Commun. Math. Phys. (2026) 407:20 Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-025-05525-w M ath emat i c al

Physics
)]

Check for

C*-Categorical Prefactorization Algebras for updates
Superselection Sectors and Topological Order

1,2 3

Marco Benini , Pieter Naaijkens*(®, Alexander

Schenkel®

, Victor Carmona

Dipartimento di Matematica, Dipartimento di Eccellenza 2023-27, Universita di Genova, Via Dodecaneso
35, 16146 Genoa, Italy. E-mail: marco.benini @unige.it

INFN, Sezione di Genova, Via Dodecaneso 33, 16146 Genoa, Italy

7 Max Planck Institut fiir Mathematik in den Naturwissenschaften, Inselstrae 22, 04103 Leipzig, Germany.
E-mail: victor.carmona@mis.mpg.de

School of Mathematics, Cardiff University, Senghennydd Road, Cardiff CF24 4AG, UK.

E-mail: NaaijkensP@cardiff.ac.uk

School of Mathematical Sciences, University of Nottingham, University Park, Nottingham NG7 2RD, UK.
E-mail: alexander.schenkel @nottingham.ac.uk

- W N

w

Received: 26 May 2025 / Accepted: 18 November 2025
© The Author(s) 2025

Abstract: This paper presents a conceptual and efficient geometric framework to encode
the algebraic structures on the category of superselection sectors of an algebraic quantum
field theory on the n-dimensional lattice Z" . It is shown that, under the typical assumption
of Haag duality, the monoidal C*-categories of localized superselection sectors carry the
structure of a locally constant prefactorization algebra over the category of cone-shaped
subsets of Z" . Employing techniques from higher algebra, one extracts from this datum an
underlying locally constant prefactorization algebra defined on open disks in the cylinder
R! x §"~!. While the sphere S"~! arises geometrically as the angular coordinates of
cones, the origin of the line R! is analytic and rooted in Haag duality. The usual braided
(for n = 2) or symmetric (for n > 3) monoidal C*-categories of superselection sectors
are recovered by removing a point of the sphere R! x (S"~! \ pt) = R” and using the
equivalence between [E,,-algebras and locally constant prefactorization algebras defined
on open disks in R". The non-trivial homotopy groups of spheres induce additional
algebraic structures on these F,,-monoidal C*-categories, which in the case of Z? is given
by a braided monoidal self-equivalence arising geometrically as a kind of ‘holonomy’
around the circle S!. The locally constant prefactorization algebra structures discovered
in this work generalize, under some mild geometric conditions, to other discrete spaces
and thereby provide a clear link between the geometry of the localization regions and
the algebraic structures on the category of superselection sectors.
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1. Introduction and Summary

Topologically ordered phases of matter are a modern and exciting research area in the
intersection of condensed matter physics and mathematics [ZCZW19]. A key feature of
such systems in two spatial dimensions is that their ground state admits anyonic excita-
tions exhibiting braided statistics. From a condensed matter point of view, topologically
ordered phases are interesting because they go beyond the Landau paradigm of symme-
try breaking, and their classification is now a major area of the condensed matter theory,
see e.g. [Wen17] for areview. Their topological features are robust against perturbations,
making them a candidate for applications to fault-tolerant quantum computing, see e.g.
[Kit03,N+08].

The mathematical description of topologically ordered phases can be approached
from different angles, which can be classified roughly into ‘microscopic’, ‘mesoscopic’
and ‘macroscopic’. In the ‘microscopic’ approach, one starts from suitable lattice quan-
tum systems and studies topological excitations of their ground state. These are then
shown to assemble into a braided monoidal category encoding the anyons together with
their fusion and braiding, see e.g. [Kit03,Naal5] for an illustration in the context of
Kitaev’s quantum double model, or [KL20] for an operational approach. In the ‘meso-
scopic’ approach, one takes physically-informed collective features of two-dimensional
quantum gapped systems, such as their entanglement patterns, as input and derives from
there the relevant algebraic structures encoding the fusion and braiding rules for anyons.
This is, for instance, the approach adopted in [SKK20,SK21]. In the ‘macroscopic’ ap-
proach, one provides a direct axiomatization of the relevant types of categories encoding
the extended operators in topological order, typically in terms of a structure richer than
that of a braided monoidal category, such as a modular tensor category, see e.g. [JF22].
This bird’s-eye view is very useful for addressing classification questions (in two and
also higher dimensions), but it leaves open more concrete questions such as whether or
not these categories can be realized by lattice quantum systems. For further information
about topological order and its interplay with category theory, we point the reader to the
informative review article [KZ22].

