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This paper presents an anisotropic anhysteresis magnetization model that incorporates both the evolution of elementary magnetic 

domains and the influence of crystallographic orientation. Under low field conditions, the domain distribution is determined based on 
the assumption that domains are confined to crystallographic easy axes. To capture the domain rotation behavior observed at higher 
fields, an additional easy state aligned with the external magnetic field direction is introduced. The high field domain configuration is 
obtained by minimizing the total free energy. The model enables quantitative analysis of 180° and 90° domain wall motion, as well as 
domain rotation based on elementary domain distributions. Preliminary verification of the proposed model is provided through 
comparisons with experimental measurements of grain oriented electrical steel under various magnetization directions, demonstrating 
its ability to characterize the anisotropic magnetization behavior of textured magnetic materials. 
 

Index Terms—Magnetic anisotropy, magnetic permeability, magnetic materials, single crystal 
 

I. INTRODUCTION 

he magnetic properties of grain-oriented (GO) electrical 
steels, such as permeability and iron losses, exhibit 
significant anisotropy. Such macroscopic anisotropy arises 

primarily from intrinsic magnetocrystalline anisotropy of iron-
silicon crystals, associated with the easy axes in the <100> 
crystal directions and the pronounced crystallographic texture 
of the material [1]. Therefore, to accurately model the 
anisotropic behavior of electrical steels, it is essential to 
develop models that incorporate the crystallographic 
orientation of individual grains and capture their intrinsic 
magnetic anisotropy [2, 3]. 

The commonly used vector hysteresis models, such as the 
Jiles-Atherton model [4] and the dry friction model [5], begin 
with the modeling of the anhysteretic magnetization curve. As 
the backbone of these models, the anhysteretic magnetization 
curve largely dictates the shape of the hysteresis loops and 
influences the anisotropic properties of the model. The 
vectorization of anhysteretic magnetization modeling can be 
achieved by combining the scalar anhysteretic curves along the 
rolling and transverse directions, as in the elliptical model [6]. 
However, such an approach fails to capture the biaxial 
anisotropy of electrical steel, which arises from the Goss texture. 
To overcome the limitation, the tensorial permeability 
microstructure model is proposed to quantitatively predict 
effective permeability tensors by incorporating crystallographic 
texture, grain size and domain configuration [7]. However, this 
model is applicable under low-field conditions, where the 
magnetization of each domain remains aligned with the easy 

axes. To further improve computational efficiency and facilitate 
practical applications, a scalar permeability finite element 
microstructure model is proposed in [8] to predict anisotropic 
permeability, and is compared with the tensorial model. [9] 
captures anisotropy by decomposing magnetostriction into 
domain wall motion and rotation contributions and coupling the 
result with a JA–Preisach hybrid model. However, the model 
parameters depend on the magnetic-flux-density amplitude. 
From the perspective of energy-based homogenization, a 
multiscale model provides a link between macroscopic 
phenomenological descriptions and microscale micromagnetic 
simulations [10, 11]. A magneto-elastic model is developed for 
single crystals and then extended to polycrystalline materials 
via a multiscale homogenization approach, which is further 
adapted to account for hysteresis effects in [12]. Another 
analogous multiscale approach called the assembled domain 
structure model is constructed from a simplified domain 
structure model (SDSM) formed by six domains. The 
magnetization state is calculated by energy minimization of a 
SDSM particle [13]. Within the multiscale framework, [14] 
introduces hysteresis from domain theory by adding a 
hysteresis energy density to the free energy of each domain. [15] 
develops a micromagnetic method with large cells to simulate 
domain structures and anisotropy at much lower cost. The 
micromagnetic model captures the complex anisotropy from 
crystallographic texture and multiaxial stress, while the 
evolution of the magnetic domain distribution during 
magnetization was not analyzed. The energetic model 
establishes a relationship between the domain distribution and 
magnetization within the reversible field part for GO. However, 
its validity is limited to specific magnetization directions [16].  

