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Abstract

This thesis investigates the behaviour of viscoelastic fluids, such as stress relaxation
under constant deformation and time-dependent deformation recovery following load re-
moval, and explores how to characterize this behaviour using mechanical models. These
models demonstrate how fractional viscoelastic models can be derived using spring-pot
elements arranged in series and /or parallel. To accurately capture the complex behaviour
of viscoelastic fluids, numerical techniques for solving fractional viscoelastic models are
developed, as these models frequently employ fractional differential equations to account
for the material’s characteristics and memory effects.

New fractional viscoelastic models have been derived by extending the single-mode
fractional Maxwell model to a multi-mode framework by considering springpots arranged
in series and/or parallel to study more complex behaviour. Our theoretical analysis
has derived new expressions for the exact solution of these models equations—using the
Laplace transform of the Green’s function and expanding in terms of the Mittag-LefHer
function (MLF)—as well as for the relaxation time and the dynamic moduli in both single-
mode and multi-mode settings. This method highlights its effectiveness as a powerful tool
for solving various fractional differential equations and boundary value problems in real-
world applications, while also providing a strong foundation for future studies.

Furthermore, an accurate numerical method has been developed to solve two coupled
fractional differential equations for Taylor-Couette flow by employing a spectral approxi-
mation for spatial discretization and a finite difference scheme for temporal discretization.
High-order schemes ensure accurate modelling of complex fluid behaviour, and the conver-
gence properties of the numerical scheme are investigated. Numerical results are presented
which highlight the influence of the parameters in the fractional viscoelastic models on

the numerical predictions.
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Chapter 1

Introduction

In our daily lives, we come into contact with many different kinds of fluid, each with
unique properties. These include complex fluids, which are characterized by their complex
internal interactions and structures which produce unusual and frequently unexpected be-
haviours. Unlike simple fluids such as water or oil, complex fluids can transition between
solid-like and fluid-like states depending on external conditions, making them a fascinating
subject of study across diverse fields including industry, engineering, biology, and other
scientific disciplines. Complex fluids are typically classified as non-Newtonian and often
viscoelastic since their mechanical behaviour deviates from that of classical Newtonian
fluids, such as water under standard conditions (Shah Driscoll, 2024; Toschi Sega, 2019;
Deville Gatski, 2012).

Many industrial processes, such as those in the food, cosmetics, and pharmaceutical in-
dustries, are dependent on complex fluids. For example, the smoothness and stability of
products such as lotions, toothpaste, and mayonnaise are determined by their complex
fluid characteristics. Understanding these features aids to raise the quality of products
and streamline production processes (Galindo-Rosales, 2018).

The study of complex fluids in engineering can result in innovative products and proce-
dures. This involves developing cutting-edge materials with special qualities, improving
drilling fluids, and processes lubricants that work better (Saramito, 2016). An understand-
ing of the behaviour and properties of complex fluids like blood and mucus is important
for many physiological processes in medicine. The design of medical equipment and ther-
apies can be enhanced by characterising the flow characteristics of biological fluids, such
as blood. For instance, improving medicine delivery systems or creating better blood

substitutes (Barbati ., 2016; Saramito, 2016).
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The optimization of these processes significantly depends on the ability to understand

and model viscoelasticity.

1.1 Challenges in Modeling

Viscoelastic fluids exhibit both fluid-like (viscous) and solid-like (elastic) behaviour, in
contrast to Newtonian fluids, which have a linear relationship between stress and strain.
These fluids exhibit dual behaviour, meaning that depending on variables such as the
rate and duration of applied stresses, they could resist flow (elastic behaviour), flow in
response to applied stress (viscous behaviour), or do both. Predicting these interactions in
real world situations requires accurate modelling, particularly for complex flows observed
in biological, engineering, and industrial settings (Giga ., 2017; Bird ., 1987). To study
challenges in modelling viscoelastic fluids, it is necessary to account for history-dependent
effects when analysing time-dependent characteristics, like rheopexy or thixotropy (Ho-
henegger McKinley, 2018). In industrial applications, these fluids frequently flow through
complex geometries, creating complex flow patterns driven by normal stress variations,
shear thickening, and shear thinning. Furthermore, sophisticated methods and computa-
tional resources are required to model their multiscale interactions at the molecular and
macroscopic levels (Afonso, 2018). A further level of complexity is added by boundary
conditions, such as slip, wall effects, and surface tension variations, which makes precise
simulation and prediction particularly challenging (for an overview, see Bird . (1987), for

example).

1.2 Material characterization.

Shear and Extensional Viscosity
Basic characteristics that are utilised to describe fluid behaviour include shear viscosity
and extensional viscosity. Shear viscosity is the ratio of shear stress to shear rate and is

used to measure a fluid’s resistance to shear flow, in which fluid layers move parallel to

14



one another at varying speeds:
.

n=-=
B

(1.1)

where 7 is the shear viscosity, 7 is the shear stress, and * is the shear rate (Yahia ., 2016).
As an illustration, consider honey flowing down a slope, where its layers are resistant to
slipping past one another.

However, extensional viscosity, which is the ratio of extensional stress to the rate of

extension, measures a fluid’s resistance to elongational flow, such as pulling or stretching:

Te

Ne = ? (12)

where 7. is the extensional viscosity, 7. is the extensional stress, and ¢ is the rate of
extension.

Chewing gum'’s resistance to the applied pulling force during stretching serves as an
example of extensional viscosity.

Stress and Strain

In fluid deformation, stress and strain are key concepts. Stress is the internal force per

unit area resulting from external forces,
F
== 1.3
r=> (13)

where 7 is the stress, F' is the applied force, and A is the area over which the force is
applied.

The unit of stress is a Pascal (Pa), which is equivalent to Newtons per square meter N /m?.
Furthermore, strain is a measurement of deformation that indicates how far apart particles

are in a material body when compared to a reference length.

AL

T (1.4)

€ =

where AL = L — Lg represents the change in length of the material due to the applied

force or deformation, where L is the final length of the material after deformation, and L
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is the original length of the material before any force or deformation is applied. It serves
as the reference length for measuring strain.

Since strain has no units, it is a dimensionless quantity. A percentage is frequently used to
express it. These formulas and units are essential for understanding how various stresses
and deformations affect materials.

Stress comes in many different forms, shear stress results from forces that are parallel to
and lay in the plane of the cross-sectional area, whereas normal stress results from forces
that are perpendicular to a cross-sectional area of the material.

Two different forms of stress can be applied to a material: Tensile stress is the external
force applied to a material’s surface area that causes it to stretch. The force that causes
a material to deform, resulting in a decrease in volume, is known as compression stress.
According to how the stress is applied, there are two different forms of strain that a body
can experience: Tensile strain is the term for a solid body’s deformation or lengthening
brought on by the application of a tensile force or stress. In contrast, when equal and
opposing pressures are used to compress a body, compressive strain is created.

The definitions of stress and strain given above can be applied to forces that cause com-
pression or tension. Tensile stress and strain result from the application of a tensile force.
Compressive stress and strain result from the application of a compressive force.

(see e.g (Halliday ., 2010; Tattersall Banfill, 1983; Barnes, 2000; Owens Phillips, 2002).

The simplest model for describing the constitutive response of viscoelastic fluids was
introduced by Maxwell. Through the use of a differential equation, the Maxwell model

describes linear viscoelastic materials by combining their viscous and elastic properties.

dr dy
() + /\ﬁ =M (1.5)

o

where 7 is the shear stress, A\ = oo

is the characteristic relaxation time of the fluid,ny is
the viscosity (rate-independent) and Gy is the elastic modulus of the material, and %} is
the rate of strain.

As an alternative, the stress response can be represented by an equivalent integral form
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as

r@):i/ﬁ () Goe Mt (1.6)

where the time-dependent relaxation modulus of the linear Maxwell model (the response
of the stress to a jump in deformation at ¢ = 0) is G(t) = Goe™/?, and it is assumed that

the fluid is at rest for ¢ < 0. We can write Eq. (1.6) in terms of G as follow,

(t) = / t G(t —t)4(t) dt', (1.7)

For linear viscoelastic deformations of complicated materials, this is one particular form
of the Boltzman integral (Bird ., 1987). Several complex viscoelastic fluids exhibit this
kind of Maxwell-Debye relaxation (exponential decay), but other materials exhibit other
kinds of fading memory, such as algebraic decay (see, for instance, the work by Keshavarz
et al. (Keshavarz ., 2017) on biopolymer gels and Ng et al. (Ng ., 2006) on bread dough),

where the relaxation modulus with 0 < § < 1 is expressed as,
G(t) =St (1.8)

where S a scalar measure of the gel strength.

Additionally, under oscillatory stress or strain, the viscoelastic response can be described
in terms of the storage modulus G" and loss modulus G”, which characterise the material’s
elastic energy and dissipative energy, respectively. These moduli depend on frequency (w),

and are given by

/ GYQ(,L)Q)\2
Glw) = T ome (1.9)
and
1 . GOCL))\

The dimensionless product wA is known as the Deborah number. It has been demonstrated
that, at least in the limit of small deformations, several types of complex materials exhibit

Maxwell behaviour with a single relaxation time scale. Specifically, complex fluids com-
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posed of self-assembling worm-like surfactants or perfectly reversible networks frequently
display Maxwell-like behaviour for small deformation amplitudes and a single dominant
relaxation time scale (Parada Zhao, 2018; Rehage Hoffmann, 1991; Pipe ., 2010).

The relationships in Eq. (1.9) and Eq. (1.10) illustrate how the balance between elastic
and viscous responses changes with frequency, providing critical insights into material be-
haviour (see Maxwell (1867); Bird . (1987); Tschoegl (2012); Ferras . (2018); Rathinaraj

. (2021), for example).

1.3 Fractional Constitutive Modelling

While fundamental 'Classical Constitutive Modelling” was covered briefly in the previous
section, fractional models are a natural generalisation and enhance their predictive ca-
pability. Currently, fractional calculus is crucial for studying relaxation processes, which
include the connections between stress and strain in polymeric materials. This is the pro-
cess in which first-order derivatives in the rheological constitutive equations are replaced
by fractional derivatives, as described by Ferras . (2018) after Schiessel Blumen (1993).

Ferras . (2018) redefined the relaxation modulus for such materials as

\%
Gt) = =——t’ 1.11
then, Eq. (1.6) can be expressed as follows:
() o / tV(t Yy dt! (1.12)
T(t) = — :
T(1=8) Jo !

Here, V is a constant for a given 3, with physical dimensions of Pa-s”. Tt represents a
generalized modulus or a quasi-property.
The Caputo fractional derivative is defined as a generalized derivative. For 0 < < 1,

the Caputo derivative of a function F' is given by:

CDYF(t) = ;ﬁ) /Ot(t — t’)—ﬁd—th’ (1.13)



(see e.g Caputo (1969); Diethelm (2010); Ferras . (2018); Mainardi (2010)).
The constitutive relationship Eq.(1.12) for a material showing power law relaxation of the

form in Eq. (1.8) can be modified to
7(t) = V§D () (1.14)

because of the clear similarity between Eq. (1.12) and the Caputo derivative Eq. (1.13).

d°
cDP~(t) = WZ is the concise notation that yields the fractional constitutive law

dPy(t)
r(t) =V dzﬁ

(1.15)

The Riemann-Liouville fractional derivative is an alternative fractional derivative that
could have been utilized. However, we have decided to use the Caputo derivative in this
thesis since the initial conditions are much simpler to interpret in this setting, and also
the Caputo derivative of a constant is zero (DYa = 0, when a is a constant).

Therefore, the following differential equation describes the fractional Maxwell model
(FMM) that relates the stress and strain rate:

Vdor(t)  ,d(t)
WrE e =V

(1.16)

where we assume that 0 < o < 8 < 1 without loss of generality.

Regression to experimental data is required to find the four parameters for this model,
which include two quasi-properties V, G and two fractional exponents «, . Compared to
the classical Maxwell model, this four-parameter linear viscoelastic model is capable of
describing a much larger class of complex fluid dynamics. The FMM takes into account

a wide variety of distinct relaxation processes.
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1.4 Numerical Methods for Fractional Models

A fascinating area of study in fractional differential equations (FDE) research is de-
termining how to approximate various types of FDEs analytically and/or numerically
(Daftardar-Gejji Babakhani, 2004; Podlubny, 1999). Solving fractional differential equa-
tions (FDEs) presents several challenges due to the complexity of fractional derivatives,
which contain integral operators with memory effects, making them computationally in-
tensive and difficult to interpret (Troparevsky ., 2019). Since many problems have no
precise or exact solutions, various series analytical and numerical techniques have been
proposed and investigated in recent decades to solve FDEs, particularly nonlinear FDEs.
Furthermore, providing appropriate initial or boundary conditions is challenging, as frac-
tional derivatives depend on the entire history of the function rather than local values
(Garrappa, 2018). A lack of standardised tools equivalent to those for classical differential
equations and high computing costs are other challenges faced by numerical approaches,
particularly when dealing with high-dimensional problems or long time intervals (Gar-
rappa, 2018). Numerous techniques have been developed to overcome these problems.
The use of Laplace and Fourier transforms for linear FDEs and special functions such
as the Mittag-Leffler function (Podlubny, 1997; Yang ., 2010) are examples of analytical
methods that have been employed. Numerical techniques that have been developed in-
clude: the spectral collocation scheme (Doha ., 2011), finite difference methods (Ferras
., 2018), finite element methods (Troparevsky ., 2019), fractional differential transform
scheme (Kumar, Kumar ., 2020), fractional Adams scheme (Diethelm ., 2004), variational
iteration method (He, 2007), homotopy analysis scheme (Kumar, Ghosh ., 2020) and ado-
main decomposition scheme (Momani Al-Khaled, 2005).

Recent developments have enhanced standard numerical techniques by introducing two
effective methods for solving initial value problems (IVPs) in both linear and nonlinear
fractional differential equations (FDEs) of order 5 € (0,1). Examples of these methods
are the midpoint and Heun methods (Kumar ., 2024). These techniques aim to enhance

convergence and accuracy of the numerical techniques for solving FDEs, for example when
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simulating the dynamics of population expansion.

Efficiency is further increased by methods that combine analytical and numerical tech-
niques. Despite these developments, research into solving FDEs is ongoing, with attempts
being made to develop techniques that improve accuracy and efficiency and resolve out-

standing issues.

1.5 Generalised Fractional Constitutive Models and
their Numerical Solution

The original contributions to the modelling and computational aspects of fractional mod-
els that form the substance of this thesis are highlighted in this section. Modelling has
led to the development of various formulations of fractional viscoelastic models, including
extensions to the traditional fractional Maxwell model by incorporating extra fractional
derivatives. These enhancements provide a more comprehensive framework for describing
the complex viscoelastic behaviour of materials, such as those displaying fading memory
with non-exponential relaxation. In order to provide an analytical understanding of the
behaviour of these extended models, Green’s function solutions are derived and presented.
In terms of computation, sophisticated numerical methods were used to successfully solve
fractional differential equations. This involves developing and validating enhanced tech-
niques for computing important viscoelastic characteristics, including complex moduli,
loss, and storage, as well as relaxation times. In order to study the asymptotic behaviour
of fractional models and provide accurate predictions of material responses under differ-
ent circumstances, new algorithms were also developed. Additionally, a new numerical
technique is employed to solve a specific set of fractional differential equations, enabling
the investigation of the stationary and unstable unidirectional flow of fractional viscoelas-
tic fluids within a real concentric cylinder rheometer. In this study, we utilize spectral
methods, which offer enhanced accuracy in both time and space, further improving the
precision of our numerical approach. These contributions significantly improve our un-

derstanding of and ability to use fractional models in viscoelasticity.
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1.6 Objectives and Outline of Thesis

The outline of this thesis is as follows.

In Chapter 2, an introduction to the spectral method is presented highlighting the advan-
tages of the method. An example showing how the spectral method is used to approximate
the solution of the weak formulation of the partial differential equations in one and two
dimensions is described. Also, we present software that has been developed using Matlab
and provide examples to demonstrate the behaviour and convergence of the spectral ap-
proximation.

The principal concepts of fractional calculus are introduced in Chapter 3. This chapter
includes an introduction to the Laplace transform for fractional derivatives. Addition-
ally, it introduces Mittag-Leffler (ML) functions and their related Laplace transforms for
different sets of parameters. Furthermore, the features and uses of the Green’s function
approach for solving fractional differential equations are highlighted.

In Chapter 4, an overview of mechanical models for representing viscoelastic behaviour
is given. The derivation of the Green’s function solution for the single-mode Fractional
Maxwell Model, utilizing the Laplace transform of the two-parameter Mittag-Leffler func-
tion is presented. This is an original contribution. Furthermore, we consider an extension
of the general fractional Maxwell model by including additional fractional time derivatives.
A Green’s function solution for this model is also obtained using the Laplace transform
method. We derive formulas for the complex modulus, storage modulus, and loss modulus
in order to analyse these models in terms of their rheological behaviour. Additionally,
we show how to determine a material’s relaxation time. We present numerical results for
the Fractional Maxwell Model (FMM), Fractional Maxwell Liquid (FML), and Fractional
Maxwell Gel (FMG) that analyse the asymptotic behaviour of the storage modulus G’
and loss modulus G”.

The chapter concludes by performing numerical simulations using the new models and
comparing their predictive properties for different model and material parameters. Com-

parisons are also made with relevant experimental data.
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In Chapter 5, we outline some fundamental notions that are essential to studying the
behaviour of numerical techniques for dealing with fractional derivatives. For two ranges
of fractional order 0 < @ < 1 and 1 < a < 2, a first-order difference scheme is derived
using the Caputo fractional derivative. These concepts are then extended to a second-
order difference schemes for the two ranges of fractional order . Additionally, we use
difference approach to derive the first-order and the second-order temporal discretisation
for the Fractional Viscoelastic Fluid model for the special case of fractional order a = 1.
In Chapter 6, we present a novel solution to the steady and unsteady unidirectional
flow of fractional viscoelastic fluids inside a real concentric cylinder rheometer (the Tay-
lor—Couette geometry) by extending the computational model in the paper of Ferras .
(2018) using spectral methods. A Matlab code was developed. We present a numerical
discretisation of the problem based on spectral approximations in space and finite differ-
ences in time. The linear system for the unknowns at each time step is formed by applying
these techniques to the governing equations for shear stress and velocity. Moreover, we
investigate the convergence behaviour of the spectral approximation. We describe the
advantages and disadvantages of both approaches while comparing some numerical find-
ings with the finite difference approach of Ferras . (2018) to demonstrate the validity of
this contribution. By the end of this chapter, we formulate and study the fully coupled
problem in Section 4 of Ferras . (2018). We then examine how fractional orders affect
the velocity and shear stress estimates and briefly explain the stress relaxation that was
obtained for the FMM.

In Chapter 7, we present enhanced fractional viscoelastic models and higher-order tem-
poral numerical scheme in the context of the Single-Mode and Multi-Mode Fractional
Maxwell Models for the Taylor-Couette problem. The derivation begins with the weak
form of the system of equations, followed by the temporal discretization using first-order
and second-order difference schemes for the time-fractional derivative to improve numer-
ical accuracy. Additionally, spectral approximations are employed for the spatial dis-
cretization. These techniques are applied to the governing equations for velocity and

shear stress, resulting in a linear system for the unknowns at each time step. Numeri-
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cal results are provided to validate the proposed approach and examine the evolution of
velocity and shear stress within the Taylor-Couette geometry.

Chapter 8 summarises original contributions of this thesis and discusses possible di-
rections for future study.

All of the simulations performed in this thesis were carried out using MATLAB.
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Chapter 2

Spectral Methods

2.1 Introduction

Spectral methods are one of the most powerful techniques used in scientific computing
and applied mathematics to solve differential equations using global approximations, and
were first presented by Gottlieb Orszag (1977). The main idea of the spectral method
is as follows. First, write the approximate solution as a linear combination of partic-
ular basis functions with unknown coefficients, where, the basis functions are infinitely
differentiable global functions defined over the whole domain, for example, Legendre poly-
nomials, trigonometric functions, Jacobi polynomials, Chebyshev polynomials. This is a
distinctive feature of spectral methods which distinguishes them from finite-element and
finite-difference methods. Second, construct a system of linear equations for the unknown
coefficients in this expansion. Lastly, solve the linear system to find these coefficients.
Spectral methods converge exponentially when the solution of the differential equation
is smooth, which makes them more accurate than local methods. Spectral methods are
superior in terms of spatial accuracy for well-behaved problems (Canuto ., 2012; Childs
Liu, 2020; Kang Suh, 2008).

This chapter is structured as follows: in Sections 2.2 and 2.3 the numerical discretiza-
tion of Boundary Value Problems (BVP) in 1D and 2D, is derived, and the accuracy of
the spatial method is verified by considering some benchmark problems that have been
studied by many researchers (see Owens Phillips (2002), for example). Some concluding

remarks are made in Section 2.4.
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2.2 Boundary Value Problems in 1D

Consider the model convection-diffusion problem :
e +bu' = f, xe(-1,1) (2.1)

with boundary conditions

u(=1)=wup, u(l)=ug (2.2)

Equations (2.1)-(2.2), represent the strong form of the problem. One goal of the spectral
method is to solve these equations in their equivalent weak form. The weak formulation is
obtained by multiplying the strong form of the equation by an appropriate test function
chosen from a suitable function space, and then integrating the equation over the entire
domain. The benefit of this method is that it reduces the order of the differential equation
by using integration by parts to find a solution in a larger space.

Before we write out the weak formulation, we must define a suitable function space for the
solution V' = H'(I) where I = (—1,1). The weak formulation of the continuous equation

is then: Find v € V such that

1 1 1
/ eu'v'dx —|—/ bu'vdz :/ fudx (2.3)
-1 1 —1

The weak formulation is then: find v € V such that
a(u,v) = (f,v), YveW (2.4)

where (.,.) denotes the inner product on L?. Here V and W represent the trial and test

spaces, respectively, and the bilinear form af(.,.) is defined as:

a(u,v):/_ (eu'v" + bu'v)dx (2.5)

1
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The spectral method is now applied to the solution of the equation (2.4) utilising expan-
sions based on Legendre polynomials Ly(z) = P,go’o)(x) in which the weight function is
w(z) = 1. Two methods exist for approximating the solution with Legendre polynomials:
expansions based on orthogonal polynomials modal or Lagrange interpolant nodel. The

solution is expanded in terms of Lagrange interpolants using the Gauss-Lobatto-Legendre

(GLL) points:

N
un(z) = Z uihi(x) (2.6)
=0
where
1— 2 L/
hi(a) = o) Inl0) (2.7)
N(N + 1)Ly (x;)(x — x;)
are Lagrange basis functions. The zeros of (1 — 2%)L/y(z) are the points z;,i =0,..., N,

also referred to as the Gauss-Lobatto-Legendre points. The approximation to u(x;) is
u;. In the case of the weak formulation, the unknown nodal values w;,7 = 0,...., N, is
collocation or Galerkin method.

The basis functions for the test space in the Galerkin method are selected from the trial
space, i.e. WY c V'V,

Next, we select conforming approximation spaces V¥, i.e., VN C V, where the test space
is

VN ={v € Py(—1,1) s v(=1) =0 = v(1)} (2.8)

and the trial space is specified as,

VY ={ve Py(—1,1) :v(—1) = ug, v(1) = ug} (2.9)

and Py(—1,1) is the space of polynomials of degree no greater than N on the interval
I. This allows us to create the Galerkin approximation. Consequently, the discrete

weak problem must be solved in order to obtain the Galerkin approximation (2.4): Find

uN e VY

G(U,IN,'UEV)N + b(UIN,UN)N = (f, U;V)N, V’UN c PN([) N H&(I) (210)
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The discrete inner product (.,.)y is defined as ,

(¢,9)n = ijas(:rj)w(xj) (2.11)
where
2 1

wj = j=0,1,....,N (2.12)

N(N +1) L%(z;)’
provides the weights in such a way that, whenever ¢ is a polynomial of degree 2N — 1 or

less, the quadrature rule
1 N
/ o(z)dr = szgb(xz) (2.13)
-1 i=0

1s exact.

We employ the interpolants hg(z), k= 1,..., N — 1, as test functions in (2.10) to derive

or,
N N
> " wjleuy (@) (x5) + buly () b)) = Y wif (@)he(z;), k=1,...,N—1 (2.15)
=0 =0
where
N
uy(z) = Zuzh;(x) (2.16)
=0

Therefore equation (2.15) becomes,

> wje ( > Uih;(xj)> hie(z;) +b ( > “ihé(%‘)> hi(;) = Z wj f () hae(25),

7=0 1=0 =0

k=1,...,N—1 (2.17)

Recall that,

hi(z;) = 6 = = (2.18)
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and define
D;; = h;(%‘)

(2.19)

where D is the Legendre pseudospectral differentiation matrix. The entries of D for the

Legendre polynomials have the explicit expression:

(1 Ly(z))

(z; — ;) Ly (x;) 179
0 1<j—i<N-1
D;; =
N
ey

As a result, equation (2.17) becomes,

2

i=

[6 > wjihi(w)hi(x;) + bwkhé(xk)] u; = wif ()

Jj=0

N N
Z [e Z w;D;;Djy + bkak,i] u; = wif(wk)
i=0 J=0

This is the system of N — 1 equations for the N — 1 unknowns w;,7 =

up = a, uy = [ are known values.

Define
N
Ak,i =€ Z ijj,iDjﬁk + bkak,i
j=0
then
N
Z Ak,iui = by
i=0
where

by = wi. f(x)
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(2.21)

(2.22)

...,N—1, and

(2.23)



Since ug = a and uy = 8 are known values,
N-1
ZAk,iui:bk_Ak,Oa_Ak,Nﬁa kzl,...,N—l (224)

=1

see (Owens Phillips, 2002; Burden Faires, 1997). Thus we have derived the linear system

Au = b where u = (uy,...,uny_1)".

2.2.1 Numerical Examples and Comparisons

Example 1. Consider the boundary value problem
e +bu' = f,  xe(-1,1) (2.25)

with boundary conditions

u(=1)=0 u(l)=0 (2.26)

and exact solution is u(x) = sin(nz). The function f is given by:
f = en?sin(rx) + b cos(mx) (2.27)

In Table 2.1, we calculate the L? norm error for different values of N at each pair values
of € and b. We note that the L? norm error decreased when the number of nodes N is

increasing. Fig. 2.1 shows the norm of the error decreases with V.

le|b| N=4] N=8 | N=12 | N=16 | N=2 |
1 [0 ]0.07508 | 2.3776 x 10% [ 3.1193 x 10~ | 1.6709 x 10~ [ 1.4499 x 10~
1 [ 1]011998 | 0.0001102 | 3.062 x 107% [ 2.7967 x 1072 | 1.6704 x 10~
0.1] 1 ]0.86647 | 0.00089145 |2.6888 x 1077 | 2.59 x 10" | 5.12x 10"
0.1]10 ] 9.3577 0.011417 [ 2.7545 x 107°° [ 2.0402 x 1071° | 7.8208 x 10~ 15

Table 2.1: Dependence of the L? norm of the error on N for different values of € and b.
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WDD L —s—epsion=1 b=0 4
—=—aepslon=1 b=1

\_\a epsilon=0.1 b=1
—=—epsion=0.1 b=10

L2 error

10'10 -

15 " " " " . . "
4 6 8 10 12 14 16 18 20
N

10

Figure 2.1: Dependence of the L? norm of the error on N.

Example 2. Consider the boundary value problem

el +bu' = f, xe(-1,1) (2.28)

with boundary conditions

u(—1) = —e ' u(l) = —€ (2.29)

The exact solution is defined by

u(z) = e* cos(mx) (2.30)

and the source term f(x) is:

f(z) = ee*[2msin(mx) + (72 — 1) cos(mx)] + be”[cos(mx) — 7 sin(7w)] (2.31)

Table 2.2 gives the L? norm of the error for various values of N for each pair of € and b
values. We found that if the number of nodes N increased, the values of L? norm error

decreased, and Fig.2.2 displays that.

31



e [ b N=4] N=38 N =12 N =16 N =20
1 [ 0012451 ] 0.00011221 | 1.4702 x 10°°® [1.6243 x 102 [ 1.1689 x 10~
1 [ 1 ]0.13855 | 4.0484 x 10°% | 5.3125 x 10°% | 4.2505 x 102 | 2.1483 x 10~
01| 1 | 1.1107 [ 0.00065999 | 3.6054 x 10°7 | 5.2054 x 10~'! | 8.6055 x 10~
0.1]10[11.9258 [ 0.0088735 | 3.63422 x 107" [ 4.202 x 10~ [ 8.2754 x 10~

Table 2.2: Dependence of the L? norm of the error on N for different values of € and b.

—s—epsion=1 b=0

—=—epsion=1 b=1
epsilon=0.1 b=1

—=—epsion=0.1 b=10

10°

L2 error
s

1010 N

10'15
4 ] 8 10 12

N

14 16 18 20

Figure 2.2: Dependence of the L? norm of the error on N.

2.3 Boundary Value Problems in 2D

Consider the Poisson’s equation.
'V2u:f7 (iL‘,y) € [_171] X [_171]

with boundary conditions

u=0, on 0N

(2.32)

(2.33)

Equations (2.32)-(2.33) are the strong formulation of the problem. The spectral approach

aims to solve these equations in their weak form equivalent.

The weak formulation is generated by multiplying the strong form of the equations by a

suitable test function selected from a suitable function space. Therefore we define a test

space: (Owens Phillips, 2002; Burden Faires, 1997)

W ={veHYQ):v=00n0d}
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Then
Vuw = f (2.35)

Integrating the equation over the entire domain

//Q—Vzu.vdxdy://ﬂ fodzdy (2.36)

and applying integration by parts on the left-hand side we obtain,

//Qvu.vvdxdy_/m(vu.ﬁ)vdsz//vadxdy (2.37)

0 0
W= —unx + —uny, and ds is the differential arc length along the boundary

h .
where Vu o 3y

09.