The focus of our article is on the ‘microscopic’ approach to topological order. We
are mainly interested in formalizing a novel and conceptual framework to extract from a
lattice quantum system the associated category of topological excitations of the ground
state, together with its algebraic structures such as tensor products (fusion) and braidings.
Our inspiration comes from works which employ techniques from algebraic quantum
field theory (AQFT) to study lattice quantum systems and their representation theory,
see in particular [Naall,Naal2,Naal5,FN15,0ga22]. In a nutshell, the key features
of this AQFT-based approach to topological order are as follows: The starting point
is a family {2((s)}ses of C*-algebras indexed by the points of a discrete set S, which
is interpreted as a discretization of the spatial dimensions. A typical choice is the n-
dimensional lattice S = Z", but it is an interesting question to which extent the discrete
geometry of S influences the main features of the model, see e.g. [EJ25] for existing
results in this direction. This family of C*-algebras is then extended to an AQFT
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over S which assigns to each subset U C S a certain C*-algebra obtained by forming
tensor products and inductive limits. While the entire representation category *Repgy
of this extended AQFT is in general rather wild and unstructured, typically there exists
an interesting full subcategory which can be endowed with the structure of a braided
or symmetric monoidal C*-category, under suitable additional hypotheses on both the
geometry of S and the AQFT 2. The key idea to extract this full subcategory of so-called
superselection sectors [DHR71,BF82] is to fix a reference representation 7o € *Repy,
interpreted as the ground state representation of the extended AQFT £, and consider only
those representations w € *Repgy which are unitarily equivalent to 7o on the complement
of a suitable class of subsets U C S, i.e. w|ye = mo|ye for all U € C(S) belonging to
some chosen category C(S) of localization regions. In the case of S = Z", one typically
takes C(S) = Cone(Z") to be the category of cone-shaped subsets. Note that such
superselection sectors encode only topological information of the system, which can be
localized in any choice of localization region independently of its location or size, hence
one can interpret them as describing topological excitations of the ground state. In the
special case of S = Z" with n > 2, one can construct directly a tensor product and
braiding (which is symmetric for n > 3) on the C*-category of superselection sectors
through a computationally intricate method which is rooted in [DHR71,BF82]. These
methods were recently modernized and generalized in [B+25], where in particular rather
general geometric conditions on the underlying category of localization regions were
identified which allow for the construction of a braiding.

The main innovation of our paper is the new observation that the monoidal C*-
categories SSSg(, ) (U) of superselection sectors which are strictly localized in a region
U € C(S) carry the structure of a locally constant prefactorization algebra over the
category C(S) of localization regions, provided that certain rather mild geometric and
algebraic assumptions are satisfied. (See Assumptions 3.11 and 3.13, and note that
by Theorem 3.17 the latter follows from the more standard Haag duality property.)
This means that, for every mutually disjoint family of inclusions of localization regions
(Ur,...,Uy) — V,ie Uy C Vioralli and U; NU; = @ forall i # j, there exists a
factorization product

X) SSS (21,70 (Ui) —> SSS(at.70)(V) (1.1)

i=1

that allows us to ‘fuse’ superselection sectors localized in disjoint regions. The term local

constancy refers to the property that an equivalence of C*-categories SSS a1, z,) (U) =
SSSa(,7,) (V) is assigned to every 1-ary inclusion U C V of localization regions, which
formalizes the intuition that superselection sectors are topological objects that are insen-
sitive to the size and location of the localization region. This locally constant behavior of
superselection sectors is implicitly recognized and also computationally utilized since
the early works [DHR71,BF82], see also [B+25, Theorem 3.19] for a more explicit
statement, however its full scope becomes manifest only in combination with the pref-
actorization algebra structure which we develop in the present paper. The algebraic
structure described above can also be interpreted as a topological categorified AQFT,
see Corollary 3.22 and Remark 3.23.

Prefactorization algebras are a very general and versatile class of algebraic structures.
They were introduced by Costello and Gwilliam [CG17,CG21] in their works on pertur-
bative QFT, but they are also of independent interest in factorization homology [AF15],
higher algebra [LurHA], representation theory [BBJ18a,BBJ18b,Hat23] and algebraic
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QFT [Hen18,BPSW21]. The key feature of a prefactorization algebra is that it describes
a family of objects together with algebraic operations which are dictated intuitively by
the underlying geometry of the problem. This geometry is abstractly encoded by a choice
of category C, collecting the ‘regions of interest” and their inclusions, together with a
distinguished class of pairs of morphisms U; — V < U, encoding when two regions
U and U, are ‘geometrically independent’ in V. One of the prime examples is given by
the category Open(X) of open subsets of a manifold X, together with the natural notion
of geometric independence U; — V <« U; given by disjointness Uj N U, = & of sub-
sets. In the context of our paper, the geometry is encoded by the category of localization
regions C(S) and geometric independence by disjointness of subsets.

The reader might now rightfully ask how our locally constant prefactorization algebra
structures relate to the more familiar braided or symmetric monoidal structures arising
in traditional superselection theory and topological order. The key insight is that locally
constant prefactorization algebras over very simple types of geometries specialize to
these familiar algebraic structures. For example, it is shown in [LurHA, Theorem 5.4.5.9]
that a locally constant prefactorization algebra which is defined over open disks in R”
is equivalent to the datum of an algebra over the little n-disks operad E,,. This implies
that a category-valued locally constant prefactorization algebra over open disks in R”
is equivalent to an E,-monoidal category, i.e. a monoidal category for n = 1, a braided
monoidal category for n = 2, and a symmetric monoidal category for n > 3.! When
translated to our context, this means that our locally constant prefactorization algebras
of superselection sectors are a priori much more general objects and they only specialize
to the familiar braided or symmetric monoidal categories if the category of localization
regions C(S) is sufficiently simple. We will investigate these aspects in Sect. 4 for the
typical example of the category C(S) = Cone(Z") of cone-shaped subsets in Z" and
show how to recover the familiar [E,-monoidal categories in this case. In our analysis
we discover also new algebraic structures on these categories, related to the homotopy
groups of the sphere S"~! encoding the angular coordinates of cones, which do not seem
to have been observed before. In the particular case of a 2-dimensional lattice Z2, these
additional algebraic structures consist of a self-equivalence of the braided monoidal
category of superselection sectors which admits a geometric interpretation in terms of a
kind of ‘holonomy’ around the circle S'.

