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Abstract

Liquid crystalline networks (LCN5s) are stimuli-responsive materials formed from polymeric
chains cross-linked with rod-like mesogenic segments, which, in the nematic phase, align
along a non-polar director. A key characteristic of these nematic systems is the existence of
singularities in the director field, known as topological defects or disclinations, and classified
by their topological charge. In this study, we address the open question of modeling theo-
retically the coupling between mesogens disclination and polymeric network by providing
a mathematical framework describing the out-of-plane shape changes of initially flat LCN
sheets containing a central topological defect. Adopting a variational approach, we define an
energy associated with the deformations consisting of two contributions: an elastic energy
term accounting for spatial director variations, and a strain-energy function describing the
elastic response of the polymer network. The interplay between nematic elasticity, which
seeks to minimize distortions in the director field, variations in the degree of order, with
the consequent tendency of monomers in the polymer chains to distribute anisotropically in
response to an external stimulus, and mechanical stiffness, which resists deformation, deter-
mines the resulting morphology. We analyze the transition to instability of the ground-state
flat configuration and characterize the corresponding buckling modes.
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1 Introduction

Nematic liquid crystal networks (LCNs) are anisotropic materials combining the properties
of polymeric chains and nematic liquid crystals (LCs) [24, 25, 39, 42, 45-47]. Similarly to
classical LCs, in LCNs, the mesogenic segments in the nematic phase possess orientational
order but lack positional ordering of their centers of mass. Moreover, different from liquid
crystal elastomers (LCEs), in LCNs, cross-linking is tight and mobility of the nematic di-
rector is limited with respect to the polymer network, hence the coupling between nematic
order and polymer is strong enough to constrain the director field to follow material de-
formation [41]. A significant factor in the mechanical behavior of LCNs is the presence of
topological defects or disclinations [35]. These are singularities in the nematic orientation,
which emerge when LC molecules encounter sudden geometrical changes, such as sharp
edges or corners, and can be classified by their topological charge [23].

Many biological systems of cells and cytoskeletal elements can also form a nematic phase
where elongated constituents align parallel to each other, inducing partial orientational order
similar to that observed in nematic LCs [2, 18, 20, 29, 34]. For these systems, topological
defects in the nematic order can act as organizing centers enabling organisms to grow pro-
trusions or deplete material to relieve stress [8, 17, 18, 22, 34]. In Hydra’s ectoderm, for
example, topological defects align with morphological features: a defect of charge +1 is
localized at the tentacle’s tip, and two —1/2 defects reside at its base [22].

While LC disclinations and textures are ubiquitous in natural and synthetic soft matter,
their coupling with the polymeric network in LCNss is a difficult task to model analytically,
especially for topological charges different from +1 [13, 14, 26]. Defects of charge +1
have been primarily studied, for example, in [15, 27, 28]. Emergent shapes with Gaussian
curvature localized at point defects are discussed in [28, 42], while numerical approaches
such as shell theory simulations [10] and finite element methods with regularization [3]
have been employed to capture richer physical phenomena in LCNs, including origami-like
structures and deformations due to defects with varying topological charges.

In this work, we develop a mathematical framework for the study of LCN defects by
building on results from the LC theory [21, 31-33, 38]. The key characteristic of our ap-
proach, which also distinguishes our model from, for example [3, 10, 28], in the treatment
of defects with different topological charges, is that we consider a regime in which the ne-
matic phase around the defect is well established, and shape deformations arise to relieve
the mechanical stress originating from the imprinted, distorted director field with topologi-
cal disclinations, as well as from variations in the degree of order and mechanical stiffness.
Accordingly, an elastic energy that penalizes spatial distortions in the director field, mea-
sured by its gradient, is employed, along with a strain-energy function that describes the
elastic response of the nematic polymer network to deformations, depending on the degrees
of orientation and the director fields before and after the application of an external stimulus.
This framework is inspired by biological shape formation and morphogenesis, as well as
by the shape morphing of LCN sheets studied in [23]. Within this formalism, we adopt a
variational approach that enables an almost entirely analytical solution to the out-of-plane
buckling problem in nematic polymer networks.

In the following sections, we first define topological defects in planar LCN sheets
(Sect. 2). We then describe mathematically the formation of topological defects caused by
physical changes when external stimuli are applied (Sect. 3). To demonstrate our theoret-
ical framework, we present computed examples showing out-of-plane shape deformations
in initially flat LCN samples similar to those seen in physical experiments (Sect. 4). In this
context, the thickness of the flat LCN sheet is assumed to be sufficiently small to ensure
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Fig.1 Thermally induced phase
transition in LCN material

(reprinted from [16])
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that the imprinted director field has no significant component or variation in the thickness
direction, and can therefore be extended uniformly across the cross-section. Our energy will
scale linearly with the thickness and account for stretching. The resulting model will be
therefore a membrane model [5, 7, 30]. Another popular scaling of the free energy with the
thickness is cubic, leading to a plate model governed by bending effects. Examples include
models derived via formal asymptotics [30] and a von Karmén plate model obtained in [26]
using asymptotic analysis. In the concluding section, we highlight key challenges in deriv-
ing our results and provide an outlook on further investigations. More substantial detailed
calculations are deferred to appendices.

2 Topological Defects in the Plane

Nematic order in LCNs is described by a non-polar unit vector n € S?, called the director,
and a scalar order parameter s € [0, 1]. The former describes the local average orientation
of the LC molecules at the macroscopic scale, and has a bearing on the spatial organization
of polymer strands. The constitutive molecules of nematic liquid crystals do not possess a
permanent dipole moment and exhibit head-tail symmetry, meaning that the director field n
is physically equivalent to —n. The latter represents the average orientation of the nemato-
genic constituents at the microscopic scale, with s = 1 when LC molecules are perfectly
aligned with each other, and s = 0 when the material becomes isotropic. According to Er-
icksen’s theory [11], whose formalism will be employed in the following section, defects
correspond to localized isotropic regions where the scalar order parameter s vanishes, re-
flecting the absence of a preferred molecular orientation. Spatial variations in s can serve to
relax the distortion energy associated with defects.

