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Abstract

Quantum dots are nanoscale semiconductor crystals in which charge carriers are
confined in all three spatial dimensions. The discrete energy levels of quantum
dots make them promising candidates for qubits in quantum information process-
ing. However, at any temperature, there are lattice vibrations, known as phonons,
in the surrounding material. When a quantum dot is optically excited, an exci-
ton, a bound electron-hole pair, is created and there is an unavoidable coupling
of the exciton to the phonons. The interaction of a quantum system with these
phonons causes decoherence, limiting the coherence time, which restricts the util-
ity of qubits in quantum information processing applications. In this thesis, the
decoherence in a system of two spatially separated, electronically decoupled qubits,
with direct or mediated coupling, interacting with a shared three-dimensional bath
is investigated. For illustration, Forster or cavity-mediated coupling between semi-
conductor quantum dots interacting with acoustic phonons is treated. Using the
rigorous Trotter decomposition with linked cluster expansion technique, a reduc-
tion in decoherence at specific distances between the quantum dots is observed.
This reduction results from the collective coupling of the qubits to shared phonon
modes, enabled by the coherent properties of the bath. In particular, when the
qubit separation is an integer multiple of the phonon wavelength, selected by the
energy splitting of the coupled qubit states, there is a reduction in the decoher-

ence. We show that a near-vanishing dephasing rate, which can be referred to as



a one-dimensional regime, can be achieved by utilising strong quantum dot-cavity
coupling strengths. We quantify the separations at which the one-dimensional-like
regime persists before transitioning to the expected three-dimensional behaviour.
To calculate the dynamics of these extended quantum systems, traditional path-
integral based tensor-multiplication schemes are not sufficient. To tackle this, an
optimisation scheme is developed, using a matrix representation of tensors and
their singular value decomposition to filter out unimportant contributions. Im-
portantly, more memory-efficient representations for the tensors exist; however,
this approach enables the usage of an extrapolation scheme which approximates
the ezact long-time dynamics. This optimisation dramatically reduces both com-

putational time and memory usage compared with the traditional methods.

i



List of Publications

The work introduced in this thesis is based on the following works submitted for

publication (or soon to be submitted).

e L. M. J. Hall, L. S. Sirkina, A. Morreau, W. Langbein, and E. A. Muljarov,
“Controlling dephasing of coupled qubits via shared-bath coherence” Phys.
Rev. B 112, 045303 (2025).

e L. M. J. Hall, A. Gisdakis, and E. A. Muljarov, “Optimization of path-
integral tensor-multiplication schemes in open quantum systems” (2025),

arxiv:2502.15136.

e L. S. Sirkina, .. M. J. Hall, A. Morreau, W. Langbein, and E. A. Muljarov,
“Forster transfer between quantum dots in a shared phonon environment: A

rigorous approach, revealing the role of pure dephasing” (In Preparation).

The results of this work were also contained in a poster presentation at the fol-

lowing event:

e [.. M. J. Hall, L. S. Sirkina, A. Morreau, W. Langbein, and E. A. Mul-

jarov: “Dephasing of Long Distance Coupled Qubits”, Optics of Excitons in

il



Confined Systems (OECS 18) (2023).

e L. S. Sirkina, L. M. J. Hall, A. Morreau, W. Langbein, and E. A. Muljarov:
“Forster transfer between coupled quantum dots in a common phonon envi-
ronment”, OECS 18 (2023).

The results were also presented in the following talk:

e “Dephasing of Long Distance Coupled Qubits”, Theory Seminar, Cardiff
(2024)

v



Acknowledgements

Firstly, I would like to thank Nan, the love of my life, for always being there for
me throughout my university journey, which began almost a decade ago. Your

support and love means everything to me.

[ am deeply grateful to my supervisor, Egor Muljarov, whose guidance and encour-
agement have helped me grow both as a researcher and as a person. I will truly
miss our weekly meetings, where we shared tea and had wide-ranging discussions

that extended well beyond physics.

[ would also like to thank my second supervisor, Wolfgang Langbein, for his valu-
able insights and ideas during our meetings. I especially appreciate the time and

care he devoted to commenting on paper drafts.

My sincere thanks go to Liubov Sirkina, with whom T had the pleasure of collabo-
rating throughout much of my PhD—it has been a real joy to work together. I am
also grateful to Amy Morreau, who co-supervised my MPhys project with Egor

and collaborated in this research.

I would also like to express my appreciation to my brother, Callum Hall, and my
friend, Arsenios Gisdakis. Studying alongside them both during our undergraduate
years made the journey all the more enjoyable. I am especially grateful to Arsenios

for his collaboration on parts of the work presented in this thesis.

A%



Finally, I thank the department for accepting me onto the foundation year ten
years ago, giving me a path into studying physics. Coming from a non-traditional
educational background, I did not have the qualifications to enter the undergrad-
uate course directly, and at one point, I thought that studying physics might be
out of reach. I will always be thankful for the opportunity.

Funding

I acknowledge support from the EPSRC under grant number EP/T517951/1

vi



Contents

1 Introduction 1
2 Background 6
2.1 The density matrix and coherences . . . . .. .. .. .. ... ... 6
2.2 Jaynes-Cummings (JC) model . . . . . . . ... ... ... 10
2.2.1 Weak and strong coupling regimes . . . . . . . ... ... .. 13

2.3 Independent boson (IB) model . . . . . . ... ... L. 18
2.3.1 Phonon memory time . . . . . . .. ... ... 30

2.4 SUMMATY . . . . o e e e 32

3 Path-Integral based approach: Combining the JC and IB models 34
3.1 Introduction . . . . . . . .. 34
3.2 System, excitation and the linear polarisation . . . .. ... .. .. 37
3.3 Trotter’s decomposition with linked cluster expansion . . . . . . . . 39
3.3.1 Trotter’s decomposition . . . . . ... ... 40

3.3.2 Linked cluster expansion . . . . . ... ... ... .. .... 42

3.3.3  Nearest-neighbours (NN) approach . . ... ... ... ... 45

3.3.4  The L-neighbour (LN) approach . . . . ... ... ... ... 48

3.3.5 Independent phonon baths . . . . ... ... ... ...... 50

3.4 Summary .. o.o. Lo e 51

4 Control of decoherence 52
4.1 Introduction . . . . . . . .. 52
4.2 Directly coupled QD qubits . . . . . . ... .00 53
4.2.1 Linear polarisation and dephasing rates . . . . . . . ... .. 53

4.2.2 Phonon-assisted transitions between hybridised qubit states 56

vil



CONTENTS

4.3
4.4

4.2.3 Physical interpretation of decoherence reduction . . . . . . . 60
4.2.4  Anisotropic QD qubits . . . . . ... 62
Cavity-mediated coupled QD qubits . . . . . ... .. .. ... ... 64
SUMMATY . . . . o v e 66

5 Optimisation of path-integral tensor-multiplication schemes in

open quantum systems 67
5.1 Introduction . . . . . . . . .. L 67
5.2 Systems and Hamiltonians . . . . . . .. ... .. ... ... ... 69
5.3 Path-integral approach . . . . . . ... ... ... ... ... 72
5.4 Optimisation scheme . . . . . . . ... . ... ... .. ... . ... 74

5.4.1 Generalisation to J-dimensional density matrix vectors . . . 82
5.5 Verification . . . . . ... . Lo 84
5.6 Extrapolation . . . . . .. ... L oL 85
5.7 Tlustrations . . . . . . . . . L 87

5.7.1 Accessing stronger coupling regimes in the QD-cavity system 88
5.7.2  Necessity of the optimisation in spatially extended systems . 90

5.8 Summary . .. ... 93

6 Conclusion 94
Appendices 97
A Representations . . . . . . . . . ... 98
Linear optical polarisation . . . . . . .. ... ... ... ...... 100

C  Absorption. . . . . . ... 103

D  Baker-Hausdorff lemma . . . . . . ... ... ... 105

E  The time evolution operator U(t) . . . . .. ... .. .. ... ... 106

F  Using linked cluster expansion in the IB model . . . . . . . . .. .. 108

G Evaluating the cumulant K(¢) . . . . ... ... ... ... 110

H  Exciton-phonon coupling elements and phonon spectral density . . . 111

I Choosing the time step in the Trotter decomposition approach . . . 117

J Fermi's golden rule . . . . . .. ... oo 120

viil



CONTENTS

K Triexponential fit of the polarisation for cavity-mediated coupled

QD qubits . . . .. 127
I Extrapolation of fit parameters . . . . . .. .. .. ... ... ... 128
Bibliography 130

X



Chapter 1

Introduction

When solids are scaled down to the nanometer range, they exhibit dramatically
different physical properties compared to their bulk counterparts. One of the
most notable changes is observed in the electronic energy structure due to quan-
tum confinement. Semiconductor quantum dots (QDs) are nanoscale semicon-
ductor structures where charge carriers experience quantum confinement in all
three spatial dimensions, leading to discrete energy levels—formed when a narrow
bandgap material is enclosed within a wider bandgap material. Common material
choices include gallium arsenide (GaAs), aluminium gallium arsenide (AlGaAs)
and indium gallium arsenide (InGaAs), of which the properties of the latter are
used throughout this thesis. In these structures, charge carriers experience three-
dimensional (3D) quantum confinement, leading to discrete energy levels [1-3].
These energy levels can be fine-tuned by modifying the QD size and shape [4]
making them remarkably versatile for various applications. Excitation of an elec-
tron from the valence band (VB) to the conduction band (CB) creates a positively
charged quasi-particle called a hole in the VB. In quantum dots, spatial confine-
ment leads to quantised energy levels for both carriers, forming an exciton. The
Coulomb interaction between the electron and hole introduces additional correc-

tions to their energies and wave functions, which is not taken into account in this
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thesis.

Of particular importance to this thesis is a QDs ability to exhibit coherence be-
tween the excited and ground excitonic states, making them a promising candidate

for qubits—the basic units of quantum computing.

When QDs are spatially separated and uncoupled, each can act as an indepen-
dent single-photon emitter. In such systems, if coherence is maintained between
the excited and ground states of each individual dot, it enables the emission of
indistinguishable photons. This indistinguishability is crucial for two-photon inter-
ference effects, which have been observed experimentally [5-7]. Importantly, these
results demonstrate that coherence must be preserved within each QD, even in
the absence of inter-dot coupling. While coherence in single-dot systems is valu-
able for generating indistinguishable photons, more complex architectures, such
as quantum logic gates, require coupling between multiple QDs. When two QDs
are directly coupled, their states hybridise, and the system behaves as a single,
extended quantum emitter. In this regime, maintaining coherence between the
hybridised states becomes essential, for example in the implementation of two-
qubit gates [8, 9]. Long-range qubit interactions can also be mediated via strong
coupling to photonic cavities [10], but regardless of the interaction mechanism,
preserving coherence in coupled systems remains a fundamental challenge due to

unavoidable coupling to the environment [11, 12].

QDs, which are often described as “artificial atoms” due to their discrete energy
levels, differ from isolated atoms because they are embedded within a solid-state
environment. This leads to interactions with quantised lattice vibrations, known
as phonons — which act as a source of decoherence. These exciton-phonon inter-
actions strongly influence the coherence and dynamics of QD systems, as demon-

strated by extensive theoretical and experimental research [13-32].

Several mechanisms underlie exciton-phonon interactions in QDs, including defor-
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mation potential coupling, piezoelectric coupling, and Frohlich coupling. Among
these, deformation potential coupling to longitudinal acoustic (ILA) phonons is typ-
ically the dominant source of dephasing at low temperatures [33-35]. Although
exceptions do exist, such as GaN-based QDs, where piezoelectric coupling can
surpass deformation potential coupling [14]. In contrast, Frohlich coupling pri-
marily involves longitudinal optical (LLO) phonons, which usually contribute little
to dephasing in GaAs-based QDs [36] at low temperatures. In particular, below a
temperature of 50K, the dominant source of dephasing is the deformation potential

coupling [37], phonon anharmonicity [38], and radiative decay.

The interaction between (QDs and phonons differs significantly from carrier-phonon
interactions in bulk semiconductors. Firstly, there is energy conservation in both
QDs and bulk semiconductors, but a strict momentum conservation takes places
only in the latter, as QDs break translational symmetry. In bulk materials,
phonons often mediate transitions between states of the electronic continuum.
However, in QDs, the discrete nature of the energy levels often leads to a mismatch
between the energy level differences and the typical phonon energies, known as the
phonon bottleneck [39, 40|. As a result, the coupling between QD electronic states
via phonons is relatively weak. Instead, on ultrafast timescales (ranging from a
few to tens of picoseconds), interactions with acoustic phonons become the domi-
nant mechanism of pure dephasing [13, 41]. The term pure dephasing arises from
the fact that, unlike transitions between electronic states, these interactions affect

the coherence of electronic states without altering their population.

In fact, following excitation with an ultrafast laser pulse, QD-phonon interac-
tions primarily influence the coherence dynamics of the system. This behaviour
is well-described by the exactly-solvable independent boson (IB) model (detailed
in Section 2.3), where even at low temperatures, acoustic phonons induce a rapid
non-Markovian decay of the QD coherence [42]. This rapid loss of coherence man-
ifests itself as broad side bands, known as the phonon broadband (BB), in the QD

absorption spectrum |[14].
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In systems with additional interactions, such as coupling to optical cavity modes
or other QDs, new hybridised states can emerge in the strong-coupling regime.
There is a coherent oscillatory exchange of energy between a QD and, for exam-
ple, a cavity mode [15] described by the Jaynes-Cummings (JC) model (detailed
in Section 2.2). This coherent energy transfer is observed as Rabi oscillations,
where excitation is periodically exchanged between the QD exciton and a photon
in the cavity mode. Phonons modify this interaction, dressing the hybridised QD-
cavity states. Unlike bare QD and cavity states, where pure dephasing cannot
induce transitions, the hybridised states can experience phonon-mediated transi-
tions, leading to a damping of Rabi oscillations [43-45]. In the frequency domain,
this damping appears as a broadening of the zero-phonon line (ZPL), the sharp
peak associated with the exciton transition frequency. This damping of the Rabi
oscillations is observed as a nearly Markovian long-time decay of the coherences

due to real or virtual phonon-assisted transitions [37, 46].

Historically, the dominating source of decoherence in a multi-qubit system inside a
cavity was due to the leakage of photons from the cavity due to its low quality fac-
tor, causing coupling with the continuum of external photonic modes. Therefore,
previous works have focused on exploiting the photonic bath coherent properties
to reduce dephasing, such as decoherence-free subspaces of subradiant quantum
superpositions [47, 48]. Specifically, the introduction of a second qubit coupled to
the same cavity gives rise to a subradiant superposition state that is decoupled
from the lossy cavity. However, although the quality factor of optical cavities dra-
matically increased over the past decade, the coherence times remain limited. As
discussed, now acoustic phonons present the major intrinsic source of decoherence

in QD systems.

While the interaction of hybridised QD states with a shared environment usu-
ally causes their dephasing, one of the key results of this thesis show that the
decoherence can be reduced, or completely suppressed, in coupled QD systems.

This suppression results from the collective coupling of the QD qubits to the same
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phonon modes [49], enabled by the coherent properties of the bath. In particu-
lar, when the qubit separation is an integer multiple of the phonon wavelength,
selected by the energy splitting of the coupled qubit states, there is a reduction in

the decoherence.

To investigate these effects, this thesis explores coherence in multi-QD-cavity sys-
tems with acoustic phonon coupling. The core elements are introduced in the next
chapter, beginning with a definition of key concepts, followed by a discussion of
the JC model to describe light-matter interactions. Next, QD-phonon interactions
are explored using the IB model. Both the JC and IB model are exactly solv-
able, and utilising these models when addressing the problem of phonon-induced
dephasing in the multi-QD-cavity systems is natural. However, the combina-
tion of the two models presents a significant challenge. To combine the models,
Feynman’s path-integral formulation provides an effective tool, giving an asymp-
totically exact solution for the density matrix dynamics. The later chapters of this
thesis develop a path-integral technique, combining Trotter’s decomposition with
linked cluster expansion to treat systems containing multiple QDs coupled to the
same phonon bath. These path-integral formulations lead to tensor-multiplication
schemes which are computationally expensive, and to address this, this thesis
provides an optimisation scheme to reduce computational requirements. The opti-
misation is based on remapping the tensors as matrices and employing a singular-
value decomposition (SVD) scheme to filter out unimportant contributions to re-

duce memory requirements and computational time.



Chapter 2

Background

2.1 The density matrix and coherences

This thesis focuses on the linear optical response, which we call throughout the
linear optical polarisation or more simply, the linear polarisation. In this context,
the linear polarisation corresponds to the off-diagonal elements of the density
matrix representing the coherences within the system. To understand this concept,
it is useful to introduce the the density matrix and clarify the significance of its

various elements.

The density matrix, denoted p, is a fundamental tool in quantum mechanics used
to describe the state of a quantum system, especially when dealing with mixed
states or systems subject to environmental interactions. It generalises the concept
of a wave function |¥) to take into account statistical mixtures of quantum states.

For a system with a set of basis states |i), the density matrix is expressed as
protal = Y _ pig |1) (4], (2.1.1)
1,J

where p;; = (i| p|j) are the elements of the matrix. The elements p;; contain

6
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information about the populations and coherences of the system. The diagonal
elements, p;;, represent the population of the system in the corresponding basis
state |i). Physically, this is the probability of finding the system in state |7). The
off-diagonal elements, p;; (i # j), represent the coherences between the basis states
|i) and |j), encoding the quantum superpositions. Since this thesis focuses on the
linear polarisation, emphasis is placed on the off-diagonal elements. Their evolu-
tion reveals how the system maintains or loses coherence due to interactions with
the environment. However, when a system interacts with a phonon environment,
the full density matrix pioa contains both the system and phonon degrees of free-
dom, making it impractical to work with p. directly due to the large phonon
Hilbert space. Instead, the reduced density matrix describing only the system is

used, given by
ps = Tr{ptotar} - (2.1.2)

where the phonon degrees of freedom are traced out. This results in an effective
evolution for pg that incorporates dissipative and decoherence effects due to phonon

interactions, rather than explicitly including phonon states.

For illustration, consider a QD-cavity system without phonons, where the reduced
density matrix (equivalent to the full density matrix in this case) can be expressed
in a basis of three possible states (considering only single particle states). We have
the state |0), which represents the absolute ground state of the exciton and cavity,
the first excited exciton state | X) and the cavity with a single photon |C'). Then,
the density matrix of the QD-cavity system is given by

pt) =D py®)1i) (il (2.1.3)

i,j=0,X,C

where the time dependent coefficients are expressed as p;;(t).

Introducing now the exciton or cavity creation (d' or a') and destruction operators
(d or a), defined as
d' = |X) (0], d = 10) (XT, (2.1.4)
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a’ = |C) (0], a=10)(C|, (2.1.5)

the creation or destruction effects of these operators can be seen by applying them

on the system states
d'|0) = ]X) (0[0) = |X), d|X) = 0) (X]X) = |0)

and

a']0) =1C)(0]0) = |C), a|C) =10) (C|C) = 10},

where the orthonormality of the states has been used, (n|m) = d,,,, where d,,
is the Kronecker delta. In addition, note that the states are limited to single
particle states, such that a' | X) = d"|C') = 0. Furthermore, applying a destruction

operator onto the ground state gives zero, i.e. d|0) =a|0) = 0.

The expectation value of an operator O in the density matrix formalism is given

by the trace formula,

(O) = Tr{pé} (2.1.6)

and by definition the polarisation is
P(t) = Tr{p(t)c}, (2.1.7)

where ¢ is the destruction operator associated with the measurement channel.
Since the polarisation that is measured is determined by the operator c, if it is
d (a), then the polarisation will represent the coherence between the first excited
excitonic (photon) state, |X) (]C)), and the ground state |0). To get a non-trivial
polarisation, a pulsed excitation is applied to the ground state of the system and
has the form

Ha(t) = VO(2), (2.1.8)

with
V= pu(E +¢), (2.1.9)

where p is a constant, and & is a general creation operator, referring to either

8
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the exciton creation operator (d') or cavity photon creation operator (a'). The
operator chosen depends on the mode of excitation being considered. The reason
both the creation and destruction operator appears in ) is due to Hermiticity, and
consequently the excitation is symmetrically applied to the density matrix. The
excitation is applied at time ¢t = 0, and the density matrix of the QD-cavity system

immediately after the pulsed excitation is given by the following transformation,

p(0+) — e—i ffooo Hext(t’)dt'p<_oo)eiffooo Hex (t')dt _ e*ivp(_oo)eiv' (2110)

Here p(—00) is the density matrix of the system in the fully unexcited state, |0) (0.

By expanding the operator e~ as a Taylor series and applying it to the ground
state |0), the effect of the excitation can be seen. Assuming the excitation occurs

in the excitonic channel, the Taylor series gives
iu(dt s
e~ +d) 0y = (1 —ip(d +d) — 7(dT +d)? + ) 0) . (2.1.11)

For a weak pulse the expansion can be truncated to first order, yielding |0) —isu | X),
therefore creating a coherent superposition of the ground state |0) and the single-
exciton state | X). In the case of cavity channel excitation, this creates a Glauber
coherent state [50|, however we reduce consideration to single-particle effects and
therefore it is only a superposition of |0) and |C') (one-photon cavity state). The
following time-evolution of the density matrix immediately after the pulsed ex-
cition is given by standard time-evolution in the Schrédinger representation (see

Appendix A for details on representations),
,O(t) _ e—thp(OJr)eth _ e—the—in(_oo)eiVeth’ (2.1.12)

where H is the system Hamiltonian. By definition, using Eq. (2.1.7), the polarisa-
tion is

P(t) — TI‘{e_the_iV,O<—OO)€iV€thC}. (2113)

However, in this thesis, Eq. (2.1.13) is reduced to the linear optical polarisation by

accounting for only terms linear in u. The linear optical polarisation is then given
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by
Pp(t) = Tr{e """Vp(—oc0)e'c}, (2.1.14)

where the unimportant factor —ip has been dropped. Eq.(2.1.14) describes the
linear response to a pulsed excitation in the channel determined by &' and ¢ in V,
and subsequent measurement in the channel determined by c. For the rest of the

thesis, the subscript L is dropped since we only consider the linear response.

2.2 Jaynes-Cummings (JC) model

We use the Jaynes-Cummings model to capture the essential features of light-
matter interaction by describing the coupling between a single fermionic two-level
system and a bosonic photon mode, in the absence of phonons [51|. In the full
JC model, multiple excitation levels can exist, where higher-energy states involve
additional cavity photons. These give rise to a series of coupled states forming
what is known as the Jaynes-Cummings ladder [52]. Here we consider an excitonic
system with only a ground state |0) and a single excited state | X), forming a two-
level system, coupled to a single mode of a photonic cavity |C'), where a single
excitation is shared between the exciton and the cavity mode. The Hamiltonian

of this exciton-cavity system is given by (with A = 1 taken throughout)
H = wxd'd + wea'a+ gla'd + d'a), (2.2.1)

where d'(a') is the exciton (photon) creation operator, wyx(w¢) is the exciton
(photon) energies and g is the exciton-cavity coupling strength. The exciton and

cavity photon frequencies are, in general, complex and written as
wx,c = Qx,c — 17x,c- (2.2.2)

The imaginary component, 7yx, of the exciton energy wx represents the phe-
nomenological ZPL linewidth, which accounts for the radiative decay of the exci-
ton. Similarly, v corresponds to the cavity losses, due to photons escaping from

the cavity.