Since v = 0 on 0€2, we have

//QVu-Vvd:Udy—//vadxdy (2.38)

This is the weak formulation of equation (2.32), and can be written in the bilinear form:
Find u € W s.t
a(u,v) = Lv) NveW (2.39)

where the bilinear form af(., .) is defined by

a(u,v) = //Q Vu - Vudzdy (2.40)
and the linear formulation L(.) is define by
L(v) = //Q fodzdy (2.41)
The Galerkin approximation for (2.39) is: Find v € W such that
a(uy,vy) = L(vy) Yoy € WV (2.42)
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Thus,

// VuN-VUNdxdy:// fondxdy
Q Q

Since the approximation is conforming, i.e. W~ C W we can substitute v i

a(u,vy) = L(vy)

Then,

//Vu-Vdexdy://f-de:vdy
Q Q

subtracting (2.45)-(2.43), we have

//(VU—VUN)-VUNdQde:O
0

Hence,

a(Vu — Vuy,vy) =0, Yoy € WV

(2.43)

n (2.39),

(2.44)

(2.45)

(2.46)

(2.47)

To determine the Galerkin approximation we need to generate a linear system of equations

of the form Au = b. To formulate the discrete weak problem(2.42), we consider
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The L.H.S of (2.42) becomes

a(un,vn)n = // Vuy - Vouy dx dy
Q

-8UN a’UN

8UN 81)N

Ooxr Ox

The right hand side of (2.42) is

~

[Jo fon dady

dy Oy

ZZ:O ZnN:O wmwnf(a:m; yn)hk<xm)hl<yn)

Using the Kronecker delta property,

hk(xm) = (5m,k =

and define

, k=m

0 ,k#m
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(2.51)

(2.52)

(2.53)



Equations (2.50) and (2.51) become

£ (§on) )

m=0 n=0 =0

N N
= E E wmwnfm,nam,kén,l

m=0 n=0

N N
Wy E mem,iDm,k

N N
Uil + Wk Z [Z wnDn,an,l] Uk, = kaUlka (254)

=0 L m=0 7=0 L n=0
then
N N
w Z B, pui + wy Z Cjuk; = wipwy fiy (2.55)
i=0 =0
where
N
m=0
N
Cji =Y wnDy;Dny = By (2.57)
n=0

Equation (2.54) for 1 < k,1 < N—1 represents a linear system Au = b of (N—1)? equations
for the (N — 1)? unknowns w, j, ¢,j =1,...,N — 1, with u = 0 on the boundary.
Let T=(1—2)(N—1)+ (k—1)and J = (j — 2)(N — 1) + (i — 1).

Then, the system reduces to

> Agus=F, I=1,... (N-1) (2.58)
J=1
where
N N
Ay =w Y WDy iDp +wi Y w0y Dy Doy (2.59)
m=0 n=0
and
Fr, = wyw f (2, yi1) (2.60)
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2.3.1 Numerical Examples and Comparisons

Example 1. Consider the boundary value problem

-V?u = 27%sin(nz) sin(wy),  (z,y) € [-1,1] x [~1,1] (2.61)
with boundary conditions

w(+1,y) = u(z,+1) =0 (2.62)

and exact solution u(x,y) = sin(mwz) sin(my).
Table 2.3 illustrates the exponential convergence behaviour of the L? norm of the error
for various values of N, and Fig. 2.3 displays that. The exact and approximate solutions

are plotted in Fig. 2.4 when N = 24.

Table 2.3: Dependence of the L? norm of the error fon N.

10-10

104

Figure 2.3: Plot showing the dependence of the L? norm of the error on N.

| N | L*error |

4 0.093892

8 | 5.2969 x 10~%
12 | 9.2122 x 107%
16 | 5.8203 x 10~ 13
20 | 3.3692 x 10~14
24 | 1.5232 x 1074
32 | 8.4388 x 1074
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N=24 N=24

(a) (b)
Figure 2.4: (a) Exact and (b) approximate solutions of Poisson equation for N = 24. The

exact solution is plotted using the GLL nodes.

Example 2. Consider the boundary value problem

-V?u = 27% cos(mz) cos(my),  (w,y) € [-1,1] x [~1,1] (2.63)

with non-zero Dirichlet boundary conditions

u(xl,y) = — cos(my) (2.64)

u(x,+1) = — cos(mx) (2.65)

and exact solution u(x,y) = cos(wz) cos(my).

Table 2.4 illustrates the exponential convergence behaviour of the L? norm of the error
on N, and Fig. 2.5 plots this error which demonstrates exponential convergence to the
true solution of the problem. The exact and approximate solutions are plotted in Fig. 2.6

when N = 24.

38



| N | L? error |

4 0.11923

8 | 1.2967 x 10~
12 | 3.7173 x 1079
16 | 3.2728 x 10712
20 | 1.8261 x 1074
24 | 4.1907 x 10~
32| 8911 x 10~

Table 2.4: Dependence of the L? norm of the error on N.

L2 error

10

10712

107

5

10 15 20 25 30

Figure 2.5: Plot showing the dependence of the L? norm of the error on N.

o

0 Jﬂﬁllaﬁgssﬁ\

Figure 2.6: (a) Exact and (b) approximate solutions of Poisson equation for N = 24. The

N

0 lﬂﬂﬂiﬁﬁsa§\

15

(b)

exact solution is plotted using the GLL nodes.

39




2.4 Conclusions

We can come to the following conclusion based on the findings of this chapter: The weak
versions of the convection-diffusion problem and Poisson’s equation are discretized using
the spectral technique. The so-called ”exponential convergence” has been demonstrated
in the results and figures showing the behaviour of the Ly norm of the error on N, further

demonstrating the outstanding error features of spectral approaches.
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Chapter 3

Fundamentals of Fractional Calculus

3.1 Introduction

Mathematical models are often governed by integral and/or differential equations of inte-
ger order. With applications in a wide range of fields, such as computer science, biology,
engineering, geophysics, physics, economics, and finance, the so-called fractional calculus
has attracted a lot of attention recently (Consiglio Mainardi, 2021; Machado ., 2011).
A fractional derivative is an operator that generalizes the notion and definition of the
standard ordinary derivative. In other words, if the fractional derivative of order « is
denoted by the operator D¢, then it reduces to the ordinary differential operator D when
a = 1. It was not until the late 1900s that fractional differential equations—especially
those with real or complex order derivatives—started to be used more frequently to model
the irregular dynamics of many processes connected to complex systems (Samko ., 1993;
Gorenflo Mainardi, 1997; Baleanu ., 2012).

Differentiation is made relatively easy by ordinary derivatives, which make it possible to
apply rules like the chain rule in a straightforward way. The differentiation of composite
functions is made more difficult by fractional derivatives, which rely on memory-based
integral formulations. Because of this additional complexity, fractional derivatives are
especially useful when modelling memory-dependent systems where past states affect cur-
rent behaviour, including viscoelastic materials and anomalous diffusion (Baleanu ., 2012).
To solve fractional differential equations, a practical and simple-to-use approach is nec-
essary. Many established techniques have distinct limitations. The techniques discussed
by Oldham Spanier (1974) and Miller Ross (1993) for fractional differential equations of

rational order are inapplicable when dealing with differential equations of more arbitrary
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real orders. Conversely, the series method (Oldham Spanier, 1974; Friedrich, 1991) and
the iteration method (Samko ., 1987) enable the solution of fractional differential equa-
tions of arbitrary real order, but are only effective for relatively simple equations. The
one-parameter Mittag-Leffler function E,(z) = Z;io 1“(#’11)’2 € C, was employed by
several researchers in their studies (see Bagley Calico (1991); Caputo Mainardi (1971),
for example). The Fox H-function (Fox, 1961), which appears to be too generic to be
employed regularly in applications, is preferred by some other authors (Schneider Wyss,
1989; Baumann, 1991).

A method that is free of the issues mentioned above and appropriate for a wide variety
of initial value problems for fractional differential equations was developed by Podlubny
(1997) in place of the diversity of approaches described above. The formula for the Laplace
transform of the Mittag-LefHler function in two parameters, E, -(z), serves as the foun-
dation for this method, which applies Laplace transform methodology.

This chapter, which is divided into the following five sections, covers some of the funda-
mental concepts associated with fractional calculus. Section 3.2 introduces the Laplace
transform for fractional derivatives. In Section 3.3, Mittag-Leffler (ML) functions and

their Laplace transforms for different numbers of parameters are presented. Conclusions

are presented in Section 3.4.

3.1.1 Fractional operators

1. Riemann—Liouville fractional derivatives

The Riemann-Liouville fractional derivative of order av > 0 is defined by:

I
JREg(t) = =———— [ (t—=t)"*lg(t")dt’, n—1 =1,2,..., 0<t<T
tg() F(n—a)dt”/a( ) g() , N <a<n,n ) < ) =t =
(3.1)
where g is a function for which the integral (3.1) exists, for example, g € C"[0,T].

When a — —oo this is known as Weyl’s fractional derivative.
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Weyl’s composition rule

0 (0° 9°+o
%<w>g(t)zwg(t), 0<t<T,0<a,fB<1l,0<a+p<1 (32

(67
where —— =, R}, and Ry is the Riemann-Liouville fractional derivative of order

ot
.
aa

For g € C'[0,T], Eq. (3.2) is satisfying ¢(0) = 5Y

0)=0

Properties of the Riemann-Liouville fractional derivative:

e the Riemann-Liouville fractional integral is

19(0) =0 Re0(t) = ooy [ =00 a)ar a0 @3

for function ¢ for which this integral exists.
o R (R “g(t)) =a Rt_(a1+a2)g(t), O<aj,ae <1, 0<a;+ay<1

e the Riemann-Liouville fractional derivative satisfies

dP

:ﬁ(aRt_(p_a)g(t)), p—l<a<p p=1,2,...

oRg(t)

e In particular if p =1, then for 0 < a < 1 :

&R ()

oRig(t) = o

o RM(R, g(t) =a R g(t), a1 > as>0.

2. Caputo fractional derivative
The Caputo fractional derivative of order o > 0 with a = 0, denoted by (Dy, is
obtained by interchanging the order of differentiation and integration in equation
(3.1). It is defined as follows:

1 t
Dog(t) = ) / (t—t) gV, 0<t<T,0<a<1l (3.4)
0

Nl -«
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where g (t) = do (1) g € C'0,T7.

dt ’
More generally,
r 1 t
ﬁ/ (t =ty lgmdt  m—1<a<m
m—a) J,
Dig(t) = (3.5)
dm
= alt =
0 dtmg() A=

where m is a positive integer, m € N.

The Caputo fractional derivative is equivalent to the regularised Riemann-Liouville frac-

tional derivative since

Dig(t) = Ry (l_a)%g(t)
_ ﬁ [%/0 (t — )" g(¢)dt' — % (3.6)
o 9(0)
:Rtg(t)—m, 0<a<l,

: a1 1
since Rt 1= m

The material described in Sections 3.2 and 3.3 is based on the contribution of Podlubny

(1997).

3.2 Laplace Transforms

In physical and mathematical applications where initial conditions are typically repre-
sented in terms of integer-order derivatives, we highlight the substantial importance of
the Caputo fractional derivative in solving initial-value problems. The Laplace transform

makes it simple to see this. The Laplace transform of a function f(¢) is defined by

Fo) = £0fsy = [ et s> 0 (3.7
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The Laplace transform of the Caputo derivative of order « of a function f(t) with m—1 <

a<mis

3

-1

L{DYf(t);s} = s%f(s) — Y s* 1R fB) (o) (3.8)

e
Il
o

where f*®)(0F) := lim D f(t).
t—0t
The Laplace transform of the Riemann-Liouville derivative of order @ has the following

equivalent rule:
~1

L{Rf(1); s} = s"f(s) = Y _ 5" FgM(0%) (3.9)

3

e
Il

where g (0F) := lim DFg(t), g(t) := [ “f(t) where I"™ is defined in Eq. (3.3)
t—0
(Consiglio Mainardi, 2021; Kexue Jigen, 2011; Mainardi, 2010; Bagley Torvik, 1983).

3.3 Mittag-Leffler functions (MLF)

Magnus Gustaf Mittag-Leffler, a Swedish mathematician, developed methods for the sum-
mation of divergent series at the beginning of the 19th century, which led to the develop-
ment of the Mittag-Leffer (ML) function. Studying ML functions is primarily motivated
by their significance in fractional calculus, where they play the same essential role as the
exponential function in integer order calculus (Podlubny, 1997; Garra Garrappa, 2018;

Nigmatullin, 1984).

3.3.1 Mittag-Leffler function in one parameter

Definition

A one-parameter Mittag-Leffler type function is defined by the series expansion
Ea(,z)zzﬁ 2€C, 0<a<l (3.10)

£ OFak—i-l

Fact 1:

If —t =2, t > 0 and real, then

e Generalization of the Exponential Function:
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When a = 1, the Mittag-Leffler function reduces to the exponential function £y (—t) =

e L.

e Asymptotic Behaviour:
Fig. 3.1 exhibits some plots of E,(—t*) for some values of the parameter « where
0 < a < 1 where E,(—t%) ~ %2, as t — oo, where ¢, = ﬁ The constant ¢, is

known as the Poincaré asymptotic (Mainardi, 2013; Apelblat, 2020). Also

1 1
<E(—2) < ———— 220 3.11
e )
(see Simon (2014))
1.2
r=1
— =08
;
08 |
T osll
.
0.4 '}
0.2 \\\
.\\\;_—P . _T N
% 5 10 15 20

time(s)

Figure 3.1: The Mittag-Leffler function E,(—t*) for « = 0.8,1 and 0 < ¢t < 20.

Fact 2:

The function f(t) = E,(Mt), t,A €, is the eigenfunction of the fractional equation:

I f(t) = Af(1) (3.12)

where 0f* is the Caputo fractional derivative (Meerschaert Sikorskii, 2019).

3.3.2 Mittag-Leffler function in two parameters

Definition

The following series expansion defines a two-parameter function of Mittag-Leffler type
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(Szego, 1955) as

i k
z
Ea,,@(z) = kE:O m, 2€C, a>0,0>0 (313)

Fact:

If 0 < a < 1, then the Poincaré asymptotic expansion is

N*
1 1
Eaﬂ(Z) = — E m;, Z — —00 (314)
k=1

where N* € N and N* # 1 (Haubold ., 2011).

When 2z = —z, x €, the Poincaré asymptotic expansion is
E (_I)g—ii T = +00 (3.15)
P — ¢ T(8 — ak)’ '

where x > 0, x is real.

Relationship to other functions

Some special cases of the ML function are as follows:

Ei1(z) = €7, Ei5(2) =
(3.16)
Esq (z) = cosh (ﬁ) , E2’2(z) =

2. The Mittag-Leffler function in one parameter is obtained for § = 1 as E,1(z) =
oo zk —
Y reo or D = E.(2) (Podlubny, 1997).

The Laplace transform of the Mittag-Lefller function in two parameters

The Laplace transform of the following function

dk
B0 = 2 Baslt), te k=12... (3.17)
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follows from relationship (3.16). The Mittag-Leffler function E, s is a generalization
of the exponential function e*, and the exponential function is a particular case of the
Mittag-Leffler function o = 8 = 1. Therefore, the Laplace transform of the Mittag-LefHer

function is

k! po—F

L{ESL();p} = / e P Rl B (Fat®) dt = —F
0 (b Ja

where Re(p) > |a|a.

3.3.3 Mittag-Lefler function in three parameters

Definition

A three-parameter Mittag-Leffler function called the Prabhakar function is examined. In
models of Havriliak-Negami type, this function is essential in explaining the anomalous
dielectric characteristics in disordered materials and heterogeneous systems that exhibit

simultaneous nonlocality and nonlinearity (Garra Garrappa, 2018).

1 = T(y+k)2*
E(W) ?) = ? ZEC? 047577>0 319
(%) [(y) < k! T(ak + ) (3.19)
Note that,
E (@) =nt BT, (@), (3.20)

The Laplace transform of the Mittag-Leffler function in three parameters

L{EOL();p} = /0 et g E0)(at®) dt = iﬂ > F(g(—%’“) (g) (3.21)

p k=0

and

c(ED ) = 2T e (3.22)
W (po — )7’
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The Riemann-Liouville fractional derivative of the Mittag-Leffler function in three param-

eters is

R}

tak-{—ﬂ—lEg‘%(/\ta)] _ tak+ﬂ_7_1EC(¥ng,,y<>\ta)’ a, 6 >0,0<y<1, A>0 (323)

3.3.4 Tools for testing candidate solutions

A rule for fractional differentiation of an integral depending on a parameter

When the upper limit also depends on the parameter we have:

t t
aDta/ F(t, t/) dt/ = / t/DtaF(t, t/) dt/ + . 111310 t/Dta_lF(t, t/), O<a<l. (324)
a a —t—

3.4 Conclusions

In this chapter we have introduced the basic ideas and notations associated with fractional
calculus. In particular, we have defined various fractional derivatives and stated their key
properties. These concepts underpin the theoretical work in this thesis. More specifically,
we have introduced the fractional operators. In the upcoming chapters, these will be used
to define the time fractional derivative of Fractional Maxwell Models (FMM). As well
as, we have presented the Mittag-Leffler function (MLF) and Laplace transform, which
are used to define the Green’s function approach. The next chapter will employ this
technique to derive exact solutions to the fractional differential equations. This technique
is one of the most effective methods for dealing with the Caputo fractional derivative due
to several key advantages. First, it simplifies complex problems by transforming complex
fractional differential equations into simpler algebraic equations through the application
of the Laplace transform. Additionally, it effectively represents fractional behaviour,
much like the exponential function in classical equations, with the Mittag-LefHer function
naturally capturing the dynamics of systems with fractional characteristics. Moreover,
this approach is highly applicable to real-world problems, as the Caputo derivative allows

for the straightforward incorporation of initial conditions, making it particularly useful in
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practical applications. Therefore, this approach which is the combination of the Laplace
transform and Mittag-Leffler function (MLF) is an effective tool for solving fractional
differential equations since it can be applied to a wide range of equations and boundary

value problems.

20



Chapter 4

Fractional Maxwell Models

4.1 Introduction

This chapter demonstrates how the behaviour of viscoelastic fluids can be characterized
using mechanical models and how general fractional models can be derived by arranging
spring-pot elements in series and/or parallel. Subsequently, these models are used to
fit experimental data and the quality of the fractional modes is assessed by considering
oscillatory shear data across the frequency range using curve fitting techniques.

This chapter begins with a brief summary of the viscoelastic behaviour that can be
described using mechanical models, as detailed in Section 4.2.
In Section 4.3, the Green’s function solution of the Single-Mode fractional Maxwell model
is derived using the formula for the Laplace transform of the Mittag-Leffler function in
two parameters. This is an original contribution. We also derive expressions of the com-
plex, storage, and loss modulus, and show how the relaxation time of a material may be
determined. At the end of this section, the asymptotic behaviour of the storage, G', and
loss, G”, moduli for the Fractional Maxwell Model (FMM), the Fractional Maxwell Liquid
(FML), and the Fractional Maxwell Gel (FMG) is investigated. Also, we employ curve
fitting techniques to evaluate the model’s validation and accuracy across its frequency
range.
In Section 4.4, an extension of the general fractional Maxwell model is proposed by in-
troducing an additional fractional time derivative, effectively adding a spring-pot element
in series. The corresponding fractional Green’s function solution is obtained using the
Laplace transform of the Mittag-Leffler function in two parameters. Additionally, we

derive expressions for the loss, storage, and complex moduli before determining the relax-
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ation time. The asymptotic behaviour of the storage and loss moduli for the Fractional
Maxwell Model (FMM), Fractional Maxwell Liquid (FML), and Fractional Maxwell Gel
(FMG) is studied. Finally, we employ curve fitting techniques to evaluate the model’s
validation and accuracy across its frequency range. In Section 4.5, an extension of the
general fractional Maxwell model is proposed by introducing two additional fractional
time derivatives, effectively adding fractional elements in parallel. The corresponding
fractional Green’s function solution is obtained using the Laplace transform of the two-
parameter Mittag-Leffler function. Additionally, expressions for the dynamic modulus are

derived. Conclusions are presented in Section 4.6.

4.2 Description of Viscoelastic Behaviour using Me-
chanical Models

A variety of complex fluids and soft solids, from everyday products to fracking fluids,
possess viscoelastic characteristics that are described by various kinds of relaxation time
scales. This can provide significant challenges to the quantitative constitutive modelling of
the material’s behaviour. In its most basic form, a linear elastic spring (Hooke’s law) and
a constant viscosity dashpot (Newton’s law) can be mechanically combined to model both
solid-like and liquid-like behaviour for a viscoelastic material. The stress-strain relations

for elastic solids and viscous fluids are given by
Te(t) = G 7e(t), (4.1)

Tv(t) = 77711(75)’ (4'2)

respectively, where the strain is denoted by ~.(t), the stress is 7(¢), the strain rate is 7,,
the elastic shear modules is G, the viscosity coefficient is 7, and the subscripts e and v
denote the elastic and viscous behaviour, respectively (Schiessel Blumen, 1993; Bird .,
1987). These two models can be represented in terms of mechanical models as shown in

Fig. 4.1 where the spring describes elastic behaviour and the dash-pot represents viscous
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behaviour.

= o

(a) (b)

Figure 4.1: Basic elements of a mechanical model: (a) spring; (b) dashpot.

4.2.1 The Maxwell model

In the framework of mechanical models, the Maxwell model, which was developed by
Maxwell (1867), can be represented by coupling a dashpot and a linear spring in series.
This configuration is shown in Fig. 4.2. The total stress of the system can be calculated
as follows:

Let 4. and «, be the rate of strain due to the spring and dashpot, respectively, then

7(t) = 7.(t) = 7,(¢) (4.3)

'7 = '};e + ’Y.v (4'4)

Substituting Eq.(4.1) and Eq.(4.2) into Eq.(4.4) gives the following equation relating the

total stress and strain for the Maxwell model

T(t) + A7(t) =n75 (4.5)

where 7, 4 denote the rates of stress and strain, respectively, and the relaxation time is
defined as the ratio of the dashpot’s viscosity coefficient to the linear spring’s stiffness,

ie. A= ¢ (Bird ., 1987; Larson, 1999; Hajikarimi Nejad, 2021).
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Figure 4.2: Maxwell model

4.2.2 The generalized Maxwell model

Combining Maxwell models in parallel allows us to model viscoelstic materials that possess
a spectrum of relaxation times rather than a single relaxation time. The mechanical model
for a two-mode Maxwell model is shown in Fig. 4.3.

Expressions for the stress and strain of the system can be derived as follows. Since

the generalised Maxwell model is connected in parallel:

7(t) = Tona () + Tins (2) (4.6)

Y(t) = 1(t) = 12(t) (4.7)

where subscript m; refers to Maxwell element 1 that can be simply described as Eq.(4.8),
and my refers to Maxwell element 2 described as Eq.(4.9), respectively. For each of the

elements we have

T1(t) + M 7 (t) = m (L) (4.8)
To(t) + Ao To(t) = n29(t) (4.9)

Since the total stress of the system is

T(t) = 1 (t) + 12(t)
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then,

T(t) = 7(t) — 71(2)

Substituting for 75(¢) in Eq.(4.9) yields

(7(8) = 73(6)) + X2 (F(0) = (1) = 300 (4.10)
then,
71(t) = - [ (0) + 7(0) = 7(8) + XaF (1) (4.11)

substituting for 7 (¢) in Eq.(4.8) gives

ni(t) + i—; (=23 (8) +7(t) = 7a(t) + A7 ()] = 1 ¥ (2) (4.12)

which, on rearrangement gives

(1 _ ;—;) (t) = (m + i—; m) S — i—;T(t) ) (4.13)

or
1

Tl(t) = —()\2 _ )\1)

(A2 + M) ¥ (8) = A 7(E) — A Ao 7(2)] (4.14)
Taking the 1% derivative of Eq.(4.14) gives

1

T(t) = W)

[(A2m + A1 me) F(t) — M 7(t) — A A 7(2)] (4.15)

In order to derive the equation for the total stress 7(t), which is the constitutive equa-
tion for the generalised Maxwell model, substitute for 7;(¢) and 71(¢) in Eq. (4.8) using
Eq.(4.14) and Eq.(4.15) which gives

T() + (A 4 A2) 7(8) + (M A2) 7() = (m +02)7() + Ao + A1) 3(2) (4.16)
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Figure 4.3: Generalized Maxwell model

4.2.3 Fractional Models

The integer-order viscoelastic models have the advantage of using spring-dashpot compo-
nents to describe linear behaviour viscoelastic materials. The accurate description of the
viscoelastic response with such models normally needs a series of model components. For
example, the generalized Maxwell model requires 8-25 elements to describe the mechani-
cal behaviour of a bituminous material accurately. Therefore using integer-order models
means that many parameters may be needed to describe the desired model. Having a large
number of parameters increases calculation time, and so models with a large number of
parameters are not practical to use in real-world applications. Therefore, alternative
models that have a fewer parameters are performed. Several fractional-order models have
been developed to solve the aforementioned problem and decrease the required number

of parameters without reducing the precision of the model (Hajikarimi Nejad, 2021).

Simple Fractional Element

Since most viscous materials consist of solid and liquid components, there is a mechanical

element that interpolates between a spring (o = 0) and dashpot (o = 1) (see Fig 4.4),

and this mechanical element can be used to describe the behaviour of viscous materials.

Schiessel . (1995) derive an expression in terms of three parameters; an elastic modulus

[E, a time scale A\, and a fractional exponent 0 < o < 1. The stress is, thus, written as
0%y

T(t) = E)\ %
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However, only the quantities of EA* and « can actually be measured experimentally.

This response can be written in terms of a fractional derivative as follows:

_y I
T(t) = V%, (417)

where V = EA® is a quasi-property with units of Pa.s* (Koeller, 1984; Torvik Bagley,
1984).

(V,a)

Figure 4.4: Spring-Pot Element

4.3 Single-Mode Fractional Maxwell Model

In order to create fractional constitutive models that can represent more complex rheo-
logical responses, researchers have constructed spring-pot elements in series and parallel
(Koeller, 1984; Palade ., 1996). The Fractional Maxwell Model (FMM) is a commonly
used combination in the literature. It is depicted in Figure 4.5 and includes the elements
of a linear combination of two spring-pots in series (Friedrich, 1991). Since most com-
plex materials display different power-law behaviour at short and long time scales, which
may be well characterised by the FMM, this fractional framework is extensively applicable
(Friedrich, 1991; Mainardi, 2010; Yang ., 2010; Jaishankar McKinley, 2014; Faber ., 2017;
Schiessel ., 1995).
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Figure 4.5: Single-Mode Fractional Maxwell Model

4.3.1 Derivation of the Single-Mode Fractional Maxwell Model

The series combination indicates that the total stress and strain of the system satisfy the

following relationships in terms of the stress and strain of the individual components:

7(t) = 1u(t) = m2(t) (4.18)

Y(@) = 31(8) + F2(t) (4.19)

where 7(t) is the stress and 4(t) is the strain rate for the FMM.

For each spring-pot we have

dPy (t)
nt) =V ;tﬁ (4.20)
L dPTy()
n(t) =6 —53 (4.21)

where 0 < a < g < 1.

For a fixed 3 and 3 — «, the constants V and G have physical dimensions Pa.s® and
Pa.s?~, respectively. The constants V and G represent a quasi-property and a generalised
modulus, respectively. These quasi-properties are more clearly recognized as the numerical
measurements of a dynamical process, as they are not actual material properties like a

modulus or viscosity.
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Now

v(#) = () + 72(t) (4.22)
so that
dPy(t)  dPy(t)  dP(t
dt? dth dth
Now, from Eq.(4.18) and Eq.(4.20) we obtain
dPy(t) 1 1
and from Eq.(4.18) and Eq.(4.21) we obtain
dorp(t)  dor(t) . d* (dPOp(t)\ L dPyp(t) (4.25)
dtv— dte Tdte \ dtPe ) T dtf '
Therefore, the constitutive equation for a single fractional Maxwell element is
V dor(t) dP(t)
1)+ = =V 0 <p<1 4.26
where £ is the relaxation time of the fluid and V is the viscosity (rate-independent).

Eq.(4.26) is a constitutive equation with the ability to describe three different states: a
linear elastic solid when (0 < a = 8 < 1), a viscous Newtonian fluid when (0 < o <
1,5 = 1), and a combination of both states when (0 < o« < f < 1) (Rathinaraj ., 2021;

Yang ., 2010; Ferras ., 2018).

The relationship between (E;, A\, Es, \2), (E,\*) and V,G is the following;:

For each spring-pot we have
B dﬁ%
boas

dP =,

m(t) = By A (4.27)

T2 (t) = EQ )\g—a

(4.28)
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where 0 < a < g < 1.

Then, we have
1 dPn(t) 1 dP7(t)

t) = = 4.29
() EN AP RN di P (4.29)
1 dony(t 1 d B¢
%) = 5= —(B—i)( - f—a —(5—a(>) (4.30)
Eo A\ dt Ea\; dt
Substituting Eq.(4.29) and Eq.(4.30) into the following equation
Y=mnt+ % (4.31)
yields
1 dPr(t 1 d (¢
(2 G (4.32)

E, \} dt=F +]E No—e dt=(6-a)
1 N\ 2 N9

Rearranging Eq.(4.32) and applying the operator jt—[; we obtain the following equation

E, A dor(t)
Ey Ay~ dt®

(t) + (4.33)

We assume [ > « without loss of generality. When [ = «, we recover the single fractional
element.

Now, consider § > «, then Eq.(4.33) can be simplified by setting

1
E B o B
A= — ?} ., E=E (ﬁ) (4.34)
EQ}\Q @ )\
This leads to the equation
dor(t dPH(t
() + /\O‘%i) —EN Jté ) (4.35)
where .
o e\ _ EN _Vv (4.36)
Ex)\; @ E. N~ G
and
A\
EN =K, (7) NM=EMN=v (4.37)



then, Eq.(4.35) becomes
Vdort)  ,d(t)
"t ae aw

(4.38)

(see Yang . (2010); Stankiewicz (2018))

4.3.2 Derivation of the Exact Solution

In a novel approach, we will solve Eq. (4.26) exactly by defining the relaxation modulus
to be the Laplace transform of the Green’s function which will be expressed in terms
of the Mittag—Leffler function (MLF). This is different to the standard approach which

utilizes the Fourier transform.

Theorem 1

Consider the generalized fractional Maxwell model
OP(t
(1) + N =L =FE )\ ﬁ (4.39)

where 0 < a < g < 1.