For illustration, in a thermotropic mesogenic substance, the nematic phase is induced by
changing its temperature, as shown in Fig. 1. In the nematic phase, at a temperature lower
than T, (nematic-isotropic transition temperature), mesogens and cross-linking sites are uni-
axially oriented along n, and the polymeric network is extended in the same direction. When
heated over T, the LC molecules lose their orientational order, and the polymeric network
contracts in the direction which was previously along n. These deformations are local and re-
versible. Local deformations then drive macroscopic shape changes. For example, in Fig. 2,
the distribution of the director field is marked by blue ellipsoids. On the left, the bending of
an LCN film with splay alignment is illustrated. This bending occurs due to thermally in-
duced contraction of the top side and elongation of the bottom side along the same direction
(the elongation in the orthogonal direction does not contribute to the bending). In the right
panel, a macroscopic deformation guided by an azimuthal LC alignment is shown. In this
case, the flat LCN film evolves into a nearly conical shape.
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Fig.2 Thermally induced
macroscopic shape changes in a
LCN sheet containing a
disclination (reprinted from
[12, 16])
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Assuming a planar geometry, let a unit vector field my lie in the plane, and e, be the unit
outer normal vector to the plane. We define the ropological charge q of mg, with a point
defect at x, as the winding number of m, on the tangent plane of the defect [19]. Consider
any simple circuit C within the plane, around x, that can be continuously contracted toward
x. Conventionally, C has an anti-clockwise orientation around e,. Let e, be a unit vector
in the plane defined at a point along C. The angle by which m, rotates about e, along the
complete circuit C equals 2mg, where g is the topological charge of the defect. This is
positive or negative, depending on whether the complete turn of m, is consistent or not with
the orientation of C.

The director field with topological charge ¢ on a plane with a defect at the origin is
represented with respect to a standard cylindrical coordinate system (r, 9, z) as

my = (cosw)e, + (sinw)ey, w=w)=(qg— D0+ . (1)

Here, e, and e, are the radial and azimuthal directions, respectively, w = w(?}) represents
the angle formed by m with the radial direction e,, and ¥ is the phase of the defect, i.e.,
the arbitrary overall rotation of the director about the z-axis.

To characterize the orientation of a defect when ¢ # 1, we find when the director m,
points radially outward from (or inward toward) the defect, i.e., when my = e, [38]. This
happens whenever w = 0, and the following vectors are identified

Dy Dy Uy
p:COS(—O—1)8,+Sin(—0—1>8§m0d< 0 ) 2)
l—gq l—gq 11 —ql

Accordingly, for a defect of topological charge g # 1, the orientation vectors p identify
2|1 — g| regions in which m, and —m, repeat themselves, as shown in Fig. 3. When g =1,
m, points always radially.

We see from (1) that the field lines of m are the solutions (r(t), ¥ (7)) to the differential
system

do r(@®(r))

E:L r(ﬁ(f))):m’ v
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subject to
_ Do
9(0) =¥ mod , “4)
11 —ql
according to the periodicity of the defect, and
r(0) =7 =re(0,1), (%)
where t is a parameter and r(t) = 7 (9 (1)).
The following solution
;
¥ =t mod , F¥)= —— sinw(®) /@D 6
(ll—q|> D= Sw@a ) ©

satisfies the system described above.

3 Mathematical Framework

Drawing inspiration from biological shape formation and morphing, we present a mathe-
matical framework that describes the shape deformations of an LCN with imprinted direc-
tor field, ny and order parameter s. We assume that an external stimulus like heat or light
has been applied to our system, causing the order parameter to change from sy to s. Our
framework explains how deformations occur to relieve the mechanical stress induced by the
nematic director and the change in the order parameter.

Let %, be the reference configuration of the LCN under consideration. Our model is
based on the following assumptions [6, 26]:

(a) The degrees of orientation sy and s are prescribed functions on %,. The LCN is aligned
in the nematic phase according to a specific function s and director field ny, as a result
of an external stimulus that has altered the nematic order from sy to s. For s = 0, the
sample was in the isotropic phase; for example, in the context of morphogenesis, this
setup can be understood as if cells, at that moment, adopt a specific degree of orientation
dictated by s, forming a defect at locations where s vanishes. This is an active impulse
that is yet to be understood, but it leads to a known function s and orientation field ny.

(b) All points of % suffer a deformation described by

By —> B =9 (%),

0 @)
X - x=9X),

where 4 is the current (deformed) configuration of the LCN.
(c) Since ny is constrained to follow the elastic deformation, ny € Tx %4, the tangent space
to %, at X, is mapped into n € T, %3, the tangent space to 4 at x, hence

Fno
X)=——, 8
n(X) Fno| ®

where F = Vx ¢ is the gradient of the macroscopic deformation.
(d) The material is incompressible, hence

detF=1. ©))
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3.1 Free-Energy Functional

We adopt a variational approach to define an energy associated with the shape deformations
of an LCN, and derive general equilibrium and stability conditions by considering the first
and second variations of the energy functional. The energy associated with these deforma-
tions consists of two contributions,

Zlol = Fxle] + FeLlol.

In our model, the macroscopic deformation is due to the material’s response to two distinct
mechanisms: on one hand, the mechanical stress induced by the distortion of the director
field in the reference configuration, and on the other hand, changes in the nematic order
parameter s. The first cause of activation is captured by the nematic contribution to the free
energy #n[@], which retains no memory of s¢. Indeed, %y quantifies the energetic cost asso-
ciated with the distortion of the director field n in the deformed configuration, and accounts
only for the order parameter s and n in 9. The elastomer contribution % [¢] accounts for
how variations in the degree of orientation can drive the system out of equilibrium, leading
to shape changes.

