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 A B S T R A C T

In a search and matching model with Nash bargaining, we find infinitely many asymmetric equilibria in which 
one sex receives a lower payoff than a similarly productive agent of the opposite sex. The mechanism resembles 
a social norm: if all agents on the opposite side of the marriage market become more demanding, continued 
searching yields diminished returns. However, if same-sex marriage is legalized and each side of the market 
includes a positive, arbitrarily small, share of bisexual agents, then only symmetric equilibria survive. This 
result highlights how restrictions on same-sex marriage reinforce asymmetries in opposite-sex matchings.
. Introduction

Modern marriage is a civil contract that brings both spouses eco-
omic and contractual benefits. Inheritance issues, tax benefits, im-
igration status, adoption opportunities, etc., frequently depend upon 
arital status.1 Meanwhile, in many modern countries sex, cohabita-
ion, and parenthood do not require marriage. Why then are many 
eople, married and not, so strongly opinionated against same-sex mar-
iage? And why do these opinions come part and parcel with women 
ights issues? Some of this resistance might be cultural or emotional, 
ut we find an economic rationale for such an opposition. In this paper, 
e show that if same-sex marriage is prohibited, then asymmetric 
quilibria can arise in the marriage market, specifically that otherwise 
imilar agents of different genders obtain different payoffs. Moreover, 
ne of the genders can be systematically oppressed, meaning that all 
gents of one gender obtain a lower payoff than otherwise identical 
gents of the opposite gender. However, as we show in the paper, if 
ame-sex marriage is allowed, then every marriage market equilibrium 
in an otherwise gender-symmetric environment) is a symmetric one, 
eaning that agents’ payoffs are gender-independent. We show that 
n arbitrarily tiny proportion of bisexual individuals is sufficient to 
uarantee gender-neutral market outcomes in the presence of same-sex 
arriage. This may be a reason for the advantaged gender to oppose 
uch marriages.
Our model is based on the framework by Atakan (2006a), in which 

ach agent has fixed per period search costs and the surplus of marriage 

I We thank Alp Atakan, Melvyn Coles, Vincent Crawford, Avinash Dixit, Marco Francesconi, Bettina Klaus, Meg Meyer and Larry Samuelson for helpful 
omments during the conception of this paper, and audiences of Lancaster Game Theory Conference 2015, 5th Game Theory Society World Congress in Maastricht, 
EA-ESEM Congresses in Lisbon and in Köln, EARIE 2018, Oligo 2019 (Nottingham) and seminar participants in Leicester and Lund for lively discussions.
∗ Corresponding author.
E-mail addresses: aleksei.parakhonyak@economics.ox.ac.uk (A. Parakhonyak), popovs@cardiff.ac.uk (S.V. Popov).
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is split according to the Nash bargaining solution. We show that once 
genders are formally introduced to this framework and only heterosex-
ual marriage is allowed, then for each equilibrium in Atakan (2006a) 
there is a continuum of asymmetric equilibria. This gender inequality 
is maintained by limiting the set of marital partners to the opposite 
gender. Suppose that one of the genders expects a higher equilibrium 
payoff, which acts as a disagreement outcome in each current or 
potential match. This means that each agent of such gender is more 
demanding, so representatives of the dominated gender, being forced 
to marry representatives of the dominating gender, expect forthcoming 
matches to be equally demanding, and therefore accommodate such 
higher demands from current suitors, which leads to an asymmetric 
equilibrium. After illustrating the possibility of asymmetric outcomes, 
we allow for same-sex marriage. It turns out, that as long as there are 
some bisexual people, i.e. those who are able to accept marriage with 
both genders, only symmetric equilibrium outcomes are possible.

Remarkably, this result does not depend on the size of the bisexual 
cohort and the size of search frictions. The key mechanism is that allow-
ing same-sex marriage improves a disagreement point for bisexuals of 
an oppressed gender, which lowers equilibrium payoffs for all agents of 
the advantaged gender, and thereby benefits all, even the heterosexual, 
agents of the dominated gender. This process unravels until all the 
gender-driven asymmetries disappear. However, asymmetries which 
are not related to institutional restrictions on marriage but arise due 
Adda et al. (2020) show that immigrants marry differently when their legal rig
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o differences in genders2 may still remain. We show, however, that 
ven such strong asymmetries might disappear in a purely bisexual 
ociety.
Our paper makes contributions to several strands of literature in the 

ocial sciences. The theoretical literature on marriage starts with Becker 
1973) who showed that under the supermodularity of the marriage 
roduction function, marriage market equilibria feature positive as-
ortative matching—‘‘better’’ husbands get ‘‘better’’ wives. This result 
as subsequently extended by Atakan (2006a), who considered fixed 
earch frictions, and by Shimer and Smith (2000), who considered time-
ependent search frictions (which requires the log-supermodularity of 
he production function to obtain positive assortative matching) and 
y Smith (2006), who modelled a non-transferable utility (in which 
ase a ‘‘class’’ equilibrium can arise: space of types gets broken into 
lasses by ability, and higher class members of one gender marry higher 
lass members of another gender). We contribute to this literature by 
stablishing the existence of equilibrium in a matching model with 
ixed search costs and exogenous constraints on matching opportunities 
Theorem  1).
The main focus of our paper is on gender asymmetries rather than 

he properties of the distribution of matches. Gender asymmetries in 
arriage outcomes were studied by Burdett and Coles (1997), where 
hey arise due to the differences in equilibrium productivity type distri-
utions, and in Bhaskar and Hopkins (2016) where such productivity 
ype differences can arise due to the difference of returns to invest-
ents in productivity type. The nature of asymmetry in our paper is 
uite different, since asymmetric outcomes exist in a purely symmetric 
nvironment due to the distribution of bargaining power in equilibrium 
see Proposition  2). Moreover, we show that asymmetries arising to the 
istribution of productivity types disappear in a bisexual environment 
ith same-sex marriage.
A vast literature on intra-household allocation (see, e.g. Browning 

t al., 1994; Browning and Chiappori, 1998) studies how the distri-
ution of bargaining power affects intra-house consumption decisions. 
lthough this literature mainly connects bargaining power to traits 
age, income, etc.), some of the differences are explained by mere gen-
er. Wright and Rogers (2011) provide an overview of the dynamics of 
ender inequality in labour distribution in US families that shows that 
he difference between genders were significant, but are diminishing 
ith time, seemingly connected with better workplace opportunities 
or females. Not all inequality comes from the current status of either 
artner: Tichenor (1999) shows that even if a wife earns more than her 
usband, she does not necessarily enjoys more power in the family. 
his is perfectly consistent with our model: we can demonstrate an 
quilibrium where the wife of a better type collects a smaller life-
ime payoff. Black et al. (2007) provide some statistics on same- and 
pposite-sex families in the US; notably, in same-sex couples, both 
artners are more likely to work. Oreffice (2011) documents that traits 
an affect the distribution of bargaining power differently in homo-
exual and heterosexual marriages. Same-sex marriages increase past 
iberalization (Masson-Makdissi, 2024), but the results are different for 
ifferent genders (see also Ciscato and Goussé, 2024).
Attitudes to same-sex marriage are significantly different between 

he two sexes. Olson et al. (2006) documents that females have sub-
tantially more positive attitudes about it than males. Lewis and Gossett 
2008) also find females to be less opposed to same-sex marriage. Bau-
ach (2012) notes a significant liberalization of public attitudes to 
ame-sex marriage during the period from 1988 till 2010. She found 
hat in all periods of study females had a significantly more positive 

2 A biased gender ratio, as described in Abramitzky et al. (2011), is the 
ost obvious asymmetry that can drive outcome asymmetries; see Burdett and 
oles (1997) for more theoretical examples. There are significant empirical 
ifferences across genders and sexualities, see Badgett et al. (2021) for a 

ummary. m

2 
ttitude to same-sex marriage than males. She claims that ‘‘changing 
ame-sex marriage attitudes are not due to demographic changes ... 
R]ather, the liberalization in same-sex marriage attitudes ... is due 
rimarily to a general societal change in attitudes’’, which can be 
nterpreted as a change in equilibrium beliefs in our formal model.
The structure of the paper is as follows. The formal model is 

resented in Section 2. In Section 3 we define the equilibrium and 
rove its existence. Our key results on the impact of same-sex marriage 
estrictions on gender inequality are presented in Section 4. In Section 5 
e discuss the role of our assumptions and possible extensions of our 
odel.

