,...,10}, the singleton {i} appears d; — 1 times in S, where d; is the degree of i in the forest.

of isolated singletons {i}. The separator multiset S is also comprised of two kinds of sets; on
the one hand empty sets separating connected components and on the other hand singletons
{i} that are separating edges. The multiplicity of each singleton {4} in the multiset S is d; — 1
if d; denotes the degree of ¢ in the forest. Similarly, the empty set appears once less than the
number of trees.

We work with the same setup as in the example in Section 5.4 and assume a dominating
product measure of the form (19). As building blocks for any edge {i,j} € E we use the
bivariate Hiisler—Reiss densities (e.g., Engelke et al., 2015) given by

1
\/ 27TFij
where I';; € (0,00) are the corresponding dependence parameters on the edges as in Exam-
ple 2.2; note that these densities are —3-homogeneous and have univariate marginal densi-
ties m(y) = y~2. As in Section 5.4, we let \;; be the corresponding densities on EY with
masses on the axes as in (20) with mixture parameters p;; € (0, 1], {7, j} € E. Recall that the

marginal densities of \;; are by construction m(y;) and m(y;), respectively.
The exponent measure density of a Hiisler—Reiss forest is defined as

(32)  Kii(yij) = v 2y; "t exp{—[log(y; /i) + Ti;/2°/(2Tij)}, wi € (0,00)%,

(33) A(y) = htsser X0 0) IT >,
H{i}ES AZ (yl) {i}eT

for p-almost all y € £1 \ Z(G), and it is implied that A\(y) = 0 otherwise. By construction,
the corresponding measure A on & = [0,00)" \ {0y} is —1-homogeneous with marginal
densities \;(y;) = m(y;) = y; *. By Theorem 6.4 it is an undirected graphical model on the
forest G.

We write ¢ <+ j if ¢ and j are connected, and i <+~ j otherwise. In the former case, we
denote by path,; the set of all edges on the unique shortest path between i and j in G. We
can explicitly express the extremal correlation between arbitrary nodes ¢,j € V as

{2—2@(\/1?'/2)} H pst  fori< g,
Xij = (s,t)€path,;
0 for i < 7,

where ® is the standard normal distribution function, and the I';; = Z( st)epath, Iy are
the tree-completed Hiisler—Reiss coefficients for all 7 <+ 7 (e.g., Asenova and Segefs, 2023;
Engelke and Volgushev, 2022); see Appendix D.1 for the proof. This means that nodes in
different connected components are asymptotically independent.
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8.2. Asymptotic independence. In the previous section we have discussed the implica-
tions of our results for asymptotically dependent models, where a homogeneous measure A
characterizes the extremal limits. The theory of this paper is much more general and allows,
for the first time, to define non-trivial A-based graphical models in the regime of asymptotic
independence. In general, there is no unified way of describing the dependence structures of
all asymptotically independent distributions, and different approaches exist, including hidden
regular variation (Resnick, 2002), conditional extreme value models (Heffernan and Tawn,
2004) or scale mixtures (Engelke, Opitz and Wadsworth, 2019; Wadsworth et al., 2017).

Another possibility to construct distributions that exhibit asymptotic independence is given
by a max-infinitely divisible distribution Z with distribution function (28) with suitable non-
homogeneous exponent measure A; here we also assume equal marginal measures with
A(u) > 0 for all u € (0,00). In this case, the extremal correlations in (30) are not infor-
mative since they satisfy x;; = 0 for all 7,5 € V. Following the approach of Ledford and
Tawn (1996, 1997), a refined residual tail dependence coefficient n;; € (0,1] can be defined
through

34) P(Zi > u, Z; > u) = i (P(Zi > u) " )P(Z; > u) /™,

where /;; is a slowly varying function; see Appendix D.3 for a review of some fundamental
properties of slowly varying functions. Due to (29), the relation (34) is equivalent to

(35) P(Z; > u, Z; > u) = L (A(u) " )A(u) /0

for a slowly varying function @j, cf. also Lemma D.6. The coefficient 7);; characterizes the
decay rate of the joint exceedance probability relative to the univariate survival function. We
speak about positive and negative extremal association between Z; and Z; if n;; € (1/2,1]
and 7;; € (0,1/2), respectively, and about near independence if 1;; = 1/2. For max-infinitely
divisible distributions we cannot obtain negative extremal association and the joint survival
function P(Z; > u, Z; > u) is asymptotically equivalent to the joint survival function of the
exponent measure A(y; > u,y; > u) for positive extremal association. A proof for this result
is given in Appendix D.2.

LEMMA 8.9. Let Z be a max-infinitely divisible distribution with residual tail depen-
dence coefficient 1;; as in (34) or (35). Then 1;; > 1/2 for all i,j € V. If n;j > 1/2 we have
that

Ay > u,y; >u)

36 li =1
(36) ul—>nolo P(Zi >U,Zj >u)

and
(37) A(yi>u,yj >u) :Ej(A(u)*l)A(u)l/ﬁ”7

for a slowly varying function Ej and 1;; = 1;;.
Conversely, if (37) holds for some 1;; > 1/2, this entails (36) as well as (34) and (35) with
Nij = Nij-

REMARK 8.10. It is known that max-infinitely divisible distributions are positively as-
sociated in the usual sense (Resnick, 2008, Prop. 5.29). The above result confirms that this
translates into extremal positive association. In many practical examples we have indeed
ni; > 1/2, however for 7;; = 1/2 (the near independence case) one has to be careful. Con-
sider for instance the situation where Z; and Z; are independent. Then the limit in (36) will
be zero (instead of 1) and the joint survival functions are no longer tail-equivalent.
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An example for an exponent measure that induces an asymptotically independent max-
infinitely divisible distribution Z exhibiting positive association is the bivariate Gaussian type
measure A, in Example 2.1 with correlation p > 0. By construction, in this case (71, Z3) is
a bivariate log-Gaussian distribution, which is asymptotically independent with residual tail
dependence coefficient

I+p

n=—5

In order to construct examples in higher dimensions d > 2 with graphical structure, we can
draw on the density factorization in Theorem 6.4.

Here we consider the most basic construction on the chain graph G = (V, E)) with nodes
V =1{1,2,3} and edges E = {(1,2),(2,3)}. Following the example in Section 5.4 with no
mass on the axes, we consider bivariate measures A1 and A3 that are equal to the densities
of the log-Gaussian exponent measures A, with correlations pi2, p23 > 0, respectively. We
note that they share the same univariate marginal density A\ = Ay = A3. Setting

(38) AMy) = M2(y12)Aa3(y23)/ M2 (y2), vy €&y,

we obtain a trivariate density that induces a valid exponent measure A and a corresponding
max-infinitely divisible distribution Z = (Z1, Z2, Z3). By construction, the exponent mea-
sure A with density (38) is an undirected graphical model on the chain graph G.

PROPOSITION 8.11. The max-infinitely divisible distribution Z with exponent measure
A with density (38) is asymptotically independent with residual tail dependence coefficients

1+ p12 o 14 pa3 . _ 14 p12pas
9 ) 723 9 ) s 2 .

m2 =

We provide a proof of Proposition 8.11 in Appendix D.3. This result resembles the cor-
responding residual joint asymptotic tail behavior that we would also have detected in a
trivariate (log-)Gaussian distribution with the same graphical structure. However, what is
quite subtle in this context, is that the distribution of Z is in fact not(!) log-Gaussian, but only
arises by combining two bivariate log-Gaussian exponent measure densities.

This construction principle can be extended to more general graphs such as trees. More-
over, any valid exponent measure density of a bivariate max-infinitely divisible distribution
can be used; for more examples we refer to Huser, Opitz and Thibaud (2021). This provides
a powerful route for statistical modeling of high-dimensional data which exhibit asymptotic
independence to be addressed in future research.

8.3. Sparsity. Detecting meaningful and interpretable sparse structures in multivariate
extremal dependence is an active field of research. Most approaches are formulated in terms
of the exponent measure A of the respective limit models in (31). The review article Engelke
and Ivanovs (2021) distinguishes three groups of methods and formalizes the underlying
notions of sparsity. In this section we show that our theory reveals an intimate connection
between two of them. First, let us recall the relevant sparsity notions.

The research on concomitant extremes is concerned with the identification of elementary
sub-faces £p, ) # D C V, that the exponent measure charges with mass, that is, A(Ep) > 0.
In this context, a sub-face is defined as

(39) Ep={yec& 1 yp>0,yv\p=0\p}

This is of interest since in the case A(Ep) > 0, underlying variables indexed by the set D can
be jointly extreme. The set £, can be partitioned in the 2¢ — 1 disjoint sub-faces £p for all



GRAPHICAL MODELS FOR INFINITE MEASURES 29

non-empty subsets D C V. The sparsity notion 2(a) in Engelke and Ivanovs (2021) requires
that there is only a small number of groups of variables that can be concomitantly extreme,
that is,

(40) {DcV:AEp) >0} <2?—1.

The sparsity notion 2(b) then states that the maximal cardinality of such groups is much
smaller than the dimension d = |V'|. Many statistical approaches have been proposed to tackle
the difficult problem of determining those sets (e.g., Chiapino and Sabourin, 2017; Chiapino,
Sabourin and Segers, 2019; Meyer and Wintenberger, 2021; Simpson, Wadsworth and Tawn,
2020).

