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Abstract: We study Kitaev’s quantum double model for arbitrary finite gauge group in
infinite volume, using an operator-algebraic approach. The quantum double model hosts
anyonic excitations which can be identified with equivalence classes of ‘localized and
transportable endomorphisms’, which produce anyonic excitations from the ground state.
Following the Doplicher—-Haag—Roberts (DHR) sector theory from AQFT, we organize
these endomorphisms into a braided monoidal category capturing the fusion and braiding
properties of the anyons. We show that this category is equivalent to Rep ;D(G), the
representation category of the quantum double of G. This establishes for the first time
the full DHR structure for a class of 2d quantum lattice models with non-abelian anyons.
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1. Introduction

Kitaev’s quantum double model [Kit03] is the prototypical example of a topologically
ordered quantum spin system with long-range entanglement (see [ZCZW19] for an
introduction). Such models host quasi-particle excitations with non-trivial braid statistics
called anyons. The physical properties of such anyons (such as their behavior under
exchange or fusion) can be described algebraically by braided (and often even modular)
tensor categories [Kit06,Wan10]. In this paper we show that for the quantum double
model for a finite gauge group G, defined on the plane, this braided tensor category can
be recovered from the unique frustration-free ground state of the model (under some mild
technical assumption), and is given by Rep (D(G), the category of finite dimensional
unitary representations of the quantum double algebra of G.

Our approach is motivated by the Doplicher—Haag—Roberts (DHR) theory of su-
perselection sectors (see [Haa96] for an overview). Mathematically, we can identify the
anyons with certain equivalence classes of irreducible representations of the (quasi-local)
observable algebra A.

The relevant representations are those whose vector states approximately agree with
the model’s ground state on observables supported far away from some fixed point
(which we can take as the origin), and whose support does not encircle this point. The
latter condition is to exclude observables corresponding to braiding other anyons around
the fixed point, which are able to distinguish non-trivial anyon states from states in the
ground state sector.

This intuition is conveniently captured by the superselection criterion. Namely, a
representation i satisfies the superselection criterion if

| Ape = ol Ane, (1.1)

where A is any cone (a notion which we will make more precise later) and A€ is its
complement, i is the GNS representation of the (unique) frustration free ground state of
the quantum double model, and A s« is the C*-algebra generated by all local observables
localized in A€. That is, we consider representations that, outside any cone, are unitarily
equivalent to the ground state representation. A superselection sector (or simply anyon
sector) is an equivalence class of such representations.
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The key insight of Doplicher, Haag and Roberts is that the superselection sectors
are naturally endowed with a monoidal product (‘fusion’) and a symmetry describing
the exchange of bosonic/fermionic sectors. This was later extended to describe braid-
ing statistics [FRS89,FRS92], yielding a braided monoidal category. These categories
precisely capture the physical properties of anyon sectors, including their braiding and
fusion rules. The essential technical step is that, using a technical property called Haag
duality, one can pass from representations to endomorphisms of the quasi-local algebra
which are localized (i.e., they act non-trivially only in the localization region) and trans-
portable (the localization region can be moved around with unitaries). See [HMO06] for
an overview of this construction in the language of C*-tensor categories. This theory was
initially developed in the context of relativistic quantum field theories. The construction
has later been adapted to quantum spin systems, see e.g. [Naal1,FN15,0ga22]. For a
recent completely axiomatic approach towards anyon sector theory, see [BBC+25].

In this paper we study the anyon sector theory, including fusion and braiding rules, of
the quantum double model for arbitrary finite gauge group G [Kit03], extending previous
results obtained for abelian G [FN15]. In particular, our main result can be paraphrased
as follows:

Theorem. (Informal) Let o be the GNS representation of the frustration free ground
state of the quantum double model for a finite group G defined on the plane and assume
that it satisfies Haag duality. Then the category of representations satisfying (1.1) is
braided monoidally equivalent to Rep ; D(G), the category of finite dimensional unitary
representations of the quantum double algebra D(G).

We will give a precise statement of our main result (including our assumptions) later
when we have introduced the necessary terminology, but remark that Haag duality for
cones is a technical property that holds for the abelian quantum double model [FN15],
and one can still construct a category of anyon sectors without it (or with a weaker
version thereof). A proof of Haag duality for a large class of models has recently been
announced [OPR25]. See Remark 2.3 below for more details. We also note that since
Rep D(G) is a unitary modular tensor category, the category of anyon sectors is as
well.

As mentioned earlier, our assumptions imply that there is a braided C*-category of
superselection sectors [FN15,0ga22]. Our main contribution in this paper is to construct
this category explicitly for the quantum double model for all finite groups G. The main
ideais as follows. For each irreducible represention of D(G), examples of representations
7 satisfying the superselection criterion (1.1) were constructed in [Naal5]. It was then
shown in [BV25] that these representations are irreducible, and in fact form a complete
set of representatives of irreducible representations satisfying (1.1). These irreducible
anyon sectors correspond to the simple objects (i.e., the anyon types) in our category.
Because we have a concrete description of the simple objects in our category, it is possible
to explicitly implement the braiding and fusion operations defined abstractly in [Oga22],
and calculate those explicitly. We then show that the category we constructed is indeed
equivalent to the one defined abstractly in [Oga22].

The key difference between the present work and the abelian case studied in [Naall,
FN15] s the use of amplimorphisms, i.e. x-homomorphisms x : A — M, (A), instead of
endomorphisms.! This can be understood as follows: recall that in the quantum double
models, we can define ‘ribbon operators’ which create a pair of excitations from the

1 For technical reasons we will in fact need to consider amplimorphisms of some slightly bigger algebra 3
containing A.
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ground state. To obtain single-anyon states, one sends one of the excitations off to
infinity. For each irrep of D(G), there is a corresponding multiplet of ribbon operators,
transforming according to the irrep, with the total number of operators in the multiplet
given by the dimension of the irrep. Hence for non-abelian representations, one has more
than one ribbon operator, which combine naturally into an amplimorphism.

Although it is possible to pass from amplimorphisms to the endomorphisms used
in [FN15,0ga22], as we shall see later, doing so requires making some choices, and
one loses the explicit description of the map. Hence to identify the full superselection
theory, we work mainly in the amplimorphism picture. In particular, we show that the
amplimorphisms constructed in [Naal5] can be endowed with a tensor product and a
braiding, analogous to the tensor product and braiding of endomorphisms in the DHR
theory. More precisely, we construct a braided C*-tensor category Amp of localized
and transportable amplimorphisms, which includes as objects the amplimorphisms con-
structed in [Naal5]. We then consider the full subcategory Amp , of Amp whose objects
x have finite dimensional Hom(, x). This category can be shown to be semi-simple
and closed under the monoidal product on Amp, and we study the fusion rules (how
tensor products decompose into irreducible objects) and the braiding. The result is that
the category Amp  of such amplimorphisms is equivalent to Rep ;D(G) as braided
tensor categories. Using the classification result of anyon sectors in this model obtained
by two of the authors [BV25], it then follows that the list of constructed anyon sectors is
a complete list of representatives of irreducible anyon sectors. This then completes the
classification.

A similar approach using amplimorphisms was taken in [SV93,NS97] to analyze
topological defects of certain 1D quantum spin systems. In their setting the anyon sectors
are localized in finite intervals, with the corresponding algebra of observables localized
in that region being finite dimensional. This necessitated the use of amplimorphisms
instead of endomorphisms. In our case localization is in infinite cone regions, and the
situation is different. In particular, the unitary operators that can move the localization
regions around no longer live in the quasi-local algebra 4. From a technical point of view
this means that we cannot restrict to a purely C*-algebraic approach with operators in the
quasi-local algebra (or suitable amplifications) only, but have to consider von Neumann
algebras as well, in particular the cone algebras 7o(Ax)”.> These cone algebras are
“big enough” in the sense that they are properly infinite [Naal2,FN15, TWH+24]. This
allows us to directly relate the localized and transportable amplimorphisms to localized
and transportable endomorphisms of some suitably defined auxiliary algebra, making
the connection with the usual DHR theory in terms of endomorphisms.

The paper is outlined as follows. In Sect. 2 we define the quantum double model
and the associated categories of localized and tranportable amplimorphisms Amp and
endomorphisms DHR, as well as their ‘finite” versions Amp , and DHR . We then state
our main theorem, namely that the categories Amp ; and DHR ¢ are braided C*-tensor
categories, equivalent to Rep ,D(G). Section 3 is devoted to spelling out the braided C*-
tensor structure of Amp and DHR. These two categories are then shown to be equivalent
in Sect. 4. Explicit localized and tranportable amplimorphisms corresonding to repre-
sentations of D(G) are constructed in Sect. 5 by taking limits of ‘ribbon multiplets’.
These explicit amplimorphisms are organized into full subcategories Amp , of Amp for
a fixed half-infinite ribbon p, which are later shown to be equivalent to Amp £ This
section also establishes the key properties of these ribbon multiplets that underlie the
fusion and braiding structure of Amp ;. In Sect. 6 we rephrase the main result of [BV25],

2 This is already true for the abelian case, it is not specific to the non-abelian model.
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Fig. 1. Snapshot of I'E. The edges are all oriented toward the right

namely that the amplimorphisms corresponding to irreducible representations of D(G)
constructed in the previous section exhaust all simple objects of Amp. Together with
semi-simplicity of Amp ,, this implies that the Amp , are full and faithful subcategories
of Amp ;. Finally, Sect. 7 proves the main theorem. The appendices collect well-known
facts about ribbon operators and some technical results related to taking their limits.

2. Setup and Main Result

2.1. The Quantum Double model and its ground state. We first recall the definition of the
quantum double model [Kit03] and introduce our notation. Throughout the paper, we fix
a finite group G. Let I be the triangular lattice in R? and denote by I'? the collection of
oriented edges of I" which are oriented towards the right, see Fig. 1.3 Denote by 'V, I'F
the set of vertices and faces of I' respectively. To each edge ¢ € I'f we associate a
degree of freedom H, ~ C[G] with basis {|g). : g € G} and corresponding algebra
A. = End(H,) = M|G|(C). We define in the usual way local algebras of observables
Al}‘(’c supported on any X C T'? and their norm closures Ay := Al}?cll ”. We write
A= Arr and A°¢ = Alrog.