We will now explain our results in more detail by outlining the content of this paper.
In Sect. 2, we collect the relevant preliminary material which is needed for our work.
Section 2.1 recalls some basic notions of C*-algebras and their categorical aspects.
Section 2.2 introduces a concept of AQFTs over discrete sets S, such as e.g. the lattice
S = 7", and develops categorical tools which allow us to extend any family {2((s)}scs
of C*-algebras indexed by the points of S to an AQFT over S. These tools are rooted
in the operadic approach to AQFT [BSW21,BSW19], which we combine with the C*-
algebraic concepts from Sect. 2.1, see in particular the main result in Proposition 2.14.
Section 2.3 recalls some basic aspects of the theory of C*-categories following [Del12]
and introduces a variant of prefactorization algebras taking values in C*-categories, see
in particular Definition 2.21 and Remark 2.22.

In Sect. 3, we study the C*-category SSSa(.c(s).79) S *Repg of superselection
sectors (see Definition 3.3) of an AQFT over a discrete set S and explore the algebraic
structures which may be defined on this category. One of the key features entering

1 This degenerate behavior of E,-monoidal categories for n > 3 is a consequence of our restriction to
1-categories. In the context of higher category theory, E,-monoidal co-categories are distinct concepts for all
n > 0, where increasing n leads to more and more commutative objects.
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our approach, which is implicitly known since [DHR71,BF82] and explicitly stated in
[B+25, Facts 2.26, (SSS1)], is that there exists a family of unitarily equivalent models

SSS(2(.70) (U) —> SSS(21.c(5).n0) for this C*-category, indexed by the objects U €
C(S) of the category of localization regions (e.g. cones for S = Z"), that describes
superselection sectors which are strictly localized in U. This family of C*-categories
assembles into a functor SSSg( ) : C(S) — C*Catc which is locally constant in the

sense that a unitary equivalence SSS g, 70)(U) = SSS 1, 70) (V) of C*-categories is
assigned to every inclusion U € V in C(S), see Lemma 3.5. In Sect. 3.1, we show that
this functor can be extended to a prefactorization algebra SSS (g ) : Pc(s)r — C*Catc

over the category of localization regions C(S)* (endowed with the orthogonality relation
[ given by disjointness), provided that certain geometric and algebraic assumptions are
satisfied, see Proposition 3.15. On the one hand, our geometric Assumption 3.11 is rather
mild (see also Remark 3.12) and it is satisfied by the category of cone-shaped subsets
of S = Z", see Proposition 4.2. On the other hand, our algebraic Assumption 3.13 is
designed to facilitate the construction of the factorization products. In particular, it holds
if the AQFT satisfies Haag duality for all localization regions U € C(S), see Theorem
3.17.

In Sects. 3.2 and 3.3, we review the usual monoidal structure on the C*-category
of superselection sectors from [DHR71,BF82] and prove that it is compatible with our
prefactorization algebra structure. This compatibility implies that we obtain a locally
constant prefactorization algebra SSS(a(, o) : Psyr — Algyas(C *Catc) taking values
in the category of strict monoidal C*-categories, see Theorem 3.21. In contrast to the
geometric origin of our prefactorization algebra structure, this monoidal structure is of an
analytic nature. It is rooted in the fact that, assuming Haag duality, every superselection
sector 7t can be presented by a suitable endomorphism p, hence one can define a monoidal
product by composition of endomorphisms. The existence of these two compatible types
of algebraic structures, i.e. a geometric prefactorization algebra structure and an analytic
object-wise monoidal structure, is the key insight to recover from our perspective the
results from [Naal1,Naal2,Naal5,FN15,0ga22] about the braided monoidal structures
on the categories of superselection sectors in 2-dimensional lattice quantum systems.

In Sect. 4, we specialize our results to the case where the set § = Z" is the n-
dimensional lattice and the category of localization regions C(S) = Cone(Z") is given
by cone-shaped subsets of Z”. In this context, our general results from Sect. 3 imply
that, assuming Haag duality for all cone-shaped subsets, the categories of localized
superselection sectors carry the structure of a locally constant prefactorization algebra
SSSu.70) * Pconezryt — Alguas (C*Catc) taking values in the category of strict
monoidal C*-categories, see Corollary 4.3. In Sect. 4.1, we use powerful techniques from
higher algebra, in particular from oo-categories and oco-operads [LurHA], in order to
relate these algebraic structures to more familiar ones. One of the key results is Corollary
4.8, which shows that SSS(g( ;) has an underlying locally constant prefactorization
algebra SSS o ., defined on open disks in the cylinder R! x §*~!. We would like to