. Model

There are infinitely many agents in the model. Each agent is char-
cterized by a two-dimensional type (𝑖, 𝑥) with 𝑖 ∈ 𝑇  – a finite set of 
dentity types, and 𝑥 ∈ [0, 1] – a set of productivity types. The set of 
ypes which can form a partnership is restricted with respect to 𝑖 ∈ 𝑇 : 
or 𝑖, 𝑗 ∈ 𝑇 , let 𝑎𝑖𝑗 = 1 if marriage is possible and 𝑎𝑖𝑗 = 0 if it is not,3 
ither due to sexual orientation or for legal reasons.4 For example, if 
here are females and males in the population and if either same-sex 
arriage is prohibited or if all agents are heterosexual, then we have 
𝐹𝐹 = 𝑎𝑀𝑀 = 0 and 𝑎𝑀𝐹 = 𝑎𝐹𝑀 = 1. We assume that at least some 
f 𝑎𝑖𝑗 = 1 for every 𝑖 and impose 𝑎𝑖𝑗 = 𝑎𝑗𝑖. Each type 𝑖 appears in 
he population with the probability 𝑞𝑖 ∈ [0, 1], ∑𝑖∈𝑇 𝑞𝑖 = 1. Let 𝑥 be 
he ‘‘productivity’’ component of the type, which directly affects the 
ay-offs of the participants of the marriage market.
In every period agents meet a potential partner and bear costs 𝑐 > 0. 

gents can decide whether to accept or reject the match. If 𝑎𝑖𝑗 = 1
nd both agents (𝑖, 𝑥) and (𝑗, 𝑦) agree to marry then they harvest joint 
roduction 𝑓 (𝑥, 𝑦), which is defined by the production function 𝑓 ∶
0, 1]2 → R++, and then quit the market. Note that we assume that the 
utput in the marriage is solely defined by the productivity component 
f the agents’ types and is not related to the gender component.

ssumption 1. 𝑓 (⋅, ⋅) is positive, symmetric, increasing in both 
rguments and Lipschitz continuous of modulus 𝐾.
This assumption implies that (i) higher productivity types are more 

ttractive partners in marriage, and (ii) roles in marriage for both 
artners are equal. Lipschitz continuity is a technical assumption which 
s used in the proof of the existence of the equilibrium.
The productivity of an unmatched agent of type 𝑖 ∈ 𝑇  is distributed 

ccording to the cumulative distribution function 𝐺𝑖 ∶ [0, 1] → [0, 1]. 
e assume that 𝐺𝑖(⋅) has a continuous bounded density on [0, 1]. 
e assume that when a married agent (𝑖, 𝑥) leaves the market she is 
eplaced with an agent of the same type, and therefore the distribution 
f types is stationary.
When agents (𝑖, 𝑥) and (𝑗, 𝑦) decide to marry, they produce 𝑓 (𝑥, 𝑦)

nd divide it according to Nash (1950) bargaining solution. Let 𝑣𝑖(𝑥)
nd 𝑣𝑗 (𝑦) be the expected continuation values of rejecting the match 
nd continuing searching, to be defined later. These values serve as a 
isagreement point in the Nash bargaining problem. Then, if the match 
s accepted by both players their payoffs are {𝑣𝑖(𝑥) + 𝑠𝑖𝑗 (𝑥, 𝑦), 𝑣𝑗 (𝑦)+
𝑠𝑖𝑗 (𝑥, 𝑦)

}

, where

𝑖𝑗 (𝑥, 𝑦) ≡
𝑓 (𝑥, 𝑦) − 𝑣𝑖(𝑥) − 𝑣𝑗 (𝑦)

2
s the surplus. 
3 Our results can be directly extended to the case when 𝑎𝑖𝑗 ∈ [0, 1]. In this 
ase 𝑎𝑖𝑗 can be interpreted as the probability that a match between types 𝑖
nd 𝑗 is possible. An alternative interpretation of 𝑎𝑖,𝑗 ∈ (0, 1) is that some 
inds of marriage are legal but repugnant in the sense of Roth (2018): part of 
he surplus of such a marriage is dissipated.
4 We interpret 𝑇  as a set of restrictions derived from sexual orientation 
nd legal constraints, but our model extends to other restrictions on possible 

atches, arising due to race, class, caste, etc.
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. Definition and existence of equilibrium

Let 𝐴𝑖𝑗 (𝑥) ⊆ [0, 1] be a set of productivity types with 𝑗 ∈ 𝑇
cceptable by agent (𝑖, 𝑥). Our setting imposes the following restriction

𝑖𝑗 = 0 ⇒ 𝐴𝑖𝑗 = ∅. (1)

The payoff function from a match between players (𝑖, 𝑥) and (𝑗, 𝑦) is 
pecified by 

[𝑥, 𝑦, 𝐴𝑖𝑗 (𝑥), 𝐴𝑗𝑖(𝑦)] =

⎧

⎪

⎨

⎪

⎩

−𝑐 if 𝑥 ∉ 𝐴𝑗𝑖(𝑦) or 𝑦 ∉ 𝐴𝑖𝑗 (𝑥)
−𝑐 + 𝑣𝑖(𝑥) + 𝑠𝑖𝑗 (𝑥, 𝑦) if 𝑥 ∈ 𝐴𝑗𝑖(𝑦) and 𝑦 ∈ 𝐴𝑖𝑗 (𝑥)
0 if matched in previous rounds

(2)

Now we are ready to define the value function of player (𝑖, 𝑥). 

𝑖(𝑥) = max
�̂�𝑖𝑗

{

∑

𝑗∈𝑇
𝑞𝑗E𝑗,𝑦𝑡

∞
∑

𝑡=0
𝜋[𝑥, 𝑦𝑡, �̂�𝑖𝑗 , 𝐴𝑗𝑖(𝑦𝑡)]

}

(3)

ith (1) satisfied for �̂�𝑖𝑗 . Notation E𝑗,𝑦𝑡  means that the expectation is 
aken with respect to 𝑦𝑡 ∼ 𝐺𝑗 .

efinition 1. Search equilibrium is a function 𝑣 ∶ 𝑇 × [0, 1] → R and 
 strategy 𝐴𝑖𝑗 (𝑥) for each 𝑖 ∈ 𝑇 , 𝑥 ∈ [0, 1] such that

1. 𝐴𝑖𝑗 (𝑥) solves problem (3) given that all other types (𝑗, 𝑦) ∈
𝑇 × [0, 1] are playing the strategy 𝐴𝑗𝑘(𝑦), 𝑘 ∈ 𝑇  and the payoff 
function (2) is defined according to 𝑣𝑖(𝑥);

2. 𝑣𝑖(𝑥) satisfies (3) given that all players (𝑗, 𝑦) ∈ 𝑇 ×[0, 1] are play-
ing 𝐴𝑗𝑘(𝑦), 𝑘 ∈ 𝑇 , and payoff function (2) is defined according 
to (3);

3. matching sets 𝐴𝑖𝑗 (𝑦) satisfy restriction (1).
The following theorem establishes the existence of the equilibrium.

heorem 1. Under Assumption  1, the search equilibrium exists.

The proof, which is similar to that by Atakan (2006b), is presented 
n Appendix  B.
Denote by 𝑀𝑖𝑗 (𝑥) the matching sets of type (𝑖, 𝑥), i.e. types (𝑗, 𝑦)

hich both accept (𝑖, 𝑥) and are accepted by (𝑖, 𝑥). Suppose that agent 
𝑖, 𝑥) meets agent (𝑗, 𝑦) and that 𝑎𝑖𝑗 = 1. Then, the value function can 
e represented as

𝑖𝑗 (𝑥, 𝑦) = max

{

𝑠𝑖𝑗 (𝑥, 𝑦) + 𝑣𝑖(𝑥),−𝑐 +
∑

𝑙∈𝑇
𝑞𝑙E𝑙,𝑧𝑣𝑖,𝑙(𝑥, 𝑧)

}

=

ax
{

𝑠𝑖𝑗 (𝑥, 𝑦) + 𝑣𝑖(𝑥), 𝑣𝑖(𝑥)
}

hus, the match is accepted whenever surplus 𝑠𝑖𝑗 (𝑥, 𝑦) is non-negative.5 
s the same logic applies to player (𝑗, 𝑦) we conclude that 𝑀𝑖𝑗 (𝑥) =
(𝑗, 𝑦) ∶ 𝑠𝑖𝑗 (𝑥, 𝑦) ≥ 0, 𝑎𝑖𝑗 = 1}. If 𝑎𝑖𝑗 = 0 then 𝑀𝑖𝑗 (𝑥) = ∅. The 
ollowing Proposition proves that the constant surplus condition 
olds in equilibrium.

roposition 1. For all (𝑖, 𝑥) ∈ 𝑇 × [0, 1]
∑

𝑗∈𝑇
𝑞𝑗 ∫𝑀𝑖𝑗 (𝑥)

𝑠𝑖𝑗 (𝑥, 𝑦)𝑑𝐺𝑗 (𝑦) = 𝑐. (4)

Note that each agent, irrespective of their type, has the same search 
osts. Moreover, for the optimal stopping rule, search cost must be 
qual to gains from search, which equal the expected surplus from the 
ext match (with surplus being 0 for 𝑦 ∉ 𝑀𝑖𝑗 (𝑥)). Thus, all agents must 
btain the same surplus in equilibrium.

5 We ignore superficial equilibria in which nobody marries nobody because 

veryone expects to be rejected. 𝑥

3 
. Gender and asymmetries

Once we have established the existence of equilibrium in our gen-
ralized model we can proceed with the analysis of the impact of 
arriage restrictions on gender inequality.
First, consider the model by Atakan (2006a). Since this model does 

ot have any gender differences, we can treat it as an essentially one-
ender model with 𝑎11 = 1. Since the division of the surplus cannot 
e conditioned on sex in such a setting, the equilibrium is necessarily 
ymmetric. It satisfies the constant surplus condition (4). Let �̃�𝑐 (𝑥) be 
he value function associated with such equilibrium when the search 
ost is 𝑐.
Now we explore how the possibility of having different types of 

layers affects the existence of asymmetric equilibria.

efinition 2. An equilibrium is asymmetric if for some 𝑖, 𝑗 ∈ 𝑇  and 
∈ [0, 1]: 𝑣𝑖(𝑥) ≠ 𝑣𝑗 (𝑥).