The formal solution of Eq.(4.39) is given by Schiessel . (1995) as

T(t):/t G(t — )yt dt’ (4.40)

where G(t) is the relaxation modulus that is defined by the fractional Green’s function as

a—p3 «
G(t):]E<§> Ea,wﬂl_ (;) ] (4.41)

where E, g is the Mittag-Leffler function (Podlubny, 1999):

follows:

k

> x
Eop(x) = ; Faki ) 7 0,8>0 (4.42)
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Then Eq. (4.40) written in terms of the Green’s function solution is

E )\6 t Na— 1 1A% . / /
0= [ =1) ﬁEa,MH[—F(t—t) ]wt)dt

—00

Proof

We interpret Eq. (4.39) as

T(t) + A* 9°7(t) = E AP 0% (94(t)), a <5

(4.43)

(4.44)

Applying the operator ' =7 to Eq. (4.44), and using Weyl’s rule (see Eq. (3.2)), gives

B oY Pr(t) + Ao Pr(t) = C A(b)

where

For simplicity let

B=1l+a—-pB>a=1-83, (0<a<pB<1)

then Eq.(4.45) becomes
A 9°7(t) + B 9°7(t) = (1)

If G(t) is the fractional Green’s function of the following equation

L{r(t)} = (1),
with special initial conditions with f(¢) = 4(¢) and L is the operator

L=A0"+Bo, B>a
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(4.46)

(4.47)

(4.48)
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then the Green’s function solution of equation (4.47) is

(t) = / t G(t,t)f(t)dt’ (4.50)

where G(t,t') = G(t — t).
To derive Eq. (4.43) we apply Eq.(3.2) from (Podlubny, 1997) in the limit as a — —oo
and evaluate the operators _D7', _D/?,..., _D/™ using the rule in Eq. (3.21) and

condition (2) from the definition of Green’s function in Podlubny (1997), page. (19). This

gives
n—1
—oLi(t) = DI () + Y pr(t) DT (L) + ()T (1), (4.51)
k=1
where

t

CDIT(t) = oD / G(t,t)f(t)dt

—00

t
_ / (DG ) () + Tim DTG f() (4.52)
t'—t—

—00

-/ DG ) ()

—00

—othan_lT(t) - —othan_l(—othan_2)

t
Y / DG ) f(E)dE

—0o0

t'—t—0

t
- / y D (DG ) fF(E)dE + lim Dt T (DG ) f(E)

—00

t
_ / yDI Gt ) ()

—00

(4.53)
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D T(t) = _D" (—c D7)

t
_ Do / DG ) f(#)dE

—00

t
= [ D DGOV W + i DD GO )

/
oo t'—t—

- /t v DG ) f(E)dt + £ (1)

o0

(4.54)

Multiplying these equations by the corresponding coefficients, summing and using condi-
tion (1) from the definition of Green’s function when (—oo < ' < t), and substituting

into Eq. (4.51) we obtain

k= [ LG O + £ = £0) (4.55)

—00

So we have proved that Eq.(4.50) is the Green’s function solution of Eq.(4.48). Now,
we need to find G(t,t'). Since Eq. (4.47) is a three-term differential equation, then the
fractional Green’s function G(t) can be obtained by the inverse Laplace transform of the

following function
1

= 4.56
Ap® + Bp® +C (4.56)

9(p)

Since C' = 0, then the Laplace inverse can be performed in the same way as in the case

of the two-term equation in (Podlubny, 1997), Eq. (4.2)

1 1 pe

o IR R 457
Ap®+ Bp® A pfaq B (4.57)

9(p)

using the formula for the Laplace transform of the Mittag-Leffler function in two param-

eters
[e%] N _ d—B
L{E;; (t);p} = / e Pt Pl By (fat?) dt = P — (4.58)
’ 0 ’ (p* Ja)
To obtain the Laplace inverse of equation (4.57), let & — B=-a, a=8—-a;, a= —%

then, =a4+a=14a—-0; a=—a=a.
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Thus, the Green’s function is of the form

1 -
G(t) = Ztﬁ—lb?m(—out“)
- B (4.59)
= Zta Ea 1+a_6< — Zta>
and we are consistent with Eq. (4.43) i.e.
1 [ B
)= [ =0 Euasn | - St 5000 (4.60)

4.3.3 Determination of the Dynamic Moduli

Now, we will introduce the three fundamental equations of the GFMM (Eq. (4.39)) that
describe viscoelastic characteristics: the complex, storage, and loss moduli.

The relaxation modulus, G(t), for the FMM is obtained by determining the stress response
of Eq. (4.39) to an applied step strain function v = yoH (t) (Friedrich, 1991).

The FMM’s characteristic relaxation time is described by Jaishankar McKinley (2014)

Ao = (%)i (4.61)

The intersection of the relaxation modulus’s two asymptotic responses for long and

as follows

short times, as shown in Eq. (4.41), corresponds to this characteristic time. To non-
dimensionalize the relaxation modulus in Eq. (4.41), define a characteristic modulus G.
in terms of the characteristic relaxation time A\, and the quasi-property V. This can be

expressed as

G :VA—BZ(GB)Q (4.62)
(& C - Vﬁfa .

As a result, the relaxation modulus has the following dimensionless representation:

() ()

where 0 < a < g < 1.

Equation (4.26) can be transformed from the time domain into the frequency domain
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(w is the frequency of strain oscillation (rad/s)) using the Fourier integral transform to

obtain the complex modulus
G (w) =G'(w)+iG"(w) (4.64)

where G' and G" are known, respectively, as the storage and loss moduli. Collectively,
they are referred to the dynamic moduli.

The Fourier transform of a function f is given by

Flattse] = f) = [ ar sy e (465)

—00

where w is the angular velocity.
The Fourier transform of the fractional derivative of a function f is obtained by simple

multiplication with f (Hristov, 2018; Adolfsson Enelund, 2003)

B ]~ i), 0<a< (1.66)

Hence, the Fourier transform of Eq.(4.26) is

F(w) + = (iw)* F(w) =V (iw)” F(w) (4.67)

where 7(w) and 7(w) are the Fourier transforms of 7 and ~, respectively.
Subsequently, the complex modulus of the fractional Maxwell model which describes its
response to a small amplitude oscillatory shear (SAOS) deformation, is as follows:

* _ T(w) V(iw)?
CW=z0" 13 7 (i)

(4.68)
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The complex modulus can be non-dimensionalized using A\, = (%)E and G, = V7% =
1

(V‘S—fa> , to obtain:

G'(w)  (iwA.)?

G. 1+ (iwAe)®

(wAe)? (/%)

It (W) (eim/2)e (4.69)
_ (wAe)? [cos(mB/2) + i sin(73/2)]
14 (wAe)® [cos(ma/2) + i sin(ma/2)]
Multiplying Eq. (4.69) by the complex conjugate of the denominator which is
D =[1+ (wA)*cos(ra/2)] — i (wAe)* sin(ra/2),
we obtain
G (w) _ (wA)P cos(mB/2) + (wAe)*P cos(m(B — ) /2)
G. 1+ 2(wAe)®cos(ma/2) + (w Ao )%

L (wA)? sin(mB/2) + (w )P sin(m(8 — ) /2) (4.70)

14 2(w ) cos(mra/2) + (w Ae)?®

The real and imaginary parts of the complex modulus provide us with the storage and loss
moduli of the complex fluid, respectively. The viscous component of energy is represented
by the loss modulus G”, which measures the energy dissipated as heat, while the elastic
component that characterises the capacity to store energy is measured by the storage
modulus G'.
Therefore, from Eq. (4.70) the storage modulus of the complex fluid is

G'(w)  (wA)? cos(mB/2) + (w )P cos(n(B — a)/2)

G h 14 2(w ) cos(ma/2) + (w )% (4.71)
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and the loss modulus is

G"(w)  (wA)? sin(mf/2) + (wA)* P sin(n (8 — ) /2)

G. 1+ 2(w h)® cos(mar/2) + (w ho) 2 (4.72)

The phase angle, tan §, that characterizes the ratio between energy dissipation and energy
storage, is defined by
tand(w) = G"(w) /G (w) (4.73)

4.3.4 Numerical Results

Figure 4.6 provides insight into how different models for a material might respond to
different stresses or deformations, highlighting different aspects of viscoelastic behaviour.
The Fractional Maxwell Gel (FMG) and the Fractional Maxwell Liquid (FML) are two
significant limiting instances of the Fractional Maxwell model (FMM).

The Fractional Maxwell Liquid (FML) model corresponds to 8 = 1, resulting in a constant
and bounded shear viscosity. This makes it well-suited for describing fluid-like materials
in a pre-gel state, such as biopolymer solutions or polymer melts. These materials exhibit
continuous flow under constant stress, with a viscous response that dominates over time.
This behaviour is characterized by a significantly larger loss modulus G” compared to the
storage modulus G’ at low frequencies, indicating substantial energy dissipation during
deformation. Consequently, complex fluids in the pre-gel state have been effectively de-
scribed using the three-parameter FML model (G, o, V). Mechanically, the FML model
can be represented by a dashpot and a spring-pot in series.

Furthermore, the Fractional Maxwell Gel (FMG) is used to describe gel-like materials
that show both solid-like (elastic) and liquid-like (viscous) properties. These materials
can support some level of deformation without flowing completely, and they exhibit a
balance between elasticity and viscosity, where 0 < a = § < 1. This model is suitable for
materials like gels, which can stretch or deform but will still flow if subjected to sustained
stress. The plateau modulus of the gel (G'(w — o0) = G(Pa)) is characterised by the

quasi-property G, and thus the FMG model effectively represents the mostly elastic be-
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haviour of viscoelastic materials beyond the gel point. The mechanical interpretation of
the three-parameter FMG model (G, «, and V) is represented as a series combination of
a spring and a spring-pot. In terms of viscoelastic properties, the storage modulus G’ and
the loss modulus G” are comparable in magnitude, especially at intermediate frequencies.
This indicates a balance between energy storage and dissipation.
The Fractional Maxwell Model (FMM) is a more general model that can describe a wide
range of viscoelastic behaviours, depending on the parameters chosen. It can interpo-
late between solid-like, gel-like, and liquid-like behaviour by adjusting the order of the
fractional derivatives in the model, i.e. 0 < a < < 1. It is used for a wide range of
materials, from purely elastic solids to highly viscous liquids, depending on the specific
parametrization. For viscoelastic properties, the model allows for a broad spectrum of re-
sponses by varying the fractional order a, 3, so G’ and G” can exhibit either a dominance
of elasticity, viscosity, or a mix of both. When one of the quasi-properties diverges to
infinity (V — oo or G — o0), the FMM also reduces to a simple single spring-pot element
or Scott Blair element, as shown graphically in Fig. 4.4. As a last note, just to be thor-
ough, we see that the simple Maxwell model given in Eq.(4.5) arises from the particular
situation « = § = 1, and the quasi-properties V and G reduce to the viscosity ny, and
shear modules Gy, respectively (see, Rathinaraj . (2021); Keshavarz . (2021); Schmidt .
(2024); Sadman . (2017).
Table 4.1 tabulates the asymptotic behaviour of the complex moduli in the limits w A, < 1
and w A, > 1 for these three standard models, which may be obtained from Eqs. (4.71)
and (4.72).

The magnitude of the complex viscosity is defined as follows using the formulas given

in Equations (4.71) and (4.72)

_ \/G’(w)2+G”(w)2

7" (W) » (4.74)
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wA <1 WA > 1
G'/G. (wA.)? cos (13/2) (W)~ cos (m(B — a)/2)
FMM G"/G. (w )P sin (7/2) (wA)P~@ sin (7(B — a)/2)
G'/G. | (WA)'T cos(m(1 —a)/2) | (wA)'™ cos (7(1 — a)/2)
FML G"/G. w A (wA ) sin (7(1 — )/2)
G'/G. (w )P cos (75/2) 1
FMG G" /G, (w )P sin (73/2) (wAo) P sin (78/2)

Table 4.1: The asymptotic behaviour of the storage G’ ( )l\im OG’ (1), Alim G'(t) ) and loss modulus
WAe— W Ae— 00
G" ( )l\im OG”(t), )\lim G"(t) ) for the Fractional Maxwell Model (FMM) 0 < o < 3 < 1, the
W Ae—> W Ae— 00
Fractional Maxwell Liquid (FML) 8 = 1, and the Fractional Maxwell Gel (FMG) a =

which may be expressed as follows using the four FMM parameters:

()| _ 1 )

VAT S (WAe)2 2+ 2(w A2 2559 cos(ma/2) + (w Ae)20Fa=5)

These concepts are illustrated in Fig. 4.6 for the FMM, FML, and FMG models. While
the results are similar to those reported by (Rathinaraj ., 2021) (see Fig.2 in their paper),
they were obtained here using a different method. The plots were generated using data
from the same source. Fig. 4.6 (a) shows the dependence of the relaxation modulus on
dimensionless time for these models. At short times (¢ — 0), the relaxation modulus
G(t) typically reflects the immediate elastic response of the material. For the Fractional
Maxwell Model (FMM) and Fractional Maxwell Gel (FMG), G(t) is expected to follow a
power-law decay. In this regime, the material exhibits more solid-like behaviour, with the
relaxation modulus decreasing gradually as time progresses. At long times (t — ), the
relaxation modulus reflects the transition from elastic to more viscous behaviour. For the
Fractional Maxwell Liquid (FML), G(t) decays more rapidly, indicating that the material
behaves more like a liquid over longer time scales. The FMM and FMG models show
a continued power-law decay but with different exponents, indicating different balances
between elastic and viscous responses. Fig. 4.6 (b) shows the variation of the complex
viscosity across different Deborah numbers (w A.) for the FMM, FML, and FMG models.
At low frequencies, the complex viscosity n*(w) is dominated by the material’s viscous

behaviour. The FML model, which behaves more like a liquid, shows a high viscosity at
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low frequencies. The viscosity decreases as frequency increases, indicating shear-thinning
behaviour typical of complex fluids. The FMM and FMG also exhibit a similar trend but
may start at lower viscosity levels depending on the parameters. At high frequencies, the
material exhibits more elastic behaviour, and the viscosity stabilizes or decreases more
slowly. The complex viscosity n*(w) continues to decrease slowly, reflecting the material’s
transition to a more elastic response. The rate of this change depends on the specific
model (FMM, FML, or FMG), with each showing a distinct response curve.

Moreover, Fig. 4.6 (c,d) shows the variation of dynamic moduli across different Debo-
rah numbers (w A.) for the FMM, FML, and FMG models. Fig. 4.6 (c) illustrates the
storage modulus G’, which indicates the material’s elasticity or solidity. As the material
stores more elastic energy, GG’ gradually increases with increasing frequency. At high fre-
quencies, the material transitions from a more elastic to a stiffer state. As the frequency
continues to rise, G’ typically increases until it reaches a plateau or steady state, where
the material mostly exhibits elastic behaviour. Fig.4.6 (d) shows the loss modulus G”
represents the material’s viscous or liquid-like characteristics, which showing how much
energy is dissipated as heat. Initially, G” increases as the frequency increases, indicating
that the material behaves more viscous with increased frequency of oscillations. As the
frequency continues to increase, G" may decrease after reaching a peak, as the material
shifts towards more elastic behaviour, leading to less energy loss. Finally, Fig.4.6 (e)
shows that the difference between the phase angle for the FMM and the FML is larger
at low frequencies, indicating that these materials exhibit more viscous behaviour over
longer times. On the other hand, the phase angle of the FMG , which describes gel-like
behaviour, is smaller, indicating that it is mostly elastic at low frequencies. The phase an-
gle for FML and FMG decreases with increasing frequency, indicating a shift toward more
elastic behaviour. The FMG is consistent with its essentially elastic response throughout
a wide variety of timescales by approaching a very low or constant phase angle at high

frequencies.

71



-
o
N

1 - = FMM
r SSo s - = FML
S~y - - FMG
2100 ¢ s S
(DO \g\\
~— NN < 1
% NN N
N\ N SN
106 \\\\\\ *\,: 2 N \.\
. £ 10 SN
1 N NN
10 RN
RN
10710¢ 1 1 D
. . . 4 . . . N
10
10 1072 10° 102 10* 107 1072 10° 102 10*
/A wA
[+ [+
(b)
102 , , ,
- - FMM
- - FML
- - FMG
100 L
o’ o’
= BN ! ¢
) (O] 8 /’ ’/
2 /¢ 7’
10 o,
Pid / 1
"4 7/
s
/7
rd
‘ : : 10 : : :
107 1072 10° 10? 10* 1074 1072 10° 102 10*
WA WA
c c

21 ~
10 N

tand

10°

2 —FMM
107 £ |[——FML
—FMG
10 102 10° 102 10*
wA
(o3

Figure 4.6: The linear viscoelastic characteristics of the FMM (a = 0.4, 8 = 0.7), FML (a = 0.7, 83 = 1),
and FMG (a = 0.7,8 = 0.7). (a) G(t), (b) n*(w), (c) G’, (d) G”, and (e) tané.
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4.3.5 Determination of the Relaxation Spectrum

The relaxation spectrum is an essential tool in the description of viscoelastic polymeric
fluids. It is an essential component in the analysis of materials processing like extrusion
and can be utilized in predicting the behaviour of a linear viscoelastic fluid. The challenge
lies in the fact that the relaxation spectrum is not a quantity that can be measured
directly, and trying to extract it from experimental data often results in an ill-posed
problem (Owens Phillips, 2002).
Consequently, data from other transient experiments can be simulated once the discrete
relaxation spectrum of a material is known. The success of this method is demonstrated
by the findings published in H. Winter . (1990). It is important to take into account that
the discrete relaxation spectrum is only applicable for the frequency or time frame that
corresponds to the input data (HH. Winter Jackson, 1995).

Assume a discrete set of frequencies {wj :1 < j < M} is used to measure the storage
and loss modulus of a sample of polymeric material.

Evaluating the expression in Eq. (4.71) and Eq. (4.72) at w = w; gives

B cos(mB/2) + (wj Ae)2HP cos(m(B — ) /2) ]

' (Wj Ac)

G'(wj) =G [ T 2w, M) cos(ma/2) T (@) A% (4.76)
,, B (w; Ae)? sin(m3/2) + (w; o) P sin(m(8 — a)/2)]

Gwy) = Ge [ T+ 2(0; M) cos(70/2) + (@) )2 (4.77)

1
1 «
where \, = (%) “ G.=V\P = ( G ) , a and  are unknown model parameters with

0<a<p<l.
The following objective function is minimised in order to obtain the discrete relaxation

times and elastic modulus (Baumgaertel Winter, 1989; Mustapha Phillips, 2000).

({G'g;j) B 1F+ {Géw) B 1] )

([/%jGC—1r+[ijc—1}2>

XQ

(4.78)

(= 1=

1

<.
Il
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where

. (wj A)? cos(mB/2) + (wj Ae)*HP cos(n(B — @) /2)

kj = [ (1 + 2(wj Ac)> cos(mar/2) + (wj Ac)>) G ] (4.79)
and

- (w; )P sin(mB/2) + (w; A )8 sin(n(B — a)/2)

kj = [ (14 2(wj Ae)™ cos(mar/2) + (wj Ae)?) G } (4.80)

where G'(w;) and G"(w;) are determined by Eq.(4.76) and Eq.(4.77), and the values G’

and G;’ are the measured data.

4.3.6 Fitting of Single-Mode FMM to data

Curve fitting techniques are employed to determine the optimal values of G., A., a and
that best fit the fractional Maxwell model to experimental data. Once these parameters
are estimated, the model is validated by comparing its predictions with experimental data
to assess its accuracy across the frequency range. Non-linear regression and optimization
algorithms are commonly used to minimize the error between experimental observations
and model-predicted values.

To fit both the real and imaginary components simultaneously, model functions were
designed to return a one-dimensional array containing G’ and G”. This was achieved
by minimizing the objective function y? that was defined in Eq. (4.78). The fractional
Maxwell model (FMM) was fitted using the "minpack.lm” package in R, which provides
non-linear least-squares fitting via the Levenberg-Marquardt (LM) algorithm. This ap-
proach is particularly effective for curve fitting and parameter estimation in non-linear
models.

The fitting procedure was applied to two experimental datasets, the corresponding to

1. Sample B which is Neste HDPE (Grade 3416) at 190°C from Mustapha Phillips
(2000) as shown in Fig. 4.7. Where the initial parameter values were assumed to
be G. = 10000, A\, = 4.7, « = 0.4, and § = 0.7 and the frequency was M = 40
data points. After 100 iterations, the fitted parameters were obtained as follows:
G.= 146237, A.=0.0465, «=0.4773, [ =0.6893. At these final parameters,
the value of X% = 0.119752. 0.099020
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2. Polyethylene Oxide (PEO) solution, this sample contains a low concentration of
polystyrene particles with a diameter of 109 nm. Oscillatory shear experiments
were conducted using an MCR 502 WESP temperature-controlled rheometer from
Anton Paar (Graz, Austria) in strain-imposed mode. A cone-and-plate measuring
system was utilized, featuring a 50 mm diameter and a 1° cone angle, with a fixed
gap width of 101 pgm. All measurements were performed at a constant temperature
of 25°C. The angular oscillation frequency ranged from 0.1 to 100 rad/s, with a
constant strain amplitude of 5%. A total of M = 25 frequency data points were

recorded (Schmidt ., 2024).

Figure 4.8 was generated using the same initial parameter values as in Case 1. After
100 iterations, the optimized parameters were obtained as follows:

G, =215, X, = 12175, « = 0.5444, [ = 0.6996. At these final parameters,
the value of X? = 0.099020.

The original rheology data used in Fig. 4.8 is publicly available at https://doi.
org/10.14279/depositonce-20768.

The relevant file is named (RS22_230_FS_4000KDa_4wt%_PS109).
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4.4 Multi-mode Fractional Maxwell Model Spectrum
of Relaxation Times in Series

In this section we will extend the model given by Eq (2.5) in Yang . (2010) by introducing
additional fractional derivatives which generalises the single-mode fractional model. The
aim of generalizing the Maxwell model is to allow us to predict different sorts of complex
viscoelastic behaviours.

There are 6-parameter linear viscoelastic models that are able to describe a much wider
range of complex fluid behaviour when compare to the single-mode fractional Maxwell
model with its 4-parameters.

The Multi-mode Fractional Maxwell Model consists of three spring-pots, each character-
ized by a pair of material parameters (here, denoted by (Gi,a1), (Gg,aq) and (V,f),

respectively), arranged in series as illustrated in Fig. 4.9.

(V.5)

(G1, 1)

(Ga, a2)

Figure 4.9: Multi-Mode Fractional Maxwell Model

The series combination indicates that the total stress and strain of the system satisfy

the following relationships in terms of the stress and strain of the individual components:

T(t) = 1 (t) = 1o(t) = 73(t) (4.81)
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V() = A1 () + F2(t) + Y3(t) (4.82)

where 7(t) is the stress and () is the strain rate for the FMM. Also 7;(t) and ;(t) are
the stress and strain rate in the ¢-th springpot.

For each springpot we have

dPy, (t

nt) =V ;};) (4.83)
dP= 1y (t

n(t) = 6, 20 (4.84)
dP=o2y5(t

m3(t) = Gy dtﬁji() (4.85)

where 0 < ap < ap < < 1.

For a fixed ay, as and 3, each of the constants V, G; and G, have physical dimensions
Pa.s’, Pa.s’ ™ and Pa.s?~°2, respectively. The parameters V, G; and G, represent
a quasi-property and a generalised modulus. These quasi-properties are more clearly
recognised as the numerical measurements of a dynamical process, as they are not actual

material properties like a modulus or viscosity.

Now
Y(t) = 1(t) +2(t) +73(t) (4.86)
so that
dPy(t)  dPy(t) | dPe(t) | dPys(t)
_ 4.87
it ar @ T e (4.87)
Now, from Eq.(4.81) and Eq.(4.83) we obtain
dPy(t) 1 1
5 = gt = g7() (4.88)
and from Eq.(4.81) and Eq.(4.84) we obtain
dUmy(t)  dor(t) | de (dPT(t) L dP(t)
g am  Cigm g ) T O g (4.89)
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and from Eq.(4.81) and Eq.(4.85) we obtain

de2ry(t)  d*2r(t) - <d6_a273(t)) - szﬁ%’(t) (4.90)

dtez dter | 2dpes \ dtP-ee dt?

Therefore, the constitutive equation for a multi-mode fractional Maxwell element is

Vodur(t)  V d*er(t) dPy(t)
t) + = — =V O<am<ao <pB<1 4.91
G T TG, ae it a<mLps (4.91)
where G% and G% are the relaxation times of the fluid and V is the viscosity (rate-

independent). Eq.(4.91) is a constitutive equation with the ability to describe three
different states: a linear elastic solid when 0 < as = a3 = § < 1, a viscous Newto-
nian fluid when 0 < as < a3 < 1 and 8 = 1, and a combination of both states when

0 < as < a; < <1 (Rathinaraj ., 2021; Yang ., 2010; Ferras ., 2018).

The relationship between (Ei, \j, Eo, Ao, E3, A3), (E,A\*,\*?) and V,Gy,G, is the

following:

For each spring-pot we have

dP
_ B4 N
_ dﬁ_al’)@
) =E\y * — 2 4.93
7(t) 242 a8 (4.93)
Y S 4.94
73(t) = B33 a8 (4.94)
where 0 < ap < a; < < 1.
Then, we have
1 dPr(t) 1 dPr(t)
t) = = 4.95
1 dBeuny(t) 1 dBer(t)
Ya(t) = E A0 dt—(an) - E A0 dt= (o) (4.96)
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() = 1 a2y 1 dBredr(y)
R Y I YV T T

Substituting Eq.(4.95), Eq.(4.96) and Eq.(4.97) into the following equation

Y=71+7v+7s3

yields

1 dPr(t) 1 dBer(t) 1 dBe2r(t)
E, AP dt=F Ry AT dt-Bmen) TRy \PTee i (Bes)

=7(t)

Eq.(4.99) can be rearranged to obtain the following equation

Ey A dorr(t)
E, Ny dt™

B, A deer(t)
]E3 /\'g_a2 d to2 a

s (1)
RV

T(t) +

where we assume 0 < as < a7 < f < 1 without loss of generality.

Let 0 < ag < oy < 8 < 1, then Eq.(4.100) can be simplified by setting

E, \} E, \}
M=—ge, M= —o, E=E\’
Eo N\ Es\) o2
This leads to
doir(t) do27(t) dP(t)
t A A =F
QORI e N T P
where
Ei\ \Y
/\1 = = —
EQ)\g_al Gl
and
as El)‘f = X
]E3)\§—042 GZ
finally,
EN =V

(4.97)

(4.98)

(4.100)

(4.101)

(4.102)

(4.103)

(4.104)

(4.105)



then, Eq.(4.102) becomes

Vo dur(t) N Vduert) G diy(t)
G, dtm Gy dtoz i

T(t) +

see Yang . (2010)

4.4.1 Derivation of the Exact Solution

Theorem 2

Consider the generalized fractional Maxwell model

oUr(t
T(t>+>\1 at—ZE)—F)\Q

52;(75) 8'7(t)
- 7’ —F < <a <<
Otz otb ' =2 == =1

then the Green’s function solution is

where

S L L W E— 5 oo
G<t> = Z k! Ak+1 ™ Eal_Oé27 a1+1—B+az(k) B Z e
k=0

Proof

Let
OPy(t) =9/ o (t)

(4.106)

(4.107)

(4.108)

(4.109)

(4.110)

Applying the operator 9= to equation (4.107), and using Weyl’s rule (see Eq. (3.2)) for

each component of 7 and v yields

0 () + M O )+ X 07T 1 () = Edn(t), 1> 8> ar > a; >0 (4111)
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We rewrite Eq.(4.111) in the form
AT () + B 9y r(t) + C 0y P7(t) = D dny(t) = f(t)

where

For simplicity, we define
F=a1+1—-0; f=aw+1-8; a=1-5; 0<a<pf<y<l
then we can rewrite Eq.(4.112) in the form
AJT(t) + B 9Pr(t) + C 0°(t) = D 9v(t)
If G(t) is the fractional Green’s function of the equation
L{r(t)} = f(1)

with special initial conditions, where

L=A9) + B +C o
then the Green’s function solution is

(t) = /_ Gt — ) F(t)dt!

(4.112)

(4.113)

(4.114)

(4.115)

(4.116)

(4.117)

(4.118)

Since Eq. (4.115) is the four-term fractional differential equation, then we can find the

Green’s function by obtaining the inverse Laplace transform of the following expression

1
AP+ Bpf + Cpr+ H

9(p)
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Here H = 0, then the Laplace inversion can be performed in the same way as for the case

of the three-term equation and Eq. (4.119) becomes

—Q

p

— _ . C#0 4.120

9() Api—& 4+ Bpf-a+ C 7 ( )

(p) = .
I = A+ Bpa+C

1 Cp~ (5= 1

- C AprB Cp=(F—) 4.121

Ap=P+ B 14 A;?:Y*B—FB ( )

>k+1 pBl+D+alk)
(p“?fB + %)k+1

l ae
=52 (-1 (Z
k=0
To determine the inverse Laplace transform we use Eq. (3.18) for the Laplace transform

of the Mittag-Leffler function in two-term

X bt jakBe & K p
E{Eg%(t);p}:/o Pt kB 1Egjg(tat)dt:W, k>0 (4.122)
we define
o S ) B B
G=7-5 6= =—fk+1)+alk) wa=—7
= (1 — Qo :—Oég(k’—f—l)—l-ﬂ—]_
and
B=a+pBk+1)—ak) ak)+B—-1=5k+1)—alk)—1
= (7 =B)+B(k+1) —alk) =ay(k+1)-p
=7+ (68— a)(k)

:Oé1+1—5+012(k7)
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Thus Eq. (4.122) can be written as

®_ = [ e a1 gy B
AE s av-am (t)’p}/o ot E’vﬁ,w(ﬁa)(k)( al )dt

B k! p—B(k+1)+a(k)

C (prP = By B0

(4.123)

and then

(k) R R a1 (k+1)—B (k) _E .o
£{Ea1_a2’a1+1_5+a2(k) (t>’p} _/0 e’ Ea1—a2,a1+1—5+a2(k) < A ™ 2) dt

_ k! p—a2(k+1)+6—1

o (qu—ag _ %)k‘—i—l’ k Z 0
(4.124)
Also, Eq. (4.121) becomes
1 C k+1 p—a2(k+1)+5—1
== (-DF = 4.125
o) = 531 (%) &= T (1125)

Since Eq. (4.124) is equivalent to (4.125), then we obtain the form of Green’s function as

follows
G(t) = i (—kll)’“ Ac;: pon (k1) =B Eﬁ,’j’,% e (_ g tmw) (4.126)
k=0 ’
where N |
EX)(y(t) = j—;Ea,ﬁ(y) = ; T ((i ;flil = (4.127)

Finally, we obtain Green’s function solution Eq. (4.118) where G(t) is defined by Eq.
(4.126).