The quantum double Hamiltonian is the commuting projector Hamiltonian given by
the following formal sum

H=Y" (1-A)+ Y (1-Bp), @2.1)
vel'V fer¥

where A,, By € A are the well-known star and plaquette operators of the quantum
double model, which are mutually commuting projectors. See Sect. B.2.2 in the appendix
for precise definitions.

We say a state w : A — C is a frustration free ground state of H if

w(Ay) =w(By) =1 (2.2)

3 We use the triangular lattice for simplicity, and to work in the same setting as [BV25], but believe the
results hold for more general planar graphs as well.
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forall v € 'V and all f € I'F. It is straightforward to verify that such a state » indeed
is a ground state for the dynamics generated by the Hamiltonian (2.1).

The following theorem is proven in various sources [FN15,CDH+20,TWH+24,
BV25].

Theorem 2.1. The quantum double Hamiltonian H has a unique frustration free ground
state which we denote by wy. The uniqueness implies in particular that wy is pure.

We denote by (g, Ho, $2) the GNS triple of the unique frustration free ground state
wp. Note that 77 is an irreducible representation since wy is pure.

2.2. Cone algebras, Haag duality, and the allowed algebra. The open cone with apex
ata € R?, axis 9 € R?, where ¥ is a unit vector, and opening angle 6 € (0, 27) is the
subset of R? given by

Ngopi=1{x¢€ R? : (x —a) -0 < ||lx — all2 cos(6/2)}.

We similarly define closed cones and call any subset of R? that is either an open or a
closed cone a cone, so that the complement A€ of any cone A is again a cone. Note that
a cone cannot be empty, nor can it equal the whole of R2.

For any S C R? we denote by S the set of edges in ' whose midpoints lie in S.
With slight abuse of notation we will simply write S to mean the set of edges S unless
otherwise stated.

To any cone A we associate its cone algebra

R(A) := mo(Ap)" C B(Ho). (2.3)

We remark that all these cone algebras are properly infinite factors [Naal2,0ga22]. We
will moreover assume that Haag duality holds for cones.

Assumption 2.2. (Haag duality for cones) For any cone A we have
R(AS) = R(A).

Remark 2.3. Haag duality for cones is proven in [FN15] in the case G is an abelian
group. We believe the proof methods can be extended to the non-abelian case, however
the analysis becomes considerably more technical since in the non-abelian case not all
irreducible representations of the quantum double D(G) are one-dimensional anymore.
In addition, a proof of Haag duality for a wide class of 2D quantum spin systems has
been announced recently [OPR25], including in particular for the non-abelian quantum
double models considered here.

Finally, we comment on the role that Haag duality plays. One can still construct the
category of representations of superselection sectors, and show that the (equivalence
classes of) irreducible representations are in one-to-one correspondence with the irre-
ducible representations of D(G) [BV25]. By using this equivalence of categories the
braided monoidal structure from Rep (D(G) can be transported to the category of su-
perselection sectors. Haag duality is used to show that this in fact for example gives
the natural braiding obtained from the Doplicher—Haag—Roberts approach. That is, it
has the correct physical interpretation. Without Haag duality one can only do this for
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certain explicitly constructed representatives of each sector.* For this reason, we prefer
to assume (strict) Haag duality for cones to avoid making the analysis more technical
than necessary.

We fix a unit vector f € R? and say a cone with axis 0 and opening angle 0 is
forbidden if f -0 < cos(6/2). If a cone is not forbidden, then we say it is allowed. The
allowed algebra

——1l
B=B;= |J R@) cBHo
A allowed

is the C*-algebra generated by the cone algebras of allowed cones. Note that the set of
allowed cones is a directed set for the inclusion relation. Because we assume strict Haag
duality, our algebra B is the same as what is denoted by By 4) in [Oga22, Eq. (2.5)]
for suitable (6, ¢). If only approximate Haag duality holds, it can be replaced with the
definition there.

Note that 7o(A) C B as for any finite set S C I'’, we can find an allowed cone A
containing S. In addition, the allowed algebra will be seen to contain the intertwiners
between the amplimorphisms we will consider. This will be crucial in defining the tensor
product and the braiding.

It can be shown that the category of anyon sectors we define later does not depend
on the choice of f.

2.3. Categories of amplimorphisms and endomorphisms. We largely follow the notation
and terminology of [SV93]. A *-homomorphism x : B — M, (B) is called an
amplimorphism of degree n.> We do not require such amplimorphisms to be unital.
Given two amplimorphisms x and x’ of degrees n and n’ respectively, we let

(XIxD) =T € Myxw B(Ho)) : Tx'(0) = x(O)T, O €B,
x(DT =T =Ty (1)} (2.4)

be the space of intertwiners from x’ to x. The amplimorphisms x and y’ are equivalent
if there is a partial isometry U € (x|x’) such that U*U = x/(1) and UU* = x (1), in
which case we write x ~ x" and call U an equivalence.

An amplimorphism x of degree n is said to be localized in a cone A if for all O €
7o(Axc), we have x(0) = x(1)(O ® 1,). Such an amplimorphism is transportable if
for any cone A’ there is an amplimorphism x’ localized in A’ such that x ~ x'.

An amplimorphism  is called finite if the endomorphism space (x|x) is finite di-
mensional. Note that () | x) is closed under taking adjoints. Hence if x is finite, it follows
that () |x) is isomorphic to a finite direct sum of full matrix algebras.

4 This is the category Amp), that we will define later. In this case, one can also explicitly construct the
morphisms in the category as weak (or strong) operator limits of observables localized in some cone. This
gives enough control over the localization of these intertwiners, which requires Haag duality in general. Using
the explicit construction of the objects in the category, it can be directly checked that it is closed under the
monoidal product of simple objects, and one can take finite direct sums. However, this analysis only works
for the amplimorphisms constructed explicitly, and does not extend to arbitrary ampli (or endo-)morphisms,
even if they are in the same superselection sector.

5 One can take amplifications with infinite dimensional Hilbert spaces, but for our purposes it is enough to
consider only the case where 7 is finite.
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Definition 2.4. We define Amp as the category whose objects are amplimorphisms that
are localized in allowed cones, and are transportable. The morphisms between objects
x' and x are given by (x|x’). The category Amp 7 s the full subcategory of Amp whose
objects are those amplimorphisms in Amp that are finite.

In Sect. 3 we will show how the assumption of Haag duality allows us to endow Amp
with the structure of a braided C*-tensor category. We will later see that the category
Amp 7 1s closed under the monoidal product of Amp and therefore inherits the braided
C*-tensor structure. The reduction to Amp ; is essential to establish equivalence with
the category Rep ,D(G) of finite dimensional representations of the quantum double
algebra. Indeed, Amp contains infinite direct sums, while Rep fD(G) does not contain
infinite direct sums by definition. We do not know if the infinite directs sums of objects
of Amp , exhaust all non-finite amplimorphisms of Amp.

Remark 2.5. In the algebraic description of anyons, it is commonly assumed that all
anyons have a conjugate (see for example [Wan10, Sect. 6.3]), meaning that each anyon
type can fuse to the vacuum with some conjugate type.

The assumption that an object in a C*-tensor category has a conjugate implies that it
has a finite-dimensional endomorphism space [LR97, Lemma 3.2]. This is another way
to see the necessity of restricting our attention to Amp , if we want to show equivalence
with Rep ;D(G). Indeed, all finite dimensional representations of D(G) have conjugates.

Definition 2.6. We denote by DHR the full subcategory of Amp whose objects are unital
*-endomorphisms v : B — B, i.e.unital amplimorphisms of degree one. Similarly,
DHR ¢ is the full subcategory of DHR whose objects are finite endomorphisms.

DHR is a braided C*-tensor subcategory of Amp, see Sect. 3. We show in Sect. 7 that
DHR ( is closed under the monoidal product of DHR and therefore inherits the braided
C*-tensor structure. The category DHR is equivalent to the category O, defined in
[Oga22, Sect. 6]. One can think of O, as the subcategory of DHR restricted to endo-
morphisms localized in a specific cone Ag, however by the transportability requirement,
one sees that this is equivalent to DHR (compare with Sect. 7 here).

2.4. Main result. We are now ready to give the main result of this paper, which states that
the categories Amp ; and DHR ; introduced above are equivalent as braided C*-tensor
categories to the category Rep ;D(G) of finite dimensional unitary representations of
the quantum double D(G) of the group G. See Appendix A for a brief review of D(G)
and its representation theory.

Theorem 2.7. If Haag duality for cones (Assumption 2.2) holds, then the categories
Amp ; and DHR y are braided C*-tensor categories with monoidal structure and braid-
ing as described in Sect. 3. Moreover, both of these categories are then equivalent to
Rep ;D(G) as braided C*-tensor categories.

Since Rep fD(G) is a unitary modular tensor category (UMTC), it follows from
this Theorem that Amp  and DHR f are also UMTCs. In particular, the anyon sectors
are endowed with a duality which is inherited from the duality of finite dimensional
representations of D(G).
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3. Braided C*-tensor Structure of Amp and DHR

We spell out the C*-category structure of Amp, Amp I3 DHR, and DHR ¢, as well as
their finite direct sums and subobjects in Sect. 3.1.

In Sect. 3.2 we use the assumption of Haag duality to endow Amp and DHR with
braided C*-tensor structure. Most arguments in this section are straightforward adapta-
tions of well-known constructions in the DHR superselection theory, see for example
[SV93,NS97,HM06,0ga22]. At this stage we do not yet know if the categories Amp ,
and DHR ; are closed under the tensor product which we define for Amp and DHR, a
fact which will only be established in Proposition 7.7 and Lemma 7.9 of Sect. 7.

3.1. C*-structure, direct sums, and subobjects. Let us first remark that the categories
Amp, Amp 2 DHR, and DHR ; are C*-categories (see [GLR85] or [NT13, Definition
2.1.1]). In this subsection we show that all these categories have finite direct sums and
subobjects.