This paper proposes a vector anhysteretic model based on 
magnetic domain theory that accounts for crystallographic 
orientation. It extends the tensorial permeability model [7], 
which was capable of predicting anhysteretic behavior at small 
fields, to cover the full range of fields up to saturation. The 
model further leverages its magnetic domain theory foundation 
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to quantitatively describe elementary domain distributions and 
link them to potentially observable magnetic domain processes. 
The proposed model is demonstrated through comparisons with 
experimental results under various magnetization directions.  
 

II. MODEL 

Based on the assumption proposed by Bozorth [17], a 
cubic crystal is composed of a large number (N) of elementary 
magnetic domains with equal size. They can only orient along 
one of the easy axes, denoted as Ni (i=1-6). The number of 
domains oriented in the [100] direction is N1, for the domains 

oriented in [1
-

00] it is N2, for the domains oriented in [010] it is 

N3, for the domains oriented in [01
-

0] it is N4, etc., as shown in 
Fig.1 (a). At the demagnetized state, the domains orientate 
along the six easy directions with equal probability. When an 
external magnetic field is applied, the number of the domain 
across the six easy axes — collectively referred to as domain 
configuration — will redistribute so that the resulting 
magnetization must have a component along the given field 
direction. After the magnetization of the crystal has increased 
to the point where the domain magnetization directions align 
with the cubic axes most closely aligned with the external 
magnetic field, Bozorth’s assumption no longer holds. Beyond 
this point, the domains are allowed to rotate toward the field 
direction, at which point the additional easy state N7 is 
introduced to represent this rotation.  
 

A. Model I: The anhysteresis magnetization modeling under 
low field 

Based on the Heisenberg possibility function, the most 
probable Ni is mathematically solved by [17]: 
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where γx, γy and γz are the direction cosines of H in the crystal 
coordinate system (CCS), α and β are obtained by: 
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where Bh is the magnetization component along the applied 
magnetic field. The magnetic flux density B in the CSS is 
determined using the following equation: 
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where Bx, By, and Bz are the components of B along the x-, y-, 
and z- axes, Bs is the saturation magnetic flux density.  

The distribution of Ni (i=1-6) should satisfy the following 
constraints:  
 1 2 63 4 5N N N N N N N     , (4) 

 0B μH . (5)  

The sum of the calculated Ni (i=1-6) equals the constant N, 
as expressed in (4). The calculated magnetic flux density B, the 

applied magnetic field H, and relative permeability tensor μ 
satisfy the constitutive relation given in (5). μ0 is the vacuum 
permeability. The permeability tensor μ, considering the 
crystallographic texture and domain configuration in CSS, is 
expressed as [7]: 
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where μi is the elementary permeability tensors for domains 
along easy axes, defined as: 
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where diag(·) represents a diagonal matrix with the given 
elements on its main diagonal, μc is the relative elementary 
permeability of a domain oriented along the six easy axes. The 
permeability tensor in sample coordinate system (SCS) is g-1μg, 
where g is the crystal orientation matrix. The proposed model 
is capable of predicting the anhysteretic magnetization curve of 
polycrystalline materials through the ODF, while this paper 
focuses on the single crystal case. GO is selected as the 
representative material because it exhibits a highly pronounced 
Goss texture. In GO steel, grain orientations typically deviate 
by only 5-8 ° from the ideal Goss direction, causing the material 
to behave similarly to a Goss single crystal in terms of magnetic 
anisotropy [18]. Therefore, applying the single crystal model to 
GO steel provides a valid approximation for evaluating its 
magnetic properties. 