10
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The coupling term ¢ in the JC model originates from the interaction between the
optical transition dipole moment of the QD exciton and the quantised electric field

of the cavity mode. The transition dipole moment is defined as
= (X]d]0), (2:2.3)

where d is the dipole operator. This transition dipole moment depends crucially
on the overlap between electron and hole wave functions. The cavity confines a

single quantised mode of the electromagnetic field described by the operator
E(r) = Eyu(r)(a + a), (2.2.4)

where Ey = \/wC/TOV represents the vacuum field amplitude with V' being the
effective mode volume. Here, u(r) denotes the normalised spatial mode profile (e.g.
a standing wave pattern in a Fabry-Pérot cavity). The Hermitian form (a + a')
emerges naturally from the canonical quantisation of the field. The light-matter

interaction Hamiltonian

Hy = —d-E (2.2.5)

couples the exciton dipole moment to the cavity field. Expanding the dipole

operator in the excitonic basis yields
d = p[X) (0] + p*[0) (XT, (2.2.6)

where the permanent dipole terms are omitted since they do not contribute to
optical transitions. Substitution into the interaction Hamiltonian Eq. (2.2.5) leads
to four interaction terms: —(p-uFp) | X) (0| @ and —(pu* - u*Ey) |0) (X|a' describ-
ing energy-conserving processes (photon emission with exciton recombination and
photon absorption with exciton creation), along with — (g - u*Ep) |X) (0| a' and
—(p* - uFEy) |0) (X|a representing non-energy-conserving counter-rotating terms.
The rotating wave approximation (RWA) provides a simplification by keeping only
the energy-conserving terms. In the interaction picture, the energy-conserving

terms evolve as e™@x—wc) (slow oscillations), while the counter-rotating terms

11
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oscillate rapidly as et @x+wc)t When the coupling strength ¢ satisfies
9 < Qx,Qc, (2.2.7)

where € is the real component, these counter-rotating terms average to zero on the
system’s characteristic timescale ~ 1/g and can be neglected. This approximation

yields the simplified interaction Hamiltonian
Hiy = g(a' |0) (X[ + a]X) (0]), (2.2.8)

which is equivalent to the interaction term in Eq. (2.2.1) and where the coupling
strength

g=p-ukyx % (2.2.9)

depends on the transition dipole moment, vacuum field amplitude, and mode over-
lap. The coupling strength g fundamentally reflects the strength of the overlap
between the exciton’s transition dipole moment and the cavity’s vacuum electric
field, while the RWA’s validity requires the coupling to be much smaller than
the system’s natural frequencies. Beyond this regime, such as in ultrastrong cou-
pling situations, one must consider the full quantum Rabi model that retains the
counter-rotating terms. As outlined in the previous section, for a single-particle
treatment (first rung of the JC ladder), the exciton and cavity operators can be ex-
pressed in the {|X),|C)} basis, which expressed in matrix form, the Hamiltonian
Eq. (2.2.1), is given by

H= " 9. (2.2.10)

g Wwc

When a pulsed excitation is applied to the system, the linear optical polarisation
Pr(t), determined from Eq. (2.1.13), for the JC model is given by (see Appendix B
for the full derivation)

Pji(t) = (jl e [k) (2.2.11)

where k represents the excitation channel and j is the measurement channel.

Eq. (2.2.11), which accounts for all possible combinations of excitation and mea-

12
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surement channels, expressed in matrix form is

. Pxx(f) Pxc®)) . . fet 0 .
Py = 1O Pxe@) o e R (2.2.12)
ch(t) PCC (t) 0 67M2t

where e ="t has been evaluated by diagonalising the JC Hamiltonian matrix, given

in Eq. (2.2.10), with the help of the eigenvector matrices Y and V! defined as

i , (2.2.13)
b«
where
A S (2.2.14)
/AQ + 92
f=—T (2.2.15)

/A2 +92’
and A = /6> +¢*> —§ with 6 = J(wx — we) being half of the detuning. The

eigenenergies wj o are given by

w2 = w F Vg + 2 (2.2.16)

which are complex in general and can therefore be written as w; o = 259 — 771 9.
Here, €); 5 are the real eigenenergies and ;9 are the linewidths. Physically,
the exciton-cavity coupling parameter g is mixing the exciton and cavity photon

modes, resulting in upper (2) and lower (1) polariton states.

2.2.1 Weak and strong coupling regimes

In this section, the influence of the term F4/g? + 02 within Eq. (2.2.16) is investi-
gated to identify the weak and strong coupling regimes. Firstly, consider the case

of zero detuning for simplicity (Qx = Q¢), Eq. (2.2.16) can then be written as

i

Wiz = Qc — 5

(vx +7¢) F %\/492 — (vx —70)% (2.2.17)
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Focusing on the square root term, if g < %WX — 7¢/|, then the splitting in wy o
is purely imaginary. As a result, the real parts of the eigenenergies, (1o, are
degenerate, which defines the weak coupling regime. In contrast, if g > 1|yx —7c/,
the square root becomes real, leading to a real energy splitting. Therefore, the real

eigenenergies €); o are non-degenerate, characterising the strong coupling regime.

30 7 Y1 Qz
2 20
2 /
N 101 Y2,
— -
D -
o 07
G
| —10-
~
S —201 O3
_30 T T T T T T T
0 5 10 15 20 25 30

coupling strength, g (ueV)

Figure 2.1: Real and imaginary components of the upper (2) and lower (1) polari-
ton eigenenergies for the case of zero detuning (Q2x = Q¢) with vx = 2 eV and
Yo = 30 peV.

Fig.2.1 shows the effect of increasing the exciton—cavity coupling strength ¢ on
the real and imaginary parts of the eigenvalues of the JC Hamiltonian. These
correspond to the energies €2 o and linewidths 7 5 of the polariton states. At low
g, there is no clear energy splitting, and the system remains in the weak coupling
regime. In this regime, although enhanced spontaneous emission — known as the
Purcell effect [53] — can occur due to the presence of the lossy cavity, it is not
visible in the eigenvalues of this diagonalised Hamiltonian. Instead, the imaginary
parts ;2 simply reflect the mixing of the exciton and cavity linewidths vy and
Yo, and there is only one distinct eigenenergy. Physically, in the weak coupling
regime the emission spectrum consists of a single broadened peak (at or near
the cavity resonance) with a decay rate faster than the bare exciton lifetime, the

enhancement factor being given by the Purcell factor Fp oc Q/V, where @) is the
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cavity quality factor and V' the mode volume. This is a purely irreversible process

without coherent Rabi oscillations.

As g increases further, the eigenstates begin to hybridise more significantly, and
at a specific value of g, there is an exceptional point resulting in the formation of
two branches, known as polariton branches. This marks the onset of the strong
coupling regime. The value at which this occurs is observed to be g ~ 14 ueV for
the parameters used here, but is dependent on the broadening parameters yx c.
In strong coupling, the emission spectrum shows two well-resolved peaks (upper
and lower polaritons) whose splitting follows the well-known avoided crossing as
a function of exciton—cavity detuning. In the time domain, this corresponds to a
reversible exchange of energy between the exciton and cavity mode at the Rabi

frequency.

The difference between the polariton eigenenergies is known as the Rabi splitting,

which for g > ¢ is simply given by
AQ = Qs — O ~ 29, (2.2.18)

and is often referred to as the nominal Rabi splitting. There is a timescale asso-
ciated with the coherent exchange of energy between the polariton states, called

the characteristic polariton timescale, 7j¢, and is defined as

2

TIC = E, (2219)

in general. This is the period of the Rabi oscillations, and in the specific case of

zero detuning, 7;c ~ 7/g.
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Figure 2.2: The absolute value of the linear polarisation, |Pxx(t)|, in the JC
model in the strong-coupling regime, according to Eq.(2.2.12). The calculations
are performed for zero detuning (Qx = €¢) and no added damping (yx,c = 0) for
two exciton-cavity coupling strengths, g = 50 ueV (red) and 100 peV (blue).

Fig. 2.2 shows the linear polarisation for excitation and measurement in the ex-
citonic channel |Pxx(t)|. The oscillations show the coherent exchange of energy
between the exciton and cavity, with the frequency determined by the Rabi split-
ting given by Eq.(2.2.18), related to the timescale Eq. (2.2.19). The larger exci-
ton—cavity coupling strength of 100 ueV shows an oscillation frequency twice that
of the lower, g = 50 ueV coupling, as expected. Notably, there is no gradual loss
of coherence, since there are no phonons and no phenomelogical dampings (vx ¢)

added.

Experimentally, some controllable parameters in the JC model are: g, which can
be increased by reducing the cavity mode volume and improving the spatial and
spectral overlap between the exciton and the cavity mode. 7¢, which depends on
the cavity @-factor and can be lowered via improved fabrication or mirror reflec-
tivity; vx, which is set by the intrinsic exciton lifetime, and can be reduced at
low temperatures or in high-quality QDs. The detuning, A = Qx — Q¢, can be
tuned via temperature, electric field (quantum confined stark effect), or mechani-
cal strain since these mostly affect the exciton transition energy and not the cavity.
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Transitioning from weak to strong coupling requires increasing g and/or reducing
vx and v¢. The onset of strong coupling is confirmed experimentally by the obser-
vation of a resolvable Rabi splitting in the spectrum or coherent Rabi oscillations
in the time domain, in contrast to the single broadened peak characteristic of weak

coupling.

Using the polarisation, given by Eq.(2.2.12), the absorption spectra can be found
by taking the real component of the Fourier transform (FT) of P(t), see Ap-
pendix C for details. Considering only excitation and measurement in the exciton
mode, i.e. Pxx(t), the absorption in the exciton mode under exciton feeding is

given by

AXX(w):Re{ io? | " } (2.2.20)
2
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Figure 2.3: Absorption spectra, Axx(w), for zero detuning between the exciton
and cavity modes (Qx = ¢) for three different exciton-cavity coupling strengths,
g = 10, 50 and 500 peV. The phenomenological dampings used for a finite ZPL
width are vx = 2 peV and ¢ = 30 peV.

Fig. 2.3 shows the absorption spectra |Axx(w)| for three different coupling strengths
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g. For low g (10 ueV), there is only one distinct Lorentzian profile, as expected,
due to the degeneracy of the real eigenenergies in the weak coupling regime. Phys-
ically, this is reasonable, since it shows the absorption is occurring at an energy of
w = Q¢ = Qx in the case of zero detuning, meaning that light is being absorbed at
the transition frequency of the exciton, as one would expect for no/weak coupling
to the cavity mode. For the spectra corresponding to larger g, there are clearly two
distinct peaks which is a signature of the strong coupling regime. These peaks are
located at the real eigenenergies of the polariton states €2; o and have linewidths
71,2, where the separation between the peaks is approximately given by the Rabi
splitting 2¢g. Furthermore, the linewidths of the Lorentzian profiles appear to be
the same, as shown in Fig. 2.1, consistent with Eq.2.2.17. To summarise, in the
strong-coupling regime, the exciton and cavity photon form a hybridised quasi-
particle called a polariton. Polaritons have two distinct eigenenergies, referred to
as the upper polariton (UP) and lower polariton (LP) branches. Physically, this
means that energy is coherently exchanged between the exciton and the photon,

leading to the joint absorption and emission of light.

The Jaynes-Cummings model will be used later as part of a model that includes

the presence of the phonon environment in QD-cavity or multi-QD systems.

2.3 Independent boson (IB) model

The next step is to examine the independent boson model, an exactly solvable
model that successfully explains phonon-induced dephasing in QDs [54]. We con-
sider a polaron, which is formed when a single QD couples to bulk acoustic phonons
[13]. The coherence of an exciton in a QD is fundamentally limited by its inter-
action with phonons in the surrounding lattice. This interaction arises because
lattice vibrations modify the crystal’s periodic potential, leading to shifts in the
electronic band edges. For acoustic phonons, the dominant coupling mechanism
is the deformation potential. The relevant lattice quantity is the local volumetric

strain associated with lattice displacement u, given by V - u. This strain field in-
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duces energy shifts in the conduction and valence bands given by AE. = D,V - u
and AF, = D,V - u, respectively, where D, and D, are the deformation poten-
tials. The total shift for the exciton energy is then AExy = AFE, — AFE,, where
the negative sign accounts for the fact that a given strain has opposite effects on
electrons and holes. This coupling mechanism is highly selective and the defor-
mation potential interaction primarily involves LA phonons. Transverse acoustic
(TA) phonons are neglected as their shear strain (V - u = 0) results in negligible
coupling via this mechanism. Optical phonons are also disregarded, as they are
not thermally populated at the low operating temperatures considered. In GaAs
QDs, optical phonon modes have high energies (~ 36 meV) which corresponds to
around room temperature. Having established the deformation-induced energy

shifts, the interaction Hamiltonian term for an exciton can be expressed as
Hx—ph = Do(V - u(re)) — Dy(V -u(ry)), (2.3.1)

where u(r) is the phonon displacement field at position r. The displacement field

for LA phonons is quantised as
1 ,
_ E T \apiar
u) = 2y g, e T P)a (232

where bL is the bosonic creation operator of a bulk phonon mode with the mo-
mentum q and frequency w, (denoting ¢ = |q|). q is the unit vector along q and
wg = Vsq is the phonon energy, assuming a linear dispersion. The linear dispersion
assumption is valid as the LA branch is well approximated by a straight line near
q = 0 (long wavelength limit). Deviations from this approximation occur near
the Brillouin zone edges, but those higher energy phonons contribute negligibly at
the low temperatures considered here. p,, is the material mass density, v, is the
sound velocity in the material and €2 is the sample volume. The functional form
of Eq. (2.3.2) remains the same across materials, provided deformation potential
coupling dominates and linear dispersion holds, though parameters like p,, and vy

vary. The model in this thesis uses realistic InGaAs QD parameters, which can be
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found in Table 2.1. Taking the divergence V - u gives:

Z T qu (bq + bT_q) e, (2.3.3)

Projecting onto the exciton wavefunction Wy (r.,ry), the interaction Hamiltonian

Hyon = / dr., / ey U (v, 1) 2 [Do(V - u(re)) — Dy(V - u(rn))] . (2.3.4)

Substituting V - u into the interaction Hamiltonian, we are able to write it as

Hx_ph =Y (Agbq + Al o)d'd, (2.3.5)

q —q
q
where did = | X) (X| is the projector onto the exciton state, reflecting the fact that
the phonons only couple to the system when the exciton is present. The coupling

element A\ is

Ag =i

D 2.3.6

and D(q) is the exciton-phonon form factor, given by

_ / dr., / den [ U (o, 1)2 (Dec™™ — Dycia™) . (2.3.7)

Using the linear dispersion of LA phonons and neglecting the factor i, since only

|Aq|? matters physically, we find for the exciton-phonon coupling element

A = %. (2.3.8)

The coupling term Eq. (2.3.8) enables computation of the spectral density, which
characterises the bath’s influence. The phonon spectral density is defined as
J(w) = >4 [Aql*d(w—w,), which is effectively the exciton-phonon coupling strength
weighted by the phonon density of states (the derivation is provided in Appendix H).
From Appendix H, it is worth noting that for LA phonons the density of states con-

tributes an w? term, and the exciton-phonon coupling [\y|? contributes w, which
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results in the phonon spectral density having a super-ohmic form of w3. This super-
ohmic form means low-frequency phonons couple much more weakly to the exciton
and results in the dominant interactions coming from higher energy phonons, up
to a cut-off value set by the finite QD size. This super-ohmic spectral density
creates a structured environment where a specific, narrow range of phonon modes
around the cut-off frequency dominates the interaction with the exciton. In fact,
the structured environment introduces finite bath correlation times, leading to
memory effects and non-Markovian dynamics. A flat spectral density corresponds
to a bath having no correlation time, i.e. it “forgets” instantly, so the system
only displays Markovian dynamics. While deformation potential coupling to LA
phonons yields a super-ohmic (w?®) form, other mechanisms such as piezoelectric

coupling can produce ohmic (w) behaviour.

Having established the microscopic interaction between the QD exciton and LA
phonons, we now turn to the IB model, which describes this system with the
following Hamiltonian:

H = Hy, + (wx + V)d'd, (2.3.9)

where as before, d'(d) is the exciton creation (annihilation) operator, and wyx is

the exciton energy. The energy of the phonon continuum is given by
Hyp = weblba, (2.3.10)
q
and the exciton-phonon coupling by

V= ZA bg + b (2.3.11)

as shown in Eq. (2.3.5). The coupling of the exciton with the phonon mode q is
given by the matrix element Ay, which depends on the material parameters and
exciton wave function (details of the specific form given in Appendix H). While the
IB model effectively accounts for a major source of non-Markovian pure dephasing

[37], it does not capture the broadening of the ZPL, a limitation arising from the
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linear system-bath coupling.

Applying the formalism of open quantum systems [55], the exciton can be consid-
ered as the system and the phonons as the environment. The Hilbert space H of
the combined system and environment is given by the tensor product (®) of the

excitonic Hilbert space HX) and phonon Hilbert space H®"),
H=H®gn. (2.3.12)

Likewise, the density matrix of the combined system, which is used to find the
polarisation, is given by the tensor product between the density matrices of the

excitonic system and phonon environment,

p(t) = px(t) © ppu(t). (2.3.13)

The density matrix before any excitation, p(—o0), is the density matrix of the
fully unexcited system,

p(~00) = 10} {0] @ ppi. (2.3.14)

consisting of the absolute ground state of the exciton and the phonon environment
in thermal equilibrium, described by the density matrix

e_Bth

Pob = B (2.3.15)
PP Tr{e Pl

where g = kBLT with T" being the temperature and kg is the Boltzmann constant.

The subscript ph on the trace refers to the trace being taken over all phonon states.

As previously mentioned in the Sec.2.2, a pulsed excitation is applied at ¢t = 0 to
get a non-trivial polarisation. However, the pulsed excitation Eq. (2.1.9) containing
¢'(¢) must be df(d), the exciton creation (destruction) operator, since the cavity

does not exist in this model:

V= pu(d + d). (2.3.16)
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The following time-evolution of the density matrix is once again given by the
Schrodinger representations time evolution, as in Eq.(2.1.12). Then, an expression
for the linear optical polarisation is obtained by substituting the relevant quantities

into Eq.(2.1.13) (see Appendix B for full derivation), giving
Pxx(t) = 6_ith<U(t)>ph, (2317)

where (...)pn i the expectation value taken over all phonon states in thermal equi-
librium and U(t) = efote=t is the time-evolution operator in the interaction
representation. The subscript denoting exciton channel excitation and measure-
ment is dropped for the rest of this section, since it is the only possible choice.

The time-evolution operator has the form (see Appendix E for derivation)

(U(t)) = <T[exp ( - z’/ot dtlff(tl)ﬂ > (2.3.18)

where 7 denotes the time ordering operator and (...) denotes the expectation
value taken over all phonon states, dropping the subscript ph. The tilde denotes
the interaction representation of V' (see Appendix A.3 for details on the interaction

representation), which is given by

V(t) _ einhtve—inht — Z /\que—iwqt + )\qbiqeiwqt7 (2319)
q

where the Baker-Hausdorff lemma has been used (see AppendixD) to find the
explicit time dependence and noting also that A\, = A* . Then, by using linked
cluster expansion [37, 46, 54|, Eq. (2.3.18) can be expressed compactly in terms of
the cumulant K (),

(U(t)) = <T[exp ( —z/ot dtlv(tl))}> — KO, (2.3.20)

where the cumulant is given by

K(t) = —%/Otdtl /Otdt2<7'f/(t1)f/(t2)>, (2.3.21)
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as detailed in Appendix F. Eq. (2.3.20) can be substituted into the linear polarisa-
tion, Eq. (2.3.17), giving
P(t) = e~ @xtelO®), (2.3.22)

This approach is particularly powerful, as it allows for an elegant and exact re-
summation of contributions from all orders of the perturbation generated from
expanding the time evolution operator. This is possible due to the system-bath
interaction, given by Eq.(2.3.11), which is linear in the phonon operators and
diagonal in the exciton operators. This linearity allows for the use of Wick’s the-
orem to reduce all higher-order phonon correlations to second-order correlations.
Unlike models with non-linear system-bath couplings (which require truncation
or approximations), the IB model allows the exact form of K (¢) to be computed,
and thus, the polarisation is known exactly. However, the IB model does not
capture ZPL broadening due to the linear coupling, for example, in Ref.37 the
quadratic coupling to phonons leads to ZPL broadening. Also, in Ref.|56], using
one-dimensional (1D) phonons, the same coupling leads to a finite ZPL width due

to the specifics of the phonon spectral density.

The expectation value in the cumulant K (¢), where V(¢) is defined in Eq.(2.3.19),

is evaluated in Appendix G as

2
(,dq Wy

N : N 1, X3
KW= M( Sl 1y L Sty @—>7 (2:3.23)
q q
where N(w) is the Bose-distribution function, given by
N(w)=1/[e™ —1], (2.3.24)

for phonons of energy w, and noting that it is also a function of the temperature,
contained within 5. The summation over q can be converted to an integration in

the following way,

Q / 5 Q /oo ) T ‘ 27
— d’q = q dq/ sm@d@/ do, 2.3.25
zq: (27)3 (QW)S 0 0 0 ( )
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then, integrating over angles gives

— — 4w q°dq = —/ q-dq. (2.3.26)
zq: (2m)?3 0 21 Jo

Now, using the linear dispersion relation w = v,q (where ¢ = |q|), so ¢ = w/v, and

dq = dw /v, we find

Q [,
> = 27T2U3/0 w?dw, (2.3.27)
q S

Note also that [A\gq|*> can be expressed in terms of the spectral density J(w) =
> g 1 Aal?0(w — wy). The spectral density describes the strength of the exciton-
phonon coupling as a function of the phonon frequency w, weighted by the density
of phonon states at that frequency, and is given explicitly by

30D )2 —w?
~ w(D.— Dy) o

J(w) = (2.3.28)

A2 P03
for spherical (isotropic) QDs (see Appendix H for derivation). Eq. (2.3.28) assumes
a factorisable form of the exciton wave function, W (re, ) = e (re)n(ry), where
Ye(n)(r) is the confined electron (hole) ground state wave function. Also chosen
is spherically symmetric parabolic confinement potentials which give Gaussian
wave functions. This Gaussian form results in the Gaussian factor in the spectral
density, and thus wyq is inversely proportional to the Gaussian length. Where wy is

related to the time scale of the phonon system, given by

V2,
-

wo = (2.3.29)

[ is the electron/hole confinement length, taken to be equal for simplicity. In
short, some assumptions made in deriving the spectral density are, (i) the phonon
parameters in the QD are not significantly different from those in the surrounding
material, (ii) the acoustic phonons follow a linear dispersion of w, = v,|q|, and
(iii) there is a spherically symmetric parabolic confinement potential resulting

in Gaussian wave functions. Using the spectral density, is possible to rewrite
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Eq.(2.3.23) as

K(t) = /0 " o J(w) (M[em e NI L gy i—t). (2.3.30)

w? w? w
In the long-time limit, Eq.(2.3.30) simplifies to
Ko(t) = —iQt — S, (2.3.31)

where (2, is the polaron shift, and is defined as

Q, - — /Oo dw@. (2.3.32)

Physically, the polaron shift represents a renormalization of the excitonic energy
level due to the formation of a phonon cloud surrounding the quantum dot, which
arises from the exciton—phonon interaction. This shift reflects the reorganisation
of the lattice upon exciton creation, effectively dressing the exciton and forming a
quasiparticle known as a polaron. The polaron shift is a temperature-independent
effect. The next term in Eq. (2.3.31), S, is an effective Huang-Rhys factor which
depends on the temperature and quantifies the coupling strength between the ex-
citon and the phonon bath. The Huang-Rhys factor, in the context of a single
vibrational mode, is given by Sygr = % It is a dimensionless measure of the
strength of the electron-phonon coupling. It quantifies the number of phonons
emitted during a transition and the associated reorganisation energy. For a con-

tinuum of phonon modes, the Huang-Rhys factor generalises to the integral form

SHR = /OO dw J<w) <2333>

)
UJ2

which determines the ZPL weight =¥ at zero temperature. In the IB model at
finite temperature, the relevant quantity controlling the long-time value of the

polarisation incorporates the phonon populations, yielding

S— / " @ on(w) 1 1), (2.3.34)

w
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This temperature-dependent generalisation can be regarded as an effective Huang—
Rhys factor, since it plays the same role in renormalising the ZPL but also incor-

porates thermal fluctuations in addition to zero-point contributions.

Using Eqgs.(2.3.30)-(2.3.32) and Eq. (2.3.34), the cumulant K (¢) can be separated
into the long-time asymptotic behaviour K. (¢), which forms the ZPL in frequency
space and a rapid initial decay Kgg(t) which results in the phonon broadband in

frequency space, given by

Kan(t) = /0 RRC) (N(w)ewt +[N(w) + 1]e-iwt). (2.3.35)

w?

Thus, the full cumulant is a sum of the two,

K(t) = Kgp(t) + Kxo(t). (2.3.36)
The polarisation, given in Eq.(2.3.22), is then re-expressed as

P(t) = e xRl Kon () (2.3.37)

The Huang-Rhys factor S and the broadband contribution Kpg(¢) must be nu-

merically integrated, allowing for the polarisation Eq.(2.3.37) to be calculated.

Throughout this thesis, the properties of InGaAs QDs are used [37, 46|, which
are listed in Table 2.1. The rest of the parameters, such as confinement lengths,
phonon bath temperature and coupling strengths, will be provided in the figure

captions.

Table 2.1: Physical parameters of QD material (InGaAs)

Parameter Value Units
Deformation potential difference (D, — D,) —6.5 eV
Mass density (p,,) 5.65 g/cm?
Speed of sound(v;) 4.6 km s™!
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Figure 2.4: The absolute value of the independent boson model linear polarisation
|P(t)] for T' = 50 K according to Eq.(2.3.37). The calculation was performed using
the QD parameters in Table 2.1 and using an isotropic QD model with Gaussian
confinement length [ = 3.3 nm.