3.1.1. Direct Sums and Subobjects of Amplimorphisms The direct sum of x : B —
My, (B) and ¢ : B — M,(B) is the amplimorphism x & ¢ : B — My,+,(B) that
maps O € B to the block diagonal matrix with blocks x (O) and ¥ (O) with obvious
projection and inclusion maps. If x and v are finite, thensois x @ ¥, so Amp ; is closed
under this direct sum.

Before showing the existence of subobjects for Amp and Amp ;, we state and prove
two lemmas which will also be used to later to equip Amp and DHR with a tensor
product.

Lemma 3.1. Let A be an allowed cone. If x is a A-localized amplimorphism of degree
n, then x (R(A)) C M,,(R(A)).

Proof. If O € R(A°) then the A-localization of x implies that all components of x (1)
commute with O, so x(1) € M,(R(A°)) = M,(R(A)) by Haag duality. Now let
O € m1p(Aac) and A € R(A), then

x(0A) = x(0)x(A) = x(DH(O®Ly)x(A) = (0L, x (1) x(A) = (0QL,) x (A),

(3.1
but x (OA) = x(AO) and by a similar computation we conclude that (O ® 1,)) x (A) =
x (A)(0O®1,).Itfollows that x (A) € M, (o(Apc)) = My, (mo(R(A)) = M,,(R(A))
by Haag duality. O

Lemma 3.2. If x1, x2 are localized transportable amplimorphisms of degrees ny and
na, and localized on cones A1, Ay respectively, and A is a cone that contains A1 U A»,
then (x11x2) C Mp,xn, (R(A)).

Proof. If T € (x1l|x2) then for any O € my(Aaxc) we have x1(0O)T = T x2(0).
Since O is supported outside of the cones A1, A> on which x; and y; are localized,
this implies x1(1)(70(0) ® 1,)T = T x2(1)(0O ® 1,,) for any O € Apc. Using
x1(1) € My, xn,(R(A1)) (Lemma 3.1) and x1(1)T = T = T x2(1) it follows that
each component of T belongs to wo(Apc) = R(A), where we used Haag duality. This
proves the claim. O

We now establish the existence of subobjects. Since at the moment we allow non-
unital amplimorphisms, the construction is somewhat more elementary than the corre-
sponding result for DHR endormorphisms (cf. [Oga22, Lemma 5.8]).
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Proposition 3.3. Let x € Amp and p € (x|x) an orthogonal projector. Then there
are localized and transportable amplimorphisms 1, xo € Amp and partial isometries
v e (xlx1), w € (x|x2) suchthat vv* = p, ww* = x (1) — p ands vv* +ww* = x (1).
In particular, x is isomorphic to x1 @ x2. If x is finite, then so are x1 and x3.

Proof. Consider the amplimorphism y; : B — M, (B) given by x1(0) := px(O)p.
By Lemma 3.2 we have p € M, (R(A)) where n is the degree of x, so i is localized on
A. Moreover, px1(0) = px(O)p = x(O)p and x(1)p = p = px1(1) which shows
that p € (x|x1)-

The amplimorphism x is also transportable. Indeed, let A’ be some other cone. By
transportability of x there is an amplimorphism yx’ of degree n’ localized on A’ and an
equivalence U € (x|x’). Consider the projection g = U*pU € (x'|x') C My (R(A))
and corresponding amplimorphism X(;(O) =g x'(0)q localized on A’. Then

pUx,(0) = pUU*pU X' (0O)U*pU = px(L)px(0)pU = px(0)pU = x1(0)pU
and pUU*p = px(1)p = x1(1) while
U*ppU = U"px(W)pU = qx' (1)g = xy (D),

so pU is an equivalence of x| and Xc/l-

The same construction yields a localized transportable amplimorphism x, corre-
sponding to the orthogonal projector g = x (1) — p € (x|x). One easily checks that the
claim of the proposition is satisfied with v = p and w = g¢.

Suppose x; were not finite, i.e.(x1|x1) is infinite dimensional. Since (x1|x1) is
isomorphic to p(x|x)p, this implies that x is also not finite. With a similar argument
for y;, this shows that if x is finite, then so are x| and y». O

3.1.2. Direct sums and subobjects in DHR The subcategory DHR is not closed under
the direct sum described above, neither does the construction of subobjects stay in the
DHR subcategory. However, DHR does have finite direct sums and subobjects, see
[Oga22]. The subcategory DHR ; is closed under these direct sums, and any subobject
of a finite endomorphism must again be finite, so that DHR ¢ also has finite direct sums
and subobjects.

3.2. Braided C*-tensor structure of Amp and DHR. Using the assumption of Haag
duality for cones, we equip Amp and DHR with a monoidal product and a braiding,
making them into braided C*-tensor categories (see Definition 2.1.1 of [NT13]). At
this point it is not clear that the tensor product of two finite amplimorphisms, as defined
below, is again finite (and in fact one can construct examples of irreducible anyon sectors
whose monoidal product decomposes into infinitely many irreducibles, see for example
[Fre94]). For this reason we can’t yet equip Amp  and DHR ¢ with the structure of
braided C*-tensor categories. It will be shown in Proposition 7.7 and Lemma 7.9 that
Amp ; and DHR are in fact closed under the tensor product, and are therefore full
braided C*-tensor subcategories of Amp and of DHR respectively.
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3.2.1. Monoidal structure 1f x : B — M, (B) is an amplimorphism of degree n we de-
note by X(O)ij fori,j = 1,---,n the B-valued matrix components of x (0O). We
endow Amp with a monoidal product x defined as follows. If y; and x, are am-
plimorphisms of degrees n1 and n, respectively, then we define their tensor product
X1 X x2 : B = My, (My,(B)) = My,,,(B) to be the amplimorphism of degree nn,
with components

(X1 X x2)"12VI2(0) = TV (422(0)) forall O € B. (3.2)

Note that this is just (x1 ® 1,,) o x» after identifying B ® M, (C) with M, (3). For
intertwiners T € (x|x') and S € (¥ |¢') the tensor product T x § € (x x ¥|x' x ¥')
is defined by

(T X S)M]MZ,U|U2 — Z Xu|w1(Suzwz)Tw1v18U)2,v2 (33)

wy, w2

which can also be written in matrix notationas 7 x § = x (S)(T®1y) = (T®1Iy) x'(S).

The monoidal unit is the identity amplimorphism which is irreducible because 5" =
B(Hp) since mg is irreducible and 9(A) C B. Since the monoidal product is strict, it
is trivially compatible with the C*-structure. The subcategory DHR is closed under this
monoidal product and contains the identity, it is therefore a monoidal subcategory of
Amp.

The monoidal product of objects is well defined thanks to Lemma 3.1 and the
monoidal product of intertwiners is well defined thanks to Lemma 3.2. The monoidal
product on DHR coincides with that defined in [Oga22] (see also the remarks around
equations (1.28)—(1.29) there).

3.2.2. Braiding Itis well known that the category of localized endomorphisms for mod-
els in two spatial dimensions can be given a braiding [FRS89,FG90,Fr688]. Here we
extend this to localized amplimorphisms.

The braiding on Amp is given by intertwiners €(x, ¥) € (¥ X x|x X ¥) defined as
follows. Since x and v are localized in allowed cones there is an allowed cone A such
that x and ¥ are both localized in A. Let Ay and A g be allowed cones ‘to the left and
to the right” of A, cf. Fig. 2. Let xg be a transportable amplimorphism localized in A g
and fix an equivalence U € (xg|x) with U € M,,(R(Agr)) where A is an allowed
cone that contains A and Ag, but is disjoint from Aj. Similarly, pick a transportable
amplimorphism v, localized in Az and a unitary V € (Yr|¢) with V € M, (R(A L)
Such xr, U, ¥, V exist by transportability of x and ¥. Now put

€, ¥) = (V*xU* - Pp-(UxYV) (3.4)

where Pi3 € (xg XL |¥z X xg)is given by its components P53 “>"1" = y2" (x " (1))
(note the transposition of the indices compared to (3.2)). That P17 indeed is an inter-
twiner follows from a short calculation using that 7, and g are localized in disjoint
cones, and hence ¥, ""*(xp' " (A)) = xz' > (¥ ""*(A)) for all A € A. Alternatively,

Py = (dg ®@P)((YL x xr)(1)), (3.5)

where P : M,(C)® M,,(C) — M,,(C)® M, (C) flips the tensor factors. Using standard
arguments, on can check that indeed €(x, V) € (¥ x x|x X ), that €(x, ) is inde-
pendent of the choices of xr, ¥z, U, V, and that € is indeed a braiding for Amp. See
for example [SV93, Prop. 5.2] for amplimorphisms, or [Naall, Lemma 4.8], [Oga22,



2 Page 12 of 34 A. Bols, M. Hamdan, P. Naaijkens , S.Vadnerkar

A

Fig. 2. An example of the braiding setup. The arrow represents the forbidden direction

Definition 4.10], or [BKM24, Lemma 2.9] for proofs of the analogous fact for the braid-
ing of endomorphisms.® This braiding restricts to the C*-tensor subcategory DHR, so
DHR is a braided C*-tensor subcategory of Amp.

4. Equivalence of Amp and DHR

4.1. Reduction to unital amplimorphisms. Our proof of the braided monoidal equiva-
lence will rely on the fact that any amplimorphism of Amp is equivalent to a unital
amplimorphism, a fact which we prove here. This fact will also be useful in Sect. 6,
where the simple objects of Amp are characterized.

We say A is slightly larger than A, denoted A € A, if there exists another cone
A’ C A disjoint from A. That is, we can fit a cone in A° N A. The following Lemma is
proven in exactly the same way as [Oga22, Lemma 5.11], and noting [KR97b, Corollary
6.3.5]. We include it here for the convenience of the reader, as we will use this result
repeatedly.

Lemma 4.1. Let A € A and let p € M, (R(A)) be an orthogonal projector. Then p is
infinite as a projector in M,,(R(A)), and is Murray-von Neumann equivalent to 1,,.

