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Abstract

Constrained models play a pivotal role in condensed matter physics by capturing essential features of strongly
interacting many-body systems. These models impose local or global restrictions that mirror real physical
constraints, enabling the study of complex emergent behaviors. For instance, hard-core dimer models reflect
physical systems with strong local constraints due to repulsive interactions. Similarly, loop models, vertex
models, and height representations provide constrained frameworks that reveal rich phase structures and critical
phenomena. In quantum systems, constraints often emerge naturally from microscopic Hamiltonian and lead
to phenomena such as fractionalization and quantum spin liquids. Constrained models act as fertile grounds
for theoretical insight, enabling exact solutions, mapping to field theories, and exploring universal behaviors.
They also bridge condensed matter with disciplines like statistical mechanics, combinatorics, and computational
complexity, o [ering a unified language to study order, disorder, and transitions in systems ranging from magnets
to artificial spin ices and cold atomic gases.

This thesis investigates critical phenomena, strongly correlated models, and optimization problems on
aperiodic lattices, with a particular focus on NP-hard problems, dimer models, and their classical and quantum
variants. Moving beyond periodic lattices like square and honeycomb structures, this research delves into the less
understood area of aperiodic systems, such as quasicrystals, which exhibit long-range order without translational
symmetry. These structures challenge traditional paradigms of condensed matter physics and open avenues for
discovering new critical behaviors.

| present original contributions that combine analytical methods and numerical algorithms to study constrained
systems on quasicrystalline tilings. These include the solution of NP-hard optimization problems like the
Hamiltonian cycle on Ammann-Beenker tilings, an energy-based worm algorithm for simulating classical dimers
on random graphs and modified Penrose tilings, and the analytical solution of the dimer partition function on
the newly discovered aperiodic Spectre tiling. | further extend the study to quantum systems by analytically
investigating the quantum dimer model (QDM) on the Spectre tiling and numerically analyzing it on the
Ammann-Beenker tiling, revealing distinctive ground-state properties and quantum phase transitions that arise
due to aperiodicity and local tiling constraints.

This work builds interdisciplinary bridges between condensed matter physics, graph theory, and computational
complexity. It also sheds light on the feasibility and limitations of transferring universal results from periodic
systems to aperiodic ones.
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7.20 First-Order Phase Transitions: These transitions are characterized by the variation of the

order parameter (OP) and the ground state energy per site Ey =N) as functions ofv;, near the
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parameter and the energy con rms the rst-order nature of these transitions. Vertical dashed
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Introduction

1.1 Preface

Condensed matter physics explores the diverse collective behaviors that emerge when large numbers of
particles, such as electrons, atoms, or molecules, interact within materials. A central focus within this eld is the
study of strongly correlated systems, where interactions between patrticles lead to complex phenomena that cannot
be easily explained by considering individual components alone. These models have long fascinated physicists and
have proven to be very useful tools for tackling real-world problems. In addition to their mathematical appeal,
constrained models serve as convenient toy models for understanding various physical phenomena, bridging the
gap between di erent branches of physics and fostering interdisciplinary links.

Understanding these systems is crucial for the development of advanced materials and technologies. Among
many strongly correlated systems, the classical and quantum dimer models have been extensively studied. The
classical dimer model examines arrangements of dimers pairs of adjacent atoms or molecules on lattices,
subject to the constraint that each lattice site is part of only one dimer. It has been instrumental in understanding
phenomena such as adsorption on surfaces and the statistical mechanics of close-packed structufe® L4]. It has
signi cant applications across various scienti ¢ elds. In physics, it has been instrumental in solving the Ising
model on planar lattices, a major result in statistical physics [L5, 16]. In computational biology, the dimer model
has been utilized to study protein folding mechanisms and interactions, contributing to a deeper understanding
of biological processes [17, 18].

A natural progression from classical dimers is the study of their quantum counterparts, notably the
Rokhsar-Kivelson (RK) quantum dimer model [19, 20]. This model incorporates quantum uctuations, allowing
dimers to resonate between di erent con gurations. Introduced to describe high-temperature superconductors,
the RK model has provided insights into resonating valence bond (RVB) states and quantum spin liquidsZ1].
Both classical and quantum dimer models impose a "hard-core" constraint, ensuring that dimers do not overlap.

The investigation of critical phenomena in statistical physics provides profound insights into the behavior
of systems undergoing phase transitions22]. To analyze low-energy excitations and critical properties, physicists
often employ eld-theoretical approaches, notably the renormalization group (RG) approach P3]. By mapping
lattice models onto continuous eld theories, they can utilize robust analytical tools to explore emergent
phenomena. Notably, conformal eld theory (CFT) has been instrumental in describing systems at criticality,
characterized by scale invariance4]. CFT o ers a framework to classify universality classes of phase transitions
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and has been e ectively applied to various two-dimensional lattice models, yielding exact results for critical
exponents and correlation functions. These universal behaviors are observed across diverse physical systems,
where macroscopic properties near critical points exhibit common features despite microscopic di erences.

Traditionally, these models have been analyzed on periodic lattices, where translational symmetry simpli es
their theoretical treatment. Studies on square, kagome, and honeycomb lattices have revealed rich phase
diagrams and critical behaviors, enhancing our understanding of classical and quantum phase transitions
[25, 26, 20, 27, 28, 29]. For instance, the Heisenberg model on these lattices has been extensively studied to
understand magnetic properties and phase transitions30, 31]. Additionally, the Hofstadter butter y provides
insights into energy spectra of electrons on a two-dimensional square lattice under a perpendicular magnetic
eld, showcasing complex fractal structures and topological phase transitions [32].

While periodic lattices have traditionally underpinned condensed matter studies, aperiodic structures like
quasicrystals present new frontiers. Not all real-world physical systems or phenomena can be accurately modeled
using periodic lattices alone, as many lack translational symmetries and contain defects. Discovered in 1982 by Dan
Shechtman, quasicrystals exhibit long-range order without periodicity, challenging traditional crystallographic
notions [33]. Their unique structural properties, such as non-repeating patterns and unconventional symmetries,
have profound implications for electronic, photonic, and mechanical behaviors [34, 35, 36, 37].

In this thesis, | aim to extend studies of critical phenomena, phase transitions, universality classes, and
optimization problems to aperiodic systems such as quasicrystals, employing various numerical and analytical
techniques. This extension will help determine whether the widely accepted results for periodic lattices hold true
for aperiodic tilings. Additionally, | am investigating strongly correlated models on quasicrystalline lattices for
several important reasons: 1). The lack of periodicity in quasicrystals can lead to novel phases of matter and
electronic states that di er fundamentally from those in periodic systems, potentially hosting new quantum phases
[38, 39, 40], 2). Quasicrystals exhibit extended symmetries, such as ve-fold rotational symmetry, which are
forbidden in periodic crystals. These unique symmetries can in uence the nature of excitations and correlations
in the system, and 3). Experimental realizations and advances in material synthesis have made it possible to
create quasicrystalline structures in both hard and soft matter systems, providing platforms to test theoretical
predictions [41, 42, 43, 44]. Other studies have revealed the intriguing properties of quasicrystalline systems, for
instance, the exact dimer ground state of a quantum antiferromagnet on a two-dimensional quasicrystal has
been identi ed, highlighting the potential for novel magnetic behaviors in these structures [45].

Interdisciplinary Connections and Computational Complexity: The study of constrained physical
models on lattices intersects with various disciplines, notably computational complexity f16]. Certain problems
in condensed matter physics, such as determining the ground state energy of speci c Hamiltonians, are
computationally challenging. For instance, the numerical sign problem, which arises in quantum Monte
Carlo simulations of fermionic systems, has been shown to be NP-hardlf]. A further notable result is the
proof in Ref. [48] that the general spectral gap problem is undecidable: there exists no algorithm that can
decide whether a given translationally invariant quantum many-body Hamiltonian on a two-dimensional lattice
is gapped or gapless. Their construction relies on aperiodic tilings combined with Hamiltonian complexity
techniques, o ering another striking example of the role of aperiodic structures in physics and linking naturally
to the complexity-theory. This interplay between physics and computational complexity not only deepens our
understanding of material behaviors but also informs algorithm development in computer science, leading to
more e cient methods for tackling complex optimization problems.

Optimization problems on graphs, encountered in mathematics and computer science, exemplify signi cant
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interdisciplinary connections [49]. These problems, such as the Hamiltonian cycle problem, traveling salesperson
problem, 3-coloring problem, and minimum dominating set problem, involve nding optimal solutions from

a vast set of possibilities while adhering to stringent constraints. They nd applications in logistics, machine
learning, telecommunications networks, and other elds. The study of hard optimization problems intersects
with physics through analogies with physical systems such as polymers and loop/spin models.

Exploring strongly correlated models and hard optimization problems on aperiodic lattices, such as
quasicrystals, o ers a rich avenue for discovering new physical phenomena, mathematical results, and deepening
our understanding of complex systems. By integrating concepts from condensed matter physics, eld theory,
and computational complexity, this research can lead to advances in both fundamental science and practical
applications. Quasicrystals, characterized by their non-repeating patterns and unique symmetries, challenge
traditional notions of periodicity and order. Investigating these structures can lead to advances materials
science, particularly in understanding how aperiodicity in uences electronic, magnetic, and mechanical properties.
Moreover, the mathematical complexity inherent in aperiodic tilings intersects with computational challenges,
providing insights into optimization problems and computational complexity theory. This interdisciplinary
approach not only enhances our understanding of quasicrystalline materials but also contributes to the development
of novel algorithms and mathematical frameworks applicable across various scienti c domains. | will now delve
into a summary of the main contributions of this thesis.

1.2 Thesis Overview

This thesis comprises nine chapters, each contributing to the exploration of physical and mathematical
phenomena in aperiodic systems. In Chapter 2, | provide a comprehensive background on aperiodic systems,
focusing on quasicrystalline tilings and their properties. This foundation supports the subsequent discussions
throughout the thesis. Additionally, | introduce general graph terminologies that are utilized consistently in
later sections.

In Chapter 3, | present the theoretical framework and summarize already known key results of the strongly
correlated models examined in this thesis. This includes classical and quantum dimer models, as well as the
O(n) loop model. | also discuss the construction of eld theory frameworks in terms of height models relevant to
these dimer models.

Chapters 4,5,6,7,8 will be based on my original published and upcoming work. In Chapter 4, | analytically
study the NP-hard Hamiltonian cycle problem on the Ammann-Beenker (AB) tilings. Leveraging properties of
AB tilings, | derive exact solutions to various non-trivial optimization problems. | also explore how mathematical
solutions to these complex problems can apply to physical applications.

In Chapter 5, | focus on the classical dimer model on random graphs and a modi ed version of the Penrose
tiling, analyzed using a numerical energy-based worm algorithm. | demonstrate the absence of a phase transition
between high-temperature disordered and low-temperature crystalline phases, contrasting with behaviors observed
on periodic lattices. Further, | explore height model results and monomer-monomer correlations to support these
ndings.

In Chapter 6, | determine the exact solution of the classical dimer model on the recently discovered
aperiodic monotiling known as the Spectre tiling. This work extends the understanding of dimer models on
complex aperiodic structures. Numerical results are provided to validate the analytical ndings. Shifting focus
to quantum systems, | also present an analytical solution for the quantum dimer model (QDM) on the Spectre
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tiling.