A more classical notion of sparsity is in terms of conditional independence relations. A
sparse graph G = (V, E), directed or undirected, will induce a distribution that can be ex-
plained by lower-dimensional objects; see Sections 6 and 7 here. Accordingly, sparsity no-
tion 3 in Engelke and Ivanovs (2021) is the requirement that a graphical model on G = (V, E)
is sparse if the number of edges |E| is much smaller than the number of all possible edges
d(d —1)/2, that is,

@1) E| < d2.

Methods for sparsity in terms of concomitance as in (40) on the one hand, and in terms
of sparse graphs as in (41) on the other hand, have so far not been considered together. In
the present conditional independence framework for an exponent measure A, we can now
establish a link between them. More precisely, we draw on Corollary 6.3, which gives insight
how the topology of the graph G underlying an undirected extremal graphical model limits
the number of potentially charged sub-faces £p. It implies that A(Ep) = 0 for any index set
D such that G restricted to D is disconnected. This gives an a priori upper bound on the
number of charged sub-faces.

COROLLARY 8.12.  For an exponent measure A corresponding to an extremal graphical
model on the undirected graph G = (V, E), an upper bound on the number of sub-faces
charged with mass by A is given by

(42) HDCV:A&p) >0} <|{DCV:Gpisconnected}|,

where the right-hand side is the cardinality of all connected sub-graphs of G. Moreover; if
A(Ep) > 0, then the cardinality |D| is bounded from above by the number of nodes in the
largest connected component of G.

Hence, sparsity in the sense of few edges in the graph (requirement (41)) may also enforce
sparsity in terms of fewer potential concomitant extremes (requirement (40)). However, the
precise topology matters as well, as the following example illustrates.

EXAMPLE 8.13. Consider the three graphs with d = |V'| = 10 nodes in Figure 5. Table 1
displays the counts of their edges and connected sub-graphs. The graph on the left corre-
sponds to asymptotic independence between all d nodes. There are no edges, i.e. the graph is
sparse in the sense of (41). Trivially, we can only have d sub-faces with mass in this example,
which is certainly also a sparse model in the sense of concomitant extremes, i.e., (40), since
d < 2% — 1. The ring graph in the center is a connected, non-decomposable graph with d
nodes and d edges, hence also (41). Using simple combinatorics, one can see that the number
of connected sub-graphs of a ring is (d — 1)d + 1 < 2¢ — 1 and therefore by Corollary 8.12
it also induces a sparse model for concomitance, cf. (40).
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FIG 5. Three graphs with d = 10 nodes: empty (left), ring (center) and star (right) graph.

However, the star graph on the right-hand side of Figure 5 shows that the number of edges,
here d — 1, is not a sufficient indicator of whether only few sub-faces are charged with mass.
Indeed, the star graph has 2¢~! + d — 1 connected sub-graphs, which is the largest number
among any tree structure (Székely and Wang, 2005, Theorem 3.1). While this tree model is
simple in terms of the graph sparsity notion (41), the corresponding exponent measure A may
have mass on more than half of its sub-faces.

TABLE 1
Counts of edges and connected sub-graphs for graphs with d = 10 nodes displayed in Figure 5. The
fully connected graph (not displayed in Figure 5) corresponds to the maximal possible counts.

type of graph empty ring star fully connected

# edges 0 d=10 d—1=9 d(d—1)/2=45
# connected sub-graphs | d=10 | (d—1)d+1=91 | 2¢7 1 +d—-1=521 | 2% —-1=1023

From these examples it can be seen that connectivity properties of the graph G = (V, E) are
more important for the number of sub-faces with A-mass than the cardinality of the edge set
|E|. Since our extended definition of extremal graphical models for A allows for unconnected

components in a graph, this enables particularly sparse models in the sense of concomitant
extremes.

9. Outlook on applications to Lévy processes. The theory of conditional independence
and graphical models developed in this paper applies to general infinite measures A. We
concentrated on discussing the implications of our results in the field of extreme value theory,
since this field has been very active recently; see Sections 7.2 and 8.

Another important instance of a measure A studied in this paper is the Lévy measure of
an infinitely divisible random vector X as introduced in Section 2.2. In this case, A appears
in the characteristic function of X and it is not obvious which probabilistic interpretation
a conditional independence statement A | B | C' [A] has. In the particular case where the
Lévy measure A concentrates on a finite number of rays this statement implies the classical
conditional independence X 4 Ll Xp | X¢; see Section 7.3. For general Lévy measures this
turns out to not be true.

Ongoing research shows that in this case a different and surprisingly intuitive probabilistic
interpretation is available in terms of Lévy processes. A Lévy process { X (¢) : t > 0} with
values in R? is a stochastic process with independent and stationary increments (e.g., Bertoin,
1996; Sato, 2013). Moreover, there is a one-to-one mapping that takes an infinitely divisible
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random vector X with characteristic triplet (0,0, A) to the associated Lévy process satisfying

X (1) Lx ; here we assume the drift and Gaussian component in Section 2.2 to be zero
since they are well-understood. It turns out that our A conditional independence characterizes
conditional independence on the level of the sample paths of the Lévy process. Indeed, under
the explosiveness assumption (E1) it can be shown that

(Xa(t):t>0} L {Xp(t):t>0} [ {Xc(t):t>0} <= ALB|C[A]

This result enables the definition of graphical models for Lévy processes with large potential
for new theory, statistical methods and applications.
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APPENDIX A: ADDITIONAL PROOFS FOR SECTIONS 3 AND 4: CONDITIONAL
INDEPENDENCE AND ADDITIONAL CHARACTERIZATION RESULTS

A.1. Consistency properties of the basic operations with measures.

LEMMA A.1. Let (A, B,C) be a partition of V with C' # . Then

(Aauc)c = Ac, (Mdue)e = A, (Aue)e = (Apuc)d-

PROOF. The domain of these measures is £ = R® \ {0¢}, and expressed in terms of
A they coincide with A(yc € -), Alyc € -,y = 0B,ya = 04) and A(yc € -,yp = 0p),
respectively. L

LEMMA A.2. For a non-empty D C'V consider Y ~ Pp_«gpvio with Rp € R(Ap).
Then

(@) Yp ~Pg,.
(b) For any R = Rp X Ry\p it holds that Pg is the conditional law of Y given Y\ p €
Ry\p.

PROOF. (a) follows immediately from (7) and the definition of the marginal measure
in (9).
(b) is seen from

A(dy) A(dy)  ARp xRV\P)  P(Y edy)

A(R) A(Rp x ]RV\D) A(R) P(Y € R)
forye Rand Yp € Rp a.s. [ |
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A.2. Restriction and extension. We start with a few fundamental results which follow
directly from basic probability theory. We provide short arguments for completeness. Con-
sider a partition (A4, B, C) of V. For two product-form sets R, R’ € R(A) the corresponding
random vectors as in (7) are denoted by Y ~ Pg and Y’ ~ Pg in the following.

LEMMA A3. Let C # (. Assume that Raup D Ry ;5 D Eaup, where the latter is some
Borel set. Then
P(Yaus € EauslYe =yc)
P(Yaus € Ry p5|Ye =yc)

P(Yaup € Eaus|Ye=yc) =
for Py -almost all yc € Rc N Ry,

PROOF. Choose a Borel set Ec C Rg N R’C and observe that

AR
P(Yiup € EBaup,Y¢ € Ec) =P(Yaup € Eaus, Yo € Ec) A((Rf)).
The right hand side can be rewritten as
A(R)

P(YAUB S RlAuBa Yo € dyC)

/ P(Yaus € Eaus|Ye =yc)
B P(Yaus € Ry 5|Ye =yo) A(R')’

where the denominator is non-zero for Py, -almost all yo € E¢. Note that the scaled measure
corresponds to P(Y/, € dy) and thus we obtain

P(Yaus € EauBlYc =yc)
P(Yaup € R p5lYe =yo)

and the result follows. ]

P(Y¢ € dyc),

P(YAUB S EAUBaycl' S EC) = /
Eco

REMARK A.4. (a) If in addition Y4 Ll Yp | Yo in Lemma A.3, by setting Faup =
E x Rz, we can further conclude that for Py, -almost all yc € Rc N Ry,

P(YA S EA’YC = yo)
P(YA € RTA‘YC = yc) ’

(and the analogous identity with reversed roles for A and B).

(b) We also note that, when R’AU 5 = Raup in Lemma A.3, the two conditional probabil-
ities P(Y)} 5 € EauB|YS =yce) and P(Yaup € Eaup|Ye = yc) coincide for almost all
yc € Rc N Ry, with respect to both probability measures Py, and Pyy.

(c) For C' = () the analogous identity

P(YA S EA|Y(,; = yc) =

P(Yaup € EauB)

P(Y} € Faup) =

holds trivially.

LEMMA A.5 (Restriction). Assume that R' C R. Then Y4 1L Yp | Yo implies Y} 1L
Y/, | Y/.. This result is also true for C = () and the respective independence statements.