Proof. By assumption, there is a cone A’ C A that is disjoint from A. Since R(A') is
an infinite factor (see Sect. 2.2), so is M,,(R(A")) and we can apply the halving lemma
[KR97b, Lemma 6.3.3] to find an isometry V € M,(R(A’)) such that VV* < 1,.
Note that V and V* commute with p since they have disjoint supports. The map x >
xp for x € M,(R(A)) is a *-isomorphism from M, (R(A")) onto M, (R(A")p by
[KR97a, Prop. 5.5.5]. In particular, this implies that V' V*p # p, and hence is a proper
subprojection of p. Put V.= pV, then

VV*=pVV* <p, V*V=pV*Vp=p. (4.1)

6 Note that in the case of approximate Haag duality (as in [Oga22]), one has to do some additional limiting
procedure to define the braiding. This is because under the weaker localization properties, we do not necessarily
have that p x 0 = o X p if p and o are approximately localized in disjoint cones.
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This shows that p as a projection in M, (R([N\)) is Murray von Neumann equivalent to its
proper subprojection pV V* and thus p is infinite in M,,(R(A)). Murray-von Neumann
equivalence to 1, now follows immediately from Corollary 6.3.5 of [KR97b]. O

Lemma 4.2. Let x be an amplimorphism of degree n localized in a cone A, and A be
another cone such that A € A. Then there exists a unital amplimorphism localized on
A that is equivalent to x.

Proof. By Lemma 3.1 we have that the projector x (1) belongs to M,(R(A)). By
Lemma 4.1, it follows that x (1) is infinite as an element of M, (R(A)) and is Murray-
von Neumann equivalent to 1, € M, (R(A)). Therefore there exists an isometry V €
M, (R(A)) such that VV* = (1) and V*V = 1,,.

Let ¢ be given by ¥/ (0) = V*x(0)V for all O € B, then (1) = V¥*x(1)V =
V*VV*V = 1, so ¢ is indeed unital. In fact, we see that V € (x| ) is an equivalence.
If O € mo(Ajc) then

Y (0) =V*x(0)V =V*x(1)(0R®1,)V = V*(0R1,)V = (0®1,)V*V = 0®1,,
_ 4.2)
so Y is indeed localized on A. |

If x is in addition transportable, we can first transport to a smaller cone inside the
localization region A, to make room for the ‘additional cone’ needed in the proof.
The construction above does not affect transportability, so we immediately obtain the
following corollary.

Corollary 4.3. Any localized and transportable amplimorphism x is equivalent to a
unital transportable amplimorphism x' localized in the same cone.

Proof. Let x be localized in A. We have by transportability of x that there exists an
amplimorphism v localized in a cone A’ € A such that ¥ ~ x. We have by Lemma
4.2 that there exists a unital amplimorphism ' localized in A such that x’ ~ v, so we
have x’ ~ y. Transportability of x’ is immediate by the transportability of x. O

4.2. Proof of equivalence. We now show that instead of amplimorphisms, we can equiv-
alently talk about endomorphisms. For any cone A and any n € N, fix a row vector
V(A,n) = (Vq,---,V,) whose components are isometries V; € R(A) satisfying
V*V; = §;;j1 and - ViV* = 1,. (Since R(A) is an infinite factor, we can re-
peatedly apply the halving lemma [KR97b, Lemma 6.3.3] to obtain such isometries).
For any x € Amp fix an allowed cone A, such that y is localized on A, and write
Vy = V(A,, n), where n is the degree of x.

Now let x € Amp be a unital amplimorphism of degree n. We define v, : B — B
to be the endomorphism given by

v (0) := Vy x(O)VE. 4.3)

Here we see V*)‘( as a column vector with entries V;*. One easily verifies that this indeed
is an endomorphism and that v, is localized in A .

If x, x’ € Amp are unital amplimorphisms and 7 € (x|x'), we define t7 € B(Hp)
by t7 =V, TV;‘(,. Then

17V, (0) = Vy TV’;, Y, X/(O)V’;(, =V, TX/(O)V;‘(, =V, x(0) TV’;/ =y (0) 1t “4.4)



2 Page 14 of 34 A. Bols, M. Hamdan, P. Naaijkens , S.Vadnerkar

so t7 € (vy|vy). The map T + tr defines a *-isomorphism of intertwiner spaces
(x1x") and (vy [vy).

It follows in particular that the v, obtained in this way are transportable. Indeed, let
A’ be some cone. By transportability of x and Corollary 4.3 there is unital x’ € Amp
localized on A’ and a unitary U € (x|x’). Then tyy € (vy [vy’) is also unitary.

Since V,, e (v, |x) is an equivalence of amplimorphisms, we conclude in particular
that every unital amplimorphsm in Amp is equivalent to an endomorphism in DHR.
Together with Corollary 4.3 we obtain the following lemma.

Lemma 4.4. Every x € Amp is equivalent to an endomorphism p, in the subcategory
DHR.

Even though we do not need it to prove Theorem 2.7, we can now easily obtain the
following proposition which says that the localized and transportable amplimorphisms
are equivalent to the endomorphisms studied in [Oga22].

Proposition 4.5. DHR and Amp are equivalent as braided C*-tensor categories.

Proof. Let F : DHR — Amp be the embedding functor. Clearly F is linear, fully
faithful, braided monoidal, and respects the *-structure. It remains to check that F is
essentially surjective, but this is immediate from Lemma 4.4. O

5. Amplimorphisms from Ribbon Operators

In this section we construct for each half-infinite ribbon p a full subcategory Amp ,
of Amp whose objects are constructed as limits of certain ‘ribbon operators’ taking
unitary representations of D(G) as input. (See Appendix B for the definition and ba-
sic properties of ribbons and ribbon operators). From the equivalence of the localized
and transportable amplimorphisms to DHR endomorphisms, this amounts to explicitly
constructing examples of representations that satisfy the superselection criterion. More
importantly, we can also define the intertwiners as (weak operator) limits of elements
in the quasi-local algebra. In the notation of [Oga22], this amounts to finding explicit
examples of the maps T defined there, as well as how they act on the intertwiners.

The very concrete description of Amp , and its intertwiners will allow us to identify
the braiding and fusion in this category. We will use this to show in Sect. 7.1 that the
categories Amp , are equivalent to Rep  D(G) as braided C*-tensor categories, and in
Sect. 7.2 that they are equivalent to the whole of Amp ¢, thus establishing the equivalence
of Amp ; and Rep ; D(G) as braided C*-tensor categories.

5.1. Finite ribbon multiplets. Throughout the rest of this manuscript the tensor product
® of two matrices over A will always mean the usual matrix tensor product, while the
tensor product ® of an element of .4 with a matrix over C means the amplifying tensor
product, yielding a matrix over A.

Definition 5.1. For any n-dimensional unitary representation D of D(G) and any ribbon
p define F? € M, (A) by

FP =" F&"® D(g.h). (5.1)
g.h

Proposition 5.2. Let p be a ribbon such that s; = 0;p, i = 1,2 have distinct vertices
and faces, and let D be an n-dimensional unital unitary representation of D(G).
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Fig. 3. Braiding positive ribbon operators, both having the same starting site 5o

(i) We have
FD . (FD)* = FD)* -FD =1,. (5.2)

In other words, F[l)) is a unitary element of M, (A).
(ii) We have Fg = (F))*.
(iii) Let D1, Dy be unitary representations of D(G). The direct sum and product of ribbon
Dy Dy .
operators ¥, and F;* satisfy

Fé)l @F[l))z — F£1€9D2’ F[l))l ®F,?2 — F/?1><Dz (5.3)

where the direct sum and tensor product on the left hand sides are the usual direct
sum and tensor product of matrices (with A-valued components), and Dy x Dj is
the monoidal product of the two representations (see Appendix A).

(iv) If p = p1p2 then

D D D
F? = FD .2, (5.4)

(v) Ift € (D1|D3) then

Flaen=01enF2 FH'Aen=01enF)" (5

(vi) If p1 and py are positive ribbons with common initial site so as in Figure 3, then

F2QF) = (1® B(Di, D)) - (F)' @F.2) - (1® Pr). (5.6)

1 2

where B(—, —) is the braiding on Repr(G), and Py interchanges the factors in
the tensor product of the representation spaces of D1 and D; (see Appendix A).

Proof. By straightforward computations using Egs. (B4), (B5), (B6), and using the braid
relation (B7) to obtain item (vi). O

5.2. Amplimorphisms of the quasi-local algebra from ribbon multiplets.
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5.2.1. Construction For any finite ribbon p and any n-dimensional unitary representa-
tion D of D(G), define linear maps ;Lg A —> M, (A) >~ A® M, (C) by

nD(0):=F) - (0®1,) FL)*. (5.7)

Note that by Proposition 5.2 it follows directly that u,/[)’ is a *k-homomorphism.

A half-infinite ribbon p = {z,}°2 is a sequence of triangles labeled by n € N such
that 911, = 997,41 for all n € N and such that no edge of the lattice belongs to more
than one of these triangles.

For any half-infinite ribbon p = {t,}, denote by p, the ribbon consisting of the first n
triangles of p and by p-~,, = p \ p, the half-infinite ribbon obtained from p by omitting
the first n triangles. Then a standard argument using Proposition 5.2(5.2) shows the
following limiting maps are well defined.

Definition 5.3. For any half-infinite ribbon p and any n-dimensional unitary represen-
tation D of D(G), define a linear map ;LE A — M, (A) by

D 1 D
1p(0) = lim i (0). (5.8)

‘We have:

Lemma 5.4 (Lemma 5.2 of [Naal5]). The map ,ug : A — M,(A) is a unital *-
homomorphism. i.e. it is an amplimorphism of A of degree n. Moreover, if the support
of O € A is disjoint from the support of p then ,ué)(O) =0 ®1,. Forany O € Al

we have /“L/?(O) = M,l)),, (O) for all n large enough.

For each site in the model, it is possible to define an action y : D(G) — Aut(A) of
the quantum double Hopf algebra. The amplimorphisms constructed here transform co-
variantly with respect to this action. These transformation properties (and of the ribbon
multiplets themselves under this action) are essentially what connects these amplimor-
phisms to representations of D(G). For our purposes it is not necessary to spell out the
details, and we refer the interested reader to [Ham24].

