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ABSTRACT

Epidemiological models can inform policymaking on disease control strategies, and these models often rely on
sampled contact networks. The Random Walk (RW) sampling algorithm, commonly used for network sampling,
produces size-biased samples that over-represent highly connected individuals, leading to biased estimates of
disease spread. The Metropolis-Hastings Random Walk (MHRW) addresses this by providing samples represen-
tative of the underlying network’s connectivity distribution. We compare MHRW and RW in reducing size bias
across four network types: Erdos-Rényi (ER), Small-world (SW), Negative-binomial (NB), and Scale-free (SF). We
simulate disease spread using a stochastic Susceptible-Infected-Recovered (SIR) framework. RW tends to over-
estimate infections (by 25 % in ER, SW, NB) and secondary infections (by 25 % in ER, SW and 80 % in NB), and
underestimate time-to-infection in NB networks. MHRW reduces the size bias, except on SF networks, where both
algorithms provide non-representative samples and highly variable estimates. We find that RW is appropriate
for fast-spreading, high-mortality epidemics in homogeneous or moderately random networks (ER, SW). In con-
trast, MHRW is better suited for slower and low-severity epidemics and can be effective in both homogeneous
and heterogeneous networks (ER, SW, NB). However, MHRW is computationally expensive and less accurate
when duplicate nodes are removed. We also analyse real-world data from cattle movement and human contact
networks; MHRW generates disease spread estimates closer to the underlying network than RW. Our findings
guide the selection of sampling algorithms based on network structure and epidemic characteristics, enhancing

the reliability of disease modelling for policymaking.

1. Introduction

During an epidemic, accurately estimating metrics of disease spread,
such as the number of infected individuals (epidemic size), effective re-
production number (secondary infections), and time-to-infection, is cru-
cial for effective disease mitigation (Nunes et al., 2024). Epidemic mod-
elling provides a suite of tools, frameworks, and methodologies to gen-
erate or predict disease metric estimates (Vynnycky and White, 2010).
However, estimating these metrics on real-world networks poses chal-
lenges due to the significant costs and time required to gather data for
an entire population, along with the high computational cost of pro-
cessing large datasets. Typically, a sample from the real-world network
is used for epidemic modelling. But, inconsistencies between the sam-
pling method and the underlying contact network may result in biased
and non-representative samples, leading to skewed estimates of disease
metrics (Suhail et al., 2021; Joyal-Desmarais et al., 2022).

Traversal-based sampling (TBS) algorithms are widely used for sam-
pling networks (Gjoka et al., 2010; Craft and Caillaud, 2011; Malmros
et al., 2016; Fournet and Barrat, 2017; Cui et al., 2022). These methods
begin with one or more initial nodes (called seeds) and choose the next
node to sample based on specific information about their neighbours.
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The primary distinction among TBS methods lies in selecting the next
node.

One notable TBS algorithm, the Random Walk (RW) algorithm (Wei
et al., 2004), is often used in epidemiological studies of large populations
(Milligan et al., 2004; Qi et al., 2023) due to its low computational cost.
Specifically, for infectious diseases, the RW algorithm works well for ho-
mogeneous or moderately random contact networks, where individuals
have a similar number of contacts or degree on average. However, real-
world contact networks are often heterogeneous (Nielsen et al., 2020),
meaning that individuals exhibit varying levels of heterogeneity. This
heterogeneity can result in size-biased samples (Arratia et al., 2019)
of the underlying network (UN) when using the RW algorithm (Stein
et al.,, 2014; Li et al., 2015), leading to the over-representation of highly
connected individuals. This size bias in samples can lead to inaccurate
disease spread estimates, especially when the risk of infection correlates
with an individual’s degree, as for COVID-19, measles, chickenpox, etc.,
where the number of contacts is a critical factor in the spread of the
virus.

The Metropolis-Hastings Random Walk (MHRW) (Hu and Lau, 2013)
algorithm reduces size bias by adjusting the selection probability of
each individual based on its degree, thereby reducing the likelihood of
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Fig. 1. A simple flow of change in network types, illustrating the transition from ER to SW and Lattice networks with increasing clustering, and from ER to NB and
SF networks with the increase in variance of the degree distribution or degree heterogeneity. Network size is denoted by N, average degree by k, edge creation
probability by p, dispersion parameter by r, and power-law exponent by a, see Appendix A.1 for a detailed description.

sampling highly connected individuals. This adjustment allows MHRW
to generate samples that more accurately reflect the degree distribution
of the UN. However, MHRW is approximately 1.5 — 2 times more com-
putationally expensive than RW (Bishop and Nasrabadi, 2006).

Here, we compare the effectiveness of MHRW and RW in reduc-
ing size bias. We systematically compare four types of networks that
vary in degree heterogeneity and clustering. We note that the RW and
MHRW algorithms are based on Markov chains and have the “memo-
ryless” property, leading to duplicate samples. Thus, we also compare
and evaluate the effect of duplicate sample removal on the effective-
ness of RW and MHRW. We assume undirected, static contact networks
(Newman, 2018), implying that disease transmission can occur in both
directions along a connection between two individuals and that the net-
work structure remains unchanged over time.

We begin with Erdés-Rényi (ER) networks (Erdds and Rényi, 1959),
which serve as a baseline for degree homogeneity and clustering. We
then progress to Small-world (SW) networks (Watts and Strogatz, 1998),
which introduce clustering and closely mimic social mixing networks.
Finally, we consider the Negative-Binomial (NB) and Scale-free (SF) net-
works, which exhibit increasing levels of degree heterogeneity and are
characterised by the presence of hubs with high connectivity, reflecting
the presence of super-spreaders (Lieberthal and Gardner, 2021). The se-
quence of four network types, ER, SW, NB, and SF, is illustrated in Fig. 1,
showing a progression from homogeneous to heterogeneous network
structures. We also assume a stochastic Susceptible-Infected-Recovered
(SIR) model (Brauer, 2008; Kermack and McKendrick, 1927) to simu-
late disease spread. We chose the SIR model because it captures hetero-
geneous mixing patterns within the population, as determined by the
contact network structure (Kiss et al., 2017a).

Previous studies have shown that the RW algorithm can yield size-
biased samples when applied to heterogeneous networks. In Gjoka et al.
(2010), RW produces a size-biased sample of the Facebook network,
over-representing high-degree nodes. In contrast, MHRW generates a
sample with a degree distribution closely matching the UN. Similar ob-
servations are reported in Leskovec and Faloutsos (2006) for various
network types, including citation networks from the e-print arXiv repos-
itory (Leskovec and Faloutsos, 2006), autonomous system networks
(University of Oregon, 2025) (Internet router networks), affiliation net-
works in the Astrophysics category on arXiv (Leskovec and Faloutsos,
2006), and trust networks from Epinions.com (Richardson et al., 2003).
However, a gap remains in the epidemiological literature, despite the
widespread use of network sampling in disease modelling; a systematic
comparison of RW and MHRW has not been performed. We set out to
do this here. One of our aims is to provide clear recommendations for
policymaking.

Although this is a technical paper, the results have high practical
relevance. Policymakers and other readers interested in the main find-
ings may refer directly to Section 3.2. For readers seeking technical de-
tails, we outline our methodology in Section 2 and present results in
Section 3, highlighting the key trends. Additional results that reinforce
these trends are provided in Appendices D and E.

The paper is structured as follows. In Section 2, we quantify size
bias in the estimation of disease metrics for RW and MHRW, and in Sec-
tion 3.2 we compare three disease metrics, the number of infected indi-
viduals, the number of secondary infections, and the time-to-infection,
for the four chosen network types (ER, SW, NB, SF). To assess the ro-
bustness of MHRW in reducing size bias, in Section 3.3 we perform a
sensitivity analysis by varying network and disease parameters. Finally,
to illustrate the practical applications of our study, in Section 4.1 we
analyse cattle movement network data provided by the British Cattle
Movement Service (BCMS) (Personal Communication, June 14, 2024),
which has hybrid properties related to the ER, SW and SF networks. We
also analyse two human contact networks; in Section 4.2 data from res-
idents of Haslemere town in England, UK (BBC, 2018), which is similar
to the SW networks, and in Section 4.3 data from visitors of Science
Gallery in Dublin, Ireland (Isella et al., 2011a), which is similar to the
SW and NB networks. We provide a summary and directions for future
research in Section 5.

2. Methods

In this section, we briefly describe the three main components of our
methodology: (1) network structures, (2) sampling algorithms, and (3)
a disease transmission model.

First, we generate four types of network: ER, SW, NB and SF (see
Appendix A.1). We generate n = 10,000 realisations for each network
type using the parameters listed in Table 1 to achieve a precision of 10~2
in the mean estimates of network characteristics. The value of n is based
on the relationship between sample size (or the number of simulations)
and the standard error of the mean (Bondy and Zlot, 1976), given by

6—)( = (1)

where &, is standard error of the mean, ¢ is the population standard
deviation, and » is the sample size.

Second, we employ RW and MHRW sampling algorithms (see Ap-
pendix A.2) to sample from the networks. We obtain samples with 500
nodes for each network type (ER, SW, NB, and SF), using RW and MHRW
(see pseudocode in Appendices 1,2). Here, the sample size of 500 (equiv-
alent to 5 % of the population) is chosen to keep the margin of error ap-
proximately +5 % in the disease spread estimates (Conroy et al., 2016).
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Table 1
Chosen parameters for generating examples of four (ER, SW, NB, SF) networks
using the NetworkX library (Hagberg et al., 2008).

Network type ER network SW network NB network SF network
Network parameter

Number of nodes 10,000 10, 000 10,000 10,000
Average degree 5 5 5 5
Edge creation Probability (p) - 0.5 - -
Dispersion parameter (r) - - 1 -
Power-law exponent («) - - - 3

However, we obtain 2500 nodes per sample and discard the initial 2000
nodes as burn-in nodes to allow the sampling algorithms to reach their
stationary distribution and minimise the influence of the initial node
on the resulting samples. Further, to get the precision of mean disease
spread estimates up to the third decimal place (Bondy and Zlot, 1976)
from the samples, we generate 100 samples (each with 500 nodes) from
each of the 10,000 network realisations of four network types.

Finally, we model disease transmission using a stochastic SIR model
(see Appendix A.3), simulating disease spread on each network with a
Gillespie algorithm (Gillespie, 2007). The stochastic SIR model splits
the population into three compartments: Susceptible, Infected, and Re-
covered. We assign rates with which individuals change compartments;
p/N is the transmission rate for someone to become infected, and y is
the recovery rate (reciprocal of recovery period in days). We consider
a range of values for /N from O to 1, at an interval of 0.1. With y =1,
f/N can be interpreted as a basic reproduction number. To understand
the impact of longer recovery periods, we use y = 1/7 and 1/14, corre-
sponding to average recovery periods for influenza (one week) (Chowell
et al., 2008) and COVID-19 (two weeks) (SeyedAlinaghi et al., 2021),
respectively.

For further implementation details, please refer to the code for the
entire process pipeline on GitHub.

2.1. Hypothesis test

We perform hypothesis testing to statistically compare the estimates
of disease metrics in RW and MHRW samples relative to the underlying
network (UN). The first step is to check if the data follows a Normal dis-
tribution. We use a one-sample Kolmogorov-Smirnov (KS) test (Massey,
1951) to test the normality hypothesis for each of the four networks
(ER, SW, NB and SF). We then use the one-tailed Mann-Whitney U (U)
test (Mann and Whitney, 1947) to compare two samples and under-
stand whether the samples are overestimating or underestimating dis-
ease spread metrics relative to the UN. We perform the hypothesis test
for the ER, SW, NB, and SF networks, respectively (see Appendix A.5 for
hypothesis statements).
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3. Results

In this section, we compare the RW and MHRW sampling algorithms,
assessing their effectiveness in sampling to capture the degree distribu-
tion of the UN and estimate the three disease metrics for four network
types (ER, SW, NB, and SF).