PROOF. Consider Borel subsets £ 4 C RfA and Eg C R’B. According to Lemma A.3 and
conditional independence Y4 LL Y5 | Y we have

P(Ya € EalYo =yc) P(Yp € EB|Ye =yc)

PY’EEA,Y/ € EglY) = c) =
s 5 € BplYe =yc) P(Ya € R)|Yc =yc) P(Yp € Rg|Yo =yc)
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for Py, -almost all yo € R(,. By considering the same identity with Ep = Rz and then
E4 = R/, and applying Lemma A.3 again, we find that the two ratios on the right-hand
side are P(Y € E4|Y/ =yc) and P(Y}, € Ep|Y/. = yc), respectively, and the first claim is
proven. The case C' = () follows analogously from the trivial identity

P(YA S EA,YB S EB)

P(Y)y € Ea, Y, € ER) = B(Vsc B,V R’

LEMMA A.6 (Extension via C). Let C # () and assume that R’y |5 = Raup.
Then Yo LWL Yp | Yo and Y) WL Y] | Y imply Y} LY | YA withY" ~Prur.

PROOF. Lemma A.3 shows that for any Borel subsets £4 C R4, Ep C Rp we have
P(Y) € Ex, Y € EB|Yi=yc)=P(Ya€ Ea, Y € EB|Yo =yc)
=P(Ya € EalYo =yc)P(Yp € Ep|Ye =yc)
=P(Y} € EalYS = yo)P(YE € Ep[Yl =yc)

for Pyy-almost all yo € R¢. Analogously, we get a factorization for Py -almost all y¢o € R’C
when considering Y instead of Y. This shows the stated result. |

In Lemma A.6 we verify an extension result for conditional independence from two sets
R and R’ with identical A U B component to their union R U R’. Naturally, the analogous
extension result holds also for extending conditional independence from countably many

product-form sets R(™ with RJ% g = Raup for all n, resulting in the conditional indepen-
dence statement on the union | J,, R(™.

A.3. Main proofs for characterization results. We are now ready to prove our first
characterization result.

PROOF OF THEOREM 4.1. By definition A L B | C'[A] implies Y4 1L Yp | Yo with Y ~
Pg, . forany v € V and € > 0 such that A(R,, ) > 0. Additionally, it implies A L B [AY ],
see Lemma 3.3. Thus, A L B| C [A] implies both (i) and (ii), also when C = ().

(i) In the opposite direction, we take any R = X R, € R(A) and note that there exists
v € V such that the closure of R, does not contain 0. Hence we may choose € > 0 such that
R C R, .. According to Lemma A.5 we have Y4 1L Yp | Yo with Y ~ Pr. Hence A L B |
C'[A]. The argument also applies when C' = ().

(ii) It is sufficient to establish (i), and so we take any v € AU B, € > 0 and consider the
set R, .. We partition this set according to yc # O¢ and yo = O¢, letting Y and Y’ be the
respective random vectors. Here we assume that both sets are charged by A, since otherwise
the proof is only simpler. According to Lemma A.6 it is sufficient to show both Y4 1L Y5 | Yeor
and Y) 1L Y[ | YL

The latter follows directly from A | B [A?Au ), see also the proof of Lemma 3.3. The
former follows from the countably-infinite version of Lemma A.6 by considering the sets
R = {|y,| > &, |ye| > 1/n} for all ¢ € C and natural n. The respective conditional in-
dependence statements are implied by the assumption in (ii) together with the restriction
Lemma A.S. |

As a side result the same argument that we used in proof of Theorem 4.1 (ii) above reveals
that a single v € V' can be taken when checking for conditional independence under the
condition that A(y # Oy, y, = 0) = 0. To be precise we formulate the following lemma.
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LEMMA A.7 (Single v test). Assume that a fixed v € V' is such that A(y # Oy, y, = 0)
0. Then Yo UL Yp | Yo for all Y ~Pg, _,e > 0 implies A L B | C [A]. This result is also
true for C = () and the respective independence statements.

Next we prove uniqueness and representation of the kernel.

PROOF OF LEMMA 4.3. Let Ré be some product form set bounded away from 0o and
define R* = RAYE x RL,. Suppose for a moment that R C R},. Letting Y ~ Pp1 (the case
of zero mass being trivial) we observe that

A(R) =P(Yaup € Raup, Yo € Ro)A(RY) = / ve(ye, Raup)P(Ye € dyc)A(RY),

ycE€RCc

where v} (yc,-) is a probability kernel corresponding to Y, see Kallenberg (2002, Thm.
6.3). Note that A¢(dyc) = P(Ye € dyc)A(R'Y),yc € R giving the stated representation
of A(R). In general, we partition £ into countably many product form sets Ric and define
ve(ye,-) = yic(y(;, -) for yc in the respective partition. The stated form of v¢ and Ac-
uniqueness follow from Lemma A.3. ]

APPENDIX B: FURTHER DETAILS FOR THE GENERIC CONSTRUCTION OF
SECTION 5.4

Here we provide further details on the constructive example of a measure A in d = 3 di-
mensions with index set V' = {1,2,3} such that the conditional independence {1} L {3} |
{2} [A] holds. Table 2 contains the reformulation of the factorization of the modified den-
sity (21) in terms of original building blocks, that is, the densities ;;, their joint marginal
density m and the mixture probabilities p;; with g;; = 1 — p;;. Figure 6 illustrates them for
faces up to dimension 2.

We note that if the starting density x is —a-homogeneous for some « > 2, it is easily
checked that its marginal density m will be —(a— 1)-homogeneous and the resulting measure
A will be —(a — 2)-homogeneous; see Example 8.8.

TABLE 2
Modified densities of the trivariate example from Section 5.4; see also Figure 6. The resulting
measure A satisfies {1} L {3} | {2} [A] and has identical one-dimensional marginals. It is globally
Markov for the chain graph 1 — 2 — 3 with zero mass on Z = {y1 # 0,y2 = 0, y3 # 0}, see

Theorem 6.4.
Dimen- Faces Modified densities
sion yiooY2 Y3 A2(y12) A23(y23)  Aa(y2) AMy) = Ay)
0 0 #0 1 q23m(y3) 1 q23m(ys3)
1 #0 0 0 q12m(y1) 1 1 q12m(y1)
0 #0 0 quam(y2)  qasm(y2)  m(y2) q12q23m(y2)
#0 #0 0 | pizkia(y12)  ge3m(y2)  m(y2) P12G23K12(Y12)
2 0 #0 #0| qam(y2) paskas(yas) m(ye) q12p23k23(Y23)
#0 0 #0| qam(y1)  gozm(y3) 1 0
3 #0 #0 #0 || piari2(y12)  pasras(yes)  m(y2) pmm?’mf,gaj))ﬁm(y%)
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q12p23K23(y23)

p12g23K12(Y12)

FIG 6. lllustration of the generic construction of a measure A satisfying {1} L {3} | {2} [A] from Section 5.4.
Left: measure /\z‘j’ which serves as building block. Right: resulting densities A on the faces up to dimension 2; see
Table 2.

APPENDIX C: PROOFS AND EXAMPLES FOR SECTION 6: UNDIRECTED
GRAPHICAL MODELS

C.1. Auxiliary result for the Hammersley-Clifford-type theorem.

PROPOSITION C.1.  Assume that A satisfies (E1) and that V' = D U C is the vertex set of
a graph G, where C is a clique and S=DnC separates D\ S from C'\ S. Then A satisfies
the global Markov property with respect to G if and only if

(43) D\SLC\S|S[A]
and A is globally Markov when restricted to D.

PROOF OF PROPOSITION C.1. The global Markov property for A implies (43) and, since
ScCis fully connected, the global Markov property for A restricted to D, cf. Lauritzen
(1996, Prop. 3.17 (start of proof)). So we only need to establish the other direction, i.e. show
the global Markov property for A from these two properties.

To this end, consider disjoint sets A, B, S C V with S separating A from B. As outlined
in Remark 6.2, it suffices to consider the partition situation, where AU BU S = V. Since C
is a clique, the sets A and B cannot both intersect C, otherwise they could not be separated
by any .S, so we may assume that BN C = ().

Let us first consider the case that S C D. Since A satisfies (E1), we can employ the
semi-graphoid property (L4). We do so with the four sets (B,A N D,S; A\ D) as the
sets (A, B,C, D) from the original formulation of (L4). The first condition there reads as
B 1 (An D) | S, which is implied by the global Markov property for D. The second
condition reads as B L (A\ D) | S U (AN D), which follows from the other assumption,
(D\ S) L (A\ D) | S, by means of (L3). As a result we get A | B | S as required.

If instead E = SN (C\ S)#0, set A'=AUE and 8’ = S\ E. Then we can finish the
proof by showing that S’ still separates A’ from B, but with S’ C D, so that we can employ
the above argument again to obtain A’ 1 B | S’, which subsequently implies A L B | S by
(L3). It remains to be seen that indeed S’ separates A’ from B. Let b€ B and a € A’ =
A U E. We need to show that any path 7 from b to a (if such a path exists) necessarily visits

=S\ E.
Case 1: a € E. Since S separates D \ S from C \ S, S also separates their subsets B and F.
In particular, m must pass through an element v € S before reaching C'\ S for the first time.
Since S C AU S, either v € S’ (and we are done) or v € A. However, if v € A, recall that
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S separates B from A, so m must first pass through an element s € S before reaching v € A.
Here, s cannot belong to F, since 7 has not yet arrived in C'\ S for the first time. Hence
seS' =85\ E.

Case 2: a € A. Since S separates B from A, 7w needs to visit some s € S. If s€ §'= S\ E,
we are done. Else s € E. But then the argument from Case 1 shows that on the way between
b and s € F, the path 7 needs to visit S’. [ |

C.2. Proof of the Hammersley-Clifford-type theorem.