5.2.2. Direct sum and tensor product The direct sum and tensor product of amplimor-
phisms of A are defined in the same way as amplimorphisms of 3. We have for all
0 e A,

(1 X p)" 12 ¥12(0) = ui™ (15" (0)), (5.9)

and the direct sum of 1 : A - M, (A) and uy : A — M, (A) is the amplimorphism
w1 ® ur 0 A — My (A) that maps O € A to the block diagonal matrix with blocks
11(0) and u2(0).

Lemma 5.5. If p is a finite or half-infinite ribbon then

D D DD D D Dy xD
ot @ po? =P s u D = P2, (5.10)

Proof. First consider the case where p is a finite ribbon. For ease of notation we omit
the subscripts p in the following. For any O € A we have

1P @ 1P (0) = nP1(0) @ nP2(0)
=FP1(0 ®1,,)FPH* @ F2(0 ® 1,,,)(FP2)*
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= (FP' @ F2) (0 ® 1,,4n,) (FP @ FP2)" = 219020,

where the last step uses item (iii) of Proposition 5.2.
For the product, we compute componentwise

(HDI X MDZ)(O)MWZ;UIUZ — MDUUIUI (MDziuzvz(O))
— Z MDIZMIUI (FD2;M2U)2 0 (FDz;U2w2)*)

w

— Z FPuwiwi gpDasuawr () (FDz;vzwz)* (FDHUIWI)*
wi, w2

— Z (FP1 x FP2ymuziwiwr o (FP1 i ph2yxywiwaivivy
wi,wy

— (FDl x Dy (O ® ﬂnlnz) (FDI XDQ)*)“1“2§v1v2
— MDI XDz(O)uluz;v1v2
where the next to last step again uses item (iii) of Proposition 5.2.
If p is half-infinite, then the claim follows from the finite case by taking the limit of
D
Hep- o

5.2.3. Transportability We would like to extend the ;LPD to amplimorphisms of the al-
lowed algebra 5. To this end, we must first establish their transportability.

We begin with a basic lemma which shows in particular that if p and p’ coincide
eventually, then /LE and /,L/?, are unitarily equivalent. Recall that if p is a half-infinite
ribbon, p,, denotes the finite ribbon consisting of the first n triangles of p, and p-,
denotes the half-infinite ribbon obtained from p by removing its first n triangles. In
particular, p = P, p=5.

Lemma 5.6. Let p be a half-infinite positive ribbon and let D be an n-dimensional
unitary representation of D(G). Then

P = Ad[F2 ol (5.11)
foranyn € N.

Proof. This follows immediately from the definitions, Lemma 5.4, and Proposition 5.2.

]
Since the F[?n are unitary operators, this establishes transportability over a finite
distance. To construct more general intertwiners, we need to use a limiting procedure.

Definition 5.7. Let p and p’ be two half-infinite ribbons. A sequence of finite ribbons
{&x}nen is said to be a bridge from p to p’ if for each n the concatenations o, = pp&, ),
are finite ribbons and the bridges &, are eventually supported outside any ball. We call
{0, } the intertwining sequence of the bridge {&,}.

We say a half-infinite ribbon p is ‘good’ if it is supported in a cone A and for any
other cone A’ that is disjoint from A, there is a half-infinite ribbon o’ and a bridge from
p to p’. Note that any cone contains plenty of good half-infinite ribbons, both positive
and negative ones.
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Fig. 4. The finite ribbon &, is a bridge from ribbon P 10 P

Lemma 5.8. Let p be a half-infinite positive ribbon and let p' be half-infinite negative
ribbon both supported in a cone A and with initial sites s, s’ respectively. Suppose there
is a bridge from p to p' with intertwining sequence {0y, = pPm&mpP,,} all supported in
A. Let D be an n-dimensional unitary representation of D(G). Then there is a unitary
U € M, (R(A)) such that

(0 ®idy) o b = Ad[U] o (o ® idy) 0 . (5.12)

Proof. Consider the family of half-infinite ribbons p™ = ,o,/né_m,o> m» see Figure 4. We
first show that
:u“ﬁ?(m) = Ad[F(?m] © M/? (513)

Indeed, by Proposition 5.2 we have F&Dm = (Ffm . Fg . FﬁD, )* = Fg/ : Fg : (Ffm)* S0

for any O € A'°° we have

(AdIFD 10 1)(0) = lim Ad [F0 F2. @62y FD FD | [(0®1,),

Now we use unitarity to get

= lim Ad [F2 F2FD [0 1) =p,m(0)

as required.
By Lemma C.2 the components of the image of Fgl under 7y ® id converge in the

strong-* topology, and therefore so does the full image of F?ﬂ . Denote the limit by U.

Since the F(?n are all unitary (Proposition 5.2) it follows from Lemma C.1 that U is

unitary. Since all the Fgl are supported in the cone A, it follows that U € M, (R(A)).
Let O € A'C. Then

U (10 ®idy) (11, (0)) = lim (mo ® id,) (P, - 1(0)
= lim (70 ® idy) (170, (0) - F3))

= (w0 ®@idy) (11 (0)) - U
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where we used componentwise continuity of multiplication in the strong operator topol-
ogy in the first equality, Eq. (5.13) to obtain the second equality, and the fact that
i /?(n) O0)=npn 3(0) for n large enough and again componentwise continuity of multi-

plication to obtain the last equality. Since A!°° is dense in .A, we conclude that Eq. (5.12)
holds, which completes the proof. O

Remark 5.9. This answers a question that was left open in [Naal5], namely the con-
struction of unitary charge transporters that transport charges between two cones, and
not just over a finite distance. Note that Lemma 5.8 implies that the representation
(o ® idy,) o M[L,) satisfies a variant of the superselection criterion, where we have
(mo ® id,) o /,Lg [ Axe = n-my [ Apc. That is, instead of unitary equivalence as
in (1.1), we have quasi-equivalence. As we shall see shortly, in the case at hand the two
notions can be seen to coincide.

5.3. Amplimorphisms of the allowed algebra from ribbon multiplets. The transportabil-
ity of the i /? established above in Lemma 5.8 allows us to extend these amplimorphsisms
to localized and transportable amplimorphisms of the allowed algebra B.

Proposition 5.10. Let p be a good half-infinite positive ribbon that is contained in an
allowed cone A, then there exists a unique amplimorphism /? : B — M, (B) whose
restriction to R(A) is weakly continuous, and satisfies

Xy ©70(0) = (10 ® idy) 0 1) (0). (5.14)

for all O € A. Moreover, x pD is localized in A and is transportable. It is therefore an
object of Amp.

Proof. Recall that B is a direct limit of cone algebras R(A). Note that ;2 restricts to
an amplimorphism Ay — M, (Ax). We show that we can extend this (on both sides)
to R(A). This construction is compatible with the direct structure on the set of allowed
cones, and hence defines an amplimorphism of B.

To see that we can extend /Lg (restricted to Ap) to XpD :R(A) — M, (R(A)), note
first that for every A we have the existence of a forbidden cone A disjoint from A. Since
p is good and by Lemma 5.8, we have that u/? ~ ,ug where p is localized in A. Let U
be the unitary implementing this equivalence. By locality we have that for all O € Ay,
it holds that ug(O) =0®1,.

Define XPD(O) = Ad[U](0O®1,)forall O € R(A).By construction, it follows that
xP(0) = ul(0) forall O € Ay.Let O € R(A). Then there exist Ay 3 0; — O
weakly since A, is weak-operator dense in R(A). Hence we have

lim ub(0y) = lim A[U1(0 ® 1,) = Ad[U1(0 ® 1,,) = X2 (0),

where all limits are in the weak operator topology and we used that Ad[U] is weakly
continuous. Hence, x pD is uniquely determined by ;Lg . This action on R(A) is indepen-
dent of the choice of forbidden cone A, so the extensions to R(ZNX) for different cones

are consistent with each other. These actions therefore define a *-homomorphism x f,)
on all of B.
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Now consider some O € AI,‘\’E. Then there is a forbidden cone A, disjoint from A
and such that O € A3.. Let /,Lg and U be as above. We have

xP(0)=U0®1,)U* = UMQ(O)U* =ul(0)=081,. (5.15)

Since this holds for any O € Alj\’?, we find that x /? is localized in A.

Now consider an allowed cone A. Using transportability of g (Lemma 5.8) we have
that there exists some y,g o~ ,uf)) localized in A. Uniquely extend ,ug to Xé) as above.
Then any unitary intertwiner from ;Lg to /,Lg is an equivalence between x /? and XﬁD ,
showing that x ’? is indeed transportable. O

This proposition allows the following definition.

Definition 5.11. Let p be a good half-infinite ribbon and D a unitary representation of
D(G). Then we denote by x pD the unique amplimorphism of /5 that satsifies the properties
of Proposition 5.10.

Lemma 5.12. For any good half-infinite ribbon p supported in an allowed cone we have
XD @ xDr =y PO Py P2 =y Prele (5.16)

Proof. Followsimmediately from Lemma 5.5 and the uniqueness of the x /? as extensions
of the ,u/l)) . |

5.4. Braided monoidal subcategory of Amp on a fixed ribbon. We will call a half-
infinite ribbon p allowed if it is supported in some allowed cone. Let p be a positive
good allowed half-infinite ribbon and let Amp, be the full subcategory of Amp whose

objects are the localized and transportable amplimorphsisms x /? for arbitrary unitary
representations D. Lemma 5.12 shows that this subcategory is closed under direct sums
and tensor products, so Amp, is a full monoidal subcategory of Amp. Being closed
under the tensor product, the subcategory Amp, inherits the braiding of Amp defined
in Sect. 3.2.2. Finally, it follows from Proposition 7.2 below that Amp , has subobjects,
so it is in fact a full braided C*-tensor subcategory of Amp.

6. Simple Objects of Amp

In the previous section we constructed full subcategories Amp, of Amp whose objects
are constructed from unitary representations of D(G). These subcategories will play a
crucial role in establishing the equivalence of Amp ; and Rep ;D(G).