Since RW and MHRW are memoryless algorithms, they yield du-
plicate nodes in a sample (Hu and Lau, 2013). We also compare the
results when duplicates are removed or retained. This additional con-
straint aims to highlight how such a subtle aspect could significantly
influence the disease metric estimates.

3.1. Degree distribution

In Fig. 2, we present the ratio of the degree distributions from RW
and MHRW samples compared to the UN, across ER, SW, NB, and SF
networks. The vertical axis represents the ratio of the probability that a
node has degree k in the sample relative to the UN. The solid black line
represents a ratio of 1, so proximity to this line indicates that the sam-
ple degree distribution is representative of the UN degree distribution.
Results are consistent whether duplicate nodes are included or excluded
(data not shown).

For the ER (Fig. 2(a)) network, when the degree is > 5, the MHRW
samples (blue triangles) align closely with the UN. In contrast, the RW
samples (red diamonds) increasingly deviate as the degree values in-
crease, indicating size bias. This behaviour persists with the increase in
clustering, i.e., for SW (Fig. 2(b)) networks. On the other hand, with an
increase in degree heterogeneity from ER to NB networks (Fig. 2(c)),
we observe a similar behaviour, but for degree values > 10. Further in-
creasing the heterogeneity of the network, SF networks (Fig. 2(d)), we
observe that both sampling algorithms increasingly deviate from the
UN with an increase in degree value. The increase in the dominance
of “hubs”, i.e., the high-degree nodes, as we move from NB to SF net-
works, leads to a high variance in the degree distribution and limits the
MHRW?’s ability to reduce the size bias.

Our findings highlight that MHRW reduces size bias and provides a
sample with a degree distribution similar to that of the UN, for networks
with moderate heterogeneity and clustering. The networks with high
variance in degree distribution, such as SF networks, require a more
dedicated approach, such as Sampling for Large-Scale Networks at Low
Sampling Rates (SLSR) (Jiao, 2024), where core and peripheral nodes
are sampled separately for balanced sampling.

3.2. Disease metrics

In the previous section, we compared the degree distribution of the
samples generated using the RW and MHRW algorithms. We observed
that the degree distribution of MHRW samples is closer to that of the
UN than that of RW samples due to a bias towards high-degree nodes.
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Fig. 2. Samples obtained using the RW algorithm show size bias (over-representing high-degree nodes), MHRW algorithm reduces the size bias, resulting in a degree
distribution closer to that of the UN. The ratio of degree distributions for RW (red diamonds) and MHRW (blue triangles) samples, relative to the UN, is presented for
four network types (ER, SW, NB, SF). The UN degree distribution is based on 10,000 network realisations of each type (parameters are detailed in Table 1), generated
using the NetworkX library (Hagberg et al., 2008). The degree distribution of samples from both sampling algorithms is estimated using 100 samples of size 500 for

the 10,000 network realisations.
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Now, we compare the sampling algorithms in estimating three disease
spread metrics: 1) proportion of infected nodes, 2) average number of
secondary infections, and 3) time-to-infection. We employ a stochastic
SIR model to simulate disease transmission on networks.

Here, we present the results for y = I; see Appendix E.1 for y €
{1/7,1/14} for ER and SW networks. We observe that as y decreases, for
both sampling algorithms, the size bias in estimates of the proportion
of infected individuals decreases for ER and SW networks. Conversely,
a decrease in y increases the size bias in the number of secondary infec-
tions and time-to-infection estimates. Nonetheless, regardless of the y
value, estimates from the MHRW samples remain closer to the UN than
those from the RW.

We also employ hypothesis testing to statistically compare disease
spread estimates from the RW and MHRW sampling algorithms for the
ER, SW, NB, and SF networks. As a first step, we apply a one-sample KS
test to assess whether the distributions of three disease metrics follow a
Normal distribution. The significance level is set at a = 0.05. Results of
the KS test are reported in Tables C.1-C.3. For each of the three disease
metrics across four network types, for the UN, RW, and MHRW data, the
p-values are consistently below 0.05. Thus, we reject the null hypothesis,
i.e., data follows a Normal distribution, concluding that the data exhibit
significant deviations from normality.

Since all three disease metrics deviate from a Normal distribution
across the four network types, we employ a one-tailed U-test. The U-
test compares the RW and MHRW estimates against the UN. The U-test
statistic quantifies the similarity between the sample estimates and the
UN, with larger U-statistic values indicating closer agreement. For each
disease metric, we test two hypotheses: (i) statistically significant over-
estimation (Hypotheses 1, 3, 5), and (ii) statistically significant underes-
timation (Hypotheses 2, 4, 6). Thus, six hypotheses are evaluated over
each of the three disease metrics, namely, the proportion of infected
nodes, average number of secondary infections, and time-to-infection,
across four network types. The significance level is set at a = 0.05 for all
hypothesis tests. The U-test results, along with comparative plots of RW
and MHRW estimates relative to the UN, are presented in the following
sections.

3.2.1. Proportion of infected nodes

In Fig. 3, we compare the proportion of infected nodes in the RW
and MHRW samples relative to the UN as the transmission rate f# in-
creases, with a recovery rate y = 1, for four networks (ER, SW, NB, and
SF). Panel 1 (Fig. 3(a)—(d)) shows the results for samples with duplicate
nodes, while Panel 2 (Fig. 3(e)-(h)) shows results for samples without
duplicates. The closer the ratio is to the solid black line representing a
ratio of 1, the closer the sample estimates are to those of the UN.

For samples with duplicate nodes (Panel 1), the RW consistently
overestimates the proportion of infected nodes for the ER network
(Fig. 3(a)) once f > 0.2, whereas the MHRW produces estimates that re-
main closer to the UN. Increasing clustering, from ER to SW (Fig. 3(b)),
reduces the overestimation bias of RW, while the ratio distribution re-
mains stationary for MHRW. In contrast, an increase in variance of de-
gree distribution, from ER to NB network (Fig. 3(c)), amplifies the over-
estimation by RW, while MHRW remains closer to the UN. In SF net-
works (Fig. 3(d)), with extremely high variance in degree distribution,
both RW and MHRW overestimate the proportion of infected nodes with
high variability, consistent with the oversampling behaviour in the de-
gree distribution (Fig. 2(d)). Our findings illustrate a key limitation of
the MHRW algorithm in reducing size bias for highly heterogeneous net-
works.

For samples without duplicate nodes (Panel 2), the relative be-
haviour of RW and MHRW remains the same. However, removing dupli-
cates reduces MHRW’s accuracy in ER and SW networks but improves its
accuracy in the NB network. Overall, the comparisons show that MHRW
is generally closer to the UN in ER, SW, and NB networks, but both al-
gorithms fail to provide reliable estimates for SF networks.
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Table 2

U-test statistics (Hypotheses 1 and 2) for comparing the estimates of the
proportion of infected nodes in the samples generated using the RW and
the MHRW algorithms with the UN, with and without duplicate nodes.

Sample . .
m With duplicate nodes

Without duplicate nodes

RW MHRW RwW MHRW
ER 5.07 x 10" 5.90 x 10" 5.11%x 10" 538 x 10"
SW 5.8 x 10" 5.9 % 10" 5.82x 10" 5.86 x 10!
NB 32x 10" 53x 10" 3.23x 10" 5.42x 10"
SF 6.1 x 1010 2.8 x 1010 5.72%10'° 7.83 x 10°

Hypothesis testing results (Table 2): To complement the above anal-
ysis, we conducted one-tailed U-tests to compare the RW and MHRW
estimates against the UN estimates statistically. RW significantly over-
estimates the proportion of infected nodes across all four network types,
with p-values < 0.05 for Hypothesis 1, regardless of whether duplicate
nodes are included. MHRW exhibits network-dependent behaviour: with
duplicate nodes, it significantly underestimates the proportion of in-
fected nodes for ER, SW, and NB networks (p-values < 0.05 for Hypoth-
esis 2); without duplicate nodes, MHRW significantly overestimates for
the same networks (p-values < 0.05 for Hypothesis 1). In SF networks,
MHRW consistently overestimates in both cases.

Although neither RW nor MHRW produces estimates that are sta-
tistically similar to those of the UN, the U-test statistic values indicate
a relative closeness. For ER, SW, and NB networks, the U-test statis-
tics for MHRW are greater than those for RW, confirming that MHRW
estimates lie closer to the UN. For instance, in the ER network with du-
plicate nodes, the U-test statistic is 5.90 x 10!' for MHRW compared to
5.07 x 10" for RW, implying that MHRW estimates are closer to the UN.
In contrast, RW outperforms MHRW for SF networks, with higher U-test
statistics indicating smaller deviations from the UN. For example, in SF
networks, with duplicates, RW achieves 6.1 x 10! versus 2.8 x 10'° for
MHRW. These findings indicate that the MHRW significantly reduces
size bias in networks characterised by moderate heterogeneity and clus-
tering, such as ER, SW, and NB networks. However, its effectiveness di-
minishes in highly heterogeneous SF networks, where MHRW and RW
algorithms produce highly variable results.

Furthermore, RW tends to overestimate the proportion of infected
nodes because it tends to favour high-degree nodes (illustrated in Fig. 2),
which have a greater likelihood of being infected.

3.2.2. Average secondary infections

In Fig. 4, we compare the number of secondary infections for RW and
MHRW samples relative to the UN as the transmission rate f increases
and a recovery rate y =1 for ER, SW, NB, and SF networks. Panel 1
(Fig. 4(a)-(d)) presents results when duplicate nodes are retained, while
Panel 2 (Fig. 4(e)-(h)) shows results when duplicate nodes are removed.

For samples with duplicate nodes, when g > 0.3, RW overestimates
the number of secondary infections for the ER network (Fig. 4(a)),
whereas MHRW estimates are closer to the UN. Increasing clustering,
from ER to SW network (Fig. 4(b)), reduces the overestimation bias of
RW, while the ratio distribution remains stationary for MHRW. In con-
trast, increasing the variance of degree distribution, from ER to NB net-
work (Fig. 4(c)), amplifies the overestimation by RW, while the MHRW
estimates remain closer to the UN. For the SF network (Fig. 4(d)) with
extremely high degree variance, both RW and MHRW overestimate the
number of secondary infections, exhibiting high variability, which is
consistent with observations for the degree distribution and proportion
of infected nodes. Our findings again show the limitation of MHRW in
reducing size bias for highly heterogeneous networks.

For samples without duplicate nodes (Panel 2), the relative be-
haviour of RW and MHRW remains similar. However, removing dupli-
cates reduces MHRW’s accuracy in ER and SW networks but improves its
accuracy in the NB network. Overall, the comparisons show that MHRW
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Panel 1: Samples with duplicate nodes.
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Table 3

U-test statistics (Hypotheses 3 and 4) for comparing the estimates of the
number of secondary infections in the samples generated using the RW and
the MHRW algorithms with the UN, with and without duplicate nodes.

Sample . .
m With duplicate nodes

Without duplicate nodes

RW MHRW RW MHRW
ER 2.5% 10" 5.6 10" 2.5x% 10" 3.33x 10!
SW 3.99 x 10! 6.0x 10" 391 x 10" 4.51x 10"
NB 1.3 x 10" 4.69 x 10" 1.29 x 10" 4.81x 10"
SF 8.2x 10" 6.6 x 10" 8.45x 100 5.99 x 10'°

is generally closer to the UN in ER, SW, and NB networks, but both al-
gorithms fail to provide reliable estimates for SF networks.

