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CrossMark
Abstract

Gravitational wave detectors such as KAGRA, a 3-km long underground laser
interferometer in Japan, require elaborate passive and active seismic isolation
of their mirrors. With the aim of detecting passing gravitational waves that
create a relative mirror displacement of less than 1072 m at frequencies of
tens to hundreds of Hz, all environmental couplings must be stringently sup-
pressed. This paper presents the result of applying the H-infinity optimization
method to the active seismic isolation of a gravitational-wave detector for the
first time. The so-called sensor correction and sensor fusion schemes of the
seismic attenuation system of KAGRA’s signal recycling mirror are used as a
test bed. We designed and implemented optimal sensor correction and sensor
fusion filters, resulting in a sevenfold attenuation of seismic noise coupling to
the signal recycling mirror in the 0.1-0.5 Hz band, with the downstream effect
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of an 88.2% noise performance improvement in the same frequency band.
When combined with other hardware upgrades, the implementation of sensor
correction and sensor fusion contributed to an increase in KAGRA'’s duty cycle
from 53% in the joint GEO600-KAGRA observing run (O3GK) (7th April
2020 to 21st April 2020) observation run to 80% in the first segment of the
forth observing run (O4a) (KAGRA joined from 24th May 2023 to 21st June
2023), demonstrating the effectiveness of the H-infinity optimization approach.

Keywords: seismic isolation, control systems, gravitational-wave detectors,
gravitational waves, H-infinity, vibration isolation

1. Active seismic isolation in gravitational-wave detectors

Gravitational-wave detectors, such as Advanced LIGO [1], Advanced Virgo [2], and KAGRA
[3], rely on ultra-high-precision laser interferometry to detect gravitational waves. If not suffi-
ciently suppressed, low-frequency seismic disturbances, such as earthquakes and the second-
ary microseism caused by ocean storms, can cause misalignment of the interferometer’s optical
cavities, ultimately resulting in reduced sensitivity to gravitational waves and lock loss [4, 5].
To mitigate these effects, the main optics of the interferometer are isolated from the ground
in a two-stage system: a multi-stage pendulum passively isolates the mirror, while an active
isolated platform serves as the suspension point of for the pendulum [6-8]. A representative
schematic of such a seismic isolation system is shown in figure 1.

Active seismic isolation is provided through the use of feedback and feedforward control
systems, which rely on an array of sensors and actuators. The sensors include relative dis-
placement sensors that measure the differential motion between the isolation table and the
ground; seismometers that measure the ground motion; and inertial sensors which provide a
measurement of the table’s inertial motion. Control filters turn these witnesses into feedback
and feedforward signals which are sent to actuators on the tables, such as coil-magnet devices.

The goal is to provide a table that is as inertial as possible, which equates to a need to create
as a high-fidelity measurement of inertial motion as possible from the collection of sensors,
each of which has its own distinct noise floor, frequency range of greatest sensitivity, and
function. By combining the sensor signals, an inertial ‘super sensor’ can be created. The com-
bination takes two forms: sensor correction and sensor fusion. The sensor correction scheme
combines information from the seismometer and the relative displacement sensors to create a
new displacement signal, effectively free from seismic noise [6]. These sensor-corrected rel-
ative signals are then combined with inertial sensor signals through sensor fusion [6, 9, 10] to
arrive at the inertial super sensor. It is the design of the filters used to create this super sensor
that this paper focuses on.

There are three design freedoms in an active isolation systesm: the feedback controller
K(s), complementary filters H;(s) and H(s), and the sensor correction filter Hy(s). These
control filters are infinite impulse response (IIR) filters that determine the frequency-dependent
performance of the active isolation system. Given that the instruments involved in the control
process are not noiseless, designing these filters requires an optimal trade-off between seismic
noise suppression and sensor noise suppression.

Conventionally, these control filters are designed by manually shaping their frequency
responses, often through an iterative process of placing zeros and poles. This labor-intensive
task can result in inconsistent and suboptimal performance. To address these challenges, an
optimization-based approach is proposed.
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Figure 1. Conceptual illustration of an active isolation system suspending a mirror in a
gravitational-wave detector. The isolation table provides the first stage of seismic isola-
tion and is equipped with relative sensors, inertial sensors, and coil-magnet actuators to
achieve active isolation. Together with a seismometer on the ground, the system imple-
ments three control schemes, sensor correction, sensor fusion, and feedback control, to
minimize seismic disturbances.