PROOF OF THEOREM 6.4. Let us prove the ‘if” and ‘only if” directions separately.

“Global Markov property = Factorization:” First we prove that the global Markov prop-
erty of A implies the factorization (23) by induction on the number of cliques. The state-
ment holds trivially for a single clique, as there are no separators, so the factorization reads
Ay) = A(y) for all y € R, which is always true. We let G; be the decomposable graph that
arises from restricting G to D; and abbreviate Z; = Z(G;) henceforth. Let us assume that
the implication holds for n — 1 cliques, that is, Ap, _, being globally Markov with respect to
Gpn—1 implies

(44) Mo, ) I As,ws) =] e, (we,)-

j<n—1 i<n

for up, ,-almost all yp, _, ¢ Z,_1. For the induction step, suppose now that A is globally
Markov with respect to G,,. We need to establish (23) for p-almost all y ¢ Z,,.

The global Markov property of A for G,, implies also the global Markov property of Ap, _,
for G,,—1 and we obtain (44) as well by the induction assumption. It is easily seen that

RY\ Z, C (RP»2\ Z,_1) x RV\Pr

and so (44) holds for p-almost all y ¢ Z,,. According to the running intersection property we
have C,, \ Sy—1 L Dp—1\ Sn—1 | Sn—1 [A], which in view of Proposition 5.5 is equivalent to

Ay)As,  (ys, ) =Ac, (ye,)Ap, . (yp, )

for p-almost all y € RV excluding those with 55, = 0g. _, and Yo\S._. 7 0c,\s,_, and
YD,_\Sn_s 7 Op,,_1\5,_,- The factorization therefore holds for y-almost all y ¢ Z,,, since
for any partition (A, B, S) of V, where S € S separates A from B in the graph G we have

{y:ya#04,y8#08,ys =05} = | {v:va#0,0#0,y5 =05} C Z(9).
acA,beB

Here S,,_1 is also allowed to be an empty set and we recall that Ay = 1. Multiplying both
sides by [] j<n—1 ij (ys,) and using (44) yields (23) for p-almost all y ¢ Z,, and taken
together this completes the induction step.

“Factorization = Global Markov property:” The proof in the other direction is more sub-
tle. We need to show that, if the factorization (23) holds for p-almost all y ¢ Z(G), then A is
globally Markov with respect to G. Again, we use induction on the number of cliques, where
the case of a single clique is trivial, as there are no separators, so A¢, is always globally
Markov with respect to G1, a true conclusion. Our induction assumption is now that (44) for
up,_,-almostall yp | ¢ Z,,_1 implies that Ap,_ . is globally Markov with respect to G,,_1.
We need to show that A is globally Markov with respect to G,,, whilst assuming (23) for
p-almost all y ¢ Z,,.

Note that {yp, , =0p, ,} CR"'\ Z,,. So we obtain from (23) that for g-almost all y € £
with YD =0p

n—1 n—1

AOp,_.,¥c,\s,_ )b, ({Op, . }) = Ac, (0s, s ye,0\s,_, )Hs. . ({0s, . }),
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where the left-hand side and right-hand side are the densities of the reduced measures

A%ﬂ,\s,,/_l:(Agf\s,,,_l)%n\sn_l and (AC,L)OCH\sn_l:(A(\)/\sn_l)cn\sn,lv

respectively, where the last two identities follow from Lemma A.1 with A= D,,_1 \ S,—_1,
B=S,_1and C =C, \ S,—1 therein. By Corollary 5.2 we obtain the independence state-
ment for the restricted measure AQ/\ S, that is,

(45) Cr\ Sp—1 L Dn1\ Spo1 [Afng, ],

which further implies by Corollary 5.2 and Lemma A.1 that

0 0 0 0 0
ADn—l\Sn—l = (AV\Sn—l)anl\Sn—l = (AV\SH—I)anl\Sn*l = (AD"—l)anl\Sn—l‘

Therefore, we have for p-almost all y € € with yo, = 0¢, that

(40) AWp,\8,-1,0¢,)uc, ({0c,}) = Ap, . (Yp,_\s,1, 05, )({0s,_, })-
Further we obtain from (23) that for p-almost all y € £\ Z,, with yo, =0¢,

[)\(yDn\sn,l,Ocn)ucn\sn,l({Ocn\sn,l})] H ij(ysj)znxcj(ycj),
j<n—1 j<n

where the term in brackets can be replaced by Ap, _, (yp, _,\s,_,,0s,_,) due to (46). Note
that y € £\ Z,, with yo, = 0¢, implies yp, , € EP-1\ Z,_; with ys, , = 0g, ,, and
conversely, if yp,_, € EP»—1 \ Z,_1 with yg,_, =0g,_,, then (yp,_,,0c,\s, ,) €€\ Zn
and yc, = O¢, . Hence, we recover (44) for up, ,-almost all yp, , ¢ Z,—1 with yg,_, =
Og, , (note that it is trivially satisfied for yp, _, =0p_ ). If S,_1 = (), the same line of
reasoning (with g, ({Os,_,}) replaced by 1 above) even recovers (44) for pp, ,-almost
all yp, , ¢ Zo1.

Else S,,—1 # ) and we consider y & Z,, with ys | #0g,_,, so that yp & Z,_1 with
ys, , # 0g, ,. Conversely, such a yp, , satisfies y € Z,, with yg,_, # 0g, , for any(!)
YO \S,_1 € RC=\S»-1_So we can integrate out the C,, \ Sp—1 components in (23) for such y
to obtain

Ap, (D, )As, (s, ) [ As,(ws,) =As, . (ws. ) [ Ae, (we,)

j<n—1 j<n

for up, ,-almost all yp_  , ¢ Z,_1 with yg , # 0g__,. This formula is still true when the
term Ag, ,(ys, ,) is dropped on both sides, since for p-almost all y with ys . # 0g. |,
for which the marginal density Ag, ,(ys,_,) is zero, we also must have zero densities
Ap, . (yp,_)and Ac,_,(yc,_.) =Ac._ . (yo,_,).as As,_,(ys,_,) arises as a marginal den-
sity from them. So, collectively, we recover (44) for up, ,-almostall yp, |, ¢ Z,_1.

The induction assumption now gives us that Ap_ _, is globally Markov with respect to
Gn—1. Hence, by Proposition C.1 it suffices to establish

Cn \ Sn—l L Dn—l \ Sn—l ’ Sn—l [A]7

which is our goal in what follows. If S,,_1 = (), it follows readily from (45) and the proof is
complete.

Else S,_1 # () and (45) only yields the independence of the reduced measure and by
Theorem 4.6 all that remains to be seen is that

47) AW)As, - (¥s.-.) = Ac, (ye,)Ap, -, (b, )
for p-almost all y with yg,_, #0g, _,.



40

Here, we note that (23) for u-almost all y ¢ Z,, together with (44) for up, ,-almost all
YD, _, & Zn—1 gives

AWAs,_ s, T] As,(ws,) =Ac, (e )Ap._,(up,) T As,(s,)
j<n—1 j<n—1

for p-almost all y ¢ Z,, yg, , # 0g, ,. The product terms Ag, (ys,) can either be canceled
by the same marginal cancellation argument as above if yg, # Og, or else due to ng (0s,) =
1/ps,({0s, }). Hence we have (47) for p-almost all y & Z,,, ys,_, # Os,_, -

Finally, we note that, if ys,_, # Og,_,, then y € Z,, is equivalent to yp,_, € Z,—1. By
the global Markov property on D,,_; we know Ap, _ (Z,-1) = 0. Hence, both sides of
(47) are zero for p-almost all y with yg _, #0g, _, and yp,_, € Z,,_1. Taken together, this
establishes (47) in the general case for p-almost all y with yg, |, # Og, , and the proof is
complete. ]

C.3. Example for Remark 6.6. Consider the chain graph 1 — 2 — 3 — 4 — 5 on the
vertices V' = {1,...,5} where the neighboring indices are connected. We construct a measure
A on &€ which is not(!) globally Markov with respect to this graph G, even though

(i) (E1) holds;
(i1) the density A satisfies the factorization

AW)A2(y2)A3(y3) Aa(ya) = Ai2(y12) A23(y23) A3a(y34) Aas (Yas)

for p-almost all y such that yo, y3,y4 # 0;
(iii) A(Z(G)) =0, thatis, A(yx # 0,1 =0,y # 0) = 0 whenever k <[ < m.

As in Section 5.4 we consider the same dominating measure p as in (19) (here for d = 5)
and use some —3-homogeneous bivariate densities #;; on (0,00)? with marginal densities
y~2 as building blocks, now for (i,7) € {(1,2),(2,3),(3,4), (4,5)}. In addition, we ensure
that 12 and s23 are compatible with a —4-homogeneous trivariate density 7123 on (0, 00)3
as follows:

* M2 = K12,723 = Ko3 and, thus, respective univariate marginals have densities y‘2,

* 0123 (y123)m2(y2) # m12(y12)m23 (y23) on a subset of (0, 00)? of positive Lebesgue measure.