In Chapter 7, | numerically investigate the ground state phase diagram of the QDM model on an AB*
tiling (AB tiling with all 8y vertices removed) by adapting the Density Matrix Renormalization Group (DMRG)
algorithm to incorporate hard-core dimer constraints, enhancing its e ciency. The results include ground-state
phase diagrams and insights into various quantum phase transitions.

In Chapter 8, | explore the O(n) loop model on the AB tiling, detailing the construction of fully packed
loops and their sampling. | analyze the critical behavior of this model, determine the geometric critical exponents
of loops at in nite temperature, and compare them with known results on square lattices.

Chapter 9 summarizes the ndings presented throughout the thesis, drawing conclusions from the diverse
results obtained. | also propose potential directions for future research in this eld.

Portions of this thesis were proof read by online tools such as Grammarly and ChatGPT. | only took
assistance for proofreading, identifying grammatical errors, correcting sentence structure, and suggesting
appropriate synonyms.

1.3 Contribution During the PhD

The author of this thesis has contributed to the following publications and presentations for the completion
of this PhD.

1.3.1 Publications on Work Related to the Thesis

~ Michael Saccone, Arjen Van den Berg, Edward Harding, Shobhna Singh, Sean R. Giblin, Felix Flicker, and
Sam Ladak, Exploring the Phase Diagram of 3D Arti cial Spin-lce, Commun. Phys. 6, 217 (2023).

Shobhna Singh and Felix Flicker, Exact Solution to the Quantum and Classical Dimer Models on the
Spectre Aperiodic Monotiling, Phys. Rev. B 109, L220303 (2024) [11].

The author of this thesis produced all gures, contributed to some parts of the main text, and generated all
numerical data underlying the ndings. This work is detailed in Chapter 6 and the rst part of Chapter 7.

Shobhna Singh, Jerome Lloyd, and Felix Flicker, Hamiltonian Cycles on Ammann-Beenker Tilings, Phys.
Rev. X 14, 031005 (2024) [3].

The author of this thesis produced all gures except Figures 4, 7, 10, and 15, contributed to parts of the
introduction and Section Ill, and wrote Sections IV, Appendix A, B.1, and B.3. This work is presented in
Chapter 4. This research is discussed in Chapter 5. This study is elaborated upon in Chapter 7.

Accompanying Codes: All the chapters required signi cant computational work. The necessary code
developed and used for this research is available upon request.

1.3.2 Presentations and Posters on Work Related to the Thesis

"~ Invited Talk: Hamiltonian Cycles on AB tilings , at 11th International Conference on Aperiodic Crystals,
Caen, France. (June 2024)

" Invited Talk: Exact Solution to the Quantum and Classical Dimer Models on the Spectre Aperiodic
Monotiling , at British Applied Mathematics Colloquium (BAMC), Newcastle, UK. (April 2024)
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Talk: 2D MPS-DMRG: Quantum dimer and loop models on a two-dimensional quasicrystal , at APS
March Meeting, Minneapolis, USA. (March 2024)

Invited Talk: The O(n) loop model on Ammann-Beenker Tilings , at The Grimm Network Meeting,
Open University, Milton Keynes, UK. (July 2023)

Poster Presentation:  Condensed Matter and Quantum Materials Conference (CMQM), University of
Birmingham. (June 2023)

Conferences / Schools attended:

Delft Many-Body Workshop Series, Tensor networks for constrained systems, TU Delft, Netherlands.
(October 2023)

European Tensor Network 2023 School - Tensor Network based approaches of Quantum Many-Body
Systems, Abingdon, UK. Sept 2023

3rd Plenary meeting of International Quantum Tensor Network, TU Munich, Germany. July 2023

The HatFest : Celebrating the discovery of an Aperiodic Monotile, The Mathematical Institute,
Oxford University, UK. July 2023
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Aperiodic Systems: Quasicrystals

Quasicrystals are structures characterized by an aperiodic arrangement of atoms that still exhibit order
[50, 51]. In contrast, conventional crystals have a single unit cell that repeats periodically to Il space without
gaps. For quasicrystals, the space is lled using two or more distinct unit cells arranged aperiodically, but
without gaps [52]. Despite the lack of periodicity, quasicrystals maintain long-range order, meaning the positions
of atoms remain predictable, even though they lack translational symmetry. This long-range order gives rise to
symmetric Bragg di raction patterns [ 53, 51]. The aperiodicity of quasicrystals is re ected in their di raction
patterns, which exhibit unusual rotational symmetries. Unlike the two-, three-, four-, or six-fold rotational
symmetries allowed by the crystallographic restriction theorem, quasicrystals can display ve-, seven-, eight-,
ten-, or twelve-fold symmetries. Importantly, quasicrystals can possess only local centers of 5-fold (or similar)
symmetry, and at most one global center of rotational symmetry.

The discovery of these unique di raction patterns, now recognized as hallmarks of quasicrystals, was rst
made in 1982 by the materials scientist Dan Shechtmand]. While studying an aluminum-manganese alloy,
he observed a ten-fold electron di raction pattern. This groundbreaking nding earned him the Nobel Prize
in Chemistry in 2011. Subsequently, in 2018, Luca Bindi and Paul Steinhardt discovered the rst naturally
occurring quasicrystal, a 10-fold symmetric mineral named icosahedrite, with the composition AkCuy4Fe;s
[54]. Since then, hundreds of quasicrystals have been reported, commonly in aluminum alloys, as well as other
compositions such as Cd Yb, Ti Zr Ni, Zn Mg Ho, Zn Mg Sc, and In Ag Yb [55].

Quasicrystals possess a range of potential applications. For example, their hard and brittle nature makes
them ideal for low-friction, high-strength surface coatings p6]. They are also excellent candidates for hydrogen
storage materials B5, 57]. Shechtman proposed innovative applications that leverage their low coe cient of
friction and hardness, such as embedding particles in plastic to produce strong, durable, low-friction gears.
Furthermore, the low thermal conductivity of some quasicrystals makes them suitable for heat-insulating coatings
[58]. Remarkably, quasicrystals can exhibit smooth and at surfaces despite their irregular atomic structure, as
two incommensurate surfaces tend to slide with minimal friction, further enhancing their utility [59].

Recent experiments have revealed tunable quasicrystal geometries in systems like twisted trilayer graphene
[43] and optical lattices [44]. These discoveries have expanded the scope of quasicrystal research, showcasing their
ability to host fascinating physical phenomena, including exotic criticality [60], charge ordering, and topological
e ects [61]. The lack of periodicity often leads to novel and unexpected behaviors.

From a mathematical perspective, crystals are modeled using periodic lattices, such as square or honeycomb
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Figure 2.1. The Ho-Mn-Zn dodecahedral quasicrystal (left) alongside the 10-fold symmetric di raction
pattern of the rst naturally occurring quasicrystal, Icosahedrite (right). (Following Refs. [1, 2])

lattices, which are constructed by repeating a single unit cell. However, quasicrystals are modeled using aperiodic
tilings or lattices [10, 53, 62]. These tilings mostly involve two or more distinct tiles that cover an in nite space
aperiodically using a set of substitution rules. They can also be derived by projecting higher-dimensional periodic
lattices onto lower dimensions 2]. For example, 1D quasiperiodic Fibonacci tiling can be constructed from a
2D square lattice using a cut-and-project method, as illustrated in Fig. 2.2.

Some scholars have suggested that the earliest representations of quasicrystalline patterns can be traced
back to early Islamic art and architecture, such as the Gunbad-i-Kabud tomb tower and the Darb-e Imam shrine
[63]. Interestingly, the oldest known anthropogenic quasicrystals were created during the Trinity nuclear bomb
test, which produced icosahedral quasicrystals [64].

2.1 Ammann-Beenker (AB) Tilings

One of the most well-known 2D aperiodic tilings is the Ammann-Beenker (AB) tiling, which consists of
two basic prototiles: a square and a rhombus with an acute angle of= 4, both having unit edge lengths. These
tilings exhibit an eight-fold symmetric di raction pattern and lack the translational symmetry characteristic
of periodic lattices, making it challenging to derive mathematical results in the thermodynamic limit. Instead
of translational symmetry, AB tilings display discrete scale symmetry, which is a fundamental aspect of their
unique properties [10, 53, 62].

The discrete scale symmetry of AB tilings allows them to be constructed iteratively through in ation rules
shown in Fig. 2.4. Starting from any “legal' patch of tiles, these rules enable the creation of larger patches
by subdividing each tile into smaller square and rhombic tiles 10]. The edges of these tiles are then rescaled
(or "in ated') by a factor equal to the silver ratio, s =1+ 2, restoring the tiles to unit edge lengths. This
hierarchical construction is the basis for the discrete scale invariance observed in AB tilings. This is also
demonstrated in Fig. 2.5. Starting with an AB tiling formed by thick black edges and red/blue vertices, applying
the in ation rules twice results in an underlying dense (with a higher number of vertices) AB tiling composed
of gray and white tiles. This property ensures that, despite the lack of periodicity, the positions of vertices at

arbitrarily large distances remain predictable, thereby maintaining long-range order.

The edges and vertices of the AB tiling form a bipartite graph, where the vertices can be divided into two
subsets such that edges only connect vertices from di erent subsets. With each application of the in ation rules,
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Figure 2.2. Cut-and-Project Method: Generating a 1D Fibonacci quasicryﬁtal by projecting a 2D square
lattice Z2 (gray circles). A stripe with irrational slope 1= (where = (1+ = 5)=2) is chosen, and lattice
nodes within the stripe are projected onto a line parallel to it. The resulting points form intervals of two
lengths, S (short, orange) and L (long, purple), creating a Fibonacci tiling. This tiling can also be generated
by substitution rules: L ! SL,S ! L, producing sequences of length§; 1;2;3;5;:::, corresponding to
Fibonacci numbers. TilesS and L have lengths1 and , respectively.

Figure 2.3. A patch of Ammann-Beenker tiling, created using two types of unit cells: squares and
rhombuses. It exhibits quasi-periodicity and local 8-fold rotational symmetry.
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Figure 2.4. The in ation rule : Tileﬁ are subdivided into smaller tiles, followed by rescaling (in ation) of
all lengths by the silver ratio s =1+ = 2. Red and blue points indicate vertices of single- and double-in ated
tiles, respectively. Note that the triangles in the rst and second in ations are actually half-square tiles. Also,
in ating the square tile breaks its rotational symmetry, so the orientation must be tracked, as indicated by
the triangular motif. For clarity, these markings will generally be omitted in subsequent gures. (Following

Ref. [3])

Figure 2.5. lllustration of discrete scale invariance in AB tilings. The thick black lines with red and blue
vertices depict an AB tiling. After applying the in ation rules from Fig. 2.4 twice, a dense underlying tiling
emerges, composed of gray and white tiles, which itself forms an AB tiling.
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Figure 2.6. In ation rulﬁgfor Penrose tiles, where each tile is subdivided into smaller tiles and rescaled by
the silverratio s =1+ 2. Red nodes mark the vertices of single-in ated tiles.

the number of tiles increases exponentially, and the in nite tiling is obtained in the limit;
T=lim "(To); (2.1)
n'l

where T represents the in nite tiling,  denotes the in ation rule, and Ty is the initial patch. Here, “tiling' refers
to the in nite structure, while “patch' denotes any nite, connected set of tiles. For simplicity, the edges of the
graph are considered to have unit length.