If C' =0, then we have only the case k = 0, and the Green’s function solution is

(t) = /_ "G (4.128)
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where

1

B
G(t) = Ztal_ﬂ Ea1—a2, ar+1-p8 (_ Z ta1—a2> (4.129)

Therefore, the Green’s function solution Eq. (4.128) is consistent with Eq. (4.60) when
a; = a, ay = 0, with

B
G(t) == Ztai’g an a+l1-4 (- Z ta> (4130)

4.4.2 Determination of the Dynamic Moduli

The three basic equations of GFMM (Eq. (4.107)) that characterise the viscoelastic
properties—the complex, storage, and loss modulus—will now be constructed.

Suppose \; = G% and Ay = G%, where Ay < A;.

Therefore, Eq. (4.126) can be non-dimensionalized with respect to the largest relaxation
time Ay, and then A\ = A..

So, we have

Y GY
then,
A
%2 = o=\, ()\_2> = &N (4.132)

where & = %

Consequently, the dimensionless form for the relaxation modulus is given by

G(t) m (_l)k ¢ oy (k+1)—p ) £\ a2
Gc - Z k! )\_c Eal—a2, 141 —B+az(k) - )\_C (4133)

where m € Z, m > 0.

The Fourier integral transform can be used to convert Eq. (4.107) from the time domain
into the frequency domain (w is the frequency of strain oscillation (rad/s)) and obtain the
complex modulus.

G (w) =G (w)+iG"(w) (4.134)
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The Fourier transform of Eq. (4.107) is given by

F(w) 4+ A (1) F(w) + A (iw) 27 (w) = E(iw)?5(w) (4.135)

Consequently, the complex modulus of the Maxwell model, which expresses how it re-

sponses to a small-amplitude oscillatory shear (SAOS) deformation, is as follows:

P ) E (iw)?
=50 T TH o () + g () (4.136)
Thus, we can use Eq. (4.131) and Eq. (4.132) to rewrite Eq. (4.136) as follows:
G (w) _ E (iw)?
G, L+ A (iw)™r 4+ EX (iw)o?
. B (¢
T T G+ ) (T
B E(w)? [cos(mB/2) + i sin(73/2)] _N
1+ Ae(w)or [cos(man [2) + i sin(man /2)] + EXe(w)22 [cos(man/2) + i sin(mas/2)] D
(4.137)

Multiply Eq. (4.137) by the complex conjugate of the denominator which is
D" = [14 A(w)® cos(maq /2) + EXe(w)®? cos(man/2)]—i [Ae(w)™ sin(may /2) + EXe(w)®? sin(mas /2)]
then

N x D" = [B(w)? cos(78/2) + (wA:)? T cos(m(B — a1)/2) + €22 (wAe) T2 cos(n (B — a2) /2)]

+ i [(wAe)? sin(m3/2) + (wAe) T sin(m(8 — a1)/2) + €22 (W) T2 sin(n (8 — as) /2)]
(4.138)
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and

D =D x D" =14 (whe)?® + €292 (w.)?%2 + 2692 (wA.)*1+°2 cos(m(ay — ag)/2)

+ 2(wAe) ™ cos(may /2) + 269 (wA.)*? cos(m(az)/2)  (4.139)

Therefore, the complex modulus becomes

_ (4.140)

The real and imaginary parts of the complex modulus provide us with the storage and
loss modulus of the complex fluid, respectively.

Therefore, from Eq. (4.140) the storage modulus of the complex fluid is

G'(w) [(w/\c)ﬁ cos(m/2) + (wA.)P+er cos(m(3 —Nozl)/Q) + €22(wA,)P*o2 cos(m(B — 012)/2)}

G. D
(4.141)

and the loss modulus of the complex fluid is

G"(w) _ [(wAe)? sin(m3/2) + (wAo)P T sin(m(8 — a1)/2) + €22 (wAe) T2 sin(n (8 — az)/2)]
G. D

(4.142)

4.4.3 Numerical Results

Figure 4.10 provides insight into how a material might respond to different stresses or

deformations, for the following models:

e The Multi-Mode Fractional Maxwell Gel (MM-FMG) where 0 < s < a3 = < 1.
The mechanical interpretation of the four-parameter MM-FMG model (Gq, Go, as,

V, B) is represented in a series as a combination of two spring and spring-pot.

e The Multi-Mode Fractional Maxwell Liquid (MM-FML) corresponds to 8 = 1, and

it can be described mechanically by a dashpot and two spring-pots in series with
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five-parameters (Gq, Gg, oy, ag and V).

e The Multi-Mode Fractional Maxwell Model (MM-FMM) where 0 < as < a3 < f <
1. The mechanical interpretation of the six-parameter MM-FMM (G1, a1, Ga, as,

V, B) is represented in Fig. 4.9. The first two are specific cases of the MM-FMM.

Table 4.2 tabulates the asymptotic behaviour of the complex moduli in the limits
wA, < 1 and wA, > 1 for these three standard models, which may be obtained from
Eqgs. (4.141) and (4.142).

WA K 1 WA > 1
MM- G'/G. (wAe)? cos (3/2) (W)~ cos (m(B — 1) /2)
PMM | GG | (wA)Psin(nB/2) ()P~ sin (x(8 — ar)/2)
G'/G. | (W) cos (m(1 —ay)/2) | (wA)'72 cos (m(1 — ay)/2)
MM-FML | G"/G. WA (WA sin (7(1 — ay)/2)
MM- G'/G. (wAe)? cos (3/2) 1
PMG |GG | (@A)Psin(n8/2) | (@AdP e sin (n(5 — az)/2)

Table 4.2: The asymptotes of G’ and G” for the MM-FMM (0 < ap < a3 < 8 < 1), the MM-FML
(8 =1), and the MM-FMG 0 < az=a1 =< 1)

Using the expressions given above in Equations (4.141) and (4.142), the magnitude of

the complex viscosity

: Gl + CP
() = ¥ (4.113)
w
can be written in terms of the six MM-FMM parameters as follows:
()| _ 1
VAT J(Whe)2 2+ 2(w A2 2z cos(m(ay + ag)/2) + (w A )2(-FFar+az)
(4.144)

Fig. 4.10 illustrates the linear viscoelastic properties of three different models: MM-
FMM, MM-FML, and MM-FMG. The plots are generated using data from (Rathinaraj .,
2021). Fig. 4.10 (a) represents the time-dependent relaxation modulus, G(t)/G. , for the
three models, illustrating how they respond to stress over time. Initially, the modulus is
high, indicating that the material behaves more like a solid, resisting deformation. How-
ever, as time progresses, the modulus gradually decreases, signifying that the material is

losing its ability to maintain stress and transitioning to a more fluid-like state. The rate
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at which the modulus declines varies among the models, with some showing a steeper de-
cline than others. These differences in slope highlight the unique relaxation behaviour of
each model, reflecting variations in their viscoelastic properties. Fig. 4.10 (b) illustrates
the frequency-dependent dynamic viscosity, n*(w), for the three models. The plot shows
a decreasing trend as frequency increases, indicating shear-thinning behaviour, where the
material’s resistance to flow decreases at higher deformation rates. Each model exhibits a
distinct rate of decline, reflecting differences in their underlying viscoelastic mechanisms.
At lower frequencies, the viscosity remains relatively high, suggesting dominant fluid-like
behaviour, while at higher frequencies, it drops significantly, indicating a transition to-
ward more elastic or solid-like characteristics. The slopes of the curves reveal variations in
the frequency response of each model, emphasizing differences in their ability to dissipate
energy under oscillatory stress. Fig. 4.10 (c¢) presents the storage modulus, G’'(w)/G.
, which characterizes the elastic energy storage capability of the material as a function
of frequency. The curves indicate that as the frequency increases, the storage modulus
increases, signifying a shift from a more viscous-dominant behaviour at low frequencies to
an elastic-dominant response at higher frequencies. The rate of increase differs among the
models, suggesting variations in their structural rigidity and ability to store mechanical
energy under oscillatory loading. Fig. 4.10 (d) depicts the loss modulus, G"(w)/G. ,
which represents the viscous dissipation of energy. The trends show that at low frequen-
cies, energy dissipation is relatively high, but as the frequency increases, the loss modulus
exhibits a crossover behaviour, marking the transition between viscous and elastic domi-
nance. The distinct slopes and crossover points for each model indicate differences in their
internal friction and energy dissipation characteristics. Fig. 4.10 (e) illustrates the loss
tangent, tand , which represents the ratio of energy dissipated to energy stored during
deformation. This parameter provides insight into the dominance of viscous versus elastic
behaviour across different frequencies. A higher tan § value indicates greater energy dissi-
pation, meaning the material behaves more like a liquid, while a lower value suggests that
elastic properties are more dominant. The curves for the three models exhibit distinct

trends, showing variations in damping behaviour. At lower frequencies, tan ¢ is relatively
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high, implying a stronger viscous response, whereas at higher frequencies, it decreases,

indicating a transition toward more elastic-like behaviour. The differences among the

models suggest variations in their ability to balance energy storage and dissipation under

oscillatory stress.
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4.4.4 Determination of the Relaxation Spectrum

Assume a discrete set of frequencies {w; : 1 < j < M} is used to measure the storage and
loss modulus of sample of polymeric material.

We rewrite Eq. (4.141) and Eq. (4.142) as follows

Gy — e l0A) cos(rB[2) + (wAe) 2 cos(n($ — a0)/2) 4 €72(uAe)* 2 cos(($ — )2

D
(4.145)

Gy — el SnmB/2) 4 (@)1 sin((5 — 01)/2) 4 €72 (Ao) " sl (§ — 02)/2)]
: B

(4.146)

where a1, as, and [ are the unknown parameters, with 0 < as < ay < g < 1.
The discrete relaxation times A. and elastic modulus G, are determined by minimizing

the following objective function (Baumgaertel Winter, 1989; Mustapha Phillips, 2000)

s (T )

= (4.147)

where
. [(wj)\c)ﬁ cos(m3/2) + (wjA.)? Tt cos(m(B — a1)/2) + €22 (w;j ) T2 cos(m(B — 042)/2)1 o
J ]ﬁ) Ji
(4.148)
and
o= {(%’)\c)ﬂ sin(m8/2) + (wjAe) ™ sin(m (8 — 1) /2) + £2 (w;Ae) "2 sin(m (8 — 042)/2)] Q"
j D j

(4.149)

where G'(w;) and G"(w;) are determined by Eq.(4.145) and Eq.(4.146), and the values G';

and G7 are the dynamic data.

91



4.4.5 Fitting of Multi-Mode FMM to data

To assess the validation and accuracy of the multi-mode fractional Maxwell model (FMM)
across the frequency range, we applied the fitting procedure described in Sec. 4.3.6 to
two experimental datasets.

The model was fitted to both datasets using the optimal values of the parameters:
Gey Ao, 1, 2, 3, (. Here, we define \. = A\, and { = i—j , with the constraints Ay < Ay,
and 0 < ap < a1 < B < 1 being satisfied.

For experimental dataset 1 (see Fig. 4.11), the initial parameter estimates were:

(G, A, g, v, 5,¢) = [10000, 6,0.2,0.4,0.7,0.6666] corresponding to Ay = 4. After 5000
iterations, the optimized parameters were: G, = 104554.5701, A, = 0.2936, ay = 0.0442,
a; = 0.5083, B8 = 0.7140, ¢ = 30377.8480. At these final parameters, the value of
X? = 0.148910.

Similarly, for experimental dataset 2 (see Fig. 4.12), the initial estimates were:

(Gey Ao, 0, 1, B, ¢) = [100,22,0.4,0.8,0.999,0.1818] with Ay = 4. After 5000 iterations,
the optimized parameters were: G. = 63.7892, A\, = 1.7109, ay = 0.7015, a; = 0.4832,
B = 0.8633, ¢ = 0.6676. At these final parameters, the value of X? = 0.020844. This

value of x? is an improvement over the value obtained for the single mode approximation

given in Section 4.3.6.
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Figure 4.11: Comparison of the data and model predictions for a PEO solution using
the MM-FMM. The converged values of the parameters were: [G., A, g, a1, 5,(] =
[104554.5701, 0.2936, 0.0442, 0.5083, 0.7140, 30377.8480]
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Figure 4.12: Comparison of the data and model predictions for a PEO solution using
the MM-FMM. The converged values of the parameters were: [G., A, s, a1, 3,(] =
[63.7892,1.7109, 0.7015, 0.4832, 0.8633, 0.6676]
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4.5 Multi-mode Maxwell model spectrum of relax-

ation times in parallel

(Vi, ) (Va, a0)

(Gy, B1) (G, B2)

l

Figure 4.13: Multi-mode fractional Maxwell model

4.5.1 Derivation of the Differential Equation for the Multi-mode

Fractional Maxwell Model

Consider the two-mode fractional Maxwell model shown in Fig. 4.13 comprising two
fractional Maxwell elements M; and M, in parallel.

Let 7; denote the stress in element M;, ¢ = 1,2. Then in element M; we have
71 =V D{"yi1 =Gy D'y (4.150)

where 7 ;, j = 1,2 is the strain in each of the component of M;. The total strain in M;
is given by

Y1 =711 Y12 (4.151)
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Similarly, in element M, we have
Ty = Vy Di%yp1 = Gy Dtﬁ2’72,2

and

Y2 = V2,1 + V2,2

The overall, stress and strain are given by

T=T1+T2, 7Y=7="72

respectively.

Expressing 71 j, 7 = 1,2, in terms of 7y:

| R
"1 = VlDt 'y, T2 = @Dt 517'1
allows us to derive the following expression for 7y,
1 —a 1 —p1
71(t)=VlDt Tl(t)+@1Dt 7i(t)
Similarly, we obtain the following expression for 7,
1 —az 1 —B2
Y2(t) = VQ Dy ny(t) + @2 Dy 1a(1)

Take the Laplace transform of Eq. (4.156)

G, *

L{n(t);s} =L {%Dt_alﬁ(t); s} +L {LD_/BlT

Using the Laplace transform of the fractional derivative (Mainardi, 2010)

L{D;f(t);s} = s “L{f(t);s}

=5 “F(s)
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(4.153)

(4.154)

(4.155)

(4.156)

(4.157)

(4.158)
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we obtain

L{(t);s} = %S_alﬁ{Tl(t); sh+ és‘ﬁlﬁ{Tl (t); s} (4.160)

This expression simplifies to:

Q(s) = (Viis_al + éls_ﬁ1> ¥i(s) (4.161)

where Q(s) is the Laplace transform of v(t), and ¥, (s) is the Laplace transform of 7 (¢).

We rearrange Eq.(4.161) to obtain an expression for ¥ (s)

Q(s)

1 1
Vsl + G1sP1
_ ViGysth 0
N VlSal + Glsﬁl (5>

The convolution theorem states that the multiplication of two Laplace transforms in the

21 (S) =

(4.162)

s-domain corresponds to the convolution of their inverse transforms in the time domain.

Consider the inverse Laplace transform of

V1G18a1+ﬁl
Visx + GlSﬁl

This can be rewritten in the form

Glsﬁl

v (4.163)

To find the inverse Laplace transform, recall that

£ { all } (4.164)

1+ as®

where v = (1, a = % and 6 = [, — a1, is known to yields a function involving the
Mittag-Leffler function Es.41(%).

Setting v = (1, a = % and § = §1 —aq in (4.164) we obtain inverse Laplace transform
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of the expression (4.163)

VG sath G
- 7 = Gt _ b
L {Vlsal + Glsﬁl } - Glt Eﬁl—al,ﬁﬁ-l ( Vlt ) (4165)

Therefore, the inverse Laplace transform of the entire expression is the convolution of

. . V1G15a1+ﬁ1
G(t) with the inverse transform of {—Vls"‘1+61551 :

We can then write 74(¢) using the convolution theorem as follows

! G / — . / /
mi(t) = / Gi(t — ) Eg, o, py41 (—V—l(t — )7 ‘“) A(t") dt (4.166)
0 1

Similarly, we can derive the following expression for m(t):

t
() = [ Galt = )" Eap-a (—%u - t')ﬁz—%) () dt (4.167)
0 2

Substituting Eq.(4.166) and Eq.(4.167) into Eq.(4.154) we obtain the total stress of the

two-mode Maxwell model as a function for time

t , G, |
T(t) - / |:G1(t -1 )oq Eﬂl—al,ﬁﬁ-l (_V—l(t —1 )61—041)
0 1
G
+Go(t = 1) Egyan o1 <—V+2(t - t’)ﬁQ‘”) }W(t’) dt’ (4.168)
2

This expression represents the combined stress as a function of time, accounting for the
contributions from both.

To derive a differential equation corresponding to the integral equation in Eq.(4.168), we
first recognize the structure of the fractional integral. The integral expressions involve
fractional-order integrals, and the presence of the Mittag-Leffler functions Eg, —q, g,+1(*)
and Eg,_q, p,+1(+) suggests that the convolution terms are equivalent to a fractional deriva-
tive in the time domain. Given that the integrals include terms of the form (¢ —¢')** and
(t —t')*2, we can convert the integral equation into a differential equation by employing

fractional derivatives Dy* and D;**. Therefore, the differential equation corresponding to
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the given integral equation is given by:
ViDPr(t) + G D) r(t) + VoD (t) + Go D21 (t) = (1) (4.169)

This differential equation models the stress-strain relationship in a material described by
a two-mode fractional Maxwell model, with orders of differentiation (o, 51, as, B2) and
coefficients (Vy, Gy, Vg, Go) governing the material’s behaviour.

Then, the equation can be rearranged for simplicity to two grouped terms that represent

different modes (M, My):
(VD& 4+ Gy D) 7(t) + (VoD 4+ Go D)7 (t) = (1) (4.170)
where 0 < 1 < a3 <land 0 < By < ap < 1, and as < aq, B2 < f1.

4.5.2 Derivation of the Dynamic Moduli

To derive the loss and storage moduli from the integral equation (4.168), we need to
relate the integral form to the frequency domain, where the moduli can be expressed as
functions of frequency.

To find the loss and storage moduli, we take the Fourier transform of both sides of the
integral equation (4.168). The Fourier transform of 7(¢) is denoted as 7(w) and the Fourier
transform of Q(t) is Q(w).

The Fourier transform of a convolution integral is given by:

#{ [ ku-tro)ar} - kow) (1171)

where K (w) is the Fourier transform of the kernel K (t).

In Eq.(4.168), the kernel K (t —t') is

! JAYe G / — IAYe G / —Q
K(t_t ) =Gy (t_t ) 1Eﬁ1*0¢1751+1 —— (t —t )Bl ! +G2(t_t ) 2E52*a2752+1 2 (t —t )ﬁQ 2
\A \Z
(4.172)
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To find its Fourier transform, we use the property of the fractional calculus in the fre-
quency domain:

The Fourier transform of the term (¢t — ¢')® is:

I'l+a)
F{t -t} = ——= 4.173
(¢ 01} =T (1.173)
Then, the Fourier transform of the kernel K (t) is
Fw) =6 llta) s G, g 4.174
(w) — V1 (iw)“’al 51*a1751+1(w) + G2 (iw)l"'a? 52*a2,52+1(w> ( . )

where E denotes the frequency-domain representation of the Mittag-Leffler function. The

storage modulus G’(w) and loss modulus G”(w) are derived from the complex modulus

K(w)

K(w)=Gw)+iG"(w) (4.175)

In this section, we use the notation K (w) to represent the complex modulus of the material
in the frequency domain. It is important to note that & (w) is mathematically equivalent to
the commonly used rheological notation G*(w), as defined in Eq. (4.134). This equivalence
allows for consistency between the mathematical formulation and standard rheological
terminology.

From the differential equation in the frequency domain, we have

F(w) = K(w)O(w) (4.176)
Thus
R(w) = 2 (4.177)
Q(w)

We express this in terms of real and imaginary parts to find G'(w) and G”(w)

I'(1 + aq) cos(6y) I'(1 + ag) cos(bs)

K(w) = Gl w1+a1 + GQ w1+a2
, I'(1 + aq) sin(6y) I'(1 + ag) sin(6s)
+1 Gl wltar —+ GQ wltasz (4178)
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where

I'(1 4+ ay) cos(6y)
wl—‘ral

['(1 4 a2) cos(6s)
wl-i—ocg

G'(w) = G, + Gy (4.179)

and
['(1+ ay)sin(6y)
wl—‘rocl

(1 + ) sin(6y)
wl-{-ag

G"(w) = G, + Gy (4.180)

where 0, = (1 + ;)5 and ¢, = (1 + a2)5 depend on the phase characteristics of the

Mittag-Leffler function.

4.6 Conclusions

To conclude, we derived fractional models using spring-pot elements arranged in series
and/or parallel. Also, we derived expression for the relaxation time and the dynamic
moduli of Fractional Maxwell models in single-mode and multi-mode settings. In addi-
tion to this, we studied the validation and the accuracy of these models. The following

summarises our analysis:

1. The exact solution of the Fractional Maxwell Model (FMM) in single-mode and
multi-mode settings using the Laplace transform of the Green’s function was de-
rived and expanded in terms of the MLF. This is an alternative to the approach of

Friedrich (1991) who used Fourier transforms.

2. The Fractional Maxwell Model (FMM) is a general model that was examined for
0<a<f<1(Yang ., 2010). We also looked at two significant limits that were
investigated in the literature on fractional viscoelasticity: the Fractional Maxwell
Liquid (0 < o < 1,8 = 1), and the Fractional Maxwell Gel (0 < a = f < 1)
(Rathinaraj ., 2021). Table 4.1 provides an overview of the limiting frequency

responses of the linear viscoelastic moduli for these models.

3. The single-mode fractional Maxwell model was generalized to a new fractional vis-
coelastic model, the multi-mode Fractional Maxwell Model (MM-FMM) for 0 <
as < a1 < f < 1. The aim of generalizing the Maxwell model is to allow us to

predict different sorts of complex viscoelastic behaviours. We also looked at two
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significant limits on fractional viscoelasticity: the multi-mode Fractional Maxwell
Liquid 0 < as < a; < 1,8 = 1, and the multi-mode Fractional Maxwell Gel
0 < ay =a; = < 1. The details of the limiting frequency responses of the linear

viscoelastic moduli for these models can be found in Table 4.2.

. Following the derivation of new fractional viscoelastic models, an analysis of these
models in terms of their rheological behaviour is presented in Fig. 4.6 and Fig.
4.10. The analysis of these plots gives a comprehensive overview of the viscoelas-
tic behaviour of the FMM, FML, and FMG models. The FML exhibits liquid-like
behaviour with dominant viscous properties, the FMG behaves more like a solid or
gel with high elasticity, and the FMM is intermediate, exhibiting both liquid-like
and solid-like properties depending on the time or frequency scale. Finally, the
performance of the proposed models was evaluated by fitting them to experimental
dynamic data spanning a broad frequency range. Curve fitting techniques were em-
ployed to determine the optimal parameter values for each variant of the fractional
Maxwell model. The comparison between the experimental data and model predic-
tions is presented in Fig.4.7, Fig.4.8, and Fig. 4.12. The results indicate that the
multi-mode model yields a more accurate representation of the data than the single-
mode model, highlighting its enhanced capacity to capture the complex viscoelastic

behaviour observed in the experiments.

. The single-mode fractional Maxwell model was also extended to a new fractional
viscoelastic model by introducing fractional elements in parallel, resulting in the
multi-mode Fractional Maxwell Model (MM-FMM), where 0 < 8; < a; < 1 and
0 < By <ay <1, and ay < ay, By < (1. This configuration is particularly well-

suited for modeling materials with heterogeneous structures.
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Chapter 5

Numerical Discretization of Fractional

Derivatives

5.1 Introduction

Effective algorithms for the numerical approximation of fractional differential operators
are highly desired, given the potential applications of these operators. Fractional deriva-
tives can be discretized to produce a set of quadrature formulas. Various node and
coefficient selections result in different orders of accuracy. Three basic paths are used to
obtain numerical approximations of fractional derivatives. In general, according to the
order of differentiation, numerical schemes can be derived using polynomial interpolation
with a derived order of accuracy giving rise to the L1, L2, and L2C approaches (Cai Li,
2020; Zhang ., 2014).

According to the definition of the Caputo fractional derivative Eq.(5.30), the inte-
gral term indicates history dependence and weakly singular behaviour. Therefore, ap-
proximating fractional derivatives is much more challenging than approximating classical
derivatives. Lubich (1986) describes some basic discretized fractional calculus techniques.
For instance, finite differences can be used to discretize the classical derivatives that occur
in the definition of a fractional derivative (Pooseh ., 2013).

The main goal of this chapter is to derive highly accurate methods to approximate
the Caputo fractional derivative. These will be used in later chapters to solve the Taylor-
Couette problem and perform a convergence analysis. Accordingly, this chapter is or-
ganised as follows: Some fundamental concepts relevant to the development of numerical

methods for treating fractional derivatives are presented in Section 5.2. The first-order
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difference scheme for the Caputo fractional derivative for two ranges of fractional order is
derived in Section 5.3. Section 5.4 extends these ideas to a second-order difference scheme
for the Caputo fractional derivative and also for the two ranges of fractional order. The
derivation of the first-order and the second-order time discretization for the Fractional
Viscoelastic Fluid model using finite difference method is given in Section 5.5. Finally,

some conclusions are made in Section 5.6.

5.2 Numerical Fundamentals

For the discretization of time ¢ € [0,7], we assume a uniform mesh, with Np time steps
At = T/Nr, and then approximate the fractional derivative at the discrete times ¢, =
nAt,n=0,1,..., Np.

At the spatial mesh point r;, we define u? = u(r;,t,). Let U denote the approximation
to u(r;, t,) (ie. U ~ul ), 1=0,..., N, then we can introduce the following notation for

the average of u between points (r;,t,) and (r;,t,_1)

n—1/2 U + U?_l
i S WA (5.0
and the O(At?) central difference approximation to 2% at t = t,_1,, is given by
e ur—ur!
5tUi 1/2 - T (52)

(see Sun Wu (2006), for example).

Now we show how to differentiate an interpolant in order to produce differentiation for-
mulas. The idea behind this technique is simple: the first step is to use the data to
create an interpolating polynomial. The interpolant can then be directly differentiated to
approximate the derivative at any point (Levy, 2010).

This process is described as follows. If the linear interpolation polynomial of w on [t,,_1,t,],
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n=1,..., Np, is given by the Lagrange formula

Iy u(s) = u(tr) (t" N S) +ulty) (5 _At;”) (5.3)

then the first derivative of Iy ,u(s) is

u” — un—l
0s (11, ,, = — 5.4
(I u(s)) = C (5.4)
Extension to the quadratic interpolation of u(t) on [t,_1,t,11], n =1,..., Ny — 1, yields

Hgﬂu(s) = u<tn—1) 2(At)2 (At)g

e[S 09

o tlo )] _ (oo ~ton)]

The first derivative of Il ,u(s) is

2s —t, — t, 25 —tp—1 —ty 25 —t, —ty—
as(HQ,n u(s)):un_l{ S +1:| . n|: S 1 +1:| + n+1|: S 1:|

2(At)? (At)? 2(At)?
(5.6)
and the second derivative of Eq.(5.5) is given by
un—l — u™ + un+1
0} (g yu(s)) = (5.7)

(At)?

5.3 First-order difference scheme for the Caputo frac-
tional derivative

The derivations in this section are based on the methodology of Sun Wu (2006).
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5.3.1 Case 1: when 1 <a <2

We define the time fractional derivative D{u(t,) in Caputo sense as

N 1 tn 0?u
DtU(tn)—m/(; st, l<a<?2
Let
_ Ou(r,s)

) = 2o
then

dy(r,s) 0?u(r, s)

ds  0s2

Define

then equation (5.8) becomes
tn 8y
ty) = =——— t,—s)'* =2 d
#(rta) F(2—a)/0 ( °) s *°
Define the grid functions

U ~u?

7 [

Y ~y(ritn), X' ~x(r,t,), 0<i< N, n>0.

(5.8)

(5.10)

(5.11)

(5.12)

(5.13)

Using Taylor expansions, it follows from Eq. (5.9) that a second-order approximation to

Y(ris tho1/2) is
ur - upt

Yn—1/2 — U'n—l/Z _
i At

7

The local truncation error e; of this approximation is defined by

(6 )1‘171/2 _ y?lfl/Q _ 5tu1‘171/2
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from which we can show, using Taylor series expansions, that
()] %] < er(A)? (5.16)

where ¢ is a constant.
Based on Lemma 2.2 of Sun Wu (2006), and using a Taylor expansion with integral

remainder for any function F(t) € C?[0,t,], we have

tn 1 " F(ty) — F(tp_1) /tk 1
F'(t) ————dt ~ dt, At>0 (517
/O ( )(tn —t)e-t ; At te, (tn — 1)o7t (5.17)

which is called the L1 method.
Therefore, an approximation to Eq. (5.12) at the point (r;,t,) is

i_yi-l oty
3 % / (t — 3)1ads] (5.18)
tj—1

j=1 -

xr— 1
T2 -w)

Since

/tj (t, — s)'"%ds = (ﬁ?za (n—j+1)* = (n—j)>"], n—j=>0. (5.19)

J

and based on Lemma 2.3 of Sun Wu (2006), we can express Eq. (5.18) in the form

- e iyl
X' = TG—a) ;anj(a) (Y7 -v7™) (5.20)
where
nj(@) =[(n—j+1)"*=(n—7)>"], n—j=>0. (5.21)
Let [ =n — j, then
afa) = [(I+1)>* =1, 1>0. (5.22)
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then Eq. (5.20) becomes,

n AT N .
X = G_a) [anl(@) (V! = Y2) + ana(e) (Y = Vi) + ans(e) (Y = Y7)
+ .+ &1(a) (Y;nfl _ Y;n72) + CNL()(()é) (Y;n . Y;nfl)
At - n - - n—1 ~ ~ 2
= £ [0 ¥+ @(0) ~ An@) Y7k (Bca(e) = sl Y,
+ (an-1(a) = an2(a)) Y} = @p1(@)Yy
Al 3
“TG_a) ()Y = (an—j-2(a) = Gin—j1(@) Y7 = (n-2(@) = an-1 (@) V'
j=1
- dn_l(oz)Y;»O
(5.23)
and
n—1 At ~ n—1 = ~ ~ J ~ 0
Xy = T3_a) ()Y =} (an—j—2(@) = ap—j—1(@)) ¥ — an2(a)Y7"| (5.24)
j=1
Consequently, the temporal discretization of X' BRART
XZI—FXZFI - X'nfl/g
2 - 1
At =2
_ - yrol2 P . j+1/2
F(S—a) CL()(OZ) i ]Zl(a J 2(0() An—j 1(05)) Y;
L. - . -
D) [(an—2(O‘) — n1() Y} + Gpa ()Y + an—Z(O‘)YiO}
At =
. ~ Y’I’L—l/? _ ~n_ - _ = L Y]+1/2
F<3 _ Oé) CL()(Oé) i ; (CL J 2(04) Qn—j 1(04)) i
1 . . ~
= 5 (@n2() = G (@) (V' +Y7) = Gna (@)Y
Atl—e 2
~ n—1/2 ~ ~ +1/2 ~
= 1@ a) @Y - Z (dn—j-2(00) = inj1() Y72 = Gy 1 (@) ¥

(5.25)
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where ey is the local truncation error of this approximation X' 12 with

[(e2)] %] < ea(At)* (5.26)

)

where ¢, 1S a constant.