Hypothesis testing results (Table 3):To complement the above analy-
sis, we conducted one-tailed U-tests to compare the RW and MHRW
estimates against the UN estimates statistically. RW samples, both with
and without duplicates, significantly overestimate secondary infections
across all four network types, with p-values < 0.05 providing evidence
to reject H, in Hypothesis 3. MHRW samples without duplicates also
significantly overestimate across networks (p-values < 0.05 for Hypoth-
esis 3). With duplicates retained, MHRW significantly underestimates in
ER, NB, and SF networks (rejecting H,, for Hypothesis 4). But for the SW
networks, the p-value > 0.05 for both Hypotheses 3, 4, indicating that
MHRW estimates are statistically similar to the UN.

As with the proportion of infected nodes, the relative size of the
U-test statistics indicates closeness to the UN. For ER, SW, and NB
networks, MHRW consistently yields larger U-test statistics than RW
(Table 3), confirming closer agreement with the UN. For example, for
NB networks, without duplicate nodes, U-test statistics for MHRW is
4.81 x 10" and for RW it is 1.29 x 10!!. However, in SF networks, RW
estimates are closer to the UN, as higher U-test statistics indicate.

Our findings show that, similar to the proportion of infected nodes,
MHRW significantly reduces size bias in networks with moderate het-
erogeneity and clustering, such as ER, SW, and NB networks. However,
its effectiveness diminishes in highly heterogeneous SF networks, where
MHRW and RW algorithms yield highly variable results. Additionally,
the RW algorithm tends to overestimate the number of secondary infec-
tions due to bias towards high-degree nodes, which are more likely to
be infected, as illustrated in Fig. 2.

3.2.3. Time-to-infection

In Fig. 5, we compare the ratio of the estimates of the time-to-
infection from RW and MHRW samples relative to the UN as the trans-
mission rate § increases and a recovery rate y = 1 for ER, SW, NB, and
SF networks. Panel 1 (Fig. 5(a)-(d)) shows results with duplicate nodes
retained, while Panel 2 (Fig. 5(e)-(h)) shows the case with duplicate
nodes removed.

For samples with duplicate nodes, when g > 0.2, the RW and MHRW
estimates are closer to the UN across four network types and exhibit
less bias compared to the previous two disease metrics: the proportion
of infected nodes and the number of secondary infections. In ER net-
works (Fig. 5(a)), RW tend to underestimate the time-to-infection, while
MHRW estimates are closer to the UN’s. As clustering increases from ER
to SW network (Fig. 5(b)), the underestimation bias of the RW decreases,
whereas MHRW remains stable. Conversely, increasing the variance of
the degree distribution from ER to NB network (Fig. 5(c)) amplifies the
underestimation by RW, while MHRW continues to align closely with
the UN. For the SF network (Fig. 5(d)), unlike the other two disease
metrics, time-to-infection estimates for both sampling algorithms align
well with the UN and show reduced variability.

For samples without duplicate nodes (Panel 2), the relative be-
haviour of RW and MHRW remains similar. However, removing dupli-
cates reduces MHRW’s accuracy for ER and SW networks but improves
its accuracy for the NB network. Overall, the comparisons show that
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Table 4

U-test statistics (Hypotheses 5 and 6) for comparing the estimates of the
time-to-infection of the UN with the samples generated using the RW and
the MHRW sampling algorithms, with and without duplicate nodes.

Sample . .
m With duplicate nodes

Without duplicate nodes

RW MHRW RW MHRW
ER 6.2x 10" 5.98 x 10! 6.2x 10" 6.08 x 10!
SW 6.1x 10" 6.0 x 10" 391x 10" 451 x 10"
NB 52x 10" 5.8x 10! 323x 10" 5.42x 10"
SF 126x 10" 7.37x 100  845x10'0 599 x 101

MHRW is generally closer to the UN in ER, SW, and NB networks, and
both algorithms provide reliable estimates for SF networks.
Hypothesis testing results (Table 4): To complement the above analy-
sis, we conducted one-tailed U-tests to compare the RW and MHRW esti-
mates against the UN estimates statistically. RW samples (with and with-
out duplicates) yield p-values < 0.05 for all four network types under
Hypothesis 6, providing evidence of significant underestimation of the
time-to-infection. For MHRW, estimates without duplicate nodes also
consistently underestimate across all networks (p-values < 0.05 for Hy-
pothesis 6 ), while with duplicate nodes retained, MHRW significantly
underestimate in SW and SF networks (p-values < 0.05 for Hypothesis 6),
but significantly overestimate in ER and NB networks (p-values < 0.05
for Hypothesis 5).

The U-test statistics in Table 4 indicate that in both ER and SW net-
works, RW and MHRW perform comparably regarding their closeness to
the UN. However, in NB networks, the U-test statistics (both with and
without duplicates) are higher for MHRW, suggesting that its estimates
are closer to the UN compared to RW. Conversely, RW demonstrates
higher U-test statistics in SF networks, indicating a closer alignment with
the UN than MHRW.

Our findings indicate that, like the proportion of infected nodes and
the number of secondary infections, MHRW effectively reduces size bias
in moderately heterogeneous and clustered networks, such as ER, SW,
and NB networks. Additionally, the RW algorithm tends to underesti-
mate the time-to-infection due to its bias towards high-degree nodes
(Fig. 2), which are more likely to be infected early in the epidemic.

3.3. Sensitivity analysis - network parameters

To examine the robustness of the sampling algorithms across four
network types (ER, SW, NB, and SF), we perform a sensitivity analysis
for a range of network parameters, listed in Table D.1. The sequence of
networks considered reflects increasing structural complexity regarding
clustering and degree heterogeneity. ER networks serve as a baseline of
degree homogeneity and clustering, SW networks introduce clustering,
and NB and SF networks introduce increasing levels of degree hetero-
geneity, as shown in Fig. 1. For each network type, we compare RW and
MHRW algorithms for three disease spread metrics: 1) the proportion of
infected nodes, 2) the number of secondary infections, and 3) the time-
to-infection. Detailed results are provided in Appendix D. Below are the
four key findings that arise from the sensitivity analyses:

1. The increase in network connectivity, achieved through either a
larger network size or a higher average degree, consistently reduces
bias for both sampling algorithms (RW and MHRW) across ER, SW,
and NB networks.

2. Except for highly heterogeneous networks (SF networks), an in-
crease in degree heterogeneity significantly penalises RW, resulting
in higher size bias, while MHRW remains robust against this varia-
tion.

3. Except for highly clustered networks (Lattice networks), MHRW es-
timates consistently align more closely with the UN, whereas a small
increase in bias is observed for RW estimates.



N. Bansal et al.

-
®

Panel 1: Samples with duplicate nodes.

Ratio of infection time
4 hh s
©

e
@

Journal of Theoretical Biology 618 (2026) 112314

-
@

-
el

e
@

1.8 1.8 =
—= RW —= RW —= RW == RW
- MHRW MHRW « MHRW 40 * MHRW
1.5 915 A 915 | ]
] £ \ £3%
- = \ P
1.2 21.2 g1.2 ! 530 \
h 2 - 2 = |
= £ — £ o5 |
= e 9 00| e I $ 0.9 £ |
E y Eh E20{ |
/ 5 y 5 5 |
0.6 1 20.6 y 20.6 o 15 |
Y z y -1 10 |
/ g 5 1]
| “o.3 y ®o.3 =
0.0 0.0 0
0.0 02 04 06 08 1.0 0.0 02 04 06 08 1.0 0.0 02 04 06 08 10 0.0 02 04 06 08 1.0
B B B B
(a) Erd6s-Rényi network (b) Small-world network (c) Neg-binomial network (d) Scale-free network
Panel 2: Samples without duplicate nodes.
1.8 1.8
—= RW —-= RW —= RW —=- RW
+ MHRW + MHRW + MHRW 40 * MHRW
J 15 \ )
g \ g1s g5 A £3s
3 \ 3 - \ z,
z12{ [ 212 212 £301 |
2 2 - 2 = |
g - g — Z g2 §
% 0.9 ’!/ %049 > é 0.9 E20 \\
5 3 y 3 3 \
06 | 206 y 206 ot \
3 / g k] £10
E 203 / 204 =
y :
. 0.0 0.0 o
0.0 02 04 06 08 1.0 0.0 02 04 06 08 1.0 0.0 02 04 06 08 10 0.0 02 04 06 08 1.0

B

(e) Erd6s-Rényi network

B

(f) Small-world network

(g) Neg-binomial network

B

(h) Scale-free network

Fig. 5. The ratio of the MHRW estimates and UN is closer to the black line (1), implying better representation of the underlying network for ER, SW, NB, and SF
networks. The ratio of the time-to-infection during an epidemic between RW (dashed red) and MHRW (dotted blue) samples, relative to their respective UNs, is
shown for (1) retained and (2) removed duplicate nodes. The light red and blue bands indicate the range of one standard deviation. The UN estimates are based
on SIR model simulations (y = 1) for 10,000 network realisations of each type (the parameters are found in Table 1) generated with the NetworkX library (Hagberg
et al., 2008). Sample estimates are derived from 100 samples (size 500) for 10,000 network realisations using RW and MHRW.

4, The MHRW estimates are sensitive to the disease transmission pa-
rameter (#). Above a specific g threshold, MHRW estimates are closer
to the UN, while below this threshold, MHRW estimates exhibit bias,
and RW estimates remain biased regardless of the threshold. Addi-
tionally, this g threshold decreases with an increase in network size
and average degree.

In summary, results demonstrate that while RW can perform adequately
in homogeneous, well-connected networks such as ER and SW networks,
MHRW offers more reliable performance across a broader spectrum of
network structures, including ER, SW, and NB networks. Additionally,
neither sampling algorithm works for highly clustered or highly hetero-
geneous networks.

4. Real-world networks

In Sections 3.2 and 3.3, we investigated the performance of the
MHRW algorithm in reducing size bias in estimates of three disease
spread metrics, compared to the RW algorithm, across four theoreti-
cal network types (ER, SW, NB, and SF). We also discussed the effect of
variation in network parameters and disease transmission rate f on the
bias in estimates from both the sampling algorithms.

In this section, we implement RW and MHRW algorithms on real-
world networks. We study three networks: 1) cattle movement network
from the British Cattle Movement Service (BCMS), 2) contact network
data of residents of Haslemere town in England, UK, BBC (2018) and
3) face-to-face interaction data of the visitors at the Science Gallery in
Dublin, Ireland (Isella et al., 2011a). All three network datasets are col-
lected over a period; hence, the network is temporal, meaning that net-
work connections and the number of nodes change over time. For this
study, we create static networks from these datasets’ snapshots to only
study the impact of sampling algorithms.

4.1. Cattle movement network

In this section, we implement RW and MHRW algorithms on cat-
tle movement network data, provided by the British Cattle Movement
Service (BCMS). This network data contains information on the birth,
death, and movement of cattle. We use cattle movement data from Jan-
uary 2018 to March 2018, recorded at the day level. We consider cattle
holding places (farms, marketplaces, and slaughterhouses) as nodes and
an edge is created between two nodes if cattle movement exists between
them. Note that movement does not occur through all edges daily, im-
plying that the network structure changes over time. However, for this
study, we assume that all edges are active and that the network remains
static.

4.1.1. Data description

The data contains movement details of 1, 135, 502 cattle; on average,
there are two movement records per cattle. There are 46,512 holding
places, which are the nodes of the network. A static and undirected
network is created with 46,512 nodes and 159,036 edges. Note that an
edge between a pair of nodes is counted only once in the case of mul-
tiple movement records. A part of the movement network is shown in
Fig. 6(a); we observe a mix of large connected components, small clus-
ters of nodes, and isolated node pairs.

The network’s degree ranges from 1 to 6556, with an average degree
of 6. Notably, 30 % of the nodes have a degree of 1, while only 2.69 % of
the nodes have a degree greater than 20. There is only one node with
6556 edges, which should be a marketplace.