In order to do this we must first establish that the amplimorphisms x pD are finite, so

that they belong to Amp ;. Then we must show that x f is a simple object whenever
D is an irreducible representation. Conversely, we must show that any simple object of
Amp is equivalent to an amplimorphism y pD for some irreducible representation D. In
this section we prove these facts by appealing to the classification of irreducible anyon
sectors of Kitaev’s quantum double models achieved in [BV25], which we first review.
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6.1. Classification of irreducible anyon sectors.

Definition 6.1. A *-representation 7w : A — B(H) is said to satisfy the superselection
criterion with respect to the representation 7 if for any cone A there is a unitary U :
Ho — H such that

7(0) = Ump(O)U*

for all O € Axc. If 7w is moreover irreducible, then we call 7w an anyon representation.

The following theorem follows directly from Theorem 2.4 and Proposition 5.19 of
[BV25].

Theorem 6.2 ([BV25]). Let p be a good half-infinite ribbon. The representations x pD oo
are anyon representations if and only if D is irreducible. Two such anyon representations
XpD ' o my and XPD 2 o mo are unitarily equivalent (disjoint) whenever the irreducible
representations D1 and D, are equivalent (disjoint).

Moreover, any anyon representation 1 is unitarily equivalent to x pD o 1 for some
irreducible representation D.

6.2. Simple amplimorphisms. Fix a good allowed half-infinite ribbon p.

Proposition 6.3. Let D| and D; be irreducible representation of D(G). Then the am-

plimorphisms X/? U and x,? 2 are simple objects of Amp. If they are equivalent, then the
representations D1 and D, must be equivalent.

The converse to the second part, namely that x pD "and x pD 2 are equivalent if Dy and

D, are equivalent will be shown later in Proposition 7.1.

Proof. Suppose xpD ! were not simple. Then there is a non-trivial orthogonal projector
D Dy . Dy . . P .
P € (xp 'lxp').Since x, ' is unital, this implies

P (X om0)(0) = (xP' 0o 70)(0) - p forall O € A.

But this shows that p is in the commutant of the representation x ,? "o 7p. Since the latter
representation is irreducible by Theorem 6.2, p cannot be a non-trivial projection. We

conclude that x ' is simple.
Similarly, if U € (x pD 2x pD ') is a unitary equivalence of unital amplimorphisms then

U is also a unitary intertwiner of representations x /? "oy and x /? % o p. By Theorem
6.2 such a U can exists only if D and D, are equivalent. O

Proposition 6.4. Any simple object of Amp is equivalent to x pD for some irreducible
representation D.

Proof. Let x be a simple amplimorphism of degree n. By Lemma 4.4 we can assume
without loss of generality that x is an endomorphism.

Let us show that the *-representation x omrg : A — B(Hy) satisfies the superselection
criterion, Definition 6.1. Let A be a cone. By transportability there is an endomorphism
x' € DHR localized in A€ such that x ~ x’. Let U € (x’|x) be a (necessarily unitary)
equivalence. Then one has (x o 7p)(0) = U*ng(O)U for any O € Ay. Since A was
arbitrary, this shows that x o g indeed statisfies the superselection criterion.
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We now use the assumption that y is simple to show that x o g is in fact an anyon
representation. That is, we want to show that y o my is irreducible. To obtain a contra-
diction, suppose p € B(H) is a non-trivial projection intertwining the representation
X o mo with itself. Since commutation is preserved under weak limits, it follows that
P € (x|x), contradicting simplicity of x. So x o mp is indeed an anyon representation.

By Theorem 6.2 it follows that x o 7rg is unitarily equivalent as a x-representation of
Ato x /1)) o mg for some irreducible representation D. Let U be an intertwining unitary.

It follows by continuity that in fact U € (x|x pD ) is an equivalence of amplimorphisms,
as required. O

7. Equivalence of Rep ;D (G), Amp,, and Amp ¢

In this section we prove the remaining equivalences of categories needed to establish
our main result, Theorem 2.7.

7.1. Equivalence of Amp, and Rep ;D(G). Fix a good allowed half-infinite ribbon p.
In this section we show that the category Amp , introduced in Sect. 5.4 is equivalent to
Rep ;D(G), the category of finite dimensional unitary representations of D(G).

7.1.1. Monoidal equivalence Let us first show that for every intertwiner ¢ € (D1|D>)
of representations we can construct an intertwiner 7 € (x ,,D Y X/? %) of amplimorphisms.

Proposition 7.1. If € (D;|D2) then T :=1®1 € (x2' |1 x22).
Proof. Forany O e A!°® we have for all n large enough (dropping 7 from the notation)
T x,*(0) =T up*(0) = (1@ D F2 (0 ® 1,) (Fp2)*
=F) (0®1,) FY)* 1®1)=x)(0)T

where we used item (5.2) of Proposition 5.2. Let A be an allowed cone containing p.
Since .Alf\)c is norm dense in A, which is in turn weakly dense in R(A), using weak

continuity of xpD ' on cone algebras, this relation is true for all O € R(A). Since A
was an arbitrary allowed cone containing p, this relation holds for all O € B. Thus

Dy, D
T e (X' lxp?) m
Conversely, we want to show that all T € ( X/? 1 xé) %) are of this form.

Proposition 7.2. If T € (X,?' |X/?2) then T = 1®t forsomet € (D1|D»). In particular,
the amplimorphisms x pD are finite so Amp , is a full C*-subcategory of Amp .

Proof. Decompose D1 and D, into direct sums of irreducibles (cf. Appendix A):
D; ~ Dj := @ NI . D", (7.1)
rel

where [ is the finite set of equivalence classes of irreducible representations of D(G)
and D) is a representation in class r. Let u; € (D;|D;) be the unitaries implementing
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these equivalences. It follows from Proposition 7.1 that U; = (1 ®u;) € ( X,(? d X/? ") and

therefore T := UTU, € (X,(I))' IXpDZ).
By Proposition 6.3, {x /? o }rer are disjoint simple objects of Amp ,. Since the D; are
direct sums of these it follows from Lemma 5.12 that the matrix blocks of 7 mapping

r

D,/ . . . .
a XpD " subspace to a x, " are actually intertwiners of these amplimorphisms. It follows
that the matrix blocks of T corresponding to maps between copies of the same x ﬁ? " are

multiples of the identity, and the other matrix blocks vanish, i.e. T = 1 ® 7 where

i=@iol, (7.2)
r

with 7, € Mat 1, y2(C). Any such matrix 7 belongs to (D1|D»). Since u; € (D;|D;) it
follows that 1 = u 7u} € (D] D). Now,

T=UTU; =(1QuN1N(1leu}) =111, (7.3)

which proves the claim. O

The two preceding propositions show that there is an isomorphsim between (D1|D>)
and (x pD Yx pD %) for all unitary representations Dy, D,. We can use this isomorphisms to
construct a monoidal equivalence between Rep ;D(G) and Amp,,.

Consider the functor F' : Rep ;D(G) — Amp, which maps any unitary representa-
tion D to the amplimorphism x pD ,and maps any ¢ € (D1]|D3) to 1 ® ¢. It follows from
Proposition 7.1 that F is indeed a functor. In fact, F is linear and respects the x-structure.
Moreover:

Proposition 7.3. The functor F : Rep ;/D(G) — Amp,, is a monoidal equivalence. In
particular, Rep ;D(G) and Amp , are equivalent as C*-tensor categories.

Proof. Using Lemma 5.12 we find
F(Dy) x F(Dy) = ' x x> = xP""*P> = F(D\ x D). (7.4)

Letidp, . p, : F(D1) ® F(Dy) — F(D1 x Dy) be the identity maps. Strict monoidality
of F' means that the id p,, p, form a natural transformation between functors x o (F, F) :
Rep D(G) x Rep ;D(G) — Amp,, and F o x : Rep D(G) x Rep D(G) — Amp,.
Since Amp , is strict, this boils down to F(t) x F(t') = F (¢ xt") forany t € (D1|D>) and
any t' € (D}|D5), but this follows immediately from the definitions (recall in particular
the definition in equation (3.3) of the tensor product of intertwiners of amplimorphisms).

To see that F is an equivalence of categories we note that F is in fact an isomor-
phism, i.e. F is invertible with inverse F~! given on objects by F~! (XpD) = D and on
morphisms T € (X;?' |X/?2) by F~(T) = t with 1 the unique intertwiner ¢ € (D] D7)
such that T = 1 ® ¢, cf. Proposition 7.2. O
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PR

PL

p

Fig. 5. The finite ribbon &/, ,, is a bridge from p to py,, and &g ,, is a bridge from p to pg

7.1.2. Braided Monoidal Equivalence Asremarked in Sect. 5.4, the subcategory Amp ,
inherits the braiding of Amp defined in Sect. 3.2.2. Let us now compute the braiding
between objects of Amp , explicitly.

In order to compute € ( X/? Y /? %) we fix good negative half-infinite ribbons ,oL and
PR as in Flgure 5. By the proof of Lemma 5.8 there are unitaries U € (), l| Xp 1) and
Ve (xp, D2 [%p 2) that are llmlts in the strong-* operator topology of unitary sequences
U, = FBI &on and V,, = F with ribbons o, =01, ,6L.non and og y = DR ,ER.NPn

as in Flgure 5, so the rlbbons {L/Rr.n} are bridges from p to pr g.
Let pL/R " (,oL/R)>,1 &L/R.n pn and regard the unitaries U, and V), as intertwiners

in (XpR |X ,1 ) and (XPL |X /2 ) respectively, fix [ > 0, and write m = n +[. Let

;L/R,n = ‘EL/R n)OL/R,n be such that oLn = CL.nPn and ORn = CRnPn- Recall the
braiding defined in equation (3.4). Noting that since all amplimorphisms are unital, the
operator Py below used to define the braiding does not depend on n or m, we have

(Vo xUY) - Pra - (Uy X Vi)
=V ®l) xpLz(U ) P2 X (Vi) (Un ® 1)
=(VpDARU)) - Pra- (1@ V) (U, ® 1)
=F2QDE) @DIRFI)ARF) )- Pn
C(LQF, )"(LQFR) (F, &1 (Ff,’; ® D

Pm

since pj is disjoint from the ribbons ¢, ,, and {r ,, and using item (ii) of Proposition 5.2
this becomes
_ D D D D D D D
- (F,Um2 ® Fpnl)(Fla/j ® F/Snl) ’ (F{LZ.m ® F{Rl,n) ’ P12 ’ (F{Rl )*
using items (ii) and (iii) of Proposition 5.2 and unitarity, we getrid of the ribbon multiplets
on p,, pm. The ribbons g , and ¢, are configured like the ribbons p1 and p; of Figure
3 so we can apply item (vi) of Proposition 5.2 to obtain

= B(Dy, D»).