Substituting Eq. (5.14) into Eq. (5.25), we have

n— Atl—a B e n—2 ) i ' )
X,L' 1/2 _ T [ao(a) 5tUz 1/2 . Z (an—j—Q(a) — an—j—l(a)) 5tUi]+1/2 . an_1<04)y;0
(3—a) P
Ati-o n1 |
TG a) ldf’(“) @ = 3 (g = o)) (] 4 el
j=1
(5.27)

Replacing 5,U/? by Eq. (5.2), and substituting the above results into Eq. (5.8) we

%

obtain the following finite difference approximation to Df u:

J

— Qp_1(a)P(r;)

At | S
— 'G o) Z A; UY — anl(a)q)(n)]
7=0
(5.28)
where ®(r;) = Y, = y(r;,0), and
(
&an(a) - &nfl(a) if Jj=0
~ —lp—i_1(a) + 2ap_i(a) — Qp_jr1(a), f 1<j<n-—2
A] _ J 1( ) J( ) J+1( ) J (529)
—2&0(06) + d1<a), if j =n-—1
dO(a)a if ] =n
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5.3.2 Case 2: when 0 <a<1

The time-fractional derivative D®u(t,) will be approximated numerically, as described in

Sun Wu (2006).

1 o Quy
D%u(t,) = ds, 0 1 5.30
tu( ) F(l—a)/; (tn_5>a S <a< ( )

Replacing a by a + 1 in Eq. (5.17) gives

/0" F(t) i (fft)a - kZ: F(t) —Af(tk—l) /tk: o Cfft)_a (5.31)

Using Lemma 4.1 of Sun Wu (2006) and following the derivation of the difference scheme

Eq. (5.25), the approximation to Eq. (5.30) is,

1

Diu(t,,) ~ m

U Uittt
Z # / (t, — s)_o‘d.s] (5.32)
ti—1

j=1 J

Since

/tj (t, —s) %ds = (?t_)laa [(n — i+ D)= (n— j)l_a] , n—7j>0. (5.33)

j—

and based on Lemma 2.3 of Sun Wu (2006), we can express Eq. (5.32) in the form
Do u(ty) ~ —2 zn:zé (o) (U7 — v (5.34)
Pl = pp gy 2l (B |

where

buj(a)=(n—j+ 1) =(n—j)""" n—j>0 (5.35)

Let [ = n — 7, then define

b(e) =aa+1), 1>0 (5.36)
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then Eq. (5.34) becomes

D ulty) >~ | S b (0) (07— U7

- T(2-a) =
At [ 1 0\ | 7 2 1
= ﬁ bu-1(a) (Ui = U7) + bua(a) (U7 = U})

At_a n—1 ~ ~ B
— n b . b _ b 0
F(2 _ O{) [ 0(0[) U’L ; ( n—j 1(0{) n ](Of)> Ul n 1(O{)UZ
At LN
fe_a) |[& Y
(5.37)
where
b1 () it =
B; = anjfl(@) - Bn,j(a) if 1<j<n-1 (5.38)
bo(cv) it j=n

5.4 A second-order difference scheme for the Caputo
fractional derivative

From the truncation error estimate of the L1 method on a uniform temporal grid, it is
clear that the accuracy is dependent on the fractional order «. It is not so surprising due
to the weakly singular kernel (¢, — s)* in Eq. (5.30). To improve the numerical accuracy
of the difference approximation of the time-fractional derivative, it is very natural to

consider a second-order scheme for discretizing the Caputo fractional derivative.
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5.4.1 Case 1: when 1 <a <2

The approximation of the Caputo fractional derivative of order o, where 1 < o < 2, will

now be derived. We first use integration-by-parts on the right-hand side of Eq. (5.30) to

obtain.
N S e s bl A S L. TR
Dt U(tn> - F(l — Oé) [ (1 . a) . + (1 . a) /O (tn _ S)afl d ]
B 1 ou(r,0) . 1, tn 0?u .
S (1-a)l(1-a) { 55 \n) +/o (tn —s)*t ! ] (5.39)
1 tn agu 1 Y
NG /o (tn — s)t ot T2 -a) ) ()]

1 /t” 0%u
= ds
re—a)t, (t,—s)1!

using 8“” 9ulr0) — y(r) = 0.

Substituting the second derivative of the quadratic interpolation Eq. (5.7) into Eq. (5.39),

we obtain
1 e 92 (Mg yu(s)) < (Y02 (I uls))
D¥u(t,) ~ —— / 5 s ds + / — 2 (s
) = oy | Tl ST, o
1 n__9 n—1 n—2 tn d
B Ur — 20"+ U / s (5.40)
I'(2—a) (A)? o (by — s)o T

= 1UJ+1—2UJ+UJ 1 ds
+ ; /tj1 (t, — s)>1
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Substitute Eq. (5.19) and Eq.(5.21) into Eq. (5.40) to obtain

« ~ 1 | n __ n—1 n—2 = ~ ) J+1 7 j—1
Du(t,) ~ AHTE—a) (U —2U0" '+ U )—i-;an_](oz) (U 207 + U7

= (U™ =20" " 4+ U ?) + Gps () (U* = 2U" + U?)

+ano() (U =202 + U') + -+ + ay(a) (U™ = 20" +U™?)

B 1
~ (A)eT(3— a)

[(&n—l(a)) U+ (An—2(ar) — an—l(a))Ul + (@n-1(a) — an—Q(a))UQ

+ (1 +ay (@)U 2 + (=2 = 2a, (@)U + (1 + a1 (a))U™

Cl,n 1 U + an 2( )-2&n_1(a))U1

l—l

NG )

CAJ

t+, an j=1(0) = 20n—(@) + an—j1 (@) U7 + (1 + &1 (a) — 22() + () U™

+ (=2 — 2ay (@) + ag (@)U + (1 + ay(a))U™

1 - J
~ (ADT(3 - a) JZO au

(5.41)
using Eq. (5.21) and Eq. (5.22) to define the following coefficients as,
(
CNanl(Oé) if ] =0
o () — 20n_1(c) if =1
p_j_1(a) = 2an_j(a) + @p_jq1(a) if 2<j5j<n-—3
CJ(O{) _ J 1( ) .7( ) ]+1( ) J (542)
1—}—&1(0[)—2&2(@)4-&3(01) if j:n—Q
—2G; (a) + da(a) — 2 if j=n-—1
1+ (a) if j=n
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5.4.2 Case 2: when 0 <a <1

We consider the Caputo time derivative of order «, where 0 < o < 1,

N 1 Q.

Define the finite difference approximation of Dyu(t) at t = ¢, as follows:

Dﬁ““)ﬁiifgzﬁfgl{uuﬁifmm)}alisw‘“

B 1 u(t) —ulty) (™ 1
TTl-a) At /to RIS
1 u(ty) — u(ty) {_ (t; — s)—aﬂr
Il —«) At (1-a)
_ 1 u(ty) — u(to)
r2—a) (At)e

(5.44)

0

Substituting the first derivative of the quadratic interpolant in Eq.(5.6) into Eq.(5.43),

we obtain, for n > 2,

=) [ o T2 o 4
o e (5.45)
= An + Bn
I'l —a) ] g !
where
A = /tn as (HQ,nflu(S)) ds B. . — /tj as (H2,ju(5)) ds (5 46)
" by (tn—8)” o ti 1 (tn — ) '
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The integrals defining A,,, and B, ; can be evaluated analytically as follows:

P /tn 25—ty —tp1 ur! /t” 25 —tpho —ty
to2(An)? ), toy (tn—9)%

S

(ta—9)* (At

n—1

un R
HDTINOE /t ST i
1 . » ) . ieay 5.47
R (2<At>a> v (<At>a) v (2<At)“) v
1 n—2 Ly ela) U™
= T ae_ oG- a(@) U2+ bU" " 4 cla)U
where
a(a) = [%} (5.48)
b= —2 (5.49)
c(a) = {4 5 O‘} (5.50)
Similarly,
o Ui—1 b 25 — tj — tj+1 6 U’ b 25— tj+1 — tj—l s
Bri = 5(an2 /tjl AT viE /tjl DENT
Uit (% 2s —t; —t; 4
* 2ame / RCED
_ U (=) =3 =g+ 1)) 2[(n— )" — (n—j +1)*
2(At)e 1-a) 1-a)2-a)
R <2(n DT 2 )= (n—j+ 1)2‘“])
(At) (1—a) (I—-a)(2—a)
PR ([(n ) =AD" 2 )~ (-t 1)“‘])
2(At)e (1—a) (1—a)(2—-a)
_ vt ((2 —a)[(n—j)""*=3n—j+1)"=2[(n—j)**—(n—j+ 1)“])
2(At)> (1—-0a)2-a)
R (2(2 —a)n—j+D) 42— - (n—j+ 1)“])
(At)e 1—a)2—a)
Uittt (—2—a)[(n—7)""—(n—j+ 1) =2[(n—j)>*—(n—j+1)*°]
T aane ( —a)2—a) )
1 i=1 (@)U + ¢,,_;(a) UIHL
= B _a2_a) (an—3 (@) U™ 4 by (@) U7 + () U7FY)
(5.51)
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@) = [ ) (1= 307 = S = @) =+ 17 = (= ) (g 1)
(5.52)
bnj(@) = [2—a)(n—j+ 1)+ (n— ) = (n—j+1)"°]
(5.53)
enci(@) = [ gy Bo g e 0 a0
(5.54)
Let [ =n — 7, then we define
ala) = [%(2 )i - 2(2 )+ 1) — P (14 1)2—a] (5.55)
bi(e) = [2(2—a) ([ + 1)+ 2% = 2(1 4+ 1)*°] (5.56)
ala) = {_(2 - ) peay (2 5 A (4 1y1e _ e g4 1)2a} (5.57)
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Combining the above results, Eq. (5.45) becomes

Diu(t,) =

1
Il —a«)

n—1
A+ By
j=1

1
IRyt

B 1
CT(1—a)

U2+ bU" " +c(a)U")

n—1

1
At)r (1 —a)(2—a)

+ (t5(0) T+ by (@)U + Gy (@)TP)

j=1

1 n—2 n—1 n
— B @ o)1 ard—a) [(a(a)U +bU "+ c(a) U™)

+ ) (4 (@) U™ + by (@) U7 + (@) U7F)

— [ (a(a) U2 4+ bU" ! + () U™)

+ Y (i (@)U + by (@)U + cpj () U7

= (ADTG_a) [(C(a) + (@) U™ + (b + eaa) + by (@) U™ + (aa) + ba(a) + ag () U™ 2

3 (@nmi1(0) + bug (@) + en g (@) U + (@n-(a) + bu-1(0) U + 1) U
j=2
(5.58)
We rearrange the formula as follows for convenience:
1 - :
Diu(t,) = E; U’ )
t u( ) (At)aF(3 . Oé) ]Z:; J (5 59)
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using Eq. (5.48)-Eq. (5.50) and Eq. (5.52)-Eq. (5.57), we can define
g Eq. (5.48)-Eq q q :

an—l(a) if j: 0
an—o() + byp_1() if j=1
Api_1(@) + bp_i(a) + cp_iri(a) I 2<5j<n-—3
Fia) = j-1(a) i(a) j+1(a) J (5.60)
ar(@) +ba(a) + cz(@) +a(e) i j=n-—2
CQ(O{)"‘I‘bl(OJ)"‘I‘b if jITL—l

cla) + () it j=n

5.5 Time Discretization of FVF Model

In this section, we refer to the Fractional Viscoelastic Fluid (FVF) model as a special case
of the Fractional Maxwell Model (FMM), specifically when the order of the fractional
derivative is set to @« = 1. This formulation corresponds to a configuration where a
spring-pot (defined by fractional order () is placed in series with a dashpot, capturing
the intermediate behaviour between purely viscous and elastic responses.

It is important to note that in Chapter 4, the same configuration was previously
referred to as the Fractional Maxwell-Like (FML) model. For consistency, we now use
the term Fractional Viscoelastic Fluid (FVF) throughout this section and in Chapter
6, recognizing that both terms describe the same constitutive model-—specifically, the
Fractional Maxwell Model (FMM) with o = 1. Additionally, to align the notation with
Chapters 4 and 7, the parameter a used here and in Chapter 6 corresponds to (5 in those
Chapters, while the parameter S used here and in Chapter 6 corresponds to ( = f — « in
Chapters 4 and 7.

The expression:

T(t) + %Di’BT(t) =V (g—z — %) , 0<p<1 (5.61)

is a fractional viscoelastic constitutive law for shear stress in a cylindrical polar coordinate

system.
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The strain rate term §* — * is the curvilinear form of the shear strain rate (Ferras .,

2018). The approximation of 7(r;,t,) is denoted by 7.

5.5.1 A first-order difference scheme for the Caputo fractional

derivative

Define the fractional derivative in a Caputo sense

1 tn OsT
1-8 _ s
D, "r(t,) = XE) /0 = 5)iF ds, 0<p<1

Substituting Eq.(5.4) in Eq.(5.62), we obtain

Since

B8
—%Kn—ﬁl)ﬁ—(n—j)ﬂ], n—j=0

we can express Eq. (5.63) in the form

1

DtlfﬁT(tn) = A8 T(1 = f) ]Z:;bn]<1 — ) [T<tj> o T(tjfl)]

where

bog(1=B) = [(n—j+1)" = (n—j)’]

Let [ =n — j, then

b(l—B)=[(l+1) —1"]
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(5.63)

(5.64)

(5.65)

(5.66)

(5.67)



Based on Lemma 2.3 of Sun Wu (2006), Eq. (5.65) becomes

Dtl*ﬁT(tn) = NP 1}<1 3 [Bnl(l —5) [7’1 — TO} + én,g(l —p) [7'2 — 7'1] + Bn,g(l —5) [7’3 -7

+ -4+ b1(B) [ =] + bo(B) [7" =77 ]

1 S i 0
= AT —6)[ bt = by )] 7 _bn_l(ﬁ)T]

=1

<.

(5.68)

5.5.2 A second-order difference scheme for the Caputo frac-

tional derivative

Define the finite difference approximation of D} °7(t) at t = ¢, in [ty 1] as follows:

-8 N 1 t1 ,7_1 _ 7_0 1
P rit) = i | () s

B I‘(}) TiAtT: /t:l( t(tl_l;)lf * (5.69)
5

0

_ 1 [ [ 0, (Mapar(  (I1
1-8 -~ 2n—1 2]
D, T(tn)_—r(ﬁ) /t o d+2/ t _Slﬂ ds]
T — (5.70)
e |t
where
* 9y (Mgp—17(s)) * 05 (I ;7(s))
= 2 ;. = _— . 1
An /tn 1 (t — 8)1_5 dS, Bn,j /tj1 (tn _ 5)1_5 ds (5 7 )
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The integrals defining A,,, and B, ; can be evaluated analytically as follows:

y m2 25—ty — by L 25—t o —ty
2882 Jr, .y (= s) (A2 Sy (= s)

t
T" no2s — tn,Q — tn,1
—_ d
oA / (be — )12

[2<At>:3ﬂ5<é T 1>} - {(At)lfﬁ(ﬁ T 1>} o [2(&)15%2% 1)

n—2

1 ~ n—2 7 n—1 ~ n
= GG D@y [0 e T )
(5.72)
where
a(p) = {_3; 0 ] cb=2, &pB)= {%} (5.73)
and
o T Y 2 — 1 — 8 . (Y 25 —t; g —tin )
Bns = 5(aep / CED I / R
Tj+1 ti 28 — tj — tj—l
BPINE /t (t; —s)'7 *
_ <[(n ) =3 -5+ 1] [n—g)"P—(n—j+ 1)1”]) i1
2(At)1=8p (At)P~1B(8 +1) (5.74)
—9 ([(n —Jj+D7] =) —(n—j+ 1)”5]) i
(AD)'=Fp (A)PB(B + 1)
N ([—(n ) ==+ [(n—y)""—(n—j+ 1)”5]) it
2 (At)-84 (AD)F1B (B +1)
1

= GG D [ O () + by (9) 7]

where
s 0) = [T =) = 2D 1 0= ) =+ 1
(5.75)
boes(8) = [(541) (n = 5417+ (= )™ = (= j+ )]
(5.76)
s = [~ E5 0= iy - D 41— (0= 0=+ 10
(5.77)
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Let [ =n — j, then

R

5 I+ ="+ 1+ 1)1+5} (5.78)
b(B)=[(B+1) (1 +1)%+ )" — (1 +1)*7] (5.79)
é4(B) = [— (8 ; D ()P — (8 ; 1)(1 + 1P = ()P (1 + 1)1+ﬁ] (5.80)

Inserting the above approximations into Eq. (5.72) gives

n—1
_ 1 " .

j=1

1 1 e

3 | msE T @ b e

1 n—1 A . |
+ (A)1BB(B+1) (c’m—j -1 20, T+ Cnj 7_]+1> ]
j=1
1

A n—2 7 _n—1 A n
AT (B +2) (CLT +bT1 +CT>

j=1

n—1
+ Z (C/ln,j Tjil — 2671,]' Tj + énfj TjJrl) ]

1
(A)'=PT(B + 2)
n—3
+

(6 + )T 4 (b — 2by + é)7" 1 + (@ — 2by + d1)7" 2

=2

<

(dn—j — 26n_j + én—j) Tj + (dn_z — 26n_1) 7'1 -+ (dn—l) 7'0]

(5.81)
For convenience, we rearrange the formula as follows
1 LI
D, r(t,) = B, 0<j< 5.82
t T( ) (At)l_ﬂr(ﬁ—f—Q)JZO GT, >J=n ( )
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where E’j are defined by

(n—1(f) if j=0
n-s(B) — 2bn_1(8) T
B R e
a1(B) — 2bo(B) + é3(B) +a(B)  if j=n-—2
é(B) = 2b1(8) = b if j=n-—1
¢(B) + &(B) if j=n

5.6 Conclusions

The goal of this thesis is to solve the coupled set of PDEs for Taylor-Couette flow numer-
ically. This requires the development of an accurate and stable numerical discretization
in time and space. In this chapter, following the discretization method of Sun Wu (2006)
we have derived a numerical discretization of O(At), for the time-fractional derivative
defined in the Caputo sense with the fractional order «, in two cases: 0 < o < 1 and
1 < a < 2. Furthermore, to obtain a more precise approximation, we have extended the
work of Sun Wu (2006) by constructing a second order approximation of the Caputo
fractional derivative using the first and second derivatives of the quadratic interpolation
polynomial of u in the two distinct intervals of a: 0 < @ <1 and 1 < a < 2. In the final
section, we derived a first-order difference scheme for the Caputo fractional derivative
for the Fractional Viscoelastic Fluid (FVF) model with special case of fractional order
a = 1, which we will utilize it in Chapter 6. In addition, the corresponding second-order
difference scheme for the same model was also derived; however, this higher-order scheme

is not utilized further in this thesis.

122



Chapter 6

Unsteady Flows in Simple Geometry

6.1 Introduction

Many phenomena in applied mathematics can be modelled using ordinary or partial dif-
ferential equations. Finding numerical approximations to their solution is often required
since some of these problems are complex and do not have closed-form analytical solu-
tions.

In this chapter, we employ spectral methods and develop MATLAB code to solve the
steady and unsteady unidirectional flow of fractional viscoelastic fluids inside a real con-
centric cylinder rheometer (annular flow). Both space and time are discretized in the
equations. This procedure will be described in detail in this chapter. Section 6.2 provides
a description of the Taylor-Couette flow geometry. The numerical discretization of the
problem is described in Section 6.3 which is based on finite differences in time and spec-
tral approximations in space. These methods are applied to the governing equation for
velocity and shear stress to form the linear system for the unknowns at each time step.
The convergence behaviour of the spectral approximation is studied in Section 6.4. In
Section 6.5 some numerical results are presented and compared with the finite difference
approach of Ferras . (2018). The advantages and disadvantages of both approaches are de-
scribed. In Section 6.6 the fully coupled scheme is presented. In Section 6.7, the influence
of fractional orders on the velocity and shear stress approximations is investigated and a
brief description of the stress relaxation achieved for FMM is provided. The conclusions

of this chapter are given in Section 6.8.
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6.2 Taylor—Couette flow

Taylor-Couette flow is named after two scientists who made significant contributions to
the study of fluid motion between rotating cylinders. The British mathematician and
physicist Sir Geoffrey Ingram Taylor is well known for his important contributions to
fluid dynamics, especially his examination of the stability of flow between two rotating
cylinders. The French physicist Maurice Marie Alfred Couette initially studied viscosity
measurement techniques and the viscous flow between concentric cylinders. Their com-
bined contributions laid the groundwork for what is now known as Taylor-Couette flow
(see e.g (Taylor, 1923; Donnelly, 1991; Drazin Reid, 2004).

The eccentricity, denoted by e, refers to the distance between the centres of the two cylin-
ders. When the cylinders are concentric, this distance is zero ( e = 0; see Fig. 6.1).
In the Taylor-Couette problem, a fluid occupies the space between two concentric cylin-
ders and flows within the annular gap (see Fig. 6.2). This type of flow plays a crucial
role in the rheological analysis of materials. It involves introducing the material into the
annular space and rotating one or both cylinders (either at a constant or varying rate)
while measuring the torque exerted on the second cylindrical surface (Dontula ., 2005;
Owens Phillips, 2002). The characteristics of the flow are affected by factors such as
the rotational velocities of the cylinders, the viscosity of the fluid, and the width of the
annular gap.

In the case of a purely tangential flow within an annular region, where the velocity field
is defined as (u,, ug, u,) = (0,uq(r,t),0), the §-component of the momentum equation for
the Maxwell model—expressed in terms of the tangential velocity uy and the shear stress

T — can be written as follows:
0\ Ouyg 0? 10 1
L+ A= =1l t -5~ 3 1
p( +)\8t) ot n<8r2+7”8r r2>u9 (6.1)

0 B Oupg  up
(1 + )\E) Trg =1 (E — 7) (6'2)
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To extend the model to a fractional viscoelastic fluid (FVF) in the regime where Wi < 1,

ot
\Y%
(1 + @Dtl A > . Additionally, Eq. (6.1) is divided by the viscosity n = V| considering that

0
the operator (1 + )\—> in Egs. (6.1) and (6.2) is replaced with the fractional derivative

A= %. This fractional model introduces three key parameters to be identified through
fitting to experimental data: two quasi-material properties, V and G, and a fractional

order exponent (3, constrained by 0 < 8 < a = 1.

pOug p_2-p 2 10 1
P P (L, 22 .
vat "¢t " (aﬂ oo gz )ue i) (6.3)
VYV - 0 1
Tro + @Dlgl 'B)Trg =V (_87“ - ;) Ug (64)

In the next section, we discuss the discretization and the solution of these equations

numerically using the spectral method and finite difference method.

X

Figure 6.1: The eccentric cylinder geometry with eccentricity e

Figure 6.2: An annular geometry and flow
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6.3 Numerical Discretization

This section concentrates on discretizing Egs. (6.3) and (6.4), including both temporal and
spatial derivative terms, to develop a numerical scheme for solving the system of fractional

partial differential equations, subject to the given boundary and initial conditions.

up(Rin,t) = ¢i(t), ug(Rou,t) = Po(t), 0<t<T, (6.5)
(7, 0) = w =0, Tp(r0)=0, Rin <7< Rou (6.6)

To formulate the discrete version of the problem, the equations (6.3) and (6.4) are dis-
crtized at the Gauss-Legendre-Lobatto (GLL) nodes 7;, i = 0, ..., N, within the domain
[Rin, Rout]. At each spatial point r;, we define the function value as u? = u(r;, t,). The
numerical approximation of this value is denoted by U]* where U* >~ u} for : =0,..., N.
To proceed, we introduce notation to represent the average value of u between the time

levels t,, and t,,_; at the spatial location r;.

n n—1
n—1/2 U, + U,

6.7
Z . (6.7
and the O(At?) central difference approximation to %(t) at t = t,_1/2 is given by
- ur—-upt
SUMYP = 6.8
[t} At ( )

To discretize the fractional time derivative, a uniform grid in time is employed with a

T

step size of At = %, where T denotes the final time. The corresponding time levels are

defined as t,, = nAt for n =0,1,...,5. (see Sun Wu (2006), for example).
Discretization in Time

To derive the numerical approximation of the time-fractional derivative Dt2 P u, we utilize
the numerical approximation for the fractional diffusion-wave equation described by Sun

W (2006).
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Let u = uy, then the fractional derivative in Eq. (6.3) is defined in the Caputo sense.

Dulty) = —— / TR AL WA (6.9)
U\lpn) = 77—~ n ) € .
! ['2-¢€ Jo o?
with e =2 — .
Let
ou(r,t")
t ’ 6.10
y(r,t) = —, (6.10)
then
oy(r,t')  Ou(r,t')
o ot (6.11)
Define
Diu(t,) = z(r,t,) (6.12)
then Eq. (6.9) becomes
1 tn dy
tn) = = tn — ) = dt! 6.13
o) = =g | (=0 (6.13)
Define the grid functions
Ul ~u!, Y ~y(r,t,), X' ~x(ri,t,), 0<i< N, n>0. (6.14)

Using Taylor expansions, it follows from Eq. (6.10) that a second-order approximation to

Y(ris tho1/2) is
YR = sur (6.15)

)

The local truncation error e; of this approximation is defined by
(61)?71/2 _ Y;nfl/Z . 5tUin71/2 (616)
from which we can show, using Taylor series expansions, that

[(ex)i ™) < ea(At)? (6.17)

()
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where ¢; is a constant.
Based on Lemma 2.2 of Sun Wu (2006), and using a Taylor expansion with integral

remainder for any function F(t) € C?[0,t,], we have

n

bn 1 F(tk) — F(tk_l) b 1
Fl(t)————dt ~ dt, At>0 (618
R e D D e A e = LU

k=1

which is called the 1.1 method.

Therefore, the approximation of Eq. (6.13) at the point (r;,t,) is

novi o viel ot
3 % / (tn — t')ledt'] (6.19)
ti_1

j=1 i=

Since

/ttj (t, — ) dt = (;At—)H [(n —j+ 1) = (n— j)2—€] , n—j>0. (6.20)

i—

and based on Lemma 2.3 of Sun Wu (2006), we can express Eq. (6.19) in the form

- 0 S 00 o
where
an-j(B)=[(n—j+ 1) = (n—j)" ], n—-j=0 (6.22)
Let [ = s — j, then
w(B)=[l+1)* = ()*°, (>0 (6.23)

128



then Eq. (6.21) becomes,

Ap)l—€ | & , -
X' =~ é(z)_e) lzl an—j (Y7 =Y77)

B (At)l—e
T(2—¢)

(2 K3

[anl (Y;l — Y;O) + an—2 (Y;Q — Y;l) + Ap—3 (Y3 — YQ) +

(2 K3

e () (47 Y

- (6.24)
= T2 — e agY;" — (An-1 — An—2) Yy — (A3 — an_2) Y7~
= (ag —a_1) Y = an Yy
n—1
(At)l—e [ . 0
= aY" = > (an_jo1 — any) Y — anrY;
['(2—¢) =
and
1 Al L= j 0
X7 = Fa g |V = D (anya(B) — auya () V7 — 0o DY) (6:25)
j=1
Consequently,
in—i_in_l ~ Xn—1/2
2 - 7
_ n— 6.26)
At 1—e . 1 . (
- % agY"? = (anmjer = ) Y] = Y
j=1
where ey is the local truncation error of this approximation X' 12 with
e2)] 7| < ep(A)> 6.27
|(e2);
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where ¢, is a constant.

Substituting Eq. (6.15) into Eq. (6.26), we have

X@—1/2 _ (At)l—e ao5tU'n_l/2 B nz_:l(an_ L —a,_ ‘)5tU~j_1/2 B an_lyo}
! F(2 — E) ¢ ‘= J J 7 i
At 1—e . n—1 N -~
é(Qle) an(e1); ™" =D (anjo1 = anj)(er); 1/2] +(e)! " (6.28)
j=1

Replacing (5th71/2 by Eq. (6.15), and substituting the above results into Eq. (6.9) we

obtain the following finite difference approximation to Dy wu:

N ) bl A e AT - ul vl
Dju(t,) ~ T@—0 ag A ]Zl Ap—j1 — A an_1P(r;)

(6.29)
where ®(r;) = Y% = y(r;,0).

7

Discretization in Space

We employ the spectral method (SM), which requires the problem to be written in its weak
formulation. In this section we shall describe the procedures needed both before and after
applying the SM to the momentum equations in detail. Before we write down the weak
formulation, we must define a suitable function space for the solution u. Define H'([a, b])
to be the Sobolev space comprising square-integrable functions with square-integrable
generalized first derivatives. The space Hj([a,b]) is a subspace of H'([a,b]) containing
functions that vanish at a and b i.e H}([a,b]) = {v € H'([a,b]) : v(a) = v(b) = 0}. The
test space W = H{([a,b]). The solution space is V ={v € H'([a,b]) : v(a),v(b) satisfy

prescribed Dirichlet boundary condition}.