The above model is only valid up to a certain field strength, 
depending on the direction of the applied magnetic field. This 
limitation arises because the model considers only the effect of 
magnetocrystalline anisotropy, restricting the variation in 
magnetic domain distributions to the six easy axes, whose unit 
vectors are denoted as ei (i=1-6). As the external magnetic field 
H increases, the magnetic domains tend to align with the easy 
axes closest to the direction of H, resulting in the maximum 
magnetic flux density Bmax. There are only three limiting cases. 
First, a single easy direction is closest to H. Second, two easy 
directions are equally closest to H. Third, all three easy 
directions are equally closest to H. In the case of GO and in-
plane directions, when H is applied along the RD, the magnetic 
domains eventually align entirely along the e1 direction as H 
increases. The limiting domain configuration is Nlim= 
[N,0,0,0,0,0], thus Bmax = Bse1. When H is applied at 55° to RD, 
i.e. the <111> direction (see Fig. 2) the domains align equally 
among e1, e3 and e5, giving Nlim=[N/3,0,N/3,0,N/3,0], thus 

max s(1 / 3) HBB e  .When H is applied along the TD, the 

resulting domain configuration becomes Nlim=[0,0,N/2,0,N/2,0], 

thus max s(1 / 2) HBB e  . The component of Bmax along the 

direction of H, denoted as Bmaxh, is calculated by: 
 maxh s indexB B e γ , (8) 

where eindex is the easy axis direction that is closest to the 
direction of H, γ = [γx γy γz] is the direction cosines of the H in 
the CCS. The ratio Bmaxh/Bs exhibits anisotropy as illustrated in 
Fig.1 (b).  
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Fig.1. (a) Magnetic domain distribution in crystal ([100], [010], [001]); (b) 

The anisotropy of Bhmax/Bs. 

 

B. The determination of the critical field Hc1 

Since Model I is only valid in Region I as shown in Fig.1 
(b), the corresponding critical field Hc1, representing the end of 
the Model I, can be determined accordingly. In Model I, the 
magnetic domain distribution Nlim is known, which allows for 
the calculation of the Bmax. Based on (6), the associated 
permeability μlim can be derived from Nlim, thereby enabling 
determination of the critical field Hc1. As discussed in Section 
A, within the angular range of 0°-90° in the sample coordinate 
system of GO, the limiting magnetic domain configuration Nlim 
exhibits three representative cases. For a given external 
magnetic field H in different directions, the switch boundary 
between Region I and II is determined by comparing the 
component of H projected onto the nearest easy axis with the 
critical field Hc1, as summarized in Table I.  

TABLE I 
THE CRITICAL FIELD HC1 OF GO UNDER IN-PLANE MAGNETIZATION ALONG 

DIFFERENT DIRECTIONS  

Cases Nlim Region Transition 

ϕ ∈ [0°, 55°) [N,0,0,0,0,0,0] c1

x


H
H  

ϕ =55° [N/3,0,N/3,0,N/3,0] c1H H  

ϕ ∈ (55°, 90°] [0,0,N/2,0,N/2,0] 
c1

2 y


H
H  

C. Model II: The anhysteresis magnetization modeling under 
high field 

The assumption that the elementary domains are only 
allowed to orientate in the six easy directions does not apply 
any longer in Region II, as shown in Fig. 1(b), where energy 
due to the external field, Zeeman energy, outweighs the 
magnetocrystalline energy and needs minimizing. To account 
for the increasing influence of Zeeman energy on the magnetic 
domain distribution near saturation, an additional easy state is 
introduced, aligned with the direction of the applied magnetic 
field H. The magnetic domain distribution along this axis is 
denoted as N7. At this stage, the magnetization process is 
primarily governed by the rotation of domains from e1 through 
e6 toward e7. For crystals with Goss texture, the assumed 
orientations of the easy axes and the associated coordinate 
system are illustrated in Fig. 2.  

The distribution of Ni (i=1-7) is determined by minimizing 
the total energy Emin, which comprises the Zeeman energy Ez 

and the magnetocrystalline anisotropy energy Ec, and is 
expressed as:  
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where K0, K1, and K2 are the anisotropy constants, bx, by and bz 
are the direction cosines of B in CCS. The magnetic flux density 
in CSS B is determined by: 
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Fig.2. The orientation of iron crystals in Goss texture and the coordinate 

system used for the calculations. 