The first contribution .%#\[¢@] is associated with the nematic nature of the LCN, and ac-
counts for spatial variations in the director field n. In the one-constant approximation, it
takes the form

Inlo] :/ kes(o™' (x))? |Vxn(</f'(X))|2dx, (10)
B

where kg > 0 is an elastic constant characteristic of the material. It measures the cost as-
sociated with producing a distortion from the natural state, which, for nematic systems,
corresponds to any uniform director field. .#y is frame-indifferent and it is even in n, since
n is non-polar. This quantity is defined on the deformed configuration, and depends only on
the gradient of the current director n, and order parameter s. We recall that both s and n
were expressed in terms of X € %y; specifically, s is a prescribed function on %), while n
is determined by the deformation through equation (8).

The formulation (10) follows Ericksen’s continuum theory for nematic LCs [11], which
aims to provide a comprehensive treatment of defects with arbitrary space dimension. When
s vanishes, molecular orientation is completely disordered, indicating a transition to the
isotropic phase at that point of # without a temperature change; in this framework, defects
correspond to localized isotropic regions. While the classical theory, with a constant s, ade-
quately describes point defects in three-dimensional (3 D) geometries, it fails in the case of
line and plane defects where an infinite energy is obtained. Allowing the degree of orienta-
tion s to vary in space mitigates singularities in r, enabling the LC to locally transition to
the isotropic phase wherever the classical theory predicts singularities in 7z with infinite en-
ergy. To account for variations in s, an additional contribution proportional to |[Vys(X)|? is
envisioned by Ericksen’s theory. However, since s is prescribed on %, this term contributes
only as an additional constant in our formulation.

The second contribution %, describes the elastic response of the polymer network to
deformations, taking into account the anisotropic distribution of monomers before and after
the change in the order parameter, from sy to s. It is therefore based on the well-known
phenomenological neoclassical strain-energy function describing liquid crystal elastomers
(LCEs) [1, 43, 44]. Under our hypothesis (a), which asserts that sy and s are prescribed
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function of %, it takes the generic form [36, 37]

T =— [ w(F'L7'FL)dX, (1D

B

where F represents the deformation gradient, 1 is the shear elastic modulus at infinitesimal
strain, and the tensors L and L are step-length tensors corresponding to the reference and
current configurations, respectively [42]. The reference configuration % for this contribu-
tion is described by sy and nro, which represent the scalar nematic order and the nematic
director prior to stimulation (by heating or illumination say), while s and n represent the
scalar order and the nematic director in the present (activated) configuration %. The distor-
tion of n in 4 is instead captured by the nematic contribution to the free energy, Z.
We represent Ly and L as [26]

Lo=a, " [(ag—Hng®ny+1], L=a"P[a-—1)n®@n+1]. (12)

In (12), ap > 1 and a > 1 depend on sy and s, respectively. In the case of activation by light
or temperature for example, a also depends on how the light or temperature interacts with
the material.

We recall that, according to our model, sy and s span [0, 1], and are prescribed functions
on A,. Therefore, ag = ay(sy) and a = a(s) are given on Hy,. Whena =ap =1, Ly and L
in (12) reduce to the identity tensor and the energy function (11) reduces to the classical
neo-Hookean formula of isotropic rubber elasticity [40].

In the setting we are interested in, even though the neoclassical strain energy function
in (11), which involves the director fields ny and n and the order parameters sy and s,
plays a role in determining the ground state of the elastic energy, it does not account for
the spatial variation of the director field, which is measured by its gradient. In the presence
of a disclination, for example, the director field becomes highly distorted, and the nematic
contribution to the free energy in (10) tends to diverge in three dimensions near the defect
core. Therefore, when the nematic phase is well established away from the defect (i.e., when
s is sufficiently different from zero, typically between 0.3 and 0.7 [4]), this contribution
cannot be neglected.

Before building upon (10) and (11) the free-energy functional that we shall study further,
we find it useful to rescale all lengths according to the characteristic length scale set by
the diameter of %, denoted as diam (%). After rewriting the nematic contribution in (10),
originally expressed as an integral over the deformed configuration, in terms of the reference
configuration using (7) and the incompressibility condition (9), we rescale the position vec-
tor X by diam (%) to make it dimensionless, keeping its name unaltered. We then denote
the rescaled initial domain by B, and by defining the dimensionless elastic constant

2kg

. N— 13
7 o diam (%)’ (1

we arrive at the following reduced functional, which is an appropriate dimensionless form
of Zlel:
279l

el = diam (0

:/_ [KS(X)2|VXnF_1|2+tr(FTL_1FL0)]dX. (14)
By

Since [kg] =N =1J/m, [o] =Pa=N/m?> =J/m?, and [.#] =1, all terms in (13) and (14)
are properly normalized to ensure the energy is expressed in a dimensionless form.

@ Springer
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The constant « defined in (13) is a measure of the balance between the nematic elastic-
ity, encapsulated in the elastic constant kg, and the material stiffness, described by p. It is
the interplay between nematic elasticity, which seeks to minimize distortions in the direc-
tor field, and mechanical stiffness, which resists deformation, that determines the resulting
morphology.

3.2 Equilibrium and Stability Conditions

We derive equilibrium and stability conditions by considering the first and second variations
of Fle] in (14), with the detailed computations deferred to Appendix A. In the follow-
ing, the first variation of F is denoted by §;F and is associated with a test field G; = §;F
that represents an admissible variation of the deformation gradient F that satisfies the in-
compressibility assumption (d). As shown in the appendix, G; is accordingly subject to the
condition

G -FT=o. (15)
The second variation of F is instead denoted as 6,6, F, and is obtained by introducing an-
other admissible variation G, = 8,F of F, such that G, - F~T = 0, and further perturbing
5 F.