130



6.3.1 Weak Formulation of Velocity Equation

Multiply Eq. (6.3) by a test function v € W and integrate over the entire radial domain

[Rin, Rout], then the weak form is: Find u € V' such that

Rout 8 Rout Rout 62 Rout 1 8 Rout
—/ —uvdT—I— —/ (D} Puyvdr = / —vdr—i—/ ——uvdr—/ Y dr

Rout
+/ f(r,t)vdr, YveW (6.30)

Rin

Integrating the first term on the right—hand side by parts we obtain

Rout 82 Rout 0u 81}
—uvdr = — ——d 6.31
/Rm a2 = /Rm ar or (6:31)

(Boundary terms vanish since v € W, i.e. v(R;,) = v(Rou) = 0)

6.3.2 Discrete problem

In Time
The equation (6.30) is discretized at ¢t = ¢,,_1/o and an approximation that is averaged

over t,_q and t, is used. In particular, at each point r = r; we have

ou
ot

ur—ur!

(rwtn 1/2) —= 5tUn 1/2 At

(6.32)

The numerical approximation to the fractional derivative, D,Szfﬁ )

u, is given by Sun Wu
(2006), and was derived in the previous subsection (see Eq. (6.29)).

In space

We first transform the physical domain [R;,, R,.u| to the computational domain [—1, 1]
as follows:

Define points in the physical domain that correspond to the GLL points,

(Rout - Rzn)

r; = Rm + (’FZ + 1) 5 , € {Rm, Rout] (633)
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Then
QTi - (Rm + Rout)

7 = e l-1,1 6.34
(Rzn - Rout) [ ] ( )
Let A = w, then
dr
= Al
dr
Ju  Ouor ou
—=——=AT et
or — O or o
n n—1
and u?flﬂ = % is the average of u at the points (r;,t,) and (r;,t,—_1). The spectral

approximation of u is given by

un(r) = Z w;h(F) (6.35)

and the test functions are chosen to be v = hy(7) for k =1,...,N — 1.

Inserting these spectral approximations in the weak formulation (6.30) we obtain,

| N[N (6.36)
= _K Z (Z wlDl,le,k> Uj
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N
where Bk,j = Zl:ﬂ wlDl,le,k-

Rout
/ 1%valr—A/ A~ ll%v )dr

Rin

Tk
_Awy (U T
2 2
- (Afk + Rin';Rout )2 2

The source term is given by,

/ " ryo(r)dr = A [ re

Rin

N
~ A Z wlf(tn—1/27 fl)h’k(fl)
=0

— Aw, (f(tna ) +2f<tn1; T)

where 1, € [Rm, Rout]-
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The full discretization of Eq.(6.30) is

L o
PR g gty Pk L UR U N ¢/ el ¥
[VAJ W =)+ Garma) | A ;(C‘"“ an=i) =5
1 iy n n—1 ka n n—1 W — n n—1
= —5x7 |22 BesUf + U ~ 5 WE U + 50 > DUy + U
j=0 §=0
A
+ ;"’“ () + ftnrir)], k=1,...,N—1, n=1,...,8

(6.40)

**Note as mentioned by Ferras . (2018) this is a time-averaged approximation over the
interval [t,_1,t,]. It can be viewed as the approximation at t = ¢,y o.

A linear system of the form AU = b is solved at each new time level.

The initial conditions are

Ul=0, 1<k<N-1 (6.41)

Rearrange Eq. (6.40) we obtain

N
pwg p ag  wp  Awy 1 wy,
vt G : L
T G o | U [t - o)

j=0

N
pwW P ay W Awg | .~ 1 Wy e
- [__ TG - } Ui - Z [_Bku‘ - ED]”} v

V At L(B) (At)2  2r? ~ 2A j
1 n—1 B
+ é;ﬁ;) (At)? (an—j1 = an ) (UL = UL) + ;Uk Lf (tns i) + f(tno1, 7)) (6.42)

The values of u on each of the cylinder boundaries are given by the prescribed boundary

conditions

U = go(nAt) (6.43)
U = dn(nAt) (6.44)

Then U is the vector of unknown components u} where 1 <k < N —1, at each time level
n=0,1,...,5, and b is the vector of the right-hand side of Eq. (6.42) together with the

terms from the left-hand side involving u{ and u%. The entries of the (N — 1) x (N —1)
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matrix A are given by

pwg  p a  wp  Awg 1 wy,
A= |l=—+ = O —By i — —Dy.; 6.45
LT VAL T GI(E) (A T 2 } o [m b3 7 gk (6.45)
The system of equations is solved using a direct method for n = 1,...,S. This gives an

approximation to the velocity at the mesh points in time and space.
We solve separately the evolution equation for the shear stress Eq. (6.4) with initial

condition 7,.¢(r,0) = 0, since the right-hand side of Eq. (6.4) is known.

6.3.3 Weak Formulation of the Shear Stress Equation

Let 7 = 7,9. Multiply the evolution equation for the shear stress (6.4) by a test function
n € V where V is the solution space i.e V ={v € H'([a,b]) : v(a),v(b) satisfy prescribed
Dirichlet boundary condition}, and integrate over the domain [R;,, R, to obtain the

weak formulation.

Rout VRt Rouwt /0u u
/Rm 7(t) v dr+@/Rm (Dt T@))"U dT:/Rm V<§—;)U dr (6.46)

6.3.4 Discrete problem

To derive the discrete form of the weak formulation of Eq. (6.46) we consider each term

separately.

/]jout T(t) v dr — A/_ll T(t) v dr
~ AZwl (Z Tjhj(fz)> hu.(71)

= AZwl (Tl) hk(fl)

(6.47)

n
= AwyT},
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Here, we will use Eq. (5.68) to substitute the discrtization of Dy ?7(t)

/ o (Di7(1)) v dr= 1 (Dir(1)) v dr

Rin —1
N
ZAZwl <Dt1 Tl> hk(fl)
=0 (6.48)
= Awy, (Dt Tk>
Awk 1 =
= — boT bp_i1 — by_: b,
T(8) At 0Tk Zl( n—j—1 n J)Tk n lTk]

where the coefficient defined in Ch.5 by Eq. (5.64)

Rout 9y 1 ou
— =A AT — 7
/Rm arvdr /_1( af)vdr

N (6.49)
= Zwl (Z Dl,jUj> hk<ﬁ)

—_

Rout
/ Evalr:A/ Evdf
Rin T 1T
N w N

=A Z 1:_; (U1) hye(71) (6.50)

. Awk
AT+ 1/2(Rin + Rout)

=—Uy
Tk

Uy

fork=1,....N—landn=1,...,S.
Inserting these approximations into Eq. (6.46) forms the linear system M7 = b at each

time step. Here M is a diagonal matrix so the solution can be obtained simply.
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The full discretization of the stress equation is

n—1
. wi A
borf = Y (bnjr — buj) T — baoa7h | = Vay, Z Dy,;Ur~ V—:Z up
k

j=1 7=0

vV 1

Awp T +Awy GI(3) At

(6.51)

Dividing by Awy, yields

_ N
V1 b] , Vs : VZ n Yo
|:1 @W—} Ty _@ El n—j—1 — n j)Tlg+bn—1T]g+Z Dk,jUj _EUk (652)

=0

fork=1,...,N—landn=1,...,5.
Here 7 is the vector of unknowns components 7' where 1 <k < N—1,forn =0,1,...,5,
and b is the vector of the right-hand side of equation (6.52), and finally M = cI is the

(N —1) x (N — 1) diagonal matrix where

[1 + @Wﬁl (6.53)

and I is the identity matrix.

6.4 Convergence behaviour of Spectral Approxima-
tion

Suppose the error in a spectral approximation decays algebraically i.e
E=CN™“ (6.54)

where C' and « are constants. The value of o measures the order of convergence.

Take the log of both sides of equation (6.54):

In(E) =In(CN™%)
(6.55)
=In(C) — aln(N)
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If we plot (In £ vs. In N) then the (negative) slope of the straight line will give us the
value of a.
The idea is to plot (InFE vs. InN) for N = 4,8,16,...etc and find the slope. If the
solution to the PDE is smooth (i.e infinitely differentiable) then the convergence should
be exponential rather than algebraic and the (In E vs. In N) plot will look like the plot
in Fig. 6.3.

Ln(E)

Ln(N)

Figure 6.3: Typical In E vs. In N plot for an exponentially convergent spectral approxi-
mation.
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6.5 Numerical Results

In this section we will use numerical analysis to examine the convergence of the numerical
approach, plot the solutions, and then show the comparison with the results of the Finite

Difference Method (FDM).

6.5.1 Study solvability and convergence order

To prove the validation of the proposed numerical method (SM) and the numerical code
that was developed using Matlab, we will present some examples that compare the numer-
ical results obtained with the existing analytical solution for the Newtonian case. We also
investigate the dependence of the L, norm of the error on N and At. The convergence of
the proposed method and the order of convergence is then determined, and the outcomes
are compared with the Finite Difference Method (FDM) of Ferras . (2018).

We analyze the following examples to show numerically the expected spectral precision.
Firstly we only verify the discretised velocity equation, that is independent of the stress,
secondly we verify the discretised stress equation, which depends on the computed veloc-
ity profile and its spatial derivative, and then we establish the steady velocity problem
that is independent of time. Finally we solve the system of differential equations (coupled
problem) governing the steady or unsteady flow of a fractional viscoelastic fluid in an
annular geometry.

Example 1: (Momentum equation for the tangential velocity)

We investigate the same problem that was considered by Ferras . (2018), which is the
evolution of the discretized tangential velocity equation independent of the stress, by
choosing the following parameters: p =1 kg/m3, V=1 Pa.s®, G = 1 Pa.s®, so 8 = 0.5,
R;, =1 m, R,,; =2 m. We also choose a range of discretization parameters:

At =1/8,1/16,1/32,1/64,1/128,1/256,1/512, and N = 4, 8,16, 32,64, 128.

The tangential component of the momentum equation is

2
Ju Db 0’y 10u £+f(t,7") (6.56)

o T g T T
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where the source term f(¢,7) is given by

3 ) 3r3(10r — 3)

f(r,t):3t27"3(r—1—0 TG

3
O — 7?3 — 8t (7’ - 1—0) (6.57)

with boundary and initial conditions:

w(Rin ) = R <Rm _ 1%) w(Rost) = 53 (Rm _ 1%) 0<t<T (659)

u(r,0) =0, aug;’ O _0 Ry <r<Ry, (6.59)
The analytical solution is given by
u(r,t) =t r — il (6.60)
’ 10/)° .

Table 6.1 displays the L? error norm obtained as a function of N for different time steps

At. For fixed value of At the L?-norm of the error is independent of N.

| At | N=4 | N=8 |
0.125 0.0475 0.0475
0.0625 0.0162 0.0162
0.03125 0.0056 0.0056
0.015625 0.0019 0.0019

0.0078125 || 6.7406 x 10~* | 6.7401 x 10~*
0.0039062 || 2.3615 x 10~* | 2.3613 x 10~*
0.0019531 || 8.2952 x 107° | 8.2945 x 107°

Table 6.1: Dependence of the L? norm of the error on At for N = 4 and N = 8.
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Figure 6.4 illustrates the comparison between the approximate and exact solutions at

various times (7" = 0,0.5,1)s.

The exact and approximate velocity at different spatial

points (r = 1,1.1,0.5,1.8,2) for varying values of N is shown in Figure 6.5. While the

surface plots Fig. 6.6 (a) and (b) represent the exact and numerical solution of the velocity

profile, respectively, for N = 32.

N=8 N=16
14 ¢ ¥ 14 *
# Exact solution * Exact solution ) *
12 + Approx Solution at t=0s * 12 Approx Solution at t=0s *
— Approx Solution at t=0.5s Approx Solution at t=0.5s Vol
10 Approx Solution at t=1s " 10 - ——Approx Solution at t=1s %
~ 8r ~ 8r A
= = /
2 6 ! Z 6f «
#
4t + a4+ *
H
L L #
2 . P P 2 . ¥ - " B
5 77*_777_7*_777_,,-*7 0;@’9 He . L ¥ e He
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2 1.4 1.6 1.8 2 1 1.2 14 1.6 1.8 2
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0 _
1 12 14 16 1.8 2
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()

Figure 6.4: Comparison of the exact and approximate velocity profiles at ¢ = 0,0.5,1 s
for (a) N =8, (b) N =16, (c) N = 32.
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Figure 6.5: Comparison of the exact and approximate velocity profiles at r =
1,1.1,0.5,1.8,2 for (a) N =8, (b) N =16, (¢c) N = 32.

To determine the order of convergence (g,) of the numerical approximation we define

log (EifNVAAt;)
= wawa) 6.61
q og 2 (6.61)
where
EN,At = lgri%aj\:;(—l |uexact(r’i7 tj) - unum<7ni7 tj)’? j = 17 27 ) S (662)
1<5<8

In Table 6.2 we use equation (6.61) and (6.62) to calculate the maximum error with

respect to At for fixed N = 128 and then determine the convergence order for velocity
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N=32 N=32

unum(r,t)

0.5 0.5

1.5
Time=[0,1] (s) 0 1 R=[1.2] m Time=[0,1] (s) 0 1 R=[1,2]m

(a) (b)

Figure 6.6: (a) Exact and (b) numerical velocity profiles for N = 32.

in time (g,). Note that the maximum error here is over all discretization points in space
and time (ry,t;). The final time was T' = 1, and the number of time steps was S = 512
for At =1/8,1/16,1/32,1/64,1/128,1/256,1/512. The convergence order can be seen to
be approximately 1.5 in time. In comparison the convergence order is approximately 1 in
time using the finite difference method in Ferras . (2018).

We may estimate the convergence order in space (p,) by fixing At = 1/512 and determine
the spatial error with respect to N at the final time T" = 1. The total number of time
steps S = 512, and then using the following formula:

tog (fjv—i_) (6.63)

Pu= log 2

where ey a¢ is given by Eq. (6.62).

However, the spatial error can not be measured since it is at the level of machine precision
for all values of N. Instead we consider a steady state problem - see example 3 - and
perform a convergence study for this.

Example 2: (Constitutive equation for the tangential stress)

As in Ferras . (2018) we verify the discretized stress equation, which depends on the
computed velocity profile and its spatial derivative.

We assume the following parameters for the discretised stress equation g = 0.5, R;, = 1
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(At]  ev [ o ]

3 0.0461 -

i 0.0157 1.5549
= 0.0054 1.5382
o 0.0019 1.5266
o5 | 6.5470 x 10~ | 1.5187
55 | 22936 x 107 | 1.5132
= | 8.0569 x 1075 | 1.5093

Table 6.2: Error norms and rates of convergence with N = 128.

m, R,; = 2 m. We have also assumed p =1 kg/m? V = 1 Pa.s®, G = 1 Pa.s®, and

At € [1/8,1/512] s and the stress profile given by,

7(r,t) = r’t® (6.64)

The differential equation below can be solved analytically by substituting this stress profile

into equation (6.4),

Ou(r,t)  u(rt) o4 671
- =rt 1 6.65

o o \ta—a-g * (6.65)
For the solution of this differential equation, we choose the boundary condition u(1,¢) = 0

(the boundary condition is not important here), resulting in the following velocity profile,

r(r2 — )3T (4 — (1 — Bt +6)
u(r,t) = T (1= 7)) (6.66)

The L?-norm of the error with respect to N, is computed in Table 6.3. We note that the
L?-norm of the error is independent of the N for fixed values of At.

A representative consistency between the calculated solution produced by the numer-
ical scheme at different times 7' = 0,0.5, 1 s and the exact solution is shown in Figure 6.7.
Again, Figure 6.8 displays how the exact and approximate stress match at various spatial
positions r = 1,1.1,0.5, 1.8, 2 for several values of N. The surface plots Fig. 6.9 (a) and

(b) show the exact and numerical solutions to the stress profile, respectively, for N = 32.
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| At || N=4 | N=8 |

0.125 0.0747 0.0789
0.0625 0.0281 0.0297
0.03125 0.0104 0.0109
0.015625 0.0038 0.0040
0.0078125 0.0014 0.0014

0.0039062 || 4.8492 x 10~* | 5.1199 x 10~

0.0019531 [| 1.7293 x 10~ | 1.8259 x 10~

Table 6.3: Dependence of the L? norm of the error on At for N = 4 and N = 8.
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Figure 6.7: Comparison of the exact and approximate stress profiles at t = 0,0.5,1 s for

(a) N =8, (b) N = 16, (c)

N = 32.

The convergence order for time is given by:

Gu = 10g
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Figure 6.8: Comparison of the exact and approximate stress profiles at r = 1,1.15,1.5,2

mm for (a) N =8, (b) N =16, (¢) N = 32.

where €y A, = max error with N, At i.e

€TN’A7§ = 1;}%{%\}[{_1 |Tcxact(ri7 t]) - 7-num<7ﬂi7 tj)|7 j = 17 27 3] S (668)

1<j<S§
To establish the convergence order for the stress in time (g, ), we first evaluate the max-
imum error with N and At in Table 6.4 using equation (6.67) and then equation (6.68).
With the final time being T = 1 and the number of time steps being S = 512, we fix
the finest mesh N = 128 and examine the temporal error. It resulted in an order of

convergence =~ 1.5 in time, which is similar to the convergence order in time calculated
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Figure 6.9: (a) Exact and (b) numerical solutions of stress profiles for N = 32.

Time [0,1])

by the finite difference method in Ferras . (2018).

At EN Qu

5 0.0914 -

& 0.0344 1.4101
= 0.0127 1.4413
= 0.0046 1.4609
o 0.0017 1.4736
5= | 5.9285 x 10~ [ 1.4819
=55 | 2.1142 x 1071 [ 1.4875

Table 6.4: Error norms and rates of convergence at N = 128

Example 3: Steady State Problem

Consider the steady velocity equation

2
1
Tug  10us _up f(r)=0 Ry <r<Rou (6.69)

with source term given by

o= (E25)7) - @) e 25))
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and boundary conditions:

ue(Rm) = 07 u@(Rout> =0 (671)

The exact solution to this problem is

ug(r) = sin ((%) w) — sin ((T ;f"") w) (6.72)

The dependence of the L? norm of the error on N is shown in Table 6.5. We then display

those results using a log-log plot in Fig. 6.10. Additionally, Fig. 6.11 demonstrates
the excellent agreement between the exact and approximate steady velocity at each grid
point R = [1,2]. Since the end time was 7" = 1 and the total number of time steps was
S = 512, the maximum error decreased as the spatial error N increased. This caused
the convergence order for the velocity to be p, &~ 24 in space, which is calculated using

equation (6.63), and the result is shown in Table 6.6.

’ N ‘ L?-norm ‘
4 0.0016

6 9.1567 x 107
8 | 4.2851 x 1078
12 | 4.1878 x 10713
16 | 2.4425 x 10~1°

Table 6.5: The L? norm of the error with respect to .

10

10

10'113

L2 norm error

10-12

10-14

10'16
6 8 10 12 14 16
N

Figure 6.10: log-log plot of the L?norm of the error vs. N
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Figure 6.11: The exact and approximate solution of the steady-state problem for different
values of N.

IN| v | P
4 0.0016 -
6 | 9.1567 x 10~° -
8 | 4.2851 x 107° | 15.224
12 | 4.1878 x 1071 | 24.382
16 | 2.4425 x 1071 | 24.064

Table 6.6: Error norms and rates of convergence

6.6 Fully Coupled Problem

In order to perform additional experiments, we have developed a spectral code in Matlab
to solve the following system of differential equations governing the unsteady unidirec-
tional flow of the FMM in an annular geometry. In this section, we investigate the solution

of the annular flow of the FMM model using the proposed numerical method:

\% 2-8 8u9 8271,9 1 8u9 Ug
1+ D7) 20 = 1ous  us '
p( +G t ) ot V<8r2 +r or  r? (6.73)
A\ 1-8 . (9u9 Up
Tro + @Dt T = V( 5 . ) (6.74)
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The boundary conditions are

ug(Rin, t) = ¢i(t), up(Rout,t) = ¢olt). (6.75)

and initial conditions are

ug(r,0) = 0, %(r,()):o, T,0(r,0) = 0. (6.76)

For each n = 1,2,...,.S, we solve the following (N — 1) x (N — 1) discretised system of

equations:

pwr P Gy W Awk k n
[ﬁ& RGN ]Uk + Z [QAB'” 2r,€D’“’j] Ui

n—1
VA érc(l%) (Xf)z - Am 2 [ Dkﬂ} v
+ G100 <A1t>2 :o (o e U, SRS N o
with boundary conditions:
= ¢i(tn) = Qi(t) Rin = ci(nAt) Ryy, (6.78)
Uy = ¢o(tn) = Qo(t) Rour = ci(nAt) Row (6.79)

where t,, = nAt, and ¢; = ¢y = 1.

Then we solve the stress using

- N
V 1 b \Y V4 \V4
1 p = = br—j ]+—E D, .U — U] <k<N-1
{ GF(B)AJ Tk G; n—j=1 = bnj)T; Aj:o kg™ 2k 0<k<

(6.80)
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6.6.1 Newtonian fluid

We compare the numerical results for Newtonian annular Couette flow presented by Ferras
. (2018) in Fig. 7 with those obtained using the proposed method (SM) in Fig. 6.12, for
B —0, % — 0. We have chosen the discretisation parameters At/t. = 3.50 x 1073 (with
te = %2) and Ar/h =5 x 1073 with the following fluid parameters 3 =1 x 1073, V = 5,
A= % =1x107°[s! P =~ 3|, G = %, v= ‘—; = % =2x1073 m? s7! (v is the kinematic, 7 is
the dynamic viscosity), and the elasticity number was El = 0. The gap is h = Ryt — Rin,
where R, = 0.5 m, and R;, = 0.3 m, and the finest mesh N = 128.

The evolution of the velocity and stress profiles at different radial locations are shown
in Fig. 6.12. Here { = 3.50 x 107" and the normalized radius given by 7 = %.
We plot the velocity at the wall and at 7 = [0.25, 0.5, 0.75], while the stress is plotted at
7 =10.005, 0.25, 0.5, 0.75, 0.995]. The numerical method proved successful in precisely
capturing the evolution of the various variables in this transient flow.

Due to the outer cylinder rotating at a faster linear speed than the inner cylinder, we
predictably obtain higher velocities for the fluid there. The same holds true for stresses.
Because of the variation in sign of the velocity gradient % seen in Fig. 6.12 (c), note that

the shear stress is negative near the inner cylinder and positive near the outer cylinder as

shown in Fig. 6.12 (d) when the stress profiles plotted at £ = 3.50 x 107",
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Figure 6.12: (a), (b) Variation of velocity and shear stress with time, at different radial
locations; (c), (d) velocity and shear stress profiles for ¢/t, = 3.50 x 107!,

6.6.2 Viscoelastic fluid

As in the Newtonian fluid simulations, the same set of parameters and mesh resolution was
utilized to model the Fractional Viscoelastic Fluid (FVF). However, for the viscoelastic
case, the elasticity number is set to El = % = 6.25 x 1072, where t, = %2 and the
fractional order is chosen as 8 = 1 x 1075,

Figure 6.13 presents the time evolution of shear stress and angular velocity at selected
radial locations within the cylinder gap. These results are similar to those generated
by (Ferras ., 2018) (see Fig. 8 in that paper). A comparison between Figs. 6.12 (a)
and 6.13 (a) highlights the influence of the viscoelastic relaxation time. In contrast to

the Newtonian fluid, the viscoelastic model exhibits a noticeable delay in momentum

152



transmission from the boundaries to the fluid interior.

At the midpoint 7 = 0.5, which is the furthest location from both rotating cylinders,
the fluid exhibits the slowest dynamic response. Moreover, the temporal variation in shear
stress appears more gradual compared to the Newtonian case, especially during the initial
motion of the outer cylinder. In the Newtonian example, this behaviour is attributed to

the quick, purely diffusive transmission of momentum from the boundary into the fluid

domain.
0.14 . . ; T . . 0.2 . . .
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e, 0.1} |——r=0.75
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Figure 6.13: (a) Evolution of velocity at radial locations 7 = 0.25, 0.5, 0.75;
(b) shear stress at radial locations 7 = 0.005, 0.25, 0.5, 0.57, 0.995.

6.7 Influence of fractional order

We explore how using different fractional orders affects the velocity and shear stress in
this section, as well as a brief explanation of the stress relaxation achieved for the FMM

model.

6.7.1 Stress relaxation

To investigate how the order of the fractional derivative influences the evolution of the
stress field, we simulated a classic stress relaxation test within an annular flow configura-

tion. A step strain is applied by initiating a rapid rotation of the outer cylinder, which is
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then stop after approximately 50 milliseconds. Following this, we analyze the subsequent
relaxation behaviour of the fluid’s tangential stress.

The setup involves a viscoelastic fluid confined in the annular space between two
coaxial cylinders, where the inner and outer radii are R;, = 22.65 mm and R,,; = 25 mm,
respectively, resulting in a narrow gap of 2.35 mm (Keshavarz ., 2017). It is important to
highlight that when this gap is small relative to the inner radius—i.e., (Rout — Rin) < Rin,
as shown in Fig. 6.14—the flow closely resembles idealized Couette flow. This geometric
condition should be kept in mind when interpreting the velocity and stress development
within the system. In this case, the ratio Rim = R"“R?—;Rm ~ 0.1 confirms the small-
gap approximation. The viscoelastic parameters used for the simulation correspond to
a 0.25wt% Xanthan gum solution, with values taken from (Ferras ., 2018): 5 = 0.31,
Ae = 55.68, V=24.96 Pa.s, and G = 1.56 Pa.s.

Immediately after ¢ = 0, the outer cylinder starts rotating with a tangential velocity
described by ug(Rou, t) = é(t)Rout, where the angular velocity function is defined as:

Ab _(t—ty)?
= ex ¥? 6.81
o P (6.81)

0(t)

Here, t, is taken as zero. As ¢ — 0, the velocity profile ug(Ryu,t) approaches a Dirac
delta function scaled by the rotation angle Afo(t) (Dirac, 1981). Since the initial rate
of change in tangential velocity, %(Routa 0) = 0, and the derivative tends toward zero as
t — oo, introducing a delay time t; becomes essential.

In the numerical simulations, the following parameters were used: At/\. = 1.79856 X
1075, Ar/h = 1 x 1072, and three different strain levels corresponding to vy = %,
specifically 1%, 5% and 100%

The outer cylinder rotates clockwise from point A to point B and comes to a stop
after 50 milliseconds (t/\. ~ 0.0009) as shown in Fig. 6.15(a). It’s important to note
that the final position B varies depending on the magnitude of the applied strain. Figure
6.15 (b) illustrates the normalized tangential velocity of the outer cylinder—evaluated

at its peak value ugnar = Ug(Rout, tq)—for the case with 79 = 100%. The results are

presented for three different levels of refinement: ¢ /\. = 1.0 x 107 1.8 x 1074,2.7 x
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1074, corresponding to normalized delay times t4/\. = 4.5 x 1074, 7.4 x 1074, 1.1 x 1073,
respectively. In addition, the evolution of shear stress is monitored at the radial location
7= (r — Rin)/(Rout — Rin) = 0.25 throughout the rapid straining event.

In the case of a step-strain experiment with an applied deformation of vy = 100%, a
fractional parameter 5 = 0.31, and three different temporal resolutions—namely /A, =
1.0 x 107, 1.8 x 107%, 2.7 x 10~* — corresponding to normalized delay times of ¢4/\. =
4.5 x 1074, 7.4 x 1074, 1.1 x 1073, the normalized shear stress relaxation results are pre-
sented in Fig. 6.16 (a). It is important to highlight that as ¢» — 0, the outer cylinder must
accelerate more sharply to achieve the same angular displacement within a shorter time
span, which increases the computational complexity due to the need for high-resolution
gradients. Figure 6.16 (b) displays the temporal evolution of the applied strain vy = %
for the three different tangential velocity profiles imposed at the outer cylinder. As ex-
pected, progressively faster rotation leads to a closer approximation of an ideal step-strain
input. In Fig. 6.16 (c), the normalized stress relaxation curves are shown for three differ-
ent strain magnitudes: 1%, 5% and 100%, using the parameters ¢/, = 1.0 x 10~* and
tg/Ae = 4.5 x 1071 A magnified view of the stress relaxation behaviour for the smaller
deformations is provided in Fig. 6.16 (d).

The versatility of the fractional model becomes particularly evident when various frac-
tional exponents are introduced, as demonstrated in Fig. 6.17 for a strain level of
v = 100%, with parameters /A, = 7.4 x 1075, t4/\. = 6.2 x 1074, and fractional
orders § = 0.1,0.25 and 0.5. To manage the long simulation durations associated with
these cases, the numerical algorithm was enhanced to incorporate time-graded meshes.
According to earlier computational findings, an effective non-uniform temporal grid can

be defined as follows (Ferras ., 2018):

2ty — 2td(1 — i)rl, s < N
t, = i (6.82)
2t + (T = 2ta) (551)2, s> N

Here, the parameters used are r; = 1, ro = 1.693, N; = 50, Ny = 1000, and the total

simulation time is 7" = 3. This approach yielded a 55- fold increase in computational
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efficiency, allowing simulations with Af\—efp ~ 2.2 to be completed within practical time
limits.

Figure 6.17 presents the normalized stress relaxation profiles on a logarithmic scale. It
is widely recognized that, for the Fractional Maxwell Model, the stress relaxation exhibits
a power-law decay given by G(t) ~ % in the early-time regime (¢t < A.) (Podlubny,
1999).

From the figure, we observe that for lower values of 3, the spring-pot element behaves
more like a pure spring, approximating the classical Maxwell model. This transition is
achieved as o — 1 and g — 0, leading to a reduced stress peak but slower relaxation,

as described by the governing relation 7(t) + <% = V4(t). Conversely, as 8 — 1, the

G dt

spring-pot behaves increasingly like a dashpot. In this limit, with & — 1 and g — 1, the
fractional viscoelastic fluid model tends toward Newtonian behaviour, increasing the rate
of relaxation and following the relation 7(t) = Vf%f'y(t).

Figure 6.17 exhibits a slight irregularity in the otherwise smooth stress relaxation
curve specifically, a noticeable ”blip” around ¢ ~ 1072 which deviates from the expected
monotonic behaviour. This anomaly arises due to the use of a non-uniform time-stepping
scheme, as defined in Eq. (6.82). While the time grid is constructed to be continuous at
s = Ny, a closer inspection reveals a discontinuity in the derivative of ¢, with respect to
s. In other words, although both expressions for ¢, match at the transition point, their
slopes do not, resulting in a jump in the time-step gradient. This discontinuity in the

time discretization can lead to small perturbations in the numerical solution, such as the

observed artifact in the stress profile.