In the process of minimizing the total energy, the initial 
domain configuration is set as Nlim and N7 = 0, which 
corresponds to the domain distribution obtained at the end of 
Model I. The initial value selection in Model II is in essence the 
same as that used in [19] for directly determining the 
magnetization direction through energy minimization.  

In Model II, the demagnetizing energy is neglected. This 
simplification is a good approximation under high-field 
conditions, where the Zeeman energy and magnetocrystalline 
anisotropy energy dominate the magnetization behavior. 
However, at low fields, the contribution of demagnetizing 
energy becomes significant. Accurately accounting for it 
requires micromagnetic modeling, which in turn demands 
knowledge of the spatial distribution of magnetic domains. The 
Bozorth model is based on the assumption of equally probable 
domain distributions along the six easy axes. Since the 
probability of alignment along N7 is not known as a priori, it 
cannot be directly included in the probabilistic framework. 
 

III. APPLICATION 

A. Experimental system 

A B27R090 GO electrical steel sheet of 0.27 mm in 
thickness is utilized to verify the present model. Disk specimen 
of 80 mm in diameter were prepared for magnetic 
measurements. Magnetic properties, including hysteresis loops 
and magnetization curves were measured using an in-house 2-
D measurement system, as illustrated in Fig. 3(a). The 
measurements were carried out at a relatively low frequency, 20 
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Hz, to keep the classical eddy-current loss low while ensuring 
a stable signal of B and H. A detailed description of the 
measurement setup can be found elsewhere [20]. Experimental 
data obtained under uniaxial excitation in different directions 
are used in this paper to preliminarily demonstrate the 
capability of the proposed model to capture magnetic 
anisotropy. An example of the dataset is presented in Fig. 3(b).  

(a) (b)  
Fig.3. (a) 2-D measurement system. 1 Magnetising yoke. 2 x direction 

magnetising winding. 3 Un-energised y direction magnetising winding. 4 
Angular adjustment. 5 Circular sample. 6 B- H sensor. (b) Hysteresis loops 

measured under uniaxial excitation along different directions. 

B. Identification of the Parameters 

The model parameters, including μc, K0, K1, and K2, are 
identified by minimizing the average norm of the residual over 
all measured data. The anhysteretic magnetization curves are 
obtained from averaging the ascending and descending 
branches of the hysteresis loops measured in the RD (0°), TD 
(90°), and 55°. The identified parameters are then used to 
predict the anhysteresis curves in other directions to compare 
with the measurements. The objective function is defined as the 
absolute error between the calculated and experimental Bh 
values in the three directions: 
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where Nd is the number of data points, and Bm and Bc are the 
measured and calculated magnetic flux density. The parameter 
μc influences the magnetic permeability in the low magnetic 
field region of the magnetization curve, whereas the 
coefficients K0, K1 and K2 determine anisotropic behavior under 
high magnetic fields. The measured and calculated anhysteresis 
curves along three directions are shown in Fig. 4. The modeling 
results capture the qualitative trend of anisotropy: the 
permeability is highest along RD, lowest at 55°, and 
intermediate along TD. Discrepancies between predictions and 
measurements arise from both modeling and experimental 
factors. In the experimental data, a crossover appears in 
medium fields, indicating that the trend in the low field differs 
from that in the high field due to residual stress from the coating. 
At low fields, the stress effect dominates over crystallographic 
orientation. This stress enhances performance along RD but 
significantly reduces permeability along TD [21], leading to 
pronounced low field differences among the three directions. In 
addition, the experimental data used for trend validation are the 
midlines of the hysteresis loops as an approximation, which still 

differ from the true anhysteretic magnetization curve of a single 
crystal. At present, measurements of the anhysteretic 
magnetization curve of a single crystal are not available in this 
study. The steps arise from the transition between two modeling 
regimes with different underlying assumptions and are expected 
to be smoothed by polycrystalline model, as indicated by our 
preliminary work in [7, 8]. To reduce the discontinuity at the 
regime transition, we adjust the critical field to the intersection 
of the two magnetization curves, defined as Hc2. The critical 
field from the original criterion is used as a starting value for 
this adjustment. The calculated results are shown as a solid line 
in Fig. 4.  