The H o (H-infinity) method has proven to be highly effective for optimizing complement-
ary filters in sensor fusion configurations [9—11]. The noise floor of an H-infinity super sensor
approaches the instrumentation limit, exhibiting minimal deviation from the lower noise spec-
trum of the two sensors. In this work, we revisit the optimal sensor fusion method and extend
its application to address the sensor correction and feedback control problems in seismic isol-
ation systems for gravitational wave detection.

During the joint GEO600-KAGRA observing run (O3GK) (7th April 2020 to 21st April
2020), KAGRA did not implement sensor correction or fusion due to the difficulty of manu-
ally designing suitable control filters. As a result, its duty cycle was significantly affected by
secondary microseismic activity [4]. Following O3GK, the adoption of the H-infinity method
enabled the successful implementation of sensor correction and fusion in KAGRA'’s four Type-
A suspensions, which support the test masses, and the four Type-B suspensions, which sup-
port the beamsplitter and signal recycling mirrors. Additional upgrades were also introduced
before the first segment of the forth observing run (O4a) (KAGRA joined from 24th May
2023 to 21st June 2023) [12, 13], including enhanced local damping control, alignment sens-
ing and control via wavefront sensing for selected global degrees of freedom, and Doppler
phase noise cancellation in the auxiliary green laser paths. Together with these improvements,
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Figure 2. Sensor fusion block diagrams. (a) X(s) denotes the inertial motion of the isol-
ation table, N;(s) and N>(s) denote measurement noises, H;(s) and H,(s) denote the
complementary filters, and Ysuper(s) denotes the super sensor readout. (b) w; and w»
denote the normalized exogenous inputs, z denotes the error signal, W;(s) and W,(s)

are the weighting functions, N; (s) and N, (s) are the noise models, P(s) is the general-
ized plant, and K(s) is the controller.

the H-infinity-based sensor correction and fusion, one of the most effective approaches for
mitigating secondary microseism disturbances, contributed to a substantial increase in duty
cycle, from 53% during O3GK [4] to 80% in O4a [12].

The paper is organized as follows: Section 2 reviews the H-infinity optimal sensor fusion
method and extends the application of the H-infinity method to sensor correction and feed-
back control. Section 3 presents the results of the H-infinity sensor correction and sensor fusion
methods to KAGRA’s seismic isolation systems. Section 4 addresses the limitations and poten-
tial future enhancements of the H-infinity method. Finally, section 5 provides the concluding
remarks.

2. H-infinity seismic isolation

2.1. Optimal sensor fusion

Figure 2(a) illustrates the sensor fusion configuration utilizing complementary filters. A com-
mon signal, X(s) is measured by two sensors, each of which introduces sensor noise, N (s)
and N, (s), respectively. The two measurements are processed through complementary filters,
H;(s) and H;(s). These filtered signals are then combined to produce a super sensor readout,
Yuper(s), expressed as:

Ysuper (S) = [Hl (S)+H2 (s)]X(s)+Nsuper (S) y (1)
where the combined sensor noise, Nyyper(s) is given by:
Nouper (8) = Hi (s) N1 (s) + Ha (s) N2 (s) (2)

In a sensor fusion setting, the combined sensor noise is fundamentally limited by
the individual noise spectra, N;(s) and N(s). The corresponding instrumentation limit,
i.e. best achievable noise floor, of the combined sensor noise spectrum is given by
min(|N; (jw)|, |N2(jw)|). An optimal sensor fusion configuration employs complementary fil-
ters designed such that the spectrum |Ngyper (jw)| deviates minimally from this instrumentation

4
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limit. This deviation serves as an effective performance metric and can be utilized as a cost
function for optimization.

The deviation is a frequency-dependent quantity that can be characterized by the H-
infinity norm, which represents the supremum of the deviation across all frequencies. Through
optimization, the deviation is minimized uniformly across the frequency spectrum, becoming
frequency-independent. This indicates that the spectrum of the combined sensor noise closely
follows the instrumentation limit. Such behavior is ideal for applications in gravitational-wave
detectors, where frequency-dependent noise specifications can vary by orders of magnitude
across the spectrum, making the H-infinity method an ideal choice.