156



Couette Flow

Large gap
R,.-R,)> o(R,) small gap
(R, R, )1<<R,,

(a) (b)

Figure 6.14: Influence of the gap on the type of flow (a) #— ~ O(1); (b)g= < 1 (Ferras ., 2018).
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Figure 6.15: Stress relaxation test in a narrow gap cylindrical Couette cell following a sudden straining

deformation (a) annular geometry and dimensions; (b) normalised tangential velocity [tmaz = w(Rout, td)]
of the outer cylinder (Ferras ., 2018).
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Figure 6.16: (a) Normalised shear stress relaxation obtained for a step-strain test with deformation of
Yo = 100%, B8 = 0.31 and three different levels of refinement; (b) evolution of the deformation in time
for the three different tangential velocities imposed; (c¢) stress relaxation for three different deformations;
(d) zoomed view of the stress relation obtained for the two smaller deformations (Ferras ., 2018).
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Figure 6.17: Normalised shear stress relaxation obtained for the step-strain test (¥ = 100%) (Ferras .,
2018).
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6.8 Conclusions

The coupled system of equations describing the pure tangential annular flow of fractional
viscoelastic fluids was solved numerically and analysed. In this chapter, we employed the
spectral method instead of the finite difference method that was used in (Ferras ., 2018).
We observed that the Spectral Method (SM) demonstrates significantly higher accuracy
and computational efficiency compared to the Finite Difference (FD) approach used by
(Ferras ., 2018), particularly in the context of unsteady and fractional viscoelastic flows.
One of the most compelling advantages of the Spectral Method lies in its exponential
convergence for smooth problems, as opposed to the algebraic (typically first- or second-
order) convergence achieved by FD methods. This is evidenced in the study’s steady-state
velocity example, where the spatial convergence rate reaches approximately 24 (as shown
in Table 6.6 ), far exceeding the capabilities of finite difference techniques. Furthermore,
for unsteady problems, the spectral approach achieves a temporal convergence order of
about 1.5 for both velocity and stress (see Tables 6.2 and 6.4 ), while the Finite Difference
method demonstrates a lower order of approximately 1 in time. This higher accuracy is
achieved using significantly fewer spatial grid points, resulting in reduced computational
cost. The efficiency of the Spectral Method is further validated by its ability to reach
machine-precision error levels for relatively small values of N, a feat not attainable with
Finite Difference methods without substantially increasing grid resolution. In addition
to its superior convergence characteristics, the spectral method proves robust in handling
complex systems involving fractional derivatives and coupled stress-velocity equations,
making it particularly suitable for viscoelastic fluid modelling. Numerical experiments
show excellent agreement with analytical solutions, and the method successfully repli-
cates benchmark results obtained via finite differences for Newtonian flow. Moreover,
the Spectral Method effectively captures fast transients and stress relaxation phenomena
with high temporal and spatial resolution, which collectively underscore its advantages
over finite difference schemes and reinforce its suitability as a more accurate and effi-

cient alternative for simulating fractional viscoelastic flows. This is further demonstrated
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through the implementation of the three-parameter Fractional Viscoelastic Fluid (FVF)
model, which closely fits experimental data and captures bounded stress growth following
the onset of steady shear. The model’s complexity highlights the suitability of Spectral
Method for advanced rheological applications, and the use of graded temporal meshes

enabled efficient resolution of long-time behaviour without excessive computational cost.
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Chapter 7

Taylor-Couette Flow: Enhanced Mod-

els and Numerical Schemes

7.1 Introduction

In this chapter we developed enhanced models and numerical schemes to introduce ad-
ditional flexibility in modelling and increased accuracy in numerical predictions. In par-
ticular, we study fractional Maxwell models in the Taylor-Couette geometry for following
cases: [ = 1, as studied in Chapter 6, corresponding to « in the same chapter; and
0 < 8 < 1, which will be explored in this chapter. The aim is to analyse and understand
the effects of fractional viscoelasticity on the flow behaviour and stress relaxation prop-
erties. The fractional Maxwell model introduces memory effects through the fractional
derivatives, allowing for a more accurate description of complex fluids that exhibit both
elastic and viscous behaviour over a wide range of timescales.

Furthermore, after validating our numerical scheme for the three-parameter Fractional
Viscoelastic Fluid (FVF) model in Chapter 6 for the Taylor-Couette problem, we now
focus on the four-parameter Fractional Maxwell Model (FMM) in the context of the
Taylor-Couette problem introduced in Section 4.3.1, and develop a numerical scheme to
solve it. To enhance numerical accuracy, we employ first-order and second-order finite
difference approximations for the time-fractional derivative, as derived in Chapter 5. Ad-
ditionally, to characterize the behaviour of more complex viscoelastic fluids, we solve the
Taylor-Couette problem using the six-parameter Multi-Mode Fractional Maxwell Model
(MM-FMM), as introduced in Section 4.4, and solve it numerically by extending the

existing numerical scheme for the FMM.
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This chapter is structured as follows: Section 7.3 outlines the derivation of the Taylor-
Couette problem for the Single-Mode Fractional Maxwell Model. We begin by deriving
the weak formulation of the system and discretizing it in time using a first-order differ-
ence scheme for the time-fractional derivative, alongside spectral approximations for the
spatial discretization. These methods are applied to the governing equation for velocity
and shear stress to form the linear system for the unknowns at each time step. Numerical
results are provided to validate the proposed method. To enhance the accuracy of the
numerical scheme, we switch to a second-order difference scheme for the time-fractional
derivative, while maintaining the spectral approximation for spatial discretization. Addi-
tional numerical results are presented to further validate the improved method.

Section 7.3 presents the derivation of the Taylor-Couette problem for the Multi-Mode
Fractional Maxwell Model. We first derive the weak formulation of the system and dis-
cretize it in time using a first-order difference scheme for the time-fractional derivative,
while applying spectral approximations for spatial discretization. To validate the proposed
method, we provide numerical results. To characterize more complex viscoelastic fluids,
we improve the accuracy of the numerical scheme by adopting a second-order difference
scheme for the time-fractional derivative, while keeping the spectral approximation for
spatial discretization. Further numerical results are presented to validate the enhanced

method. The conclusions of this chapter are given in Section 7.4.

7.2 Single-Mode Fractional Maxwell Model

7.2.1 Taylor-Couette Flow

To generate simulations with the FMM, we must make slight modifications to the nu-
merical method presented in Chapter 6 for the FVF model. Following the derivation in

Appendix B (Ferras ., 2018), we consider the momentum equation.

(%) (24 2) nt o
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and the fractional Maxwell model (FMM) is given by

YN v, 0<a<p<t (7.2)
Gate ) TN T Vg T\ == '

: - _dor dPry : .
Using the Caputo definition, the derivatives ge and qr can be expressed in their
corresponding integral forms as follows:

0“7y 1 t 1 oOr
= —d .
ot 'l —a) /0 (t —s)*0s i (7.3)
and
Py 1 1 oy
= —d 7.4
015 F(l—ﬂ)/o (t—s)Pfas (7.4)

For this flow, when § =1 , the time derivative of v is given by

(9’7 o 8u€ Up

ot or r

However, when [ # 1, the entire history of deformations is taken into account by calcu-

lating the following integral

8 t
Py _ 1 / 1 Aug(r,s)  ug(r,s) s (75)
otr T(1—-p)Jy (t—s)? or r
_ 2 0 . :
Applying the operator (— + 8_> to both sides of Eq. (7.2), gives
r Or
2 0 V d® 2 0\ d°
(z ! a) (1 ! @@) molf) =V (; ! a) ar ) (76)
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Then applying the operator (1 + %%) to both sides of Eq. (7.1) yields
1+Vd°‘ ou 2+8 1+Vd°‘ )
PUTGar ) o — \r Tar Gt ) ™
2 9\ d°
=V (? * 5) '
t (7.7)

vy 2 n 2 1 / 1 ou u s

B roor)T(1-p8)J)y (t=s) |Or r

v /t 1 8%4_1@_3 J
T T(A-8)Jy k=38 02 ror 12 °

Thus, we obtain the following system of equations for uy and 7, ¢ in integral form

Vd* '\ dug \Y ‘ 5 (OPus  10ug  ug
14— _ R 10ug g ‘
p( +Gdta) ot  I(1—5) /O (t=s) (3r2 tog e )ds (78)

0 (1 + %%) Too(t) = ﬁ /Ot(t —5)P (% - %) ds (7.9)

Replacing the ordinary differential operators by fractional differential operators gives

pOu ppa(OuN_ L[N s (Pue L0ug
vor TG (81&)_F(1—B)/0(t S G e )t (110

V V ! Jdug  u
T DYy = — gy A2 20
o+ GDt 0 i ) /0 (t—s) ( " . ) ds (7.11)

These equations are solved subjected to the Dirichlet boundary conditions

Ue(Rzn,t) = ®z<t); U@(Rout,t> = @O(t), O0<t<T (712)

and initial conditions

au@ (Ta O)

UH(Tv O) - ot

=0, T(r,00=0, Riy <1< Rou (7.13)

We turn our attention to the numerical discretization of these equations (7.10) and (7.11).
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Weak Formulation of The Coupled Problem

To fully discretize the Taylor-Couette problem described by Eqgs. (7.10) and (7.11), we
first derive their weak formulation. This is done by multiplying both equations by a
test function v € V and integrating over the domain [R;,, Rou]. As a result, the weak

formulation is obtained as follows:

R R
p out au@ p out au
4 uo P Do (&
V/Rm (8t>vdr+VG Rin < t <3t>)vdT

_ b ot ' 5 Pug  10uy uy
B r'a-p) /Rm {/0 (tn —5)7" ( o2 + o ﬁ) ds}vdr (7.14)

/ ) v dr e / N Der(t) v dr = EX? / - (D) var  (715)

Rin Rin Rin

where u = up and 7 = 7, 9.
Then we transform the physical domain [R;,, Rey) onto the computational domain [—1, 1]

before discretizing the weak formulation using the change of variable

2’/“ - (Rzn + Rout)
(Rzn - Rout)

. Fel-1,1] (7.16)

F=

so that

/ () = A /_ tw(f)df (7.17)

Rin

where w is some function and A is defined by

A _ (Rln _2R0ut) (718)
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7.2.2 A first-order difference scheme for a time fractional deriva-
tive

Numerical Discretization of the Velocity Equation

In Time

We will use the first-order difference scheme for the time-fractional derivative from Section

5.3.1, replacing o with o+ 1, to discretize D} ™u, which is defined in the Caputo sense as

1 ¢ 0*u
DIty = ——— t—s)™* —ds, 1<1 2 q
LT Ti—a) /0 (t—s) 5z 45 1< +a< (7.19)

Then the discretization of Eq. (7.10) becomes

P yn—-1/2 | P n-1/2 _ 1 /t”l/2 (0 10 1
v Yi =X U= tn-1/2 — — +-——=)uds (7.20
\"A +G E ['(1—75) Jo (b1 =) 8r2+7°8r r? uds ( )
where
_ ur—urt
Yn 1/2 _ i i 921
and
n—1
n—1/2 _ plta ~ 1 ~ n n—1 ~ o~ n—j _ yprm—j—1
— dn_l(a)q)(m)]
- 1 AU s ()20
T (AH)eHID(2 —a) | & T T el
7=0
(7.22)
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where ®(r;) = Y> = y(r;,0), and

&n_g(a) — CNLn_l(O./) if j =0
- —Qp—i—1(@) + 2ap_i(a) — Ap_ir1(a), if 1<j<n—2
P I SRIOEE ORI j -
—2ag(a) 4 a1 (), if j=n-1
50@): it j=n

where the coefficients a,_; are given by

s = [(n— i+ 1) = (n = )] (7.24)
In space

We will derive the numerical approximation of right-hand side of Eq. (7.20) using the
first-order discretization of the integral in time derived using linear interpolation on each

sub-interval [t;_1,;].

Let
9* 10 1
(I)(’I", t) = (w + ;E - ﬁ) Ug(?“, t) (725)
and
tj—s s —1;_
HL]‘(I)(T, S) = CI)(T, tj—l)( jAt ) + (I)(T, tj)%, S € [tj—latj] (726)

Therefore, the right-hand side of Eq. (7.20) is approximated by

n—1 . t
1 J n—1/2
RHS~—— 2:/](%4m—@rﬁhfﬂnﬁﬁ+/ (tarjz — 5) PTL 0 ®(r, 5)ds
F<1 - /8) j=1 ti—1 tn—1
(7.27)

To evaluate Eq.(7.27) we need to calculate integrals of the form

2
h:/(%Ur@%@—@m

tj_1

(AP ) L 1/o)1P Lgyp s
=T pE=p (2 A YD (=g =12 12

(7.28)
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where

foi =[2=B)n—i+1/2)'P +(n—j—1/2)*7 — (n—j+1/2)*7] (7.29)
and

tj
_[2 = / (tn—1/2 — S)_B(S — tj_l)dS
t

j—1

(AP
C(1-82-5)

[—2—=B)n—5—1/2)"F —(n—35—1/2)"F + (n—j+1/2)*7]

(7.30)

where

Gnj=[~2=B)n—j—1/2)" = (n—j—1/2" "+ (n—j+1/2*"]  (7.31)

n— 1/2
/ tp_1/2 — 5) A(t, — s)ds
tn—1

T (=9 1/2 — )P (b — s)‘”)r_m (7.32)

= 825 |, |

_(3/2- 6)(1/2)1 5(&)
(1-5)(2—8)
n— 1/2

:/t L 1/2—8 S—tn_1)d3
[ (=t (ta 1/2 — )7 B (tn1/2 — 5>(2_6)}tn_1/2 (7.33)
= (ECERE |

(127" ﬂ(At)? 6
(1=p)2-p)
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then Eq.(7.27) becomes

I'(3—-25)
(AP
ERNCEC)

(AL [ &
RSH = =—— 0> [furj@(r,tjo1) + gy ®(r,t)] + fo@(r,ta 1) + go®(r, 1)
j=1
{fn—lq)(ra to) + gn1®(r,t1) + fuo®(r t1) + gno®(r, t2) +

+ flq)(ra tn—Q) + gl(p(/ra tn—l) + qu)(ra tn—l) + qu)<r7 tn)}

(At)Zfﬁ n—1
— —F(3 ey {fn—l(I)(T, to) + jzl(fn_j_l + gn—j) (7, ;) + go®(r, tn)} (7.34)

let [ = n — 7, then the coefficients defined as

== +1/2" P+ (1-1/2>P —(1+1/2)* ", 1>0 (7.35)
g=—2=-31—-1/2)"P —(1—-1/2* P+ (1 +1/2)>7, 1>0 (7.36)
fo=(3/2-p)(1/2)"° (7.37)

90 = (1/2)*7° (7.38)

Using the above results and the spectral approximation of the dependent variables, we

obtain the following contribution to each of the terms in the weak formulation Eq.(7.10)

R
p out au B P B
V/Rm (8t)vd7“ /( >vdr

s
o)
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he)

o [Rou 1
—/ Diu(t) ) nu dr = A—/ Diu | v dr
G Jr,, 1
N
’1 G Z (D Ul) hk(ﬁ)
1=0

~ Aka (Df Upr~ 1/2)

D]

| s

_ P Awy, ; up—upt
G (A T2—a)| "’ At (7.40)
o o
N i Ul — Ul
(o) (455)
j=1
_ ﬁ Awk ~ n _ yrn—1
“ G e —a | U U
n—1 ' '
+ (aj — @, 1) (Ul —ul™)
7j=1

To find the weak form of the right-hand side of Eq.(7.27) we multiply ®(r, ;) by by a

test function v € W and integrate over [R;,, R,.], then substitute into Eq.(7.34),

(At)275 f /Rout ( ) d n-1 (f ) Rout ( ) d
= s S O(r,to)vdr + Y (fasjo1 + gny / O(r,t;)vdr
F(3 - /B) ' Rin ’ j=1 - ’ Rin !

Rout
g0 / @(r,tn)udr} (7.41)

Rin

954 Rout n—1
(A" / {fn1<I>(r, to) + Z(fnfjfl + gn—j)P(r, t;) + go®(r, tn)}udr

j=1

then,

R R 2
out out a Ug 1 au@ Up
O(r, t)v dr = A Y
/Rm (r v dr /Rm (87’2 * ror 12 var

_/‘Rout _@%_’_lau _% d
- Jn oror ror r? "

n

[ (a0 A 10U Y6y Adr 7'42
/1 (7.42)

or 07“ r Or 72

1 10udv 10u ,_ u o, .
= /_1 <_K%% + ;%y(r) — Aﬁu(r)) dr
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Use the spectral approximation u = Z;VZO u;jh;(7) and v = hg(7), then the right hand side

of Eq. (7.42) becomes

N N N
—1 - - 1 s N
RH.S~> wy, < (Z Ujh;(rm)> By (Fm) + — (Z Ujh;(rm)> R (P )
m=0 §=0 Mmoo\ j=0
A (& ) ]
-3 (Z Ujh](rm)> his ()
m o\ j=0 i
al 1 (& 1 (& A ]
= Z W | —— Z Dm,jUj Dm,k + — Z Dmﬂ' Uj 5m,k 2 —U, 5mk
A Tm
m=0 7=0 j=0 Tm ]
Wy o Aw
- k k
K n;)mem]Dmk> U +E;Dk]UJ T'_iUk
A
ok (7.43)

1
A

e

where B =

ZDka

N
Zm:O mema] Dm7k :

Substitute Eq.(7.43) into Eq.(7.41), then the full discretisation is

ﬁ Uk Un 1
g o ( At

(AP
- I(3-p)

fa1®(ri,to) + Z(fn—j—l + 9n—j) |~

Awk

ﬁ Awk ~ n n—1
> T G anre oy | % (U U
n—1 4 A
= (@5 —a;) (U = U
j=1
n—1 1 N w N
- k
A > BUj + . ZDMU{

=1

+ 9o

2
Tk
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Rearranging and multiplying by At gives

P p g Awy, go(A1)>8 Awy,
P A L n
[V TG (At)*T'(2 — ) (3 —B) 13 Ui
N N
go (AH)* P 1 1 P P Gy Awy -
M- 5y |52 P ZD’”UZ = [7 A Gare—m %
n—1
P Awy, - n—j _ prn—j—1
G (A1)°T(2 — a) Z_} (a] a”) S

At)3P . : Aw
+ﬁ{2(ﬁl i1+ Gn) KZBk,lUf ZDMUJ ’“U
=0

} (7.45)

where 1 < k < N — 1, and the initial condition is

U = ®;(r;,tg) =0, 0<i<N, (7.46)

)

and the boundary conditions are
Uy=0, Uy=0 n>1 (7.47)

Numerical Discretization of Stress Equation

In Time

To discretize Eq. (7.11), we first derive the numerical approximation for the time-
fractional derivative Df v(t). Additionally, the numerical approximation for the time-
fractional derivative D7 () will be obtained by following the approach outlined in Chap-

ter 5, specifically in Section 5.3.2; using Eq. (5.37), which is given by:

Dy T(tn> =

T T(2-a)

(7.48)

n

-
E :BJTi
Jj=0

where the coefficients Bj are defined by Eq. (5.38).
The grid functions 7" are defined as follows 7/ ~ 7(r;,t,) = ¢i(t,), when 0 < i < N,

n > 0, and the initial condition is 70 = ¢;(t), 0 <7 < N.
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Now, we will derive the numerical approximation of the time-fractional derivative Df v(t)

5 1 N
Dt’y(tn)_r(l_ﬁ)/o (tn—S)ﬂanS
1 t 1 ou wu
‘P(l—m/o <tn—s>ﬂ{5_?}d5

using the first-order discretization of the integral in time derived using linear interpolant

(7.49)

for u on each sub-interval [t;_q,;] i.e.

t— —
HLJ‘U(S) = U(tj_l)% + U(t])%, S € [tj—l’tj] (750)
and
ou ou t:—s ou s —ti_
IT, <5> = E(tjl)( jAt ) + 5(%’)%; s € [tj-1,1;] (7.51)

Therefore, Eq. (7.49) is approximated by

Dl (t,) ~ ﬁ En: /ttj ﬁ {Hl,j (%:f) — I (;) } ds (7.52)

j=17ti-1

To evaluate Df v(t,) we need to calculate integrals of the form

L= /tj (b — 5)P(t; — s)ds

tj_1

(At)*F

(2=B)n—j+ )P+ (n—j)* P —(n—j+1)*F]  (7.53)

where

fai = (2= B)n =+ 1)+ (n = 5)* 7 = (n—j +1)*77] (7.54)

let { =n — 7, then
==+ 412 F —(1+1)F (7.55)
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and

where

Gnj=[—2=B)n—3)"" —(n—3)"+(n—j+1" (7.57)

let [ =n — 7, then

g=—2=pF =P+ 1) (7.58)
then
1 tLh 1 (AP N fag U+ G U
INGIG) ; /tj1 (t, — )P {Hl,ju(s)}ds ~“TE-5) ;{ At }
@ f /T T
“TB-3) {fnlUO + ;(fnjl + Ggn—j)U” + goU }
(AP o
_ AU
r@-p &Y

(7.59)

Similarly, we have

Lt )RS5 (5) o

i-1 j=

where,
fr1 if =0
Aj=3 foijr+gny if 1<j<n-—1 (7.61)
Jo it j=n
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Inserting the above difference scheme and the spectral approximations to the different

terms in the weak formulation Eq. (7.15) gives

Rout 1
/ T(t) v dr = A/ T(t) v dr
Rin -1

~ AZwl (Z Tjhj<7:l)> hi(71)

(7.62)
N
=A Z wq (Tl) hk(ﬁ)
1=0
= Awkﬂ?
where we have used test function v = hy(r), k =0,1,..., N
Rout 1
e / (D27 (1) v dr = AN / (D27 (1) v dr
Rin -1
N
~ A\ Z wq (Dta’/'l) hk(fl)
1=0
= AkaO‘ DaTk
n—1 _ ~ ' ~
= AwA o 2 — [ 0 > (Bus (@) = bus@)) 77 - bnl(a)TZ-O]
= T‘
F(2 - a) (At)a =
(7.63)
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)\Bwk
= BTG B{ZAZ(ZDM )

EXN Aw
re(At)F- 1r:§ 3) {ZAZUk}

(7.64)

The full discretization is

EXwy S~ l EN Aw,
~ AP ITGE—j) {ZA; (ZDk,mUm)} AT 5 {ZAZUk} (7.65)

fork=1,....N—1,n=1,...,Nrand U? =70 =0, for 0 <i < N.

Rearranging Eq.(7.65) we obtain

B, A |, Aw, A"
Aw {1+P(2—a)(At)a}Tk: F(Q—a Z

7=0

(At)ﬂ IT(3 - B) {ZAI (Zka )} e (AT (3 = B) {ZAlUk} (7.66)

where \* = %, EXN = V. The coefficients Bj and A; are defined by Eq.(5.38), and

Eq.(7.61), respectively.
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7.2.3 Numerical Results

In this section, we perform additional simulations using the same parameter set introduced
in Chapter 6, Section 6.6, informed by the experimental and modeling work of Ferras .
(2018). The simulations are extended to explore different values of the fractional order
parameter, constrained within the interval 0 < o < 8 < 1, as required by the fractional
viscoelastic model. These parameters were originally established to effectively capture
the rheological response of Xanthan gum solutions. To solve the system of differential
equations governing the unsteady unidirectional flow of the FMM when 0 < a < 8 < 1
in an annular geometry, we have developed a MATLAB code for the proposed numerical
method with the following fluid parameters (N = 64, 5 = 0.999, a = 0.8, the final time
is T'= 80 s, and S = 1000) for Newtonian fluid, and (N = 24, § = 0.7, o = 0.4, the
final time is 7" = 90 s, and S = 5000) for Viscoelastic fluid. We study the evolution of
the velocity and stress profiles at different radial locations are shown in Figs. 7.1 and 7.2.
We plot the velocity at the wall and at 7 = [0.25, 0.5, 0.75], while the stress is plotted at
r = 10.005, 0.25, 0.5, 0.75, 0.995]. The numerical method proved successful in precisely

capturing the evolution of the various variables in this transient flow.

Newtonian fluid

Figure. 7.1 illustrates the variation of velocity and shear stress over time in a Newtonian
fluid confined between two concentric cylinders, where the outer cylinder rotates at a
higher linear speed than the inner one. The velocity profile in Fig. 7.1 (a) shows a rapid
and smooth transfer of momentum from the moving walls to the bulk fluid due to the
purely viscous nature of Newtonian fluids. Similarly, in Fig. 7.1 (b) the shear stress
distribution evolves quickly, reflecting an immediate response to the applied shear. Since
Newtonian fluids do not exhibit elasticity, the stress change over time is sudden, governed
by simple diffusion without any delay in momentum transfer. Because of the variation in
sign of the velocity gradient % seen in Fig. 7.1 (c¢), note that the shear stress is negative

near the inner cylinder and positive near the outer cylinder as shown in Fig. 7.1 (d).
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Figure 7.1: (a), (b) Variation of velocity and shear stress with time, in different regions;
(c), (d) Velocity and shear stress profiles for ¢ /t. = 3.50 x 10~. The fractional parameters:

a = 0.8, and 8 = 0.999.
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Viscoelastic fluid

Figure 7.2 presents the velocity and shear stress evolution in a viscoelastic (non-Newtonian)
fluid under the same rotational conditions. Unlike Newtonian fluids, the viscoelastic ma-
terial exhibits a delayed response in velocity propagation due to elastic effects, leading to
a gradual momentum transfer. The shear stress evolution at different radial locations in-
dicates stress relaxation, where the material retains memory of past deformations, causing
a smoother and time-dependent transition. This behaviour, described by the Fractional
Maxwell Model, highlights the combined influence of viscosity and elasticity, making the

response distinct from the instantaneously evolving Newtonian case.

2 . 15 . —
—1=0 —r=0.005 _—
—— =025 e ——r=025 _
r=0.5 / 10+ r=0.5 ~
151 —r=075 yd 1

w(Vih)

0.5t

0 200 400 600 800 1000 12 ) 0 200 400 600 800 1000 1200

Figure 7.2: (a) Evolution of velocity at radial location 7 = 0.25, 0.5, 0.75;
(b) Shear stress at radial location 7 = 0.005, 0.25, 0.5, 0.57, 0.995. The fractional pa-

rameters: o = 0.4, and g = 0.7.

Influence of fractional order

This section examines the influence of fractional order on velocity, shear stress, and stress
relaxation in the Fractional Maxwell Model (FMM). The results are consistent with pre-
vious findings in Chapter 6, demonstrating similar relaxation behaviour.

For the simulation of Xanthan gum at a concentration of (0.25wt%), we adopted the
viscoelastic material parameters reported by Ferras . (2018), specifically the characteristic

relaxation time A\, = 55.6 s, viscosity-like parameter V = 24.96 Pa.s, and modulus-like
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parameter G = 1.56 Pa.s. The fractional orders § = 0.999, o = 0.8, as well as the derived
parameter ( =  — « (corresponding to the fractional parameter (3) defined in Chapter
6), are introduced in this study to generalize the model beyond the original formulation in
Ferras . (2018), allowing for enhanced flexibility in capturing the complex rheology of the
fluid. Fig. 7.3 (a) measures the normalised tangential velocity (ugmaez = ug(Rout, ta)) of the
outer cylinder (case of g = 100%). For a step-strain test with a deformation of vy = 100%,
¢ = 0.199 and three different levels of refinement, 1/, = 1.0x 1074, 1.8 x 1074, 2.7x 10~*
and a normalized delay time of ¢4/, = 4.5 x 107, 7.4 x 1074, 1.1 x 1073, we display the
normalised shear stress relaxation data in Fig. 7.3 (b). Be aware that the outer cylinder
must rotate more quickly as ¥ — 0 to turn the same constant distance in a decreasingly
longer period of time. Since we must precisely capture high gradients, this makes the
numerical calculation more difficult.
AORu

Figure 7.3 (c) illustrates the progression of the deformation over time (v, = 7 )

for the three distinct tangential velocities applied to the outer cylinder. As anticipated,

a higher approximation of a true step-strain displacement is obtained as the rotational
velocity is gradually increased.

Figure 7.3 (d) illustrates the normalized stress relaxation for the three distinct levels of
imposed deformations 1%, 5% and 100% (¢/A. = 1.0 x 107 and t4/\. = 4.5 x 107%).
The stress relation derived for the two smaller deformations is shown in Fig. 7.3 (e) in a

zoomed-in view.
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Figure 7.3: (a) Normalized tangential velocity of the outer cylinder; (b) Normalized shear stress re-
laxation for step-strain test (yo = 100%) with parameters § = 0.999, o = 0.8; (c¢) Evolution of the
deformation in time for the three different tangential velocities imposed; (d) Stress relaxation for three
different deformations; (e) Zoomed view of the stress relation obtained for the two smaller deformations.
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7.2.4 A second-order difference scheme for a time-fractional deriva-
tive

In this section, we aim for higher accuracy in the proposed numerical method. Therefore,

we will develop difference schemes with a time accuracy order of O(At?).

Numerical Discretization of the Velocity Equation

In Time
The second-order approximation for the time derivative N can be derived using a back-

ward differentiation formula scheme which provides better accuracy and stability com-

pared to a first-order forward or backward scheme.

Ou _ 3u" — Ayt 42
at 2At

(7.67)

inserting this approximation in the first term of the weak formulation (7.10), we obtain

R 1
p out 8“ B ﬁ @ _
v/, <8t) vdr—AV/_l(at> v dr
N ~
P 8u(rl, tn) ~
=2l S w20 i) (7.68)
V£ ot

p 3Up — AU+ U
=LA
“"“< 2AL

<

where v = hy(r).
The numerical approximation to the fractional derivative, D} T®u(t), is derived in Chap-

ter.5 (Section. 5.4.1, Eq. (5.40)), with « replaced by 1 + a where 0 < a < 1.