CL m
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Since multiplication of operators is jointly continuous in the strong operator topology
on bounded sets we have that

€X' xP) = (VExU*) - Pp- (U x V)= Bim (V72 > U - P2+ (Un x Vaao)-

We have thus shown

Lemma 7.4. For any unitary representations D1 and D> of D(G) and any good positive
half-infinite ribbon p we have

e(xP'. xP*) = B(D1, Dy). (1.5)
The following proposition now follows immediately:

Proposition 7.5. The functor F : Rep ;D(G) — Amp,, is an equivalence of braided
C*-tensor categories.

Proof. By Proposition 7.3 it suffices to check

F(B(D1, D2)) =1 ® B(Dy, D) = €(x}', x}?) = e(F(D1), F(D2)).  (7.6)

for any two unitary representations Dj, D, where we used Lemma 7.4 in the second
step. O

7.2. Equivalence of Amp, and Amp ;. Let us first note that Amp ; is semi-simple:

Proposition 7.6. Any amplimorphism x € Amp ; is equivalent to a finite direct sum of
irreducible amplimorphisms.

Proof. This follows immediately from Proposition 3.3 and the assumption that all objects
of Amp ; are finite amplimorphisms. O

Proposition 7.7. The categories Amp,, and Amp ; are equivalent as C*-categories. In
particular, Amp ; is closed under the tensor product of Amp, so that Amp ; is a full
braided C*-tensor subcategory of Amp.

Proof. Recall Proposition 7.2 which shows that Amp , is a full C*-subcategory of Amp ;.
Let us consider the functor ¥ : Amp, — Amp ; which embeds Amp, into Amp ;.
We want to show that F' is an equivalence of C*-categories. Clearly, F' is linear, fully
faithful, and respects the x-structure. The only thing that remains to be shown is that F
is essentially surjective, but this follows from Propositions 7.6 and 6.4.

It follows that for any two amplimorphisms x; and x> of Amp , there are represen-

1

tations D1 and D, such that x; is equivalent to X;? and x» is equivalent to X;? 2, and

therefore x; x x2 is equivalent to X/? I'x XpD = XpD 1%D2 (see Lemma 5.12). In particular,
X1 X x2 is finite (Proposition 7.2) and so Amp  is closed under the tensor product. It is
therefore a C*-tensor subcategory of Amp, and inherits the braiding from Amp. O

Proposition 7.8. The categories Amp , and Amp  are equivalent as braided C*-tensor
categories.

Proof. From Proposition 7.7 the embedding functor ' : Amp, — Amp ; is an equiv-
alence of C*-categories, and Amp,, and Amp ; are braided C*-tensor subcateogries of
Amp. Clearly F is monoidal and braided, which proves the claim. O
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7.3. Proof of Theorem 2.7. Before proving the main theorem, we must first establish that
DHR is closed under the tensor product and therefore inherits the braided C*-tensor
structure of DHR.

Lemma 7.9. The full subcategory DHR y of DHR is closed under the tensor product.
It is therefore a braided C*-tensor subcategory of DHR whith braiding inherited from
DHR.

Proof. Let v and v, be endomorphisms belonging to DHR ;. By Lemma 4.4 there are
amplimorphisms x| and yx, belonging to Amp such that v; is equivalent to x; and v,
is equivalent to x». Moreover, since v; and v, are finite, so are x| and x». i.e. x; and
X2 belong to Amp Iz It follows that v; x v; is equivalent to x| X 2, which is finite by
Proposition 7.7. This shows that vy x v; is finite and so DHR ¢ is closed under the tensor
product. O

We now proceed to prove our main result, Theorem 2.7, which we restate here for
convenience.

Theorem 7.10. The categories Amp ;, DHR ¢, and Rep ;D(G) are all equivalent as
braided C*-tensor categories.

Proof. With Propositions 7.5 and 7.8 establishing the equivalence of Rep ;/D(G) and
Amp ,, all that remains to be shown is the equivalence of DHR s and Amp ; as braided
C*-tensor categories.

To see this, let /' : DHR ; — Amp f be the embedding functor. Clearly F is linear,
fully faithful, braided monoidal, and respects the *-structure. It remains to check that '
is essentially surjective, but this is immediate from Lemma 4.4. O

Remark 7.11. As mentioned previously, we restrict to the category DHR ¢. Since dual-
izable DHR endomorphisms are automatically finite (in our sense of the terminology)
by [LR97], and all objects in the category Amp , are dualizable, our results imply that
the restriction of the category Oy, (as defined by Ogata [Oga22]) to dualizable sectors
(i.e., those who admit a conjugate) is precisely Rep ;D(G). We do not expect that Oy,
has any objects which are not equivalent to (possibly infinite) direct sums of objects
in Amp ;. For example, any simple direct summand of any such an object would be
equivalent to a simple object in Amp .

8. Conclusions

We explicitly characterized the category of anyon sectors for Kitaev’s quantum double
model for finite groups G. As conjectured, the answer is that it is braided monoidally
equivalent to Rep  D(G). This provides the first example where the category of anyon
sectors is constructed explicitly for a model with non-abelian anyons.

The problem is tractable for the quantum double model largely because the Hamilto-
nian is of commuting projector type. In general, we are interested in the whole quantum
phase. The Hamiltonian of the quantum double model has a spectral gap in the ther-
modynamic limit, and roughly speaking another state is said to be in the same phase as
the frustration free ground state w( of the quantum double model if they can be realised
as ground states of a continuous path of gapped Hamiltonians.” Using standard tech-
niques (which we outline below) our results carry over to other states in the same gapped

7 Alternatively, it is possible to give a definition of a phase without referring to Hamiltonians at all, using
e.g. finite depth quantum circuits or suitable locality preserving automorphisms.
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phase, which may no longer be ground states of a commuting projector Hamiltonian.
One of the features of the quantum double model is that the physical features should be
stable against small perturbations. Indeed, the ground state has what is called local topo-
logical quantum order (LTQO) [FN15,CDH+20]. This implies that sufficiently small
local perturbations (even if applied throughout the system) do not close the spectral gap
[MZ13,BHM10].

The result mentioned above implies that the ground states of the unperturbed and
perturbed quantum double models can be related via an automorphism of .4 which is
sufficiently local (meaning it satisfies a Lieb—Robinson type bound) [BMNS12]. Hence
one can consider the phase of a ground state as all states that can be connected via such
a sufficiently local automorphism. It turns out that the braided category of anyon sectors
is an invariant of such a phase (that is, each state in the phase supports the same type of
anyons). This follows from the work of Ogata [Oga22] (see also [Oga23] for a review),
applied to the category DHR (or DHR ). Alternatively, one can apply the approximation
techniques developed there (necessary because one is forced to replace Haag duality by
a weaker, approximate version) directly to the amplimorphisms constructed here.
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Appendix A The Quantum Double of a Finite Group and its Category of Repre-
sentations

Fix a finite group G. For any g € G we write g := g~! for its inverse. We denote the
unit of G by 1 € G. The quantum double algebra D(G) of the finite group G consists of
formal C-linear combinations of pairs of group elements (g, 1) € G x G equipped with
product x, unit 1, coproduct A, counit €, and antipode S defined by the linear extensions
of

w((81. 7). (2.12)) = 8, ity (81. H1h2). A(g.h) =Y (k. h) @ (kg. h)
keG

n() =Y (k. 1), €(g.h) =81 S(g.h)=(hgh,h),
keG
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giving D(G) the structure of a Hopf algebra. It is in fact a Hopf x-algebra with (g, h)* =
(hgh, h), and is quasi-triangular with universal R-matrix

R= Y (k.g)® (. 1. (A1)

g.keG

Let us recall some basic facts about the representation theory of D(G) (see e.g.
[Gou93]) and establish notation. Denote by Rep fD(G) the C*-category of finite dimen-
sional unitary representations of D(G), i.e.representations D such that D(a*) = D(a)*
forall a € D(G). We let (D,| D) be the space of intertwiners from a representation Dy
to a representation D,. We denote by / the finite set of equivalence classes of irreducible
representations and for each i € I we fix a representative D) from i. The algebra D(G)
is semisimple, from which it follows that any representation in Rep ,D(G) is equivalent

to a direct sum of fintely many copies of the representatives {D®};;.
The coproduct of D(G) gives a monoidal product x of representations via

(D1 x D2)(a) := (D1 @ D2)(A(a)),

making Rep ;D(G) into a C*-tensor category. For i, j € I we have a unitary equivalence

D x pW) ~ @Nk. .D®
ij
kel

where the non-negative integers Ni’} stand for the multiplicity of D® in the direct sum.

The universal R-matrix of Eq. (A1) provides a braiding B : x — x°P for Rep D(G)
whose component maps are

B(D1, Dy) := P12 - (D1 x D2)(R), (A2)

where P interchanges the factors in the tensor product of the representation spaces of
D and D;. This makes Rep ;D(G) into a braided C*-tensor category.

Appendix B Ribbon Operators

For the convenience of the reader, we recall the definition of ribbon operators and some of
their properties, tailored to the triangular lattice we are using in this paper. The material
in this appendix is well-known, see e.g. [Kit03,BMDO08, YCC22] for more details.

B.1. Triangles and ribbons. Denote by 'V, T'F the set of vertices and faces in I respec-
tively. An oriented edge e € I'E may be identified with the pair of vertices e = (vo, v1)
where vy is the origin and v; the target of e. We write dgpe = vg and d1e = vy, and we
have ¢ = (v1, vg).