Fig. 2.4 shows the absolute value of the linear optical polarisation in the IB model
for T" = 50K and isotropic QDs with confinement length [ = 3.3nm. No phe-
nomenological damping was used, i.e. vy = 0, so that the exciton energy wy is
real. There is a rapid initial decay due to Kpg(t), where it is observed that the

initial decay occurs within roughly 2ps at 7' = 50 K.

The cumulant in the IB model, Eq.(2.3.36), describes the effects of the phonon
bath on the system, and has been separated into different frequency components
of the bath (leading to early and long time effects). The broadband component
Kgg(t) is mostly referring to the contribution from high-energy phonon modes, re-
flecting the rapid adjustment of high-frequency phonons to the new exciton state
at t = 0, following the pulsed excitation of the QD. These high-frequency modes
quickly interact with the system at early times, causing a rapid non-Markovian
decay in the polarisation i.e. quickly disturbing the coherence between the exci-
tonic state and ground state. This initial decay arises because the phonons induce
memory effects over short timescales, known as the memory time, during which
the system retains information about its earlier states rather than “forgetting”

them immediately, as in Markovian evolution.
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Once the polaron is formed, the phonon bath stabilises because the phonons couple
only diagonally to the system, meaning they shift the energy of the excited state
without inducing transitions. Consequently, after the initial decay, the polarisation
stabilises to a reduced but constant value, proportional to e=® (the ZPL weight),
with no further reduction at long times in the IB model. To introduce long-time
ZPL broadening, one would need some off-diagonal coupling to induce transitions
between system states which is not present in the IB model, or introduce higher-

order phonon-phonon interactions, e.g. cubic interactions in [38].

It is intuitive that temperature plays an important role, since Kgg depends on
the phonon populations, determined via N(w), which increases with increasing
temperature. The increasing temperature means that more phonon modes are
thermally populated, increasing the effective coupling strength to phonons and
speeding up the initial loss of coherence. The broadband contribution can be found
by taking the full linear polarisation Eq.(2.3.37) and subtracting the asymptotic
behaviour P (t), Pp(t) = P(t) — Pwo(t), leaving only the early-time broadband

contribution. Fig. 2.5 shows the broadband contribution to the linear polarisation

100
1071 3

1072 E

|P(t) — P (t)]

1073 E

1074 3

10_5 T T T
0 2 4 6 8 10
time (ps)

Figure 2.5: The absolute value of the broadband contribution to the independent
boson model linear polarisation |P(t) — P (¢)| for "= 0, 5, 50 K. The calculation
was performed using the QD parameters in Table 2.1 and using an isotropic QD
with confinement length [ = 3.3nm

for three temperatures, T'= 0, 5 and 50 K. At T' = 0,K, the phonon bath is in the
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ground state with no thermally active phonons. When the exciton is first created,
the lattice is immediately pushed out of its equilibrium position, creating lattice
vibrations (polaron formation). The excitonic state becomes entangled with the
phonons created by the excitation causing the loss of coherence. In the finite
temperature case, the phonon bath is already thermally populated and introduces
further decoherence. The exciton-induced lattice displacement interacts with these
active modes, producing additional phase fluctuations in the exciton’s coherence
during the initial polaron formation. This accelerates the early-time dephasing

relative to the T'= 0K case.

2.3.1 Phonon memory time

It is useful to define the characteristic timescale associated with this system 7,

defined as

2 2wl
T~ — = Vo : (2.3.38)

Wo Vs

where wy is given in Eq. (2.3.29). This quantity provides an approximate timescale
for the phonon memory time. Physically, 7ig corresponds to the time required
for lattice atoms to return to their equilibrium positions once the exciton has
recombined (or similarly, the formation time of the phonon cloud following exciton
creation). For the system parameters used in this section, 7ig is approximately
3.2 ps, and as shown in Fig. 2.5, this approximation is reasonable for temperatures
exceeding 5 K. A more precise characterisation of the phonon memory time could
be obtained by identifying the time at which the Kgg term decays below a given
threshold, such as 1073, This approach more closely aligns with how memory

times (or correlation times) are defined in non-Markovian methods.

At this point the absorption spectra can be considered, which is obtained by taking
the real component of the FT of the linear polarisation, given in Eq.(2.3.37).
Taking the F'T of the initial rapid decay would result in spectrally broad absorption
features, giving the phonon broadband. However, the ZPL does not have a finite
linewidth in the IB model, therefore, one can add a phenomenological damping vx,
resulting in complex exciton energy wx = {dx —i7yx. The result is that an artificial
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ZPL linewidth is introduced in the absorption spectra, though not intrinsic to the

IB model.

It is possible to find the ZPL by neglecting the broadband contribution from
Kpg(t) in Eq. (2.3.37), allowing an analytical solution,

-8
€ "x

AZPL(W) = (w — QX)Q n 7?(’ (2339)

where the complex frequency wx has been separated into real ({2x) and imaginary
(vx) components, and defining Qx = Qx + Q,. Thus, Qx has the meaning of the
ZPL position in frequency space shifted by 2, from the bare exciton energy Qx,
hence the name polaron shift. Eq.(2.3.39) is simply a Lorentzian broadened line
centred on the real energy (2x. By neglecting the phonon contributions entirely,

the absorption spectra of the ZPL is given by

_ X
Alw) = W 0x) 12 (2.3.40)

By comparing Eq.(2.3.39) with Eq.(2.3.40), it can be seen that the effects of
phonon interaction with the exicton are to (i) suppress the ZPL weight by a factor
of e, (ii) displace the ZPL from the bare exciton energy by the polaron shift
Q,. There are further effects associated with the eP® term we neglected in the
absorption spectra. The long-time asymptotic behaviour of Eq.(2.3.37) can be
subtracted from the full expression, as performed in Fig.2.5, leaving only the
rapid initial decay of the polarisation. Then numerically taking the real part of its
FT, the phonon broadband can be found, which is then added to the analytic ZPL

result from Eq.(2.3.39) to produce the full absorption spectra of the IB model.

Fig. 2.6 shows the absorption spectra of the independent boson (IB) model at T =
5, K (left) and 7" = 50, K (right). The central peak corresponds to the zero-phonon
line (ZPL), as described by Eq. (2.3.39). It represents the direct optical transition
between the ground state and the first excited exciton state, shifted by the polaron

shift due to exciton—phonon coupling. The influence of phonons is evident even at
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Figure 2.6: Left: Absorption spectra A(w) for T'= 5 K. Right: Absorption spectra
for T'= 50 K. The calculation was performed using the QD parameters in Table
2.1 and using an isotropic QD with confinement length | = 3.3 nm.

T = 5K, where it is clear that absorption occurs at frequencies above the ZPL.
This corresponds to phonon emission processes, i.e. the exciton absorbs a photon of
higher energy than the bare transition energy, and the excess energy is released by
emitting one or more phonons. At T'= 50K (right), the spectrum becomes more
symmetric. This is due to an increased phonon population at higher temperatures,
enabling phonon absorption processes, i.e. photons with less energy than the bare
exciton transition can still excite the system if the missing energy is provided by
absorbing phonons from the environment. These features reflect phonon-assisted
transitions, where the exciton can absorb light at off-resonant energies due to
energy exchange with the phonon bath. As a result, the absorption spectrum
broadens and develops sidebands around the ZPL, with the shape becoming more
symmetric at higher temperatures due to the balance between phonon emission

and absorption.

2.4 Summary

In this chapter, we used the JC model to investigate the linear polarisation and
absorption spectra in a QD-cavity system. We saw that in the strong-coupling

regime, the coherent exchange of energy between the QD and cavity results in the
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formation of a polariton with an upper and lower branch. The energy splitting
between the branches is known as the Rabi splitting, determined via the exciton-
cavity coupling strength. The transfer of energy between these branches results in
Rabi oscillations seen in the quantum dynamics. Then, the QD exciton-phonon
interactions described by the IB model were studied. This introduced techniques
on how to incorporate the influence of phonons on the system. Also, the effect that
phonons have on the coherences was observed, in particular the non-Markovian
dynamics which is characterised by the rapid initial decay in the linear polarisation.
This rapid initial decay is a fingerprint of the polaron formation. We also saw that
the IB model, which only has diagonal QD-phonon coupling, does not introduce
any long-time decay of the linear polarisation. Importantly, both the JC and 1B
models have exact solutions, but the combination of these techniques presents a
challenge. The IB model allowed us to understand the loss of coherence in a single
QD system coupled to a phonon bath, but more complex architectures, such as
quantum logic gates, require coupling between multiple QDs. When two QDs
are directly coupled, their states hybridise, and the system behaves as a single,
extended quantum emitter. In this regime, maintaining coherence between the
hybridised states becomes essential, for example in the implementation of two-
qubit gates [8, 9]. In the following chapter, an approach is developed to extend
beyond the IB model, allowing us to study multi-qubit systems and decoherence.
Through this, a method to preserve coherence in these coupled qubit systems is

described and illustrated.
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Chapter 3

Path-Integral based approach:
Combining the JC and IB models

3.1 Introduction

The decoherence and phenomena such as energy relaxation dynamics of open
quantum systems is characterised by the interaction between the system and its
surrounding environment (bath). In the simplest case, the system-environment
coupling is weak and it can be assumed that the environment lacks memory, i.e.
Markovian, and remains uncorrelated with the system. This assumption allows
the use of Born and Markov approximations [55, 57, 58| resulting in a time-local
equation of motion. This is valid because the environments effect on the system
occurs on a much larger timescale than the correlation time of the environment.
However, many quantum systems deviate from this idealised case, and memory
effects play a critical role and render the Born-Markov approximation invalid. In
such non-Markovian regimes, the system’s evolution depends on its past inter-
actions, leading to complex phenomena [13, 18, 22, 30]. Accurately capturing
these non-Markovian effects is essential but comes with significant computational

challenges, often limiting the scope of treatable systems and coupling regimes.
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The typical approaches to solving the dynamics in non-Markovian open quantum
systems can broadly be divided into perturbative and non-perturbative meth-
ods. With perturbative treatments typically being limited to specific parame-
ter regimes, e.g. strong QD-cavity coupling and weak electron-phonon interac-
tions [17]. Or, via the polaron transformation combined with a perturbation the-
ory [24, 59]. However, for stronger exciton-phonon coupling, phonons play a more

significant role that requires non-perturbative techniques [60].

In particular, Feynman’s path integral formulation is a non-perturbative technique
which is very well suited for system-bath dynamics as it avoids dealing with the
large Hilbert space of the bath by targeting the system’s reduced density matrix
(RDM). The formulation takes into account the effects of a harmonic bath on the
system dynamics through the well known Feynman-Vernon influence functional
[61], valid for any system-bath coupling strength. In practice, the issue is that
the influence functional is nonlocal in time, meaning that the coordinates of a
path at any particular time point are connected to coordinates at all other time
points, leading to full entanglement. This is discussed in more detail in Chapter
5. As a consequence, as the number of correlations grows with each time step,
there is an exponential scaling with propagation time, restricting the dynamics to
only short times. However, as there is a finite length to the nolocal interactions
contained in the influence functional, known as the memory time. An example of
this memory time was observed in the previous section, where the phonon memory
time was 7ig in the IB model. This finite memory time led to the development of
the iterative quasi-adiabatic propagator path integral (i-QuAPI) approach [62-67],
resulting in a linear scaling with the number of propagations (time steps). This
linear scaling is due to the fact that the influence functional is not growing in size
as time progresses and is of a fixed size, i.e. fixed number of correlations. To
clarify, the number of correlations within the memory time depends on how small
the time step is. If there is a small time step, there will be more steps within the
memory time, and thus, more correlations. The i-QuAPI approach is a tensor-

multiplication scheme based on the combined use of Trotter’s decomposition and
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the Feynman-Vernon influence functional. Due to the finite memory time, it can
be used to evaluate the dynamics of the reduced density matrix for an arbitrary
time length, not limited to short times. The amount of correlations (and thus the
number of time steps) contained within the influence functional determines the
accuracy of the calculation, however, the computational cost grows exponentially
with the number of correlations. The memory storage requirements can quickly
become too large and in some systems convergence is not achievable. To address
this, filtering techniques [68-70], modified truncation schemes [71], path segment
merging (MACGIC-iQuAPI) [72], and in some regimes blip decomposition [73, 74]
have been developed to offer improvements to the storage requirements or extend
the applicability to longer memory times. However, there is still great difficulty
in accurately modelling systems where memory effects from the environment are
significant, such as energy transfer processes with long coherence times (e.g., pho-
tosynthetic complexes) or multi-qubit decoherence in structured environments [45,

75).

More recently, the development of approaches utilising modern tensor network
(TN) techniques have provided exceptional reductions in memory requirements,
such as the Time-Evolving Matrix Product Operator (TEMPO) algorithm [32]
(more recently packaged as OQuPY [76]). Or the ACE algorithm [77], another
TN approach which further reduces requirements by concentrating only on the
most relevant degrees of freedom of the bath. An enhanced TEMPO algorithm
has also been developed to include an off-diagonal system bath coupling to the

Hamiltonian, leading to multi-time correlations |78].

Another path-integral based, numerically exact tensor multiplication scheme is the
Trotter decomposition with linked cluster expansion technique [43], developed in
parallel with the techniques mentioned. This technique has been used in several
cases, such as the four-wave mixing (FWM) polarisation in QD-cavity systems [44],
the linear polarisation in multi-qubit systems [45], and the population dynamics in

Forster coupled QDs |79]. However, being a tensor multiplication scheme, it also
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suffers from the exponential scaling with number of correlations included in the
finite memory time. An optimisation scheme to reduce the storage requirements

is developed in the Chapter 5.

In this chapter, the Trotter decomposition with linked cluster expansion technique
is described for a pair of spatially separated two-level systems (TLSs) inside a
microcavity and interacting with a common environment. The spatial separation
combined with the common environment introduces non-trivial modifications to

the technique described in [43].

3.2 System, excitation and the linear polarisation

As an example, we consider the decoherence of electronically decoupled qubits
separated by a distance d and interacting with a shared bath. The coupling of
the qubits is taken as either direct through Forster-like coupling [75, 80-82], or
indirectly via cavity-mediation [83-85]. As a qubit and bath realisation, we use
semiconductor QDs interacting with a bath of 3D acoustic phonons, widely studied

in the literature [13, 33, 37, 42, 46]. The system Hamiltonian can be written as a

Figure 3.1: Schematic of the system with a pair of dipole-coupled qubits separated
by a distance vector d, coupled to an optical cavity, and interacting with three-
dimensional acoustic phonons described by a wave vector g and angle 6.

sum of two exactly solvable parts,

H = Hy+ Hyg , (3.2.1)
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where Hjy describes the coupling between the qubits and the cavity, and Hig is
a generalised IB model Hamiltonian describing the coupling of the qubits to the
shared environment. For the system of two remote QDs coupled to each other and

to an optical cavity (as illustrated in Fig. 3.1), Hy takes the form (using h = 1)

Ho = Vdidy + Qadidy + Qeata + g(didy + dbdy) (3.2.2)

+gi(dia+aldy) + ga(dia + a'dy)

where d} is the fermionic exciton creation operator in QD j (j = 1,2), a' is the
cavity photon creation operator, Q; (€2¢) is the exciton (cavity photon) frequency,
and g and g; are the coupling strengths between the QD excitons, and the exciton
in QD j and the cavity photon, respectively. The IB model Hamiltonian describes

the interaction of the QD excitons with a shared acoustic-phonon bath,

Hi = Hyn + didi Vi + djd Vs, (3.2.3)
where
Hyn = qubgbq and  Vj = Z Aq.j(bg + b1 q) (3.2.4)
q q

are, respectively, the free phonon bath Hamiltonian and the QD coupling to the
bath, and b}; is the bosonic creation operator of a bulk phonon mode with the
momentum q and frequency w, (denoting ¢ = |q|). The coupling of the exciton in
QD j to the phonon mode q is given by the matrix element A\ ;, which depends
on the material parameters, exciton wave function, and position of the QD. Their
explicit form for isotropic and anisotropic QDs is provided in Appendix H. For
identical QD qubits separated by a distance vector d, the matrix elements satisfy
the relation

Ag2 = €N - (3.2.5)

In the following, we focus on the linear polarisation, allowing us to study the
coherence of the system as a function of the distance between the qubits. The
linear polarisation of qubit j is defined as P;x(t) = Tr{p(t)d;}, where p(t) is the

full density matrix, as discussed in Chapter 2. We assume that starting from the
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system ground state the qubit with index £ is instantaneously excited at time
t = 0. As has been derived in Appendix B.1, the linear polarisation can be written

as

Pii(t) = (GIU @) [k))pn (3.2.6)

where U(t) = eflmmte™Ht ig the evolution operator and (...),, denotes the expec-
tation value over all phonon degrees of freedom in thermal equilibrium. Here and

below we use the following basis states
i) =d}0) and |C)=al|0), (3.2.7)

where |0) represents the vacuum state of the QD-cavity subsystem, and j = 1, 2.

Taking advantage of the two exactly solvable parts of the Hamiltonian, given in
Eq. (3.2.1), we apply the method of Trotter’s decomposition with linked cluster
expansion [43|, summarised in the following section, that allows us to take into

account the effect of the phonon environment ezactly.

3.3 Trotter’s decomposition with linked cluster ex-
pansion

The method of Trotter’s decomposition with linked cluster expansion was devel-
oped in [43], providing an exact calculation of the linear polarisation of a single
QD simultaneously coupled to a cavity and a phonon bath. Here, it is further
developed and applied to the more general case of cavity-mediated coupling be-
tween the QDs (with the coupling constants g; and go) and their direct dipolar
coupling (with the coupling constant g), as described by Eq. (3.2.2). It is worth
noting that linked cluster expansion is also commonly called cumulant expansion

in some other works.
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3.3.1 Trotter’s decomposition

We commence by splitting the time interval [0, ¢], where ¢ is the observation time,
into N equal steps of duration At = t/N = t,, —t,_1, where the time ¢,, = nAt rep-
resents the time after the n-th step. Trotter’s theorem is then used to separate the
time evolution of the two non-commuting operators, Hy and Hig. For sufficiently
small At, we can assume independent evolution of the two exactly solvable com-
ponents within each time step. In fact, applying Trotter’s decomposition theorem,
the time evolution operator U(t) can be written as

U(t) — ]\}1_1,}100 einht(e—iHIBt/Ne—iHot/N)N . (331)

Eq.(3.3.1) can be further expressed as U(t) = limy_,oo Un(t), with

UN(t) — einhteiHIB(t_tN—l)e_inhtN—le_iHO(t_tN—l)
% einhthleiHIB(thl_tN—2)e_inhtN72e_iHO(tN—l_thﬂ
X einhtneiHIB(tn*tnfl)efinhtnflefiHO(tn*tnfl)

Z'thtl iHrgty

X e e e~ tHotr, (3.3.2)

Eq.(3.3.2) can be written in this way because Hy, and H, commute, therefore we

—iHpn iHpntn-1 op either side of each e *o(tn—tn-1)

are able to introduce e -1 and e
term. We now introduce two matrices to compactly represent Eq.(3.3.2), M and
W, which describe the dynamics due to Hy and Hig, respectively, each being
analytically solvable. Using these operators, the QD-QD and QD-cavity dynamics

over a single time step, without phonons, is described by
M (t, — to_y) = M(At) = e~ iHoAt (3.3.3)
and the exciton-phonon dynamics is given by

W (L, ty_y) = eflontneiHm At g=itpntni (3.3.4)

40



CHAPTER 3. PATH-INTEGRAL BASED APPROACH: COMBINING THE
JC AND IB MODELS

Then, one can write the time evolution operator Eq. (3.3.1) as
N
U(t) = TH W(tnv tn—l)M(tn - tn—l) y (335)

n=1

where 7 is the time-ordering operator. W and M are both 3 x 3 matrices in the
1), |2), |C) basis, and due to the diagonal form of the exciton-phonon interaction,

W is diagonal. Its diagonal matrix elements can be written as
tn -
Wi, (tn,th1) = Texp{—i/ Vi, (T)dT} : (3.3.6)
tn—1
as shown in Appendix E, with

for 7 within the time interval ¢,,_; < 7 < t,,. Here & and n; are the components

of the vectors

| 0
£=]o| and 7=|[1], (3.3.8)
0 0

respectively, and Vj(1) = eer7V;e~i#m7 ig the exciton-phonon coupling in the
interaction representation, with \7j defined in Eq. (3.2.4). The explicit time depen-
dence of V;(7) is found via the Baker-Hausdorff lemma, detailed in Appendix D
and results in

Vi(1) = N5 ibge ™0 + Mg bl qe™. (3.3.9)
q

We use the indices i, to indicate which state the system is in at a given time step
n, being either |1), |2), or |C), with ¢, taking the values 1, 2, or C, respectively.
The elements of the vectors E and 7 take care of the choice for which exciton is
coupled to phonons at time step n. For example, if the system is in the first QD
exciton state at time step n, then ¢, = 1, and the exciton-phonon interaction V;

occurs.
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To find the polarisation, we use Eq. (3.3.5) to substitute U(¢) in Eq. (3.2.6), and

write the matrix products explicitly, yielding

ij(t) = Z Z ININ—1 " * 1110 X <VViN(t> tN—l) s Wi1 (tlv 0)>ph )
iNn1=12,C  i=1,2,C
(3.3.10)
where 7 = k and iy = 7 denote the excitation channel k£ at ¢t = 0 and measurement
channel j at the final time step ty = ¢, and M; ; = [M(At));;. . The W;
operators include the phonon contributions, therefore we separate this product
from the rest of the expression in order to take the expectation value and apply

the linked cluster theorem [37, 46, 54].

3.3.2 Linked cluster expansion

To calculate the expectation value of the products of the exciton-phonon interac-
tion operators in Eq. (3.3.10), we apply the linked cluster theorem. It allows us to
write this expectation value as an exponential with a double sum over all possible

second-order cumulants (as in the IB model) in the exponent [43, 44, 54],

(Wi (@t tn-1) ... Wi (t1,0))pn = exp (Z Z Ki i (In — m|)> (3.3.11)

Each cumulant in Eq. (3.3.11) is given by

Kinin (s) = ——/dTl/de L(11)Vi,, (72)) phs (3.3.12)
tn tm

where s = |[n—m/|. Using Eq. (3.3.7), this cumulant can be expressed as (dropping

the tilde notation on V; which denotes the interaction representation for brevity)

Koo (5) = 1 / an / " (T (6. VA(T) + 0, Va(r)] [ Vi(m2) + 7 Va7
" (3.3.13)
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Expanding the integrand yields time ordered pair products 7V;(m)V;/(12), so it is

natural to introduce phonon autocorrelation functions,

Djj/(Tl—TQ) = <T%(7’1)V}/(7’2)>ph = Z)\qJ)\;j/ [(N(wq) + 1)e—iwq\‘r1—‘r2\ + N(wq)eiwqh'l—fzq ,
q

(3.3.14)
with N(w) is the Bose-distribution function defined in Eq.2.3.24, and the explicit
time dependence of the phonon operators, given by bq(t) = bge ™' (see Ap-
pendix D for details on the time dependence), has been used to derive Eq. (3.3.14)

(see also Appendix G for more details). Introducing the phonon spectral density,
Tijr(w) = Agydg ;0w — w,), (3.3.15)
q
the phonon autocorrelation function takes the form

Dy (t) = /O " dw T (@) D(w, ), (3.3.16)

where

D(w,t) = [N(w) + 1]e ™M 4+ N(w)el (3.3.17)

is the standard phonon propagator. Specific forms of the coupling matrix elements
Aq,; and the corresponding spectral functions .J;; (w) for isotropic and anisotropic

QDs are derived in Appendix H.

Now, using Eq. (3.3.14) and introducing cumulant elements
1 tn tm
Kjj(s) = _5/ d7‘1/ droDjji (11 — T2), (3.3.18)
tn—1 tm—1
the cumulants Eq. (3.3.12) can be written as
Kinin () = &i€i K11(8) + 1,10, K 22(5) 4 (S 1y + 000G ) K12(5) . (3.3.19)

using Ko91(s) = Kia(s), due to the symmetry of the spectral function,

Jjj/(w) = Jjj(w). This follows from the isotropic phonon dispersion w, and the
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general property of the matrix elements, A_q; = Ay ;. K is simply a general

Intm

cumulant element which takes into account all possible cases.