1 tn 82 (H2 1U 82 H2 U )
1+ ~ n— T8 \Tma)\T) )
D, u(tn)_—r(l_a) [/t e ) s +Z/ ol

1 -4 U s
Tl -a) (A0 /t N rR—" (7.69)
o (U7 207 + U Y ds
F T a J. @ s>a]

182



where

/j (t, —s) %ds = (?t_) ;a [(n — i+ D)= (n— j)l_a}
tj—1 Ayt (7.70)
( ) dn,j, n —j >0

1 —«
where
a(e)=[1+1)"*=(0)'""], 1>0 (7.71)

Therefore, Eq. (7.69) becomes

1
(AT (2 — )

n

Ditou(t,) =

[(&n—l(@)) U+ (an-2(@) = 2ap-1())U"

+ ) (an—jo1(@) = 2n_j() + n_j1 (@)U

9

<

+ (1 + as(a) — 2ag(a) + @ (a)) U™ 2 + (=2 + ag(a) — 261 (o)) U™

+ (14 a1 (a)U"

1 " .

— T77

(A)+eD(2 — a) Z GU
Jj=0

(7.72)

C; can be defined by substituting Eq. (7.71) into Eq. (5.42).

Inserting this approximation in the second term of the weak formulation (7.10), we obtain.

p Rout p 1
@/Rm (Dt1+au(t)) vdr=Ag /1 (ngau) v dr

=0 (7.73)

_ P Awy - r7i
" G (A)FeT(2—a) 26U

Jj=0

In space

We will derive the numerical approximation of the right-hand side of Eq. (7.10) using a
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second-order discretization of the time integral, obtained through quadratic interpolation
on each sub-interval [¢;_1,¢;], where 1 < j <mn.
Let

”? 10 1

Therefore, the quadratic interpolation of ®(r,t) is given by

Ly, 00, 8) = B 1,.) [(s —1;)(s — tj+1)} —B(rt;) {(s —t;1)(s — tj+1)}

2(AL)? (AL)?
+B(rt4) FS - té(i)t(; - tj)} (7.75)

and

0f0) = 000 tcn) [ 55502 — atnny [E==

_ tn_g)(s _
2(At)?2

+ ®(r, t,) [(3 t"‘l)} (7.76)

Therefore, the right-hand side of Eq. (7.20) is approximated by

tn
tn—1

(tn — s)’ﬁﬂgm,l@(r, s)ds}

(7.77)

1 n—1 t; s
R.HS ~ W{ j;/tj_l (tn — S) HQJ(I)(T’, S)dS —|—/

To evaluate Eq.(7.77) we need to calculate integrals of the following form using integration

by parts

I = /(tn —8) (s —¢)(s — d)ds
| (s=o(s—=4d) (2s —c—d) 1B,
- |-; w [, s

1—B)(t, — s)f~1 (1-5)
_ [_ (s—c)s=d)(tn—8)"" @2s—c—d)(tn—5)*" 2(t, — 5)>7
(1-2) (1-=p)2-p) (1=p5)2-p8)3-5)

(7.78)
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Applying in Eq.(7.77), we obtain

2
EDA%Z /tj1 (tn = 5) (s — ;1) (s — tj+1)d3]

LY "=

+(§((’Z ) /t (b — ) 5(s—tj_1)(s—tj)ds])}

R.H.S ~=

/t'j (tn — 8) (s —t;)(s — th)ds]

J—

{ ((I; tn (tn — 8) (s — tn_1)(s — tn)ds]

+ ;;X:))g [/tnnl (tw — 8) P (s — th_1)(s — tn_z)d8:| )ds} (7.79)

Therefore, Eq. (7.80) yields

RH.S = F(éf)_l_;) { jé (an—j®(tj—1) + bu_jO(t;) + coj®(tj41))
(@ (tas) + (1) + 2D (1,) }
- {55 { (001 B(t0) + b @(12) + €01 B(12)) + (0 B(1) + Bs®(12) + 0o (1))
Fo (@B () + B (tys) + 2B (tn_1)) + (a1 (ty_s) + b (tn_1) + 1 B(t,))
+ (@@ (tn-2) + 0P (tn-1) + cP(tn)) }
_ éﬁ’f)_l;) {an_lcb(to) (s + bo 1)) + :_}an—j—l b o+ i) 2(E5)
+ (ay + @+ by + c3)®(ty o) + (ca+ by +0)®(t, 1) + (c1 + 5)@(%)}
(7.80)
where
=[S0 s =ta-p-on @n=[232] as
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and

1

Ap—j (6) = 5

[(3 = B)(n =3P =2n =5 +22- BB =P n—j+1)7"

~3B3-B)n—j+1)* P +2(n—j+ 1)3—5] (7.82)

bu—j(B) = [—(2—6)(3—6)(n—j)1‘5+2(n—j)3‘6+2(3—5)(n—j+1)2‘5—2(n—j+1)3‘5

(7.83)

Cnj(B) = [—(3—6><n—j>2ﬁ—2<n—j)35—<3—B>(n—j+1>2ﬁ+2(n—j+1>”]

N | —

(7.84)

Find the weak form of the right-hand side of Eq. (7.77) by multiplying ®(ry, ;) by by a

test function v € W, integrating over [R;,, Ro.], and substituting into Eq. (7.80),

w

n—

(At)l_ﬁ Rout o , o | - | »
(41— 5) /Rm {an—1 (to) + (an—2 + bp1)®(t1) + j 2(an_j_l F b+ Coya1)B(E))

+ (ay + @+ by + c3)P(ty_2) + (ca + by +0)P(t,_1) + (c1 + c)<I>(tn)}V dr

R
— 1“(4—5);Aj . O(r, t;)vdr (7.85)
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where

an-1(D)
an—2(8) + bn-1(5)
tn—j-1(B) + bn—j(B) + cnjr1(B)
a(B) + ai(B) + b2 () + c3(B)
b(B) + b (B) + c2(B)
c(B) + a1(B)

\

Then, Eq. (7.85) becomes

1— ﬂ n out A 1— ﬂ n out 82
At A/ rtudr— 2 A/ ( u9

1 -8 "

r

15n

r
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S (5
0 f’/_l(

- %:ﬁ)) Adr

A

- A%y(f)> di

J=0
=1
2<j<n-3
(7.86)
j=n-—2
j=n—1
j=n

8r2
ou Ov

Ou Ov 10u
A rar A

1 ou (%

A OF 8r

10u
r af”(r)

(7.87)



Then, the numerical approximation of the right-hand side gives

Lt O 7 )
(Z Ujh;(fm)) i (Fm) — 7% (Z Ujhj(fm)> hk(fm)]
3

(7.88)

AP A
S PSR R L
7=0

Tk

N
where Bj = > o Wp Dy j Do -
Inserting these approximations with the spectral approximations in the weak formulation

of the velocity equation (7.14), gives the full discretization

P 3Up — AU U P Awy,
PA j
v wk( Y T E a2 ZC Ui
_(Ans al Aw,
_m AO (7" t0)+A1 _Z klUl +_kZDklUl _TUk
1=0
n—3 LN o & Aw,
DA | =5 Do Bull + = Y Dl = =57 U}
=2 1=0 1=0
1 O Wi o Aw ]
+ A2 —ZZBMUZWQ-FT—]CZDMUI”% ;U,’: 2
L 1=0 F =0 k i
1 I Wi Aw ]
A | =5 2Bl R Y DU - =R
i 1=0 F =0 k |
1 & W o Aw
+ An _Zszlen‘{'_:ZDklUln 2kUlz1 } (7.89)
=0 =0 F
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For simplicity, we rewrite Eq.(7.89) as follows

lﬁ 3Awy N P C,Awy, N A, Awk] [
V 2At G (AH)HeT(2—a)  (A)F-IT4—-B) 2 | F
A, Nor1 wy, .
vt e P G
A,y al 1 Wy, n—1
G & a0 ]
P 4Awk P Cr_1Awy, _ Ani Awy 1
V 2At G (A)FT(2—a) (AT —pB) 12 | *
ﬁAwk P Chr—2Awy, _ An_s Awy, 2
V2At  G(A)HeTr(2—a) (A)PFIT(A4-8) 17 | F
Ao [ 1 -
T AP p) ZZ{ ZB’”_D’“] X
(A S| - L w ;
+F(4—ﬁ)z A]Z ABk’l—l—rkal Ui
j=2 =0
= A, Awg  p_ Chw, ;
(AT —5) 17 G(ADHT(2 - a) b
A N 1 w
1 o+ Yk 1
TR - ) [Z( N D’“) v

Ay Aw,  p CiAwy, 1

— — U 7.90

T G % )

where the coefficients C; and A;, 0 < j < n, are defined by Eq.(5.42) and Eq. (7.86),

respectively.

Numerical Discretazation of Stress Equation

In Time

Now, we consider a second-order scheme to discrete Eq. (7.11), then we will derive
the numerical approximation of the time-fractional derivative D/~(t), and the numerical
approximation of the time-fractional derivative D{7(t) will be obtained by following Ch.

5 (sec.5.4.2) Eq. (5.59).
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Define the right-hand side of Eq. (7.11), DP~(t,) in the Caputo sense as

DPA(t) = £ L 5 /0 0 _15>BZ—st (7.91)
where
dy Ou u(r, s)
= E(T, s) — . (7.92)
then Eq.(7.91) becomes
D%B’Y(tn) = F(ll_ 3) /0 0 _18)6{%(7“, s) — @}ds (7.93)
Let
Y(r,s) = (%(r, s) — @) Up (7.94)

Now, we use a second-order discretization of the integral in time by using Eq.(5.5).

tn n—1 .t
DPy(t,) ~ ———— / (tn — 8) Py 1Y (r, s)ds + Z/ (tn — s) Py, Y (r, s)ds
F(l - /6) th—1 =1 tj—1
(7.95)
To evaluate Eq.(7.95) we will follow the process in Eq.(7.75)- Eq.(7.84) and replacing
O(r,s) by T(r,s).
Then, Eq. (7.95) becomes

1-8 Rout n—3
D} (tn) = %/M {@an(fo)Jr(anﬁbn1)T(t1)+;(ana‘1+bnj+cnj+1)T(tj)

+ (a4 a4+ by + c3)Y(ty—2) + (b+ by + )T (tn—1) + (c1 + E)T(tn)}l/dr

- (At)l—ﬁ n Rout
=TG5 ;Aj /R Y(r,t;)vdr (7.96)
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where A;, 0 < j < n, are defined by Eq. (7.86).

Therefore, the approximation of Eq.(7.95) is given by

(At) Rout - (At) Rout Ouyg Ug
(= ﬁ)ZA . Y(r,tj)vdr= (4 5)2./4 . <E—?)I/d7’

( .A /th <—I/—%l/> dr
- 0w o, N
- r 4 —B) ZAj /1 (A - ;V(m) A
ZA/ (a—? ) — A= V())dr
)= % _
:—F(ZL_B)jZOAij:me[(ZUh > (Tm)
- é <§0 Ujhj(fm)> hk@ﬂ%)]
JROAY) L A
At & al Aw
_r(4)—6 ZAj{wkZDk’j i mk k}

ZA {wkZDkJ Ay, }

(7.97)

where the coefficients are defined by Eqs. (7.81) - (7.84).
To derive the discrete form of the weak formulation Eq. (7.15), we analyse each term

individually.

Rout 1
/ T(t) v dr = A/ T(t) v dr
Rin —1

~ AZwl <Z Tjh (7’[)) hk(ﬁ)

=0 7=0

(7.98)
—AZwl Tl hk(h)

=0

S
- Awka
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Here, we will use Eq. (5.59) to substitute the discretization of Dy (t)

V Rout
@/R (D{r(t)) v dr = G/ (D{7(t)) v dr

~ A@; (D Tl) hk(ﬁ)
\Y
wi s (

Awy, ;
(At)eT'(3 — «) ZE u

(7.99)

®|< D

DaTk)

where the coefficients £}, 0 < j < n, are defined by Eq. (5.60).

Rout

v (va(t)) v dr = AV/l DE(t )) v dF

Rin
~ AVZU}Z ( %) b (71)

— AwyV (Df%( 2

(AT - B)

/—/Hv
] =

>

M:

B

=

Therefore, the full discretization is

LV B LY
G 3—a)| ¥ G(ADT(3—a)

ZE 7',g
(At)ﬂ 1F4 ﬁ {ZDkl [ZA UJ

[Zn: A; U
=0

} (7.101)

7.3 Multi-mode Fractional Maxwell model spectrum
of relaxation times

To investigate additional applications of fractional viscoelastic models, we will simulate
Taylor-Couette flow using the Multi-Mode Fractional Maxwell Model (MM-FMM). This

multi-mode approach enables the capture of a wide spectrum of relaxation behaviour,
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enhancing the simulation’s ability to accurately represent the dynamics of complex fluids.
By integrating multiple relaxation modes, the model more effectively reflects the complex
relaxation processes observed in real-world non-Newtonian materials, establishing it as a

powerful tool for analyzing their behaviour in rotating flow systems.

7.3.1 Taylor-Couette problem

Consider the momentum equation

p (%) - (% + %) Too(t) (7.102)

and the multi-mode fractional Maxwell model is given by

V d“ V d* dP
1+ — — t) = V—~(t 1
( bt dto@)m() Ve (7.103)

\Y \Y
where n=EN =V, A\ = — A2 = _— and0<ay <oy <3< 1.

Gy Go
d“'r d*r d?

Using the Caputo definition, the derivatives , and can be expressed in their
8 P dtor dgoz TGP P

corresponding integral forms as follows:

dMT 1 t 1 or
= —d 7.104
dte r<1—a1)/0 (t—s)10s (7.104)

and

d*zr 1 ¢ 1 or
— —d 1
g~ T(1 = ay) /0 =)™ 05" (7.105)

also, we have

diy 1 L1 oy
P r(1—5)/0 G705
1 t 1 ou u
:F(l—ﬁ)/o <t—s>6{57}d8

For this flow, when § =1, the time derivative of v is given by

(7.106)

@ . 8U9 Ug

ot Or r
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However, when 8 # 1, the entire history of deformations is taken into account.

2
Applying the operator (— + 82) into both sides of Eq. (7.103) to obtain
r r
2,9 v Vo 2 0\ d°
— o 1 —_— - a H=VI[Z= )2 1
<T + 8T> < + Gl dtal + GQ dtag) T@( ) <7” + a’]") dtﬁV( ) (7 07)

V d* V d*?
Then applying the operator (1 + G, i + @dtaz) to both sides of Eq. (7.102), and

using Eq. (7.107) we obtain

L Vd Ve G
p Go dt2 ) Ot
\%

L VeV oa
Gidter " Godtoz )™’

Gy dtx

dt
1 t 1 ou u
m/o (b5 {E - ?}ds

\% /t 1 8%4_1%_3 J
B)Jo (tn—s)8 | Or2  ror r? s

(7.108)

to obtain the following system of equations in integral form

IR A CT /t(t—s)‘ﬂ 82u9+———— ds
P Gidtor ' Godto2) ot  T(1—5)Jy " o v or 2

Vodu Y des v o Dy
1+ ———— | pp=——— | =)= =2 )d 11
”( TG d +G2dtaz)79 F(l—ﬁ)/o(” s) (87“ r) s (T.10)

Replacing the ordinary differential operator by the fractional differential operator gives

pou p ou p ou 1 / t 5 (Pug | 10usg g
POUL P pen (ZU) ) Popea (Y 2 2 [y e B
Vot G, ! (8t)+Gg t <8t) ra=p J, ) G e )
(7.111)
\Y \ \ ! dug  ug
A f— ) (e M)y 7.112
T9+Gl tT9+G2 t 70 F(l—ﬁ)/o( 8) <8T T’) 5 ( )
with Dirichlet boundary conditions
wp(Rows) = O0(t), 0<t<T (7.113)

’LL@(RZ‘T“ t) == @z(t),
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and initial conditions

. 8u9(7’, 0)

u@ (T? O) 8t

=0, 7.0(r,00=0, Ry <7< Roy (7.114)

The Weak Formulation

To obtain the full discretization of the Taylor-Couette problem Eqs. (7.111) and (7.112),
first, we find their weak formulations by multiplying them by a test function v € W and

integrating over the domain [R;,, Ry Then the weak formulations become:

Rout Rout Rout
p [ (Ou P o p a
v /Rm <_8t) vdr + c. . (Dt“r Lug) vdr + G s (Dt1+ 2 up) vdr

in

:V/Rout (ny(t)) vdr (7.115)

Rin

Rout Rout Rout
/ T(t)vdr + \* / (D r(t) vdr + A / (Dy27(t)) vdr

= V/Rm <Df'y(t)) vdr (7.116)

Rin

7.3.2 A first-order difference scheme for a time-fractional deriva-
tive

We extend the numerical discretization approach for the Fractional Maxwell model, out-

lined in Sec. 7.2.2, by including the first-order numerical approximation of the time

derivative to handle a; and as. Furthermore, we apply spectral approximations to the

spatial derivative to complete the discretization of the problem.
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Numerical Discretization of the Velocity Equation

The full discretization of the velocity equation is

p ur—uprt p Awy, ~ n n—1
A Tk Tk i _
v w’“( v A v e vom | CDACH
n—1
=X (fan) — e ) @7 = 0777) = )
j=1
P Aw n—1
LA k e n— 1 n—j _ ypm—j—1
+G2 (At)22+1T(2 — ay) [ao(aQ) — Uy ]:21 ( aj(oz) — ;- 1(("2)) (U Uy
- &n_l(az)dD?]
(A1)  Awg,,
= = fa1®(ri, to)+ Y (famjrnj) Z By Ui + Z Dy Ui — =5 U}
INGEe) ‘= — i
+g ZB Uy +—ZD Un A7“”’“(]“ (7.117)
0 kY1 k1~ 7“ )

where Bk,j = Zl]\io ’l,UlDl’jDUﬁ 1 S k S N —1.

Rearranging and multiplying by At:

p p ap(ar)  Awyg p aplaz) Awg Go(AL)3F Awy]
= Awk _'_ o ~ 2 Uk
\Y% Gy (At)al F(Q — Oél> Gy (At)‘m F(2 — 062) F(S — B) T
N N
— B, U — — D
" TE-8) AZZ Pl leo el
p p Go(ar) Awy p ao(az) Awg -1
= —_ A _ - n
[V Yk G (AT — 1) | Gy (AO)™T(2—ag)] *

L AUJk n—1
Gl (At)o‘lF(Q — a)

N Awy,
Go (At)2T'(2 — «)
1

At35 s
{an] 1+gnj

Jj=1
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where the coefficients a,_;(a1), @,—j(a2) are defined by Eq.(7.24) with respect to a; and
ay, and the coefficients f, g;, fo, and gy defined by Eq.(7.35)- Eq.(7.38).

In addition, we have the initial condition

UY = ®(ri,tg) =0, 0<i<N, (7.119)

)

and the boundary conditions are

Ur=0, UL=0, n>1 (7.120)

Numerical Discretization of the Stress Equation

The full discretization of the stress equation is

\Y Bn(a) \Y By(c) )
Aw {1+@1(At)alr(2—a1) T G (AT (2 — ay) }m

n—1

M

j Oél Tk +Bo<041) ]8}

Jj=1

G, (At)a2F(2 — aw) {Z Bﬂ <a2)Tk T BO(OQ)T’S}

Vwk I VAwk
SN M

(7.121)

\Y

G (At alF — Oél
\Y
G

where the coefficients éj(al), Bj(Oéz) are defined by Eq.(5.38) with respect to o and ao,
and A, is defined by Eq.(7.61).

7.3.3 Numerical Results

In this section, we will carry out additional experiments using the same data from Chapter
6 (Section. 6.6). To solve the system of differential equations governing the unsteady
unidirectional flow of the MM-FMM when 0 < as < ay < f < 1 in an annular geometry,

we have developed a MATLAB code for the proposed numerical method with the following
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fluid parameters V = 5, \| = G% =1 x 10717 ~ 5], \y = G% =1x 107" ~ 4]

(where Ay < A1), Gy = %, Gy =<, v=~= % =2 x 1073m2.s7! (v is the kinematic,
p is the dynamic viscosity). We examine the evolution of velocity and stress profiles at
various radial locations, presented for a Newtonian fluid in Fig. 7.4 with the final time
T = 80, the number of time steps S = 1000, and N = 64, and the final time T" = 120,
the number of time steps S = 5000, and N = 24 for a non-Newtonian fluid in Fig. 7.5.
Figure 7.6 shows the effect of the use of the fractional order on the temporal evolution
of the velocity and shear stress, and the stress relaxation obtained for the MM-FMM

model. The results are consistent with previous findings of the FMM, demonstrating

similar relaxation behaviour.
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Figure 7.4: (a),(b) Variation of velocity and shear stress with time, in different regions;
(c),(d) Velocity and shear stress profiles for ¢/t. = 3.50 x 10~!. The fractional parameters:
as = 0.4, ap = 0.8, and 5 = 0.999.
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Figure 7.5: (a) Evolution of velocity at radial location 7 = 0.25, 0.5, 0.75; (b) Shear
stress at radial location 7 = 0.005, 0.25, 0.5, 0.57, 0.995. The fractional parameters:

as =0.1, a1 =04, and g =0.8.
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Figure 7.6: (a) Normalized tangential velocity of the outer cylinder; (b) Normalised shear stress re-
laxation obtained for a step-strain test with deformation of vg = 100%, 8 = 0.999, a; = 0.8, as = 0.6,
N = 64 and three different levels of refinement; (b) Evolution of the deformation in time for the three
different tangential velocities imposed; (c) Stress relaxation for three different deformations; (d) Zoomed
view of the stress relation obtained for the two smaller deformations.
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7.3.4 A second-order difference scheme for a time-fractional deriva-
tive

In this section, we focus on improving the precision of our numerical method for the
multi-mode fractional Maxwell model. To achieve this, we will extend the second-order
numerical approximation of the time derivative and spectral approximation of the spatial

derivative that we derived in Sec. 7.2.4.

Numerical Discretization of the Velocity Equation

We extend the numerical discretization in Eq. (7.73) to account for oy and ap, thereby dis-
cretizing ngal ug and ngm ug. Then, we apply spectral approximations to Eq. (7.115)

to obtain the full discretization as follows:
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T X (35 D) O G | aBa owo
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AT - B) z:; Bl + _;D’”U’ r2 Ui (ADP1T(4 — 5)(1)(7"’ to)
(7.122)

where the coefficients C; and Aj, 0 < j < n are defined by Eq. (5.42) and Eq. (7.86),

respectively.
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Numerical Discretization of the Stress Equation

To discretize Dy 7(t) and D;* 7(t), we extend the numerical discretization method from
Sec. 5.4.2 (Eq. (5.58)) to handle o and a. Additionally, the numerical discretization of
DP~(t) from Eq. (7.97) is implemented in Eq. (7.116). Finally, spectral approximations

are applied to obtain the full discretization as follows:

A\ En(al) A\ En<@2> n
1+ G (A T(3—a1) = Gy (Af)*=T(3 — 052):|
v 1 n! AV4 1 n—1
TGy (A)MT(3 - ay) ]Z Bile) | = &, RT3 = ay) 2; Bj(az) Tk’]

(At)ﬂ 1p4 3) {ZD“[ZA B U}

- [Z 4,(8) U]

where the coefficients F; and A;, 0 < j < n are defined by Eq. (5.60) and Eq. (7.86),

respectively.

7.4 Conclusions

This chapter presents highly accurate numerical methods for approximating the Caputo
fractional derivative, focusing on applications on the Fractional Maxwell models and the
Taylor-Couette problem. First-order and second-order temporal difference schemes were
developed for two fractional order ranges 0 < o < 1 and 1 < a < 2. These schemes
were constructed using polynomial interpolation techniques and finite difference meth-
ods, achieving truncation errors of O(At) and O(At?), respectively. They were employed
to discretize time-dependent fractional differential equations, which, when combined with
spectral methods for spatial discretization, enabled simulations of Newtonian and vis-
coelastic fluid behaviours. To solve the Taylor-Couette flow problem, the study combined
these time-stepping methods with spectral techniques for the spatial discretization. The
simulations successfully modelled both Newtonian and viscoelastic fluids, showing good
agreement with previous research. The results captured key features of viscoelastic flu-

ids, such as delayed momentum transfer and smoother stress relaxation. Additionally, the
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study introduced the multi-mode Fractional Maxwell Model (MM-FMM), which improves
fluid behaviour predictions by considering multiple relaxation times. Experiments showed
that adjusting fractional order parameters changes the relaxation speed with smaller val-
ues of 3 slowing it down, while larger values make the fluid behave more like a Newtonian
fluid as presented in the previous Chapter. Furthermore, a second-order temporal scheme
was derived for both the single-mode and multi-mode Fractional Maxwell models. These
higher-order schemes provide improved accuracy but remain to be fully implemented.
This will be undertaken in future research. In summary, the proposed methods provide
a strong and accurate approach for studying fractional models for applications in fluid
dynamics, with applications in engineering and materials science. Future work will refine
these models further and improve computational efficiency through better meshing and

parallel computing techniques.
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Chapter 8

Conclusions and Future Work

This chapter summarizes the key contributions of this thesis and outlines potential
directions for future research.

The spectral approximation of the solution to partial differential equation written in
their equivalent weak form, was introduced in one and two dimensions in Chapter. 2. The
L2-error was shown to converge exponentially with respect to the order of the polynomial
N, for a few numerical examples.

The fundamental concepts and symbols related to fractional calculus were introduced
in Chapter. 3. Specifically, we have listed several definitions of fractional derivatives and
their essential characteristics. The theoretical work in this thesis is supported by these
ideas. We have described important properties of fractional operators in detail. These
are utilised to define the time fractional derivative of Fractional Maxwell Models (FMM)
in subsequent chapters. Additionally, we introduced the Laplace transform and Mittag-
Leffler function (MLF), which are required to develop the Green’s function approach.
This method will be used to provide exact solutions to fractional differential equations.

In Chapter.4, we derived fractional viscoelastic models using spring-pot elements ar-
ranged in series and/or parallel. Furthermore, we derived expressions for the relaxation
time and the dynamic moduli of Fractional Maxwell models in single-mode and multi-
mode settings. A novel technique to derive the exact solutions for the Fractional Maxwell
Model (FMM) in both single-mode and multi-mode settings was developed using the
Laplace transform of the Green’s function and expanded in terms of the MLF. This
methodology provides an alternative to Fourier-based methods. The analysis explored
the FMM for fractional exponents «, [ satisfying 0 < a < < 1 and examined key

limiting cases, including the Fractional Maxwell Liquid (FML) and Fractional Maxwell
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Gel (FMG). To capture more complex viscoelastic behaviours, the single-mode FMM was
extended to a multi-mode version. Rheological analysis of relaxation modulus plots re-
vealed that FML exhibits liquid-like behaviour, FMG behaves as a solid or gel, and FMM
transitions between these states based on time or frequency. Finally, the models were val-
idated by fitting them to experimental data using curve-fitting techniques, demonstrating
their accuracy across different frequency ranges.

One of the objectives of this thesis was to develop numerical methods that can ef-
fectively model the complex behaviour of viscoelastic fluids using fractional viscoelastic
models. Specifically, we aimed to numerically solve the system of coupled partial differ-
ential equations that describe Taylor-Couette flow. To do this, an accurate and stable
discretisation in both time and space is required. In Chapter. 5, we followed the discreti-
sation approach from Sun Wu (2006) to derive a numerical scheme of order O(At) for
the Caputo time-fractional derivative—addressing two cases: 0 < a < land 1 < o < 2.
Furthermore, we extended the method in Sun Wu (2006) by developing a second-order
approximation of the Caputo fractional derivative. This is achieved by utilizing the first
and second derivatives from the quadratic interpolation polynomial of the velocity over
the two specified intervals of a. Furthermore, we derived first-order and second-order
finite difference schemes for the Caputo fractional derivative applied to the Fractional
Viscoelastic Fluid (FVF) model for the special case a = 1.

The coupled system of equations governing the pure tangential annular flow of frac-
tional viscoelastic fluids was numerically solved and analysed in Chapter. 6. In this
chapter, we employed the spectral method instead of the finite difference method used in
Ferras . (2018). We found that spectral methods provide excellent efficiency and achieve
exponential convergence for smooth problems. This advantage arises because spectral
methods utilise global basis functions and require fewer grid points compared to finite
difference methods. In contrast, finite difference approaches typically demand more grid
points to achieve comparable accuracy while offering lower-order polynomial precision
(usually first or second order), which can increase computational costs. The spectral

method efficiently resolves fast transients and stress relaxations following step strains.
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Through numerical experiments, we examined the convergence order and demonstrated
the solvability of the system.

In terms of a specific fractional viscoelastic model, we introduced the three-parameter
FVF model, which was shown to accurately fit experimental data and capture bounded
stress growth following the onset of steady shear. This model is particularly suitable for
complex fluids. Due to the extended simulation time required for the FVF model, graded
meshes were employed for time discretization.

In Chapter 7, we developed high-order numerical methods for approximating the Ca-
puto fractional derivative, applied to Fractional Maxwell Models and the Taylor-Couette
problem. First-order and second-order temporal difference schemes were derived for differ-
ent fractional orders, achieving improved accuracy through polynomial interpolation and
finite difference methods. These schemes, combined with spectral methods for spatial
discretization, enable accurate simulations of Newtonian and viscoelastic fluids to be per-
formed, capturing key viscoelastic effects such as delayed momentum transfer and stress
relaxation. The Multi-Mode Fractional Maxwell Model (MM-FMM) is also introduced,
which enhances fluid behaviour predictions by incorporating multiple relaxation times.
Results showed that adjusting fractional order parameters for stress influences relaxation
speed, with lower values slowing it down and higher values making the fluid behave more
like a Newtonian fluid. Additionally, a second-order temporal scheme was derived for
both single-mode and multi-mode models, improving accuracy but this awaits full imple-
mentation. The proposed methods provide a strong framework for studying fractional
viscoelastic fluids, with applications in engineering and materials science. Future work
will focus on refining these models and enhancing computational efficiency.

There are several possibilities to extend these ideas in the future. These will form the
basis of the future research activity. Developing higher-order time discretization methods
for fractional viscoelastic models would enhance accuracy and computational efficiency.
Additionally, comparing numerical results with further experimental data would help val-
idate and refine the models. Expanding the study to multi-mode fractional models in

both series and parallel configurations could provide a more comprehensive understand-
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ing of complex fluid behaviour. Another important direction is extending the approach to
variable-order fractional linear viscoelasticity to capture time-dependent material prop-
erties more effectively. Finally, extending the theoretical and numerical techniques de-
veloped in this thesis to more general fractional viscoelastic models could broaden their

applicability and improve their robustness.
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