The degree distribution for the network is shown in Fig. 6(b), up to a
degree value of 20. The degree distribution of the cattle network is fitted
with an exponential distribution (Balakrishnan, 2019) with rate param-
eter 0.4 and location parameter 1 (the distribution is shifted by one unit
to the right along the horizontal axis), represented by the solid black
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(a) Subset of the cattle movement network.
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Fig. 6. An illustration of the cattle movement network data from BCMS exhibiting properties of ER and SW networks, and follows an exponential degree distribution.
(a) A subset of the cattle movement network, where nodes represent individual farms and edges indicate recorded cattle movements between them. (b) Degree
distribution of the cattle network. The red histogram represents the empirical data, and the black curve shows an exponential fit for comparison.
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Fig. 7. The ratio of the MHRW sample estimates and UN is closer to the black line for all three disease metrics compared to RW, implying better representation of
the cattle movement network. The ratio of disease metric estimates between samples generated using the RW and MHRW algorithms, relative to the UN, for two
scenarios: (1) samples with duplicate nodes, and (2) samples without duplicate nodes. The light red and blue bands indicate the range of one standard deviation.
Disease metric estimates are based on 500 SIR model simulations on the cattle movement network with y = 1. Sample estimates are derived from 10,000 samples

(size 2500) for the cattle movement network, using RW and MHRW algorithms.

line in Fig. 6(b). Other studies state that the cattle movement network
follows a power-law degree distribution (Christley et al., 2005; Fielding
et al., 2019). One reason for this difference is the amount and period
of data; we have only three months of data (from 2018), whereas these
studies analyse data for multiple years preceding 2018 (Duncan et al.,
2022).

We observe clusters with few connections outside them, similar to
the structure of the SW networks and consistent with the results in
Fielding et al. (2019). We also observe a uniform connectivity pattern
(average degree 2), similar to the SW and ER networks, if we exclude
nodes with one connection or a degree greater than 1000. We observe NB
and SF networks’ trait of the presence of “hubs” in the cattle movement
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network, which is suggested by the presence of 0.06 % nodes with degree
> 1000 and 30 % nodes with degree 1. There are a few nodes with very
high degrees, likely markets, that facilitate extensive animal movement
and can potentially act as key nodes for disease spread.

4.1.2. Results

Due to a lack of disease data, we study a hypothetical disease spread
scenario, for example, bovine tuberculosis (Bekara et al., 2014). We run
500 simulations of the stochastic SIR model on the cattle movement net-
work using the methodology and parameters from Section 2. We use the
RW and MHRW sampling algorithms to generate 10,000 samples, with
a sample size of 2500 (5% of the network size). The number of sam-
ples, sample size, and number of SIR model simulations are chosen to
be accurate to the second decimal place, as in Section 3.

In Fig. 7, we compare estimates of three disease metrics from RW
and MHRW samples relative to the cattle network, as the transmission
rate f increases, with a recovery rate y = 1. The three disease metrics
are: 1) proportion of infected nodes, 2) number of secondary infections,
and 3) time-to-infection. Panel 1 (Fig. 7(a)-(c)) shows the results for
samples with duplicate nodes, while Panel 2 (Fig. 7(d)-(f)) shows those
without duplicate nodes. The closer the disease metric estimates are to
the solid horizontal black line, the better the agreement with the metric
values of the underlying cattle network.

We observe that RW overestimates the proportion of infected nodes
in both panels (with and without duplicate nodes); see Fig. 7a and d.
However, the estimate from MHRW samples aligns very well with the
cattle network when duplicate nodes are retained (Fig. 7(a)), but it over-
estimates when duplicate nodes are removed (Fig. 7(d)). Additionally,
we find that the RW and MHRW estimates overlap when g > 0.3 for sam-
ples without duplicate nodes, which aligns with the observations in ER
and SW networks (Fig. 3).

For the number of secondary infections (Fig. 7(b), (e)), we observe
significant overestimation by RW for both cases with (by a factor of
40-130) and without duplicate nodes (by a factor of 10-20). In compari-
son, MHRW estimates remain closer to the cattle network values. Specif-
ically, when duplicate nodes are retained, MHRW estimates align per-
fectly with the cattle network, but when duplicate nodes are removed,
we observe an overestimation by a factor of ~ 9. Again, these observa-
tions align with those of ER, SW, and NB networks (Fig. 4).

Both sampling algorithms fail to estimate the time-to-infection
(Fig. 7(c), (f). RW underestimates time-to-infection, and the bias de-
creases when duplicate nodes are removed. On the other hand, MHRW
overestimates time-to-infection when duplicates are retained and under-
estimates it when duplicates are removed, but has less bias compared to
the RW estimates. This pattern of RW and MHRW sample estimates is
similar to that of NB networks, as shown in Fig. 5.

For the cattle movement network, although MHRW estimates are
closer to the underlying network due to a reduction in size bias, the
variation in estimates is higher for MHRW compared to RW, specifically
for the number of secondary infections and time-to-infection. We do not
find this in the ER, SW, and NB network results. The high variance in
estimates is potentially due to the presence of segregated clusters and the
isolated pair of nodes, leading to challenges in traversing the majority
of the cattle network.

The trend of disease metric estimates on the cattle movement net-
work is similar to that in the ER, SW, and NB networks. RW provides
conservative estimates of disease spread, whereas the MHRW yields es-
timates closer to the UN when duplicate nodes are retained. If the cattle
movement network is similar to the one in this study, for highly conta-
gious diseases, such as Foot and Mouth Disease, which has a mortality
rate of 20% in young calves (World Organisation for Animal Health,
2024) and an average of 20 secondary infections for direct transmission
(Paton et al., 2018), the RW sampling algorithm is recommended. Con-
versely, for diseases such as Bovine Viral Diarrhoea, with a mortality
rate of approximately 7% (Dobos et al., 2024) and the average number
of secondary infections as 0.36 (Isoda et al., 2025), the MHRW algo-
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rithm is preferable as it provides more representative estimates, which
is particularly valuable for optimising intervention policies.

4.2. Haslemere residents’ contact network

In this section, we implement RW and MHRW algorithms on the
Haslemere contact network dataset collected as part of the BBC docu-
mentary “Contagion! The BBC Four Pandemic” (BBC, 2018). It captures
social interaction data from residents of Haslemere, a town in England,
UK. It comprises proximity records for 468 individuals over three con-
secutive days, with location tracked at five-minute intervals with an
approximate resolution of one meter. A social contact is defined as an
event when two individuals are within four meters of each other for a
5min period; this threshold is comparable to Bluetooth-based proximity
tracing and is chosen to reflect face-to-face contact relevant for transmis-
sion modelling. This high-resolution dataset includes 1257 unique social
links and 1616 daily contact events, offering a representative view of
daily contact patterns in a local setting. Please see Firth et al. (2020) for
a detailed description of the contact network.

We construct a static network from the three-day dataset using data
from 13th October 2017, the day with the highest number of partici-
pants and the largest connected component. The network of 13th Octo-
ber 2017 consists of 420 individuals represented as nodes and 1506 social
links as edges. We assume that all social connections recorded during
the day are active and that the network remains static throughout this
period. Additionally, all edges are considered to have equal weight and
are active for the entire day. We observe the presence of long-range con-
nections and tightly knit groups, such as households, which are charac-
teristics of SW networks (Fig. 8).

Due to a lack of disease data, we study a hypothetical disease spread
scenario. We run 500 simulations of the stochastic SIR model on the
Haslemere network using the methodology and parameters from Sec-
tion 2. We generate 5000 samples, with a sample size of 21 (5% of the
network size) using the RW and MHRW algorithms. The number of sam-
ples, sample size, and number of SIR model simulations are chosen to
be accurate to the second decimal place, as described in Section 2.

In Fig. 9, we compare estimates of three disease metrics: the pro-
portion of infected nodes, number of secondary infections, and time-to-
infection, from RW and MHRW samples relative to the estimates from
the underlying Haslemere network. We consider a fixed recovery rate
y = 1 and vary the transmission rate . Panel 1 (Fig. 9(a)-(c)) shows the
results for samples with duplicate nodes, while Panel 2 (Fig. 9(d)—(f))
shows those without duplicates. The closer the disease metric estimates
are to the solid horizontal black line, the better the agreement with the
Haslemere network.

We observe that the estimates of the proportion of infected nodes
by the RW and MHRW algorithms align with the Haslemere network
for g > 0.2, in both cases with and without duplicate nodes. Note the f
threshold pattern as discussed in Section 3.3. We find that RW overes-
timates the number of secondary infections by more than 50 % in both
cases, whether or not duplicate nodes are present. In contrast, MHRW es-
timates are closer to the Haslemere network, with approximately a 10 %
underestimation when duplicate nodes are retained and a 10% over-
estimation when duplicate nodes are removed. The time-to-infection
estimates align with the Haslemere networks for MHRW when dupli-
cates are removed, whereas MHRW overestimates by 5% when dupli-
cates are retained. RW underestimates the time-to-infection by 10 % for
both cases, with or without duplicates.

The analysis of the Haslemere network shows that the trends and
patterns in estimates of the number of secondary infections and the
time-to-infection closely align with those observed in the NB networks.
Additionally, the proportion of infected nodes follows a pattern simi-
lar to that of SW networks. In the context of less fatal diseases such as
seasonal influenza (f = 0.3) (Chowell et al., 2008), it is recommended
to utilise the MHRW algorithm to obtain precise estimations, particu-
larly if the contact network is similar to that of the Haslemere network.
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on 13th October 2017.
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Fig. 8. Illustration of a subset of the contact network data collected on 13th October 2017 in Haslemere town (BBC, 2018). (a) A subset of the contact network
of Haslemere residents, where nodes represent town residents and edges indicate an interaction between two residents. Nodes of the same colour belong to a
community, where grey colour edges represent within-community connections and red colour edges represent the long-range connections to other communities. (b)

Degree distribution of the contact network of Haslemere town.
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Fig. 9. The ratio of MHRW estimates and UN is closer to the black line for all three disease metrics, implying better representation of the Haslemere network. The
ratio of disease metric estimates between samples generated using the RW and MHRW algorithms, relative to the UN, for two scenarios: (1) samples with duplicate
nodes, and (2) samples without duplicate nodes. The light red and blue bands indicate the range of one standard deviation. Disease metric estimates are based on
500 SIR model simulations on the Haslemere network with y = 1. Sample estimates are derived from 5000 samples (size 21) for the Haslemere network, using the RW

and MHRW algorithms.

Conversely, for highly contagious and fatal diseases like Measles ( g =
0.6) (Guerra et al., 2017), it is crucial to use the RW algorithm to min-
imise the risk of fatalities and reduce mortality rates.

4.3. Science gallery visitors’ interaction network

The Infectious SocioPatterns dynamic contact networks dataset cap-
tures detailed temporal face-to-face interactions collected during the
“INFECTIOUS: STAY AWAY” art science exhibition at the Science
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Gallery in Dublin, Ireland (Isella et al., 2011a). The data record con-
tains information about the active contacts among anonymous partici-
pants, each lasting 20s. The dataset provides daily dynamic contact net-
works representing very fine-grained temporal proximity patterns, suit-
able for studying dynamic social interactions and contagion processes.
For a detailed day and time level data description, please see Isella et al.
(2011a,b).

Similar to the Haslemere data, we consider the day with the maxi-
mum number of participants and the largest connected component to
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(a) Science Gallery contact network on 15th July 2009.
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Fig. 10. Illustration of the contact network data of visitors at Science Gallery on 15th July 2009. (a) Face-to-face interaction network, where nodes represent gallery
visitors and edges indicate an interaction between two visitors. (b) Degree distribution of the contact network at Science Gallery.
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Fig. 11. The ratio of estimates from MHRW samples and the UN is closer to the black line for all three disease metrics, implying better representation of the Science
Gallery network. The ratio of disease metric estimates from samples generated using RW and MHRW algorithms, relative to the UN, for two scenarios: (1) samples
with duplicate nodes, and (2) samples without duplicate nodes. The light red and blue bands indicate the range of one standard deviation. Disease metric estimates
are based on 500 SIR model simulations on the Science Gallery network with y = 1. Sample estimates are derived from 5000 samples (size 21) for the Science Gallery

network, using RW and MHRW.

study the worst-case scenario. We create a static network using the
face-to-face interaction data collected at the Science Gallery on July 15,
2009, which consists of 410 individuals as nodes and 2765 social links
as edges. We assume that all edges have the same weight and remain
active at all times.