We start our analysis with the world with two genders and no 
exual orientation asymmetries 𝑇 = {𝐹 ,𝑀}. A few questions may 
e asked here. Are there asymmetric equilibria in a model with two 
enders? If yes, what drives such asymmetries? Is it necessary to have 
wo different productivity type distributions 𝐺𝐹 ≠ 𝐺𝑀  in order to 
ave asymmetric equilibria? How does sexual orientation impact the 
xistence of asymmetric outcomes? Namely, what is the difference 
etween an environment when every agent is straight or same-sex 
arriage is forbidden (𝑎𝐹𝑀 = 𝑎𝑀𝐹 = 1, 𝑎𝐹𝐹 = 𝑎𝑀𝑀 = 0) and an 
nvironment when all players are bisexual and same-sex marriage is 
llowed (𝑎𝐹𝑀 = 𝑎𝑀𝐹 = 𝑎𝐹𝐹 = 𝑎𝑀𝑀 = 1)?
We start by considering an environment when same-sex marriage is 

orbidden, but otherwise the model is symmetric, i.e. 𝑞𝐹 = 𝑞𝑀 = 1∕2
nd 𝐺𝐹 (𝑥) = 𝐺𝑀 (𝑥) = 𝐺(𝑥). If everybody was bisexual and same-sex 
arriage was allowed, we would have the unisex equilibrium of Atakan 
2006a) described above, with value function �̃�𝑐 (𝑥). Now, take the value 
unction �̃�2𝑐 (𝑥) associated with the unisex equilibrium, but with double 
he search costs, to reflect that the chance of meeting the opposite 
ender agent is twice smaller. Let �̃�(𝑥) be the matching set associated 
ith such an equilibrium. Define 

𝐹 (𝑥) = �̃�2𝑐 − 𝛥, 𝑣𝑀 (𝑥) = �̃�2𝑐 + 𝛥. (5)

or some 𝛥 > 0. We claim that such value functions 𝑣𝐹 , 𝑣𝑀  together 
ith matching sets 𝑀𝐹𝑀 (𝑥) = 𝑀𝑀𝐹 (𝑥) = �̃�(𝑥), 𝑀𝐹𝐹 = 𝑀𝑀𝑀 = ∅
onstitute an asymmetric equilibrium in a search economy when same-
ex marriage is prohibited. First note that if the value functions are 
efined by (5) then the surplus remains the same as in the unisex 
conomy:

𝐹𝑀 (𝑥, 𝑦) = 𝑠𝑀𝐹 (𝑥, 𝑦) =
𝑓 (𝑥, 𝑦) − 𝑣𝐹 (𝑥) − 𝑣𝑀 (𝑦)

2

=
𝑓 (𝑥, 𝑦) − �̃�2𝑐 (𝑥) − �̃�2𝑐 (𝑦)

2
≡ �̃�(𝑥, 𝑦)

nd thus the matching sets are exactly the same as �̃�(𝑥). Moreover, the 
ptimal stopping problem is consistent with the value functions, i.e. if 
he agent is expected to get �̃�2𝑐 ± 𝛥 in the next round, this is also her 
urrent value function:

𝐹 (𝑥) = −𝑐 + 1
2
[�̃�2𝑐 (𝑥) − 𝛥] + 1

2
Emax{�̃�(𝑥, 𝑦) + �̃�2𝑐 − 𝛥, �̃�2𝑐 − 𝛥}

1
2
[�̃�2𝑐 (𝑥) − 2𝛥] + 1

2
[

−2𝑐 + �̃�2𝑐 (𝑥) + Emax{�̃�(𝑥, 𝑦), 0}
]

= �̃�2𝑐 (𝑥) − 𝛥

s defined recursively by �̃�2𝑐 (𝑥) = −2𝑐 + �̃�2𝑐 (𝑥) + Emax{�̃�(𝑥, 𝑦), 0}. The 
ame logic applies to 𝑣𝑀 . This brings us to the following conclusion.

roposition 2. Suppose that 𝑎𝐹𝑀 = 𝑎𝑀𝐹 = 1 and 𝑎𝐹𝐹 = 𝑎𝑀𝑀 = 0, 
𝐹 = 𝑞𝑀 = 1∕2 and 𝐺𝐹 (𝑥) = 𝐺𝑀 (𝑥) for all 𝑥 ∈ [0, 1]. Then there exists 
 continuum of asymmetric equilibria with 𝑣𝑖(𝑥) < 𝑣𝑗 (𝑥) for all values of 

∈ [0, 1].
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Note that our result does not simply say that there is unequal 
reatment of agents in equilibrium, meaning that the same productivity 
ypes get different payoffs depending on their gender (for example 
igh productivity 𝐹 ’s and low productivity 𝑀 ’s are treated better than 
heir opposite gender counterparts). We show that the difference in 
ayoffs can be persistent across all productivity types, meaning that 
here can be a systematic discrimination against one of the genders. 
hat is, all the 𝐹 ’s can get lower payoffs than the 𝑀 ’s of the same 
roductivity type. These differences are not driven by asymmetries in 
he environment, which is symmetric, but are purely a result of coordi-
ation on a specific equilibrium outcome. This is in contrast to Burdett 
nd Coles (1997) and others,6 where differences between gender pay-
ffs are driven solely by differences in some gender characteristics, 
.g. distributions of productivity types.
Next we consider an environment in which there are no hurdles 

or same-sex marriage: 𝑎𝐹𝑀 = 𝑎𝑀𝐹 = 𝑎𝐹𝐹 = 𝑎𝑀𝑀 = 1. Moreover, 
e allow for all sorts of asymmetries in gender distribution: 𝑞𝐹 ≠ 𝑞𝑀
nd 𝐺𝐹 (𝑥) ≠ 𝐺𝑀 (𝑥). As the following Proposition establishes, even in 
uch strikingly asymmetric environment all equilibria are necessarily 
ymmetric.

roposition 3. Suppose that 𝑎𝐹𝑀 = 𝑎𝑀𝐹 = 𝑎𝐹𝐹 = 𝑎𝑀𝑀 = 1. Then, in 
ny equilibrium 𝑣𝐹 (𝑥) = 𝑣𝑀 (𝑥) for all 𝑥 ∈ [0, 1].

Proposition  2 highlights the fact that in the model with transfer-
ble utility gender differences in payoffs can arise purely because of 
xogenous gender restrictions on possible matches, while Proposition  3 
hows that the absence of such restrictions leads to the equal treatment 
f genders even in asymmetric environments, e.g. such as in papers 
isted in Footnote 6. However, it relies on two important conditions: 
i) that same-sex marriage is allowed and (ii) that all agents are willing 
o accept a same sex partner. Condition (i) is a policy issue and, as we 
ave illustrated, the absence of institutional restrictions on same-sex 
arriage is generally good for gender equality. Condition (ii) relates 
o human nature and it is unreasonable to assume that it holds in 
eal societies, since some of their members would find it impossible 
o marry a person of the same gender, regardless of his or her pro-
uctivity characteristics. We intend to show that even having a tiny 
roportion of agents who are willing to accept partners of both genders 
s sufficient to guarantee gender equality in environments which are 
ender-symmetric. This key result is the main focus of the rest of this 
ection.
Suppose that agents now differ both in their gender and their 

exuality. We will distinguish heterosexual agents who can only match 
ith the opposite gender and bisexual agents who can match with both 
enders.7 Let the set of types be 𝑇 = {𝐹𝐵, 𝐹𝐻,𝑀𝐵,𝑀𝐻}. We make 
he following assumption on possible matches:

𝑖𝐻,𝑖𝑗 = 𝑎𝑖𝑗,𝑖𝐻 = 0, 𝑖 ∈ {𝐹 ,𝑀}, 𝑗 ∈ {𝐵,𝐻}

nd all other 𝑎’s are equal to 1. That is, heterosexual people can only 
arry the opposite gender. Moreover, we impose the condition that the 
nvironment is symmetric with respect to genders.

ssumption 2. 𝑞𝐹𝐵 = 𝑞𝑀𝐵 = 𝑞 and 𝑞𝐹𝐻 = 𝑞𝑀𝐻 = 1 − 𝑞 and 
𝐹𝐵(𝑥) = 𝐺𝑀𝐵(𝑥) = 𝐺𝐵(𝑥) and 𝐺𝐹𝐻 (𝑥) = 𝐺𝑀𝐻 (𝑥) = 𝐺𝐻 (𝑥) for all 
∈ [0, 1].

6 This is also the case in Bergstrom and Bagnoli (1993), Siow (1998), Chi-
ppori and Oreffice (2008), Coles and Francesconi (2011), and Bhaskar and 
opkins (2016).
7 For the sake of brevity, we omit purely homosexual agents: their presence 
ould not break the feedback loop from heterosexual to homosexual marriages 
ia bisexuals that we will exploit. If anything, they would make our result 
asier to obtain by applying additional pressure towards making genders more 

qual. i

4 
Without this assumption the difference in agents’ payoffs can be 
riven purely by the composition of the available pool of matching 
andidates.8 If, say, there were only a few 𝐹 ’s they would benefit at the 
xpense of the 𝑀𝐻 ’s. The same logic applies to the differences between 
eterosexual and bisexual people: even in a symmetric environment 
isexual people meet potentially suitable candidates more often than 
traight ones do and as a result obtain higher payoffs in equilibrium. To 
ddress this issue we redefine the notion of symmetry in the following 
ay.

efinition 3. An equilibrium is gender-symmetric if 𝑣𝐹 𝑖(𝑥) = 𝑣𝑀𝑖(𝑥)
or all 𝑥 ∈ [0, 1] and 𝑖 = 𝐻,𝐵.