2.2 Penrose Tiling

Another notable aperiodic tiling is the Penrose tiling, named after mathematician and physicist Roger
Penrose, who discovered it in the 1970s4] 65]. This two-dimensional aperiodic tiling is composed of two
non-overlapping prototiles: a thick rhombus with angles of 72 , 108, 72 , and 108 , and a thin rhombus with
angles of36 , 144, 36 , and 144 (see Fig. 2.7). Penrose tilings exhibit a vefold symmetric di raction pattern,
a hallmark of their aperiodic nature.

Like the Ammann-Beenker tiling, the Penrose tiling possesses a self-similar structure, allowing it to be
generated through a set of in ation rules. These rules, illustrated in Fig. 2.6, enable the iterative construction of
larger patches, ultimately converging to the thermodynamic limit. This hierarchical construction provides the
Penrose tiling with discrete scale invariance, which underpins its long-range order [4].

2.2.1 Trivalent-Penrose Tiling

We observe that while the Penrose and AB tilings share similar properties, such as their hierarchical
structures, a surprising distinction exists: the AB tiling admits perfect matchings [10], whereas the Penrose
tiling does not [4]. A perfect matching of a graph is a set of independent edges such that no two edges share a
common verteX, and together they cover every vertex of the graph. As will be demonstrated in later chapters, the
existence of perfect matchings is crucial for studying dimer models on these tilings. To address this limitation, |
introduce a modi ed version of the standard Penrose tiling that admits perfect matchings. Furthermore, this
modi cation ensures that all vertices have the same degree of 3, a property that proves advantageous when
de ning a height eld theory on such aperiodic tilings. | refer to this modi ed tiling as the “trivalent Penrose
tiling.'

To construct this modi ed tiling, begin by drawing rectangles inside each tile of the Penrose tiling, as
shown by the thick blue lines in Fig. 2.8, with the original Penrose tiling shown in thin gray lines. Next, connect
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Figure 2.7. A patch of Penrose tiling, created using two types of unit cells: thick and thin rhombuses. It
exhibits quasi-periodicity and local 5-fold rotational symmetry.

the nearest vertices of each pair of adjacent rectangles. The resulting graph, with thick black and blue edges and
vertices circled in gray, represents our desired tiling, where all vertices have degree 3. It is evident that this

modi ed graph also admits perfect matching, achieved by placing dimers on the opposite edges of each blue
rectangle.

2.3 Einstein Problem: New aperiodic Monotilings

As discussed in previous sections, it was long believed that at least two di erent tiles were required to
create an aperiodic tiling. A long-standing open problem in mathematics, known as the Einstein problem, asked
whether there exists a single tile capable of covering an in nite plane aperiodically, without overlaps or gaps.
In 2023, a group of researchers solved this problem by introducing a family of tiles called the "Hat5] and the
“Spectres' [6]. These tiles, along with their rotations and re ections, can tile the plane aperiodically.

2.3.1 Hat Tiling

A single "Hat' tile is an asymmetric structure, depicted in shaded gray in Fig. 2.9. Surprisingly, this tile is
embedded within the periodic hexagonal lattice, outlined by light gray edges. When combined with its mirror
image, the Hat tile forms an aperiodic tiling, represented by thick black edges in the same gure [5].

A larger nite patch of Hat tiling is displayed in Fig. 2.10, where the re ected Hat tiles (mirror images)
are shown in dark blue, sparsely and evenly distributed among the unre ected tiles. Within this tiling, non-
overlapping groups of tiles, called clusters, can be identi ed. These clusters, shown on the right in Fig. 2.10, are
used to construct the tiling. By simplifying the boundaries of these clusters, larger composite tiles, or “supertiles’,
can be formed. The supertiles denoted as H; T;P;F are outlined by thick black boundaries in the gure.
The left panel of Fig. 2.10 illustrates how these supertiles combine to form a large patch of Hat tiling.

The Hat tiling exhibits a hierarchical structure, similar to other aperiodic tilings. This hierarchical property
arises from the fact that supertiles can be decomposed using a de ned set of in ation rules, as illustrated in Fig.
2.11. By rescaling the edges of these supertiles, the tiling can be expanded inde nitely to cover any desired plane.
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Figure 2.8. Trivalent Penrose tiling, depicted with thick black and blue edges, and circled gray nodes. It
is derived from the underlying Penrose tiling (light gray lines) using the method described above. Following
Ref. [4], | thank Dr. Nick Jones for this idea.

Figure 2.9. A patch of "Hat' aperiodic monotiling embedded within the periodic hexagonal lattice (solid
grey lines). A single hat tile is highlighted in grey, composed of eight smaller kite shapes (dashed grey lines).
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Figure 2.10. A patch of Hat tiling, with re ected (mirror image) Hat tiles shown in dark blue, sparsely
distributed throughout the pattern. Non-overlapping clusters of tiles are grouped to form H; T; P;F supertiles
by simplifying cluster boundaries (outlined in black). The left panel demonstrates how these supertiles
combine to create larger patches of the Hat tiling. (The gure was created using an interactive application,

following Ref. [5].)

Figure 2.11. In ation rules for the Hat supertiles ( H, T, P, and F), illustrating the hierarchical expansion
of the Hat tiling. (The gure was created using an interactive application, following Ref. [5].)
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Figure 2.12. The rst three iterations of the P supertile using in ation rules. Starting with the pink P
supertile, one in ation produces the underlying yellow tiling. A second in ation of the yellow tiling results
in the underlying black tiling, and the nal iteration yields a dense Hat tiling. This hierarchical growth
demonstrates the discrete scale invariance of the Hat tiling. (The gure was created using an interactive
application, following Ref. [5].)

To illustrate the hierarchical nature of Hat tiling further, Fig. 2.12 demonstrates how a large patch is
constructed by applying the in ation rules iteratively to an H supertile. The rst three iterations are shown in
black, pink, and yellow, respectively, emphasizing the discrete scale invariance inherent in Hat tiling.

2.3.2 Spectre Tiling

As mentioned above, the hat tiling requires the use of its mirror image to form an aperiodic tiling. This
reliance on re ected and unre ected tiles e ectively introduces two distinct types of tiles. To address this
limitation, the same team of researchers developed a modi ed tile known as the "Spectre' tile (shown in Fig.
2.13(a)) with curved edges. Since we are only concerned with graph connectivity, we can straighten the curved
edges of the Spectre tiles (also shown in Fig. 2.13(a)), resulting in what is termed "Til€l; 1)' in Ref. [6]. This
tile admits only aperiodic tilings even when re ections are not permitted.

The in ation rules for constructing the Spectre tiling are shown in Fig. 2.14. These rules involve two basic
building blocks: a single Spectre tile and a structure of two Spectre tiles (depicted in two shades of green),
collectively referred to as the Mystic. We refer to the dark green tile as the Upper Mystic, which has the unique
property of being the only tile with two vertices of degree 4. This fact will be very useful in later chapters. A
single Spectre tile is replaced by a cluster consisting of one Mystic and seven Spectres (all re ected). Similarly,
a Mystic is replaced by a cluster containing another Mystic and six Spectres (all re ected). Notably, these
re ections preserve the chirality of the tiling at each level of in ation. Consequently, any Spectre tiling can be
decomposed into non-overlapping congruent clusters derived from these in ation rules.

While the in ation rules describe how individual Spectre or Mystic tiles are replaced by clusters, they do
not specify the spatial arrangement of these clusters. A second set of rules, shown in Fig. 2.15, governs the
placement and alignment of these clusters. Together with the in ation rules (Fig. 2.14), these assembly rules
provide a complete framework for constructing Spectre tilings of arbitrary size. Below is a concise summary of
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(a) (b)

Figure 2.13. (a) A single Spectre tile (above) and a Tile(1; 1) with 14 vertices (below). The (black)

vertex at the midpoint of a straight edge is implied by edge connections. (b) A patch of Spectre aperiodic
monotiling using just rotations and translations of the spectre tile. The tiles shaded in dark green are called
the “Upper Mystics'. (The gure was created using an interactive application, following Ref. [6].)

Figure 2.14. Two in ation rules for constructing the Spectre tiling. The rules are based on a single Spectre
tile (white) and a two-Spectre combination called a Mystic (dark and light green). The rst rule (above)
replaces the Spectre with a cluster containing a Mystic and seven re ected Spectres. The second rule (below)
replaces a Mystic with a cluster containing a Mystic and six Spectres. (The gure was created using an

interactive application, following Ref. [6].)
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Figure 2.15. An iterative process for constructing Spectre and Mystic clusters. In Stepl, a single Spectre
tile is de ned by four key points (red nodes). These key points guide the placement of additional Spectre tiles
and Mystic tiles in Step 2a, which creates a cluster of Spectre and Mystic tiles. In Stefb, the key points
(red nodes) for higher-level clusters are determined, allowing for the continued growth of the tiling. Step8a
and 3b further expand the structure into superclusters, with Spectre clusters highlighted in red and Mystic
clusters in blue. This iterative process demonstrates the hierarchical nature of the Spectre tiling system. (The
gure was created using an interactive application, following Ref. [6].)

the construction process, with full details available in Ref. [6]:

Step 1: Identify four key vertices of the Spectre tile and connect them to form a quadrilateral (for
visualization purposes; not required for construction).

" Step 2a: Build a Spectre cluster by:

Placing a Spectre at the desired location and orientation.

Attaching neighboring tiles by aligning shared key points (each tile shares two key points with its
neighbors).

Rotating new tiles to maintain the correct relative orientation.

Translating tiles to align their key points accurately.

Step 2b: Identify the key points of the completed Spectre cluster and de ne the Mystic cluster by removing
one even-numbered Spectre.

Step 3a: Assemble Spectre and Mystic clusters into a Spectre supercluster.

Step 3b: Extract the key points of the supercluster from its constituent clusters and de ne the Mystic
supercluster by removing one cluster.
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Iteration: Repeat the process iteratively to construct larger patches and scale up to the desired size.

~ Observation: The handedness of the tiles alternates with each successive level of construction.

2.4 Graph Theory Terminology

In subsequent chapters, | will frequently use several graph theory terminologiessp]. To provide clarity and
a point of reference, | will de ne these terms here.

A graph G consists of a set of verticed/, connected by a set of edge&. The cardinality of a graph G
refers to the total number of vertices inV and is denoted byjGj. The degreed(n) of a noden 2 V is the total
number of edges connected to that node.

In this thesis, we will focus on graphs derived from various aperiodic tilings discussed earlier, using their
respective vertex (V) and edge E) sets. For example, if we refer toG = AB, it indicates a graph formed from
the in nite AB tiling. When a graph is constructed from nite patches of a tiling, this will be made clear from
the context. All graphs considered in this work will be undirected, meaning that edges have no inherent direction,
and both directions of any edge are treated equivalently.