The Science Gallery networks show characteristics similar to those
of SW and NB networks. For example, the presence of the cluster of
nodes in the network (Fig. 10) with some connections in between the
clusters, like SW networks. The presence of nodes with a high number
of connections (> 40), as shown in Fig. 10, is a characteristic of NB net-
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works. Unlike Haslemere (Fisher-Pearson skewness coefficient (Doane
and Seward, 2011) of 1.53) and Cattle movement networks (Fisher-
Pearson skewness coefficient of 49.71), we find that the degree distri-
bution (Fig. 10(b)) is less skewed to the right, with a Fisher-Pearson
skewness coefficient of 0.86, making the network relatively less hetero-
geneous.

Due to a lack of disease data, we study a hypothetical disease spread
scenario. We run 500 simulations of the stochastic SIR model on the
Science Gallery network using the methodology and parameters from
Section 2. We use RW and MHRW algorithms to generate 5000 samples,
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with a sample size of 21 (5 % of the network size). The number of sam-
ples, sample size, and number of SIR model simulations are chosen to
be accurate to the second decimal place, as in Section 2.

In Fig. 11, we compare estimates of three disease metrics: the pro-
portion of infected nodes, number of secondary infections, and time-to-
infection, from RW and MHRW samples relative to the estimates from
the underlying Science Gallery network. We consider a fixed recovery
rate y = 1 and vary the transmission rate . Panel 1 (Fig. 11(a)-(c))
shows the results for samples with duplicate nodes, while Panel 2
(Fig. 11(d)—(f)) shows those without duplicates. The closer the disease
metric estimates are to the solid horizontal black line, the better the
agreement with the underlying Science Gallery network.

For the proportion of infected nodes, the estimates from both sam-
pling algorithms are close to each other and align with the underlying
Science Gallery network estimates for § > 0.2, in both panels (with and
without duplicate nodes). For g < 0.2, both sampling algorithms signif-
icantly overestimate the proportion of infected nodes.

The RW overestimates the number of secondary infections by 40 % in
both cases with and without duplicate nodes, when g > 0.2. In contrast,
MHRW estimates are closer to the underlying Science Gallery network,
with 10 % underestimation when duplicates are retained and 10 % over-
estimation when duplicates are removed. These findings are the same
as those of the Haslemere network (Section 4.2) and the NB networks
(Section 3.2.2).

For time-to-infection, the RW underestimates by 10% for g > 0.2 in
both panels (with and without duplicate nodes). In comparison, the
MHRW overestimates by 5% for > 0.2 when duplicates are retained
and aligns well with the Science Gallery network when duplicates are
removed. Again, we observe a similarity with the results of the Hasle-
mere network (Section 4.2).

These findings demonstrate that for the Science Gallery network,
MHRW can reduce size bias in the number of secondary infections and
time-to-infection and provides estimates comparable to RW for the pro-
portion of infected nodes. Overall, if the network is similar to the Science
Gallery and the disease is severe, such as Smallpox, # = 0.9 (Gani and
Leach, 2001), it is advised to use RW sampling to get conservative es-
timates and reduce the mortality rate. Whereas for less severe diseases,
such as Seasonal influenza, f = 0.3 (Guerra et al., 2017), MHRW is a bet-
ter sampling algorithm for optimising resource allocation with precise
disease spread metric estimations.

5. Conclusions and further directions

In this study, we evaluated the performance of the Metropolis-
Hastings Random Walk (MHRW) relative to the Random Walk (RW)
sampling algorithm in reducing size bias, the over-representation of
highly connected individuals, when estimating disease spread met-
rics across four network types: Erdos-Rényi (ER), Small-world (SW),
Negative-binomial (NB), and Scale-free (SF). These networks were se-
lected to reflect increasing structural complexity, from the degree homo-
geneity and low clustering of ER networks to the clustering introduced
by SW networks, and the degree heterogeneity of NB and SF networks.
Together, they capture essential features of real-world contact networks.

For example, sexual contact networks have been shown to resemble
ER networks (Holme, 2013), COVID-19 transmission network in Hous-
ton, Texas aligns more closely with SF networks (Fujimoto et al., 2023),
rabies spread among Serengeti lions has parallels with SW networks
(Craft et al., 2011), and human social networks are often best repre-
sented by NB networks with strong community structures (Newman,
2006).

We employed a stochastic Susceptible-Infected-Recovered (SIR)
model to simulate disease transmission on networks. We assessed
whether the MHRW algorithm can reduce size bias that skews disease
metric estimates when using the RW sampling algorithm. Our evalua-
tion centred on three key disease spread metrics: proportion of infected
nodes, number of secondary infections, and time-to-infection. We fur-
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ther examined the role of duplicate nodes on bias in the estimates of the
disease spread metrics.

Our analyses (Sections 3.2, 3.3) demonstrate that the MHRW algo-
rithm provides more precise estimates of three disease metrics than the
RW algorithm for networks with moderate clustering and heterogene-
ity (ER, SW, and NB). Increasing network size and connectivity (aver-
age degree) consistently reduced size bias for both sampling algorithms.
However, RW estimates are strongly penalised by increased degree het-
erogeneity, whereas MHRW estimates remain robust. On the other hand,
an increase in clustering led to a small increase in size bias for RW sam-
ples, whereas MHRW estimates remain stable and robust again. MHRW
estimates aligned more closely with the underlying network except in
two extreme cases: highly clustered lattice networks and highly hetero-
geneous SF networks, where both algorithms failed to provide represen-
tative samples.

Our findings suggest that RW is suitable for rapid, early assessments
in severe, fast-spreading epidemics for networks similar to the ER and
SW. In comparison, MHRW is better suited for slower, lower-severity
epidemics where precision in estimates is more critical, for moderately
clustered and heterogeneous networks (such as ER, SW, and NB net-
works). For networks with extreme clustering or heterogeneity, alterna-
tive sampling strategies may be necessary, such as hybrid approaches or
algorithms like SLSR (Jiao, 2024). Overall, MHRW expands the range of
network structures where size bias can be effectively reduced, enhanc-
ing the accuracy of epidemic modelling on complex networks.

Our analysis also revealed that disease parameters significantly im-
pact the bias in estimates of the disease spread metrics. As recovery
rate (y) increases, the difference between RW and MHRW estimates of
the proportion of infected nodes (Appendix E.1) decreases. Moreover,
above a transmission rate () threshold, MHRW estimates align almost
perfectly with the underlying network (Appendix D.4), whereas RW es-
timates remain biased.

In our analysis of real-world networks (Section 4), we observed
patterns consistent with the theoretical network results. For the cattle
movement network, which combines ER, SW, and NB network features,
MHRW produced estimates that more accurately reflected the underly-
ing network, particularly when duplicate nodes were retained. By con-
trast, RW sampling introduced a substantial size bias, leading to an over-
estimation of the proportion of infected nodes, a significant overestima-
tion of the number of secondary infections, and an underestimation of
the time-to-infection. These results highlight RW’s tendency toward con-
servative estimates, valuable for rapid responses in highly contagious
outbreaks, such as foot-and-mouth disease. In contrast, the more precise
estimates from MHRW are better suited for resource-optimised interven-
tions in slower-spreading epidemics, such as Bovine Viral Diarrhoea.

The analysis of real human contact networks further supports our
findings. In the Haslemere residents’ network, which resembles an SW
network, MHRW consistently reduced size bias across all three disease
spread metrics. In the Science Gallery visitors’ network, which combines
SW and NB network properties, MHRW reduced the size bias for all three
disease spread metrics. Overall, the analysis of real-world networks con-
firms that while RW has limited utility for severe diseases on homoge-
neously connected networks such as ER and SW, MHRW offers more
precise estimates for a wide range of contact networks, including ER,
SW, and NB networks.

In this study, we demonstrated the effectiveness of the MHRW al-
gorithm over the RW algorithm in reducing size bias when estimating
disease metrics for four key network types. However, it is essential to
note that MHRW, despite its advantages in reducing size bias, has lim-
itations in networks with high-degree variance, such as SF networks as
well as in highly clustered networks, like lattice networks. Additionally,
MHRW relies on the assumption that node degrees are known or ac-
cessible during sampling, which may not always be feasible in dynamic
networks. While retaining duplicate nodes improves the accuracy of the
MHRW estimates, it increases computational costs and may reduce the
scalability of the method in larger and more complex networks.
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The use of the Gillespie algorithm for simulating stochastic SIR dis-
ease dynamics introduces certain constraints. It can become computa-
tionally expensive for larger networks, limiting the ability to perform
large-scale simulations. Additionally, the choice of parameter values for
transmission and recovery rates may not fully capture the diversity of
epidemic dynamics in different settings. Although we selected param-
eters that reflect realistic disease scenarios, the variability in disease
dynamics across various populations and network structures may affect
the generalizability of our results.

Despite these limitations, our findings provide valuable insights into
the behaviour of the RW and MHRW sampling algorithms and suggest
areas for further work. To further understand the subtle differences be-
tween the RW and MHRW sampling algorithms with respect to network
structure, it would be valuable to explore the impact of selecting a spe-
cific starting node for sampling rather than a random node, particularly
for SF networks. Furthermore, as observed in Fig. E.1, the difference in
disease estimates between the RW and MHRW samples decreases with
the recovery rate. It would be interesting to determine the value of the
recovery rate at which this change begins, as it could guide the choice
of sampling algorithm.
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Appendix A. Background
A.1. Networks

We consider contact networks (Bansal et al., 2010; Craft, 2015). A
contact network is defined by G = {V, E}, where V is a set of node labels
representing the individuals who can carry and transmit the disease,
and E is a set of edges that define whether there have been interactions
between the individuals. Let N be the number of nodes in G, also known
as the network size. Let k, denote the degree of a node v € V, which is
defined as the number of edges (connections) of node v. Based on the
network structure, we can define and calculate (at least numerically) p,,
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the probability that a node is of degree k, as well as the average degree
of the network (k) (Newman, 2018). We will randomly generate our
network structures based on these degree distributions. Namely, several
nodes will be fixed, and the connections will be chosen to satisfy a given
degree distribution.

A.1.1. Network structures

Real-world networks, such as the cattle movement network from the
BCMS, and human contact networks of Haslemere town and the Science
Gallery, which we analyse in Section 4, rarely align perfectly with one
of the theoretical network structures like ER, SW, NB, or SF networks.
Instead, they often have a mixture of features from these networks, such
as clustering and heterogeneous connectivity. To better understand the
implications of these structural characteristics on disease spread, we first
describe these four theoretical networks individually (Newman, 2018).
This approach helps us to determine how specific network features in-
fluence disease metrics, offering a baseline for understanding the more
complex structure of the cattle movement network and human contact
networks.

1. Erdos-Rényi (ER) networks are generated by considering every
pair of nodes and connecting them with an edge with probability
p, independently of other edges in the network (Erdos et al., 1960).
Fig. A.1(a) shows an example of an ER network. ER networks follow
binomial degree distribution (Newman et al., 2001), with network
size N and edge creation probability p = (k)/(N — 1) (Fig. A.2(a)),
that is, given by

P = <JZ>17"(1 -pNk.