Now we can proceed with the main result of our paper.

roposition 4. Suppose that Assumptions  1 and 2 hold, 𝑞 > 0 and 𝑓 (⋅, ⋅)
s supermodular. Then all equilibria are gender-symmetric.
Our previous analysis suggested that the presence of bisexual types 

hould reduce gender inequality if same-sex marriage is possible. What 
s surprising is that even in the presence of search frictions gender 
nequality completely disappears for all values of 𝑞 > 0, regardless 
f how small 𝑞 is. For zero search frictions the mechanism is starkly 
lear. For example, if any marriage results in surplus of 1 (i.e. all 
gents have the same productivity type) asymmetric equilibria can exist 
f same sex marriage is not allowed (say, all women get 1∕4), but 
t cannot be the case that women get surplus less than 1∕2 if same 
ex marriage is allowed. If that was the case, bisexual females would 
refer to match each other and obtain a surplus of 1∕2, thus creating 
n oversupply of males and decreasing their bargaining power. One 
ight think that having large search costs destroys this mechanism 
f only a tiny fraction of agents are bisexual by making waiting for a 
isexual match prohibitively unattractive and thus not leading material 
hifts in bargaining power. Surprisingly, we show that these frictions 
ive no protection to the advantageous side: even a tiny portion of 
isexuals leads to unravelling of an asymmetric equilibrium for any 
evel of search costs.
The supermodularity of the production function is usually assumed 

o obtain positive assortative matching, see Shimer and Smith (2000) 
nd Atakan (2006a). In this paper we do not study the properties 
f matching distribution9 and the supermodularity assumption in our 
odel guarantees that the bisexuals of disadvantaged gender match 
ith themselves in equilibrium. It is a sufficient condition for such 
atches, but it can be shown that it is not a necessary one.

. Discussion

In this paper, we show that same-sex marriage might lead to a 
ore egalitarian society: while people of differing abilities will still get 
ifferent payoffs from marriage, people of the same ability and of the
ame attitude to same-sex marriage would get the same payoff.
Our model relies on the assumption that the willingness to par-

icipate in same-sex marriage is deterministic. This assumption can 
e easily replaced with the assumption that agents can participate in 
omosexual marriage with a certain probability. Such a replacement 
ould be equivalent to assuming that 𝑎𝑖𝑗 are no longer drawn from 
 binary domain, but are real numbers between zero and one. The 
atching equilibrium still exists and the results of Proposition  4 hold as 
ong as the probability of matching with the opposite gender is positive.
Our model can also encompass taste shocks or ‘‘love’’. It can be 
odelled by replacing 𝑓 (𝑥, 𝑦) with 𝑓 (𝑥, 𝑦) + 𝜀, where 𝜀 is a random 

8 In reality, the distribution of identity types may differ across sexes, 
ee Badgett et al. (2021).
9 Jepsen and Jepsen (2002) find evidence of positive assortative matching 
n both heterosexual and same-sex marriages in the US Census data.
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hock. As long as the distribution of 𝜀 does not depend on gender, our 
ain result in Proposition  4 holds.
We do not include purely homosexual types in our model, because 

hey would not have any impact on gender equality in heterosexual 
arriage without feedback via bisexual market, which is the main focus 
f our paper. However, it is obvious that if such agents existed in 
ur model, they could only benefit from the introduction of same-sex 
arriage, since in the past they simply could not participate in the 
arket. The impact of such agents on the surpluses earned by specific 
roductivity types is unclear and would depend on the distribution of 
roductivity types among homosexuals. However, as long as homosexu-
ls of both genders are of equal measure and have the same distribution 
f traits, any matching market equilibrium would still be symmetric, 
rovided that there is a positive mass of bisexuals.
We have assumed that the productivity function is symmetric across 

he types of marriage. It is possible to show that if same-sex couples 
uffer a fixed penalty 𝑘, i.e. 𝑓𝑀 ⋅𝑀 ⋅(𝑥, 𝑦) = 𝑓𝐹 ⋅𝐹 ⋅(𝑥, 𝑦) = 𝑓 (𝑥, 𝑦) − 𝑘, then 
he difference in the payoffs between the genders is bounded above by 
. Naturally, as 𝑘 → 0, this result converges to the result of Proposition 
, i.e. gender-based discrimination disappears.
We assume that the search costs are constant and type-independent. 

owever, if the equilibrium exists, then the result of Proposition  4 
olds for type-dependent search costs, 𝑐(𝑥), because the proof is based 
n the constant-surplus conditions (6)–(9) written out for one type 
lone, the most advantaged type. The same holds for the proportion 
f bisexual population among those whom this type can meet, 𝑞(𝑥). 
ender-dependent search costs, however, destroy the gender symmetry. 
f bisexual individuals find it costlier to find a partner, it is harder to use 
ame-sex marriage as a substitute for heterosexual marriage, so a small 
ifference would be enough to maintain a conditional gender difference 
n heterosexual marriage. If the search costs were value-dependent, for 
nstance, featuring time discounting, the symmetric equilibrium could 
e guaranteed even without same-sex marriage. Our results extend 
o Becker (1973) case of 𝑐 = 0: asymmetric equilibria exist if two sides 
f the markets can only match with the opposite side, and disappear if 
 positive measure 𝑞 of agents who can match with the agents of the 
ame side is present.
We assumed that leaving agents are replaced with clones, which 

esults in stationary productivity type distributions and marriage strate-
ies. If this assumption is relaxed, then the equilibrium distribution 
f traits might be different for each of the two genders, leading to 
symmetry in the payoffs. If all agents are bisexual, the equilibrium 
emains gender symmetric, but a small fraction of the bisexuals is no 
onger sufficient for guaranteeing gender symmetry.
With this paper, we show that same sex marriage helps to achieve 

quality between genders if the populations were originally symmetric. 
nstitutional aspects borne by gender inequality, such as unequal access 
o education, healthcare or privacy, might produce different ability 
istributions in the two genders, even if ex-ante distributions were iden-
ical, reinforcing the gender inequality. Similarly, payoff differences 
etween genders may arise if asymmetry is built into Nash bargaining 
rotocol. Such asymmetries do not fully go away due to the intro-
uction of the same sex marriage. However, our propositions suggest 
hat some inequality can be tolerated when the bisexual population is 
arge enough; the proof of Proposition  3 is robust to differences across 
enders with respect to ability distribution or gender imbalances. We 
eave these issues for future research.
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ppendix A. Proofs

roof of Proposition  1.  Note, that

𝑖(𝑥) =
∑

𝑗∈𝑇
𝑞𝑗 ∫

1

0
max{−𝑐 + 𝑣𝑖(𝑥),−𝑐 + 𝑣𝑖(𝑥) + 𝑠𝑖𝑗 (𝑥, 𝑦)𝑎𝑖𝑗}𝑑𝐺𝑗 (𝑦) =

𝑐 + 𝑣𝑖(𝑥) +
∑

𝑗∈𝑇
𝑞𝑗 ∫𝑀𝑖𝑗 (𝑥)

𝑠𝑖𝑗 (𝑥, 𝑦)𝑑𝐺𝑗 (𝑦)

ancelling 𝑣𝑖(𝑥) and rearranging terms gives

∈𝑇
𝑞𝑗 ∫𝑀𝑖𝑗 (𝑥)

𝑠𝑖𝑗 (𝑥, 𝑦)𝑑𝐺𝑗 (𝑦) = 𝑐.

roof of Proposition  3.  Suppose that for some 𝑥 we have 𝑣𝑀 (𝑥) >
𝐹 (𝑥). From Proposition  1 it follows that

𝑀 ∫

1

0
[𝑓 (𝑥, 𝑦)−𝑣𝑀 (𝑥)−𝑣𝑀 (𝑦)]+𝑑𝐺𝑀 (𝑦)+𝑞𝐹 ∫

1

0
[𝑓 (𝑥, 𝑦)−𝑣𝑀 (𝑥)−𝑣𝐹 (𝑦)]+𝑑𝐺𝐹 (𝑦) = 2𝑐

𝑀 ∫

1

0
[𝑓 (𝑥, 𝑦) − 𝑣𝐹 (𝑥) − 𝑣𝑀 (𝑦)]+𝑑𝐺𝑀 (𝑦) + 𝑞𝐹 ∫

1

0
[𝑓 (𝑥, 𝑦) − 𝑣𝐹 (𝑥) − 𝑣𝐹 (𝑦)]+𝑑𝐺𝐹 (𝑦) = 2𝑐

here [𝑧]+ = max{𝑧, 0}. Subtracting one equation from another yields

𝑀 ∫

1

0

{

[𝑓 (𝑥, 𝑦) − 𝑣𝑀 (𝑥) − 𝑣𝑀 (𝑦)]+ − [𝑓 (𝑥, 𝑦) − 𝑣𝐹 (𝑥) − 𝑣𝑀 (𝑦)]+
}

𝑑𝐺𝑀 (𝑦) +

𝐹 ∫

1

0

{

[𝑓 (𝑥, 𝑦) − 𝑣𝑀 (𝑥) − 𝑣𝐹 (𝑦)]+ − [𝑓 (𝑥, 𝑦) − 𝑣𝐹 (𝑥) − 𝑣𝐹 (𝑦)]+
}

𝑑𝐺𝐹 (𝑦) = 0

owever, due to 𝑣𝑀 (𝑥) > 𝑣𝐹 (𝑥) both summands are negative, so we 
rrive at a contradiction.