To use the H-infinity method, the sensor fusion configuration is expressed in a generalized
plant representation, as illustrated in figure 2(b). In this represenation, the frequency content of
the noise sources N, (s) and N, (s) are modeled by transfer functions N, (s) and N, (s), respect-
ively. The weighting functions W;(s) and W,(s) define frequency-dependent targets for the
filtered noises. Here, H,(s) is replaced by 1 — H| (s), under the assumption H; (s) + Ha(s) = 1,
ensuring no signal distortion as described in equation (1).

The closed-loop transfer matrix of the generalized plant is expressed as

G(s)=[ Hi(s)Ni (s) Wy (s) [L—Hi(s)]N2(s)Wa(s) |- 3)

The H-infinity norm is defined as

166l =supy /A (6 61" @

where \(-) denotes the eigenvalue.

For frequencies where the contribution from first element of the transfer matrix in
equation (3) dominates over the second element, the H-infinity norm can be approximated
as

G (5)llc = sup | (i) N (o) Wi ()| )

If optimization yields an H-infinity norm of value ||G(s)|l ="y, equation (5) can then be
rewritten as

Hy (jo) Ny ()| <y Wi )|~ ©)

This implies that |W;(jw)|~' serves as the upper bound of the filtered sensor noise
H,(s)N;(s). Likewise, a similar inequality can be established at all frequencies for H, (s)Na(s),
leading to v|W(jw)|~! as its upper bound. Since the inequality holds true across all frequen-
cies, the reciprocals of W (s) and W, (s) defines the frequency-dependent specifications for the
filtered noises.

For optimal sensor fusion, the combined sensor noise should deviate minimally from the
instrumentation limit, N (s) or N,(s), whichever is lower. A natural choice for the weighting
functions is then

1

Wi(s) = A N
1

S) = —/—. 8

Wa (s) e ®)

This ensures that the weighting functions emphasize the less noisy sensor at each frequency,
leading to an optimal fusion that closely follows the instrumentation limit.

5
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Figure 3. (a) Sensor correction and (b) feedback control block diagrams. (a) X(s)
denotes the inertial motion of the table, X, (s) denotes the ground motion, Nr (s) denotes
the relative sensor noise, Nis(s) denotes the seismometer noise, and Yyl s (s) denotes
the sensor-corrected relative sensor readout. Hy(s) denotes the sensor correction filter.
(b) Block diagram of the feedback control loop. R(s) denotes the set point, K(s) the con-
troller, P(s) the plant, D(s) the disturbance, N(s) the measurement noise, and X(s) the
inertial motion of the isolation table.

Under this setting, the H-infinity norm ~y, which is minimized in the optimization process,
quantifies the deviation from the instrumentation limit. This directly aligns with the goal estab-
lished earlier in this section, achieving optimal sensor fusion by minimizing deviations from
the lowest achievable noise level.

In this work, our Kontrol [14] Python package is used to synthesize an H-infinity optimal
controller for the generalized plant P(s). The Kontrol package is a wrapper around Python
Control [15], which employs the SB10AD Fortran subroutine, an implementation of the solu-
tions in [16—18].

2.2. Optimal sensor correction and feedback control

In principle, sensor fusion, sensor correction, and feedback control can each be addressed
separately using distinct fomulations, such as the mixed-sensitivity synthesis method for feed-
back control [19]. However, these three control problems share a similar mathematical struc-
ture, each involving minimizing two conflicting objective functions using complementary fil-
ters. Given this commonality, they can be unified under a single optimization framework, as
described in section 2.1, by appropriately substituting variables.

To demonstrate the mathematical equivalence among the three problems, we will derive the
objective functions for noise minimization in sensor correction and feedback control, express-
ing them in the same form as equation (2).

2.2.1. Sensorcorrection.  Figure 3(a) illustrates a sensor correction configuration for relative
displacement sensors. In this setup, the differential displacement X(s) — X,(s) between the
isolation table and the ground is measured by a relative displacement sensor, which introduces
measurement noise N (s). The undesired ground motion coupling, X, (s), can be mitigated
using a seismometer measurement of the ground motion, which itself is subject to measurement
noise Ngis (). To prevent excess noise injection, the seismometer signal is processed through
a sensor correction filter Hy.(s) before being combined with the relative sensor signal.
The sensor-corrected relative sensor output is given by

Yrel,sc (S) = X(S) +Nre1,sc (S) s 9
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where the sensor correction noise is
Nre],sc (5) = Nrel (S) + Hy. (S)Nﬂeis (S) - [1 — Hye (s)]Xg (S) . (10)

The objective is to minimize Ny « (), ensuring that the sensor correction effectively reduces
seismic noise coupling while avoiding excess noise injection from the seismometer.