A convenient way to compute the cumulant elements Eq. (3.3.18) is by defining

the cumulant function

1 t t
ij/(t) = —§A dTl/O\ dTQ D]]’ (Tl — 7'2) , (3320)

which assumes the system remains in the same states across the time evolution

[0,¢]. With this, Fig. 3.2 shows how Eq. (3.3.20) can be expressed as linear com-

C;j(20t) = 2K;;1(0) + 2K, ;7(1)
t

a2

2At
i3 |« >

t;
ijr(l) ijr(())

K;j+(0) |Kj0 (1)

v
o~

Figure 3.2: A portion of the time grid up to ¢t = 2At. C;;(2At) is composed of
two contributions, K, (s = 0) and K, (s = 1).

binations of individual cumulant elements K;;/(s). Therefore, if we wish, for ex-
ample, to compute Kj;(1), using Fig.3.2 as reference, it is clear that Kj;(1) =
2(C11(2At) — 2K11(0)). Also using the fact that Kj;(s) depends on the difference
|n — m/| only, and not on both time steps ¢, and t,, individually every possible
cumulant element across any time step can be computed. To summarise, all cu-

mulant elements are described by the following:

K;(0) = Cyy(AL) . (3.3.21)
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The remaining s > 0 cumulant elements are found recursively via

Kjjp(s) =

% Ciy ((s+ )AL — (s + 1K 2:2 (s+1—h)K,;(h)|. (3.3.22)

One further note is that the cumulant elements Ki5(s) require contributions from
Ki2(s = 0), meaning that at time steps n = m, the system excitation is in both
quantum dots. This is physically not the case, however is mathematically intro-

duced for consistency.

The linear polarisation Eq. (3.3.10) then takes the final form

Pu(t) = ) © Y Mgy, moexp(ZZlem ) (3.3.23)

in-1=1,2,C i1=1,2,C n=1 m=1

A particular realisation of the system evolution is indicated by the indices iy_1, ..., 72, 1.
However, to obtain the full quantum dynamics of the system, all possible realisa-
tions are to be summed over, meaning a summation over all of these indices, which
is done in Eq.(3.3.23). This is equivalent to the idea of path-integral approach.
For a finite bath memory time, it is sufficient to consider only a portion of the grid
at least up to the memory time, which is referred to as the number of neighbours

L, defined as the maximum value of |n —m/| taken into account in the calculation.

3.3.3 Nearest-neighbours (NN) approach

The simplest case is that of L = 1 (s = [n—m| < 1), which provides the most basic
starting point of the more general L-neighbour approach. In this NN regime, the
full cumulant summed over all time steps in Eq. (3.3.23) is approximated by only
taking into account the self interaction and NN interaction as shown in Fig. 3.3.

From Eqgs. (3.3.8) and (3.3.19) we have in general

2 2 . .
i KH(S) + n; KQQ(S) In = im
Kiin(s) =19q ! (3.3.24)

(&M + Ninin ) K12(8) Uy 7 U,
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Figure 3.3: A portion of the time grid used in the nearest-neighbour approach,
showing the self interaction (main diagonal, yellow squares) and NN interactions
(blue squares).

and summing over all time steps while maintaining |n —m| < 1, the full cumulant

in Eq. (3.3.23) is reduced to

Z Z Ki,i, (s) =~ Z (&, K11(0) + 13,1, K22(0))

n=1m=1 n=1

N-1
+ 2 Z [57/77-&-15171[(—11(1) + 777171+1/'7an22(]‘)
n=1

+ (G Wi + Minsr &) K12(1)]

(3.3.25)

Substituting Eq. (3.3.25) back into Eq. (3.3.23), relabelling and combining the cu-

mulant elements with the M; factors, we obtain

n+17:n

Py (t) = e Fn@Fmi20 NN G G Mk, (3.3.26)

in-1=1,2,C 11=1,2,C

where the matrix

Ginin—y = My, € inrin-1OF i1 (D) (3.3.27)
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written explicitly in terms of the cumulant elements Kj; (s), takes the form

Ginip oy = Miyi, , exp {fz‘nl&ann(O) + i1 i1 K22(0)
+ 2§in§in_1K11(1) + 2777;n77in_1K22(1) (3328)

+ 2(§innin71 + 7717L€Zn1)K12(1)}

The matrix G contains products of elements which contribute to the memory

Inin—1
kernel and generates the L-shaped regions in Fig. 3.3, highlighted by thick dashed
lines. Then Eq.(3.3.26) can be compactly written in a 3 x 3 matrix form in the

11), |2), |C) basis as

Py P12 Pic i1 (0) 0 0
Pt)=| Py Paw Poo |=| 0 <=0 ol&¥ N1, (3329
Pci Pea Pec 0 0 1

where G is given by

M116K11(0)+2K11(1) M12€K22(0)+2K12(1) Mo
G = | My efnO+2K0)  \p oK 0)+2K20)  pp | (3.3.30)

My ") Mpe"©) Mcc

and M is defined in Eq.3.3.3. In Eq. (3.3.29), the effect of successively applying G
is to propagate the system forward in time with each application. With reference
to the example in Fig. 3.3, that would be generated by N = 5 time steps, and
therefore G is applied successively 4 times to propagate the system, with the
single cumulant element contribution at the end of the propagation appearing as
an exponential factor outside of the summation in Eq. (3.3.26) and the diagonal

matrix in Eq. (3.3.29).
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Figure 3.4: A portion of the time grid showing the cumulant elements involved
in a calculation up to an observation time ¢, including s = 2 at most. This
contains only the self interaction (yellow squares), the nearest (blue squares) and
next-nearest neighbour interactions (red squares).

3.3.4 The L-neighbour (LN) approach

The LN approach is used to describe the temporal correlations between all con-
sidered steps within the memory kernel, rather than only the L = 1 case in the
NN regime. The cumulant elements K;/(s), with s = |n — m| increasing up to its

maximum value, L, are found recursively from Eq.(3.3.22).

We first define a quantity F; (") which is generated via the recursive relation

47,11
1
FUll = 0 GuaFy) s (3.331)
1=12,C
using Fl(Ll)21 — M), as the initial value, where k is the excitation mode and M

describes the evolution without phonon interactions, given by Eq. (3.3.3). This is
because after excitation in channel k£ at t = 0, one further time step introduces

index 71, and beyond this the phonon interactions through G must be taken into
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account.

The tensor G is known as a propagator and is given by

Giy iyt = My, OF2Rit(DF2Ki 244281 1 (L) (3.3.32)

It can be written explicitly in terms of Kj;(s) as

Gipi = M exp {§&6K11(0) 4+ mmKs2(0)
+2&, & K11(1) + 20, mi Koo (1) + 2(&,m + 13, &) Kq2(1)
+...

+2&;, &K1 (L) + 20, Koo (L) + 2(&,m + mi, &) Ki2(L)}, (3.3.33)

with each element of the tensor corresponding to a particular realisation of the
system. The matrix G given by Eq.(3.3.30) is the simplest, L = 1 form of the
more general influence tensor G containing the information required to propagate
the system by a single time step. It includes the path segments connecting the
current time interval with the L nearest intervals and to itself which are shown
by the L shaped dashed black outlines in Fig.3.4. The linear polarisation is then
given by

Pi(t) = &K nOtiz0 piv) (3.3.34)

where j is the measurement mode. The indices being placed in the cavity (C') state
have the result of removing the excess contributions from the G tensor falling out-
side of the observation time t,ps (see Fig. 3.4), as being in the cavity state reduces
the cumulant at the required times steps to zero. Equation (3.3.34) provides an
asymptotically exact solution for the linear polarisation. This method can be
generalised to other elements of the density matrix, such as the FWM polarisa-

tions [44] and the populations [79].
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3.3.5 Independent phonon baths

The case of independent phonon baths can be considered as a simplification to the
previous system, where the relevant modifications to the system Hamiltonian are

applied to the Hip term,
Hig = Hpn1 + Hpn o + did\ Vi + dida Vs (3.3.35)

which now describes the interaction of each exciton with its own independent

phonon bath as well as the phonon energies, given by
Vi=> Aqilbgi+bq1), Vo= Aqalbgz+by,), (3.3.36)
q q

and

th»l = Zw%lbg,lbq,l ) th,2 = quﬁbgzbqg , (3337)
q q

respectively. Initially this may seem like a complication due to the extra terms,

however the cumulant C in Eq.(3.3.13) is non-vanishing only when i, = i,

inim

i.e. the phonon autocorrelation functions for the cross terms vanish,
(TVi(r1)Va(72)) = (TVa(m)Vi(72)) = 0. (3.3.38)

This is because the phonon creation (annihilation) operators bL}l (bg,1) within V3
commute with those (b;2 and by o) in V. The result is that the cumulant contains

only Kj; terms for j = j', giving

2 2 . .
P Ki1(s) +n; Koo(s) in = im

0 in # .

The relevant modification of the final expression for the linear polarisation is within

the G tensor given by Eq. (3.3.33), which now takes an explicit form

Gipoin = Miexp{&,&,K11(0) + 1;,mi, K22(0) + 26, &, K11 (1) + 2m,mi, Koo (1) + . ...
o+ 265, & K (L) + 2mi,mi Koo (L)} (3.3.40)
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and is clearly different from and simpler than Eq. (3.3.33). The linear polarisation
in this case is calculated using exactly the same Eq. (3.3.31) and Eq. (3.3.34) but
with the modified propagator Eq. (3.3.40).

3.4 Summary

This chapter has detailed how the path-integral approach can be used to com-
bine the JC and IB models leading to tensor-multiplication schemes. Focusing on
a particular path-integral approach, the Trotter decomposition with linked clus-
ter expansion technique [43], the necessary generalisations for multi-QD systems
have been made. This provides an asymptotically exact calculation for the linear
polarisation when the QDs are coupled to the same phonon bath, or interacting
with independent baths. The propagator G, a key tensor in this technique, is the
highest-rank tensor and encapsulates all possible evolutionary paths of the system
over a finite memory time. The number of time points within this memory time
is denoted as the number of neighbours, L. Notably, increasing L enhances the
accuracy of the results but comes at the cost of exponentially increasing storage
demands, as it requires tracking a correspondingly larger number of possible paths.

This approach is the basis for all calculations provided in the following chapter.
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Chapter 4

Control of decoherence

4.1 Introduction

This chapter demonstrates a reduction, or even a complete elimination, of the
ZPL dephasing in a system of two QD qubits coupled to each other directly or
via an optical cavity and interacting with a bath of acoustic phonons. We show
that, while the interaction of the hybridised qubits with a shared environment
usually causes dephasing of qubit states, the coherent properties of the bath can
help to reduce this decoherence. To do this, we use the Trotter’s decomposition
with linked cluster expansion technique described in the previous chapter, pro-
viding an asymptotically exact solution for the dynamics of spatially separated
QD systems. The full calculations are compared with Fermi’s golden rule (FGR),
showing a remarkable agreement. Although there is a purely diagonal electron-
phonon coupling, which typically produces no ZPL broadening, the full calculation
reveals ZPL broadening understood in terms phonon-assisted transitions between
the hybridised qubit states of the coupled QD system. It is shown that the ZPL
broadening is reduced at specific inter-dot distances in a system of two QD qubits,
which are coupled either directly or via an optical cavity and interact with a 3D

bath of acoustic phonons. This suppression results from the collective coupling of
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the QD qubits to shared phonon modes [49], enabled by the coherent properties
of the bath. In particular, when the QD separation is an integer multiple of the
phonon wavelength, provided it is within the phonon coherence length, there is a
reduction in the decoherence. A near-vanishing dephasing rate, which can be re-
ferred to as a 1D regime, can be achieved by utilising strong QD-QD, or QD-cavity
coupling strengths, paired with QD anisotropy. We quantify the QD separations
at which the 1D-like regime persists before transitioning to the expected 3D be-

haviour.

For illustration, two cases are considered: Case A, where the qubits are directly
coupled with strength g but do not interact with the cavity (g; = g» = 0); and Case
B, where the qubits have no direct coupling (¢ = 0) but interact indirectly through
the cavity, mediated by ¢; and g». To elucidate the effect of the shared environ-
ment on system coherence and its dependence on the inter-qubit distance d = |d|,
we assume that the coupling constants g;, g, and g are distance independent. In a
realistic system, Case A would typically exhibit a distance-dependent interaction
between the QDs, such as dipolar Forster or tunnel coupling. However, we adopt a
distance-independent coupling here as a simplified model to aid in understanding
the more complex scenario in Case B. In Case B, the cavity mediates the interac-
tion between the QDs, providing a more practical way to maintain strong coupling
independent of their separation. We also choose without loss of generality that the
first QD is instantaneously excited (e.g. by an ultrashort optical pulse), creating

an excitonic polarisation with P;;(0) = §;£0k1.

4.2 Directly coupled QD qubits

4.2.1 Linear polarisation and dephasing rates

In Case A, the time evolution of Py;(t) for a system of two dipolar-coupled (g =
0.5 meV) identical isotropic QDs of confinement length | = 5.6 nm separated by
the center-to-center distance d = 5nm, is shown in Fig.4.1(a) by a blue dotted

line, exhibiting decay and oscillations.
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Figure 4.1: (a) Linear optical polarisation P;(¢) (blue dots) and its complex bi-
exponential fit (red lines) for dipolar coupled (¢ = 0.5 meV) anisotropic QD qubits
(left inset) at zero detuning in a 3D bath, separated by the distance d = 5nm,
with excitation and measurement in QD 1. Right inset: energy level diagram for
the hybridised qubit states, with real phonon-assisted transitions (red and blue
arrows). (b,c) Dephasing rates 'y of the hybridised states |+) as a function of d,
calculated exactly (solid lines) and via FGR (dashed lines) for (b) isotropic QDs
with a confinement length of [ = 5.6 nm and (c¢) anisotropic QDs with [ = 7.5nm
across and [} = 2.5nm along the separation (see Appendix H.1 and Appendix H.2
for details of isotropic and anisotropic QD models, respectively). The rates for
independent phonon baths are shown by thin dashed lines. All calculations were
performed using L = 50 neighbours. The phonon bath is at 7' = 20 K and the rest
of the QD parameters can be found in Table 2.1.

The behaviour in Fig. 4.1(a) is qualitatively explained by the energy level diagram
in the right inset, showing hybridised states |+) = (]1) £2))/v/2 of the two-qubit
coupled system at zero detuning (€ = ), where |1) and |2) are the individual

QD excited states. The energy levels are separated by the Rabi splitting 2¢g de-
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termining the beat frequency in |P;(¢)| which physically expresses the quantum
information exchange between the qubits. The temporal decay of the linear po-
larisation expresses the decoherence in this two-qubit system as a consequence of
the interaction of the qubits with the bath. For these QD qubits, the decoherence

is due to phonon-assisted transitions between the hybridised states.

With this picture in mind, we have applied to the long-time dynamics of Py;(t) a

biexponential fit of the form
Pl () =) Cre ™, (4.2.1)
J

extracting the complex amplitudes C}, energies Re w;, and dephasing rates I'; =
— Im w; of the phonon-dressed hybridised states. The fit, applied after the phonon-
memory cut-off (introduced in Appendix I by analysing the cumulant functions and
shown in Fig. 4.1(a) by the vertical dashed green line), demonstrates a remarkable
agreement with the full calculation with a relative error below 10710, At earlier
times the deviation is due to the formation of a polaron cloud around the optically
excited QD, which is responsible for non-Markovian dephasing and the BB [13,
43, 44]. The dephasing rates I'; extracted from the fit as functions of the QD
separation d are shown by solid lines in Fig. 4.1(b) for isotropic and in Fig. 4.1(c)
for anisotropic QDs. They are the dephasing rates of the states |+), denoted by
'y, and can be understood as being due to phonon-assisted transitions between
the states. At short distances we observe a dramatic increase of the dephasing
rates from zero at zero distance (which cannot be practically realised due to the
finite extension of the QDs), followed by an oscillatory behavior at larger distances.
Importantly, the minima of these dephasing rates are lower than the independent
baths rates (thin horizontal lines) due to collective coupling of the QD qubits to
the same phonon modes, provided that the distance between the QDs is less than

the phonon coherence length.
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4.2.2 Phonon-assisted transitions between hybridised qubit

states

To understand the dependence on the distance between the qubits, we introduce

the fermionic operators

pl = Didl + Dod}, (4.2.2)

creating excitations of the hybridised QD qubit states

|+£) = D|1) £ D.|2), (4.2.3)
where

Dy=+(1+A/R)/2, (4.2.4)
with

A=Qy—Q; and R =+/A%+4g? (4.2.5)

being, respectively, the detuning and the Rabi splitting. In the absence of the bath,
these operators diagonalise the system Hamiltonian Eq. (3.2.2) (in the absence of

the cavity) exactly:

Hy = Q+p1p+ +Qp'p_, (4.2.6)
where
O+ QR
0 — % (4.2.7)

are the energies of the hybridised states |+).

Now applying this canonical transformation to the total Hamiltonian Eq. (3.2.1)

we obtain
H=(Q+Vo)plpe + (- +Vo)plp + Vphpo +plpy) + Hyy,  (428)

where Vi = Di% + D%Vy and V = D, D_(V; — V,). The major outcome of
this transformation is that the formerly diagonal interaction with the bath Hig,

given by Eq. (3.2.3), now develops the off-diagonal elements V(pip, +p' p,) which

96



CHAPTER 4. CONTROL OF DECOHERENCE

enable phonon-assisted transitions between the hybridised qubit states, |[4+) <> |—).
Specifically, pip_ facilitates a transition from |—) to |[+) (e.g., phonon absorption)
and p' p, facilitates a transition from |+) to |—) (e.g., phonon emission). Using

the bath interactions explicitly from from Eq. (3.2.4), V' can be expressed as:

V=D,D_(Vi —V3)=D,D_ Z al— b + bl g) (4.2.9)

To evaluate the transition rates between initial and final states, corresponding to

the hybridised states, we employ FGR, which for a perturbation H’ is given by:

= 27r2| (fIH'|i) |*6(Es — E). (4.2.10)

H =V(plp_+p'p.)=D,D_ Z a2) b+l )Pl p_+plpy). (4.2.11)

The initial and final states involve both the hybridised qubit states |+), given
by Eq.(4.2.3) and the phonon bath states. Considering only the case of phonon
absorption, where the system transitions from the lower state |—) to the upper
state |+), we define the initial state |i) = |—, nq) and final state |f) = [+, nq — 1),
where ng is the definite number of phonons in mode q. All other phonon modes

are in fixed number states, not affecting this single-mode transition.

The relevant term for absorption in Eq. (4.2.11) is Vpip_:

Vpkp = DiD-Y (A1 — Aqa2)(bq + bLg)plp-, (4.2.12)

qa

thus, the matrix element in Eq. (4.2.10) is given by:

(fl VP+P =D,D_ Z a1 — Aq.2) (+.ng — 1| (by + bT_q,)pip_ |—, ng) -
(4.2.13)

Noting that plp_|-) = |+), and b’ raises the phonon number, which is not

q

desired for absorption, and also the phonon destruction operator has the following
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effect: by |ng) = \/Miq |nq — 1). Thus,

DyD- Z a1 = Aq2) (+:1q = 1 bgplp- | = nq) = DyD_(Aq1 = Aq2)y/Ta;
(4.2.14)
since the summation over ' gives only a nonzero result when ¢ = q. Furthermore,
the summation ), . in Eq. (4.2.10) only occurs between a single initial and final
hybridised state, as there are only two hybridised states. By considering only
single-phonon interactions, the energy conservation requires w, = £y — F_, and
noting that the energy difference E, — E_ is the Rabi splitting, as defined in

Eq.4.2.5, the transition rate for phonon absorption is given by:
Iy = 2mng|DyD_(Aq1 — Aq2)|*0(wy — R). (4.2.15)

However, we must properly introduce the thermal average by summing over all

possible initial phonon numbers, weighted by their thermal probabilities:

= i P(ng)T— ., (4.2.16)

ng=0

where P(nq) is the thermal probability of having nq phonons in mode q: P(ng) =

—Bwgn .
e qnq _ o0 —Bhwgn
-, with Z = %" e " =

1_8,% being the partition function. For each

mode q, the thermal average gives:

Pq=2m|DyD_(Aq1 — Aq2)[*d(w Z P(ng)n (4.2.17)

ng=0

Since .- _ P(ng)ng = N(w,), we find
I q= 27TN(WQ)’D+D—()‘q,1 — /\q,2)|25(u}q — R). (4.2.18)

A further sum over q appears because any mode q that satisfies the energy con-

servation condition w, = R can contribute to the transition. Therefore, the total
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transition rate sums over all possible modes, giving

I_=) T q=27Y N(w)|DiD_(Aq1 — Aq2)|*6(w, — R). (4.2.19)
q q
The same procedure can be applied for the case of phonon emission, which gives:
Ty =21 (N(wy) +1)[DyD_(Aq1 — Aq2)*6(w, — R). (4.2.20)
q
This leads us to the transition rates [43, 46]:

I =N@R)Tp, T'i=(N(R)+1)In, (4.2.21)

which we call the dephasing rates of the lower and upper hybridised states, re-

spectively. Here, I',;, is given by:
Ton =7 Y [DyD_ (Mg — Ag2)|* 6(vsq — R), (4.2.22)
q

which uses the linear phonon dispersion w, = vsq. A factor of 1/2 has further

been added to account for the fact that FGR calculates the rate of real transitions

changing the population, which is double the corresponding dephasing rate seen

in the polarisation. The rate I'y, is evaluated in Appendix J.1, providing for an
isotropic model of the QDs the explicit analytical result:

sin(Rd/vy)

Fp=Ig1————= 4.2.23

ph 0 ( Rd/US 9 ( )

where I'y = D3 D2 R*(D,. — D)%/ (27 ppmv?)e P F /2 The corresponding FGR. cal-

culation for an anisotropic model of the QDs is provided in Appendix J.1.2.

The FGR dephasing rates Eq.(4.2.23) are shown in Fig.4.1(b) as dashed lines,
reproducing the main features of the exact calculation, but showing discrepancies
(within 5%) due to multi-phonon processes not present in FGR. The single-phonon

transitions dominate at short distances as it is clear from the excellent agreement
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between the two results.

When higher-order phonon interactions are considered (e.g. cubic interactions in
Ref.38), there is a finite phonon coherence time, and thus a finite coherence length.
While our model does not take into account anything leading to finite coherence
lengths, we can distinguish two regimes: 1) The dot separation is less than the
phonon coherence length, and thus the QDs can experience the same coherent
phonon field and the collective coupling to the bath leads to the oscillations in our
plots. 2) The independent bath calculation is similar to when the QD separation
is larger than the coherence length, in which case the QDs do not interact with
the same phonon field. Thus, the initial quadratic growth with distance, the
oscillations, and the reduction of I'y at certain distances, seen in Fig.4.1(b), are
all caused by the coherent properties of the phonon bath. According to Eq. (4.2.8),
the phonon-assisted coupling between the hybridised qubit states is given by Vi —V5
which is proportional to 1 —¢e'@? for identical QDs (see Eq. (3.2.5)) and is vanishing
at q-d = 27n, where n is an integer. This does not lead to a vanishing dephasing
though, apart from d = 0, owing to the 3D nature of the phonon momentum q of
the bath modes. However, as we show in Appendix J.1, in a 1D model of phonons
with the same dispersion and same coupling, the dephasing rate Eq. (4.2.23) would
modify to just

B vs\2 . o ( Rd
Ton = T <E> sin (2%> , (4.2.24)

strictly vanishing at Rd/v, = 27n for all n.

4.2.3 Physical interpretation of decoherence reduction

To understand the vanishing dephasing rate phenomenon in 1D, let us take the
two-qubit state just before the event of phonon emission or absorption as a super-
position 1)+ /3|2) with some complex amplitudes o and . Since the qubits are in
a hybridised state, they coherently emit or absorb the same phonon. This changes
their phases (which is the source of pure dephasing) by ¢; and @9, respectively, so
that the two-qubit wave function becomes e |1) + Se#2|2), with s —p; = +qd,
according to Eq. (3.2.5) and energy conservation requiring R = v,q. However, if
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the separation d between the qubits is such that the phase difference is a multiple
of 2m, i.e. Rd/vs = 2mn for an integer n, the resulting wave function only ac-
quires a common phase factor ¢**, which is not changing the state since there is
no relative phase difference between qubit states. In other words, in order for the
transition to occur between the initial and final states [e.g. between |+) and |—),
see the inset in Fig.4.1(a)|, which would result in a phonon-induced dephasing,
a change of the two-qubit state is required, meaning that the interaction with a

phonon must induce a relative phase shift, i.e. Rd/vs # 2mn.