roof of Proposition  4.  Define 𝑧(𝑥, 𝑦) ≡ 𝑓 (𝑥, 𝑦) − 𝑣𝐹𝐻 (𝑥) − 𝑣𝐹𝐻 (𝑦) and 
efine

𝛥(𝑥) ≡ 𝑣𝑀𝐻 (𝑥) − 𝑣𝐹𝐻 (𝑥)

𝑀 (𝑥) ≡ 𝑣𝑀𝐵(𝑥) − 𝑣𝑀𝐻 (𝑥)

𝛥𝐹 (𝑥) ≡ 𝑣𝐹𝐵(𝑥) − 𝑣𝐹𝐻 (𝑥)

.e., 𝛥(𝑥) is a premium for being male for type 𝑥 conditional on being 
eterosexual, 𝛥𝑀 (𝑥) (𝛥𝐹 (𝑥)) is a premium for being bisexual conditional 
n being a male (female) of type 𝑥. Moreover, to define matching sets

𝑀𝐵𝑀𝐵(𝑥) = {𝑦 ∶ 𝑧(𝑥, 𝑦) − 𝛥(𝑥) − 𝛥𝑀 (𝑥) − 𝛥(𝑦) − 𝛥𝑀 (𝑦) > 0}

𝑀𝐵𝐹𝐵(𝑥) = {𝑦 ∶ 𝑧(𝑥, 𝑦) − 𝛥(𝑥) − 𝛥𝑀 (𝑥) − 𝛥𝐹 (𝑦) > 0}

𝑀𝐵𝐹𝐻(𝑥) = {𝑦 ∶ 𝑧(𝑥, 𝑦) − 𝛥(𝑥) − 𝛥𝑀 (𝑥) > 0}

𝑀𝐻𝐹𝐵(𝑥) = {𝑦 ∶ 𝑧(𝑥, 𝑦) − 𝛥(𝑥) − 𝛥𝐹 (𝑦) > 0}

𝐻𝐹𝐻(𝑥) = {𝑦 ∶ 𝑧(𝑥, 𝑦) − 𝛥(𝑥) > 0}

𝐹𝐵𝑀𝐵(𝑥) = {𝑦 ∶ 𝑧(𝑥, 𝑦) − 𝛥𝐹 (𝑥) − 𝛥(𝑦) − 𝛥𝑀 (𝑦) > 0}

𝐹𝐵𝑀𝐻(𝑥) = {𝑦 ∶ 𝑧(𝑥, 𝑦) − 𝛥𝐹 (𝑥) − 𝛥(𝑦) > 0}

𝐹𝐵𝐹𝐵(𝑥) = {𝑦 ∶ 𝑧(𝑥, 𝑦) − 𝛥𝐹 (𝑥) − 𝛥𝐹 (𝑦) > 0}

𝐹𝐻𝑀𝐵(𝑥) = {𝑦 ∶ 𝑧(𝑥, 𝑦) − 𝛥(𝑦) − 𝛥𝑀 (𝑦) > 0}

𝐻𝑀𝐻(𝑥) = {𝑦 ∶ 𝑧(𝑥, 𝑦) − 𝛥(𝑦) > 0}

Choose the type with the largest gender difference:

0 ∈ argmax
𝑦

(

max{|𝑣𝑀𝐻 (𝑦) − 𝑣𝐹𝐻 (𝑦)|, |𝑣𝑀𝐵(𝑦) − 𝑣𝐹𝐵(𝑦)|}
)

ithout loss of generality we assume that this type is male. We write 

ut the optimal stopping conditions for type 𝑥0 of various gender and 
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exual orientation combinations using our notation: 

∫𝑀𝐵𝑀𝐵(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥(𝑥0) − 𝛥𝑀 (𝑥0) − 𝛥(𝑦) − 𝛥𝑀 (𝑦)]𝑑𝐺𝐵(𝑦)+

𝑞 ∫𝑀𝐵𝐹𝐵(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥(𝑥0) − 𝛥𝑀 (𝑥0) − 𝛥𝐹 (𝑦)]𝑑𝐺𝐵(𝑦)+

(1 − 𝑞)∫𝑀𝐵𝐹𝐻(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥(𝑥0) − 𝛥𝑀 (𝑥0)]𝑑𝐺𝐻 (𝑦) = 2𝑐

(6)

∫𝑀𝐻𝐹𝐵(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥(𝑥0) − 𝛥𝐹 (𝑦)]𝑑𝐺𝐵(𝑦)+

(1 − 𝑞)∫𝑀𝐻𝐹𝐻(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥(𝑥0)]𝑑𝐺𝐻 (𝑦) = 2𝑐

(7)

∫𝐹𝐵𝑀𝐵(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥𝐹 (𝑥0) − 𝛥(𝑦) − 𝛥𝑀 (𝑦)]𝑑𝐺𝐵(𝑦)+

𝑞 ∫𝐹𝐵𝐹𝐵(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥𝐹 (𝑥0) − 𝛥𝐹 (𝑦)]𝑑𝐺𝐵(𝑦)+

(1 − 𝑞)∫𝐹𝐵𝑀𝐻(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥𝐹 (𝑥0) − 𝛥(𝑦)]𝑑𝐺𝐻 (𝑦) = 2𝑐

(8)

∫𝐹𝐻𝑀𝐵(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥(𝑦) − 𝛥𝑀 (𝑦)]𝑑𝐺𝐵(𝑦)+

(1 − 𝑞)∫𝐹𝐻𝑀𝐻(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥(𝑦)]𝑑𝐺𝐻 (𝑦) = 2𝑐

(9)

Now, suppose that 𝑣𝑀𝐻 (𝑥0) − 𝑣𝐹𝐻 (𝑥0) ≥ 𝑣𝑀𝐵(𝑥0) − 𝑣𝐹𝐵(𝑥0), i.e. the 
ender gap is maximal among straight people. Then, 𝛥(𝑥0) ≥ max{𝛥(𝑦),
(𝑦) + 𝛥𝑀 (𝑦) − 𝛥𝐹 (𝑦)}. Then, we get that

𝑀𝐻𝐹𝐵(𝑥0 )
[𝑧(𝑥0, 𝑦) − 𝛥(𝑥0) − 𝛥𝐹 (𝑦)]𝑑𝐺𝐵 (𝑦) ≤ ∫𝐹𝐻𝑀𝐵(𝑥0 )

[𝑧(𝑥0, 𝑦) − 𝛥(𝑦) − 𝛥𝑀 (𝑦)]𝑑𝐺𝐵 (𝑦)

𝑀𝐻𝐹𝐻(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥(𝑥0)]𝑑𝐺𝐻 (𝑦) ≤ ∫𝐹𝐻𝑀𝐻(𝑥0)

[𝑧(𝑥0, 𝑦) − 𝛥(𝑦)]𝑑𝐺𝐻 (𝑦)

rom (7) and (9) we get that both these expressions must hold as 
qualities, which implies that 𝛥(𝑥0) = 𝛥(𝑦) for all 𝑦 ∈ 𝐹𝐻𝑀𝐻(𝑥0) =
𝐻𝐹𝐻(𝑥0) and 𝛥(𝑥0) = 𝛥(𝑦) + 𝛥𝑀 (𝑦) − 𝛥𝐹 (𝑦) for all 𝑦 ∈ 𝐹𝐻𝑀𝐵(𝑥0) =
𝐻𝐹𝐵(𝑥0). Since 𝑀𝐻𝐹𝐵(𝑥0) ⊂ 𝑀𝐻𝐹𝐻(𝑥0) we obtain that 𝛥𝑀 (𝑦) =

𝐹 (𝑦) for all 𝑦 ∈ 𝑀𝐻𝐹𝐵(𝑥0). Thus, we conclude that all the types 
uffer the same amount of discrimination regardless of their sexual 
rientation. This is equivalent to having the largest gender gap among 
isexual people — the case we deal with next.
Finally, suppose that 𝑣𝑀𝐻 (𝑥0)−𝑣𝐹𝐻 (𝑥0) ≤ 𝑣𝑀𝐵(𝑥0)−𝑣𝐹𝐵(𝑥0), i.e. the 

ender gap is maximal among bisexual people. Then, 𝛥(𝑥0) + 𝛥𝑀 (𝑥0) −
𝐹 (𝑥0) ≥ max{𝛥(𝑦), 𝛥(𝑦) + 𝛥𝑀 (𝑦) − 𝛥𝐹 (𝑦)}. This implies that

𝑀𝐵𝑀𝐵(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥(𝑥0) − 𝛥𝑀 (𝑥0) − 𝛥(𝑦) − 𝛥𝑀 (𝑦)]𝑑𝐺𝐵(𝑦) ≤