In equation (10), the sensor correction filter Hy.(s) does not influence the relative sensor
noise N (s), which remains as an ambient term contributing to the instrumentation limit.
The remaining components of equation (10) closely resemble equation (2), where two noise
sources, Nqis(s) and X,(s), are suppressed by complementary terms, Hy(s) and 1 — Hy(s),
respectively. This structural similarity implies that the sensor correction problem can be
formulated using the optimal sensor fusion method from section 2.1, with the following
substitutions: N (s) = Nyeis (5), Na(s) = X, (s), and H, (s) = Hy(s).

When the relative sensor noise is small compared to the seismometer noise and the ground
motion, the instrumentation limit can be fully specified by W;(s) = 1/X,(s) and Wa(s) =
1/ Nseis(s), where the hat notation denotes the transfer function models of the ground motion
and the seismometer noise, respectively. Alternatively, when the relative sensor noise is large
compared to the seismometer noise and the ground motion, the instrumentation limit simplifies
to Wy (s) = Wa(s) = 1/Ny(s), where Ny (s) represents the relative sensor noise model. More
generally, when all noise sources are equally significant, the instrumentation limit follows
max (|Nei (jw)|, min(|Neeis (jw)|, | X, (jw)|)). In this scenario, an explicit model of the instru-
mentation limit is required to appropriately define the weighting functions.

2.2.2. Feedback control.  Figure 3(b) illustrates a feedback control configuration used in
active seismic isolation systems for gravitational-wave detectors. In this framework, the dis-
placement of the isolation table, X(s), is given by

X(s) = 1 D(s) - K(s)P(s)
1+K(s)P(s) 1+K(s)P(s)
where K(s) is the feedback controller, P(s) is the plant that characterizes the dynamics of the
isolation table, D(s) represents seismic disturbances, and N(s) is the measurement noise. The
setpoint R(s) is omitted since it is typically a DC term without significant frequency content.
Like sensor correction, the isolation table displacement described in equation (11) is
analogous to equation (2). By substituting N (s) = D(s), N2(s) = N(s), and H,(s) = S(s) =
1/[1 4 K(s)P(s)], the H-infinity controller can be derived as

K(s) = 1 I—S(s)7

P(s) S(s)

using the same H-infinity formulation outlined in section 2.1.
It is worth noting that the H-infinity optimal feedback control problem is more commonly

formulated in a mixed-sensitivity setting, where the controller K(s) is optimized directly rather

than the sensitivity function S(s) [19]. One advantage of framing the feedback control prob-

lem as a sensor fusion problem is that it results in a lower-order generalized plant, improving

numerical accuracy in the optimization. Nevertheless, both approaches are mathematically

equivalent, ensuring that H-infinity optimization yields the same optimal controller.

N(s), (1)

12

3. Optimizing KAGRA seismic attenuation systems

The Type-A (isolating the 4 test mass optics) and Type-B seismic attenuation systems (suspen-
sions) in KAGRA utilize a pre-isolator stage with active seismic isolation capabilities. Figure 4

7
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Figure 4. Type-B Seismic Attenuation System. The pre-isolator stage is connected to the
ground and consists of an isolation table supported by inverted pendulums, providing the
first layer of passive isolation. The pre-isolator is equipped with relative sensors, inertial
sensors, and coil-magnet actuators to enable active feedback control. Multiple pendu-
lum stages hang from the isolation table and include the standard filter, bottom filter,
intermediate mass, and test mass, providing four additional layers of passive isolation.

illustrates a Type-B suspension, which is the type of suspension used to suspend the beamsplit-
ter and the signal recycling mirrors in KAGRA. The pre-isolator stage is equipped with linear
variable differential transformers (LVDTs) to measure the differential displacement between
the isolation table and the ground. Additionally, L-4 C geophones from Sercel are installed
on the isolation table to measure inertial velocity, while a Trillium Compact seismometer is
placed nearby to monitor ground motion. These three sensors are integrated into the sensor
correction and sensor fusion configurations.