Early papers revealed similar oscillatory behavior of the transition rates with dis-
tance in systems of spatially separated tunnel coupled QDs [49, 86]. However, these
are calculated approximately and are based on off-diagonal coupling between elec-
tronic states within the same QD, which is known to lead to long-time decoherence
[37]. Ref.87 showed spatial correlations strongly influenced the quantum coherent
transfer of excitations between biomolecular chromophores, however the model is
using distance-independent dipolar coupling and does not reveal oscillations in the
dephasing rates. When considering more realistic couplings which decrease rapidly
with distance, e.g. Forster coupled QDs in [82], or the tunnel coupling in |88], the
oscillations disappear. There are also further studies which look at the distance
dependence of exciton and spin QD qubits that reveal no oscillations with distance
[89]. This is the motivation for introducing a cavity, so that long-distance strong

coupling can be maintained.

Note that in the case of e.g. nanowire-based QDs [56] or QDs in carbon nanotubes
[90, 91], the phonon dispersion and coupling are altered when the dimensionality
is reduced from a bulk system. Several branches of phonon modes arise due to
the reduced dimensionality and phonon quantisation which are not present in 3D
systems. This leads to changes in the phonon dispersion and coupling matrix
elements, and ultimately, the phonon spectral density J;;(w). As a result, there
is a finite zero-phonon linewidth which is not observed in QDs coupled to bulk

phonons, where the linewidth remains zero in the ideal case. Here, the ideal
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case corresponds to the condition gd = 27n, for which no broadening of the ZPL
is observed, due to the phonon interactions not facilitating a change of state,
making the system effectively equivalent to the independent boson model [54] in

which there is no ZPL broadening.

4.2.4 Anisotropic QD qubits

For 3D phonons and isotropic QDs, the dephasing is absent only at d = 0 and
according to Eq. (4.2.23) and Fig. 4.1(b) has minima around Rd/vs, = 27n + /2
(n=1,2,...). The m/2 phase shift compared to the 1D case and non-vanishing
dephasing at the minima are due to phonons of energy R that are absorbed or
emitted at different angles 6 to the QD separation vector d (Fig.3.1), resulting
in a variation of their phase difference 5 — 1 between the QDs. However, the
reduction of decoherence is enhanced in anisotropic QDs, playing the role of direc-
tional phonon emitters or absorbers [92]. In fact, in oblate QDs separated along
their short axis (Fig.4.1(c)), directional coupling of phonons along the short axis

effectively makes the system 1D under certain conditions.

Notably, in earlier studies, e.g. Ref.49 and Ref.86, the influence of the 3D bath is
not obvious because the models are using a very strong anisotropy. Consequently,
the studies are in a 1D-like regime, with little insight into the transition between
1D and 3D regimes. A follow-up work of Ref.49 discussed the loss of the 1D-
regime by changing the effective mass in their system [93|, which is reducing the
confinement length in the in-plane parabolic confining potentials for electrons.
Similarly, models with spherical QDs or weaker anisotropy yield finite dephasing
rates across all separations, as seen from our calculation in Fig. 4.1, reflecting the

influence of the 3D bath.

The dephasing rates for anisotropic QDs, calculated via FGR in Appendix J.1.2
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have a compact analytical expression

d
F <O,q 12— z2) _F <m,q,/zL —l2>],
7 _

_ D2D*(D.— D,)? 5
(4.2.25)

27 Py V3

252
th R3€ At

which is expressed in terms of the Faddeeva function. The properties of the Fad-
deeva function can be found in Appendix H.3. Eq.4.2.25 reproduces the main
features of the exact calculation (with a relative difference below 7%), as seen in
Fig.4.1(c). In this case | > [,, where [ and [, are, respectively, the in-plane and
perpendicular (along d) exciton localisation lengths, so that for d < 2(?q, where
q = R/vs, the dephasing rates vanish at gd = 2mn, as it is clear from Eq. (H.30)
in Appendix H.3. If additionally ¢/ > 1, meaning that the relevant phonon wave-
length is small enough to create a directional emission, the FGR dephasing rates
reduce to Eq. (4.2.24). Under these conditions, the 3D system behaves as a 1D sys-
tem, however, as the dot separation is increased, the 3D nature gradually returns.
Furthermore, the 1D regime can be extended by increasing the anisotropy or in-
creasing the energy R of the dominant phonon modes which couple to the system.

In fact, the analogy with pure 1D phonons becomes striking for stronger coupled
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Figure 4.2: As Fig.4.1(c) but for ¢ = 2meV and FGR only (solid lines). Inset:
Amplitude of the oscillations in the dephasing rates versus distance.

QDs (g = 2meV) as shown in Fig.4.2, where the shorter phonon wavelength in-

volved in transitions provides fast oscillations versus d, allowing for minima at
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short distances with near-vanishing dephasing. With such coupling strengths, the
aforementioned condition ¢/ > 1 is met, having a value g/ = 10. The scaling
of the oscillation amplitude with distance, given in the inset, demonstrates the
quasi-1D behaviour (shown by constant amplitude) for d < 2[*q ~ 148 nm. This
is consistent with the first few minima in the main plot having visually very small
dephasing rates before gradually returning to the 3D regime as the dot separation
increases. For this directional emission of phonons, the phonon Rayleigh length,
given by dr = [?q/2 ~ 37nm, estimates how far the phonons can propagate as
a focused beam, maintaining 1D-like behavior. Beyond this distance, the system
gradually transitions back to 3D. For 1D behavior to persist, the condition on the
qubit separation then becomes d < 4dg, where dg serves as a reasonable upper

limit for ensuring the system remains in the 1D regime.

4.3 Cavity-mediated coupled QD qubits

In Case B, considering QDs indirectly coupled via a cavity, the dephasing is also
controlled by collective coupling to the shared bath, though in a more complex
scenario. For zero detuning (©; = Qs = Q¢) and equal QD-cavity couplings
(91 = g2 = g) with no direct coupling (g = 0), the resulting three coupled states,
[+, 4) = (J1) +12))/24|C)/v2 and |-) = (|]1) — |2))/V/2 require a triexponential
fit of Py1(t) to extract the dephasing rates I'; = —Im w;, which are shown in

Fig. 4.3 across a range of distances, see Appendix K for details of the fit.

We observe oscillations versus distance d, different from those of directly coupled
QDs (Fig.4.1) since there are two periods contributing to the dephasing rates I'; 1
of the states |+, ). This is due to the involvement of transitions at two distinct
frequencies, as seen in the right inset, with one twice the other (the general case
of a non-zero detuning with three different frequencies involved is considered in
Appendix J.2). Since the dephasing rate I'_ of the state |—) involves transitions
to the two other levels with equal Rabi splitting and thus the interacting phonons

have almost the same energy, only one period is observed in the oscillations of
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Figure 4.3: Dephasing rates I'; + and I'_ of the hybridised states as a function of
d. Calculated exactly (solid lines) and via FGR (dashed lines) for cavity-mediated
coupled anisotropic qubits in a 3D bath (left inset) with interaction strength g; =
g2 = g = 0.5meV, no direct coupling (¢ = 0) and zero detuning. The dephasing
rates for independent phonon baths are shown by thin dashed lines. Right inset:
Energy level diagram for the hybridised qubit-cavity states |+, +) = (|1)+[2))/2+
|C)/v/2 and | =) = (|1) — |2))/V/2, with real phonon-assisted transitions (red, blue
and green arrows). The calculation was performed using L = 36 neighbours. The
phonon bath is at 7' = 20K and the other parameters are as in Fig.4.1(c).

I'_, analogous to Case A, with vanishing dephasing rate at d = 0. In general,
I'y + (consisting of two downwards transitions) will always be greater than I', _
(two upwards transitions), simply because of spontaneous phonon emission. Fur-
thermore, whether I'_ or I'y | is the largest on average depends on the coupling
strength chosen. If the Rabi splitting (v/2g) for the transitions contributing to I'_
is closer to the peak in the phonon spectral density than the energy (21/2g) of the

distant-level transitions included in I'y _, then I'_ is the largest dephasing rate.

Due to the nature of the hybridised QD-cavity states, the exciton-phonon ma-
trix elements contributing to FGR are now proportional to V; + V5, with + (—)
corresponding to the transitions between distant (neighbouring) levels, see Ap-
pendix J.2 for details. Since transitions between distant levels contribute to I'y 4
and thus involve Vi + V5, there is a non-vanishing contribution even at d = 0. This

is because the states involved in such transitions both have a cavity contribution,
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and as cavity does not couple to phonons, the reduction of the dephasing rate to
zero is not observed. However, these transition have typically lower impact on
decoherence due to the larger phonon energy involved, as discussed in more detail

in Appendix J.2.

4.4 Summary

This chapter has used the asymptotically exact solution developed in the previous
chapter to study the linear optical response of a system of two coupled qubits
interacting with a shared bath, using semiconductor quantum dots coupled to 3D
acoustic phonons as illustration. From this, the dephasing rates across a range
of distances are extracted and studied. Although only diagonal exciton-phonon
coupling is considered, which typically produces no ZPL broadening, the full cal-
culation reveals ZPL broadening understood in terms phonon-assisted transitions
between the hybridised qubit states. A reduction of the ZPL dephasing is demon-
strated by controlling the distance between the qubits in relation to the wavelength
of the interacting bath modes, showing a remarkable agreement with FGR calcu-
lations. This effect is due to all qubits coupling to the same phonon mode, a
consequence of the coherent properties of the bath. It is shown that for a 1D
bath, decoherence can be eliminated entirely, a case which can also be approached
for anisotropic qubits in a 3D bath. We considered a system with a cavity such
that the cavity mediates the interaction between the QDs, providing a practical

way to achieve coupling which is maintained for large qubit separations.
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Chapter 5

Optimisation of path-integral
tensor-multiplication schemes in

open quantum systems

5.1 Introduction

Path-integral techniques are a powerful tool used in open quantum systems to
provide an exact solution for the non-Markovian dynamics, as seen in the last
chapter. However, the exponential tensor scaling with the number of neighbours
within the memory time of these techniques limits the applicability when dealing
with systems of long memory times. This is because as the memory time increases,
more neighbours must be added to maintain accuracy, however, this may not be
achievable due to storage and computational limitations. To clarify, as the memory
time increases, the number of correlations, or equivalently the number of time steps
contained within the memory kernel must be increased to maintain accuracy. If
there are too few correlations considered, the dynamics will not be well resolved,

leading to a lack of accuracy.
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In this chapter, an optimisation scheme is developed which reduces the tensor
sizes by remapping them to matrices and utilising singular value decomposition
(SVD) to filter out contributions, reducing storage requirements and computa-
tional time. More specifically, the time steps considered in the memory time
(neighbours) are split across two separate matrices. This approach dramatically
reduces both computational time and memory usage of the traditional tensor-
multiplication schemes. For reference, to achieve the new level of accuracy using
the original method detailed in Chapter 3, it would require over 50 million GB
of RAM. Additionally, the approach in this chapter enables the usage of an ex-
trapolation scheme which approximates the exact (L — oo) long-time dynamics.
Furthermore, in cases where calculations are already well converged using the
original tensor-multiplication scheme, the optimisation provides substantial time
savings, often improving computational time by up to two orders of magnitude.
As a demonstration, we apply it to the Trotter decomposition with linked cluster
expansion technique presented in Chapter 3, and use it to investigate a quantum
dot micro-cavity system at larger coupling strengths than previously achieved.
Secondly, we also show the necessity of the optimisation when the memory time is
very long—specifically in spatially extended systems coupled to a common envi-
ronment, such as the coupled qubit systems studied in Chapter 4. Physically, the
long memory times are due to the shared bath, where phonons may travel between

the QDs and the larger the dot separation, the larger the memory time.

This optimisation, which remaps and splits the tensor into fwo matrices, is a
simple and natural stepping stone to a more sophisticated and advanced version
of optimisation which has now been developed at the time of writing this thesis.
The new version represents the tensor as an arbitrary number of matrices (limited
by memory), where each matrix can contain a similar number of neighbours as
the optimisation described in this chapter, providing a significant increase in the
maximum number of neighbours achievable. It should be noted, however, that the
downside of this technique compared to other modern approaches is that it scales

poorly with system size, i.e. the number of reduced density matrix elements.
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5.2 Systems and Hamiltonians

Presently, this optimisation, as well as the developed Trotter’s decomposition with
linked cluster expansion technique, can be applied to systems consisting of any
number of TLSs that are directly coupled and interact with an environment, either
a shared one or independent environments. Additionally, they may interact with

an arbitrary number of microcavities.

The general form of Hamiltonian that is treatable is
H=Hy+ H;p + Hp, (5.2.1)

where H describes both the coupling between the TLSs and the TLS-cavity cou-

plings, and is given by

Hy, = Z Hijdjdj + Z chkalak + Zgjk (d;ak + aLd]) , (5.2.2)
ij k jk

where H;; are the matrix elements of the coupled TLSs, with the diagonal elements
(Hj;) corresponding to the excitation energy of the TLS at site j, while the off-
diagonal elements (H;;, for i # j) describe the direct coupling between TLSs at
sites ¢ and 7. The operator d} creates an excitation in the two-level system at site
J, and a photon in a cavity mode k has energy Q¢ and is created by the operator
aL. Finally, the TLS at site j is coupled to a cavity mode & with strength g;;. In
general, there can be multiple baths of 3D bosons, described by

Hg =Y ) webl b, (5.2.3)
I aq

where bj;,z creates an excitation in the bath [ with wave vector q. The TLS-bath

interaction is given by Hj,:

Hi =Y did; > > Aqilbas +b' ), (5.2.4)
J I q
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where A\ j; describes the interaction strength of the TLS at site 7 with bath mode
q in bath [. Eq. (5.2.4) can be used to describe the scenario where multiple TLSs
are coupled to the same bath, or coupled to their own independent baths. The
diagonal TLS-bath coupling is needed for an exact calculation using linked clus-
ter expansion, however recently it was also shown that the path-integral based

approaches can also be efficiently used for non-diagonal coupling [78].

This general spin-boson model can be reduced to describe many physical systems
by choosing the number of TLSs and turning on /off specific coupling terms, such as
energy transport in biological systems [94, 95|, qubits in microwave resonators [96,
97|, quantum dots interacting with a micromechanical resonator [98], and spin-

qubit systems [99].

The specific implementation of the TLSs considered in this chapter are semicon-
ductor QDs which are coupled to an environment modeled as a bath of acoustic
phonons, consistent with the earlier chapters. Although the general Hamiltonian
detailed above describes the range of problems this optimisation can treat, we
reduce the Hamiltonian to two cases for illustration. Case C: A QD-cavity system
coupled to a bath of acoustic phonons detailed in [43], and Case B (previously
studied in Chapter 4): a QD-QD-cavity system coupled to the same phonon bath.
For ease of reference, the Hamiltonians for each case are provided here. The
Hamiltonian in Case C'is:

H = Hy+ Hyg, (5.2.5)

where H, describes the coupling between the QD and the cavity, and Hg is a
generalised IB model Hamiltonian describing the coupling of the QD to the envi-

ronment. H, takes the form

Hy = Qxd'd + Qca’a+ g(d'a + a'd), (5.2.6)

where d' is the fermionic exciton creation operator in the QD, af is the cavity

photon creation operator, Qx () is the exciton (cavity photon) energy, g is
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the coupling strengths between the QD and cavity. The IB model Hamiltonian

describes the interaction of the QD exciton with an acoustic-phonon bath,
Hig = Hy, +d'dV (5.2.7)

where

Hyp = Y weblbg and V= Ag(bg+ ') (5.2.8)
q q

are, respectively, the free phonon bath Hamiltonian and the QD coupling to the
bath, where bfl is the bosonic creation operator of a bulk phonon mode with the
momentum ¢ and frequency w, (denoting ¢ = |q|). The coupling of the exciton in
the QD to the phonon mode q is given by the matrix element Ay ;, which depends
on the material parameters, exciton wave function, and position of the QD. Their

explicit form for isotropic QDs is provided in Appendix H.

The explicit Hamiltonian for Case B is:
H = Hy+ Hp, (5.2.9)

where Hj describes the coupling between the qubits and the cavity, and Hig is
a generalised 1B model Hamiltonian describing the coupling of the qubits to the
shared environment. For the system of two remote QDs coupled to an optical

cavity, Hy takes the form

Hy = Odidy + Qdids + Qcata + gi(dla + afdy) + go(dha + a'dy),  (5.2.10)

where d; is the fermionic exciton creation operator in QD j (j = 1,2), a' is the
cavity photon creation operator, §2; (£2¢) is the exciton (cavity photon) energy, and
g; is the coupling strengths between the exciton in QD j and the cavity photon.
The IB model Hamiltonian describes the interaction of the QD excitons with a

shared acoustic-phonon bath,

Hig = Hpn + didy Vi + dbdy Vs, (5.2.11)
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Figure 5.1: Diagrams showing the path segments contained within G (blue) and
F (red) for L = 4. The propagator G contains path segments connecting the
index i, to itself and to all other considered neighbours, 7,,. Each link is weighted
appropriately and is zero if there is no interaction, forming a memory kernel. The
full influence functional F represents the information about the state of the system
and contains all possible path segments.

where

Hy, = qubgbq and V; = Z Aqj(bq + bT_q) , (5.2.12)
q q

The coupling of the exciton in a QD at site j to the phonon mode q is given by the
matrix element \q ;, which depends on the material parameters and exciton wave
function, and for multiple QDs in the same phonon bath, the position of the QD.
Their explicit form for isotropic QDs is provided in Appendix H. Importantly,
Case B, which describes a pair identical coupled QDs in a shared environment
separated by a distance vector d, the matrix elements satisfy an important relation
for identical QDs:

Ag2 = Y9N0, (5.2.13)

which is the source of long memory times, as discussed in Chapter 4. Physically, the
long memory times are due to the shared bath, where phonons may travel between
the QDs. So, the memory time can be as long as the phonon coherence time, and
the larger the dot separation, the larger the memory time, which manifests itself

as a delay in the bath correlation functions (see Fig.1.2 in AppendixI).

5.3 Path-integral approach

This section contains some information already provided and derived in more detail
within Chapter 3, however some more insight and subtleties are provided alongside

the partially repeated information.

72



CHAPTER 5. OPTIMISATION OF PATH-INTEGRAL
TENSOR-MULTTPLICATION SCHEMES IN OPEN QUANTUM SYSTEMS

For illustration we consider the linear polarisation as a simple quantum correlator
to investigate. However any element of the density matrix, and other quantum
correlators may be considered, such as the FWM polarisation [44] or populations,
which has already been done in [79]. The tensor multiplication scheme used in
[43-45, 79] and detailed in Chapter 3 is represented by (relabelling the indices for

clarity):

J
s+1 s
11

where G is known as the propagator and F) is the full influence functional, and
Fig.5.1 shows the path segments contained in the tensors. The role of G is to
propagate the system forward in time, taking the tensor F() to F+D where F
contains all correlations contained within the memory time. F' captures how past
states influence the present dynamics, incorporating non-Markovian effects. The
number of correlations, or time steps, included in the F tensor is also referred
to as the number of neighbours, L, with Fig.5.1 depicting 4 neighbours. FEach
index in the tensor can have J possible values, for example, in a QD-QD-cavity
system, Case B, J = 0,1,2, where 1 or 2 corresponds to the excitonic channel in
QD 1 or 2, respectively, and 0 represents the cavity channel. At any time step n
within the memory kernel, the excitation can transfer between these components,
meaning that i, evolves dynamically as the system oscillates between QD 1, QD 2,
and the cavity. In Fig. 5.1, G shows a specific case of two-time correlations. This
is a consequence of the assumption that the system-bath coupling is bilinear, in
which case all higher-order correlation functions can be expressed in terms of the
two-time correlations and G is given by

Gpoiy = M, inin OF2Ksig (D)F2Kigy (442600, (L) (5.3.2)
where M is defined in Eq. (3.3.3), and K denotes a cumulant arising from the ap-
plication of linked cluster expansion and defined in Eq. (3.3.19), with full details
contained in Chapter 3. Note that the cumulants contain two indices, i,%,,, de-

scribing the two-time correlations between two time points t,, and ¢,,. Finally, the
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linear polarisation is given by Eq.(3.3.34), but rewritten here for convenience:
Pji(t) = L9 O FN (5.3.3)

The subscripts 0...0 represent the indices can be placed into the cavity channel
at the given time steps, but more generally this can be any channel uncoupled
to phonons, such as the absolute ground state of the system. As the number
of time steps within the memory kernel increases (increasing neighbours), the
tensors in Eq. (5.3.1) grow exponentially in size. The exponential growth limits the
number of correlations that can be considered, due to computational limitations.
As a consequence there are problems in achieving convergence for the following
scenarios: 1) When the system has long phonon memory times, 2) when there is a
large number of channels J, or 3) in strong coupling regimes where the dynamics

exhibit rapid oscillations.

5.4 Optimisation scheme

As a simple example, we demonstrate the optimisation scheme in Case C: The
linear polarisation in a QD-cavity system. Already studied using a full tensor-
multiplication scheme in [43], this system requires two basis states (J = 0, 1) such
that 7, = 0 (1) indicates the system is in the cavity (exciton) state at time step n.
We write the equations for a general number of neighbours, i.e. the LN approach,
but the figures will use only 4 neighbours (L = 4) as a simpler example to ease

understanding.

The core principle of the optimisation scheme focuses on mapping the tensors in
Eq. (5.3.1), in particular the full influence functional F' and the propagator G, into
two matrices and then performing an SVD at each time step to truncate the size
by filtering out contributions below a desired threshold value. Let us consider the
first time step, after excitation in channel k£ at ¢ = 0. Since it is only the first
time step, the full influence functional tensor can be populated by only M;, x, and

then mapped to a matrix F,,,,. The full influence functional is populated by only
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two values of M; 1 Mo, or My,. This is because after excitation in channel £k at
t = 0, one further time step introduces index i1, which has two possible paths of
evolution, i, = 0 and i; = 1. Typically in other methods, such as Ref.32, there
is a growth phase in the early times, where each new time step introduces a new
index to the tensor, up until the full memory kernel has been formed. Beyond
this point, the tensor has a fixed number of indices, however, here we begin with
the full rank tensor as a placeholder for subsequent propagation. The influence
functional tensor, populated with the initial dynamics and remapped into a matrix
is:

F(l)

ip.d1

Fig.5.2 depicts the L = 4 influence functional F' remapped to a matrix F,,,.
In F,,,,, the columns take into consideration the possible values of the indices

(2% ...11), and the rows add (i, .. .iéﬂ) The linear polarisation in the QD-cavity

(iz, i) —
00 01 10 11
(iy,i3) 00| Mok | M1k | Mok | My
01| Moy | Myy |Mog | M1y
10 | Mok | M1k | Mok | M1k
11 | Mok | M1y | Moy | M1g

Figure 5.2: The tensor FSZ)S ini, Mapped onto a matrix F,,, the columns corre-

spond to the possible values of (iz,i;) and the rows (iy, i3).

system only has the possible index options i, = 0 or 1, for the L/2 indices as-
sociated with each of the two matrices. Therefore we generate all possible index
configurations by enumerating all tuples (i%, ...,11), where each index i, indepen-
dently takes values 0 or 1. This results in 2%/2 possible configurations to take into
account. Each configuration represents a possible path of the system as it evolves
over the time steps. For L = 4, the configurations for each pair of indices (i, ;)
and (i4,13) are simply {00,01,10,11}. Thus, the dimensions of the mapped matrix
Frm are Npax,Mmax = oL/ 2 in general. However, F,,, contains the same number

of elements as the original tensor F', and therefore presently provides no memory
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storage reduction. To remedy this, in order to avoid constructing large tensors in
the first instance, F,,,, can be analytically expressed in SVD form. In general, this

is always possible to do, and is given by:
fnm = UnO AO ‘/Om; (542)

with U,g = 1, Ay = 1 and Vp,, = M;,. Fig. 5.3 shows the matrix F,,, in SVD

form. This reduces the total number of elements from 2% to ~ 2(£/2

)*+1 having a
significant impact at larger L, approximately doubling the amount of neighbours
achievable. As the matrix has now been represented in SVD form, we define a
column vector U which takes into account the indices (if .. ‘i§+1) and the row

vector, V/, taking into account indices (i ...1i).
2

(iz, i) —

u A 00 01 10 11
(ig,i3) 00| 1 1 Moy | M1y | Moy | My
01| 1 v
10| 1
11| 1

Figure 5.3: The matrix F,,, in Fig. 5.2, expressed in SVD form.

For further time steps, the exciton-phonon coupling has to be considered, which is
taken in to account via the propagator G in Eq. (5.3.1). G is successively applied
to propagate the system forward in time, summing over the first index, 7, as seen

in Eq. (5.3.1).