Bipartite Graphs : A graph is called bipartite if its vertex set V can be divided into two non-overlapping
subsets ¥/a, Vg ) such that all edges inE connect a vertex fromV, to one in Vg. We will refer to the vertices in
these subsets as having two distinct bipartite charges. All the aperiodic tilings discussed earlier AB, Penrose,
Hat, and Spectre are bipartite.

Paths, Loops, and Matchings : A path is a sequence of edges connecting a series of distinct vertices. When
the start and end vertices of a path coincide, it forms aloop. A matching (M) in a graph G is a subset of edges
such that no two edges share a common vertex. Aerfect matching is a matching in which every vertex inV is
covered by an edge inM .

For a graph G and a given matchingM : An alternating path is a path in which every other edge belongs
to M. An augmenting pathis an alternating path where the rst and last edges are not part of M. Augmenting
an alternating path involves switching the inclusion of its edges inM , ensuring a new matching is formed.
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Dimer and Loop Models

Dimer models form a cornerstone in the study of statistical mechanics, graph theory, and condensed matter
physics. Emerging in the early 20th century, the concept of dimers a pair of particles or entities connected
by a bond was rst systematically explored in mathematical contexts, such as the enumeration of perfect
dimer matchings on lattices [67, 27]. In physics, dimer models gained prominence through the pioneering work of
Fowler and Rushbrooke (1937), who investigated adsorption phenomena on surfaces], and Kasteleyn (1961),
who introduced elegant combinatorial techniques to compute the exact partition function of dimers on planar
graphs [67, 68]. Dimer models have since been applied to a wide range of physical phenomena, including zero
modes in electronic tight-binding models B9, 70] and magnetism, where dimers are used to construct analytical
solutions to problems like the Ising model [71].

The mathematical formulation of dimer models, particularly Kasteleyn's method and Fisher's mapping to
spin systems 7, 27], rmly established their relevance to statistical mechanics. These models exhibit fascinating
properties, such as critical behavior and long-range correlations, which are crucial to understanding phase
transitions and disordered systems 25, 26]. The classical dimer model, in which dimers occupy edges of a lattice
under the hard constraint that each vertex belongs to exactly one dimer, serves as an elegant and minimal
framework for probing these phenomena.

Quantum dimer models, introduced by Rokhsar and Kivelson (1988), extend this classical framework
into the quantum domain [19, 20, 72, 73]. These models explore quantum superpositions of dimer coverings,
incorporating quantum dynamics via o -diagonal terms in the Hamiltonian. It also enforces a hard constraint:
no two quantum dimers can share a vertex. Originally introduced to capture the physics of resonating valence
bond (RVB) states in lattice spin systems, a concept rst proposed by American physicist P.W. Anderson
and Indian theoretical physicist Ganapathy Baskaran in 1987 to explain high-temperature superconductivity
[21]. Quantum dimer models have since become a fundamental tool for investigating the low-energy physics of
frustrated magnetic systems. They are instrumental in studying exotic phases of matter, such as quantum spin
liquids [74], and provide profound insights into quantum criticality, nature of quantum phase transitions and the
interplay between geometry, frustration, and entanglement.

The intersection of dimer models with quantum many-body physics has led to signi cant advances in
understanding topological phases, fractionalization, and quantum entanglement entropy40]. These models have
also found experimental realization in systems such as cold atoms and Rydberg arrays [75]. Additionally, their
connection to gauge theories underscores the universality of dimer models, bridging condensed matter physics
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Figure 3.1. The general ground state phase diagram of the classical dimer model on regular periodic lattices
with aligning interactions features ordered columnar and staggered ground state phases, corresponding to the
maximum and minimum number of ippable plaquettes, respectively. These ground states exhibit monomer
con nement. On the square lattice, the ground states are fourfold degenerate. At higher temperatures, a
critical phase emerges. At in nite temperature (T = 1 ), the partition function reduces to the unweighted
sum over all possible dimer coverings of the square lattice, where the model can be solved exactly.

and high-energy eld theories. Recently, they have also been realized experimentally in programmable quantum
simulators, opening up new opportunities for exploring the model in controlled environments [76, 77].

In this chapter, | describe the theoretical foundations of dimer models, spanning from their classical origins
to their quantum generalizations.

3.1 Classical dimer model

The interacting perfectly packed classical dimer model is a fundamental model in condensed matter physics.
Originally developed to study the e cient packing of short linear molecules on crystal surfaces, this model has
since evolved into a powerful framework for investigating unusual collective behaviors and phase transitions.
The partition function for the model with aligning interactions is de ned as [26]:

where
Ec=V Ngp (3.2)

Here, N¢, denotes the total number of ippable plaquettes in a given dimer con guration c. A plaquette in
the context of lattice models refers to the smallest closed loop or minimal face bounded by edges on a lattice. A
plaquette is deemed ippable if it contains dimers on every alternate edge. The parametev determines the
nature of interactions between nearest-neighbor dimers, in uencing the system's phase behavior.

The classical dimer model has been extensively studied on periodic lattice2§, 25, 28, 78, 79, leading to a
well-established ground state phase diagram, as shown in Figure 3.1. At = 0, where thermal uctuations are
absent, two ordered crystalline phases emerge: the columnar phase and the staggered phase.

" Columnar Phase { < 0): The system minimizes energy by maximizing the number of ippable plaquettes.
On a square lattice, this con guration is achieved by arranging dimers in alternating columns.

20 Constrained Models in Aperiodic Systems



Quantum dimer model

" Staggered Phase\{ > 0): The system minimizes energy by reducing the number of ippable plaquettes to
the minimum. On a square lattice, this corresponds to a staggered arrangement of dimers.

These phases are con ned, meaning that breaking a dimer into two monomers and moving them apart
demands an increasingly large amount of energy as the distance between the monomer$ grows. In a con ned
state, the monomer monomer correlation function M (r) decays exponentially to zero withr. At T = 0,
decon nement occurs only at a critical interaction value v¢, where monomers can separate in nitely with a nite
energy cost. In a decon ned state,M (r) approaches a nonzero constant as ! 1

At nite temperature, however, thermal uctuations can drive the system into a critical (algebraically
con ned) phase, whereM (r) still vanishes asr ! 1, but only as a power law rather than exponentially. On the
square lattice, forv = 1, the system undergoes a Kosterlitz-Thouless (KT) transition from a high-temperature
critical phase to a low-temperature crystalline phase [26].

At in nite temperature ( T = 1 ), the partition function reduces to an unweighted sum over all possible
dimer coverings of the lattice, a scenario that has been exactly solved for periodic lattice$¥, 27]. At this point,
the system exhibits critical behavior, with correlation functions decaying algebraically with distance B0]. For
example: Dimer-dimer correlation functions decay asl=r?. Monomer-monomer correlation functions decay as
1=p r at large distances.

3.2 Quantum dimer model

The Hamiltonian for the Rokhsar-Kivelson quantum dimer model (RK-QDM) on a square lattice is:

X
HQDM = J lﬂf +|ﬁfy + vV Iﬂv + Vv Iﬂh ; (32)

plaquettes

where

Iﬂf: , Iﬂv: , Iﬂh:

Here J > 0 is the coupling constant for the kinetic term, which describes the ipping of dimers between
alternating con gurations on a plaquette. v; and v, are the coupling constants for the potential terms that counts
the total number of ippable plaquettes with vertical (rung) and horizontal (leg) dimers, respectively. The
operator Py / P, / P, represents the projection operator for the respective dimer con gurations on a plaquette.

In this formulation, quantum dimers represent singlet bonds of two nearest-neighbor spins on a lattice. In
Eq. 3.2, a quantum dimer is denoted by a thick black bond. The hard-core constraint is analogous to that in
the classical dimer model: no two dimers are allowed to overlap on the same vertex, ensuring that each spin
participates in exactly one singlet bond. Hence, the Hilbert space consists of all valid dimer coverings of the
lattice. The RK-QDM describes the quantum dynamics of a phase dominated by singlet bonds. The kinetic term
in the Hamiltonian models a ‘resonance' between two di erent dimer con gurations on a plaquette, analogous to
the resonance between the two dimerizations in a benzene ring. This resonance is at the heart of the concept of
resonating valence bond (RVB) states. The potential term, on the other hand, energetically favors or penalizes
certain plaquette con gurations, thereby tuning the balance between static order and resonance dynamics.

Together, these ingredients provide a microscopic realization of RVB states, where the ground state is not
a single dimer covering but a coherent quantum superposition of many such coverings. This framework allows
one to explore exotic phases of matter, including quantum spin liquids, whose emergence is intimately tied to
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Figure 3.2. Generic phase diagram of the quantum dimer model on 2D bipartite lattices. The RK

point marks a critical decon ned point. The staggered phase appears immediately to the right of the RK
point, while the plaguette phase lies to its left and spans a nite parameter range. Forv=J ! 1 | the
columnar phase dominates. The region between the columnar and plaguette phases remains debated. On
the honeycomb lattice, the plaquette phase transitions to the columnar phase via a rst-order transition
around v=t= 0:2 [7]. A similar scenario is proposed for the square lattice§], though some ndings hint at
a potential “'mixed' phase between the plaquette and columnar phase®]| Representations of all three phases
are shown for the square lattice.

the interplay between local constraints and resonant dynamics.

3.2.1 The General structure of QDM ground state phase diagrams

In Egq. 3.2, we can combine the two di erent coupling constantsv; and v, into a single variable v, which
counts the total number of ippable plaguettes with either horizontal or vertical dimers. By using the ratio v=J,
we can describe the ground state of the quantum dimer model (QDM) using a single parameter. This simpli es
the phase diagram of the model, which is now governed by this ratio.

For 2D bipartite lattices, the generic phase diagram for the QDM is known, such as square and honeycomb
lattices [20]. Fig. 3.2 shows this generic phase diagram. | will further discuss in detail the di erent phases that
are known and explore the key features in the phase diagram.

It is important to note that for the quantum dimer model, the primary focus is on the low-temperature
limit (T 0), where quantum e ects dominate and the system is typically in its ground state.

Rokhsar-Kivelson (RK) Point : This is a special point in the phase diagram wherev = J, and at this
point, the ground state wavefunctionj i of the quantum dimer model (Eqg. 3.2) is a quantum superposition of
all possible perfect dimer matchings:

ji=p—= jc (3.3)

wherejci denotes a perfect dimer con guration, and the sum runs over a topological sector. Each sector contains
N distinct dimer coverings that can be connected by local resonance moves, and is therefore closed under repeated
action of the kinetic term in Eqg. 3.2. In other words, we can construct such an equal-amplitude superposition in
every topological sector. All these ground states will be degenerate solutions of Eq. 3.2 at= J.