𝐹𝐵𝐹𝐵(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥𝐹 (𝑥0) − 𝛥𝐹 (𝑦)]𝑑𝐺𝐵(𝑦)

𝑀𝐵𝐹𝐵(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥(𝑥0) − 𝛥𝑀 (𝑥0) − 𝛥𝐹 (𝑦)]𝑑𝐺𝐵(𝑦) ≤

𝐹𝐵𝑀𝐵(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥𝐹 (𝑥0) − 𝛥(𝑦) − 𝛥𝑀 (𝑦)]𝑑𝐺𝐵(𝑦)

𝑀𝐵𝐹𝐻(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥(𝑥0) − 𝛥𝑀 (𝑥0)]𝑑𝐺𝐻 (𝑦) ≤

𝐹𝐵𝑀𝐻(𝑥0)
[𝑧(𝑥0, 𝑦) − 𝛥𝐹 (𝑥0) − 𝛥(𝑦)]𝑑𝐺𝐻 (𝑦)

gain, all these expressions must be equalities due to (6) and (8).
First we show that 𝐹𝐵𝐹𝐵(𝑥0) is non-empty using the supermodu-

arity of 𝐹 (⋅, ⋅). Suppose that 𝐹𝐵𝐹𝐵(𝑥0) = ∅. Then, (i) 𝑀𝐵𝑀𝐵(𝑥0) = ∅
nd (ii) 𝑣𝐹𝐵(𝑥0) = 𝑣𝐹𝐻 (𝑥0). 𝐹𝐻𝑀𝐻(𝑥0) ≠ ∅. This implies that if 
𝐵𝐹𝐵(𝑥0) = ∅
(𝑥0, 𝑥0)−𝑣𝐹𝐻 (𝑥0)−𝑣𝐹𝐻 (𝑥0)−𝛥(𝑥0) < 𝑓 (𝑥0, 𝑥0)−𝑣𝐹𝐻 (𝑥0)−𝑣𝐹𝐻 (𝑥0) < 0. 𝑠

6 
ecause both sexual orientations suffer equally from discrimination, 
e know that for all 𝑦 ∈ 𝐹𝐻𝑀𝐻(𝑥0) = 𝑀𝐻𝐹𝐻(𝑥0) the level of 
iscrimination is constant: 𝛥(𝑦) = 𝛥(𝑥0) (see the case above). Now let
= argmax

𝑦≥𝑥0
[𝑓 (𝑥0, 𝑦) − 𝑣𝐹𝐻 (𝑥0) − 𝑣𝐹𝐻 (𝑦) − 𝛥(𝑦)]

= argmax
𝑦≤𝑥0

[𝑓 (𝑥0, 𝑦) − 𝑣𝐹𝐻 (𝑥0) − 𝑣𝐹𝐻 (𝑦) − 𝛥(𝑦)]

hat is, 𝑦 (𝑦) is the best possible match that is larger (smaller) than 𝑥0. 
ow, the surplus is 𝑠𝐹𝐻𝑀𝐻 (𝑥, 𝑦) = 1

2 [𝑓 (𝑥, 𝑦) − 𝑣𝐹𝐻 (𝑥) − 𝑣𝐹𝐻 (𝑦) − 𝛥(𝑦)]. 
he supermodularity of 𝑓 (⋅, ⋅) gives

𝐹𝐻𝑀𝐻 (𝑦, 𝑦) − 𝑠𝐹𝐻𝑀𝐻 (𝑦, 𝑥0) > 𝑠𝐹𝐻𝑀𝐻 (𝑥0, 𝑦) − 𝑠𝐹𝐻𝑀𝐻 (𝑥0, 𝑥0)

hus, since 𝑠𝐹𝐻𝑀𝐻 (𝑥0, 𝑥0) < 0 we get that 𝑠𝐹𝐻𝑀𝐻 (𝑦, 𝑦) > 𝑠𝐹𝐻𝑀𝐻 (𝑦, 𝑥0)
𝑠𝐹𝐻𝑀𝐻 (𝑥0, 𝑦) and because for all 𝑦 ∈ 𝐹𝐻𝑀𝐻(𝑥0) we have 𝛥(𝑦) =
(𝑥0) we have that 𝑠𝐹𝐻𝑀𝐻 (𝑦, 𝑦)>2𝑠𝐹𝐻𝑀𝐻 (𝑥0, 𝑦). Similarly, 𝑠𝐹𝐻𝑀𝐻 (𝑦, 𝑦)
2𝑠𝐹𝐻𝑀𝐻 (𝑥0, 𝑦). Now, because the matching set is defined as a set 
here the surplus is positive we get that

∫𝐹𝐻𝑀𝐻(𝑦)
𝑠(𝑦, 𝑦)𝑑𝐺𝐻 (𝑦) ≥ ∫𝐹𝐻𝑀𝐻(𝑥0 )∩{𝑦≥𝑥0}

𝑠(𝑦, 𝑦)𝑑𝐺𝐻 (𝑦)

≥ 2∫𝐹𝐻𝑀𝐻(𝑥0 )∩{𝑦≥𝑥0}
𝑠(𝑥0, 𝑦)𝑑𝐺𝐻 (𝑦)

∫𝐹𝐻𝑀𝐻(𝑦)
𝑠(𝑦, 𝑦)𝑑𝐺𝐻 (𝑦) ≥ ∫𝐹𝐻𝑀𝐻(𝑥0)∩{𝑦≤𝑥0}

𝑠(𝑦, 𝑦)𝑑𝐺𝐻 (𝑦)

≥ 2∫𝐹𝐻𝑀𝐻(𝑥0)∩{𝑦≤𝑥0}
𝑠(𝑥0, 𝑦)𝑑𝐺𝐻 (𝑦)

ote, that since 𝐹𝐻𝑀𝐻(𝑥0) ≠ 0 (for otherwise the agent marries no 
ne and gets the lifetime utility of negative infinity), then at least one 
ltimate inequality in either expressions is strict.
The same proof can be constructed for 𝐹𝐻𝑀𝐵(𝑥0).10 Thus, we 

onclude that
= (1 − 𝑞)∫𝐹𝐻𝑀𝐻(𝑥0)

𝑠(𝑥0, 𝑦)𝑑𝐺𝐻 (𝑦) + 𝑞 ∫𝐹𝐻𝑀𝐵(𝑥0)
𝑠(𝑥0, 𝑦)𝑑𝐺𝐵(𝑦) =

1 − 𝑞)
[

∫𝐹𝐻𝑀𝐻(𝑥0)∩{𝑦≤𝑥0}
𝑠(𝑥0, 𝑦)𝑑𝐺𝐻 (𝑦) + ∫𝐹𝐻𝑀𝐻(𝑥0)∩{𝑦≥𝑥0}

𝑠(𝑥0, 𝑦)𝑑𝐺𝐻 (𝑦)
]

+
[

∫𝐹𝐻𝑀𝐵(𝑥0)∩{𝑦≤𝑥0}
𝑠(𝑥0, 𝑦)𝑑𝐺𝐵(𝑦) + ∫𝐹𝐻𝑀𝐵(𝑥0)∩{𝑦≥𝑥0}

𝑠(𝑥0, 𝑦)𝑑𝐺𝐵(𝑦)
]

<

1
2
(1 − 𝑞)∫𝐹𝐻𝑀𝐻(𝑦)

𝑠(𝑦, 𝑦)𝑑𝐺𝐻 (𝑦) + 1
2
𝑞 ∫𝐹𝐻𝑀𝐵(𝑦)

𝑠(𝑦, 𝑦)𝑑𝐺𝐵(𝑦) +

1
2
(1 − 𝑞)∫𝐹𝐻𝑀𝐻(𝑦)

𝑠(𝑦, 𝑦)𝑑𝐺𝐻 (𝑦) + 1
2
𝑞 ∫𝐹𝐻𝑀𝐵(𝑦)

𝑠(𝑦, 𝑦)𝑑𝐺𝐵(𝑦) = 𝑐

hus, we arrive at a contradiction, and 𝐹𝐵𝐹𝐵(𝑥0) is non-empty.
Thus, for all 𝑦 ∈ 𝑀𝐵𝑀𝐵(𝑥0) = 𝐹𝐵𝐹𝐵(𝑥0) we obtain 𝛥(𝑥0)+𝛥𝑀 (𝑥0)−

𝐹 (𝑥0) = −𝛥(𝑦)−𝛥𝑀 (𝑦)+𝛥𝐹 (𝑦) and for all 𝑦 ∈ 𝑀𝐵𝐹𝐵(𝑥0) = 𝐹𝐵𝑀𝐵(𝑥0)
e obtain 𝛥(𝑥0)+𝛥𝑀 (𝑥0)−𝛥𝐹 (𝑥0) = 𝛥(𝑦)+𝛥𝑀 (𝑦)−𝛥𝐹 (𝑦). Note also that 
ny 𝑦 ∈ 𝑀𝐵𝑀𝐵(𝑥0) such that 𝛥(𝑦)+𝛥𝑀 (𝑦)−𝛥𝐹 (𝑦) > 0 also is an element 
f 𝑀𝐵𝐹𝐵(𝑥0) and if 𝛥(𝑦) + 𝛥𝑀 (𝑦) − 𝛥𝐹 (𝑦) > 0 it must be an element of 
𝐵𝑀𝐵(𝑥0). Thus, 𝑀𝐵𝑀𝐵(𝑥0)∪𝑀𝐵𝐹𝐵(𝑥0) is non-empty and therefore 
or all 𝑦 from this set it must hold that 𝛥(𝑦) + 𝛥𝑀 (𝑦) − 𝛥𝐹 (𝑦) = 0 and 
herefore 𝛥(𝑥0) + 𝛥𝑀 (𝑥0) − 𝛥𝐹 (𝑥0) = 0.

ppendix B. Existence

The existence proof requires a sequence of Lemmas. Lemma  1 deals 
ith the solution to the optimal stopping problem for an arbitrary 
hoice of value functions. Lemma  2 establishes that the mapping of 
alue functions defined in (10) is bounded, and thus we deal with a 
ompact set of value functions. Lemma  3 establishes the continuity of 
his mapping. Then the existence result follows from Schauder’s fixed 
oint theorem.