2. Small-world (SW) networks are characterised by high clustering
and a small average shortest path distance between nodes (see
Fig. A.1(b)), and they follow a skewed Gaussian degree distribution
(Fig. A.2(b)). Two common methods for generating SW networks are:
1) the Watts-Strogatz (WS) model (Watts and Strogatz, 1998), and
2) the Newman-Watts-Strogatz (NWS) model (Newman and Watts,
1999). Both methods begin with a regular lattice network with av-
erage degree (k). In the NWS method, edges are added with proba-
bility p; in the WS method, edges are rewired with probability p. For
p =0, the network is a regular lattice, and for p = 1, the network is
an ER network. For 0 < p < 1, a range of small-world networks with
varying characteristics can be generated, and the value of p can be
selected based on the case. The example of an SW network shown in
Fig. A.1(b) is generated using the WS method.

3. Negative-binomial (NB) networks (see Fig. A.1(c)) follow a
negative-binomial degree distribution, characterised by a heavy tail
in the distribution, i.e., the presence of nodes with a relatively higher
number of connections than other nodes. The formula for degree
variance is

(A1)

2
0% = (k) + @ (A.2)

where r is the dispersion parameter. Degree variance increases with
a decrease in r value, leading to heterogeneous connectivity and de-
creases with an increase in r value, leading to random connectivity
similar to the ER networks. The degree distribution for NB networks
is given by,

k+r—1 .
pk=< ; >(1—p)",

where p is success probability defined as p = r/((k) + r).

4. Scale-free (SF) networks (see Fig. A.1(d)) follow a power-law de-
gree distribution (Fig. A.2(d)), indicating the presence of nodes with
very high degree values, known as “hubs,” which lie in the tail of
the distribution (Barabési and Bonabeau, 2003). These hubs form the
core of SF networks and play a critical role in maintaining network
connectivity. Removing a hub can cause significant disconnection in

(A.3)
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(a) Erd6s-Rényi network (b) Small-world network

(c) Neg-Binomial network (d) Scale-free network

Fig. A.1. Illustration of four network structures, generated using the NetworkX library (Hagberg et al., 2008), with N = 50 nodes and average degree (k) = 5: a) ER
network, b) SW network with p = 0.5, ¢) NB network with r = 1, and d) SF network with a = 3.
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Fig. A.2. Degree distribution (histogram) and fitted theoretical degree distributions (black line plots): a) the binomial distribution given by Eq. (A.1) with N =50
and p = 0.1 for ER networks, b) a fitted Gaussian distribution with mean 4 and standard deviation 1.2, applied to the degree values from generated SW networks, c)
the negative binomial distribution given by Eq. (A.3) with r = 1.3, and p = 0.24 for NB networks and d) the power-law distribution given by Eq. (A.4) with a« = 3 for
SF networks. Degree distributions are estimated using 100 simulated networks of each type with parameters N = 50, (k) =5 for the ER network, p = 0.5 for the SW
network, r = 1 for the NB network and « = 3 for the SF network, generated using the NetworkX library (Hagberg et al., 2008).

the network, as a disproportionate number of paths traverse through
these hubs. An example of an SF network is shown in Fig. A.1(d).
Typically, SF networks are generated using the preferential attach-
ment process described in Barabasi and Albert (1999), wherein a new
node preferentially connects to well-connected nodes. The probabil-
ity of creating an edge to a node is proportional to its degree. The
power-law degree distribution is expressed as:

P« k%, (A9

where « is the distribution parameter. The variance of a power-law
distribution is given by

_ (a—1)
o= —(a a2 (A.5)

A.2. Sampling algorithms

We compare the RW and the MHRW algorithms for sampling the ER,
SW, and SF networks, as described in Appendix A.1.1. Below, we first
describe the algorithms:

1. The RW algorithm is a classic traversal-based sampling method (G6-
bel and Jagers, 1974). Sampling starts with selecting an initial node
at random from the network. The next node is chosen uniformly from
the neighbours of the initial node. These two steps are repeated un-
til the desired sample size is achieved. The probability of choosing a

neighbour w of node v is denoted by PR, which is given by

1 . . .
— if w is neighbour of v,
' 0 otherwise,

where k, is the degree of node v.

. The MHRW algorithm is also a TBS method (Hu and Lau, 2013).
Sampling starts by randomly selecting a node from the network. The
next node is selected from the neighbours of the initial node using
the proposal-acceptance mechanism (Spencer, 2021) based on the

14

degree of the two nodes. Suppose that the last sampled node is v and
the proposed next node is w, the probability of accepting w is

1

- min (1, :—”) if w is neighbour of v,

Mu _ )" MH e

i) =1 = 2y L if w=v, (A7)
0 otherwise.

Since the RW and MHRW are Markov chain-based algorithms and share
the “memoryless” property, some nodes may be revisited during the
sampling process, leading to duplicates. The duplicates introduced by
revisiting nodes reveal key structural features of the network. For ex-
ample, they highlight community clustering, as random walks tend to
revisit nodes within tightly connected groups (Rosvall and Bergstrom,
2008). Duplicates also emphasise high-degree nodes required for immu-
nisation and intervention strategies (Maiya and Berger-Wolf, 2011). In
biological and knowledge graphs, duplicates preserve important clus-
ters and reflect the intensity of interactions, such as gene or drug-target
relationships (Dempsey et al., 2012; Zhang et al., 2021).

A.3. Stochastic SIR model

In Appendix A.1, we introduced the structure and properties of the
networks; we now demonstrate how to apply a stochastic SIR model on
three networks (ER, SW, and SF) to compare disease metric estimates
derived from samples obtained using the RW and MHRW algorithms.

Consider a population of size N, which is categorised into three com-
partments according to the infection status of the individuals during
an epidemic. The three compartments are Susceptible (S), Infected (1),
and Recovered (R). Let X (r) = (S(1), 1(¢), R(r)) be the state vector where
S(1), I(t), R(t) are the number of individuals in state S, I, R respectively
at time ¢. The number of individuals in each compartment of the SIR
model changes due to two events: 1) a transmission event and 2) a re-
covery event, which can be written, respectively, as follows,

S+1->[p/N]2I,
I->[yIR,

(A.8)
(A.9)
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where /N is the transmission rate per infected individual per unit of
time, and y is the recovery rate per infected individual per unit of time.

The result of these two reactions/events is either the respective in-
crease or decrease in the number of individuals in states {.S, I, R}, which
is translated as the change in the state vector X. Let v; = (vg, v;, vg) be
the state-change vector, where i = 1 denotes reaction (A.8) and i =2
denotes reaction (A.9). The state change vector for reactions (A.8) and
(A.9) are v; = (-1,1,0), and v, = (0, -1, 1), respectively.

A.4. Python libraries and functions

Network structures: We use the NetworkX Python library
(Hagberg et al, 2008) to generate the ER, SW, NB, and SF
networks, described in Appendix A.1.1. ER networks are gener-
ated using the gnp_random_graph function, SW networks with the
watts_strogatz_graph function, and NB networks and SF networks
with the configuration_model function, where the input is a sequence
of degree values drawn from a negative-binomial distribution (using the
nbinom.rvs ) and power-law distribution (using the random.zipf func-
tion respectively from the NumPy library (Harris et al., 2020)).

SIR model simulation: We use the EoN Python library (Miller and
Ting, 2020) to implement the Gillespie algorithm (Gillespie, 2007) for
simulating a stochastic SIR model (A.3) on a network.

A.5. Mann-Whitney U test hypothesis statements

Hypothesis 1. Null Hypothesis (Hy):

e There is no difference between the probability distribution of the
proportion of infected nodes in RW samples and the UN or MHRW
samples and the UN.

o The proportion of infected nodes in the UN is greater than or equal
to that in the RW or MHRW samples.

Alternative Hypothesis (H,):
The proportion of infected nodes in the UN is less than that in the RW
or MHRW samples.

Hypothesis 2. Null Hypothesis (H,):

e There is no difference between the distribution of the proportion of
infected nodes in RW samples and the UN or MHRW samples and
the UN

¢ The proportion of infected nodes in the UN is less than or equal to
that in RW or MHRW samples.

Alternative Hypothesis (H,):
The proportion of infected nodes in the UN is greater than that in the
RW or MHRW samples.

Hypothesis 3. Null Hypothesis (H,):

e There is no difference between the probability distribution of the
number of secondary infections in RW samples and the UN or MHRW
samples and the UN

¢ Number of secondary infections in the UN is greater than or equal to
those in RW or MHRW samples.

Alternative Hypothesis (H,):
The number of secondary infections in the UN is less than that in the
RW or MHRW samples.

Hypothesis 4. Null Hypothesis (H,):

e There is no difference between the distribution of the number of
secondary infections in RW samples and the UN or MHRW samples
and the UN

¢ Number of secondary infections in the UN is less than or equal to
those in RW or MHRW samples.
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Alternative Hypothesis (H,):
The number of secondary infections in the UN is greater than that in the
RW or MHRW samples.

Hypothesis 5. Null Hypothesis (Hy):

e There is no difference between the probability distribution of time-
to-infection in RW samples and the UN or MHRW samples and the
UN

e Time-to-infection for the UN is greater than or equal to that in RW
or MHRW samples.

Alternative Hypothesis (H,):
Time-to-infection in the UN tends to be less than that in RW or MHRW
samples.

Hypothesis 6. Null Hypothesis (Hy):

e There is no difference between the distribution of time-to-infection
in RW samples and the UN or MHRW samples and the UN

e Time-to-infection in the UN is less than or equal to that in RW or
MHRW samples.

Alternative Hypothesis (H,):
Time-to-infection in the UN tends to be greater than that in RW or
MHRW samples.

Appendix B. Pseudocode for sampling algorithms

We provide the logic of the code for extracting samples using the
Random Walk (RW) (Algorithm 1) and Metropolis-Hastings Random
Walk (MHRW) (Algorithm 2) algorithms; refer to Appendix A.2 for the
mathematical formulation of the algorithms. For both algorithms, to ob-
tain a sample from a graph, we provide three inputs: i) a graph object,
which contains the index or label of nodes and the list of connections be-
tween nodes; ii) the number of samples, and iii) the sample size, which
is the number of nodes required in a sample.

Algorithm 1 Random walk (RW) sampling.

1: Input: Graph G; Number of samples W; Sample size S
N < Number of nodes in G
: E <« Edgesin G
: Initialize transition matrix 7'« 0NV*N
: for each edge (i, j) in E do
if i # j then

Tli, j] < 1/degree of nodel[i]

T[j,i] < 1/degree of node[,]
end if
: end for
: T_non_zero < matrix of non-zero indices in T
: Initialize sample matrix sample_array < 0W*S
: sample_array[:,0] « random sample of W nodes from G as seed
nodes
foritr=0to S —1do

for each node i in sample_array|:,itr] do

next_node «— randomly select a neighbour of node i from
T _non_zeroli]
sample_arrayli,itr + 1] « next_node

end for

end for

© ® NI AW

_ e e
w N = O

14:
15:
16:

17:
18:
19:

Appendix C. Statistical test results
C.1. Kolmogorov-Smirnov test

We discuss the normality test results on the data for two disease met-
rics: proportion of infected nodes and number of secondary infections.
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Algorithm 2 Metropolis-Hastings random walk (MHRW) sampling.

1: Input: Graph G; Number of samples W'; Sample size S

2: N < Number of nodes in G

: E < Edgesin G

: Initialize T « ON*N

: for each edge (i,j) € E do

if i # j then
T[i, j] < min (1

N o U s w

degree of nodeli] )

* degree of node[ ;]
degree of nodel[,]

’ degree of nodeli] )

<4

TLj,i] < min (1
9: end if
10: end for
11: random_probs « matrix of size W x S with random numbers from 0
to 1
Initialize sample matrix sample_array « 0W*S
sample_array[:,0] < random sample of W nodes from G as seed
nodes
foritr=0to S —1do
for each node i € sample_array[:,itr] do

choices[i] < list of neighbours of node i where T[i,:] >
random_probs|i, itr]

if choices[i] not empty then

next_node < randomly select a node from choicesl[i]
else

12:
13:

14:
15:
16:

next_node < sample_arrayli, itr]
end if
sample_arrayli, itr + 1] « next_node
end for
: end for

We perform the normality test with the hypotheses stated in Section 2.1
on the data of disease metrics from the UN, the RW samples, and the
MHRW samples. First, we assess whether the data follow a Normal dis-
tribution, as it influences the choice of statistical tests for comparing
the disease metrics among the RW, MHRW, and UN data. If the data
is normally distributed, parametric tests will be used; otherwise, non-
parametric tests will be used.