Making use of the identities recorded in Appendix A, the first variation of the dimension-
less energy functional F at the field ¢ results in a linear functional of G; given by

51-7:[<P](G1)=/

[265%A181. 611 (VWF "+ tr (GIL'FLo) + tr (FTL™' G L)
By

+a'? (@ = 1) uw(F @@ v + v @ mFLo) [dX =0, (16)
where
Alvy, G 1= (Vo)F ' — (Va)F'G,F !, (17)

with v, representing the variation of n in (8), which is obtained as

v :51112

I—n®n)Gny. (18)
|Fno|

The equilibrium conditions for our system are given by requiring that
81 F[@)(G1) =0 19)
for any admissible test field G, such that (15) holds.
Similarly, the second variation of F at the field ¢ is obtained in Appendix A as the
following bilinear form in the admissible perturbations G; and G, of F,
8,81 F[@l(G1, G2)
=/ {2¢s* [(VEOF ' — Alv), G11GF ™' — A[v,, Go]1GF ') - (VR)F ™!
By
+A[v1,Gi]-Alv2, G2]] + tr (GIL™'GyLo) + tr (G, L' G Lo)
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+a'3 (a_l — 1) [tr (GT(n RV +1,Q n)FLO) +tr (G;(n R+ Q n)FLO)
+tr (F'(n®v:+ v ®n)G Lo) + tr (F' (n @ v + v; ® n)G, L)
+tr (F (1 ® v 4+ v; ®v2)FLy) + tr (FT(n ® § + &£ ® n)FLg) |} dX. (20)
Here,
Az, Gl = (Vo )F ' — (VR)F'G,F !, (1)

while v, and & represent the variations of n in (8) and v in (18), respectively, through G,
and are given by

1

vy = (I —n®n)Gyng, (22a)
[Fny|
1
&= ~ o] [(vi ®n)Gang + (V2 Q@1+ 1 Q v2)Grng] . (22b)
0

The stability of a specific equilibrium configuration, given by a solution @ of the equilib-
rium equations, is equivalent to requiring that

818, F[91(G1,Gr) >0 (23)

for all pairs (G, G;) of admissible non-vanishing perturbations of F= V@ that, consistent
AT AT
with (15), satisfy G, -F  =0and G,-F =0.

4 Out-of-Plane Perturbations

Using our mathematical framework, we aim to describe the out-of-plane shape deformations
of an initial LCN sheet represented in the 3D space as a flat slab of thickness H around a
disk-shaped mid-surface Sy of radius R,

(24)

H H
272 ]

330 = 80 X |:— -
A central defect m of topological charge g, described by (1), is imprinted on Sy, and ex-
tended uniformly across the cross-section. Following a well-established practice (see, e.g.,
[[9], p. 171]) we posit that the energy concentration near defects causes a localized transition
to the isotropic phase, which constitutes a defect core. The energy associated with such a
phase transition is proportional to the core’s area and will be taken as approximately fixed.
Letting r. denote the core’s size, we set r. = ¢ R, where a sensible value for the parameter
£ is £ 2~ 1073, and we prescribe the degrees of order s and s on %, to be zero around the
defect, and constant throughout the remaining region, meaning that the nematic phase is

well established away from the defect. More precisely,
e {0 on  B,(0) . :o on B, (0) . 05)

So on %p\B, (0) s on % \B,(0)

where B, (0) is a cylinder of radius r. around the disclination. Accordingly, the values ay =
ap(So) and a = a(s) are prescribed on % \ B, (0).

@ Springer
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Since we are interested in the stability of the LCN, our base deformation corresponds to
the identity vector, and so

po(X) =X =re, +ze, (26)

and so the deformation gradient coincides with the identity tensor, Fy = I, while n = m
by (8). For out-of-plane deformations of the flat configuration, we refer to the experimental
study in [23], where 3D photo-activable LCNs, prepared with an imprinted central defect
of topological charge g, which is different for each sample, deform and adopt a complex
topography specific to that defect.

Our model assumes that 5, and § in (25) represent the order parameters of the sample
before and after the activation, respectively, of the LCN sample. For example, in the case of
[23], the value s is lower than the one at which the sample was originally prepared, 5. This
reduction in the degree of order, along with the mechanical stress induced by m,, plays a
role in the stability of the flat LCN disk.

We consider a relatively simple case involving only out-of-plane perturbations of the
flat configuration ¢, i.e., along the z-direction. These perturbations §;¢ are described by
generic functions 64;, which depends on both the radial and polar coordinates (r, ), as

i@ = 8hi(r,D)e:, 27)

where i = 1, 2 in accordance with the nomenclature used for the first and second variations
of F in the previous section.
Thus the admissible variations G; of Fy, result to be defined as

06h; 1 96h;
G, =0Fy=Vip,=e,Véh;=——¢,0¢, + ———e, ey, (28)
or r 0v

where V=9, + }819 + 9, is the gradient in polar coordinates.

We note that each G; in (28) is consistent with the incompressibility constraint, as it
satisfies (15), which, in this case, reduces to tr G; = 0.

By (28), we find in Appendix B that the flat disk ¢, with the imprinted director field m
in (1) is an equilibrium configuration for every ¢, while ag, a > 1 and « > 0. It should be
observed that in the absence of a tendency for monomers in polymer chains to distribute
anisotropically, that is, when ¥ =0 and ay = a = 1 and the material consists of an isotropic
rubber, the flat configuration ¢, corresponds to the elastic ground state of the system.

To analyze the stability of the flat configuration for ¥ > 0, ap > 1, and a > 1, we will
study the second variation (20) of the functional F at ¢,. In Appendix B, we show that it
reduces to

8281 Fleyl(G1, G2)

H a 1/3 1 21 qu
= (= ——— +ry vy +krVu - Vo,
R ap & 0 r

1
+rdhy ,8hy, + —5h1,193h2$19i| dr dv, (29)
r
where
k52a)” a+1—2a
= Ta e ——— (30)
al’3 a
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and
1 .
v; =08h;,cosw + —8h; » sinw, 31
r

w = w(?) defined in (1). Here, all lengths are rescaled to R instead of diam (%), and
V=0 + %8,9 + 0, represents the gradient in polar coordinates. Since ay and a are both
greater than 1, it follows that y in (30) satisfies

y > =2 (32)

Note that two parameters, k and y defined in (30), appear in the second variation.
The parameter y represents the tendency of monomers in the polymer chains to distribute
anisotropically in response to an external stimulus (such as heat or light), and it vanishes
for isotropic rubber where a = ay = 1. Its value changes according to variations in the de-
gree of order, from 5y to 5, and thus depends on the values of @y and a. For this reason, we
consider y as a known quantity based on the experimental setup. The parameter k£ can be
interpreted as a reduced elastic constant that, according also to (13), measures the balance
between the nematic elasticity, represented by kg, the material stiffness, represented by 1o,
and the variation in s, represented by the ratio 5%a,” /a'/>.