 
Fig.4. Measured and calculated anhysteresis curves under 0°, 55° and 90° 

excitations. (μc=7.43×103, K0=0 J/m3, K1=3.86×103 J/m3, K2=2.99×104 J/m3). 

C. Validation and discussion of the Model 

Fig. 5 shows the evolution of the domain distribution from 
N1 to N7 under uniaxial magnetic excitations along 0°, 55°, and 
90° directions as a function of magnetic field strength. At 0°, 
where the field aligns with one of the easy directions e1, N1 
increases monotonically with the applied field at the expense of 
N2 through N6. At 55°, N1, N3, and N5 increase at the expense of 
N2, N4, and N6. Once the distribution reaches Nlim, N7 begins to 
increase, indicating the onset of domain rotation. Under 90° 
excitation, N3 and N5 grow at the expense of N1, N2, N4, and N6. 
Upon reaching Nlim, N7 increases, reflecting a transition in the 
magnetization mechanism from domain wall motion to domain 
rotations. Due to the symmetry inherent in the configuration 
illustrated in Fig. 2, the Goss texture satisfies N3=N5 and N4=N6.  

 
Fig.5. Domain distribution evolution under 0°, 55°, and 90°excitations. 

Although the present model does not predict the domain 
patterns, further analysis of the statistical domain 
configurations, together with well-established principles in 
domain theory, provides valuable insight into the domain 
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processes and hence the underlying magnetization mechanisms. 
At the demagnetized state, domains are expected to form 
antiparallel domains equally distributed across three pairs of 
easy directions. N100, N010, and N001 represent the volume 
fraction of each antiparallel pair of easy axes. ΔN100, ΔN010, and 
ΔN001, are defined in (12).  

 
100 1 2 100 1 2

010 3 4 010 3 4

001 5 6 001 5 6

( ) / /

( ) / /

( ) / /

N N N N N N N N

N N N N N N N N

N N N N N N N N

    
    
    

. (12) 

As an external magnetic field is applied, domains will 
rearrange themselves through domain processes including 
typically 180° and 90° domain wall motion and domain rotation 
towards the applied field direction. Increase of, say, N1 at the 
expense of N2, with N100 being nearly constant, would be 
manifested as 180° domain wall motion of those <100> 
domains. ΔN100, ΔN010, and ΔN001 quantify the imbalance within 
each antiparallel pair. |N100- N010|, |N010- N001| and |N100- N001| 
characterize the reorientation between orthogonal easy axes. 
For instance, the increase of N100- N010 would be consistent with 
N010 domains flipping to N100, through the motion of 90° domain 
walls. It is worth noting that due to the crystallographic 
symmetry of the Goss structure, |N010- N001| remains zero 
throughout the magnetization process. Finally, the change of N7 
represents domain rotation towards or away from the applied 
field direction.  

Fig. 6 juxtaposes the evolution of Ni (i=1-7) (left ordinate) 
with Bh (right ordinate), thus illustrating their correspondence 
to the anhysteretic curve under various excitation conditions. 
The adjusted critical field is the transition point between two 
models. The proportions of N100, N010, and N001 are stacked in 
the shaded region in the figure. For field directions in the [0°, 
55°) region, as shown in Fig. 6 (a) - (c), the initial state of the 
region H < Hc2 is primarily governed by 180° domain-wall 
motion of the <100> domains in particular, as evidenced by 
ΔN100 increasing continuously. There is a slight increase of 180° 
domain wall motion of the <001> domains, as indicated by the 
ΔN001 rising slowly with the applied field. At the same time, the 
minor rise in |N100- N010| and |N100- N001| and the continuous 
increase of N100 evidence 90° wall motions, which would be 
consistent with the growth of closure domains accommodating 
the dominating 180° domain wall motion of those <100> 
domains. In consequence, the initial slope of the anhysteretic 
curve is modest. As the field increases, N010 and N001 decrease, 
the contribution of the 90° wall motion grows, yielding a 
steeper anhysteretic curve. Once H ≥ Hc2, N7 increases at the 
expense of what is left of the N1, thus the anhysteretic curve 
approaches a plateau. In the 55° direction, the applied field 
makes an equal angle with e1, e3 and e5, so that N100=N010=N001 
at all times, as shown in in Fig.6 (d). ΔN100, overlapping with 
ΔN010 and ΔN001, increases continuously. Meanwhile, |N100- 
N010|, |N010- N001| and |N100- N001| remain zero. It follows that the 
magnetization is driven by 180° domain wall motion equally in 
<100>, <010> and <001> domains, the averaging effect of 
which accounts for the slow or hard magnetisation and hence 
lower permeability. Above Hc2, domain rotation again 
dominates, leading to a simultaneous decrease in all three easy 