During O3GK, sensor correction and sensor fusion configurations were not implemented
due to the difficulty of designing sensor correction and complementary filters that met strin-
gent noise constraints. As a result, KAGRA was significantly affected by secondary micro-
seismic disturbances, limiting its duty cycle to 53% [4]. Following O3GK, several upgrades
were made to the KAGRA detectors [12], including enhanced local damping control, align-
ment sensing and control via wavefront sensing for selected global degrees of freedom, and
Doppler phase noise cancellation in the auxiliary green laser paths, and the implementation of
sensor correction and sensor fusion on both Type-A and Type-B suspensions. These improve-
ments contributed to a substantial increase in KAGRA’s duty cycle, reaching 80% during O4a.

It is important to note that the uncorrected relative sensor shown in figure 5(a) represents the
corresponding noise floor during O3GK, whereas the super sensor in figure 6(a) corresponds
to the configuration employed during O4a. Therefore, the performance comparisons presented
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Figure 5. (a) Noise spectra and (b) control filters in the sensor correction scheme. (a)
The relative sensor noise, seismometer noise, seismic noise, and uncorrected relative
sensor noise are shown as blue, yellow, green, and red solid lines, respectively. The relat-
ive sensor with H-infinity sensor correction is shown as a lilac dashed line. Compared to
the uncorrected relative sensor used during O3GK, the corrected relative sensor exhibits
a substantially reduced coupling to seismic noise, achieving up to a sevenfold reduction
at the microseismic peak. (b) The magnitude response of the H-infinity sensor correction
filter and its complement is shown in blue and yellow, respectively. The sensor correc-
tion filter provides approximately a tenfold suppression at 0.2 Hz, which coincide with
the secondary microseism peak.

in the following sections can be directly interpreted as comparisons of the suspension perform-
ance between O3GK and O4a.

This section outlines the design of sensor correction and complementary filters for the Type-
B suspensions using the H-infinity method. The two control schemes were implemented as
shown in figure 1, serving as the readout for the active isolation feedback control.

3.1 H-infinity sensor correction

Figure 5(a) illustrates the sensor and seismic noises involved in the sensor correction configur-
ation. In this case, the relative sensor noise is higher than both the seismometer noise and the
seismic noise. Therefore, the relative sensor noise model serves as the frequency-dependent
target, i.e. the instrumentation limit, in the weighting functions. It is also worth noting that the
seismic noise spectrum in figure 5(a) corresponds to a condition measured at the end of April,
which is broadly aligned with the observation periods.

The H-infinity optimal sensor correction filter and its complement (transmissivity, i.e.
1 — Hy(s)) are shown in figure 5(b). As observed, the H-infinity method produces a high-pass
sensor correction filter, consistent with traditional designs. The filter crosses unity at approx-
imately 0.06 Hz, aligning with the frequency at which the seismometer and relative sensor
noise levels intersect. The transmissivity behaves as a low-pass filter, with a unity crossing
around 0.1 Hz, where seismic noise contributions begin to dominate relative sensor noise. It
provides approximately a tenfold suppression of seismic noise at 0.2 Hz, coinciding with the
secondary microseismic peak.

The optimized filters are used to estimate the sensor noise of the sensor-corrected relative
sensor, shown as a lilac dashed line in figure 5(a). As observed, seismic noise coupling in the
relative readout is significantly suppressed compared to the uncorrected relative sensor used
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Figure 6. (a) Noise spectra and (b) control filters in the sensor fusion scheme. (a) The
noise of the sensor-corrected relative sensor and the inertial sensor are shown as blue
and yellow solid lines, respectively. The noise of the super sensor, obtained by fusing
the sensor-corrected relative sensor and inertial sensor using H-infinity complement-
ary filters, is shown as a green dashed line. The super sensor noise closely follows the
instrumentation limit due to the optimally shaped complementary filters. (b) The mag-
nitude responses of the H-infinity low-pass and high-pass filters are shown as blue and
yellow solid lines, respectively. The crossover of the two filters occurs at approximately
0.07 Hz, aligning with the crossover point of the sensor noise spectra.

during O3GK, with up to a sevenfold reduction at the microseismic peak. The sensor correction
scheme introduces only a minimal amount of seismometer noise below the microseismic band.