For a given y > —2, the onset of instability will be determined by the critical value
of k at which the flat configuration ceases to be a minimum for the dimensionless energy.
Moreover, we will also characterize the nature of the corresponding buckling modes for
which 5152?[([)0](G1, Gz) =0.

4.1 Deformation According to the Topological Charge

To proceed, we apply a separation of variables to each function §4;, expressing it as a prod-
uct of a function f;, depending on r, and a function g;, depending ¥,

8hi(r,9) = fi(r)gi(9), (33)
and subject to the conditions
fite)=0, gi(0)=gi(2m). (34

The first condition in (34) is allowed by the translational invariance of the free energy F and
states that f; vanishes around the defects, while the periodicity condition on g; ensures the
continuity of 64;.

Moreover, since we expect that the deformation of the flat configuration ¢, will have
the same periodicity of the defect m, imprinted in the LCN, we introduce an ansatz for the
functions g; (), given (up to a multiplicative constant) by

2 1
|sinw| forg= m2+ , mezZ,

gi(0) =g@) = (35)

cosw forg eZ.

Indeed, for a defect with topological charge ¢, 2|g — 1| regions in which m, and —m,
repeat periodically can be identified, and we expect that these regions of periodicity will be
maintained by the deformation.

By substituting (33) and (35) in (29), a localization argument detailed in Appendix C
implies that, for a given y > —2, §,8; F[¢,]1(G1, G,) vanishes for every f, satisfying (34)
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whenever there exists a critical value of the constant k for which there exists at least one non-
zero function fi(r), defined up to a multiplicative constant, which satisfies the following
equation on (g, 1):

kr(A— A, fi" +2k(A— Ay f)"
+L [F(Bg =24~ (4g =34, — B) = (A+y (A= A,
+'% [~k (Bg —2)A— (49 —3)A, — B) — (A+ y (A — A,))r?]

+% [k(2q(g — 1)(A—2A,)+ B(g—1)+ Cy, —2B,) + (B+yB,)r’]=0  (36)

with the boundary conditions

fi(e) =0, (37a)
—kr(A— Ay f"(D)
+ f‘;l) [k(A(=5¢ +4) + A, (6g —4) +2B) + 2(A+ y(A — A,))]
fi)
+ > [k((A—2A,)(q—1)2q —1)+2B,(q —2)+ B(qg — 1))
+y(2A, —A)(g —D]=0, (37b)
-1
(A—A) (D) + 4 5 )(A —24,) (i) = f{(H) =0, (37¢)
7" (q - 1) 1 / _
e(A—Ay) fi(e) + 5 (A—-2A,) Efl (e) = fi(e) | =0. (37d)

This critical value of k provides an upper bound estimate of the threshold at which the flat
configuration ceases to be a local minimum for the free energy, while the real part of the
corresponding 8y = g(¥) f1(r), with g given by (35), represents the associated bucking
mode (defined up to an arbitrarily multiplicative constant).

In Figs. 4a-13a, we illustrate the contour plots of the buckling modes 8k, = g(¥) f1(r)
for ¢ € [-5/2,5/2], together with a comparison with the photomechanical response of azo-
LCN films reported in [23] and an illustration of the imprinted director field of the corre-
sponding topological charge g in the reference configuration. The critical value of k for each
q is also indicated. As a multiplicative constant, we consider ¢ > 0 or ¢ < 0 to enhance the
comparison with the experimental observation in [23]; since we are considering out-of-plane
deformation of an initially flat disk, upward and downward displacements are energetically
equivalent.

The deformation of the +1/2 defect is characterized as a valley (on which 84, is zero)
extending outward from the defect center toward the film’s edge along the direction deter-
mined by the defect orientation p. In the remaining region, the flat configuration undergoes
an out-of-plane deformation, with a peak positioned opposite to the valley. The deformation
of the +1 defect can be described as a round cone, very similar to the predicted deformation
[27]. The +3/2 defects autonomously deforms into a tear-shaped dimple morphology and a
valley region (along the defect orientation p), both radiating from opposite side of the center
of the defect. The +2 defect, with 2-fold symmetry, deforms into two tear shaped dimples
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(a) Contour plot of the buckling mode dh;. (¢) The +1/2 defect in LCN film [23].

Fig.4 Illustration of the out-of plane buckling mode of deformation of LCN sheets with an imprinted director

field m of topological charge g = +§ and ¥ = % in the reference configuration. For y = —1/2, this occurs

(b) Field lines of my in equation (1).

at the critical value k ~ 1.43

(a) Contour plot of the buckling mode 6k . (c) The +1/2 defect in LCN film [23].

Fig.5 Illustration of the out-of plane buckling mode of deformation of LCN sheets with an imprinted director

1
field m of topological charge ¢ = — 3 and Vg = % in the reference configuration. For y = —1/2, this occurs

at the critical value k ~ 1.02

radiating from opposite sides of the center of the defect, while the +5/2 defect, with 3-fold
symmetry has 3 tear-shaped dimples radiating from the center. The self-molded shape of
the —1/2 defect can be described as three valleys radiating from the center at 120° offset
with respect to each other. The photo-induced deformation of the —1, —3/2, —2, and —5/2
defects are made up of four, five, six, and seven displacements between valleys and peaks
pointing toward the center, respectively.
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ﬁc >0
. ﬁ (b) Field lines of mg in equation (1).