For 2D bipartite lattices, the RK point is a special critical point that separates di erent crystalline phases
of the system. Another fascinating feature of the RK point is the behavior of monomers. When a quantum
dimer is broken, a pair of monomers is created. At the RK point, these monomers are decon ned, meaning that
they can be separated to in nite distances at a nite energy cost.
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In the limit v=J! 1 | the quantum dimer system minimizes its energy by converging to a state with the
maximum number of ippable plaguettes. Consequently, a columnar state emerges, resembling the con guration
observed in the classical dimer model. Columnar correlations persist up to a critical valuév=J). < 1. Thus, the
region 1 <v=J < (v=J). is referred to as thecolumnar phase

In the opposite limit, v=J!1 , the quantum dimer system minimizes its energy by converging to a state
with the minimum number of ippable plaguettes. If a lattice admits dimer con gurations with no ippable
plaquettes, such states will naturally be favored. This leads to the so-called staggered state, analogous to the
ground-state con guration in the classical dimer model. Importantly, such staggered states are highly degenerate,
as there exist many distinct dimer coverings with no ippable plaquettes, all of which are exact zero-energy
ground states. An example of a staggered state on the square lattice is shown in Fig. 3.2. These states persist in
the region just beyond the RK point, 1<v=J < 1 , which is therefore referred to as thestaggered phase

The nature of the phases between the columnar phase and the RK point(¢=J). v=J 1) depends
on the underlying lattice structure. For higher-dimensional bipartite lattices, the phases in this region remain
largely unknown. However, for 2D bipartite lattices, a plaquette phasehas been observed in this region for both
square [8, 81] and honeycomb lattices [7].

In Fig. 3.2, all phases can be interpreted in a mean- eld sense: the thick lines represent bonds with a high
probability of hosting a dimer, while the thin lines indicate bonds where this probability is low. In the plaquette
phase, dimers are predominantly found on all edges of alternating plaquettes with high probability. Numerical
studies suggest that the plaquette phase emerges immediately to the left of the RK point and transitions into
the columnar phase via a rst-order phase transition. All ordered phases, including the columnar, staggered,
and plaquette phases, exhibit monomer con nement. The RK point serves as the critical point separating the
plaquette and staggered phases. It is the only (isolated) point in the phase diagram where decon nement occurs,
which is why it is referred to as the decon ned critical point.

Cantor decon nement : is a phenomenon proposed to emerge in certain eld-theoretic descriptions claimed
to model QDMs on 2D bipartite lattices, particularly when these models are perturbed near the RK point B2].
In the unperturbed QDM, an order parameter known as the "tilt' (or winding number per unit length) jumps
discontinuously from 0 to 1 as the system moves from the plaquette to the staggered phase.

Introducing perturbations to the system leads to the emergence of new crystalline phases between the
plaquette and staggered states. Consequently, the tilt increases from 0 to 1 in a continuous manner and has zero
derivative almost everywhere, except on a Cantor set where the derivative is unde ned. This function resembles
a staircase, commonly referred to as the “devil's staircase’, and is predominantly observed near the RK point.

Within this devil's staircase structure, regions corresponding to rational tilt values exhibit con ned
monomers, and regions associated with irrational tilt values display monomers that are decon ned. This intricate
interplay between con ned and nearly decon ned states in the system is termed Cantor decon nement.

This challenges the direct application of Polyakov's result to QDMs, which asserts that in compactU (1)
gauge theories in2 + 1 dimensions such as the 2D bipartite QDM a truly decon ned phase cannot exist at
T =0 [20]. But this also suggests that the con nement-decon nement transition in QDMs is more nuanced.
This implies that while Polyakov's result provides a general framework, the speci ¢ characteristics of QDMs,
especially near the RK point with perturbations, lead to a richer and more intricate phase structure than the
theorem might initially suggest.
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Figure 3.3. A con guration of fully packed loops (thick black lines) on a square lattice (dotted lines). The
loops are non-intersecting, self-avoiding, and visit every vertex of the lattice exactly once.

3.3 The O(n) Loop Model

The O(n) model in statistical physics is a versatile framework that describes systems af-component spins,

well-known cases:n =1 corresponds to the Ising modelh = 2 to the XY model, and n = 3 to the Heisenberg
model. The O(n) model is widely employed to study critical phenomena associated with second-order phase
transitions.

Many spin models, such as theg-state Potts model, can be reformulated as random cluster models3p],
where cluster boundaries in two dimensions form self-avoiding loops. Similarly, th€©(n) model can be mapped
to a loop-gas model on lattices [86, 87]. In this formulation, the partition function is expressed as:

X
Zomy=  tNenNr; (3.4)

C
where the summation is over all self-avoiding loop con gurationsC. In each con guration, N, represents the
number of empty vertices not visited by loops, each contributing a weightt, and N, is the number of loops,
each assigned a weighh. Here, t physically corresponds to temperature, and in the zero-temperature limit
(t! 0), the O(n) model reduces to the fully packed loop (FPL) model in Fig. 3.3, where all vertices are visited
by self-avoiding loops [87, 88].

When the loop weightn ! 0, the loop model further simpli es to a single Hamiltonian cycle, a self-avoiding
loop that visits each vertex exactly once B8]. This close relationship links Hamiltonian cycles, the FPL model,
and the broader O(n) loop model BY]. Studying Hamiltonian cycles on speci c lattices thus provides valuable
insights into the O(n) loop model on the same systems.

Moreover, the FPL model has been applied to investigate the con gurational statistics of dense polymers
[90], demonstrating its utility beyond traditional lattice spin models. These connections underscore theO(n)
loop model's signi cance in understanding critical phenomena and phase behavior in statistical mechanics.

Energetics: The fully packed loop (FPL) model studied in Chapter 8 includes an aligning interaction energy
term that accounts for parallel loop segments on a single plaquette, similar to the classical dimer model. The
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partition function and energy for the interacting FPL model on AB tiling are de ned as follows:

Z b e E c; (3.5)

Ec=V N +

In the partition function Z, the summation runs over all possible fully packed loop con gurations on the
AB tiling. The parameter = 1=T represents the inverse temperature. The interaction energ\e. for each
con guration counts the number (N) of ippable plaguettes with parallel loop segments. Note that, no energy is
assigned to a plaquette containing more than two loop segments.

For this model, the interaction strength V is set to 1, signifying attractive interactions between parallel
loop segments. This choice highlights the tendency of the system to favor con gurations with maximum ippable
plaquettes, thereby in uencing the statistical and energetic properties of the FPL model on any tiling.

3.4 Height Model Framework

A height representation establishes a one-to-one correspondence between the microstates of models like dimer
and loop models and the con gurations of a related height interface model. Visually, this is similar to constructing
a surface of discrete heights over the lattice, where the height values encode the local structure of the underlying
microstate. This concept has been pivotal in analyzing critical phenomena on two-dimensional lattices, enabling
the mapping of complex interactions onto a more tractable scalar eld framework. In these systems, correlation
functions typically exhibit power-law decay with distance, a hallmark of criticality. Models such as dimer and
loop models, which are prevalent in statistical physics, can be reformulated using height variables, revealing
deep connections among diverse physical systems. This reformulation facilitates the application of conformal
eld theory techniques, aiding in the computation of correlation functions and critical exponents, and thereby
deepening our understanding of their critical behavior. Furthermore, height representations illuminate roughening
transitions and phase behaviors, making them a valuable analytical tool in statistical mechanics. Pioneering
contributions by researchers such as9l, 92] have laid the foundation for applying height representations to a
wide variety of models in this eld.

To construct a height representation for a perfect dimer con guration on any bipartite lattice with all
vertices having degreed, consider partitioning the lattice sites into two bipartite sets, A and B. The height eld
can be assigned as follows (see Fig. 3.4):

Assign zero height to an initial plaquette, sayh(x) = 0.

Select any corner of this plaquette. If the site belongs to theB (A) sublattice, move to the adjacent (next)
plaguette in a counterclockwise (clockwise) direction around that site.

Assign a heighth(x% = h(%) + 1 to the next plaquette (following the chosen direction around the selected
corner as described above) if there is no dimer between the two plaquettes. If a dimer is present, assign
h(%%) = h(x) C,,whereC, = d 1isthe compacti cation radius, and d denotes the degree of the vertices.

Select the plaquette that has just been assigned a height and repeat steps 2 and 3. Continue this procedure
until every plaquette has an assigned height.
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Figure 3.4. (a) In the square lattice, the sites can be partitioned into two bipartite sets: A (blue) and

B (red). (b-c) Two examples of height representations in the fully packed dimer model on a square lattice,
constructed using the rules described in Sec. 3.4. The construction begins from the top leftmost plaquette,
which is assigned a height zero. These rules apply to any 2D bipartite lattice.

These steps creates a discrete height surface above the lattice. It is important to note that the height eld
assignment is non-unique, as the initial plaguette can be assigned any arbitrary integer height. Nevertheless, the
di erences in height values between neighboring plaquettes, which encode the physical properties of the dimer
system, remain well-de ned. This representation underscores the utility of height variables in providing a uni ed
framework for studying the critical and geometric properties of dimer models.

The conformal eld theory (CFT) of loop models can be explicitly constructed using Liouville eld theory
[88]. This formulation maps the loop model to a model of a uctuating height surface, with the loops serving as
height contour lines [93]. Heights are de ned according to the following set of rules (see Fig. 3.5):

Randomly assign orientations (clockwise or anti-clockwise) to all fully packed loops in a given con guration.

~ Start from any arbitrary plaquette and assign it an initial height, h(x) = 0, where % is the position of the
center of the plaquette.

" Hop to neighboring plaquettes: Let the common edge between two plaguettes beg and let the center of
the next plaquette be x°. The height model is then de ned as follows:

h(x9) = h(%) +1 if eis part of a loop and is directed to the right when viewed from.
h(x9 = h(%) 1if eis part of a loop and is directed to the left when viewed fromx.

h(x9 = h(x) if e is not part of any loop.

The heights h(x) obtained through the steps outlined above, are discrete and reside on the plaquettes of
the lattice, or equivalently, on the vertices of the dual lattice. These discrete heights can be coarse-grained to
form a continuous height surfaceover the lattice. To do this, de ne a ne grid over the tiling, with as many
points as necessary to achieve the desired resolution. For each grid point, assign the height value to be equal
to the height of the plaquette in which the point lies. For points on the grid outside the tiling, heights can be
computed by extending the height values from the nearest boundary plaquette.

We can study this continuous height surface by looking at its variance and using a Fourier transform. This
helps us understand the type of uctuations in the height eld and whether the surface is “rough' or “smooth'.
A rough height surface means the system behaves critically, similar to many two-dimensional lattice models
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Figure 3.5. Example of height representations in the fully packed loop model on a square lattice,
constructed using the rules described in Sec. 3.4. These rules apply to any 2D bipatrtite lattice.

[92, 94, 93]. This roughness is characterized by the Fourier transform of the height uctuations, which, after
coarse-graining, follows the relation [93]:

. 'y K
hih(g)ii Tk (3.6)

Here, h(p) is the Fourier transform of the height function h(x), and K is a constant related to the system's
sti ness. This indicates that long-wavelength uctuations are signi cant, leading to a rough surface pro le.

Conversely, in the 'smooth' phase, the height eld exhibits only short-range uctuations, and the Fourier
transform behaves as:hjn(p)j%i  const, when p! 0. This suggests that the system is not critical, as the model
tends to select a mean height, resulting in minimal height variations that do not scale with the system size.