Although the propagator Eq. (5.3.2) is in the form of a tensor, the two-time cor-

relations can be expressed as 2 x 2 matrices in the following way

QEQ_I i — €XP {QICir+1 i1 (T)} for1 <r < L

QL = My, exp {Ki, (0)} exp {260, (1)} (5.4.3)

where the superscript denotes the time step difference between any index (not
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including ;) in the memory kernel and 4, i.e. the time step difference between
the indices within each pair correlation. For example, considering the indices i3
and 71, the correlations are between time points t3 and ¢; in the memory kernel,
thus the ) matrix describing these correlations are given by the matrix sz)l The

recursive relation Eq. (5.3.1), can then be re-expressed as

(L-1 1
F2 =3 QY. QL) Fum (5.4.4)

11=0,1

The product of the ) matrices must be applied to the appropriate elements of
Fnm, With a summation over index 7;. Since each vector in Fig. 5.3 correspond to
specific indices, only ) matrices which consider pair correlations between those
indices should be applied to that vector. In other words, the propagator matrix
Qiyi, is applied to the right vector, and matrices Q);,;, and Q;,;, applied to the
left vector. Note that each () matrix describes the correlations between any index
in the kernel and 7, but the left vector does not contain any information about 7,
therefore modifications must be made to account for this before the summation
over 7; can be performed. Similarly, in the left and right vectors, there is no
information about the value of index p in the propagator G. Firstly, in an attempt
to perform the summation over i, we begin by separating F,,, into i; = 0 and
11 = 1 components,

F(il/zo) Zk Unk Akv 11 0)

nm

FOsl o — SN U AV (5.4.5)

nm

where F,,, = Fn% 9'if i, =0 and F,,, = .7-",(1;11 V'if i, = 1, with Ml = Muax/2-
With reference to Fig. 5.3, we see that the right vector Vj,, contains information
about the index 41, which is the cause of Vj,, = Vk(zi,: 9 and Viem = Vk(;g,:l) having
the reduced dimensionality m’. However, the left vector U, has no dependence
on i1, and therefore has the same dimensionality in both cases for ; = 0 or 1.
At this point, the product of () matrices can be applied to U, and Vj,,,. The Q)

matrices which introduce correlations between indices contained within U, i.e.

correlations between 7y, . . .Z%_H and 7; will be multiplied into U,;. Note that since
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U contains no information about i1, both possibilities of 7; = 0 and i; = 1 must be
taken into account. The () matrices which introduce correlations between indices
z% ...13 and ¢; are multiplied with Vj,,,. However, the propagator introduces
the additional index p, and we choose to apply Q;fl) onto the Vi, matrix. As
there is no information about index p contained within either left or right vectors,
both possibilities of p = 0 and 1 must be taken into account, similar to the lack of

information about index 4; in the vector U(nk). We then obtain two new matrices,

05" = Q" QL U for iy = 0
2
0O=D Z QY QL) U foriy =1. (5.4.6)
7+1
Similarly,
V=0 = QLG QZLO oA for iy =0
vy Q(”Qm Q=D for iy = 1, (5.4.7)

with p = 0 or p = 1, due to the introduction of the new index p in Eq. (5.4.4), which
is necessary for the forward propagation of the system in time. As an example on
how to apply the () matrices appropriately to the vector elements, consider the

propagator matrix Q we can then apply the matrix element Q[%) to elements

1211

in Vk(fé,zo that correspond to 77, = 0, and Q(()ll) to the elements corresponding to

1y, =0in Vk(;i,zl), and so on. Now, once all propagator matrices have been applied,

ii=0i =1 (iz,p) —
(i4, i3) 1 0.0 pon i =0
l go| [gw 1 0 e i =1

p=20 p=1

Figure 5.4: The tensor F}EZL )12 mapped to a matrix F,,,. The vectors from the
initial time step, U, and Vj,,, have been split through applying the (Q;;, matrix
elements for i; = 0 and 4; = 1, with V being further split through the extra index

p, with p =0 and p = 1.
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let us denote F.2) representing F}S?) in Eq. (5.4.4) for any p as

L2

Fo =3 (09 MT0P + T80 58) (5.4.8)
k

where the tilde notation denotes that the () matrices have been applied, propa-

gating the system forward in time for this iteration. The new propagated matrix

Fm, NOW at step 2 (s = 2) is shown diagrammatically in Fig.5.4. In Fig.5.4,

U and V have been split due to the summation over i, according to Eqs. (5.4.6)

and (5.4.7), and the @) matrices in Eq. (5.4.3) have been applied, further splitting

V' due to the introduction of a new index p in the propagator. To calculate the

(i4,13) ~ (iz,p) —
u A 00 10 01 11
00| X | X 1] A X | X i,=0
10 14
11
il = 0 il = 1

Figure 5.5: The tensor =2 mapped to a matrix F,,, as in Fig. 5.4 but here

” pir...12 ~
showing U as a 4 x 2 matrix with the first and second columns being U® and

UM, respectively. The first (second) row of V consists of V(1=07=0) and V/(1=0r=1)

(V(1=1p=0) and V(1=12=1)) The red crosses indicate which matrix elements should
be multiplied together in order to go from Flﬁjjfgiz to the specific realisation Fé.].\.%j

required to compute the polarisation, as in Eq. (5.3.3).

polarisation, given in Eq. (5.3.3), we take the specific realisation F,, ;,;, — Fo. 0j,
where j is the measurement channel at any time step. Fig.5.5 shows the ma-
trices in Fig. 5.4 more explicitly, with the red crosses indicating which elements
should be multiplied together for this specific realisation. This matrix multiplica-
tion is effectively summation over 71, as required, and the measurement channel,
4, is selected by choosing iy = j = 0,1. The first (second) row of V consists of
V(1=0.p=0) and Y (1=0p=1) (7 (1=1p=0) and V' (1=1r=1))  Note that this particular
arrangement, causes the rows in V to be split with the possible values of iy, and

the 7, value being constant across the corresponding column. The consequence of
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this arrangement is that the configuration ordering changes, since p is now vary-
ing across columns, just as i; was in the initial vectors (see Fig.5.3). Therefore,
the realisation Féff)z) (Fés?l) ) is obtained through standard matrix multiplication
with the elements in first row of U with the column corresponding to the configu-

ration ir ... ipp = {0...0} ({0...10}) column in V, corresponding to the cavity

(exciton) observation channel.

In the recursion relation Eq. (5.4.4), Fé‘j:z)w must become the new Fz(j:i) for the
next time step, and we must therefore remap the indices. As an example, for L = 4,
(i4,i3) — (is,12) becomes associated with U and (i, p) — (i1,44) associated with
V. After each time step, we redefine U (V) as U (V) without the tilde, as seen in
Fig. 5.6, which also shows the new indices that are associated with the matrices.
This indicates that we must again split the matrices due to the possibility of
11 = 0 or i1 = 1, and the subsequent application of the () matrix elements to
propagate the system must occur. In each successive time step, the indices will
cycle, but once the index i; becomes associated with U (after L/2 steps), the
original index ordering has been restored but on opposite matrices. That is, for
L = 4, (ig,41) is instead associated with U, and (i4,i3) with V. Therefore, once
this occurs, it’s computationally simpler to transpose all the matrices and redefine,
such that U = VT and V = U7, allowing us to return to repeat the same procedure
outlined in this section. To summarise, after L/2 time steps the matrices should be
transposed in order to return the indices to their original positions, i.e. (ir/s...41)

associated with V', we call this the start of the cycle.

It is clear that through the splitting due to ¢; = 0 and 1 after each time step,
the size of U matrix doubles in size relative to the previous step, and through the
splitting due to p = 0 and 1, V' also doubles in size. Thus, every subsequent F
doubles in size, however this can be optimised, reducing the sizes, by performing
an SVD on the matrices. For instance, we can SVD V', as shown in Fig. 5.7, where
Aq which contains the significant values has a smaller size due to the threshold

condition that if | A\;| < € then Ay = 0, truncating the SVD matrices. The threshold
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(i3,13) (i, i) —
u A 00 10 01 11
00 1
01 1
10 4
11

Figure 5.6: The tensor FZ(LSZi) mapped to a matrix F,,,,,. This is the starting point
of the next time step, the subsequent application of the () matrices and splitting

due to iy = 0,1 and p = 0,1 will be applied here to propagate the system.

(8,4) Bx) .x) &4

Aq Vi

Figure 5.7: SVD applied on V after the third time step, where there are now
8 rows. There is still the 4 columns since the number of configurations for a
given number of neighbours is fixed. By applying SVD with a threshold value,
the truncated dimension becomes z’. V; is the new truncated V used for further
propagation.

€ may be changed based on the desired accuracy of the calculation, the results in
this paper use € = A\pax X 1078, where A\p.y is the largest value contained in A;.
As seen in Fig. 5.7, considering for illustration V', which is initially a 1 x 4 matrix
at the first time step, but has increased to an 8 x 4 matrix after three iterations
(for L = 4, but would be an 8 x 2%/2 in general). Then, if after applying the
threshold only 2’ significant values remain, A is a (8,2’) matrix, A; is a (2, 2')
matrix and V; is a (2/,4) matrix. Initially this appears to increase the number of
required elements, however A and A; can be multiplied into U, which is a (4, 8)
matrix, and through just matrix multiplication, the size of U is truncated to a
matrix U; of size (4,2'). Thus, the matrices of reduced dimension, V; and U; in
Figs.5.7 and 5.8, respectively, are used as the new V and U for the proceeding
time step. If the truncation is insufficient after one SVD, the SVD can be applied
again onto U, which was initially only multiplied with the products from applying
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(4,x") (4,8) (8,x") (', x")

U, | = U Ay

Figure 5.8: A and A;, which are products from performing an SVD on V, are
multiplied into U, which automatically truncates the dimensions without perform-
ing any further SVDs. U is the new U used for further propagation.

SVD on V, and then multiply the products from applying SVD on U back into V.
Effectively, there is an SVD sweeping back and forth to truncate the sizes. These
truncated matrices are then used as the starting U and V for the following time
step, with the SVD procedure applied every time step to keep the matrices from

growing exponentially.

Computationally the procedure is straightforward. We start with a tensor which
has a number of indices equal to the amount of time steps within the memory
kernel (or neighbours), L. We then assign half the indices to a matrix U, and
the other half to a matrix V', where each element corresponds to a specific path,
or configuration, of the indices. Due to the exponential form of the propagator,
it can be decomposed into matrices @, defined in Eq. (5.4.3), which describe the
correlations between two time points. The () matrix elements can be multiplied
into U and V, propagating the system. Then, via matrix multiplication of the
desired rows and columns, a specific realisation is calculated and any physical
observable can be found. The exponential scaling of the matrix sizes (doubling at
each time step) is then handled by performing an SVD on the matrices to keep

only contributions above a chosen threshold value.

5.4.1 Generalisation to J-dimensional density matrix vec-

tors

More generally for a system and correlator which can be fully described by J sys-

tem states, The dimensions of the mapped matrix, nm,., and Mmmpmay, are dependent
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on the number of neighbours, L and J, i.e. Nmax, Mmax = J*/2. In other words,
there are more configurations of the indices when there are more possible system
states. They are generated by enumerating all tuples (z%, ...,11), where each index
ir independently takes values in the finite set {0,1,...,J}. This yields (J + 1)

distinct configurations.

1 70| |y o] |7©2)

JO[ T |[T@ 1] (7O [pan] |72

geo| [pey| [Fe

Figure 5.9: The tensor =2 mapped to a matrix F,,, for J = 3, as in Case B

pir...12

for the QD-QD-cavity system, the matrices U has been duplicated three times to
account for all possible values of i; = 0, 1, 2, since no knowledge of i; is contained
within U. V has been split into three blocks corresponding to the values of 71, as
the value of i; is known for each element in V. However, each block of the split V
is then duplicated three times due to the propagation index p =0, 1, 2.

At time step s, the tensor FQ(LS)Zl (where ¢ = 0,1,...J — 1) is represented by
a standard matrix F,,,, which is split into two matrices U and V. As before,
the indices are assigned to the matrices U and V', however, due to the extra
possible states of iy, the matrix V},, is split into J matrices, Vi,, — Vk(ﬁ,), each
corresponding to a specific i1 value. Vj, is a J times smaller matrix than Vj,,
since the 7; values are known, as this index is associated with V. The propagation
index p also has J possible values, and each Vk(;i, is duplicated to account for all
possible p values. Similarly, U, is duplicated J times, with each corresponding to
a possible 7; value, as there is no information about index ¢; contained within U.
Fig. 5.9 shows the specific case of J = 3, which may represent Case B, the linear
polarisation in a QD-QD-cavity system. The @ matrices defined in Eq. (5.4.3) are

applied into the matrix elements of V' and U as before, and there is a summation

over i1, propagating the system from F) to FG+t). We have then, for the first
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application of the () matrices

g = = o)

11,11 iL/2+1 11 nk

o L_ ;
e _ Q(L)Q(z v Q(l) v (5.4.9)

km! pi1 Wi, ot ioin Vkm!

Denoting the propagated full influence functional tensor Fp(f ). as the mapped

L--12

matrix F,,,, which is given by
R = Y 0T 5410
i1k

as before, but with i;,p = 0,1,...J — 1. For subsequent time steps the indices

F(§+1)

i (s)
i o becoming the new F;

associated with V and U are remapped due to i i

in the iterative procedure given by Eq.(5.3.1). As a consequence, the ) matrices
which are applied onto U and V in Eq. (5.4.9), which shows the specific case for
the first iteration, also change. In other words, the () matrices which contain

correlations between the indices which are contained within U and V are used.

5.5 Verification

Fig.5.10 illustrates the accuracy of our optimisation scheme by calculating the
linear optical polarisation P11 (¢) of an isotropic QD coupled to a micro-cavity with
coupling strength g = 100ueV. We compare the results from the original full tensor
multiplication scheme [43], the optimised calculation, and the well-known TEMPO
approach [32] using the same number of neighbours, L = 26, in each case. An SVD
threshold of ¢ = 107® is used in the optimised and TEMPO calculations. The
inset of Fig.5.10 demonstrates the error between the full well-converged original
calculation and the optimisation (blue) and TEMPO (green). The inset shows the
close agreement between the optimised scheme and the original full tensor method
confirming the validity of our approach, while the comparison with TEMPO serves
as an additional point of reference. There is a large benefit to computational time,
taking roughly 1300 seconds using the original approach, compared with only 30

seconds using the optimisation scheme, for the same number of neighbours. Note
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Figure 5.10: The linear optical polarisation, |Py;(t)|, for an isotropic QD of
confinement length [ = 3.3nm coupled to a micro-cavity with coupling strength
g = 100 peV at zero detuning, with excitation and measurement in the QD. The
calculation using the original tensor multiplication scheme [43] (shown in red) is
compared with the optimised method (blue), and TEMPO (green). All calcu-
lations use the number of neighbours L = 26, with the optimised and TEMPO
methods using an SVD threshold of € = A\ X 1078, Inset: Absolute error be-
tween the full calculation and the optimisation and TEMPO. The phonon bath
temperature is T = 50 K and the rest of the parameters are found in Table 2.1.

that in Fig. 5.10, all calculations used the same number of neighbours for a direct
comparison. However, the maximum achievable neighbours in the original full

calculation for this QD-cavity system is L = 26 for a desktop PC of 16GB RAM,

whereas the optimised case has approximately L = 50.

5.6 Extrapolation

As detailed in Chapter 2, the strong coupling between the exciton and cavity forms
two polariton branches, and the oscillatory behaviour in Fig.5.10 is explained
by the coherent exchange of energy between the polariton states. The energy
levels of the states are separated by the Rabi splitting, which determines the
beat frequency in |Py;(¢)|. This frequency physically represents the exchange of
quantum information between the QD and the cavity. The temporal decay of the
linear polarisation expresses the decoherence in this system as a consequence of

the interaction of the QD with the bath. This decoherence is due to phonon-
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assisted transitions between the upper (|+)) and lower (|—)) polariton states (see

the equivalent discussion regarding the hybridised states in Chapter 4).

Using this picture, we have applied to the long-time dynamics of Pj;(t) a biexpo-

nential fit of the form

Pl () =) Cre ™, (5.6.1)
J

extracting the complex amplitudes C}, energies Re w;, and dephasing rates I'; =
—Im w; of the phonon-dressed polariton states, as discussed in Sec.4.2. These
extracted parameters follow a power law dependence on the number of neighbours
L. Therefore, one can calculate the linear optical polarisation for a given number
of neighbours, apply a fit to the long time data, extract the fit parameters and
then apply a power-law fit to these parameters. The resulting parameters across
the range of neighbours are used to perform a power-law extrapolation, estimating

the exact value which corresponds to L = oo.

As an example, consider the parameters corresponding to the dephasing rates,
['(L) extracted across a range of neighbours, where the convergence of I'(L) to the

exact (L = oo) value is assumed to follow a power law model, given by

I'(L) =T(c0) + CL". (5.6.2)

Figure 5.11 shows the I'(L) calculated values (blue crosses) in the QD-cavity sys-
tem, with the power law model applied (red curve), and the extrapolated I'(co)
is shown as a red dashed line. The value of I'(c0) is estimated for the values of
['(L) shown in Fig.5.11 by minimising the root mean square deviation from the
power law Eq. (5.6.2) for § = 2. Fig.5.11 also demonstrates the necessity of the
extrapolation, since optimisation alone may not be well converged in some cases.
However, the extra data provided by the optimisation by achieving more neigh-
bours allows for an accurate usage of the extrapolation. In fact, in some systems

with very long memory times, such as in extended quantum systems, the extrapo-
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Figure 5.11: Power law fit applied to the I' (L) (I'_(L)) values across a range of
neighbours, L, for ¢ = 600 ueV is shown in the upper (lower) figure. The blue
crosses are the extracted I'(L) values, the red curve is the power law model with
f = 2, and the red horizontal dashed line is the estimated value of I'(c0). The
rest of the parameters are as in Fig. 5.10.

lation is not possible at all with the original technique and requires the data from

the optimisation scheme.

5.7 Illustrations

The optimisation and extrapolation, developed in Secs.5.4 and 5.6 are applied
first in Case C, the QD-cavity system. Firstly we demonstrate the agreement,
comparing the original full tensor-multiplication scheme [43] to the optimised cal-
culation using more neighbours (greater accuracy), and subsequent extrapolation
in a regime with a moderate QD-cavity coupling strength. Then, we extend the
calculation across a range of QD-cavity coupling strengths, going beyond what

was computed in [43]. Next, we apply the optimisation and extrapolation to Case
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B, detailed in Sec. 3.2, for a QD-QD-cavity system. In this system of spatially
separated QDs, the necessity of the optimisation and extrapolation is shown when

the memory times become very long.

5.7.1 Accessing stronger coupling regimes in the QD-cavity

system

Fig. 5.12 shows the linear optical polarisation Py;(¢) of an isotropic QD coupled to
a micro-cavity with coupling strength g = 600ueV at zero detuning. The data is

100 3
1) +12)
1071 4 2
E I Iy |29
— 3 1) —2)
= ] V2
S 10-2
a 107 3
] —— original
-3 | —— optimized
10 E —— extrapolated
i 40 50
0 10 20 30 40 50
time (ps)

Figure 5.12: The linear optical polarisation, |Py;(t)|, for an isotropic QD of
confinement length [ = 3.3nm coupled to a micro-cavity with coupling strength
g = 600 eV at zero detuning, with excitation and measurement in the QD. The
calculation using the original multiplication scheme is shown in red (L = 26), the
optimised calculation in blue (L = 48, SVD threshold € = A\. X € = 1078) and
extrapolated calculation in green. Inset: Energy level diagram for the hybridised
QD-cavity states |[+) = (|1)+]2))/v2 and |—) = (]1) —|2))/+/2, with real phonon-
assisted transitions (red and blue arrows). The phonon bath parameters are as in
Fig.5.10.

calculated with the original tensor-multiplication scheme, the optimisation and ex-
trapolation. There is good convergence of the original calculation at this coupling
strength because the time step At, which decreases as the number of neighbours
increases, is small enough to resolve the dynamics of the Rabi oscillations. The
frequency of the Rabi oscillations at zero detuning is determined by the energy

splitting of 2g between the polariton states (see inset of Fig.5.12). Therefore,
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as ¢ increases, a smaller time step is required for an accurate calculation. The

optimisation and extrapolation thus provides access to larger coupling strengths.
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Figure 5.13: Dephasing rates 'y of the hybridised states |+) at zero detuning as
a function of the QD-cavity coupling strength ¢, calculated via the optimisation
scheme (L = 48, SVD threshold € = A\jax X € = 107%) and extrapolated (solid
lines), via FGR (dashed lines), and the most accurate calculation via the original
tensor-multiplication scheme (crosses) for isotropic QDs with a confinement length
of [ = 3.3nm. The inset shows the extrapolation error for both extrapolated
dephasing rates. The phonon bath parameters are as in Fig. 5.10.
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Figure 5.14: As in Fig. 5.13 but with a linear scale.
Fig. 5.13 shows the dephasing rates I's. in the QD-cavity system as a function cou-

pling strength g (see Fig.5.13 for a linear scale). The optimised and extrapolated

data visually align with the original calculation at smaller coupling strengths,
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but show a deviation at larger values as expected. Provided that the parame-
ters extracted via the optimisation scheme follow the power law convergence, the
extrapolated values are accurate for significantly larger coupling strengths than
the original approach [43]. The inset of Fig. 5.13 shows the extrapolated error for
each of the extrapolated 'y values, where even at g = 30001 eV the extrapolated
error (107?) is much less than the difference between the extrapolated and original
calculations (1071). It is worth noting that the discrepancy between FGR and the
full calculation at large coupling strengths is likely due to not taking into account
virtual transitions, which are significant compared to real transitions at such large
coupling strengths [37, 46]. The virtual transitions can be added to the real tran-
sitions and taken into account via FGR by using the quadratic coupling model in

[37] or a combined approach [100].

5.7.2 Necessity of the optimisation in spatially extended

systems

When a spatially extended quantum system interacts with a common environment,
the memory time can become very large and its quantum dynamics is difficult to
capture accurately. We now use Case B, a system of two spatially separated QDs

coupled to a microcavity and interacting with a shared phonon bath as illustration.

Fig.5.15 shows the linear polarisation, |Pq1(¢)|, for a pair of cavity-mediated
(91 = g2 = g = 500 peV) coupled isotropic QDs separated by d = 5nm. In
this case of zero detuning (€, = Qs = Q¢) and equal QD-cavity couplings,
there are three resulting hybridised states, |+, 4) = (]1) 4+ ]2))/2 &+ |C)/v/2 and
|—) = (|1) — |2))/V/2, as depicted in the inset (see [45] and Sec.4.3). To generate
the extrapolated data, a triexponential fit is applied to P1(t) to extract the pa-
rameters of these hybridised states. Fig.5.15 compares the original, optimised and
extrapolated calculations, however, the separation of 5nm is small and does not
significantly increase the memory time (see AppendixI). Therefore, we observe a
similar and sufficient convergence of the original calculation as in the QD-cavity

system in the previous section. Fig.5.16 shows the same calculation, but instead

90



CHAPTER 5. OPTIMISATION OF PATH-INTEGRAL
TENSOR-MULTTPLICATION SCHEMES IN OPEN QUANTUM SYSTEMS

D+ 10
100 4 2 +\/§ T r I\/—
: -
1) - [2) | g
\/E Y
ﬁ_
m+2 10 _4 ¥ I g
ZRNG

|P11(8)]

10-1 4 original
4 —— optimized
] —— extrapolated

0 20 40 60 80 100
time (ps)

Figure 5.15: The linear polarisation, |Pq;(t)|, for cavity-mediated (¢ = g2 = g =
500 peV) isotropic QDs with confinement length [ = 3.3nm at zero detuning. The
QDs are separated by the distance d = 5nm, with excitation and measurement
in QD 1. The calculation using the full tensor multiplication scheme is shown
in red (L = 16), the optimised calculation in blue (L = 30, SVD threshold ¢ =
Amax X 10_8) and extrapolated calculation in green. Inset: Energy level diagram
for the hybridised QD-cavity states |+, £) = (|1) + |2))/2 + |C)/V/2 and |—) =
(]1) — |2))/v/2, with real phonon-assisted transitions (red, blue and green arrows).

The phonon bath temperature is 7' = 20 K and rest of the phonon bath parameters
are found in Table 2.1.
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Figure 5.16: As in Fig.5.15 but with a QD separation of d = 45 nm.

with a separation of d = 45nm, which displays a clear lack of convergence using
the original method. Even the calculation using the optimisation scheme is not

very well converged, showing the necessity of the extrapolation. It should be noted
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that the extracted parameters do not follow a power-law convergence across all L
values, instead, the selected L values must be sufficiently high to enter the regime
of power-law convergence. Due to this, the original technique in most regimes of
spatially extended systems cannot generate enough data within the power-law con-
vergence regime to provide an extrapolated calculation. Therefore, the optimised

calculations are required for the extrapolation.
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Figure 5.17: Dephasing rates I'; 1 and I'_ of the hybridised states as a function
of d. The extrapolation (solid lines) is compared with the original (dashed lines)
for cavity-mediated coupled identical isotropic QDs with interaction strength ¢, =
go = g = 500 peV, and zero detuning. The phonon bath temperature is 7' = 20K
and the rest of the parameters are found in Table 2.1.