The second condition is equivalent to saying that the measure corresponding to 7123 does not
induce the conditional independence of 1 and 3 given 2, see Theorem 4.6. Such a construction
is always possible, e.g. one can start from 7123 with the respective univariate marginals and
then work with k12 and ka3 that arise from 7;23. From there, we define

) = rk12(v12) ko3 (Y23) k3a (y34) kas (Yas) Y3 Y3YS,  Y1,Y2, Y3, Ya, Y5 > 0,
n23(Y123), Y1,92,y3 > 0,94 =y5 =0,

and let it be 0 otherwise. By construction, the measure A satisfies the conditions (i) and (iii).
Furthermore, the bivariate marginals on (0, c0)? are given by
A12 = K12 + 112 = 2612, 23 = Koz + 123 = 2K23, 34 = K34, A5 = ks,

and the univariate ones by A\a(y2) = 25 %, A3(y3) = 2y3 2, Aa(ya) = y; 2. This readily yields
the factorization in (ii). Finally, we note that A is not globally Markov for the chain graph
since {1} L {3,4,5} | {2} [A] is not true, because

AMy)A2(y2) = 17123(Y123) 205 > 7 212 (y12) 723 (Y23) = A12(y12) N23as (ya345)

on the subset {y : y1,y2,y3 > 0,y4 = y5 = 0}, which has positive u-mass. Hence, according
to Theorem 4.6 the condition {1} L {3,4,5} | {2} [A] is violated.
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Had we checked instead the factorization condition from Theorem 6.4 in terms of \
on this set, we would have picked up the Violation of the global Markov property. The
left-hand side of (23) reads nlgg(y123)2y2 2y3 in this case, and the right-hand side is
2112(y12) 2123 (y23)y5 2. They cannot be equal due to our choice of 7123

APPENDIX D: PROOFS FOR SECTION 8: RELATION TO CONDITIONAL
INDEPENDENCE IN EXTREMES

D.1. Derivation of extremal correlation x;; in Example 8.8.

PROOF. For i <~ j, since A is a graphical model on the forest G, the global Markov prop-
erty implies that i L j [A]. By Proposition 5.1 we therefore have that A(y; # 0,y; #0) =0,
which yields x;; = 0 according to (30).

For i ++ j we note that by homogeneity of A we have x;; = A(y; > 1,y; > 1)/A(y; > 1)
and due to all marginal densities being m(y) = y~2 we have A(y; > 1) = 1. Because of the
density factorization (33) we can first integrate out all components k ¢ path;; to get

H(st € ath Ast(ys7yt)
Ay, > 1,y;>1) / / / - dyidy;dyy i),
0,00) V)| seV(ij) As(ys)

where V (ij) denotes all nodes on the path from i to j, excluding i and j. Thus

H(s t)Epath. . pStK’St (yS’ yt)
Xij = / / / v = — dyidy;dyy ;) = X5} H Dst
0,00)!V (i

HSEV(ij) Ys (s,t)€path,;

where XHR =2—-28(\/T;;/2) with[';; = >_(st)epath, . L st is the extremal correlation of the
correspondlng tree model on the connected componerit that contains ¢ and j (Engelke and
Volgushev, 2022, Proposition 4). This result is true since the domain of the above integral
is contained in the set {y; > 0,y; > 0, Yv (i) > 0}, on which the density coincides with the
usual Hiisler—Reiss tree model.

[ |

D.2. Max-infinitely divisibility and asymptotic equivalence of the joint survival func-
tions.

PROOF OF LEMMA 8.9. Denoting A;;(u,u) = Ajj(y; > u or y; > u), we can rewrite
(48) P(Z;i > u, Zj > u) =1 — 2e AW 4 o= Ai(wu),
Using Ayj(u,u) < 2A(u) for all u > 0 gives

P(Z; > u, Zj >u) > 1 — 27 MW 4 o720 — (1 _ =AY = (7, > )2,
and hence,
P(Zi>u, Z; > u)P(Z; >u) 2 > 1

for all © > 0. On the other hand (34) tells us that the left-hand side is a function of the form
r(P(Z; > w)~') with r regularly varying with index —1/n;; + 2. If we had n;; < 1/2, the
left side would converge to 0 as © — oo (e.g., de Haan and Ferreira, 2006, Appendix B),
contradicting the last inequality. So we obtain 7;; > 1/2.
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Further, recall the bounds 1 —x <e™* <1 -z + x2/2 for all x > 0. Applied to (48) we
obtain upper and lower bounds for P(Z; > u, Z; > u) as follows:

2A(u) — Agj(u,u) — A(u)? <P(Z; > u, Z; > u) < 20 (u) — Ayj(u,u) + Agj(u,u)? /2
< 2A(u) — Ayj(u,u) + 2A(u)?
Since A(y; > u,y; > u) = 2A(u) — Ayj(u, u), we may rewrite these bounds as
49)  P(Zi>u,Z; >u) — 20(u)? < Aly; > u,y; > u) <P(Z; > u, Z; > u) + Au)?.
Hence, if we assume 7;; > 1/2, we obtain the assertion (36) from

A(u)® _
u—oo P(Z; > u, Zj > u) N

Note that (36) together with (35) entails (37) with 7;; = n;;.
Conversely, observe that (49) can be rearranged to

Ay > u,y; >u) — Au)? <P(Z; > u, Zj>u) <Ay, >wu,y; >u) + 2A (u)?
so that (36) also follows from (37), as (37) entails

. A(u)?
lim =
u—oo A(y; > u,y; > u)

Finally, note that (36) together with (37) gives (35) with 7;; = 7;;. [ |

D.3. Proof of Proposition 8.11: An asymptotically independent example based on
Gaussian distributions. We provide an explicit construction of an exponent measure A in
dimension 3, which satisfies the conditional independence {1} L {3} | {2} [A], but exhibits
otherwise asymptotic independence. It is based on two bivariate Gaussian distributions and
we will need some auxiliary results in order to derive and quantify the asymptotic indepen-
dence in the sense of Ledford and Tawn (1996).

_ Let ® and ¢ be the cdf and pdf of the univariate standard Gaussian distribution, and let
®(x) =1—®(x) = (—x) be the corresponding survival function. It is well-known (DLMF,
Eq. 7.8.2) that

2 < 6(37) < 2 < L >0

-, x> 0.

r+Vri+4 o) z+/22+8/r @
Using (50), one may easily derive the following result by showing positivity of the respective
derivatives (e.g., Resnick, 2008, Lemma 5.4).

(50)

LEMMA D.1. The functions ®/p and p/® are strictly monotonously increasing on its
entire domain R = (—o00, 00) from 0 to oc.

As any univariate distribution, ® is max-infinitely divisible. Its exponent measure A is
supported on R = (—o0, 00) with survival function
A(U) :Al((u,oo))z—logq)(u), ueR

and density

A (u) = ;u g = 2% Ler
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It is immediate that the survival functions of A; and ® are asymptotically equivalent in the
sense that

Let @, and ¢, be the cdf and pdf of the bivariate normal distribution with standard Gaussian
margins and correlation p. Some useful identities, which we will use in several arguments
below, are

i@(xx)zq,w (z1) ﬂ@(mx>:@w (2)
ax1p1,2 Y 1), ax2p172 w\r2),

Vi-p® Vi-p?
To — pr1 Tl — pr2
V1= Py(er, ) = () o) = () ).
P SOP( 1 2) 2 ﬂ 30( 1) 2 90( )
LEMMA D.2. For z1,79 € Rand p € (0,1)

max [@(myb (”;_”i;) B (12)® <W>} < P, (1,72)

and

®,(21,22) < min [@(3:1)@) <W> + B(2), B(22) P (W> + @(xl)} .

/1 _ p2 /1 _ p2
PRrROOF. Consider

To — px
Hp($1,l’2) = (I)p($1,1‘2) — CIJ(xl)CD (%) .
-p
It is easily seen that H,(x1,22) converges to 0 for z1 — —oo and to ®(x3) for 23 — oo.
Moreover,

0 14 T2 — px1
—H = P
ar ol = Lo (2 ()

Y V1-p?

is positive. Hence H,(x1,x2) is strictly increasing in 21 and ranges between 0 and ®(x2).
Exchanging the roles of x; and xo establishes the assertion. [ |

We shall abbreviate the corresponding joint survival function of ®, by
Sp($1,x2) = P(Xl > .771,X2 > xz),

where (X1, X?) is distributed according to ®,. By an argument of Balkema (Resnick, 2008,
Section 5.2), the bivariate Gaussian distribution ®, is max-infinitely divisible if and only if
p>0.1f p € (0,1), the associated exponent measure AP) has a positive continuous density
on R? = (—o00,00)? as given by

a QOp(fL'l,CUQ)

0
AP (x1,m2) = 57— 7—1log @,(x1,22) = ——=
0x1 0xo @, (1, 22)

x(P) (z1,2),

where

o) =1 plw1)p(w2) @ (L7 ) (25 )
12 (pp(xlal?)q)ﬂ(xlal?) .

Evidently, £(?) < 1. By the max-infinitely divisibility property of & p» it s clear that k(P > 0.
It can be further uniformly bounded as follows.
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LEMMA D.3.  Let p € (0,1). For max(x1,z2) > 0 we have
(52) 0<1—+/1—p2<k® (), 29).
Moreover, there exists a constant Cp > 0 such that for u > 0

(53) 1-— C'pzf1 < inf k@ (x1,x2).