10 Note that both 𝛥𝑀 (𝑦) and 𝛥𝑀 (𝑥0) cancel on both sides of 𝑠𝐹𝐻𝑀𝐵(𝑦, 𝑦) −

𝐹𝐻𝑀𝐵(𝑦, 𝑥0) > 𝑠𝐹𝐻𝑀𝐵(𝑥0, 𝑦) − 𝑠𝐹𝐻𝑀𝐵(𝑥0, 𝑥0).
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Mathematical Social Sciences xxx (xxxx) xxx 
Denote 𝑓 = 𝑓 (0, 0), 𝑓 = 𝑓 (1, 1). Let 𝑊  be a set of functions 𝑤 ∶

× [0, 1] →
[

−𝑐 + (𝑓 −𝐾)∕2, (𝑓 +𝐾)∕2
]

. Pick up some 𝐰 = {𝑤𝑖}𝑖∈𝑇 . 
enote

𝐰
𝑖𝑗 (𝑥, 𝑦) =

𝑓 (𝑥, 𝑦) +𝑤𝑖(𝑥) −𝑤𝑗 (𝑦)
2

𝑎𝑖𝑗

hat is, payoff either equals the Nash bargaining share of the surplus 
r zero, if the match is not admissible. Define 

𝐰
𝑖 (𝑥) = max

�̂�𝑖𝑗

{

∑

𝑗∈𝑇
𝑞𝑗E𝑗,𝑦𝑡

∞
∑

𝑡=0
𝜋𝐰
𝑖𝑗 [𝑥, 𝑦𝑡, �̂�𝑖𝑗 , 𝐴𝑗𝑖(𝑦𝑡)]

}

, s.t. (1) (10)

here E𝑗,𝑦𝑡  means that 𝑦𝑡 is distributed according to 𝐺𝑗 .

emma 1. For any given 𝐰 the optimal stopping problem has a solution in 
tationary strategies and (𝑗, 𝑦) is accepted by (𝑖, 𝑥) if (𝑖, 𝑗) satisfy (1) and 
𝐰
𝑖𝑗 (𝑥, 𝑦) ≥ 𝑣𝐰𝑖 (𝑥).

roof. Existence of the optimal stopping rule is proved in Chapter 
 of Stokey et al. (1989). Suppose, that type (𝑖, 𝑥) is matched with 
ype (𝑗, 𝑦) and now has to decide whether to accept the match. Denote 
𝐰
𝑖𝑗 (𝑥, 𝑦) the value function of this decision. If the match is accepted, 
hen the payoff is 𝜋𝐰

𝑖𝑗 (𝑥, 𝑦). If the match is rejected, then the game 
ontinues and the payoff is ∑𝑙∈𝑇 𝑞𝑙E𝑙,𝑧𝑣𝐰𝑖𝑙 (𝑥, 𝑧). Thus,

𝐰
𝑖𝑗 (𝑥, 𝑦) = max

{

𝜋𝐰
𝑖𝑗 (𝑥, 𝑦),−𝑐 +

∑

𝑙∈𝑇
𝑞𝑙E𝑙,𝑧𝑣

𝐰
𝑖𝑙 (𝑥, 𝑧)

}

= max
{

𝜋𝐰
𝑖𝑗 (𝑥, 𝑦), 𝑣

𝐰
𝑖 (𝑥)

}

hich completes the proof. □

emma 2. For all (𝑖, 𝑥) ∈ 𝑇 × [0, 1]

𝑐 + min

{

0,
𝑓 −𝐾

2

}

≤ 𝑣𝐰𝑖 (𝑥) ≤
𝑓 +𝐾

2

nd 𝑣𝐰𝑖 (𝑥) is Lipschitz-continuous of modulus 𝐾 in 𝑥.

roof. Due to the Lipschitz-continuity of 𝑓 we have 𝜋𝐰
𝑖𝑗 (𝑥, 𝑦) ∈

min{(𝑓 −𝐾)∕2, 0}, (𝑓 +𝐾)∕2
]

. When the matching set is empty 𝜋𝐰
𝑖𝑗 (𝑥, 𝑦)

0. As in the proof of Lemma  1, let 𝑣𝐰𝑖𝑗 (𝑥, 𝑦) be the value obtained by 
ype (𝑖, 𝑥) when matched with type (𝑗, 𝑦). We have that

𝐰
𝑖𝑗 (𝑥, 𝑦) ≥ 𝜋𝐰

𝑖𝑗 (𝑥, 𝑦) ≥ min

{

0,
𝑓 −𝐾

2

}

.

hus,

𝐰
𝑖 (𝑥) = −𝑐 +

∑

𝑙∈𝑇
𝑞𝑙E𝑙,𝑧𝑣

𝐰
𝑖𝑙 (𝑥, 𝑧) ≥ −𝑐 + min

{

0,
𝑓 −𝐾

2

}

.

imilarly, we have that 𝑣𝐰𝑖𝑗 (𝑥, 𝑦) ≤ (𝑓 + 𝐾)∕2 as the best possible 
atch is accepted if feasible, and thus 𝑣𝐰𝑖 (𝑥) ≤ (𝑓 + 𝐾)∕2. Now, define 
𝐰,0
𝑖𝑗 (𝑥, 𝑦) = 𝜋𝐰

𝑖𝑗 (𝑥, 𝑦) and

𝐰,𝑛
𝑖𝑗 (𝑥, 𝑦) = max

{

𝜋𝐰
𝑖𝑗 (𝑥, 𝑦),−𝑐 +

∑

𝑙∈𝑇
𝑞𝑙E𝑙,𝑧𝑣

𝐰,𝑛−1
𝑖𝑙 (𝑥, 𝑧)

}

rom Lipschitz-continuity of 𝑣𝐰,𝑛−1𝑖𝑙 (𝑥, 𝑦) and 𝜋𝐰
𝑖𝑗 (𝑥, 𝑦) follows Lipschitz-

ontinuity of 𝑣𝐰,𝑛𝑖𝑗 (𝑥, 𝑦) and therefore of 𝑣𝐰𝑖𝑗 (𝑥, 𝑦) = lim𝑛→∞ 𝑣𝐰,𝑛𝑖𝑗 (𝑥, 𝑦). 
hus, 𝑣𝐰𝑖 (𝑥) = −𝑐 +

∑

𝑙∈𝑇 𝑞𝑙E𝑙,𝑦𝑣
𝐰,𝑛−1
𝑖𝑙 (𝑥, 𝑦) is also Lipschitz-continuous 

f modulus 𝐾. □

emma 3. Suppose 𝐰𝐬 → 𝐰 in supp norm, then 𝐯𝐰𝐬 → 𝐯𝐰 in supp norm, 
here 𝐯𝐰𝐬 =

{

𝑣𝐰𝐬
𝑗

}

𝑗∈𝑇
.

roof. Proof is by induction. Take 𝑣𝐰𝐬 ,0
𝑖𝑗 (𝑥, 𝑦) = 𝜋𝐰𝐬

𝑖𝑗 (𝑥, 𝑦) and 𝑣𝐰,0𝑖𝑗 (𝑥, 𝑦) =
𝐰
𝑖𝑗 (𝑥, 𝑦). Then

in
[

𝜋𝐰𝐬 (𝑡, 𝑧) − 𝜋𝐰(𝑡, 𝑧)
]

≤ 𝑣𝐰𝐬 ,0(𝑥, 𝑦) − 𝑣𝐰,0(𝑥, 𝑦) ≤ max
[

𝜋𝐰𝐬 (𝑡, 𝑧) − 𝜋𝐰(𝑡, 𝑧)
]