The behavior of the height eld can also be characterized by examining its net height varianceW 2, de ned
as:
W2 hh(x)?% h h(x)i? (3.7)

Here, the averages are taken over an ensemble of various loop or dimer con gurations. In the thermodynamic
limit, if W?2 approaches a nite value, the system is in a smooth phase, indicating that the height eld selects
a particular mean height with minimal uctuations. Conversely, in a rough phase, W2 exhibits a logarithmic
divergence with system linear size_, typically expressed as below, wher& is a constant related to the sti ness
of the height eld:

W?2 = const+ % InL: (3.8)
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4

NP-Hard Problems on the AB tiling

Optimization problems are central to decision-making across numerous disciplines, such as engineering,
computer science, economics, physics, and logistics. These problems require identifying the best solution from a
set of feasible options, considering certain constraints and objectives. However, as the size and complexity of
these problems increase, discovering optimal solutions becomes more challenging and often demands substantial
computational resources. This convergence of optimization and computational complexity has led to the
classi cation of problems into various complexity classes, particularlyNP -complete andNP -hard [49]. These
classi cations shed light on the intrinsic di culty of optimization tasks and the computational resources necessary
to solve them.

NP -complete (NP C) problems are a class of decision problems that yield a simple “yes' or "no' answer.
The term "NP ' stands for “nondeterministic polynomial time', implying that while it may not be possible to nd
a solution in polynomial time, a given solution can be veri ed within polynomial time. Every problem in the
NP complexity class can be reduced to arN P -complete problem in polynomial time. This implies that if any
NP -complete problem can be solved in polynomial time, then all problems irNP can also be solved with the
same e ciency. This characteristic is known as ‘completeness'. Examples dfl P -complete problems include the
traveling salesman problem, graph coloring problem, and subset sum problem, as well as various combinatorial
optimization problems [46, 49].

Conversely, NP -hard problems may or may not be decision problems and often require nding a solution if
one exists. They represent a class of problems that are at least as challenging as the hard®&sP problems but
may not necessarily have a binary solution. UnlikeN P -complete problems, there is no requirement for solutions
of NP -hard problems to be veri ed in polynomial time. These problems serve as a benchmark for assessing the
computational complexity of optimization tasks.

A well-known NP -complete problem with signi cant applications in physics, computer science, and biology
is the Hamiltonian cycle problem. A Hamiltonian cycle is a closed, self-avoiding loop that visits every vertex
of a graph exactly once. The study of Hamiltonian cycles dates back to the 9th century CE when the Indian
poet Rudrata wrote a poem based on a “Knight's tour' of a chessboard. The relevance of these cycles spans
multiple scienti ¢ elds. For example, in protein folding [ 18, 95], the compact state of a folded protein is well
approximated by such cycles. This is because the self-avoiding property of these cycles models the short-range
repulsion between amino acid chains. Similarly, Hamiltonian cycles have been used in studying the dynamics
of polymer melting [96, 97, 17], where they provide insights into critical scaling exponents of polymer chains,
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especially in 2D.

Also, such loop structures frequently emerge as critical elements in models describing phenomena like
topological phases and dynamic domain boundaries in Ising magnets. These loops manifest in systems such as
the trajectories of quantum particles through space-time and the basis-state wavefunctions for the Toric quantum
error correcting code P8. The O(n) model in statistical physics, which describes the spins ofi components
that interact with their nearest neighbors, can be mapped to a self-avoiding loop problem§3, 84]. In the
zero-temperature limit and for n ! 0, this model simpli es to con gurations of Hamiltonian cycles [88, 86]. As
such, studying Hamiltonian cycles o ers valuable information on various physical models, mainly studied to date
in the context of periodic regular lattices [84, 97, 86, 88, 90, 99].

However, many complex structures modeled by Hamiltonian cycles, such as proteins and polymers, lack
translational symmetry and exhibit a disordered growth. To better represent these intricate structures, it is
essential to investigate Hamiltonian cycles in non-periodic settings. Such exploration could provide valuable
insights into optimization tasks speci c to these disordered environments 100. In fact, the lack of periodicity in
certain systems, such as quasicrystals, often leads to novel behaviors in form of exotic criticalitydd, 39, 4Q] to
charge order p1, 107] to topology [102 103. This makes the study of Hamiltonian cycles in aperiodic settings
particularly intriguing.

In this chapter, | present a polynomial-time algorithm for constructing Hamiltonian cycles on arbitrarily
large nite subgraphs of in nite Ammann-Beenker (AB) tilings de ned in Sec. 2.1. These 2D aperiodic tilings
lack translational symmetry but still feature long-range order. This long-range order allows for exact analytical
results to be proven, and their in nite extent o ers a pathway to explore the thermodynamic limit, which is
crucial in condensed matter physics, where quasicrystals with AB symmetries are observedl, 42]. Recent
experiments in systems like twisted trilayer graphene 43] and optical lattices [104] further underscore the
relevance of AB tilings in physical phenomena.

While e cient Hamiltonian cycle constructions exist for speci ¢ classes of graphs [L05 106, 107], AB tilings
do not belong to any such category. What makes the existence of Hamiltonian cycles on AB tilings even more
surprising is that their close relative, the Penrose tiling, cannot admit Hamiltonian cycles. Despite sharing many
similar properties with AB tilings, Penrose tilings lack perfect matchings, a necessary condition for the existence
of Hamiltonian cycles in any graph [4].

Through results in this chapter, | demonstrate that AB tilings are a previously unknown special case of the
Hamiltonian cycle problem that falls within the P complexity class, rather than NP C. This discovery does not
suggest that all NP problems can be solved in polynomial time in general settings, but it opens new avenues for
tackling other non-trivial optimisation problems in such unusual aperiodic settings. | will also explain how these
ndings can have potential applications in areas such as atomic imaging, chemical catalysis, and the Potts model.

This chapter is based on the work in Ref. 8], authored by me, Jerome Lloyd, and Felix Flicker. The proof
in Sec. 4.2 was derived by the three of us together, based on earlier work by Jerome and FeliX)]. The proofs
in Sec. 4.3 were derived by me, except for the three-coloring problem proof, which was derived by Felix and me
together.

4.1 Ammann-Beenker Tilings - Key Properties

From Sec. 2.1, we can see that a set of AB tilings generated using in ation rules is in nite. There are two
key consequences of this in ation structure relevant to our analysis:
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Figure 4.1. The seven vertex con gurations and their transformations under in ation (Fig. 4). Each vertex
maps to an 8-vertex after at most two in ation steps. (Following Ref.[10])

De nition 11.1 (Linear repetitivity): ~ There exists a nite constant C > 0 such that for any set of vertices
V within a disk of radius r, every disk of radiusCr contains a copy ofV. AB tilings are linearly repetitive.

De nition 11.2 (Local isomorphism):  Two tilings are locally isomorphic if any nite patch in one tiling
appears in the other. All AB tilings are locally isomorphic, and unless otherwise speci ed, "AB' refers to the
entire set of these tilings. Due to linear repetitivity and local isomorphism, any reference to a vertex seV in a
speci ¢ AB tiling is considered modulo translations.

In a locally isomorphic set, arbitrary rescalings of tilings are not distinguished. For instance, the edges
and tiles surrounding each vertex in the tiling can be classi ed into one of seven unique con gurations, called
‘m-vertices', where "m' refers to the vertex connectivity. The AB tiling con gurations include 3-, 4-, 55-, 5g -,
6-, 7-, and 8-vertices (shown in Fig. 4.1), each appearing with a frequency determined by the silver ratios.
Con gurations with ve edges are distinguished by their in ation behavior.

The 8-vertices are especially signi cant because any vertex con guration can transform into an8-vertex
after at most two in ations. This allows us to draw edges between8-vertices to form a new AB tiling, highlighting
the discrete scale symmetry that contributes to the distinctive physical properties of quasicrystals.

An 8y-vertex becomes an8,-vertex after 2n in ations. | denote the local empire of a 8y-vertex as Wy,
which exhibits discrete eightfold rotational (plus re ection) symmetry ( Dg in Schon ies notation) [108. The
local empire of a vertex con guration is the simply connected set of tiles that invariably appears around that
con guration wherever it occurs in the tiling [ 109. The in ation rule maps 8, -vertices to 8,.1 -vertices, enlarging
their local empire. This Dg symmetry persists under in ation, with 8 -vertices having local empiresw,, that
grow approximately as R, an,

The empire W,, contains all Wy ,, , empires. Due to linear repetitivity, any nite vertex set in AB can be
found within W, for su ciently large n. Hence, | will focus onW,, to derive more general results. A modi ed
version of the AB tiling, with all 8-vertices removed, is known as the AB* tiling [10]. Individual squares and
rhombuses are classi ed as level o, while twice-in ated ones are levelL;. Since any vertex becomes a-vertex
after two in ations but not after one, the once-in ated tiles are designated as level L -,.

This chapter considers graphs constructed from the vertices and edges of AB tilings. | will employ the
shorthand notation G = AB to denote the case wherés represents the graph derived from any in nite AB tiling.
Additionally, I may refer to graphs formed from nite sections of AB, which will be evident from the context.

4.2 Hamiltonian Cycle Problem

This NP C decision problem asks whether a given grapléc admits a Hamiltonian cycle or not. If the
answer is yes, the corresponding optimization problem seeks to nd such a cycle d&. For the Ammann-Beenker
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(AB) tiling, | will present a constructive proof of the following theorem:

Theorem : Given an AB tiling and a nite set of vertices V' AB, there exists a setU,, whereV U, AB,
such that U, contains a Hamiltonian cycleH .

Proof : | will focus on the nite tile regions, denoted as W,,, generated by applying the twice-in ation
processn times to the local empire of the 8y-vertex (see Fig. 4.3). These regions exhibit &g symmetry. For
su ciently large n, any nite vertex set V. AB will be contained within this in nite hierarchy of W, regions.

In Section 4.2.1, | will explain how we found a set of fully packed loops (FPL) on the AB* tiling, i.e., the
AB tiling with all 8p-vertices removed. This FPL set will consist of edges such that every vertex (except for the
8p-vertices) is touched by two such edges.

In Section 4.2.2, | outline our method for reconnecting these fully packed loops on the AB* tiling, ensuring
that all 8y-vertices in W, are included. First, we create twice-in ated versions of FPLs on AB* for all m n.
Then, we identify a process to connect these hierarchies of FPL sets into a loop that visits every vertex iWw,,
except the central 8,-vertex. The nal step is to include the central 8,-vertex and demonstrate how certain
loops can be merged into a single loop that also visits the centra8, -vertex, forming the Hamiltonian cycle. The
resulting vertex set, visited by this H-cycle, is denoted asU,. As U, grows exponentially with n, it eventually
covers increasingly larger sections of the AB tiling. By the property of linear repetitivity, any nite vertex set V
will be included in U, for su ciently large n.

4.2.1 Constructing Fully Packed Loops on AB*

Consider the twice in ation of the rhombus and square prototiles shown in Fig. 4.2, along with a set of thick
black edges, denoted agy, highlighted on the L, tiles. Theseey edges connect to every vertex of the; tiles,
except at the corners. Additionally, each vertex within the L, tiles is touched by exactly two e; edges, except for
those on the boundary. When thesel; tiles are combined to form a valid patch of the Ammann-Beenker (AB)
tiling, the ey edges cover all the vertices in the patch, except those at the corners of the; tiles. These corner
vertices correspond to the8y-vertices of the L tiling. Since every vertex other than the 8y-vertices has exactly
two ey edges connected to it, theey edges naturally form loops around all vertices, excluding theBy-vertices.
Thus, these edges create a set of fully packed loops on the AB* tiling (see Fig. 4.3).