As observed, the sensor noise of the corrected sensor deviates minimally from the original
relative sensor noise, consistent with the H-infinity norm of the system, v = 1.033. Since the
relative sensor noise serves as the frequency-dependent target, this indicates that the sensor-
corrected relative sensor has a measurement noise level at most 1.033 times that of the original
relative sensor noise.

The relative sensor without sensor correction measures the relative displacement between
the isolation platform and the ground. With the dispalcement of the isolation platform being
the variable of interest, the uncorrected relative sensor noise is defined as the superposition
of the intrinsic relative sensor noise and the seismic noise, i.e. what the noise floor would
have been without sensor correction. The root mean squared (RMS) value of the uncorrected
relative sensor noise is 0.192 pum, while that of the sensor-corrected relative sensor is 0.120
pm, representing a 37.5% reduction. This demonstrates the efficacy of the H-infinity method
in suppressing seismic noise.

3.2. H-infinity sensor fusion

Figure 6(a) shows the sensor noise of the sensor-corrected relative sensor and the inertial
sensor. As observed, the inertial sensor exhibits excellent high-frequency noise performance,
making it well-suited for active isolation. However, it has significantly higher noise than the
relative sensor at low frequencies, necessitating high-pass filtering.

Based on these sensor noise characteristics, the complementary filters were optimized using
the H-infinity method and are shown in figure 6(b). The crossover of the two filters occurs at
approximately 0.07 Hz, aligning with the crossover point of the sensor noise spectra. The
estimated combined sensor noise is represented by the dashed line in figure 6(a). As observed,
the complementary filters are optimally shaped, ensuring that the super sensor noise closely

10
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follows the instrumentation limit, which is the minimum spectrum between the corrected rel-
ative sensor and the inertial sensor, with a deviation of v =3.43.

The RMS value of the combined sensor noise is 0.199 pm, which is higher than that of
the sensor-corrected relative sensor at 0.120 pm. This increase is due to the reinjection of
inertial sensor noise at lower frequencies, a common occurrence in active isolation systems in
gravitational-wave detectors.

In terms of the band-limited RMS (BLRMS) between 0.1 and 0.5 Hz, corresponding to the
secondary microseism band, the BLRMS value of the combined sensor noise is 0.0188 pm. For
comparison, the BLRMS values of the uncorrected and sensor-corrected relative sensors are
0.159 pm and 0.0367 pm, respectively. The BLRMS value of the super sensor is approximately
88.2% and 48.8% lower than those of the uncorrected and sensor-corrected relative sensor,
respectively, indicating greater robustness against secondary microseismic disturbances. This
makes the super sensor highly suitable for active seismic isolation, even with the increased
RMS noise. Moreover, its superior noise performance at higher frequencies is particularly
beneficial for reducing the overall motion of the suspended optic, especially in mitigating
resonances above 0.1 Hz.

4. Discussions

4.1 Modeling error

While the H-infinity method is robust to moderate modeling uncertainties due to the large sep-
aration between noise sources, it is important to note that the resulting filters are optimal with
respect to the underlying cost function defined by the modeled system. If the noise spectra
or transfer functions used in the optimization deviate significantly from the true system beha-
vior, the resulting filter may not perform optimally in practice. In this sense, modeling errors
do influence the filter shape by shifting the emphasis of the optimization to provide the incor-
rect trade-offs. Therefore, careful characterization of the system dynamics and noise profiles
remains essential to ensure that the H-infinity design reflects the actual control environment.

With that said, typical modeling errors on the order of 1% have minimal impact on the
synthesis of sensor correction and complementary filters. The shape of the H-infinity filters is
primarily governed by the ratio between competing noise sources, such as sensor and actuator
noises. As illustrated in figure 6(a), these noise spectra differ by several orders of magnitude
across most of the frequency band. Due to this large separation, small modeling inaccuracies,
on the order of 1%, in the noise spectra or transfer functions do not significantly alter the res-
ulting filter design. A noticeable deviation in filter behavior would require modeling errors
approaching 100%, which is unrealistic under typical experimental conditions. Thus, the res-
ulting filters can be considered robust against moderate modeling uncertainties.