T mL,ma>u
PROOF. First note that for all z1,22 € R

p(z1)p(r2) 1 — p?p(x1)

eolen) ()
Vi-p

and by Lemma D.2

T1—pPT2 T2 —pPTy
<I>(x/1—pz)q>(«/1—pz) < 1 (I)<901—P$2>
Pp(1,72) T @) \1—p2)

which gives (by repeating this argument with reversed roles for x; and z2)

(54) 1— kP (zq,29) < V/1— p? min [ggiii igz\/ﬁg ’ giiz; ig:ﬁg}
— —

= VT i | 11 ( DL (o). 1 (L) ().
— i-p
where H =® /.
In order to establish (52), it suffices to show that the last minimum is not larger than 1 for
x1 > 0. We distinguish three cases.
Case 1: 0 < x; < xo. First note that p € (0,1) implies ¢ = (1 — /1 —p?)/p € (0,1) and
hence gz < 9, which implies

T — pT2
Vi

By the monotonicity of H (see Lemma D.1) the assertion follows.

Case 2a: 0 < x5 < x1. We can repeat the argument of Case 1 with reversed roles for x; and

xZ9.

Case 2b: z2 < 1, 1 > 0, 9 = —y < 0. In this situation, we can rewrite

T2 — pT1 ~ ~( y+px1
(P ) ) = F ) (),
1—p V1-—p2?
where H(z) = 1/H(—x) = ¢(z)/®(z) is also monotonously increasing (see Lemma D.1).
Since y < (y + px1)/+/1 — p?, we can bound the right-hand side by 1 and the assertion
follows. Taken together, this shows (52).

In order to establish the second assertion (53), without loss of generality, assume x; >
x9 > u > 0 and recall from (54) that

§x1.

55— 1 w0ey,a)) <
1—p2
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We distinguish three cases according to the value of ¢ = z2/x1 € (0, 1]:
Case 1: g € (0,p/2]. Then —(z2 — px1) = (p — q)z1 > p/2 - v and the right-hand side of

(55) is bounded by 2¢(0)\/1 — p2?/p - u~! according to (50).

Case 2: g € (p/2,p). Then xo — pxr1 = —(p — ¢)z1 < 0 and x2 = qz1 > p/2 - u. With
Lemma D.1, we obtain that the right-hand side of (55) is bounded by ®(0)/¢(0)¢(p/2 - u).
Case 3: g € [p,1]. In this situation o — px; = (¢ — p)z1 is positive. We also recall

p/(1— /1= p?) > 1> q, which implies

_a=r_
Vi-p?
Hence, we can bound the right-hand side of (55) by ®(0) multiplied with

¢(ga1) < { L. 2 q—p \? 2} 2,2
f < 2).
qzl[t){)l] <(Vq;€);21 > o 2 QEII[1p71] |:q ( m) :| 1 exp( pu / )

Taken together, all three cases establish also the assertion (53). [ |

q> > 0.

LEMMA D4. Let p € (0,1). The joint survival functions AP and S ,» are asymptotically
equivalent in the sense that

“152" Sp(u,u)
PROOF. By definition, we have
AP ((u,00)%) = 2(~ log ®(u)) — (~log (u,u))
and
Spluyu) = 2(1 = B(u)) — (1 — Byl u)),
Applying L’Hopital’s rule yields
AP (,00) . 2p(u)/B(u) — () B(s) /D (u, )

lim

U—>00 Sp(u7 u) o U—>00 2(p(u> — 2<p(u)<I>(su)
— lim 1 lim D, (u,u) — P(su)P(u)
u=oo O, (u,u)P(u) u—roo 1—®(su) ’

where s = (1 — p)/v/1—p2 = /(1 —p)/(1+p) € (0,1). As the involved cdfs converge to
1, it remains to be seen that the second limit equals 1. Indeed,
lim Qp(u,u) — O(su)(u) lim 20(u)®(su) — sp(su)®(u) — p(u)P(su)
w00 1— ®(su) u—oo —sp(su)

= lim ®(u) — lim ) | lim (su)

U—00 u—oo p(su) u—oo s

=1-0/s=1,
hence the assertion. [ |

In what follows we will need a few simple facts about regularly varying functions. An
eventually positive measurable function that is defined in a neighborhood of co € R, is reg-
ularly varying with index o € R (we write f € RV,) if f(st)/f(t) — s~* for t — co. The
case o = 0 is a special case, f is then called slowly varying. Trivially, log(t), 1/log(t) or
any measurable function that converges to a positive constant is slowly varying. Moreover,
f € RV, if and only if f(¢)t~¢ is slowly varying. Some well-known closure properties are
as follows (e.g., de Haan and Ferreira, 2006, Appendix B).
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LEMMA D.5. If f1 € RV,,, f2 € RV, then fi1 + f2 € RViax(ay,a.) and fif2 €
RV, t+a,- If in addition fa(t) — oo for t — oo, then the composition satisfies f1 o fa €
RV, 0,

We will need to be aware of the following consequence for F'(u) = ®(u) in this section.

LEMMA D.6. Let F' be a (univariate) montonously increasing continuous cumulative
distribution function with upper endpoint oo and survival function F =1 — F. Let A(u) =
—log F(u). Let a(u) = F(u)™! and b(u) = A(u)~1. Then f oa™t € RV, if and only if
fob~! € RV,. In particular, f oa™! is slowly varying if and only if f ob~! is slowly varying.

PROOF. Since b(u) — oo and a(u)/b(u) — 1 for u — oo, we have a o b=1(t)/t — 1 for
t — oo. This implies a o b~ € RV and a o b~1(t) — oo for t — oc0. So, if foa™! € RV,,
sois fob ™' =(foa"1)o(aob!) by Lemma D.5. The converse follows analogously. H

Coming back to the Gaussian joint survival functions, it is well-known that for 1, = (1 +

p)/2
(56) Sp(uy ) = Lp(®(u) ™) B (u) "/
for a slowly varying function £, as u — oo (Ledford and Tawn, 1996). In other words, the
distribution ®, exhibits asymptotic independence; see Section 8.2.
Due to the asymptotic equivalences from (51) and Lemma D.4 and, in addition,

Lemma D.6, this relation carries over to the asymptotically equivalent counterparts, that
is,

67 A(”)((u,oo)Q) :ZP(A(u)_l)A(u)l/”p

for a slowly varying function ‘ - In particular,

i AP0
e YIS TN e B

Sp(u,u)

Moreover, moving from a multivariate Gaussian distribution F' on R? = (—o0,00)?
to a log-Gaussian distribution F' o log on (0,00)% only requires a (componentwise) log-
transformation, and the same applies to the corresponding exponent measures; that is, A; olog
is the exponent measure of ® o log and A) o log is the exponent measure of ® p olog. Hence,
the relations (51), (57) and (58) all carry over to the log-Gaussian variant on (0,00) and
(0,00)? by realizing that one can replace u by log(u) in all situations. For notational conve-
nience, we shall remain on the Gaussian scale in what follows, even though the construction
could also be carried out on the log-Gaussian scale. In essence, this corresponds to replacing
0 by —oo as the absorbing state, whilst the framework of conditional independence carries
over with only minor modifications; see also Remark 3.2.

Now let a,b € (0,1) and consider a trivariate exponent measure A on R? with density

)\(a) ($1, l‘Q))\(b) (1‘2, ZE3)
)\1([1)2) ’

similarly to the example of Section 5.4 with pi12 = pa3 = 1. This ensures that the marginal
measures of A are given by

A12 = A(a) and A23 = A(b),

)\(:p) = ‘TER?),
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whilst the transformation of A to log-Gaussian scale satisfies the conditional independence
relation

{1} L {3} [{2} [Aolog].
From the above considerations, we know that

1+4+a 1+b

s Xs=xp=0 and mag=mn=——.

2 2

In order to derive the corresponding values for x13 and 73, we need to investigate the asymp-
totic behavior of

(60) A13((u,oo)2) = /OO /oo /OO)\(.T)dl’lde’le’?,

in relation to A(u) as u 1 oo.

Note that Aj3 is different from the bivariate exponent measure A which would
have arisen as marginal exponent measure of (X, X3) of a trivariate Gaussian distribution
(Xl,XQ,X3) with (Xl,XQ) ~®,, (XQ,X3) ~ ®p and X7 1L X3 ‘ X, (it is easily seen that
the inverse () of the correlation matrix > with entries p1o = a, p23 = b, p13 = ab satisfies
Q13 = 0; an easy way to verify that A3 # A(®) is by considering the trivariate zero mean
Gaussian distribution with covariance matrix ¥ and by observing that the value at 0 € R3 of
a hypothetical density of its exponent measure, if it existed, deviates from A\(0)).

However, we bear in mind that

(59) X12=Xa=0, mn2=

palonan) = [ Gaye  wih g = P AIR),
—00 gp(i'g)

and that
00 (ab)(x l’)
A () ) = PabTLTS) qay :/ () d T (@1, w8)
(21,23) Pup(1,73) (z1,23) 7oog0() 2 @y (1, 23)
The density of Aq3 is instead given by
)\13(%1,1‘3)—/ /\(x)da:g

—00

_/oo )\(a)(.’El,Jig))\(b)(xQ,Sﬂg)dx

—o0 )\1(562)
_ [T O (x2) (a) ®)
_/Oo o(x) B, (21, 72) Do (2. 73) K\ (21, 22) R\ (29, z3)dxs.