0

— ——

(a) Contour plot of the buckling mode dhy. (c) The +1 defect in LCN film [23].

Fig.6 Illustration of the out-of plane buckling mode of deformation of LCN sheets with an imprinted director
field m( of topological charge ¢ = +1 and ¥ = % in the reference configuration. For y = —1/2, this occurs
at the critical value k ~ 0.09

(b) Field lines of my in equation (1).

=095

(a) Contour plot of the buckling mode dh;. (c) The —1 defect in LCN film [23].

Fig.7 Illustration of the out-of plane buckling mode of deformation of LCN sheets with an imprinted director
field m( of topological charge ¢ = —1 and ¥ = % in the reference configuration. For y = —1/2, this occurs
at the critical value k ~ 0.23

5 Conclusion

Different from other polymer networks, topological defects in liquid crystal networks
(LCNs) give rise to richer shape-morphing modes and mechanisms. They are also more
diverse and their evolution much richer than in fluid LCs.

We present here a clear mathematical description of textures caused by topological de-
fects in LCNs by focusing on a class of equilibrium configurations represented by a thin
LCN sheet containing various central defects and subject to an external stimulus. In the ex-
perimental study [23], similar LCN samples, prepared with an imprinted central defect of
topological charge g, deformed by adopting a complex topography specific to that defect.
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¥

0.11c|
=N
|
|
l ) Field lines of my in equation (1
|
<0
(a) Contour plot of the buckling mode dhy. (c) The +3/2 defect in LCN film [23].

Fig.8 Illustration of the out-of plane buckling mode of deformation of LCN sheets with an imprinted director

3
field m( of topological charge g = + and Vg = 3 in the reference configuration. For y = —1/2, this occurs

W%\)((

) Field lines of my in equation (1

at the critical value k ~ 1.43

c>0

(a) Contour plot of the buckling mode dh;. (¢) The —3/2 defect in LCN film [23].

Fig.9 Illustration of the out-of plane buckling mode of deformation of LCN sheets with an imprinted director

3
field m of topological charge ¢ = — 3 and Vg = % in the reference configuration. For y = —1/2, this occurs

at the critical value k ~ 1.49

In our model, macroscopic deformations arise from the material’s response to two dis-
tinct mechanisms: (i) the mechanical stress induced by the distortion of the director field
in the reference configuration and (ii) variations in the nematic order parameter. The first
activation mechanism is captured by the nematic contribution to the free energy, which does
not retain memory of the initial degree of orientation but quantifies the energetic cost as-
sociated with the distortion of the director field in the deformed configuration. The second
contribution to the free energy is based on hyperelastic models for nematic polymer net-
works [26, 37] and accounts for how variations in the degree of orientation drive the system
out of equilibrium, leading to shape changes. We derive general equilibrium and stability
conditions by analyzing the first and second variations of the energy functional.
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(b) Field lines of my in equation (1).

IR

(a) Contour plot of the buckling mode dhy. (c) The 42 defect in LCN film [23].

Fig. 10 TIllustration of the out-of plane buckling mode of deformation of LCN sheets with an imprinted
director field m( of topological charge g = +2 and ¥y = % in the reference configuration. For y = —1/2,
this occurs at the critical value k 2 0.73

7
- //;?:\’3\\'“

Y

(a) Contour plot of the buckling mode dh;. (c) The —2 defect in LCN film [23].

Fig. 11 TIllustration of the out-of plane buckling mode of deformation of LCN sheets with an imprinted
director field m( of topological charge ¢ = —2 and ¥y = % in the reference configuration. For y = —1/2,
this occurs at the critical value k =~ 0.12

Our results suggest that two key parameters govern the buckling instability of the thin
sheet: a parameter y > —2, which represents the tendency of monomers in polymer chains
to distribute anisotropically in response to an external stimulus (such as heat or light), and
a parameter k > 0, interpreted as a reduced elastic constant that balances nematic elasticity,
material stiffness, and variations in the nematic order s. For a given admissible y, we deter-
mined the critical value of k above which the flat configuration ceases to be stable against
a restricted set of perturbations. This provides an upper bound for the value of k at which
the system becomes unstable. Furthermore, we characterized the corresponding buckling
modes, which share the periodicity of the defect imprinted in the LCN. Specifically, for a
defect of topological charge g, we identify 2|q — 1| periodic regions where the direction of
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(a) Contour plot of the buckling mode dhy. (¢) The +5/2 defect in LCN film [23].

Fig. 12 Tllustration of the out-of plane buckling mode of deformation of LCN sheets with an imprinted

5
director field m( of topological charge g = +§ and 9o = % in the reference configuration. For y = —1/2,

this occurs at the critical value k ~ 1.39

(a) Contour plot of the buckling mode 6h. (c) The —5/2 defect in LCN film [23].

Fig. 13 Tllustration of the out-of plane buckling mode of deformation of LCN sheets with an imprinted

director field m( of topological charge g = -3 and ¥ = % in the reference configuration. For y = —1/2,

this occurs at the critical value k ~ 0.24

the director repeats itself, and these regions of periodicity characterize also the deformation.
Our results are in good qualitative agreement with the available experimental examples.

These findings open several avenues for further exploration. A follow-up question con-
cerns the role of boundary conditions in stabilizing the flat ground state. Specifically, one
can ask whether there is a class of anchoring conditions capable of preventing out-of-plane
deformation of LCN sheets for all K > 0 and y > —2. The study of interactions between
neighboring defects [38] and their influence on shape deformations presents another intrigu-
ing direction for future research.
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Our framework could also be extended to different geometries of the initial configuration,
or to incorporate the evolution of orientational order, hydrodynamic coupling, active defect
dynamics, and shape-changing surfaces.

Furthermore, our model can form the basis for a mathematical understanding of how
developing organisms achieve biological organization by growing persistent protrusions in-
duced by topological defects. In the context of morphogenesis, our setup can be interpreted
as an initially isotropic phase where cells adopt a specific degree of orientation dictated by
s, forming defects at locations where s vanishes. This transition represents an active impulse
that remains to be understood.