emphasize that the sphere S"~! arises from the geometry of our context (it describes
the angular coordinates of cones centered at the origin of Z"), while the line R! has an
analytic origin rooted in Haag duality and the associated object-wise monoidal structure.
By removing a point of the sphere R! x (S"~!\ pt) = R”, we obtain an underlying
locally constant prefactorization algebra SSS o) defined on open disks in R”, which
is equivalent to an E,-monoidal structure on the C*-category of superselection sectors,
see Corollary 4.9. This provides a conceptual explanation for the origin of the braided
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(for n = 2) or symmetric (for n > 3) monoidal categories of superselection sectors
in lattice quantum systems on Z" [Naall,Naal2,Naal5,FN15,0ga22]. It is important
to highlight that these EE,-monoidal categories are obtained by removing a point of the
sphere S"~!, hence they forget those algebraic structures carried by the locally constant
prefactorization algebra SSS g ;) on R! x S"~! which are linked to the homotopy

groups of "~ In the special case of a 2-dimensional lattice Z?, the additional algebraic
structure arising from the circle S' can be identified explicitly with a self-equivalence
of the braided monoidal category of superselection sectors, see Corollary 4.12. This
self-equivalence can be interpreted as a kind of ‘holonomy’ arising from rotating cones
in Z? by 27 around their apex.

In Sect. 4.2, we spell out some more concrete computational details for the case of
72 . In particular, we show how one can compute the braided monoidal structure on the
category of superselection sectors SSSg(,c(s),7,) €xplicitly from our locally constant
prefactorization algebra SSS(a( xg) : Pconez2): — Algyas(C*Catc) and observe that
the result agrees with the traditional approach in [DHR71,BF82]. We further explain how
to compute the self-equivalence of this braided monoidal category which is associated
to the circle S! and show that it is trivial (i.e. the identity) for Kitaev’s quantum double
model for an Abelian group, see Example 4.15. We believe that this triviality result is not
due to the simplicity of this example, but it is rooted deeper in the type of superselection
sectors which are commonly used for lattice quantum systems. These correspond to
the traditional superselection sectors from [DHR71,BF82], which in other contexts are
known to neglect information about the underlying ‘spacetime’ topology. In more detail,
such traditional superselection sectors correspond in the terminology of Brunetti and
Ruzzi to ‘topologically trivial sectors’ [BRO8], which are a subclass of the more general
superselection sectors introduced in their work building upon ideas of Roberts [Rob04]
on non-Abelian cohomology. We believe that adapting these more general superselection
sectors to lattice quantum systems will produce a richer C*-category of superselection
sectors that depends on the homotopy groups of the category of cone-shaped subsets
Cone(Z?) and thereby leads to a non-trivial self-equivalence in Corollary 4.12. We hope
to come back to this in future work.

2. Preliminaries

2.1. C*-algebras. In this subsection we recall some basic facts about x-algebras, pre-
C*-algebras and C*-algebras over the field C of complex numbers, see e.g. [Mur90].
For our purposes, it will be most convenient to approach this subject from a categorical
point of view following [Bun19,Bun21].

Definition 2.1. A x-algebra is a unital associative algebra A over C with a complex
antilinear involution * : A — A, a > a™ that reverses the order of multiplication, i.e.

ha+1d) =xra*+Nd*, (ad)* =d*a*, a* =a, 2.1)

forall a,a’ € A and A, 1" € C. We denote by *Algc the category whose objects are
all x-algebras and whose morphisms are all -homomorphisms, i.e. f : A — Bisa
morphism of unital associative algebras such that f(a*) = f(a)*, foralla € A.

Let us recall that the traditional definition of a C*-algebra is that of a Banach *-
algebra A whose norm | - |4 : A — [0, co) satisfies the C*-identity |a* als = ||a||i,
for all @ € A. The norm of a C*-algebra turns out to be fixed uniquely by its other
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structures, see e.g. [Mur90, Corollary 2.1.2], and every *x-homomorphism f : A — B
between two C*-algebras is automatically continuous, see e.g. [Mur90, Theorem 2.1.7].
This justifies the following definition.

Definition 2.2. A C*-algebra is x-algebra A € *Alg: which has the property that it
admits a C*-norm turning it into a Banach *-algebra. The category of C*-algebras is
defined as the full subcategory

C*Alge C *Algc (2.2)
of the category of x-algebras from Definition 2.1 whose objects are all C*-algebras.

For every *-algebra A € *Alg, one can define a function || - [max : A — [0, co] by
setting

lalmax := sup
f:A—>

If@ls, (2.3)
B

for all @ € A, where the supremum is taken over all x-homomorphisms f : A — B to
a C*-algebra B € C*Algc with C*-norm denoted by | - | 5.

Definition 2.3. A pre-C*-algebra is a x-algebra A € *Algc such that |a[max < 00 18
finite, for all @ € A. The category of pre-C*-algebras is defined as the full subcategory

C;reAlgC C *Alge (2.4)
of the category of x-algebras from Definition 2.1 whose objects are all pre-C*-algebras.

Remark 2.4. For every C*-algebra A € C*Alge one can show that || - [max = | - |4
agrees with its C*-norm. This implies that the full subcategories from Definitions 2.2
and 2.3 satisfy

C*Alge C CpAlge C *"Alge, (2.5)

pre
see e.g. [Bun19, Example 2.11] or [Bun21, Lemma 7.7].