We picked this particular choice of the set ofey edges as canonical, as it forms closed loops that respect
the Dg local symmetry of the AB and AB* tilings. However, it is possible to nd other sets of edges with these
same properties.

4.2.2 Constructing Hamiltonian cycles on AB

In this section, | present our method to construct the Hamiltonian cycle on AB (for any level n) by joining
the fully packed loops (FPLs) on AB* and incorporating the missing 8y vertices into a single loop. To achieve
this, consider the red alternating path in Fig. 4.2, consisting of alternating e edges. Augmenting this path
will swap the ey edges, covering the other set of alternate edges on the path that are currently uncovered. This
augmentation has three e ects: (i) the two corner vertices of thelL ; tiles (i.e., the terminating vertices of the red
path) will now be covered by ey edges, (ii) the total number of gy edges will increase by one, and (iii) any vertex
previously visited by a pair of ey edges will still be visited by a pair of ey edges.

While other alternating paths with these three properties can exist, we identi ed this red path as our
canonical choice for the following reasons: (i) the same path works for botl; tiles, producing the three
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Figure 4.2. Twice-in ations of the two AB prototiles. These represents level one () of the tiling. Each
small tile is at level zero (Lo). The thick black edges visit all but the corner vertices. These edges are
called ey edges. Since the 8-vertices alt o corresponds to the tile corners atlL ;, the union of e, constitutes
fully packed loops on AB* (AB without the 8-vertices). Augmenting the red path (switching covered and
uncovered edges) placegy edges on the two corner vertices while still visiting the original vertices. The red
path can be thought of as the twice-in ation of an e edge, and denoted a®;. It has the same e ect along
any tile edge. (Following Ref. [3])

Figure 4.3. A patch of AB tiling showing the eightfold symmetric region W1, and Wy in gray. W, is the
twice in ation of Wp, formed from the double-in ated tiles shown in Fig. 4.2. Purple lines show the boundary
of theselL ; tiles (and do not belong to the tiling itself). The thick black edges form a fully packed loop set on
the AB* patch. (Following Ref. [3])
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Figure 4.4. The red alternating path in Fig. 4.2 can be thought of as a twice-in ation of an e, edge from
which loops are constructed at level zerol(). It connects nearest neighbors in thel ; tiling (8-vertices in the
L, tiling) while following an alternating path in the canonical choice of ey placements. | therefore denote this
path an e; edge. Alternating paths connecting higher-order8, -vertices can be constructed by concatenating
e +1 edges in the same way thate; was formed from a concatenation ofey; levelse, and e3 are shown here.
The orientation of e, is de ned according to the arrow. (This gure was made by my supervisor.)

aforementioned e ects, (ii) it does so while remaining entirely within the tiles, ensuring that the augmentation
does not interfere with any neighboringL; tiles, and (iii) the augmentation can be undone by performing the
same operation along the path a second time, which proves to be a crucial feature.

The red alternating path follows the boundary edges oflL; tiles as closely as possible and terminates at
the corners ofL; tiles, so essentially it can be considered as an edge of eithkey tiles, denoted by e;, similar
to ey edge forl tiles. So naturally an e; edge can be thought of as a twice-in ation of aney edge. The edge
in ation rules are de ned by continuing this pattern: an e, edge (twice-in ation of e;) is constructed by joining
e; edges in the same manner as ag, edge is constructed fromey edges. The rst three levels of this process are
depicted in Fig. 4.4. Also note that, ey edges connects all nor8-vertices at the L, level, while e; edges connect
8p-vertices. Higher in ations will follow this pattern, so e,.; edges will connect vertices of types;,.

The fractal nature of e, structure at in nite in ations can be captured by calculating its fractal dimension.
Going from ey to ey, the original side length of each prototile is subdivided into nine segments, each of length
52. This same scaling pattern holds for all subsequent in ations, leading to the fractal dimension of; being

expressed as:

dim(e; )= lim 129 _ ! o 1248 (4.1)
ni log(2") ~ logy(1+ 2)

Although e; edges must follow the boundaries ot ; tiles, each edge is shared by two tiles, allowing two
possible orientations for everye;. These orientations can be chosen freely without a ecting any results. However,
we adopt a natural choice wheree; edges are oriented as shown in Fig. 4.4. Ih 1, we alternate the direction of
e; edges along a loop, pointing alternately inward and outward. Since the AB tiling is bipartite, all loops have
even lengths, ensuring no inconsistencies.

To nalize the proof, | will now demonstrate how all the FPLs on AB* and all 8-vertices can be incorporated
into a single closed loop (Hamiltonian cycle), for any largen. Fig. 4.5 - Fig. 4.8 show all the next steps for level
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n =2 of AB tiling, which is 4-times in ated version of W.

The canonical ey edge arrangement ensures that alB.< ¢ (vertices other than 8y-vertices) vertices in AB
are connected byey loops. To include all 8y vertices, we introducede , loops based on the canonical placement
of edges, wheree, loops are2n-in ation of ey loops (see Fig. 4.5). The canonical placement of suab, loops
remains consistent across all levels, as the twice in ation or de ation of any AB tiling results in another AB
tiling, preserving the placement.

Replace all thee, loops with their corresponding e, edges from Fig. 4.4. We can see that augmenting
the closede; loops produces the three e ects mentioned earlier, ensuring that alBy-vertices along the loop are
incorporated into the ey loops as required. Similarly by induction, 8, -vertices can be added by connecting them
through loops of e,+; edges. Aftern steps, every vertex with8 |, is included in a set of fully packed loops on
AB de ned on those vertices.

Note that the placement of e, edges does not interfere with the established connections &, ; edges.
When e, edge loops are placed, it is always possible to choose an orientation such that the overlappieg edges
in e loop and e; loop will have the same orientation (see Fig. 4.6). Then augmenting those overlapping edges
will not have any e ect, hence can simply be deleted. Removing these overlapping edges will joiey and e,
loops and rewire them into a single alternating path ofey edges (see Fig. 4.7). The rewiring works at any level
by induction. Augmenting this single alternating loop will connect the underlying ey edges into a single loop
visiting every vertex in Wy, but the central 8y vertex. It is not possible to include this vertex, because till now
none of thee ,, loops visits it as they admit a Dg symmetry which forces these loops to circle the centra8y
vertex. To include this vertex in the cycle we need to break thisDg symmetry. Note that, even if we take the
smallestey loop that is a star around any 8, vertex in L tiling, we can include the central vertex in this loop by
just inverting one of the points of the star.

Based on this observation, a simple way to include central-8 vertex is to fold a single corner of the outermost
e, loop, 2n-fold in ation of the smallest star loop, encircling the 8,-vertex. This connects every loop contained
within it (and all those it passes through) into a single loop. Augmenting this one loop will result in a Hamiltonian
cycle on the simply connected set of vertices visited by this deformed star. We denote this sét,, to distinguish
it from the Dg-symmetric setW,. The cycle onU, is shown in Fig. 4.8.

Note that any vertex in V will contained in some U, by linear repetitivity (see de nition 11.1). By this
property, any vertex lying in a disk of radius r will also be in all disks of radiusCr. De ne the radius of the
largest disk within U, to be Cr. Since thee, star loop (like the blue loop in U, in Fig. 4.5) will be consistently
present at any leveln, we can consider the largest possible disk inside it with radiu€r as shown by the green
disk in Fig. 4.5.

Let |, represent the green chard lengths, which are the edges of drp, rhombus. The radius of this disk

can be expressed a% =1, w =2 1= Slzzlz. Similarly, the largest equivalent disk in region
U, has a radius of2 174 S1=2|n. Given that e is a unit length, the in ation rules illustrated in Fig. 2.4

suggest thatl, = 2", and therefore, U, encompasses a disk with a radius o2 = é“ =2, Consequently, linear
repetitivity indicates that every U, contains all vertex sets within a disk of radius ZMCL This radius

increases exponentially withn, ensuring that any setV will be within U, for su ciently large n.

For any region U,, a Hamiltonian cycle can be constructed using the method described in this section.
Hence given any nite vertex set V, there exists a regionU, such that V. U,. This allows U, to extend
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Figure 4.5. The canonical placements ofey edges (black) formey-loops visiting every 8,< o vertex (i.e. every
vertex which is not an 8-vertex). The red and blue lines forme;- and e;-loops, respectively. The central 8-
vertex is now added onto loops by folding one corner of the leveh’ in ation (blue star) inwards to break

the 8-fold symmetry. Here we have shown the process explained in Sec. 4.2.2 to order= 2, but it can

be iterated to any order n. The green outline represents the largest disk that ts within the blue loop,
connecting three 8-vertices with green chords. (Following Ref. [3])
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Figure 4.6. Next, e; edges from Fig. 4.4 are placed along the (red®; loops to incorporate 8y-vertices into
the loops. Subsequentlye, edges from Fig. 4.4 are added along the (blueg, loop, with one corner folded, to
include the central vertex and 8;-vertices into the loops. Note that some bluee, edges overlap with the rede;
edges. This process can be iterated to any desired order. (Following Ref. [3])
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Figure 4.7. The overlapping e, edges ande; edges as shown in Fig. 4.6 will augment to leave thé tiling
unchanged. Hence we can remove these overlappimg edges ande; edges completely. This results in the
rewiring of e;-loops and thee,-loop into a single loop as shown here. Finally augmenting this single loop,
consisting of the remaining red and blue edges, will gives the Hamiltonian cycle shown in Fig. 4.8. (Following
Ref. [3])
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Figure 4.8. The Hamiltonian cycle visiting all the vertices of a U, region (the AB tiles themselves are
omitted for clarity). The image is obtained from Fig. 4.5 by placing e; and e, edges in alternate orientations
along the red and blue loops respectively, as shown in Fig. 4.6, and augmenting. Note the present gure has
been rotated through 1=16" of a turn relative to other gures. (Following Ref. [3])
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naturally to the thermodynamic limit, where U, !'1  represents arbitrarily large nite patches. The algorithm
operates with linear complexity in the number of vertices within U, .

The region U; , without any surrounding tiles, can be viewed as an in nite AB tiling. It forms an in nite,
simply connected set of tiles generated by in ating a valid AB patch (with surrounding tiles in W; removed).

While an AB tiling can have at most one global center ofDg symmetry (since multiple centers would violate
the crystallographic restriction theorem [110), the set of such tilings with a global Dg center is of measure zero
among all AB tilings [52]. However, our de nition of the thermodynamic limit does not require the presence of a
global Dg center; it is su cient that at least one region ( Uyi; ) is included, and all AB tilings contain in nitely
many such regions.

4.3 Solution to other NP -Hard problems on AB

There are several other problems classi ed afNP -Complete, similar to the Hamiltonian cycle problem
[49, 46]. These are decision problems that inquire whether a solution exists for a general class of graphs. The
corresponding optimization problems for these areNP -hard, requiring the discovery of a solution if one exists.
In this section, | will present solutions to ve such challenging optimization problems on the AB lattice, utilizing
discrete scale symmetry and/or our Hamiltonian cycle constructions. This demonstrates once again that the AB
lattice o ers a unique and simpli ed case. | will also discuss the physical applications of the solutions to the rst
three problems, while the last two problems are inspired purely by mathematical considerations.