𝑡,𝑧 𝑖𝑗 𝑖𝑗 𝑖𝑗 𝑖𝑗 𝑡,𝑧 𝑖𝑗 𝑖𝑗 𝑣

7 
rom which follows that
in

𝑡,𝑧
min
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

≤ 𝑣𝐰𝐬 ,0
𝑖𝑗 (𝑥, 𝑦) − 𝑣𝐰,0𝑖𝑗 (𝑥, 𝑦) ≤ max

𝑡,𝑧
max
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

ow, suppose that
in

𝑡,𝑧
min
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

≤ 𝑣𝐰𝐬 ,𝑛−1
𝑖𝑗 (𝑥, 𝑦) − 𝑣𝐰,𝑛−1𝑖𝑗 (𝑥, 𝑦) ≤ max

𝑡,𝑧
max
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

or all (𝑥, 𝑦). Recall that 𝑣𝐰,𝑛𝑖𝑗 (𝑥, 𝑦) = max
{

𝜋𝐰
𝑖𝑗 (𝑥, 𝑦),−𝑐 +

∑

𝑙∈𝑇 𝑞𝑙E𝑙,𝑧𝑣
𝐰,𝑛−1
𝑖𝑙

(𝑥, 𝑧)} for all 𝐰. Now consider four cases.
1. Suppose that 𝜋𝐰

𝑖𝑗 (𝑥, 𝑦) ≥
∑

𝑙∈𝑇 𝑞𝑙E𝑙,𝑧𝑣
𝐰,𝑛−1
𝑖𝑙 (𝑥, 𝑧) and 𝜋𝐰𝐬

𝑖𝑗 (𝑥, 𝑦) ≥
∑

𝑙∈𝑇 𝑞𝑙E𝑙,𝑧𝑣
𝐰𝐬 ,𝑛−1
𝑖𝑙 (𝑥, 𝑧). In this case 𝑣𝐰,𝑛𝑖𝑗 (𝑥, 𝑦)−𝑣𝐰𝐬 ,𝑛

𝑖𝑗 (𝑥, 𝑦) = 𝜋𝐰
𝑖𝑗 (𝑥, 𝑦)

− 𝜋𝐰𝐬
𝑖𝑗 (𝑥, 𝑦) and thus

min
𝑡,𝑧

min
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

≤ min
𝑡,𝑧

[

𝜋𝐰𝐬
𝑖𝑗 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑗 (𝑡, 𝑧)
]

≤

𝑣𝐰𝐬 ,𝑛
𝑖𝑗 (𝑥, 𝑦) − 𝑣𝐰,𝑛𝑖𝑗 (𝑥, 𝑦) ≤

max
𝑡,𝑧

[

𝜋𝐰𝐬
𝑖𝑗 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑗 (𝑡, 𝑧)
]

≤ max
𝑡,𝑧

max
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

2. Suppose that 𝜋𝐰
𝑖𝑗 (𝑥, 𝑦) <

∑

𝑙∈𝑇 𝑞𝑙E𝑙,𝑧𝑣
𝐰,𝑛−1
𝑖𝑙 (𝑥, 𝑧) and 𝜋𝐰𝐬

𝑖𝑗 (𝑥, 𝑦) <
∑

𝑙∈𝑇 𝑞𝑙E𝑙,𝑧𝑣
𝐰𝐬 ,𝑛−1
𝑖𝑙 (𝑥, 𝑧). In this case we have

𝑣𝐰𝐬 ,𝑛
𝑖𝑗 (𝑥, 𝑦) − 𝑣𝐰,𝑛𝑖𝑗 (𝑥, 𝑦) =

∑

𝑙∈𝑇
𝑞𝑙E𝑙,𝑧[𝑣

𝐰𝐬 ,𝑛−1
𝑖𝑙 (𝑥, 𝑧) − 𝑣𝐰,𝑛−1𝑖𝑙 (𝑥, 𝑧)]

For all (𝑥, 𝑧) we have
∑

𝑙∈𝑇
𝑞𝑙E𝑙,𝑧[𝑣

𝐰𝐬 ,𝑛−1
𝑖𝑙 (𝑥, 𝑧) − 𝑣𝐰,𝑛−1𝑖𝑙 (𝑥, 𝑧)] ≥

∑

𝑙∈𝑇
𝑞𝑙 min

𝑡,𝑧
min
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

≥

min
𝑡,𝑧

min
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

where the first inequality is due to our induction assumption. 
Similarly
∑

𝑙∈𝑇
𝑞𝑙E𝑙,𝑧[𝑣

𝐰𝐬 ,𝑛−1
𝑖𝑙 (𝑥, 𝑧) − 𝑣𝐰,𝑛−1𝑖𝑙 (𝑥, 𝑧)] ≤

∑

𝑙∈𝑇
𝑞𝑙 max

𝑡,𝑧
max
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

≤

max
𝑡,𝑧

max
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

3. Suppose that 𝜋𝐰
𝑖𝑗 (𝑥, 𝑦) ≥

∑

𝑙∈𝑇 𝑞𝑙E𝑙,𝑧𝑣
𝐰,𝑛−1
𝑖𝑙 (𝑥, 𝑧) and 𝜋𝐰𝐬

𝑖𝑗 (𝑥, 𝑦) <
∑

𝑙∈𝑇 𝑞𝑙E𝑙,𝑧𝑣
𝐰𝐬 ,𝑛−1
𝑖𝑙 (𝑥, 𝑧). In this case we get

𝑣𝐰𝐬 ,𝑛
𝑖𝑗 (𝑥, 𝑦) − 𝑣𝐰,𝑛𝑖𝑗 (𝑥, 𝑦) =

∑

𝑙∈𝑇
𝑞𝑙E𝑙,𝑧𝑣

𝐰𝐬 ,𝑛−1
𝑖𝑙 (𝑥, 𝑧) − 𝜋𝐰

𝑖𝑗 (𝑥, 𝑦)

Note that in this case
∑

𝑙∈𝑇
𝑞𝑙E𝑙,𝑧𝑣

𝐰𝐬 ,𝑛−1
𝑖𝑙 (𝑥, 𝑧) − 𝜋𝐰

𝑖𝑗 (𝑥, 𝑦) ≤ 𝜋𝐰𝐬
𝑖𝑗 (𝑥, 𝑦) − 𝜋𝐰

𝑖𝑗 (𝑥, 𝑦)

and due to case 1 we have
𝑣𝐰𝐬 ,𝑛
𝑖𝑗 (𝑥, 𝑦) − 𝑣𝐰,𝑛𝑖𝑗 (𝑥, 𝑦) ≤ max

𝑡,𝑧
max
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

Also, because
∑

𝑙∈𝑇
𝑞𝑙E𝑙,𝑧𝑣

𝐰𝐬 ,𝑛−1
𝑖𝑙 (𝑥, 𝑧)−𝜋𝐰

𝑖𝑗 (𝑥, 𝑦) ≥
∑

𝑙∈𝑇
𝑞𝑙E𝑙,𝑧[𝑣

𝐰𝐬 ,𝑛−1
𝑖𝑙 (𝑥, 𝑧)−𝑣𝐰,𝑛−1𝑖𝑙 (𝑥, 𝑧)]

from case 2 we obtain
𝑣𝐰𝐬 ,𝑛
𝑖𝑗 (𝑥, 𝑦) − 𝑣𝐰,𝑛𝑖𝑗 (𝑥, 𝑦) ≥ min

𝑡,𝑧
min
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

4. Suppose that 𝜋𝐰
𝑖𝑗 (𝑥, 𝑦) <

∑

𝑙∈𝑇 𝑞𝑙E𝑙,𝑧𝑣
𝐰,𝑛−1
𝑖𝑙 (𝑥, 𝑧) and 𝜋𝐰𝐬

𝑖𝑗 (𝑥, 𝑦) ≥
∑

𝑙∈𝑇 𝑞𝑙E𝑙,𝑧𝑣
𝐰𝐬 ,𝑛−1
𝑖𝑙 (𝑥, 𝑧). This case in analogous to case 3.

e conclude that
in

𝑡,𝑧
min
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

≤ min
𝑡,𝑧

[

𝜋𝐰𝐬
𝑖𝑗 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑗 (𝑡, 𝑧)
]

≤
𝐰𝐬 ,𝑛 𝐰,𝑛

𝑖𝑗 (𝑥, 𝑦) − 𝑣𝑖𝑗 (𝑥, 𝑦) ≤
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𝑡,𝑧

[

𝜋𝐰𝐬
𝑖𝑗 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑗 (𝑡, 𝑧)
]

≤ max
𝑡,𝑧

max
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

nd by taking limit with respect to 𝑛 obtain

in
𝑡,𝑧

min
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

≤ min
𝑡,𝑧

[

𝜋𝐰𝐬
𝑖𝑗 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑗 (𝑡, 𝑧)
]

≤
𝐰𝐬
𝑖𝑗 (𝑥, 𝑦) − 𝑣𝐰𝑖𝑗 (𝑥, 𝑦) ≤

ax
𝑡,𝑧

[

𝜋𝐰𝐬
𝑖𝑗 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑗 (𝑡, 𝑧)
]

≤ max
𝑡,𝑧

max
𝑙∈𝑇

[

𝜋𝐰𝐬
𝑖𝑙 (𝑡, 𝑧) − 𝜋𝐰

𝑖𝑙 (𝑡, 𝑧)
]

(11)

ow, as regards 𝐰𝑠 → 𝐰 we have 𝜋𝐰𝐬
𝑖𝑗 (𝑡, 𝑧) → 𝜋𝐰

𝑖𝑗 (𝑡, 𝑧) for all 𝑖, 𝑗, 𝑡, 𝑧 we 
onclude that both sides of (11) approach zero as 𝐰𝑠 → 𝐰 and therefore 
𝐰𝐬
𝑖𝑗 (𝑥, 𝑦) → 𝑣𝐰𝑖𝑗 (𝑥, 𝑦) which implies that 𝐯𝐰𝐬 → 𝐯𝐰. □

Finally, since 𝐯𝐰 is a continuous mapping of 𝑊  onto itself and 
 is a compact subset of Banach space (due to Lemma 3) we obtain 
xistence by the application of Schauder’s theorem.
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