Fig. 5.17 shows the dephasing rates I'; extracted from the fit as functions of the QD
separation d. The dephasing rates of the hybridised states |+, +) = (|1) +12))/2+
|C)/V/2 and |-) = (]1) — [2))/v/2 are denoted by ', » and I'_, respectively.
As the QD separation increases, the memory time increases, and the original
calculation gradually becomes increasingly inaccurate, requiring the optimisation

and extrapolation to accurately model the system.
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5.8 Summary

In this chapter, an optimisation scheme has been developed for path-integral
tensor-multiplication schemes and it has been applied to the Trotter decompo-
sition with linked cluster expansion technique. The scheme is demonstrated by
applying it to the linear polarisation in a quantum dot-cavity system, although it
is applicable for any basis size and any density matrix element, e.g. populations.
The scheme approximately doubles the achievable number of neighbouring connec-
tions within the tensor network structure, which is significant given the exponential
scaling typically associated with tensor multiplication schemes. It should be noted
that more memory-efficient representations for the tensors exist; however, the op-
timisation developed in this thesis enables the usage of an extrapolation scheme
not available in other techniques. The increased number of neighbours paired
with extrapolation gives access to previously inaccessible regimes, offering better
convergence for systems with long memory times. For calculations already well
converged using traditional approaches, the optimisation scheme offers greatly im-
proved computational efficiency, shortening calculation times by up to two orders

of magnitude.
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Chapter 6

Conclusion

In Chapter 2, the theoretical framework was outlined by examining two funda-
mental models: the JC model describing QD-cavity interactions and the IB model
characterising (QD-phonon interactions. The JC model revealed how strong cou-
pling between a QD and cavity leads to polariton formation with distinct energy
branches separated by the Rabi splitting, and the coherent exchange of energy
leads to Rabi oscillations. Meanwhile, the IB model introduced techniques for
incorporating phonon effects, highlighting the non-Markovian dynamics charac-
terised by the rapid initial decay of the linear polarisation. The important concept
of the phonon memory time was introduced, which in the IB model corresponds
to the polaron cloud formation time following an optical excitation in the QD. A
key challenge identified was the combination of these exactly solvable models into

a unified approach.

Chapter 3 addressed this challenge by utilising a path-integral approach to success-
fully combine the JC and IB models, resulting in a tensor-multiplication scheme.
The Trotter decomposition with linked cluster expansion technique was focused
on, and a generalisation was developed for multi-QD systems interacting with

either shared or independent phonon baths. The propagator tensor emerged as
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a central component of this technique, where each element contains a possible
evolutionary path of the system within the finite memory time. This approach
provides asymptotically exact calculations for any element of the density matrix,
with accuracy improving as the number of neighbours increases, albeit at the cost

of exponentially growing computational demands.

In Chapter 4, the asymptotically exact solution was used to investigate linear op-
tical responses in a system of two coupled qubits interacting with a shared bath,
using semiconductor QDs coupled to 3D acoustic phonons as a practical example.
Despite only considering diagonal exciton-phonon coupling, which typically pro-
duces no ZPL broadening, the full calculation revealed ZPL broadening which is
understood in terms of phonon-assisted transitions between the hybridised qubit
states, analogous to the polariton states in the JC model. Importantly, we demon-
strated that decoherence can be reduced by controlling the inter-qubit distance
relative to the wavelength of the interacting bath modes. This effect is due to
all QDs coupling to the same phonon modes, which is enabled by the coherent
properties of the bath itself. Remarkably, the approximate calculation via FGR
for real phonon-assisted transitions shows excellent agreement with the full cal-
culation. For a 1D bath, we showed that decoherence can be eliminated entirely,
with similar effects achievable for anisotropic qubits in a three-dimensional bath.

The effect can be extended to multiple-qubit systems.

Finally, in Chapter 5, we developed an optimisation scheme which can be applied
to path-integral tensor-multiplication techniques, specifically applying it to the
Trotter decomposition with linked cluster expansion approach. This optimisation
approximately doubles the number of neighbouring connections within the tensor
network structure—a significant improvement given the exponential scaling char-
acteristic of tensor multiplication schemes. This optimisation, which remaps and
splits the tensor into two matrices, is a simple and natural stepping stone to a more
sophisticated and advanced version of optimisation which has now been developed

in parallel to the writing of this thesis. The new version represents the tensor as
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an arbitrary number of matrices (limited by memory), where each matrix can con-
tain a similar number of neighbours as the optimisation described in this chapter,
providing a significant increase in the maximum number of neighbours achievable.
While more memory efficient tensor representations exist, our approach enables
an extrapolation scheme not available in other techniques. The combination of
increased neighbour connections and extrapolation provides access to previously
inaccessible regimes with improved convergence for systems with long memory
times. As a demonstration of a system that can exhibit long memory times, we
use a system of spatially separated quantum dots where increasing the separation
increases the memory time. For already well-converged calculations, our optimi-
sation scheme delivers substantial computational efficiency, reducing calculation

time by up to two orders of magnitude.
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A Representations

A.1 Schrodinger representation

Starting with the time-dependent Schrédinger equation, the relation between the

system Hamiltonian H and the wave function v (t) is

0

0 (t) = Hu(t), (A1)
for which the general solution is

P(t) = e "(0), (A.2)
where e "t shows the time evolution of the wave function from ¢ = 0. In the

Schrodinger representation, the wave function is time-dependent, and the opera-

tors are time independent.

A.2 Heisenberg representation

An alternative representation is called the Heisenberg representation. In this rep-
resentation, the wave function becomes independent of time and instead the op-
erators absorb the time dependence. Consider the expectation value of a generic

operator A,

(WO A (1) = (7 (0)] A |e™4(0)) (A.3)
= ((0)] " A [(0)) , (A4)

where we have extracted the explicit time dependence from the wave functions in
the Schrodinger representation. Then, we are able to define an operator with the

following time dependence

A(t) = et Aem L, (A.5)
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The time derivative of a general operator using these definitions is given by

d .
ZA(t) =i [H, (). (A.6)

A.3 Interaction representation

The interaction representation can be considered an intermediate case between
the Schrédinger and Heisenberg representations since both the wave function and

operators have time dependence. When the full Hamiltonian H is expressed as
H=H,+YV, (A7)

where H; is the unperturbed Hamiltonian and V is a perturbation, the time-

dependent Schrodinger equation is written as

0

HYs(t)) = (Ho + V) [ths(t)) = Z'E Vs (t)) (A.8)

where the subscript S denotes the wave function in the Schrodinger representation.

To find a solution to this equation, we introduce a new state vector ¢ (t) related
to ws(t) by
[¥s(t)) = e oy (1)) - (A.9)

The subscript I refers to the interaction representation. Extracting the time de-

pendence of operators can be done by finding the expectation value of an operator

A,

(Ws(t)] Alws(t)) = (e My (t)| Ale "y (1)) (A.10)
= (r(t)] e AT [y (1)) (A.11)

therefore, an operator in the interaction representation can be expressed as

A(t) = ot pgmiHot (A.12)
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where the tilde denotes an operator in the interaction picture. It is clear that
the operators in the interaction representation have time-dependence governed by
the unperturbed Hamiltonian, Hy. Then, substituting Eq.(A.9) into the time-

dependent Schrodinger equation (A.8), we find

(Ho V)™ [y (1)) = i 2 (= (1) (A13)

and performing the partial differentiation gives

(Ho V)™ (1)) = Ho e g (1) + i~ 0 (), (A1)

then cancelling the common term and multiplying e*°’ on both sides of the equa-

tion, we find

eiHotvefiHot |¢I(t)> — Z% |¢I(t)> , (A15)

where oty =il jg defined as the interaction representation of an operator in
Eq.(A.12). Therefore the Schrédinger equation in the interaction representation
is given by

0 ~
iy [1(t) = V) [¥1(1)) (A.16)

which shows the time-dependence of the wave function in the interaction picture

is governed by the perturbation V.

B Linear optical polarisation

The derivation below is a more general case with multiple possible system exci-
tation /measurement channels and a phonon bath. In the JC model, there is no
phonon bath, simplifying the derivation. And, in the IB model the derivation is
similar, but the excitation and measurement channels are limited to | X') only since

there is only one QD, rather than |k) and |[j).
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B.1 Multiple QDs coupled to a cavity with an acoustic phonon
bath

The density matrix of the system in the fully unexcited state is given by

p(=00) = 10) (0] @ ppn, (B.1)

where the density matrix of the phonon subspace pp, is

e_ﬁth

o = (B2
T e,

where § = and the subscript ph on the trace refers to the trace being taken

1
kgT’

over all phonon states. Then, applying a pulsed excitation of the form
Hext(t) = Vé(t)v (BB)

where

V= pu(E +é), (B.4)

to the system, where & (¢) is a general creation (destruction) operator results in
the density matrix immediately after the pulsed excitation being described by the

transformation
p<0+) — et = Hext(t’)dt’p(_oo)ez‘ffooo Hext (t))dt! _ efivp(_oo)eiv. (B.5)

¢’ (&) is given explicitly by |k) (0| (|0) (k|), where k represents the excitation chan-
nel, which can be any excitonic state 1,2 or the cavity channel C. The subsequent

time evolution of p(0,) is given by the Schrodinger time evolution,
p(t) = e p(0y )e ™. (B.6)
Substituting these into the expression for polarisation Eq.(2.1.7), we obtain:
P(t) = Te{e "™ (e~ |0) (0] € ® ppn)e’c}, (B.7)
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where ¢ is a general destruction operator explicitly given by |0) (j|, where j is
the chosen measurement channel (j = 1,2,C), effectively extracting the chosen

coherence term from the full density matrix.

%

The exponentials e can be expanded as a Taylor series, giving

P(t) = Tr{e " ((1 —ip( + &) + ...) [0) (O] (1 + iu(é" + &) + ...) ® ppn) e}
(B.8)
Writing ¢, ¢ and ¢ explicitly in terms of k& and j and using the orthonormality
of the states and keeping only terms linear in u, the linear polarisation can be
expressed as

P(t) = Tr{e ™ (k) ® pyu)e ™" (j]}. (B.9)

In particular, we have used the fact that (k|e'*|0) is simply zero, due to the

Hamiltonian H not having any way of causing the |0) state to undergo a transition

to |k) and (0| et |0) = e'ont,

Now evaluating this trace in a system basis |n) and phonon basis |a),

P(t) =Y (nl @ (al (¢ (|k) j) © ppue’™)) [n) © |a), (B.10)

n,o

and using the fact that |k) (j|n) = J;, |k), we find

P(t) = (il @ (al e T (|k) @ (ppne’™ |a))). (B.11)

o

Denoting |k) ® |¢) = |k) @ (ppne'h?|a)), we have

P(t) =Y _({jl ® (aD)e ™ (k) © |9)). (B.12)

[e%

Using the rule of tensor inner products

({al ® )X () @ ) = (8] ((al X |c)) |d), (B.13)
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the linear polarisation becomes

P(t) = 3 (al ((jl e ™ k) ppne™* |a) | (B.14)

«

noting that (j|e~*#!|k) is actually an operator in the phonon subspace (because
it is what is remaining after contracting with the system states). Eq.B.14 is the

definition of a trace over the phonon Hilbert space:
P(t) = Te{(jle™"" |k) ppne™}, (B.15)

and subsequently using the definition of the expectation value of an operator

Eq.2.1.6, the final expression for the linear polarisation is given by

Pju(t) = (U ) [F))pn, (B.16)

with U(t) = etHontetHE

C Absorption

The absorption A(w) is the transition rate into all states from an initial state.
Fermi’s golden rule F', giving the transition rate from a single initial state |i) to a

single final state |f) is defined as
Fisp(w) = 2] (Vi) P0(Ef — E; — w), (C.1)

where V is the pulsed excitation applied at time ¢t = 0, given by Eq. (2.1.9). Ey
is the energy of the final (initial) state, and the delta function enforces energy
conservation, ensuring the photon energy w matches the energy difference F; — E;.
The absorption spectrum A(w) is the total transition rate, summed over all possible

initial and final states, weighted by the probability w; of occupying the initial state
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and is given by
Aw) = wiFip(w) =21 Y wil (f|V]i) |*6(Ef — E; — w). (C.2)
if i,f
In the frequency domain, the delta function is written as

1 [ . 1 [~ . .
E,—E;, — - i(Ef—Ei—w)t g3 __ i(Bp—E;)t ,—iwt .
(B w) 27r/ e dt o _Ooe e “idt, (C.3)

—00

Substituting into Eq. (C.2), we get
Aw) = Z/ wi| (f| Vi) |2 ErEte=iwt gy, (C.4)
T

Using | (f| Vi) |? = G| VT|f) (f| Vi), this becomes

Aw) =Y w GV A (V] / ¢ilBr—Et vt gy (C.5)
i f -
We then use et |f) = e'Est | f), and so:
Aw) =Y w / (] e HVA G| £) (F] V]i) e dt. (C.6)
if —o©

Inserting the identity >_,[f) (f| = 1 and expressing w; = (i| p(—0o0) |i), the sum

becomes a trace:

Alw) = /OO dt e~ Tr{ p(—o0)e VTV, (C.7)

Using the cyclic property of the trace and expanding V as in Eq. (2.1.9), we get
Alw) = / dte ™ (uTr{e M Vp(—o0)e'c} + p* Tr{e " Vip(—oco)ecl}) .
. (C.8)

These two terms correspond to Py,(¢) and P} (¢), respectively, as defined in Eq. (2.1.14).

Further neglecting the unimportant p terms, we find

Alw) = /0 TPy (1) + P (#)]d = 2 Re [ /0 h e‘ithL(t)dt} , (C.9)
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where we have used the fact that [ e ™! P} (t)dt = ([,” "' Py (t)dt)*. This results

in the final expression for the absorption spectrum,

A(w) x Re { /0 h e‘MPL(t)dt} . (C.10)

It should be noted that in our expression for the linear polarisation, Eq. (2.1.14),
we omitted the prefactor of —i. If this factor were retained, Eq. (C.10) would

instead involve the imaginary part of the polarisation.

D Baker-Hausdorff lemma

The Baker-Campbell-Hausdorff (BCH) formula finds C' such that ¢© = ede? for
when A and B are non-commuting operators. i.e. [A,B] = AB— BA # 0. A
closely related identity, which is often a key step in proving the BCH formula, is
the Baker-Hausdorff lemma (also sometimes called the Hadamard lemma). This
lemma is particularly useful for computing expressions of the form e4Be=4. It

states for operators A and B,

ABe = B4 [A B+ A A B+ (A AAB 4. (D)

This is an operator identity that expands the transformed operator B as an infinite
series of nested commutators with A. In Eq.2.3.19, we have A = tHut, and V
consists of bq+bT_q. Considering a single mode q, to find the explicit time evolution
of bq,

by(t) = eontp e Hent, (D.2)

we can use the Baker-Hausdorff lemma. The first commutator is [A, B] = i[Hpy, bg|t,

where
[Hon, ba] = Y wy bl b, b, (D.3)
"
and using the commutation relations [bg,,bq] = —0q q and [by,bq] = 0, we com-
pute:
[b:r;l/bq’a bq] = bL/ (b bg] + [bL,, balby = —dqr,qbar- (D.4)
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So:
i[Hph, byt = —iwybq, (D.5)

and similarly with the next commutator,
[i Hont, [i Hont, by)] = [i Hypnt, —iw,be] = (iw,t)*bq. (D.6)
Continuing, the n'™™ commutator is given by (—iw,t)"by, and the lemma becomes:

- 1
by (t) = by + (—iw,t)bg + i(—z‘wat)qu +..., (D.7)

which is a Taylor series for an exponential,
bq(t) = bge ™™t (D.8)
Similarly, for biq, the time evolution in the interaction representation is:
bl (1) = bl ge~™u, (D.9)

Therefore, the time evolution of V' in the interaction representation is,

V()= Aq(bge ™t + bl jemnt). (D.10)
q

E The time evolution operator U(t)

The time evolution operator is defined to be an operator that generates the inter-

action representation wave function at a time ¢t from the wave function at ¢ = 0,

defined as (see Appendix A.3),

Yr(t) = eote g (0), (E.1)
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hence, the time evolution operator U(t) is given by
U(t) = eHotemHE, (E.2)

Replacing ¢;(t) in Eq.A.16 by U(t)y(0) gives the Schrodinger equation in terms
of U(t),
d

ZU(t) = —iV () U(t). (E.3)

Integrating both sides from 0 to ¢, we find
t ~
0

which can be solved using an iterative approach (Dyson series). Noting that

U(t =0) =1, U(t;) can be substituted back into itself, giving:

U(t) = 1—i/0t17(t1)dt1+(—i)2 /Utf/(tl) (/Ot f/(tg)dt2> dt 4+ (B5)

Paying attention the nested integral, which runs from 0 to ¢; with ¢; < t, we
continue this iterative process, where the next term has an extra nested integral
and the integration limits would be t3 < t;. This structure of the integration
limits ensures time-ordering automatically. To convert this into a time-ordered
exponential, we need to transform these nested integrals into integrals over the

same range. This is achieved in the following way,

Ul(t) "

- T{ exp{—i/o f/(tl)dtl}}, (E.7)

where T denotes the time ordering operator, which places an arbitrary number of

io: iy /tdtl.../tdtnTI?(tl)...f/(tn) (E.6)

operators, each acting at different times into their proper order, placing the oper-
ators acting at earlier times to the right of those acting at later times. The 1/n!
factor appears because we’re replacing the restricted integration domain (where

times are ordered) with the full hypercube of possible time values, and then ex-
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plicitly imposing time ordering with the time evolution operator. By considering
all possible permutations of the time variables, there is a corresponding integra-
tion region with its own time ordering. Due to the symmetry of the integrand
after applying the time ordering operator, the integral over each permutation is
the same, and there are n! total permutations. Therefore, any of these ordered
integrals equals 1/n! of the integral over the entire hypercube. In other words,
the factor 1/n! compensates for the over counting due to permutations of the time

variables, since all orderings are equivalent under the time evolution operator.

F Using linked cluster expansion in the IB model

This section shows how to use linked cluster expansion to re-express the expecta-
tion value of the time-evolution operator (U(t)) compactly as a cumulant in the

IB model. We start from Eq.2.3.18,

(U(#)) = <T[exp ( —i/ot dtlv(tl)>}>, (F.1)

where T denotes the time ordering operator and (...) denotes the expectation value
taken over all phonon states. The tilde denotes the interaction representation of
V' (see Appendix A.3):

V(t) = eflonty/ e~ iont (F.2)

To bring Eq.(F.2) into a usable form, the Baker-Hausdorff lemma (Appendix D)
is used, which allows for a more explicit form of the time dependence to be found,
resulting in

V() =) Agbge ™" + Agb! qe™". (F.3)
q

Next, let us consider the perturbation series generated by expanding Eq.(F.1),

<T[exp (—z’/otdtlf/(tl)ﬂ> :i (_ni!)n /Otdtl /Otdtg.../Otdtn(TV(tl)V(tQ)...V(tn)),

i (F.4)

108



derived in Appendix E. In Eq. (F.4), V(t) consists of phonon creation and annihila-
tion operators bil and bg, so, within the expectation value, there must be an equal
number of phonon creation and destruction operators to give a non-zero result in
each term in the series. This condition is only possible if there is an even number

of V operators. Consider the second-order term:

_%/Otdtl /Otdtg(Tf/(tl)f/(tz»

I ! . . .
=3 /0 dt, /0 dty» <T (A;bqe—“’q“ + Aqb*_qelwq“> <Ag,bq,e—wqft2 + Agbl ,e%wq1t2>>
(F.5)

which will be denoted K (t), and is the building block for all higher order terms, as
we will see. Let us consider higher order terms, such as the fourth order term of
the series in Eq.(F.4), (TV (t1)V (t2)V (t3)V (t4)). Wick’s theorem is used to reduce
the products of operators to sums of time-ordered pairs products of the operators,
taking into account all possible combinations. Using Wick’s theorem, Eq.(F.4)
becomes

¢ ~
<T[exp z/ dth(t1)>] >

: ¢ ~
dto(TV (¢
0

l\:>|>—l

( DTV (t3)V (ta)) + (TV (t)V () (TV (t2)V (ta)
H(TV(t)Vt)NTV (t)V (¢t ))) +. (F.6)

Let us focus on the first pairing in the fourth order term, (7V (t)V (t2))(TV (t5)V (t4)).
Since the integrals in Eq. (F.6) all contain the same limits, this product of pairs is
therefore identical to a product of two second-order terms, K (¢)?. Therefore, all
second order and beyond terms in the series can be represented in terms of the

second-order term K (t):

<T[6XP (- Z'/tdtlf/(t1>)]> =1+ K(t)+ %m(t) +o.=M0 (RT)
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where K (t) is known as the cumulant. In fact, this cancellation of higher order
terms is a special feature of the IB model and a consequence of diagonal and
bilinear phonon coupling. Thus, the IB model is exactly solvable and the linear

optical polarisation, Eq.(2.3.17), can be compactly written as

P(t) = O(t)e~wxteK®), (F.8)

G Evaluating the cumulant K(t)

The expectation value in the cumulant K (), Eq.(2.3.21), where V() is defined in

Eq.(2.3.19), is evaluated in the following way,

TV = 5 (T (=22 a0) (gt )
q,9'
(G.1)

Then, multiplying out the brackets and considering the case where t; > t,, we

have

Z\Aq\ ({bablye™a712) 4+ (Blpg)etsatti=2)), (G.2)

and similarly, when t > 4,
5 I ({bae 700 et (@3)

where the orthogonality of states has been used i.e. (bgbg) = (bibl) = 0 and
(bgb—q) = Oq—q (bgbl}). Combining Eq.(G.2) and Eq.(G.3), the general case is
expressed as:

ZM ({bablye =2l 4 (Blpg)etan=sl). (G.4)

By using the Bose commutation relation, and the fact that bgbq is the number

operator N(w,) for phonons, we can write,
D2 Pl ({1 Moo 07 Ngein ), (65)
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where N(w) is the Bose-distribution function defined in Eq.2.3.24. This results in

the cumulant, explicitly given by
. _1 t t 2 —iwatl—t2| iwq‘tl_tQ‘
K(t)=—5 [ dt | db D> Al (14N (w))e +N(w)e . (G.6)
0 0
q

Analytically performing the double integration over time gives Eq. (2.3.23).

H Exciton-phonon coupling elements and phonon
spectral density

Throughout this work, we consider semiconductor QDs as candidates for qubits,
using typical InGaAs parameters outlined in [37, 46|. At low temperatures, the
exciton-phonon interaction is primarily governed by the deformation potential cou-
pling with longitudinal acoustic phonons. Assuming that the phonon parameters
within the QDs closely resemble those of the surrounding material, and further
assuming that the acoustic phonons exhibit linear dispersion, w, = vsq, where
q¢ = |q| and vy is the sound velocity in the material, the exciton-phonon matrix

coupling element for an exciton in qubit j = 1,2 is given by

Aq,j % ; (H.1)

where p,, is the mass density of the material, V is the sample volume, and

Di(q) = / dr, / de| U, (o 1a)[* (Doci@™ — D,ciam) (H.2)

is the coupling form-factor [37, 46|, with D) being the deformation potential of
the conduction (valence) band. Assuming a factorisable form of the exciton wave
functions, Wx j(re,rh) = e j(re)n j(rn), where e ;(r) is the confined electron

(hole) ground state wave function in QD j, the form-factor simplifies to

Di(q) = / dr [Dulte; (0)% — Dolitn; (0)[2] €97 (H.3)
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H.1 Isotropic QDs

Choosing spherically symmetric parabolic confinement potentials, the ground-state
wave functions of the carriers take Gaussian form, which in the simpler case of
equal electron and hole confinement lengths, l. ; =l ; = [;, is given by

00 = —men] - (H.1)

Rk o 202

where d; is the coordinate of the center of QD j. Substituting Eq. (H.4) into
Eq. (H.3), performing the integration over the whole space and substituting the
result into Eq. (H.1), we obtain

Aqj = V@ exp{—liq* [4}e' TV, (H.5)

where

D.—D
A= —— Y H.6
0 V2pmvsV (FL.6)

Choosing the first QD located at the origin (d; = 0) we find dy = d, where d
is the distance vector between the QDs. Converting the summation over q to an
integration, = # f dq, and using spherical coordinates, the spectral density

Jjj(w) defined by Eq. (3.3.15) takes the form

_J()U;1
2

i (@) /U dq ¢* exp{—q*1*}6(w — vsq)

)
) 1 J=1J (H.7)
X / dfsing S exp{igdcosf}  j <y’

0

exp{—igdcosf} j>j,
\

where
(Dc - Dv)2

472 pp 05

Jo = (H.8)

d = |d|, and I> = (I7 +13)/4 (for brevity omitting the indices j and j' in the
new length [ introduced). Note that the reason for defining Jy in this way, not

absorbing the other constant factors v}/2 is because Jj is the constant factor in

112



the single QD case, i.e. in [43]. Performing the integration over the polar angle 6,

we finally find

22 1 =17
Jjj/((,u) = JO (,LJS exp{—w 3 } X (Hg)
(% . wd . .
s sinc (I) j#7,

where sinc(x) = sin(z)/z.