The following useful result has been shown in [Bun19, Section 3] and [Bun21, Section
71, which also provides explicit models for the adjoint functors displayed below.

Proposition 2.5. (a) There exists an adjunction
incl : Ch Algc 7 *Alge : Bd™ (2.6)

whose left adjoint incl is the full subcategory inclusion C ;f,eAlgC C *Algc from
Definition 2.3. Hence, the category of pre-C*-algebras C;;reAlg(c is a coreflective
Sfull subcategory of the category of x-algebras *Alg.

(b) There exists an adjunction
compl : C Alge . C*Alge : incl (2.7)

whose right adjoint incl is the full subcategory inclusion C*Alge < C ;‘reAlg(C from
Remark 2.4. Hence, the category of C*-algebras C*Algc is a reflective full subcat-

egory of the category of pre-C*-algebras C,,, Algc.
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Using that the category of x-algebras *Algc is both complete and cocomplete (i.e.
bicomplete) and a general categorical argument as in [Bun24, Proposition 4.5], it follows
that the categories C;reAlg(C and C*Algc are bicomplete too. One can say even more
about how limits and colimits may be computed, see also [Bun19, Section 8] and [Bun21,
Section 7].

Corollary 2.6. The categories C ;,eAlg(C and C*Algc are bicomplete. Furthermore:

(a) Colimits in C,,Algc are created by the inclusion functor incl : C, Algc — *Algc

and the limit of a diagram X : D — C ;,‘,eAlgC can be computed by

lim (X D — C;,“reAlg(C) ~ Bd°°<1im (X D — *Alg@)) 2.8)
Sfrom the limit of this diagram in *Alg.

(b) Limits in C*Algc are created by the inclusion functor incl : C*Alge — Cp, Alge
and the colimit of a diagram X : D — C*Alg¢ can be computed by

colim(X :D— C*Alg(c) = compl(colim(X :D— C;reAlg(c)> (2.9)

from the colimit of this diagram in C;,“,eAlg(C.

Remark 2.7. Combining items (a) and (b) from Corollary 2.6, it follows that the colimit
of a diagram X : D — C*Alg can be computed by

colim(X :D— C*Alg(c) = compl(colim(X :D— *Alg(c)> (2.10)

from the colimit of this diagram in *Alg.

2.2. Algebraic quantum field theories over sets. In this subsection we describe a vari-
ant of algebraic quantum field theories (AQFTs) in the context where the underlying
“space(time)”? is given by a possibly infinite set S € Set, such as e.g. the lattice Z".
For this we use some aspects of the operadic approach to AQFT from [BSW21] and its
generalization to the x-involutive setting from [BSW19]. The aim of this subsection is
to fix our notations and formalize through a universal property (see Proposition 2.14) a
standard, but rather ad hoc, extension construction (see Remark 2.15) which is frequently
used in the context of quantum spin systems. We believe that our perspective will be
particularly valuable for categorically-minded readers to understand conceptually this
extension construction, however we do not expect that it will lead to new practical or
computational advantages for quantum spin systems.

Definition 2.8. Given any set S € Set, we denote by Sub(S) the category whose objects
are all subsets U C S and whose morphisms are subset inclusions U € V. We say that
two morphisms Uy € V and U, C V are orthogonal, writtenas (U C V) L (U C V),
if Uy N U, = @ are disjoint.

2 In our context, it is more accurate to think about the underlying space only. The time direction does not
play a significant role, and is only used to inform the selection of a suitable reference representation. The
AQFTs we consider could hence be thought of as living on a lattice over a Cauchy surface.
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Definition 2.9. A x-AQFT? over a set S € Set is a functor 2 : Sub(S) — *Alge
from the category of subsets of S (see Definition 2.8) to the category of x-algebras
(see Definition 2.1) which satisfies the following L -commutativity property: For all
orthogonal pairs (U; € V) L (Uy € V), the diagram

AU @AWU2) — AV) @ A(V)

| Lo @2.11)

AV) @ AV) —— AV)

of linear maps between vector spaces commutes, where 1(°P) denotes the (opposite)
multiplication in the x-algebra 2(V) € *Alg. and the unlabeled arrows are induced by
the x-homomorphisms 24(U;) — 2A(V) obtained by applying the functor 2 to the subset
inclusions U; C V, fori = 1, 2. The category of x-AQFTs over S is defined as the full
subcategory

*AQFT(S) < Fun(Sub(S), *Algc) (2.12)
of the functor category whose objects are all *-AQFTs over S.

Remark 2.10. This definition of *-AQFTs in terms of functors satisfying the _L-
commutativity property is similar to the traditional description of AQFTs in [HK64].
(In this relativistic context, the orthogonality relation L is given by causal disjointness
of subsets of the Minkowski spacetime.) There also exists an equivalent, but more ele-
gant and powerful, definition of (x-)AQFTsSs in terms of (x-)algebras over (x-)operads,
see [BSW21] and [BSW19]. Indeed, Definition 2.8 defines an orthogonal category
Sub(S)+:=(Sub(S), L) in the sense of [BSW21, Definition 3.4], hence there exists
an associated AQFT (x-)operad Ogyps)L, see [BSW21, Definition 3.8] and [BSW19,
Proposition 7.8]. The result in [BSW19, Proposition 7.11] then shows that the category
from Definition 2.9 is equivalent

*AQFT(S) ~ *Algp Vece) (2.13)

Sub($)- (
to the category of x-algebras over the AQFT x-operad with values in the involutive closed
symmetric monoidal category Vecc of complex vector spaces.