Although, A3 # A(@) | these measures do not deviate too significantly from each other in
their joint upper tails. In order to see this, all we need to do is to control the behavior of
the additional multiplicative terms in the integrand above that appear in addition to the term

o(x).

LEMMA D.7. There exist C' > 0 such that for x1,x3 >0
Oy (21,22)Pp(x2,23) D(z2)

PROOEF. For z1,x3 > 0, we have
®(z2) < P(z2)
Dy (21, 22)Pp(x2,23) ~ Pg(0,22)Pp(22,0)
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If 22 > 0 the latter is bounded by (®,(0,0)®;(0,0))~L. If 22 < 0 we can apply Lemma D.2
to see that we may instead use the bound

D(x9) 1 1
P (—axe/V1— a?)P(xe)P(—bxa/V1 —b?)P(x2) = ®(0)2 ®(x2)
Hence, the assertion is valid for C' = 1/ min(®(0)?2, ®,(0,0)®,(0,0)). [

LEMMA D.8. For3€(0,1)and 6 >0

Jim ¢,(u1)” [O /:: /:O c@)

PROOF. We can rewrite the integrand as

dxldxgdxg =0.

() _c bcp(a:g) <p<$1 — ax2>¢<x3 — b:z:2>
P(x2) PP(z2) "\ VI — a2 V1—02
for a constant Cy;, > 0. For sufficiently large u, and x1,23 > u, o < u? it is clear that

x1 —axy > u—auP >0and z3 — bxe > u — bu® > 0. Therefore, and since /1 — p? <1 for
p € {a, b}, we obtain together with the left-hand side of (50)

P(x)
®(22)

for a constant ¢ > 0. Moreover

(x1 — axg) 1
o au) = V2ol e — ) exp <2a2u2ﬂ) olaz2)

< Cgpmax(—2xwe, c)p(r1 — axs)p(rs — bxy)

1
< V2mexp <2a2u25> o(axs)

and analogously for the terms involving 3. Thus,

Plr) < (' exp (1(a2 + b2)u25> max(—2z2, c)p(V a? + b%x2)p(z1 — au®)p(z3 — bu?)

d(x9) 2

for a constant C’ > 0. Now, the function max(—2xs, c)ap(\/ a? + b2$2) is integrable over
R = (—00, 00) (and not only over (—oo, u”)). So, we can find a constant C* > 0, such that

oo puf  poo =
/ / / olz) dzidaedrs < C"exp 1(a2 + b2)u2ﬁ 6(“ - au5)6(u - buﬂ).
u —oco Ju (I)(xQ) 2

Finally, using (50) again, we find that the right-hand side of the last expression divided by
®(u)?79 is (up to a multiplicative constant) asymptotically equivalent to

p(u) exp {; [(aQ + 02— [u— au?)? — [u— bu’] + (2 - 5)u2} }

= p(u) exp < _ % [5u2 —2a+ b)ul—&-,@}) 50

as u — 00, where p(u) is absorbing the ratio of polynomial terms arising from the approxi-
mation via (50). |

We can now give the proof for the main result of this section.
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THEOREM D.9. The measure A3 from (60) satisfies
A3 ((u,00)%) = £(®(u) 1)@ (u)"/ 7.
for a slowly varying function ¢ and 1., = (1 + ab) /2.

PROOF. Let 3 € (0,1). We consider the following decompositions of integrals A13((u, 00)?) =
Ax(u) + By(u) and A ((u,00)?) = Az(u) + B(u), where

Af(u):/:o /Z /uoof(a:) daydzodrs  and Bf(u):/:o /: /:Of(a:) daydzodas.

Due to Lemma D.3 we have
1
B~
Tl ) )
and therefore By (u) = (1 + e(u))Bg(u) with e(u) — 0 for u — co. We note that therefore

the mapping u — 1 + e(u) is slowly varying, as it converges to a positive constant.
Denoting 1 =14 = (1 + ab) /2, we have

A13((U,OO)2) _ AA(U) +(1+€(U))

(1 - Cou™)(1 — Cyu=?)B(u) < By (u) <

ACD (u,00)%)  Ag(w)
B() T D)/

D)1 B(u)/
and we need to show that
-1 2
A((h” (©),20)) i pu) = =
D(h=1(v))L/n P (u)

is slowly varying as a function of v. To start with, we recall from the knowledge about bi-
variate Gaussian survival functions from above that

ACH (b (v), %0)°)
(01 (0)1 /7

is slowly varying, which is a reformulation of (56) and (57) for p = ab. Moreover, the function
h~1 is slowly varying, because ® is in the Gumbel domain of attraction and 2! is mono-
tone (see Resnick, 2008, Prop. 0.10 and Exercise 0.4.3.1.), and in addition h_l(v) — oo for
v — 0o. Hence (1 +e(h™1(v))) is slowly varying.

What remains to be seen to complete the proof, is that adding (or subtracting) the term
Ap(h=(v))/®(h~1(v))Y/" to (or from) a slowly varying function for f € {\, 3}, preserves
slow variation. Indeed, with C' > 0 as in Lemma D.7 we have

max(Ay(u), Az(u)) < max(1,C) /00 /_u /OO (Ii(j;) dzidzedrs.

According to Lemma D.8 and since 1 > 1/2, there exists (in both cases, f =\ or f = @)
some « > 0 such that

AT A
v—00 6(}]]‘1 (U))l/n U—00 a(u)l/ﬂ"ﬂl

It is easily checked that adding such a function g (with g(v) - v® — 0) to a slowly varying
function will not alter the slow variation property.
Taken together, we have seen that

M ((1,00)%) = €(B(u) ) B(u) /"

for a slowly varying function /. |
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As above, we may also work in Theorem D.9 with A(u) = —log ®(u) instead of ®(u)
(see (51) and Lemma D.6), that is,

A13((u,00)%) = O(A(w) ") A(u) '/ er

for a slowly varying function (. Stated in this form, the asymptotic behavior of the joint
survival function of A;3 resembles (57) with correlation p = ab except that the slowly varying
function ¢ does not coincide with /,;. Nevertheless, we may conclude

1+ ab

5
complementing our knowledge from (59). Hence, although the marginal measure A3 does
not coincide with the bivariate exponent measure A(®Y) | they share the same asymptotic be-
havior on their joint survival sets (u,00)? as u 1 co. Collectively, this establishes Proposi-
tion 8.11.

X13=Xap =0 and 113 =14 =

APPENDIX E: BEYOND SEMI-GRAPHOIDS — WHEN WE HAVE A GRAPHOID

Under the explosiveness condition (E1), the conditional independence with respect to A
satisfies the four semi-graphoid properties, (L1)-(L4), cf. Section 3.3 and Theorem 5.3. It
would even be a graphoid if in addition the following property (L5) was satisfied for all
disjoint subsets A, B,C, D of V:

(L5) fALB|CUD[AJand AL C|BUDIA],then AL BUC|DI[A]  (Intersection)

Importantly, the presence of a graphoid-type conditional independence guarantees the
equivalence of global, local and pairwise Markov properties, be it directed or undirected;
see Lauritzen (1996, Theorem 3.7 and page 52) or Pearl and Paz (2022). Hence the question
if sufficiently rich conditions can be found, under which the A-based conditional indepen-
dence defined here is in fact a graphoid, and not only a semi-graphoid; see also the discussion
contribution of Steffen Lauritzen in Engelke and Hitz (2020). It can be easily seen that (L5)
is violated in general.

EXAMPLE E.1 (Violation of (L5) for a measure on a ray). Let n be a measure on the
positive real line (0, 00) that explodes at the 0 and is finite on sets bounded away from 0, e.g.,
n((t,00)) =t~1. Then the measure

AE)=n({t>0:t(1,1,1) € E}).

on R3, which is concentrated on the ray through (1,1,1) € R3, satisfies our basic require-
ments (B) and (E1), and thus (L1)—(L4) hold. Let Y ~ Py for an admissible R € R(A).
Then the law of (Y7,Y3)|Y3 is a point mass at (Y3,Y3), which is a product measure. Hence,
{1} L {2} |{3}[A], and by symmetry of the argument, {1} L {3} |{2}[A]. If (L5) were true,
we would be able to conclude {1} L {2,3}[A] and thereby A(y; # 0, (y2,y3) # (0,0)) = 0;
see Prop. 5.1. This contradicts A(y; # 0, (y2,y3) # (0,0)) =n((0,00)) = 0.

In the classical probabilistic case the existence of a positive continuous density with re-
spect to a product measure is a well-known condition to guarantee (L5) (Lauritzen, 1996,
discussion of (3.10)). This translates as follows to our situation.