axes components while their relative proportions remain 
balanced. For field orientations in the range (55°, 90°] as shown 
in Fig.6 (e) and (f), the situation is the complementary case. The 
initial state of the region H < Hc2 is governed 180° domain wall 
motion of the <010> and <001> domains, as evidenced by 
overlapped ΔN010 and ΔN001 increasing. A slight increase of 180° 
domain wall motion of the <100> domains is indicated by the 
ΔN100 rising slowly with the applied field, while at 90° ΔN100 is 
zero. The minor rise of |N100- N010|, |N100- N001| and continuous 
increase of N010 and N001 evidence 90° wall motions, resulting 
in a relatively low slope in the curve. As the field increases, the 
increasing of N010 and N001 and the decrease of N100 indicate the 
domains of <100> flip to <010> and <001>. Thus 90° wall 
motion becomes dominant, facilitating the reorientation of 
domains towards the N010 and N001 and steepening the curve. 
Beyond Hc2, the contribution from domain rotation increases 
significantly, causing the curve to plateau again.  

 
Fig.6. The calculated evolution of magnetization mechanisms under the 

various excitation conditions. 

Fig. 7 presents a comparison between the predicted 
effective magnetic permeability and the experimental data in a 
series of directions. The effective permeability μe is defined as: 

 e
0

hB

H



 , (13) 

The results indicate that the proposed model effectively 
captures the anisotropic behavior of magnetic permeability. At 
low field, as shown in Fig.7 (b), the model exhibits lower 

H
c2

H
c2

H
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H
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prediction accuracy. This is mainly because Model I does not 
account for the influence of residual stress associated with the 
coating, which significantly affects the magnetic properties of 
materials in low field regions [21]. As a result, the parameters 
μ₁, μ₃, and μ₅ in (7) may become unequal, indicating that the 
easy axes of the cubic crystal lose their symmetry. Therefore, 
the deviations between the model predictions and experimental 
data are more pronounced under low field conditions. At higher 
fields, the effects of crystallographic texture outweigh that of 
the stress. Therefore, the present model considering the 
crystallographic textures can accurately predict the anisotropy. 
While the present work focuses on single-crystal results, it does 
not yet account for residual stress or polycrystalline averaging, 
which limits its quantitative accuracy compared with 
experimental data. Nevertheless, the proposed model can be 
extended to polycrystalline steels by incorporating the 
orientation distribution function, enabling the characterization 
of both local and global anisotropy for typical textures, and 
offering potential applicability in practical finite element 
analysis through an effective permeability tensor. 

 

Fig.7. Predicted permeability at various angles relative to RD.  

IV. CONCLUSION 
A vector anhysteresis magnetization model covering the 

full range of the applied field is developed to evaluate the 
magnetic anisotropy of GO electrical steels. The model captures 
the anisotropy associated with crystallographic texture and is 
consistent with the measured trends. The model is based on 
domain theory and quantitatively describes the evolution of 
elementary domain distributions, where domains align along 
easy axes under low fields and gradually rotate toward the 
external field direction under high fields. The predicted domain 
configurations offer valuable insight into the domain processes 
and magnetization mechanism.  
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