The operadic perspective from Remark 2.10 allows us to provide a conceptual formal-
ization of a useful construction in the context of lattice quantum systems which extends
a family of x-algebras {2((s)}ses indexed by the points of S to a x-AQFT over S, see
e.g. [Naall,Naal2,Naal5,FN15,0ga22] and also Remark 2.15 below. Regarding the
set § € Set as a discrete category, we denote by

S — Sub(S), s —> Jj(s):= ({s} gs) (2.14)

the functor which assigns to an element s € S the singleton subset j (s) = {s} € Sub(S).
Note that this functor is fully faithful and that restricting the orthogonality relation L on
Sub(S) from Definition 2.8 defines the trivial (i.e. empty) orthogonality relation on S.
The result in [BSW21, Proposition 4.6], combined with its x-involutive generalization
in [BSW19, Corollary 7.13], then specializes in our context to the following

3 The terminology *-AQFT is chosen as in [BSW19] to emphasize the presence of x-involutive structures
and thereby to distinguish this concept from the ‘purely algebraic’ AQFTs (taking values in an arbitrary
symmetric monoidal category) appearing in other works of some of the authors, see e.g. [BSW21,Car23].
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Proposition 2.11. The orthogonal functor (2.14) induces an adjunction
Ji: *Algd 7 *AQFT(S) : j* (2.15)

which exhibits the product category >"Alg%:: [ Lies *Algc as a coreflective full subcate-
gory of the category of x-AQFTs from Definition 2.9, i.e. the left adjoint j), which is given
by operadic left Kan extension, is a fully faithful functor. The right adjoint functor j* is
given concretely by assigning to each object A € *AQFT(S) the family of *-algebras
JF@ = {A{sh ] 5 € *Alg?.

We would like to emphasize that operadic constructions as in Proposition 2.11 exist
a priori only for AQFTs assigning x-algebras, but not necessarily for AQFTs assigning
(pre-)C*-algebras. The reason for this is that (pre-)C*-algebras can not, to the best of
our knowledge, be presented as categories of x-algebras in a suitable cocomplete invo-
lutive closed symmetric monoidal category, which is however essential for the operadic
approach in [BSW21,BSW19]. In the remaining part of this subsection we will study the
interplay between the constructions presented above and the (pre-) C*-algebraic concepts
from Sect. 2.1. For this we introduce the following terminology.

Definition 2.12. An object % € *AQFT(S) is called a (pre-)C*-AQFT if, for each

U € Sub(S), the *x-algebra 20(U) € Cz‘pre)AlgC C *Alg is contained in the full

subcategory of (pre-)C*-algebras from Definitions 2.2 and 2.3. We denote by
C*AQFT(S) C C;reAQFT(S) C *AQFT(S) (2.16)
the full subcategories of C*-AQFTs and pre-C*-AQFTs over S.

Lemma 2.13. The adjunction compl : Cy;, Alge = C*Algc : incl from Proposition 2.5

(b) induces via post-composition an adjunction
compl : Cj, AQFT(S) : C*AQFT(S) : incl 2.17)

between the categories of pre-C*-AQFTs and C*-AQFTs.
Proof. We have to show that, given any A € C* AQFT(S), post-composing with the

e
completion functor yields a functor compl(2() : pSub(S) — C*Algc which satisfies the
1 -commutativity property (2.11). Let us recall from e.g. [Bun21, Lemma 7.17] that,
given any A € Cj Algc, its completion compl(A) € C*Algc can be modeled by
forming the quotient A/I4 € *Algc by the x-ideal I4:={a € A : |a|max = 0} and
then completing the result with respect to the norm || - | max- Since all maps in the analog
of the diagram (2.11) for the completions are continuous, it suffices to verify that the

diagram

AU AU AV AV
( 1)/1%<U1>® ( 2)/1m<Uz) — A )/Imm@ ( )/Im(V)

| Lo (2.18)

A(V) A(V) I /14
T I T
of the uncompleted quotients commutes, for all (U; € V) L (U € V). This is a direct
consequence of the 1 -commutativity property of 2 € C ;‘reAQFT(S ).

The resulting functor compl: C;reAQFT(S ) —> C*AQFT(S) is clearly left adjoint

to the canonical inclusion functor. |
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The following result adapts Proposition 2.11 to the C*-algebraic context.

Proposition 2.14. The adjunction from Proposition 2.11 together with the completion
Sfunctor compl : C;,"reAQFT(S) — C*AQFT(S) from Lemma 2.13 induce the adjunc-
tion

complo ji : C*Algd. " C*AQFT(S) : j* (2.19)

between the corresponding C*-algebraic full subcategories. This adjunction exhibits
the product category C *Algé:: [[jes C*Alge as a coreflective full subcategory of
C*AQFT(S), i.e. the left adjoint compl o jy is a fully faithful functor.