We use the one-sample Kolmogorov-Smirnov (KS) test with a signif-
icance level of @ = 0.05 to assess the normality hypothesis. The KS test
statistic measures the largest absolute difference between the cumula-
tive distribution of the data (UN, RW, MHRW) and the normal distribu-
tion, which ranges from 0 to 1. A larger KS statistic indicates a greater
deviation from the normal distribution. A KS statistics value closer to
1 with a p-value < 0.05 suggests that the data distribution significantly
differs from the normal distribution. A value closer to 0 with a p-value
> 0.05 implies that the data is significantly similar to a Normal distri-
bution. Below are the results for the two disease metrics across three
networks (ER, SW, and SF) for the data from the UN, RW, and MHRW
samples.

1. Proportion Infected Nodes: For all three networks, the KS statis-
tic (Table C.1) values are approximately 0.5, with p-values < 0.05,
evidence to reject the null hypothesis (data follows a Normal distri-
bution) for the UN, RW and MHRW data. The KS statistic is suffi-
ciently large, leading us to conclude that the data distributions for
the proportion of infected nodes significantly deviate from a Normal
distribution.

2. Secondary Infections: For all three networks, the KS statistic (Ta-
ble C.2) values are approximately 0.5, with p-values < 0.05, evidence
to reject the null hypothesis (data follows a Normal distribution)
for the UN, RW and MHRW data. The KS statistic is sufficiently
large, leading us to conclude that the data distributions for the
number of secondary infections significantly deviate from a Normal
distribution.
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Table C.1
One-sample KS test statistics for the pro-
portion of infected nodes.

Network ~ UN RW MHRW

ER 0.504 0.501 0.501

SW 0.504  0.501  0.501

NB 0.505 0.504 0.500

SF 0.504 0.502 0.507
Table C.2

One-sample KS test statistics for the
number of secondary infections.

Network UN RW MHRW

ER 0.578 0.599  0.582

SW 0.509  0.500 0.500

NB 0.650  0.751 0.602

SF 0.509 0.500 0.500
Table C.3

One-sample KS test statistics for the
time-to-infection.

Network UN RW MHRW
ER 0.729 0.721 0.726
SW 0.659 0.663 0.662
NB 0.675 0.620 0.661
SF 0.500 0.500 0.500

3. Time to Infections: The KS statistic (Table C.3) values are approx-
imately 0.7 for ER, 0.6 for SW, and 0.5 for SF, with p-values < 0.05,
evidence to reject the null hypothesis (data follows a Normal distri-
bution) for the UN, RW and MHRW data. The KS statistic is suffi-
ciently large, leading us to conclude that the data distributions for
the number of secondary infections significantly deviate from a Nor-
mal distribution.

Since data do not follow a Normal distribution across networks, a
non-parametric statistical test is required for all three disease metrics
to compare the RW and MHRW samples with the UN. We are using the
Man-Whitney U-test in this work; results for the same are discussed in
Section 3.

Appendix D. Sensitivity analysis - network parameters

We investigate the performance of two sampling algorithms, namely
RW and MHRW, in estimating three key disease metrics: the propor-
tion of infected nodes, the average number of secondary infections, and
the time-to-infection. This comparison is conducted across four network
types: ER, SW, NB, and SF. The study utilises a method outlined in Sec-
tion 2, where we systematically vary the transmission rate parameter (
p) from 0 to 1, alongside other network parameters (as detailed in Ta-
ble D.1). The systematic variation of parameters allows us to assess how
well each sampling algorithm captures the dynamics of infectious dis-
ease spread across different network structures, providing insights into
their relative accuracy and reliability under varying conditions.

Here, we show the results for all combinations of N and k for the
ER networks. For SW networks, a combination of N and p is shown for
k =4 only, as for k € {6,8,10}, the results are qualitatively the same as
k = 4. For NB networks, results are shown for a combination of N and r
for k =4 and k = 10, because for k > 4, results are qualitatively similar
to k = 10. For SF networks, results for all combinations of N and « are
shown. Please use the code provided on GitHub for obtaining the results
not shown here.
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List of parameters for sensitivity analysis of four (ER, SW, NB, SF) networks, generated using the NetworkX library (Hagberg et al., 2008).

Network type ER network
Network parameter

SW network

NB network SF network

Number of nodes (N) {500, 1000, 5000, 10000}

{500, 1000, 5000, 10000}

{500, 1000, 5000, 10000} {500, 1000, 5000, 10000}

Average degree (k) {2,4,6,8,10} {2,4,6,8,10} {2,4,6,8,10} -
Edge creation Probability (p) - {0,0.25,0.5,0.75,1.0} - -
Dispersion parameter (r) - - {0.5,1,2,5,10} -
Power-law exponent («) - - - {2,2.5,3,3.5,4}
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Fig. D.1. Average ratio of proportion infected nodes for ER networks using RW and MHRW sampling algorithms (with duplicates) relative to UN. Analysis considers
varying average degree values (k), network sizes (N), and transmission rates (4) from 0 to 1. UN estimates are based on SIR model simulations for 1000 ER networks
(parameters in Table D.1), generated with the NetworkX library (Hagberg et al., 2008). Sample estimates are derived from 100 samples, each representing 5% of N,

across 1000 networks using RW and MHRW.

D.1. The effect of network size and average degree

Increasing the network size (N) or the average degree (k) consis-
tently reduces bias in both sampling algorithms across all four network
types. In benchmark ER networks, the bias in RW samples decreases by
over 50 %, and in MHRW samples by over 25 % as k increases, specifically
for N = 500 in estimating the proportion of infected nodes (Fig. D.1) and
time-to-infection (Fig. D.3). Further, because the bias in the estimates
from both sampling algorithms decreases, the percentage reduction in
bias also diminishes. For the number of secondary infections (Fig. D.2),
MHRW shows an overestimation bias of 1 % to 2 % across N and k values,
while RW exhibits a wider range of bias, from 6 % to 19 %. The disease
metric, number of secondary infections, is more strongly correlated with
the node degree than the other two disease metrics. Consequently, we
observe significantly higher bias in the RW estimates than in the MHRW
estimates across different values of N and k.

D.2. The effect of clustering

As we increase clustering by decreasing the edge rewiring proba-
bility p, transitioning from ER to SW networks, we observe that for
0.25 < p < 1, the bias difference between both sampling algorithms is
minimal (4 — 5 %) compared to ER networks (> 5 %) for the proportion
of infected nodes (Fig. D.4) and time-to-infection (Fig. D.6). This bias dif-
ference diminishes further as p decreases, as all nodes become similar in
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degree, leading to equivalent sampling probabilities for RW (Eq. (A.6))
and MHRW (Eq. (A.7)) algorithms. Like the ER networks, the bias de-
creases with an increase in N and k. However, in contrast to the ER net-
works, an increase in clustering reduces bias (up to 10 %) for the number
of secondary infections (Fig. D.5) in RW samples, while MHRW main-
tains a bias within the range of 1 — 2 %. The MHRW sampling algorithm
is stable and robust against increased clustering in the network.

In highly clustered networks, specifically lattice networks at p = 0,
we find that the estimates of three disease metrics align for both sam-
pling algorithms, as all nodes share the same degree, resulting in identi-
cal sampling probabilities. However, we observe significantly high bias
values compared to p > 0.25: over 100 % bias for the proportion of in-
fected nodes (Fig. D.4), and 10 — 12 % bias for time-to-infection (Fig. D.6)
and the number of secondary infections (Fig. D.5) when N = 10000 and
k = 10. This high bias, even at the maximum values of N and k consid-
ered in this study, is attributed to the oversampling of specific regions
within the network, limiting the exploration of the entire network due
to high clustering and a lack of long-range connections in lattice net-
works. Unlike the scenario for p > 0.25, at p =0, increasing N results
in higher bias at all k values. Both sampling algorithms exhibit slower
mixing, leading to a larger unsampled portion of the network, which
increases as N increases.

These findings show that RW and MHRW sampling algorithms do
not perform well for highly clustered and structured networks, such as
lattice networks. However, the MHRW algorithm effectively reduces size
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Fig. D.3. Average ratio of time-to-infection for ER networks using RW and MHRW sampling algorithms (with duplicates) relative to UN. Analysis considers varying
average degree values (k), network sizes (IN), and transmission rates (f) from 0 to 1. UN estimates are based on SIR model simulations for 1000 ER networks
(parameters in Table D.1), generated with the NetworkX library (Hagberg et al., 2008). Sample estimates are derived from 100 samples, each representing 5% of N,
across 1000 networks using RW and MHRW.
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Fig. D.5. Average ratio of number of secondary infections for SW networks using RW and MHRW sampling algorithms (with duplicates) relative to UN, for k =4,
varying edge rewiring probability (p) from O to 1, network sizes (), and transmission rates () from 0 to 1. UN estimates are based on SIR model simulations for
1000 SW networks (parameters in Table D.1), generated with the NetworkX library (Hagberg et al., 2008). Sample estimates are derived from 100 samples, each

representing 5 % of N, across 1000 networks using RW and MHRW.

bias in moderately clustered networks, where the RW algorithm tends
to provide biased estimates of disease metrics.

D.3. The effect of degree heterogeneity

Next, we transition from ER networks to NB networks by increasing
the variance of the degree distribution. Similar to ER and SW networks

19

(where p > 0.25), the bias in estimates from both sampling algorithms
decreases as the values of N (number of nodes) and k (average degree)
increase. However, as we increase degree heterogeneity by reducing the
dispersion parameter () from 10 to 0.5 in NB networks, resulting in a
sixfold increase in degree variance (Eq. (A.2)), we observe a significant
amplification of bias in RW sample estimates across the three disease
metrics. In contrast, MHRW estimates remain stable and closer to the
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Fig. D.6. Average ratio of time-to-infection for SW networks using RW and MHRW sampling algorithms (with duplicates) relative to UN, for k = 4, varying edge
rewiring probability (p) from O to 1, network sizes (N), and transmission rates (#) from 0 to 1. UN estimates are based on SIR model simulations for 1000 SW networks
(parameters in Table D.1), generated with the NetworkX library (Hagberg et al., 2008). Sample estimates are derived from 100 samples, each representing 5% of N,

across 1000 networks using RW and MHRW.
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dispersion parameters (r), network sizes (N), and transmission rates (f) from 0 to 1. UN estimates are based on SIR model simulations for 1000 NB networks
(parameters in Table D.1), generated with the NetworkX library (Hagberg et al., 2008). Sample estimates are derived from 100 samples, each representing 5% of N,

across 1000 networks using RW and MHRW.

underlying network (UN) (see Figs. D.7, D.8, D.12). For instance, at N =
10000 and k = 4 (Fig. D.7), the bias in the proportion of infected nodes
increases from 15 % to 34 % for RW, compared to an increase from 3 %
to 6 % for MHRW.

Additionally, the effect of size bias in RW estimates is particularly
pronounced for the number of secondary infections in NB networks, due

20

to its strong correlation with node degree. For example, at N = 10000
and k = 4 (Fig. D.8), RW estimates show a bias of 200 % at r = 0.5, while
MHRW shows only a 6 % bias.