We say a vertex v belongs to a face f if v sits on the boundary of f. Asites = (v, f)
is a pair of a vertex v and a face f such that v belongs to f. We write v(s) = v and
f@)=rf.

Let T be the dual lattice to I'. To each edge e € I'F we associate the oriented dual
edge ¢* which crosses e from right to left as follows :

e
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Fig. 6. An example of a positive ribbon (in red) and a negative ribbon (in blue)

A direct triangle T = (sg, 51, €) consists of a pair of sites sg, s; that share the same
face, and an edge ¢ € T'F connecting the vertices of sq and s1. We write 99t = so and
017 = s for the initial and final sites of the direct triangle 7, and e; = (v(sp), v(s1))
for the oriented edge associated to 7. The opposite triangle to t is the direct triangle
T = (81, S0, €). Similarly, a dual triangle T = (so, 51, ) consists of a pair of sites sg, 51
that share the same vertex, and the edge ¢ whose associated dual edge ¢* connects the
faces of 5o and 1. We write again dot = so and 917 = s1, €5 = (f(s0), f(s1)) for the
oriented dual edge associated to 7, and define an opposite dual triangle T = (s1, $g, €).

A ribbon p = {ri}ﬁzl is a finite tuple of triangles such that d9;t7; = 9pt;4+; for all
i =1,---,]—1 and such that for each edge e € ['E there is at most one triangle 7; for
which 1; = (997;, 91 7;, ). We define dpp = dpt1 and 91 p = 91 7;. If p consists of only
direct triangles we say that p is a direct ribbon, and if p consists of only dual triangles
we say ther p is a dual ribbon. The empty ribbon is denoted by € = {.

A ribbon is positively oriented (positive for short) if the sites of all its direct triangles
lie to the right of their edges along the orientation of p and vice versa for its dual triangles.
The ribbon is negatively oriented (negative) otherwise, cf.Fig. 6.

If we have two ribbons p; = {t,-}?:1 and pp = {tl-}gl;',ll%r1 satisfying 9101 = 9o 2 then

we can concatenate them to obtain a ribbon p1 02 = {7; }ﬁ:]lz. If p1 and p, are non-empty

then dgp = dpp1 and d1p = 01 p2. The opposite ribbon to p = {r,-}f:1 is the ribbon
p = 17 --- 71. If p is positively oriented then p is negatively oriented and vice versa. The

support of a ribbon p = {r; = (s(()i), S{i), e)}i_y is supp(p) = {ei}i_,.

B.2. Ribbon operators.

B.2.1. Definitions and Basic Properties For each edge e € I'F we define the following
operators on H,:

L= " lhe)(gl, RE:=)" Igh)el, TS :=1g)sl. (BI)

geG geG
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The Li’ and Rf,’ are unitaries, implementing the left and right group action on H, respec-
tively. The 7 are projectors.

To each dual triangle t = (s, 51, ¢) we associate unitaries Lﬁ supported on the
edge e defined as follows. If e* = (f(so), f(s1)) and v(s9) = dpe then L? = Lé‘.
If e* = (f(s0), f(s1)) and v(sg) = dje then L := R If ¢* = (f(s1), f(s0)) and
v(so) = dpe then L" := L" Finally, If e* = (f(s1), f(s0)) and v(sp) = dje then
L? = Ré’. Similarly, to each direct triangle T = (s, 51, ¢) we associated projectors
TE =T ife = (v(sg), v(s1)) and T = Tf if e = (v(s1), v(s0)).

To each finite ribbon p we associate ribbon operators F/¢ as follows. If € is the trivial
ribbon then F!’ €= dg,11. For ribbons composed of a single direct triangle T we put

th’g = T, and for ribbons composed of a single dual triangle T we put Frh’g =0g,1 L/Tl.
The ribbon operators for general ribbons are defined inductively by the formula

hg _ hk pkhk,kg
F,Olpz - Z Fﬂl sz ' (B2)

keG

The ribbon operator F, [f "8 is supported on supp(p). Let us define

TS :=Fof, Lh:=>" FPs. (B3)

geG

Then F ,ﬁl € = Lﬁ T,f" = T,‘}’ Lﬁ. The multiplication and adjoint of ribbon operators is
given by

hi,g1 ha,g2 _ hiha, g1 h.g\* _ rh.g
Fyu8l . F28 =8, o F) , (Fp ) =F,%, (B4)

and reversing the orientation of a ribbon yields

hg _ 8hg.g
Fis = FEe8. (B5)

Note the natural appearance of the antipode of D(G).
We also have the following property:

YRR =1. (B6)

k

If we have two positive ribbons p; and pp with common initial site as in Figure 3
then (cf. Eq. (38) of [Kit03]):

g2.h2 pg1.hy _ ppg1hy g18281,81h2
Fl)z F,Ol - F,Ol sz . (B7)
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\/ pe

Fig. 7. Example of pp (s) and px(s”)

B.2.2. Gauge transformations and flux projectors For any site s there is a unique coun-
terclockwise closed direct ribbon with end sites equal to s which we denote by pa (s).
Similarly, there is a unique counterclockwise closed dual ribbon with end sites equal to
s which we denote by p,(s) (see Fig. 7). For any site s we define gauge transformations
A" and flux projectors BY by

h._ gh, g8 ._ T8
Al=1L0e . BS=T0% (B8)
Let us define Uy : D(G) — A by
Us(g. h) == BS A, (B9)

extended linearly to D(G). One easily checks that Uj is an injective homomorphism of
*_algebras, i.e.the B} A? span a representation of the quantum double algebra D(G).

We note that the gauge transformations A? depend only on the vertex v = v(s),
so we may write A” := A’ for any site s with v = v(s). Moreover, the trivial flux
projectors B{ depend only on the face f = f(s) so we write By := By for any site s
with f = f(s).

Finally, we define the projector onto states that are gauge invariant at the vertex v by

1
= — Al
v v
Gl heG

(B10)

A straightforward calculation shows that this indeed is a projection.

Appendix C Convergence of Transporters

In this appendix we prove some technical lemmas needed to construct charge trans-
porters. The following Lemma, which we prove here for convenience, is well-known
(c.f. [Tak02, Prop. 11.4.9]).

Lemma C.1. Let A C B(H) be a x-algebra acting on some Hilbert space H. Suppose
that Ho C H is a dense subset of vectors. Let U, € A be a uniformly bounded net such
that for each & € Ho both U& and U5 converge in the norm topology of H. Then Uy,
converges to some U € A" in the strong-x operator topology. If moreover each U, is
unitary, then the limit U is unitary as well.
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Proof. Choose € > 0 and £ € H. Then there is §y € Hj such that ||§ — &y| < €. By
assumption, there is M > 0 such that ||U, || < M for all A. From this we get

[(Ur = Uéll = 1Ux = U (E = &o) + (Un — Uboll = 2Me + ||(Us. — Uédoll-

Since U, & converges by assumption, it follows that U, & is Cauchy. We can therefore
define U£ := lim, U, &. From the construction it is clear that U is linear, and because
[|Uy || is uniformly bounded, it follows that U is a bounded operator. A similar argument
gives us an operator U*, defined via U*& = limy, U &,

For all &, n € Hp we have

(1, (U* = 09%)| = |1, W* = UDE) + (0, UF = T)
< I = UnllEl+ s — Tl

Since the right hand side tends to zero, it follows that U* = U*, and hence strong
convergence of U, — U and U — U* gives that Uy — U in the strong-* operator
topology. Since the ball of radius M in A” is closed in the strong-* operator topology,
it follows that u € A”.

Finally, suppose that the U, are unitary. By strong-* operator convergence, we have
IUEN = lim |U;&1 = 11§11, U g = lim IUEN = 1€l

for all £ € H. Hence both U and U* are isometries, and it follows that U is unitary. O

Note that we need to assume that both U, & and U;& converge. Since the adjoint is
not continuous with respect to the strong operator topology, one does not follow from
the other.

Lemma C.2. Let p; be a half-infinite positive ribbon starting at the site sy and p a
half-infinite negative ribbon starting in s1. Suppose that {&,},eN is a bridge from p; to
p2 in the sense of Definition 5.7, and write 0, = p1,,, 02,5 as in that definition. Finally,

choose g, h € G. Then m)(F;ln’g ) converges in the strong-* operator topology to an
operator F € mo(A)".

Proof. Recall that (7, H, €2) is the GNS representation for the frustration free ground
state wq of the quantum double model. To ease the notation we omit 7rg on the operators.

Let A € A", Then there is some k € N such that supp(A)*! N o, is constant for
all n > k, where the +1 superscript denotes a “fattening” of the set supp(A) by one site.
For all n > k, write p; ,\x for the (finite) ribbon p; , with the first k triangles removed,
and deﬁneg, = p1,n\kénp2,m\k- That is, 0, = pl,ké\npz,k. It follows from the choice of
k that supp(A)*! N&, = ¢ forall n > k. Then, using the decomposition rule for ribbon
operators, Eq. (B2), we have for all n > k that

FheaQ = Z Fh*mlFf“hml’mZlemzh(mlrnz),mlngAQ
[

Pl.k &y P2,k
mi,myeG
_ h,my pmymah(mymy),mimag mihmy,mo
- Z Fm,k FPZ,k Aan £2.

mi,myeG
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In the last step we used locality of the operators. Note that for n,m > k, the rib-
bons &, and &, have the same start and end points by construction. Since the action
of ribbon operators on the ground state depends only on the endpoints of the ribbons

(see e.g. [BMDO08,Ham24]) we have that Fg‘hm"sz = Fg‘hml’mzﬂ. It follows that

the sequence F;’n’gAQ converges in norm. Because the adjoint of a ribbon operator is
again a ribbon operator (on the same ribbon, cf. (B4)), the argument above shows that

(Ff,ln’g )*AQ also converges in norm as n — oo. Note that for ribbon operators we have
that || F;ln’g || <1, regardless of ;. Hence by Lemma C.1, the result follows. |
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