Proof. From the definition of the right adjoint functor j*(2[) = {Ql({s D }S - 1tisevident
that it restricts to the C*-algebraic full subcategories. It thus remains to show that our
candidate in (2.19) for a left adjoint is well-defined and that it is indeed a left adjoint for
the restricted j*.

To show well-definedness, let us start with observing that the orthogonal functor
(2.14) factorizes

i 5 % Fin(s) -2 sub(s) (2.20)

through the full subcategory Fin(S) € Sub(S) of all finite subsets of S, which we
endow with the restriction of the orthogonality relation L on Sub(S). This implies that
the operadic left Kan extension ji can be computed in two steps

ji: *AlgS s AQFTN(S) 25 *AQFT(S) | 2.21)

where *AQFT!"(S) is defined similarly to Definition 2.9 by replacing the orthogonal
category Sub(S)* of all subsets with the orthogonal category Fin(S)* of all finite
subsets. The first operadic left Kan extension jj; can be computed explicitly as follows:
To a family of x-algebras A = {A(s)}ses € *Algé, it assigns the object j; () €
*AQFT!"(S) which is defined by the functor j;1(2) : Fin(S) — *Alg that assigns to
every finite subset U C S the (finite!) tensor product x-algebra

@) = QR As) € *Alge (2.22a)
seU

and to every inclusion U C V of finite subsets the canonical *-homomorphism. Since j,
satisfies the closedness condition from [BSW21, Definition 5.3], the result in [BSW21,
Theorem 5.4] shows that the second operadic left Kan extension j,) can be computed by
an ordinary categorical left Kan extension of *Alg-valued functors. More concretely,
this means that to an object B € *AQFT"(S) it assigns the object j»(B) € *AQFT(S)
which is defined by the functor j» (%8) : Sub(S) — *Alg that assigns to every subset
U C S the filtered colimit

P (BYU) = colim(Fin(S) JU —> Fin(S) —2— *Algc> (2.22b)
and to every inclusion U C V of subsets the canonical *-homomorphism.

Given any family A = {(s)}ses € C *Alg(SC of C*-algebras, the finite algebraic
tensor products in (2.22a) are pre-C*-algebras, see e.g. [Bun21, Lemma 7.13]. Hence,



20 Page 12 of 45 M. Benini, V. Carmona, P. Naaijkens, A. Schenkel

the functor jj; restricts to a functor jy; : C*Alg% — C;‘reAQFTﬁ“(S). Using also
(2.22b) and Corollary 2.6 (a), it follows that the functor jp) restricts to a functor jo :
C ;reAQFTﬁ“(S ) — C* . AQFT(S). Hence, by (2.21) one obtains the restriction

pre

ji @ C*Algd. — C: AQFT(S), (2.23)

pre

which implies that our candidate for the left adjoint functor in (2.19) is well-defined.
To show that (2.19) is an adjunction, we observe that, for any pair of objects 2 €
C *Algé and € € C*AQFT(S), there exist natural bijections

Hom-aqFr(s) (compl(ji(2)), €) = Hom«aqrr(s)(ji(A), €) = Hom, AlgS (& j5©)
(2.24)

where in the first step we use Lemma 2.13 and in the second step we use Proposition
2.11. To show fully faithfulness of the left adjoint functor, one can equivalently verify
that the adjunction unit is a natural isomorphism. This follows from the observation that,
for each 2 € C*Alg((s:, the unit ng : A — j*compli(2A) is given component-wise by
the identity maps

A(s) —> compl(ji(A)({s})) = compl(A(s)) = A(s) , (2.25)

for all s € S, where in the first equality we use (2.22) and in the second equality we use
that A(s) € C*Alg is by hypothesis a C*-algebra. |

Remark 2.15. We would like to highlight that the left adjoint functor from Proposition
2.14 provides a formalization of the following standard extension construction in the
context of lattice quantum systems, see e.g. [BR87,Naal1,Naal2,Naal5,FN15,0ga22].
Any family of matrix algebras {2((s) = Maty(C)}ses € C *Alg%, indexed by the points
of the set S, can be extended to all finite subsets U™ C S by forming the tensor product
C*-algebra 2A(U finy. — &) cpfin A(s). This can be extended further to all (possibly infi-
nite) subsets U C S by taking the inductive limit 2A(U ):=colimUﬁn U AU over all

finite subsets U C U. One easily checks by hand that this extension procedure defines
a C*-AQFT over S. From the proof of Proposition 2.14, it is evident that the result of this
ad hoc construction coincides with the application of the left adjoint functor compl o j
on A = {A(s)}ses € C*Algé, hence our extension construction agrees with the usual
one from the literature. Some of the advantages of our more abstract point of view are
as follows: 1.) The extended compl( J (Ql)) € C*AQFT(S) has, and it is characterized
uniquely (up to isomorphism) by, the following useful universal property: For every
B € C*AQFT(S), the set of C*AQFT(S)-morphisms compl(ji(A)) — B is in bijec-
tive correspondence to the set of families {2((s) — B({s})}ses of C*Algc-morphisms.
2.) The concept of operadic left Kan extension provides a conceptual explanation for
why one first extends from points to finite subsets via tensor products and then from
finite subsets to all subsets via inductive limits.