Appendix A: First and Second Variations: Detailed Calculations

To compute the first variation 8; F[¢] of our rescaled free-energy functional F[¢] in (14),
we introduce a test field G; = §,F that represents the variation of the deformation gradient
F in a way compatible with the incompressibility constraint detF = 1. This is possible by
ensuring that the following equality holds,

8; (detF) = 0. (A.1)

Here, §; denotes the first variation applied to the functional F, represented by G;. The
second variation 8,8, F is obtained by further perturbing §; F through another admissible
variation G, of F. Using the definitions of determinant and adjugate F* of the tensor F, and
considering an orthonormal basis (e;, e;, e3) of V, (A.1) can be rewritten as

31(Fe, - Fe; x Fes) = r(F*'G) = detFr (F'G,) =0, (A2)

and so all the admissible perturbations G of F satisfies (15). The same holds for the admis-
sible G,. Since n is delivered by the deformation through (8), we can also introduce the test
field v, that represents the variation of n through G,

1
vy =8in=——P(n) (Giny), (A3)
Kyl

where P(n) =1 — r ® n is the projection onto the plane orthogonal to n. We note that v, is
orthogonal to r, which is consistent with the constraint of unimodularity for n, §; (n -n) = 0.
Since

8 |[VxnF [P =2 [(Vo)F ' + Vs (F )] - VaF !
=2[(Vv)F' —VnF'GF '] VnF~' (A.4a)

8 tr (F'F) =2G, - F (A.4b)

In (A.4a) use has been made of the fact that since F~'F =1, then 8, (F")F + F~!G, =0,
and so

§i(F Y =—-F'G,F. (A.5)

Moreover, given the definition of L as a function of n in (12), it follows that the constraint
detLL =1 is preserved under the perturbation. Indeed, by introducing the test field M, which
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represents the first variation of L through G and is defined as
M;=8L=a"@- 1) ®n+n®v), (A.6)
with v; defined in (A.3), we compute
SidetLy =t (L™'"M;)=a"*(a—Du(a'n®@v; +v,®n), (A7)
which vanishes due to the orthogonality of n and v. Moreover, since L~ 'L =1, then
SL'=-L"™ML'==d"(a'-1)(n®v, + v, ®n). (A8)

The first variation of the dimensionless energy functional F at the field ¢ is then a linear
functional of G; and results in (20).

By further perturbing §;F, we compute the second variation of the functional F. Now
G, = §,F represents another admissible perturbation of F, such that G - FT=0, and we
define v, and M, the test fields that represents the variation of n and L, respectively, through
G,

1

vy =8n = ——P(n) (Gany), (A.92)
[Frl

M;=86L=a"3a—-1)v,®r+nQv,). (A.9b)

Moreover, since also v; in (A.3) depends on F, we denote by & = 8, v its variation through
G, which results in

1
§=05u = ~Fro| [(vi ®n)Gang + (v2 @+ 1 ® v2)Gng) (A.10)
0
Since, as before, &, (Ffl) =—F'G,F !, we can express the second variation 6,8, F at the

field ¢ as in (20), which is a bilinear form in G; and G,.

Appendix B: Out-of-Plane Deformations: Detailed Calculations
We apply (16) to ¢, in (26), with ny = m, in (1), describing a central defect with topological
charge ¢, and s given by (25). By rescaling all lengths to the radius R of the initial cylinder
Py in (24), instead of to diam (4,), (16) reduces to

81 F[90l(G1)

H 1 2
=% / /0 [265% (=Vvilg, + VmGi) - Vimg + tr (GIL™'Lo) |,
+tr (L7'GLo) gy +a"? (@' — 1) tr ((mo ® vy g, + il ® mo)Lo)|rdrdd,  (B.1)

where V represents the gradient in polar coordinates, while the perturbation vy|,, of mq
through G, results by (A.3) to be

1
Vilgy =vie,  where vy = V8hy -mo =8, cosw + —8hyy sinw, (B.2)
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Moreover,
q .
Vmy=—-my, @ ey, where my, =—sinwe, 4+ coswey, (B.3)
r

with w = w(¥) defined in (1), and a¢ and a are functions of 5y and s, respectively, and thus
remain constant. Since

tr (GTL"Lo) Iy, = tr (L7'GLo) |y, = a'Pa; Va1 @ e., (B.4)

and since mg, mo, and Véh; are orthogonal to e,, it follows from (B.2), (B.3) and (28)
that 8; F[@o](Gy) in (B.1) vanishes for all admissible test fields G;. Therefore, ¢, is an
equilibrium configuration, and we will study its stability.

The second variation of F in (20) at the equilibrium configuration ¢, in (26) is given by

816, F[9ol(G1, G2)

H 1 2 _
=3 / / {2657 [(VElp, — AlVilgy. G11G2 — Alv2]gy. G21G1) - (Vi)
& 0

+A[v1]g,. G111 Alvalgy. G21] + tr (GTL™'GoLo) |, + tr (G L' G1Loly,)

+ (@' —a'"?) [tr (G (mo ® 31, + v2lg, ® Mo)Lolg,)

+1tr (G5 (Mo ® vilg, + Vilg, ® mo)Loly,)

+tr (1o ® V2l + V2lgy ® M0)G1Lglg, ) +tr (120 ® V1 1y, + V11p, ® M0)GaLoly,)

+1r ((2lp) ® Vilg, + Vilg, ® V2lg))Loly,) + tr ((mo @ &y, + &lg, @ mo)Lioly, )]} r dr dod,

(B.5)
where vy, is defined in (B.2) and
1 .
V2|p, = V26, where vy, = V8hy - mg = 8hy, cosw + —8hy » sinw, (B.6a)
r

Eloy = — [(W1lp, ® m0)Gamg + (v2]p) ® Mo+ 1 ® v2]4)G1mo| = —vivamg.  (B.6b)