COROLLARY E.2.  Assume (E1) and let 1 = @),y iv be a product measure. Assume
that each marginal measure A, ) # K C V (including A = Ay ') has a positive continuous
density on EX =RF\ {0 } with respect to piic = @, i Ho» then conditional independence
as defined in Definition 3.1 satisfies all five graphoid properties (LI)—(L5).
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PROOF. Properties (L1)—(L4) are already established in Theorem 5.3. To prove (L5), it is
sufficient to assume that the union of A, B,C, D is V; see Lemma A.2 and our assumption
that each Ax has a positive continuous density. Then (L5) follows directly from Defini-
tion 3.1 and the respective counterpart of (LL5) for probability laws. |

In Corollary E.2 we require each marginal A to have a positive continuous density on
every £ =R\ {0k }. Instead we may consider a one-sided version (in some or all direc-
tions) in this requirement and, for instance, ask for A i to have a positive continuous density
on EX =0,00)% \ {0k} for every 0 # K C V, and the same argument shows that (L5) is
then valid. If A is —a-homogenous and A has a positive continuous Lebesgue-density on
&4 =[0,00)%\ {0}, then the marginal measures Ax will also have a positive continuous
Lebesgue-density in their respective dimensions, so the assumptions in Corollary E.2 are met
and (L5) follows in addition to (L.1)—(L4). This is the case for most of the measures consid-
ered in Engelke and Hitz (2020), in particular the Hiisler—Reiss exponent measures, which
have a positive continuous Lebesgue-density. Hence, they define a graphoid-type conditional
independence.

However, we need to be cautious, when drawing conclusions from Corollary E.2 in our
more general context. Take, for example, a measure A that has a positive continuous -
density on each of the elementary sub-faces £x in (14) for () # K C V, for u as in (19),
where each of the factors p,, has an atom at 0. In this case, the conditional independence
notion induced by A defines indeed a graphoid, but likely not for the intended reason. In
fact, it is sufficient to assume that the measure A, which satisfies our basic explosiveness
assumption (E1), has mass on each of the i for () # K C V, in order to conclude that
no conditional independence statement A L B|C' [A] with non-empty A and B can hold;
see Prop. 5.1 and Lemma 3.3. So there is nothing to check in order to conclude that (L5) is
valid. On the other extreme end, if A is a zero measure, then all conditional independence
relations are true, and so the zero measure induces trivially a graphoid relation, too.

More interestingly, let us turn our attention again to situations, when some elementary sub-
faces are charged and others not. We have already considered one such case above, where we
have only mass in the upper most elementary sub-face & and, consequently, it does not
matter if we add an atom at O in each reference measure (i, or not. Indeed, it is reassuring to
see that a positive continuous Lebesgue-density for A and its marginal measures then ensures
that A induces a graphoid-type conditional independence, and that this leads to the Hiisler—
Reiss exponent measures from Engelke and Hitz (2020) to define a graphoid. Still, restricting
the mass of A to only £ comes along with the drawback that associated graphical models
cannot be disconnected as no independence statement can hold true; see Section 8.1. More
generally, we would therefore like to allow for mass on several £x for non-empty K C V.
The following instructive example demonstrates that caution should be exercised in such
situations. Even when requiring the existence of a positive continuous density on each of the
charged sub-faces £, the property (L5) may be violated.

ExXAMPLE E.3 (Violation of (LS5) for a measure with positive continuous density on each
of the charged sub-faces). Let A= {1}, B={2}, C ={3}, D={4}, V. ={1,2,3,4}
and consider an explosive measure A on R*\ {0} with positive continuous pu-density
hia(y1,y4) = A(y1,02,03,y4) on E14 and haga(y2,y3,ya) = A(01,Y2,Y3,ya) on Ea34 for 11 as
in (19) (with d = 4) and zero mass on any other £, K C {1,2,3,4}. Then A(yy =04) =0,
and from Table 3, which documents all densities that are relevant for the relations that ap-
pear in (LS), we can read off that {1} L {2}|{3,4} [A] and {1} L {3}|{2,4} [A], but not
{1} L {2,3} {4} [A]. So (L5) cannot hold.
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What is interesting to note in this example is that we have still the proportionalities

Ay)  _ Aiza(yisa) _ Ai2a(yies) hia(y1a)/ [ hia(yia)dys, y € Ea,
Xo3a(y234)  A34(y34) X4 (y24) 0 y € E1934.
and
Ay) _ A34(y134) _ A24(y124) _ )0 y €&y,
Ao34(y234)  A34(y34) o4 (y24) 1, y € Eaza.

When fixing y14, the ratios still differ according to the y23-component — not their precise
value, but it matters if these components are (jointly) zero or not. If one wanted to conclude
{1} L {2,3}|{4} [A], one would need an argument that connects these ratios, e.g., in the
form of a path through the y23-components that can handle the phase transitions between
different charged £ .

We would like to conclude the discussion with a final insight how to easily construct a
measure A that has mass on several elementary sub-faces £x for non-empty K C V, so
that the induced conditional independence notion defines indeed a graphoid. In fact, one
possibility to do so is to use an independent concatenation of graphoids. Any of the situations
above, where we know that we have a graphoid, may serve as an independent component in
such a construction. That is, each independent component could be, for instance, a measure
as in Corollary E.2, a zero measure, a measure with mass on every elementary sub-face, or
an independent concatenation thereof.

PROPOSITION E.4 (Independent concatenation of graphoids). Fori=1,2 let A; be a
measure on RY satisfying (B) and (E1), so that the conditional independence for \; defines
a graphoid. Consider the measure A on RV1YY> =RV x R"2 such that A?/I =Ay, =Aj and
A[‘)/2 = Ay, = Ay. Then A satisfies (B) and (E1) and the A-induced conditional independence
defines a graphoid.

The proposition follows from the following auxiliary result, which may be of independent
interest. Its proof depends only on semi-graphoid properties. We added the proof here, as we
did not find the following lemma explicitly in the literature.

LEMMA E.5.  Assume (E1), and suppose (AUBUC) L (AU B ' UC") [A]. Then
(AUA) L (BUB)|[(CUC)[A] <« ALB|CIA] and A" 1L B"|C" [A].

PROOF. Assumption (E1) ensures the validity of the semi-graphoid properties (L1)—(L4),
cf. Theorem 5.3. Let us abbreviate the involved statements as follows:

(AUBUC) L (AUB'UC’) [A] by (Indep), (AUA") L (BUB') | (CUC") [A] by (CI-joint),
A1 B|C [A]by (Cl-a)and A’ L B'|C’ [A] by (CI-b).

We show first that (Indep) and (CI-joint) implies (CI-a) (and by symmetry (CI-b)): Indeed,
(CI-joint) implies A L B|(C U ") [A] by (L2), whereas (Indep) gives AU C L C" [A] by
(L2) and, subsequently, A L C"|C [A] by (L3). Taken together this gives A 1. BUC"|C' [A]
by (L4), and hence A | B|C' [A] by (L2).

Conversely, let us assume (CI-a) and (CI-b) in the presence of (Indep). Now, (Indep) and
(L3) imply A L (A’UB UC")|(BUC) [A]. Together with (CI-a) and (L4) this gives A L
BU(A'UuB'UC")|C [A]. Applying (L3) again gives

(61) A1LBUA'UB)|CUC'[A].
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GRAPHICAL MODELS FOR INFINITE MEASURES

€efip(VeTh)veTy [+ ip(Vi)vly [ =
* ehip(veeh)veey [ | efip(veeh)veey [ (VIR)TTy (veeh)veey 0 0 0 veely
* ehip(veehyveey [ | efip(VeTh)veay [ | eefip(veesi)vey [ (veefi)veey ehip(veeh)veey [ | efip(VeTh)veay [ | (Veehi)veTy || V€3
* ehip(veeh)veTy [ | ip(VIR)VIy [ (V1) vy 0 0 (V1) vy 0 velg
* Uip(VIA)vIy [ | €hp(Veeh)veey [ (VIR)VTy 0 (V1) V1y 0 0 velg
* ehip(veehyveey [ | Uip(Vif)Vly [ | €fip(veesi)vecy [ 0 ehip(Veeh)vety [ 0 0 V3
* Uip(Vii)Vly [ | €hip(veeh)veey [ fip(Veeh)veey [ 0 0 Efip(veeh)veTy [ 0 ve3
* Uip(ViA)viy [ Uip(VIA) vy [ (V1A Vy Uip(ViA) vy [ (V) Ty (V1A Vy (V1) V1Y Vi3
* Uip(VIf) 1y [ Uip(VU)VIy [ | €efip(Veeh)veey [ | Uip(Vifi)Vy [ 0 0 0 V3
(Vh)ry (ver)veY (veh)vey (VIA)VTy (veeh)veey (VETA)VETY (Ve1h)vely (f)x

(VETA)VETY (VELA) PETY =

‘Q'f WaL0Y [ 225 () 7 VI ynm fi o 1souwp-1i aof (VETA)VETY (VEIR)VTy =

tou &vu om uoaomopy “[V] {v 'z} [{e} T {1} pur [V] {v'¢} [{c} T {1} 2apy o “0 = (0 = VA)y puv ‘0 # Vi .of (Veeh)VETy (Velfi)rely =
(Vem)Vex (A)y aouig (3 D F “2°1) 0 7 Vi ynm (y1) o M3 saonf-qns Livjuawaa v uo ¢ ajduxsg(-121uno) ) wosf sa11sua( € 414V,

(VRYV\ (fE)Y aapy (j)1ou op am aouts “[V] {%} |{¢ g} T {1} apnjouoo

(vefiyvey (A)x puv
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By symmetry of the prerequisites, the analogous argument gives

(62) A" L (BUBYUA|CUC'[A].

With (61) and (L3) and (L1) we get

(63) (BUB") LA|A'u(CuC’) [A],

whereas (62) and (L2) and (L1) imply

(64) (BUB') LA'|CUC'[A].

Finally, (63) and (64) and (L4) give the desired (CI-joint). [ |
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