Regarding time-to-infection (Fig. D.12), we find that for larger values
of N and k at all r values, estimates from both algorithms converge
towards the UN estimates for NB networks. However, RW tends to have
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across 1000 networks using RW and MHRW.
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Fig. D.9. Average ratio of time-to-infection for NB networks using RW and MHRW sampling algorithms (with duplicates) relative to UN, for k = 10, varying dispersion
parameters (r), network sizes (), and transmission rates () from 0 to 1. UN estimates are based on SIR model simulations for 1000 NB networks (parameters in
Table D.1), generated with the NetworkX library (Hagberg et al., 2008). Sample estimates are derived from 100 samples, each representing 5% of N, across 1000
networks using RW and MHRW.

a higher bias. For instance, at N = 10000, £ = 10, and r = 10 (Fig. D.9), ically for Scale-free (SF) networks, which follow a power-law de-

the bias in RW estimates is 1 %, while MHRW estimates align perfectly gree distribution. We will vary the power-law exponent (a) from 2
with the UN. These observations demonstrate that MHRW significantly to 4 to investigate a region of extreme heterogeneity; a decrease
reduces size bias for heterogeneous networks. in (a) increases the degree of heterogeneity. Importantly, the vari-

We evaluate the capability of the MHRW algorithm to reduce ance of the power-law distribution (Eq. (A.5)) is infinite for (a < 3)
size bias by examining degree heterogeneity in extreme cases, specif- and finite for (a > 3), indicating that we are dealing with sparse and
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Fig. D.11. Average ratio of number of secondary infections for NB networks using RW and MHRW sampling algorithms (with duplicates) relative to UN, for k = 10,
varying dispersion parameters (r), network sizes (N), and transmission rates (#) from 0 to 1. UN estimates are based on SIR model simulations for 1000 NB networks
(parameters in Table D.1), generated with the NetworkX library (Hagberg et al., 2008). Sample estimates are derived from 100 samples, each representing 5% of N,

across 1000 networks using RW and MHRW.

highly hub-dominated networks compared to NB networks (Figs. D.10,
D.11).

In contrast to NB networks, bias is significantly higher for SF net-
works across both sampling algorithms (Figs. D.13-D.15). Additionally,
the pattern of decreasing bias values with increasing N observed in NB
networks is absent in SF networks; instead, it is highly dependent on «
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and the specific disease metric. It is also noteworthy that MHRW does
not consistently reduce size bias across all parameter values (N and «)
for the three disease metrics. Overall, there is considerable variability
in estimates for both sampling algorithms, attributed to the complex
network structure, which comprises peripheral and core nodes, having
degrees ranging from 1 to 1000 (depending on the value of N).
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Fig. D.12. Average ratio of time-to-infection for NB networks using RW and MHRW sampling algorithms (with duplicates) relative to UN, for k = 4, varying dispersion
parameters (r), network sizes (N), and transmission rates (f) from 0 to 1. UN estimates are based on SIR model simulations for 1000 NB networks (parameters in
Table D.1), generated with the NetworkX library (Hagberg et al., 2008). Sample estimates are derived from 100 samples, each representing 5% of N, across 1000
networks using RW and MHRW.
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Fig. D.13. Average ratio of proportion infected nodes for SF networks using RW and MHRW sampling algorithms (with duplicates) relative to UN, for varying power-
law exponent (a), network sizes (N), and transmission rates (§) from 0 to 1. UN estimates are based on SIR model simulations for 1000 SF networks (parameters in
Table D.1), generated with the NetworkX library (Hagberg et al., 2008). Sample estimates are derived from 100 samples, each representing 5% of N, across 1000
networks using RW and MHRW.

For time-to-infection (Fig. D.15), the bias decreases with increasing decreases with increasing N at all « values for both sampling algorithms.
N when a < 3 for both RW and MHRW algorithms, but increases with For the number of secondary infections (Fig. D.14), bias increases with
N for a > 3. At extreme heterogeneity (¢« =2 and N = 10000), see bot- N across all « values for both algorithms. For instance, at « = 3 (third

tom left plot in Fig. D.15, RW underestimates time-to-infection by 54 %, column from left in Fig. D.14), with an increase in N from 500 to 10000,
while MHRW overestimates it by 7 %, aligning more closely with the the overestimation bias by the RW algorithm goes from 986 % to 1500 %,
UN. Conversely, for the proportion of infected nodes (Fig. D.13), bias and for MHRW, it goes from 207 % to 290 %.
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Fig. D.15. Average ratio of time-to-infection for SF networks using RW and MHRW sampling algorithms (with duplicates) relative to UN, for varying power-law
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Table D.1), generated with the NetworkX library (Hagberg et al., 2008). Sample estimates are derived from 100 samples, each representing 5% of N, across 1000

networks using RW and MHRW.

These findings indicate the limitation of the MHRW algorithm in re-
ducing size bias for highly heterogeneous networks such as SF networks.
Alternative approaches, such as separate sampling of core and periph-
eral nodes using algorithms like the Sampling for Large-Scale Networks
at Low Sampling Rates (SLSR) (Jiao, 2024), may be required for more
representative sampling.
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D.4. The effect of disease transmission rate

We identified a threshold effect associated with disease transmission
rate # for both sampling algorithms, where the bias in disease metric
estimates varies depending on whether f is below or above a specific
value. When g is below this threshold, both algorithms yield biased es-
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timates across all three disease metrics (the proportion of infected nodes,
average number of secondary infections, and time-to-infection). In con-
trast, when f exceeds this threshold, MHRW estimates align closely with
the UN estimates, while RW estimates continue to exhibit bias. Further-
more, it was observed that this threshold value decreases as the N and
K increase, specifically for ER, SW, and NB networks. Please refer to the
figures in Appendix D for a detailed illustration of these relationships.

Appendix E. Disease metrics

We compare the sampling algorithms (RW and MHRW) based on the
accuracy of disease metric estimates for the ER, SW and SF networks us-
ing the method described in Section 2. Specifically, in Appendix E.1, we
compare the sampling algorithms for three disease metrics: 1) propor-
tion of infected nodes, 2) average number of secondary infections, and
3) time-to-infection for the ER and SW networks, with g values from 0
tolandye{1/7,1/14}.

Journal of Theoretical Biology 618 (2026) 112314

E.1. Sensitivity analysis - recovery rate

In Section 3, we discussed the results obtained with a varying trans-
mission rate f and a fixed recovery rate y = 1. Here, we investigate the
impact of varying y and f on the accuracy of disease estimates from sam-
pling algorithms for the ER and SW networks. We compare the disease
metric estimates from both sampling algorithms (RW and MHRW) with
the UN, using three values of the recovery rate (y) 1, 1/7, and 1/14. We
also discuss the results based on two scenarios: with duplicate nodes in
the samples and without duplicate nodes in the samples.

E.1.1. Samples with duplicate nodes

In Fig. E.1, we compare the ratio of the disease metric estimates from
the RW and MHRW samples (with duplicate nodes) relative to the UN
for three disease metrics: i) proportion of infected nodes, ii) number
of secondary infections, and iii) time-to-infection in days. The recovery
rate (y) values are 1,1/7, and 1/14 and transmission rate § increases
from O to 1. The purple line plots with circle markers are for y = 1, the
brown line plots with triangle markers are for y = 1/7, and the green

(1) Proportion of infected nodes.
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Fig. E.1. The average value of the ratio of three disease metrics estimates for ER and SW networks using RW and MHRW sampling algorithms (with duplicate nodes)
relative to the UN; for varying recovery rate y € {1,1/7,1/14} and transmission rate g from 0 to 1. The UN estimates are based on SIR model simulations for 10,000
networks of each type (the parameters are found in Table 1) generated with the NetworkX library (Hagberg et al., 2008). Sample estimates are derived from 100

samples (size 500) for 10,000 networks using RW and MHRW.
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Fig. E.2. The average value of the ratio of three disease metrics estimates for ER and SW networks using RW and MHRW sampling algorithms (without duplicate
nodes) relative to the UN; for varying recovery rate y € {1,1/7,1/14} and transmission rate # from 0 to 1. The UN estimates are based on SIR model simulations for
10,000 networks of each type (the parameters are found in Table 1) generated with the NetworkX library (Hagberg et al., 2008). Sample estimates are derived from

100 samples (size 500) for 10,000 networks using RW and MHRW.

line plots with square markers are for y = 1/14. There are two plots for
a network and a disease metric, one for the RW sample estimates and
another for the MHRW sample estimates.

For the ER network, as shown in Fig. E.1(a) and (b), the sample
estimates for the proportion of infected nodes become closer to the UN as
the recovery rate decreases from 1 to 1/14, for both sampling algorithms.
Especially, the MHRW sample estimates are well aligned with the UN
for y = 1/14. For the RW sample estimates, there is a significant drop in
overestimation with the decrease in the recovery rate from 1 to 1/14. We
observe similar behaviour for the SW networks, as shown in Fig. E.1(c)
and (d).

For the ER network, as shown in Fig. E.1(e) and (f), the sample es-
timates for the number of secondary infections deviate far from the UN
as the recovery rate decreases from 1 to 1/14, for both sampling algo-
rithms. The MHRW sample estimates are closer to the UN than the RW
sample estimates, irrespective of the recovery rate values. We observe
similar behaviour for the SW networks, as shown in Fig. E.1(g) and (h).

For the estimates of the time-to-infection in the ER network, as
shown in Fig. E.1(i) and (j), the sample estimates deviate from the UN
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for both sampling algorithms as the recovery rate decreases. The over-
estimation increases for the MHRW samples, and the underestimation
increases for the RW sample estimates. For the SW networks, as shown
in Fig. E.1(k) and (1), underestimation increases for the RW sample es-
timates. At the same time, the MHRW sample estimates align well with
the UN, with a decrease in the recovery rate from 1 to 1/14 for g < 0.4.

E.1.2. Samples without duplicate nodes

In Fig. E.2, we compare the ratio of the disease metric estimates from
the RW and MHRW samples (without duplicate nodes) relative to the UN
for three disease metrics: i) proportion of infected nodes, ii) number of
secondary infections, and iii) time to get infected in days. The recovery
rate (y) values are 1,1/7, and 1/14, and transmission rate f increases
from 0 to 1. The purple line plots with circle markers are for y = 1, the
brown line plots with triangle markers are for y = 1/7, and the green
line plots with square markers are for y = 1/14. There are two plots for
a network and a disease metric, one for the RW sample estimates and
another for the MHRW sample estimates.
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For the ER network, as shown in Fig. E.2(a) and (b), the sample es-
timates for the proportion of infected nodes become closer to the UN
as the recovery rate decreases from 1 to 1/14, for both sampling algo-
rithms. For the RW sample estimates, we observe a significant drop in
overestimation with the decrease in recovery rate from 1 to 1/14. We
observe similar behaviour for the SW networks, as shown in Fig. E.2(c)
and (d).

For the ER network, as shown in Fig. E.2(e) and (f), the sample es-
timates for the number of secondary infections deviate far from the UN
as the recovery rate decreases from 1 to 1/14, for both sampling algo-
rithms. We observe similar behaviour for the SW networks, as shown in
Fig. E.2(g) and (h).

For the estimates of the time-to-infection in the ER network, as
shown in Fig. E.2(i) and (j), we observe that sample estimates devi-
ate from the UN for both sampling algorithms as the recovery rate de-
creases. The underestimation increases for the RW sample estimates, and
the overestimation increases for the MHRW sample estimates. For the
SW networks, as shown in Fig. E.2(k) and (1), underestimation increases
for the RW sample estimates. At the same time, the MHRW sample esti-
mates align well with the UN, showing a decrease in the recovery rate
from 1 to 1/14 for p < 0.4.

Overall, from comparing the sample estimates for three y values (1,
1/7, and 1/14), we observe that the estimates for both sampling algo-
rithms are very similar when y = 1/7 and y = 1/14. However, withy = 1,
the sample estimates show a noticeable deviation. Our findings suggest
that the sample estimates are sensitive to both the recovery rate, the
type of disease metric, and the network type.
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