Making use of (B.2), (B.6a)-(B.6b) and (28), we obtain that

2
Vélgy - Vimg=— il_zvlvz, (B.7a)
Alvilgy, G11G2 - Ving = A[va], G21Gy - Vimg =0, (B.7b)
Alvily,y, G1] - Alvalg,, G2l =Vvy - Vi, (B.7¢)

and 8,8, F[@,] in (B.5) reduces to (29) in the main text. We recall that V = 9, + %319 + 0, is
the gradient in polar coordinates.
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Appendix C: Determination of Buckling Modes

By substituting (33) and (35) in (29), the integrals over r and ¥ decouple. Upon integrating
by parts with respect to ¢, and since g’(27) = £¢’(0) according to ¢ and ¥, we obtain

H 1
1 Floul fi, f) = / (KA — A F 17

k 1
+5(@ = DA -24,) [; (A + [ )= flf) — f{’fﬁ]
1
+-fif: [k ((A—A)(=2g+ 1)+ B)+ (A+y(A—A,)r?]

1
+r—3f1 f2[k (2B, (g — 1) + Cu) + (B +yB,)r’]

1
+ﬁ(f1 i+ i) k((A—=24,)(q—1)2q —1)+2B, (g —2) + B(qg — 1))
—y(A—=2A,)(q — Dr*]}dr, (C.1)

where a prime denotes differentiation, k and y are defined in (30), and
2 2
A= / g dv, Ay = / g% sin® wdv,
0 0
2 2
B = / g dv, B, = / g'?sin® w dv, (C.2)
0 0
2
C,= / g"?sin* wdv,
0

with g defined in (35).
Integrating by parts with respect to » in (C.1) yields

88 Fl@ol(fi. fo) = %/51 {kr(A — Ay fi" +2k(A — A £

+T‘H [k((3g —2)A — (4g = 3)Ay, — B) — (A + y (A — A,)r’]

+r£2', [~k (Bg —2)A— (49 —3)A, — B) — (A+ y (A — A,))r?]

+£ [k(2g(¢ — 1)(A—2A,)+ B(g— 1)+ C, —2B,) + (B + wa)rz]} fodr

+ [—r(A — A+ g—; [k (A(=5q +4) + A, (6q — 4) +2B) +2(A + y (A — A,))r]

+ % [k((A—24,)(q —1)(2q — 1) + 2B, (g —2) + B(g — 1))

+y (A, — A)(q — 1>r2]] A1)
1

r=

@ Springer



Shape Instabilities Driven by Topological Defects in Nematic Polymer... Page 23 of 26 69

v, =1 1 /
+k[r(A—Aw)f|+ 5 (A_ZAw)<;fl_fl>i|

H
1

r=

s @—=1) 1 y
—k |:”(A_Aw)f1 + ) (A—-2A,) (;fl_f1)i|

f(8). (C3)

r=

The equations obeyed by a generic variation f; satisfying (34) readily follows from (C.3).
The integrals and the three quantities evaluated at r = 1 or r = ¢ are independent of each
other. To make the second variation equal to 0, these quantities must vanish for all variations
f>. Therefore, due to the arbitrariness of f, and the values f>(1), f,(1) and f;(0), fi must
then satisfy equations (37a)—(37d).

1
A generic solution f; of equation (36) in the bulk for ¢ = mt ,meZand g¥) =
| sinw]| as in (35) is given by
fi) = fu(r) + fr2(r) + fi3(r) + f1a(r), (C4)
where
o 1 3
fi1(r) = ¢;r'~ 7 hypergeom ——ﬂ,——al ,
4 44 4
2
[l_ﬂ,H%_ﬂ,l_%_ﬂ],M ,
2 4 4 4 4 4k
a 1 o 3 o
=cr!T7h a2 %
fi12(r) =cor ypergeom<|:4+ 4,4+ ik
2
o) o o ay o] re-(d+y)
L e e B —],7,
[ + 2 + 4 + 4 4 + 4 4k
@ 1 3
Sfi3(r) =C3r"72hypergeom<[z — %, i %] ,
[1_%,1_%+ﬂ,1_%_ﬂ],w ,
2 44 4 4 4k
a 1 o 3 «
e % 0 *
Sia(r) =cyr ypergeom<[4+ 4,4+ 7|
2
a o A ay o] re-(@d+vy)
1+2,1+ 2+ 01+ 2 -2 TR,
[ + 2 + 4 + 4 + 4 4 4k
with

ay=+—-8¢+7, ar=+/8¢ —3 (C.5)

For g € Z and g(v) = cosw as in (35), these are expressed as

iy 1 A3 A
fuu(ry=cyr ypergeom<[4 21" 1|
3 4) . r?
LB BB B B Gridrty
6 12 12 12 12 12k
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B 1 3
fi2(r) = cerTlhypergeom([Z + %, 7 + %i| ,
Bi B B B Bl Gy+4r?
QL I cc Y I e B e 2L
|:+67 +12+12’ +12 12’ 12k ’
B 1 3
f13(r)=Csrl_%hYP3fg60m<|:Z—%,Z—%],
BB B B R Grier
6’ 12 12’ 12 12| 12k ’
I ) 1 A3 B
Jia(r) =cqr 6hypergeom([4—|— ]2,4+ |

B2 B B B B GBy+dr?
TSR DR eSO RS § s’ U
[ el TRt TR 12] 12k

with

51:\/54—3 64q2 — 48q + 153 — 484, 52:\/54+3 64q% — 48¢ + 153 — 48q.

(C.6)
Upon substituting these solutions into the boundary conditions (37a)-(37d), we obtain a
system of four equations with four unknowns, denoted ¢;, with j =1, ..., 4. The parameter k

in (30) is considered a control parameter. When the determinant of the matrix associated with
the system is non-zero, the unique solution to the system is the trivial solution, i.e., f; =0,
and so the second variation of F vanishes only in correspondence of the null-perturbation.
If, however, there exists a value of k for which the determinant vanishes, then the system
admits infinitely many solutions for f;, defined up to multiplicative constants. In this case,
we select the real part of these solutions.
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