4.2. Cascading H-infinity norms

As demonstrated in section 3, the H-infinity method has successfully optimized sensor correc-
tion and complementary filters individually, pushing performance toward the instrumentation
limit. While each control configuration individually maintains a constant maximum deviation
above the instrumentation limit across all frequencies, this is not necessarily the case for a
cascaded system.

In fact, the active isolation system depicted in figure 1 can be viewed as a cascade of three
control systems, each governed by a separate controller: the sensor correction filter, the com-
plementary filters, and the feedback controller. The H-infinity optimized sensor correction

1
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configuration resulted in a sensor-corrected relative sensor with noise 1.033 times above the
instrumentation limit. This H-infinity norm carries over to the sensor fusion problem, com-
pounding with the H-infinity norm of the sensor fusion solution, which is v = 3.43. However,
the deviation of 3.43 is relative to the noise of the corrected relative sensor, which is not neces-
sarily the true instrumentation limit of the cascaded system. For instance, at certain frequen-
cies, the maximum deviation of the combined sensor noise can reach 1.033 x 3.43 =3.54
times the actual instrumentation limit.

When individually optimizing control filters in a cascaded configuration, the H-infinity
norms accumulate, leading to overall performance that is not instrumentation optimal. This
is also why the optimization of the feedback controller was not demonstrated in section 3,
as the stacked H-infinity norm would result in a performance too far from the optimal limit.
To resolve this, the generalized plant must include all control configurations, enabling the co-
optimization of all control filters. This approach effectively transforms the controller in the
generalized plant into a multiple-input, single-output controller, ensuring that the overall per-
formance remains optimal relative to the instrumentation limit.

4.3. Adaptive seismic control

The results presented in section 3 are based on a specific seismic condition. In reality, seismic
conditions undergo seasonal variations and fluctuate with the weather. For instance, the sec-
ondary microseismic peak can shift between 0.1 and 0.3 Hz, with its peak magnitude varying
from 0.1 to 10 pm, spanning two orders of magnitude. Since the H-infinity method relies on an
optimal trade-off between noise injection and seismic noise suppression, control filters optim-
ized for a particular seismic condition may not remain optimal under different conditions. If
the environment deviates from the modeled conditions, the method may either inject too much
low-frequency noise while oversuppressing seismic noise, or inject too little low-frequency
noise and thereby undersuppress seismic disturbances.

Elevated secondary microseismic disturbances and distant earthquakes remain some of the
most challenging seismic conditions for gravitational-wave detectors. Previous studies have
shown that real-time adjustments to the sensor correction filter can effectively mitigate the
effects of distant earthquakes, helping to maintain interferometer alignment during abrupt
disturbances [5]. This concept can be extended to a more general adaptive control approach,
where control filters are dynamically selected based on real-time seismic conditions to address
varying seismic noise. In this framework, the H-infinity method serves as a crucial tool for
designing a pool of control filters tailored to different seismic scenarios. This pool then forms
a parameter space in which real-time optimization occurs, enabling adaptive control.

5. Conclusions

This work applied the H-infinity method to optimize sensor correction and complementary fil-
ters for active seismic isolation in a gravitational-wave detector. By formulating sensor correc-
tion, sensor fusion, and feedback control within a unified optimization framework, we demon-
strated that each control scheme effectively minimized sensor noise while maintaining per-
formance near the instrumentation limit. The successful implementation of these methods in
KAGRA led to significant improvements in seismic isolation, contributing to an increase in
the detector’s duty cycle from 53% in O3GK to 80% in O4a.

However, when these control schemes are applied in a cascaded configuration, their indi-
vidual H-infinity norms compound, leading to a deviation from the true optimal performance.

12
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To address this, we proposed a co-optimization approach that integrates all control configura-
tions into a single generalized plant, ensuring that the overall system remains optimal relative
to the instrumentation limit.

Additionally, we discussed the impact of varying seismic conditions on control performance
and highlighted the need for adaptive control strategies. By leveraging the H-infinity method to
design a pool of control filters for different seismic environments, real-time optimization can
be achieved, allowing the system to dynamically adjust to changing seismic conditions. Future
work will focus on implementing and testing adaptive control strategies in real-time, ensuring
optimal performance under dynamic seismic disturbances and improving the robustness of
gravitational-wave detectors.
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