4.3.1 Equal-weight travelling salesperson problem

Problem Statement[49, 46] - Given a number of citiesN, unit distances between each pair of connected
cities, and an integerk, does there exist a route shorter thank which visits every city exactly once and returns
back to the original city? The corresponding optimization problem is to nd such a route.

Solution on AB - If cities are the vertices ofU,, g, yes if and only if k > jUp,j.

Proof - In graph theory, each city can be represented as a vertex, and an edge connects cities with an edge
weight indicating the distance between them. The problem of nding the shortest route that visits each city
exactly once and returns to the starting city is equivalent to nding a Hamiltonian cycle with the minimum sum
of edge weights.

For an unweighted AB graph, where all edge weights are set to one, this problem simplies to the
equal-weight traveling salesperson problem (EWTSP), which in turn is the Hamiltonian cycle problem itself.
Consequently, the Hamiltonian cycle constructed in the previous section provides a solution to the EWTSP on
Un. For any integer k, we can have anU,, ¢ region such thatjU,j <k, and the Hamiltonian cycle created on
such U, using the steps in previous sections will be the solution of this problem.

4.3.2 Application: ultra - high resolution atomic imaging

Atomic imaging of material surfaces is typically done using techniques like scanning tunneling microscopy
(STM) and magnetic force microscopy (MFM). In STM, a voltage between a sharp tip and the surface enables
electron tunneling, producing a current that re ects local electronic structure [111, 112. MFM, by contrast,
measures magnetic forces with a magnetized tip to image magnetic domaind13. One application of the
traveling salesperson problem is to nd the most e cient route for such tips to image every atom on a surface.
For simple periodic cases, such as atoms arranged in a square lattice, a snake-like Hamiltonian cycle that visits
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each site once in a regular sequence provides a straightforward solution. However, even with the knowledge of
such an obvious most e cient route, the high resolution imaging of a100 100nm? area of a surface with square
lattice symmetry can take up to a month.

While STM and MFM are commonly used for crystalline surfaces, they can also image physical quasicrystals,
such as those with the symmetries of AB tilings f41]. Recent experiments have demonstrated tunable quasicrystal
geometries in twisted trilayer graphene B3] and eightfold symmetric structures have also been created in optical
lattices [104, 114].

In such cases, the optimal route for the STM tip is not immediately apparent. Our solution to the traveling
salesperson optimization problem on AB tilings provides the most e cient route for the STM tip to take while
imaging any such aperiodic quasicrystal surfaces. Although the surface needs to be scanned initially to de ne
U, regions, this route ensures maximum e ciency for repeated scans under varying conditions, such as changes
in temperature or magnetic eld.

4.3.3 Longest Path Problem

Problem statement[49, 46] - Given an unweighted graphG and an integer k, doesG contain a path of
length at least k? The path may not revisit vertices. The corresponding optimization problem is to nd a
maximum length path.

Solution - Yes, ifG= U, gandk j Uyj 1

Proof: A Hamiltonian path can be derived by removing any single edge from a Hamiltonian cycle. Thus
the results from Sec. 4.2.2 con rms the existence of such a path of lengtjuU,j 1 within any region U, .

Comment: Shorter paths can be obtained by removing additional contiguous edges. Since every AB tiling
contains regionsU, for any n, this implies that paths of any desired length can be found within the tiling.

4.3.4 Application: Adsorption and catalysis

Adsorption has signi cant practical applications across various industries. In catalysis, for instance, the
adsorption of molecules onto a surface can lower the activation energy required for reactions. While the e cient
packing of molecules has been extensively studied in periodic crystal structures, such as square lattices with
limited bond angle options, quasicrystalline surfaces such as those featuring AB tiling provide a broader range
of bond angles. This exibility may better accommodate the adsorption of more adaptable or exible molecules.
Potential applications of this phenomenon include carbon sequestration, storage, and protein adsorption.

As mentioned earlier, the "dimer model' was originally inspired by studies of the packing statistics of short,
linear molecules adsorbed onto crystal surfaced B, 14, 115. However, it can also extend to the atomic-scale
symmetries observed in AB tiling within physical quasicrystals. The existence of a longest path visiting every
vertex in these systems suggests that long, exible molecules, such as polymers, could be e ciently packed onto
selected surfaces of such materials. These paths can be divided into smaller segments, indicating that molecules
of any length can pack e ciently. Furthermore, the diverse range of rotational symmetries in quasicrystals
enables them to more accurately approximate real-space con gurations and accommodate a wider variety of bond
angles, potentially enhancing the adsorption of folded molecules. This suggests that surfaces with quasicrystalline
symmetries could serve as superior adsorbing materials for applications in catalysis, carbon capture, or fertilizer
production [116, 13, 115].
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(a) Tile 1 (b) Tile 2 ©)

Figure 4.9. (a),(b) Tiles used for 3-coloring of the AB tiling. (c) The structure with three (shaded)
rhombuses present around every ladder. (Following Ref. [3])

4.3.5 Three-coloring Problem

Historically, the ve-color theorem was proven in the 19" century and it states that any political map can
be colored with at most ve colors to avoid neighboring regions sharing the same colorlfL7. The four-color
theorem, which posed a greater challenge, was eventually proven in 1976 using theorem-proving softwatd §.
The three-coloring problem is known to beNP -complete on general graphs, though certain special cases can be
solved. For instance, a polynomial-time algorithm for three-coloring the rhombic Penrose tiling was found in
2000 119, covering all rhombus tilings, including AB tilings. Our solution to the three-coloring problem on AB
tilings follows a distinct approach and generates a di erent three-coloring.

Problem statement[49, 46] - Can all the faces of a planar graphG be colored using three colors such that
no faces sharing an edge share a color? The corresponding optimization problem is to nd such a three-coloring.

Solution - Yes, if G AB.

Proof - The AB tiling is a bipartite graph, meaning its vertices can be divided into two disjoint sets where
no edge connects vertices from the same set. Assign two opposite bipartite charges to the vertices based on the
set they belong to.

| de ne two distinct three-colored tile sets, labeled 1 and 2 as shown in Fig. 4.9 (a,b). These two tile sets
can tile the entire AB tiling as follows:

(i) Place tile 1 on all 8-vertices with the same bipartite charge.
(i) Place the mirror image of tile 1 on all 8-vertices with the opposite charge.

(i) Place tile 2 or its mirror image such that the three (shaded) rhombuses (shown in Fig. 4.9(c)) around each
ladder match in color.

This consistent placement is guaranteed by the structure of the tiling itself. After lling an AB tiling in
this way, the only parts that will not be colored are ladders (see Fig. 4.10), which can be colored consistently
based on their surrounding tiles so that no two adjacent faces share the same color. The resulting three-coloring
of the AB tiling is displayed in Fig. 4.11. Note that this 3-coloring solution on AB is not unique.

This proof does not rely directly on the existence of Hamiltonian cycles. Instead, it utilizes an intermediate
step in their construction speci cally, the fully packed loops on AB* discussed in Sec. 4.2.1 along with the
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Figure 4.10. A small patch of 3-colored AB tiling using the steps as mentioned in Sec 4.3.5. Tile 1 and tile
2 are outlined in gold. The only remaining portions of the tiling are segments of ladders that can be 3-colored
consistently based on their surrounding tiles. (Following Ref. [3])

discrete scale symmetry of AB. It demonstrates that intermediate steps in the Hamiltonian cycle construction
can also solve otheN P -complete problems on AB without needing to rely on the nal result.

4.3.6 Application: The Potts model and protein folding

The g-state Potts model, with g2 N, generalizes the Ising model to spins; that can take one of q values
[120]. It is de ned by the Hamiltonian: X
H= J - 4.2)

hij i
where the sum runs over nearest neighbors, and is the Kronecker delta. The model can be de ned on the AB
tiling by placing a spin at the center of each face, with neighbors de ned by spins on adjacent faces across shared

edges.

The Potts model nds applications across statistical physics, showing rst- and second-order phase
transitions, as well as BKT transitions, depending onJ and g. It is used to study the random cluster model
[121], percolation [122], and chromatic polynomials [123, with physical applications in quark con nement [ 124],
foams [127], and biological morphogenesis125. While primarily studied on periodic lattices, some work on
Penrose tilings suggests universal behavior similar to the periodic case [126, 127].

For J > 0, the model exhibits a ferromagnetic ground state with all spins aligned along one of theig
directions. The behavior for J < 0, however, is more intricate. For g = 2, the model reduces to the Ising
model, but since a two-coloring of the faces of AB is impossible (due to the presence of three-vertices), the
antiferromagnetic ground state on AB becomes geometrically frustrated. This frustration arises because the
connectivity of sites prevents spins from simultaneously minimizing their energies. In contrast, the existence of a
face-three-coloring demonstrates that forg 3, the J < 0 state is no longer frustrated. Forq= 3, three-colorings
de ne the possible ground states, while forq 4, they represent a subset of the ground states.

The connection between the Potts model and protein folding has been extensively explored in polymer
physics and computational biology fL128 129 13(. The g-state Potts model, in particular, has been employed to
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Figure 4.11. A fully 3-colored AB tiling, featuring tile 1 and tile 2 (both outlined in gold), with all ladders
consistently colored as described in Sec. 4.3.5. (Following Ref. [3])
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study the thermodynamics of protein folding [131]. In this framework, the lattice represents a solvent surrounding
the protein, which is a chain of amino acids 132. Upon dissolution, the protein may achieve a stable, typically
compact con guration that facilitates its biological functions [ 133. This folding process is governed by pairwise
interactions between amino acids and the solvent]7, 131, 12§. If interactions between similar amino acids are
attractive, they form a compact folded structure. If the interactions are repulsive, similar amino acids disperse
across the solvent sites, producing a folded but less compact structure [129].

In this context, the Hamiltonian in Eq. 4.2 represents the interactions between amino acidd ;g. For J < 0,
similar amino acids exhibit repulsive interactions in the solvent. When considering protein chains composed
of only three types of amino acids (each represented by a color), the three-coloring of AB predicts a stable,
minimum-energy folded con guration. In this con guration, each amino acid type occupies the center of a tile
with its corresponding color.

It is reasonable to propose that modeling the folding of long protein chains could be improved by representing
the solvent as a quasicrystalline surface instead of a simple periodic lattice. Quasicrystals o er an aperiodic
surface with a wider range of bond angles, as opposed to the limited exibility of regular lattices. For example,
square and hexagonal lattices have only one bond angle eacBQ and 120 ) and a single vertex type. In
contrast, the AB tiling provides three bond angles 45, 90, and 135 and a variety of local environments
generated by seven vertex types. Additionally, the eightfold rotational symmetry of AB patches surpasses the
maximum sixfold symmetry allowed by crystallographic restrictions, making AB tiling a closer approximation to
the continuous rotational symmetry of real space.

4.3.7 Minimum dominating set problem

Figure 4.12. A portion of the AB tiling showing the solution to the minimum dominating set problem in
red, which, as proved in Sec. 4.3.7, are also vertices of a single in ated AB tiling. (Following Ref. [3])
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