H.2 Anisotropic QDs

For anisotropic QDs with in-plane confinement length [; and perpendicular confine-
ment length [, |, the Gaussian ground-state wave functions Eq. (H.4) are modified

to

Uy(e.y.2) L o]t =)

— 5 &X
w341

—d, ;)?
Xexp{—%}, (HlO)
5J

where we have again taken the case of identical electron and hole localisation
lengths, l.; = l; = [ and [, .; = l,; = [, and used the components
(dyj,dyj,d. ;) of the vector d;. Following the same procedure as for isotropic

qubits, we obtain

Aai = VMo exp{—l?(qi + qf,)/ll — liqu/él}eiq'df . (H.11)

The above equation is assuming that both QDs have the same anisotropy axis
(along z). Assuming further that the centers of the QDs lie on the z-axis, so that

dy; = dy; =0 and d,; = d;, we find in spherical coordinates

Aaj = VAo exp (—¢* (12 sin®(0) 4 17 ; cos?(0)) /4 + iqd; cos(0)) (H.12)
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using ¢, = ¢sin(f) cos(¢), q, = ¢sin(#)sin(¢), and g, = gcos(#). The spectral
density is then given by

4 o8] ™
Jip(w) = J();S /o dq*5(w — vsq)/o df sin(0) exp{—¢*I* sin®(0) — ¢*I7 cos*(0)}

(
-/

1 J=1J

X q exp{igdcos(9)}  j <y

exp{—igdcos(0)} j>j,
(H.13)

where > = (I7 + 1) /4 and I3 = (I3 ; + 1% ;)/4. Performing the integration over

the polar angle 6, we obtain

2;2 F <anm> j=7

Jjj/(w):Jowge_q 1L X (H14)
(2\/;;_712:(]\/ li _ZQ) ] 7&]/
with ¢ = w/vs, where
F(a,p) = ﬁ [e_ziaﬁw(a —if) — eQmﬁw(a + Zﬁ)} , (H.15)

and w(z) is the Faddeeva function. Note that Eq. (H.14) is valid for both [, > [
and [, < [, and in the isotropic case [, = [ simplifies to Eq. (H.9), as shown in

Sec. H.3 below.

H.3 Faddeeva function and some properties of F(«, 3)

The Faddeeva function w(z) is defined as

2 o
we) = —= / 2t gt (HL16)
0

for any complex number z. Physically, it has the meaning of a convolution of

Gaussian and complex Lorentzian functions. In fact, for Imz > 0, Eq. (H.16) is
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equivalent to

w(z) = i/_oo " (H.17)

o 2 — 1

The Faddeeva function has the properties
w(—z) =2 —w(z) and [w(z)]" = w(—2"), (H.18)
and is linked to the error function erf(z) by
w(z) = e % [1 4 erf(iz)] (H.19)

where
2 T
erf(z) = —/ e "dt. H.20
©-— (H.20)

[t can also be expressed in terms of the Dawson function D(z) as

w(z)=e* + %D(z) (H.21)

where
D(z) = / et sin(2zt)dt = 622/ e dt . (H.22)
0 0

Clearly, all three functions, w(z), erf(iz), and D(z), are equivalent in the sense
that they can be expressed by each other. Analytically, the error function has an
advantage that it is an entire function, so that [erf(z)]* = erf(z*), in addition to
being an odd function, erf(—z) = —erf(z). However, numerically, the Faddeeva
function (as well the Dawson function) is generally more accurate and stable, since
the error function erf(z) diverges at large imaginary values of z, but the Faddeeva

and Dawson functions do not.

The function F(«, ), introduced in Eq. (H.15) can also be written as
1

F(Oz,ﬁ) _ _/ 662(1—12)€2z‘aﬁxd$7 (H.23)

-1
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reflecting the integration over the polar angle in Eq. (H.13). It has the properties

F(aaﬁ) = F(_aaﬂ) = F(O'/7 _B) = F*(Oé,ﬁ), (H24)

which are a easy to show using the definition Eq. (H.23), but can be obtained also
from the analytic form Eq.(H.15) and the properties of the Faddeeva function,
Eq. (H.18).

For a = 0, corresponding to d = 0 in Eq. (H.14), one has

and in the limit § — 0, corresponding to isotropic dots (I, = [) or zero-frequency

(¢ =0),

lim F(0,8) =1, (H.26)

so that Eq. (H.14) simplifies to Eq. (H.9).

In the isotropic limit (I, =1), f — 0 and o = ¢d/(25) — o0, and we obtain from
Eq. (H.15)

S

: q_d _ v~ iqgd _ _—iqd\ 1; l q_ e
éli%F (26,5) == (e e ") lim —w =sinc(¢gd),  (H.27)

using
lim zw(z) = lim —— [ ¢ Sl P (1.28)
Zgilozwz)—zggoﬁ 06 eXpy ~5 Z_ﬁ :
with z'/z being real, as it follows from the definition Eq. (H.16), again, in agree-

ment with Eq. (H.9).

Let us finally consider the limit of a strong anisotropy, [ > [, which is used at the

end of Sec. J.1.2 below. In this limit,

B d _ —id B 5 19
a—2 li—lQN 57 and [ =qy\/l] =12 ~iql, (H.29)
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with 2a8 = gd. Under the condition that |a] < |3] (equivalent to d < 2[%q) one
can then obtain from Eq. (H.15)

F(0,8) - F(a,B) ~ -7

Q

[(1 = e"w(=ql) — (1 — e *)w(ql)]

il
d .
= ?\/Z 4w (ql) sin? % — (1 — ey (H.30)

using Eq. (H.18). Clearly, this function vanishes if sin(gd/2) = 0. In the case of
gl > 1 this simplifies to just

using the limit Eq. (H.28).

I Choosing the time step in the Trotter decompo-
sition approach

The energy separation R between the hybridised states determines the timescale

2
To = E, (I].)

which is the period of the corresponding Rabi rotations. In the discretisation used
in the LN approach described in Sec. 3.3.4, this timescale should be much larger
than the time step At of discretisation, At < 713. In the cavity-coupled two-
qubit system, R can take three different values, and the above condition should
be fulfilled for all of them. For example, at zero detuning (2; = Qs = Q¢), the
same coupling to the cavity (g1 = g2 = g), and no dipolar coupling (¢ = 0), the
largest energy separation is evaluated as R = 2v/2g, see the inset in Fig.4.3. In
the case of the dipolar coupled QDs without a cavity, there are only two hybridised
states and therefore only one Rabi splitting, evaluated to R = 2g at zero detuning
(2 = Q). At the same time, the polaron timescale 7g is given by [43]

~ - = 1.2
7B Vs ( )
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for anisotropic QDs with in-plane (/) and perpendicular (1) Gaussian lengths.
The polaron timescale characterises the time to form or disperse a polaron cloud
following the creation or destruction of an exciton in a QD. The selected time step
At must be large enough such that for a given number of L + 1 time steps within
the memory kernel, the resulting memory time of (L + 1)At is larger than 7p.
Specifically, the total time considered via the time steps must cover the dynamics

of the cumulant K defined in Eq.(3.3.19), which is dependent on the cumulant

inim

elements C'1, C1a, and Cy,, with the full temporal evolution defined in Eq. (3.3.20).

0.00 -

—0.02 -

—0.04 -

—0.06 -

C11(t)

—0.08 -

—0.10 -

—-0.12 - . .
0 1 2 3 4 5 6 7
time (ps)

Figure I.1: Temporal evolution of Cy;(¢) (blue line) and the phonon memory time
7ig (vertical red dashed line). The parameters are as in Fig.4.1(c) resulting in
TIB — 5.39 ps.

Focusing on the cumulant element C1(t), we see from Fig. .1 that (L+1)At > 7
is in fact sufficient to fully cover the dynamics due to this element Cy(t). In prac-
tice, however, one should perform a convergence test for the chosen parameters,
to ensure the full memory time is taken into account. In the case of identical
QDs, C11(t) = Cx(t), otherwise the larger mp of the two QDs should be used.
However since both QD excitons couple to the same phonons, there are extra cu-
mulant elements K5(s) which depend on the distance d separating the QDs. The
effect of this distance dependence is the introduction of a delay time before C15(t)
starts to change, this can be seen in the inset of Fig.1.2. Physically this delay
time is due to the time it takes a phonon to travel between the QDs, which is

approximately d/vs. For consistency, we define in the calculations the delay time
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tp to be the time at which Ci5(t) change is equal to a half of its minimum value,
i.e. Cia(tp) = Cia(c0)/2. The values of tp are shown in Fig.1.2 (red curve) as
function of the interdot distance, along with its rough estimate d/v, (red dashed

line) working well at large distances.

:l_O_1 - 0.00
| tp+1.0Ts —
: - 2
S - 101 —
d=20nm [ Q
oy -0.04 r . v
é 0 ztt_ ( s;, 12 Q)‘
ime (ps
3 £
U +J
- >
0
(O]
©
1072 1
-"""l T LA | T LA | T LA |
1071 100 10t 102

distance between qubits, d (nm)

Figure [.2:  The asymptotic value of [C15(t)| (blue line, left axis) and the delay
time ¢p (red line, right axis) as functions of the interdot distance d, with the
red dashed line being the estimate d/vs of the time taken for a phonon to travel
between the QDs. The inset shows the temporal evolution of B(t) at d = 20nm,
demonstrating the delay time, decay and saturation at a minimum value. The
green vertical dashed line in the inset shows the full memory time considered. The
parameters used are the same as in Fig.I.1.

The presence of the delay time ¢p in the cumulant function C15(¢) implies that
the time step in discretisation must be increased to cover the full memory time of
C1a(t), so the condition At = mg/(L + 1) suitable for a QD-cavity system [43] is
no longer sufficient for distant coupled QDs with increasing QD separation d. We

therefore modify this condition to

_tp+TB

At = L
! L+1 7 (1.3)

which takes the delay time into account, thus covering the memory time for all
cumulant elements. The green vertical dashed line in the inset of Fig.1.2 demon-
strates that all changes of the cumulant functions, C;;(t), are covered over the

memory time At(L + 1).

119



As the memory time increases due to the increase in delay time with increasing d,
the accuracy of the calculation decreases for a given L due to the increase in time
step. As seen from the inset, Ci5(t) saturates at a minimum value C2(00), and
the blue line in Fig.1.2 shows the decrease of |Cia(00)| as d increases, implying
that C12(t) — 0 as d — oo. This means in the limit of d — oo, the full shared
phonon bath calculation becomes equivalent to the independent bath case, which is
naturally expected, whereby the result is now independent of the distance between
the QDs and therefore At = 7g/(L + 1) is again sufficient since there is no delay

time through the Kj5(s) cumulant elements.

J Fermi’s golden rule

J.1 Fermi’s golden rule: Dipolar coupled qubits

In this appendix, we apply a unitary transformation to the full Hamiltonian
Eq. (3.2.1) of the system in Case A, considering two directly coupled QDs without
cavity. Following this transformation, we use FGR to calculate the phonon-assisted
transition rates between the hybridised QD states, as illustrated in Fig. J.1, and

consequently the dephasing rates of the linear polarisation.

Figure J.1:  (a) Schematic of the system for a pair of dipole-dipole coupled
anisotropic QDs separated by distance d and a phonon with the wave vector q
emitted or absorbed at an angle 6 (for clarity the dipole-dipole interaction is shown
only for the left QD acting on the right QD). (b) Nonzero-detuning energy level
diagram for the hybridised states |+) composed from the basis states |1) and |2)
of isolated QDs. Red and blue arrows show phonon-assisted transitions between
the hybridised states, resulting in the line broadening I' _ and ', of the lower and
upper states, respectively.

Let us consider the full Hamiltonian H = Hy + Hig, defined in Egs. (3.2.2) and
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(3.2.3) with the cavity coupling g1 = g2 = 0. In the basis of pure QD states, |1)

and |2), Hy has the following matrix form

Q
H=" 7). (J.1)
g

This matrix can be diagonalised by a unitary transformation STHyS = A, where

D_ D
S=8"1=g"= i (1.2)
D, —D_
with Dy given by Eq. (4.2.4) and
Qp 0
A= " (1.3)
0 Q-

being a diagonal matrix of the eigenvalues Eq. (4.2.7).

Applying this transformation to the full Hamiltonian, we obtain

) Q. 0 D. D v, 0\ [(D. D
H = stms=|" + i ' T+ Hpt
0 Q. p, -p_)J\o w)\p, -D_
QO +V, V
Vo4V

with Vi defined in Sec.4.2.2, and 1 is the 2 x 2 identity matrix. The main
outcome of this transformation is the off-diagonal coupling to phonons given by
V =D, D_(V; — V,). This coupling is responsible for the phonon-assisted transi-
tions between the hybridised states and ultimately for the long-time dephasing of

the optical polarisation.

J.1.1 Isotropic QDs

Here we evaluate the rate I'y, in FGR Eq. (4.2.21) for isotropic QDs, substituting

Eq. (H.5) into Eq. (4.2.22), converting the summation over q to an integration and
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further expressing the integration in spherical coordinates, we find

D2 D2 (D _ D )2 0 -
I, = ———¢ ¢ dgqPe ! J.5
ph St /0 qq’e (J.5)

% / do sm(&)(Q . eiqdcos@ . efiquOSG)é(,USq o R) ,
0

where 12 = (12 +(2)/4 (for identical QDs [; = Iy = [\/2). Integrating over 6, we

}jd)] | (7.6)

In the case of zero detuning, R = 2g and D, = D_ = 1/4/2. In the limit of

obtain

D?2D? (D, — D,)? R
Ion = + —( ) [l—sinc(

R3e 2
27 Py V3

d — o0, sinc(Rd/vs) — 0, so that 'y, becomes independent of d. In the limit
of d — 0, sinc(z) ~ 1 — 22/6, leading to a d* dependence at small distances and

vanishing dephasing rates at d = 0.

Let us note also that for a 1D phonon bath which is for example the case of a QD
embedded in a quantum wire, the latter providing a 2D quantum confinement of
phonon modes, Eq. (4.2.22) would give instead, for the same coupling matrix ele-
ment Eqs. (H.1) and (H.2) and the linear phonon dispersion w = v,q, the following
dependence on the Rabi splitting R and interdot distance d:

_E Rd
I'ph x Re 7 gin? (2 ) , (J.7)
Us

where [ is the Gaussian length of the electron and hole confinement in the direc-
tion of the phonon propagation.
J.1.2 Anisotropic QDs

Performing a similar calculation for anisotropic QDs, we find, after substituting

the exciton-phonon coupling element Eq. (H.12) into Eq. (4.2.22):

D2 D2 (D - D )2 o]
r, = —/———° ? dqq® J.8
oh St /0 qq (J.8)

X /” df sin(f)e= 0T s 0=l cos* 6
0
x (2 — l1teos? — gmiadeost) §(y.q — R),
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where 1> = (I} +13)/4 and 13 = (13 | +12 ;) /4 (for identical QDs Iy =l = [v/2 and

lian=1l2= ZL\/§). Performing the integration, we obtain

F(O,q li—lQ)
d /12 _ 2
_F<2 li—l27q ZL—Z>

where ¢ = R/vs and the function F(a, f) is given by Eq. (H.15).

D2D2(D, — D,)?

Rl
27 P V3

, (J.9)

For strongly anisotropic QDs with [ > [,, Rl/vs > 1 (small phonon wavelength)
and d < 20?q (|a| < |8]), we find using Eq. (H.31)

(J.10)

th = — e U

D*D*(D.—D,)? R - ®4 ., (Rd
= - sin ,
27 0 U3 2

20,

which has the same dependence on the distance d and the Rabi splitting R as in
the model of 1D phonons Eq. (J.7).

J.2 Fermi’s golden rule: Cavity-mediated coupled qubits

q |+‘+> A A
0 Ir +94
d
|_> v 2
- Ir_ 5
|+'_> v \ 4 2

(a) (b)

Figure J.2: (a) Schematic of the system for a pair of anisotropic QDs separated
by distance d each interacting independently with the cavity mode and a phonon
with the wave vector q emitted or absorbed at an angle 6. (b) The g1 = go = g
and nonzero-detuning (§ # 0) energy level diagram for the hybridised states |+, +)
and |—) composed from the basis of 1), |2) and |C), of the isolated QDs and the
cavity with a single photon. The transitions indicated by the red, blue and green
arrows result in the line broadening (dephasing rates) of the central, upper, and
lower states, denoted by I'_, I'y ;, and I'; _, respectively.

Let us now focus on the other special case (Case B) of no direct dipolar coupling
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of two QD qubits, i.e. ¢ = 0, but a indirect coupling mediated by their interaction
with a common cavity mode with the coupling constants ¢g; and g». Reducing
the full basis to pure QD states, |1) and |2), and the single-photon cavity state
|C'), which is sufficient for the linear polarisation, the Hamiltonian of the cavity-

mediated system takes the form
H=Hy+ Vi |1) (1| 4+ V2|2) (2| + Hpn (J.11)
where

Hy = 1) (1] +Q2]2) (2] + Qc |C) (C] (J.12)
+a1(11) (Cl +1C) (1)) + 92(12) {C] + 1C) (2]) ,

and Hp, and V; are given by Eq. (3.2.3). We apply a transformation diagonalising
Hy as STHyS = A, so the full Hamiltonian transforms to

H = S'HS (J.13)
2 0 ¢ Vi 0 0
= 1Hn+S"| 0 Q g [S+ST[0 v 0],
g g2 S 0 0 0

where 1 is the 3 x 3 identity matrix. In general, Hj is diagonalised numerically,
providing the hybridised state energy eigenvalues A;. The transformation of the
exciton-phonon coupling generates off-diagonal elements responsible for phonon-
assisted transition between hybridised QD-cavity states which we account for be-

low using FGR.

Focusing on the analytically solvable case of zero detuning between the QD qubit
states, 3 = Qy = Q (e.g. for identical qubits), and the same coupling of both

qubits to the cavity, g = g» = g, the transformation matrix has the following
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explicit form

i X d
S=|d -% d | (J.14)
V2d, 0 —2d_
where
di:% 11? (J.15)
with

r=1+/02+4+8> and §=Qc—Q, (J.16)

the latter being the cavity-QD detuning. The Hamiltonian Eq. (J.11) then trans-

forms to
QO+ % L UL Uj; Updod_
H=S"HS =1Hy + =2 0+ % VR . (J.17)
Updyd_ Uj; Q+ 5" +ULd%

where Uy = V; £ V5. By applying this transformation, we go from the |1), |2), |C)
basis to the hybridised state basis

[+,35) = de(1) +2) £ V245 |O)
=) = (1) - 12)/v2, (J.18)

analogous to that in the polariton transformation of a qubit-cavity system outlined
in [43]. Figure J.2 illustrates the level structure of the hybridised states for nonzero
detuning (0 # 0) and the phonon-assisted transitions due to the off-diagonal ele-
ments in Eq. (J.17). The rates of these transitions are estimated below via FGR,

similar to Sec. 4.2.2:
FT,i = N<R)th,i and F%i = (N(R) + 1)th,i y (J19)
respectively, for the upwards and downwards transitions, where

Tohe =7 Z lco(Aq1 & Aq2)[*0(w — R) . (J.20)

q
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There are six possible transitions corresponding to the six off-diagonal matrix
elements in Eq. (J.17). N(R) is the Bose distribution function taken at the energy
R, which is the separation of the energy levels of the mixes states involved in
the transition and ¢y is the corresponding factor. These energy levels are given
by Arr = Q+ (0 £7)/2 and A_ = Q, according to Eq. (J.17). In particular,
for |+, —) <+ |-) transitions, R = (r — §)/2 and ¢y = d/\/2; for |=) <> |+, +)
transitions, R = (r+0)/2 and ¢y = d_/+/2; finally, for |4, —) <+ |+, +) transitions,
R =1 and ¢y = d;d_. Note that for the phonon-assisted transitions between the
neighbouring levels (|+, —) <> |—) and |—) <> |+, +)), the exciton-phonon coupling
matrix elements A\q ; contribute to Eq. (J.20) as a difference due to U_, thus giving
I'ph,—, and for transitions between the distant levels (|+, —) <> |+,+)) as a sum

due to Uy, thus giving I'yp, 4+, see Eq. (J.17).

Using the same procedure as in AppendixJ.1, we evaluate the transition rates
Eq. (J.20) for identical isotropic and anisotropic QD cubits. For isotropic dots,
Eq. (J.20) yields

2(D.— D)% ., _r*2 d
th,:l: = MR% v3 |:1 :l: SiIlC (}j ):| s (J?l)

27 P V3

where the difference to Eq.(J.6) are the constant factors, the energy distance
R, and most importantly the presence of the + sign before the sinc function,
differentiating the neighbouring (—) and the distant (+) level transitions. Note
that the contribution of the distant level transitions to the decoherence is typically
less significant due to the factor e ®”*/% in which R? is four times larger (for zero

detuning) than for the neighbouring level transitions. Similarly, for anisotropic

QDs we find
2 2
Co(Dc — DU) 3 _g2]2
thd: WR e L F O,q li — 12
F (L,q\/lf_ - 52)] (J.22)
1,/ =2
with ¢ = R/vs.
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Using Eq. (J.21) or Eq. (J.22) in combination with Eq. (J.19), the contribution to
the line broadening for a specific phonon-assisted transition can be found. The
line broadening I'; + and I'_ of the hybridised states is the sum of the broadening

by the two available transitions.

K Triexponential fit of the polarisation for cavity-

mediated coupled QD qubits

1.0

|P11(8)]

0 5 10 15 20 25
time (ps)

Figure K.1: Linear optical polarisation |P11(¢)| (blue dots) and its complex tri-
exponential fit (red lines) for cavity mediated coupled anisotropic QD qubits at
zero detuning, separated by a distance d = 5 nm, with excitation and measurement
in QD 1. The parameters are as in Fig. 4.3 with g = 0.5 meV.

We show in Fig.K.1 the optical linear polarisation |Py;(t)| for Case B in the
main text. The linear polarisation (blue dots) for cavity-coupled QD qubits again
starts from unity due to the excitation and measurement of the same QD state
and have the temporal oscillations now at three frequencies due to addition of
a cavity mode. We apply a complex triexponential fit (red curve) of the form
Zj Cje~™it, extracting the complex amplitudes Cj, energies Re w;, and dephasing
rates I'; = —Im w; of the phonon-dressed hybridised states. The fit is applied
after the phonon-memory cut-off (dashed green vertical line), beyond the polaron
cloud formation time. The dephasing rates are then extracted across a range of

distances, providing Fig. 4.3.
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Figure L.1: Power law fit applied to the I'; (L) (I'_(L)) values across a range of
neighbours, L, for d = 5nm is shown in the upper (lower) figure. The blue crosses
are the extracted I'(L) values, the red curve is the power law model with § = 2,
and the red horizontal dashed line is the estimated value of I'(0c0). The parameters
are as in Fig. 4.1(b) with 7' = 20 K.

L Extrapolation of fit parameters

As detailed in Sec. 5.6, Figs. 4.1 and 4.3 are created by calculating the linear optical
polarisation for a given number of neighbours (L), then applying a fit to the long
time data and extracting the fit parameters. The parameters corresponding to
the line broadening, I'(L), are extracted across a range of neighbours, and the
convergence of I'(L) to the exact (L = 0o) value is assumed to follow a power law
model, given by,

I'(L) =T(c0) + CL". (L.1)

Fig.L.1 shows the I'(L) calculated values (blue crosses) for directly coupled QD
qubits treated in Case A, with the power law model applied (red curve), and the
extrapolated I'(co) is shown as a red dashed line. The value of I'(c0) is estimated

for the eight valued of I'(L) shown in Fig. 5.11, by minimising the root mean square
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deviation from the power law Eq. (L.1) for g = 2.
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