2.3. C*-categorical prefactorization algebras. In this subsection we recall some well-
known aspects of the theory of C*-categories [GLR85], following mostly the presen-
tation in [Dell2]. See also [Bun19,Bun21,Bun24] for related results. We will then in-
troduce a concept of prefactorization algebras which are defined over an orthogonal
category Ct = (C, L), for example the one from Definition 2.8 or full orthogonal
subcategories thereof, and take values in C*-categories.
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Definition 2.16. A x-category is a (unital) C-linear category .A with an involutive com-
plex antilinear contravariant endofunctor * : A°? — 4 acting as the identity on ob-
jects. In more detail, an involution consists of a family of complex antilinear maps
*: Alx,y) > A(y,x), f— f* forall objects x, y € A, such that

O f+XN Y =X+ %, P =g, f*=r, (2.26)

forall f, /' € A(x,y), g € A(y,z) and A, ' € C. We denote by *Catc the category
whose objects are all small x-categories and whose morphisms are all *-functors, i.e.
C-linear functors F : A — B such that F(f*) = F(f)*, for all morphisms f in A.

Similarly to the case of C*-algebras in Sect. 2.1, one can define a C*-category as a
x-category which has additional properties.

Definition 2.17. A C*-category is a x-category A € *Catc which has the following
properties:

(i) There exists a family of norms | - || 4 : A(x, y) = [0, 00), for all x, y € A, which

satisfy the C*-property | f* f1l 4 = I f ||f4, for all morphisms f in A, and turn A into
a Banach x-category. That is, each A(x, y) is complete with respect to the norm | - | A
and g f1l 4 < gl 4 I.fl 4 Whenever the composition is defined.

(ii) For every morphism f € A(x, y), the endomorphism f* f € A(x, x) is positive,
i.e. its spectrum is contained in [0, 00).

The category of C*-categories is defined as the full subcategory
C*Catc C *Catc 2.27)
of the category of x-categories from Definition 2.16 whose objects are all C*-categories.

A particularly important construction for C*-categories that is used in our work is
the maximal tensor product

X:=Q®max : C*Catc x C*Catc — C*Catc , (2.28)

which we denote by the symbol X in order to avoid subscripts. Let us recall its description
from [Del12, Proposition 3.12]: Given two C*-categories A, B € C*Catc, one forms
first their algebraic tensor product A @ B € *Catc, which is the x-category whose
objects are pairs of objects (x, p) € A x B and whose morphisms are defined by the
tensor product of vector spaces

(A®B)((x, p), (v, ) :=A(x, ) @ B(p, q) , (2.29)

for all (x, p), (y,q) € A x B. The involution on A ® B is defined by the complex
antilinear extension of (f @ g)*:=f*® g¢* : (v, q) — (x, p),forall f Qg : (x, p) —
(¥, ¢). The maximal tensor product A X B € C*Catc is then defined by completing the
algebraic tensor product with respect to the maximal norm, which is defined in analogy
to the case of (C)*-algebras (2.3) by considering *-functors to all C*-categories. By
construction, there exists a canonical *-functor

A®B — AKB (2.30a)

which induces a natural bijection of Hom-sets

Hom-Catc (A X B, C) ——> Homecate(A® B,C) , (2.30b)
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for all C*-categories A, B, C € C*Catc. This means that specifying a *x-functor .4 X
B — C between C*-categories is equivalent to specifying a x-functor A ® B — C out
of the algebraic tensor product, which is practically very convenient.

The following result follows from [Del12] and [Bun19, Corollary 11.4].

Theorem 2.18. (a) The category C*Catc from Definition 2.17 is closed symmetric
monoidal with respect to the maximal tensor product K:=Qmax from (2.28) and
the monoidal unit is given by the C*-category BC € C*Catc with a single object
and morphisms C.
(b) It is further a combinatorial simplicial symmetric monoidal model category with
respect to the following classes of morphisms: A x-functor F : A — Bin C*Catc is
— Aweak equivalence if it is a unitary equivalence, i.e. it is quasi-invertible such that
every component of the natural isomorphisms F~'F = id 4 and F F~' = idg
is unitary. (As a consequence of [Dell2, Lemma 4.6], this is equivalent to the
underlying functor between ordinary categories being fully faithful and essentially
surjective.)

— A fibration if every unitary morphism v : F(x) — p in B admits a lift, i.e. there
exists a unitary morphism u : x — y in A such that F(u) = v.

Remark 2.19. The symmetric monoidal structure from Theorem 2.18 (a) allows us to
define a 1-categorical concept of C*Catc-valued prefactorization algebras, which will
be sufficient for our constructions in Sect. 3. The symmetric monoidal mode! structure
from Theorem 2.18 (b) determines a richer co-categorical context for such objects, which
will be discussed in more detail in Sect. 4. In particular, this co-categorical context is
needed to identify and characterize the algebraic structures on superselection sectors for
lattice C*-AQFTs in Sect. 4.

We would like to note that C*-categories also assemble naturally into a symmetric
monoidal 2-category, see e.g. [AV20,Hat23]. Using tools from 2-operad theory, see
e.g. [CG13,BPSW21], it would be possible to formulate our results directly in this 2-
categorical context, which however would come with the following drawbacks: 1.) Our
explicit constructions and results in Sect. 3 behave manifestly 1-categorical, hence a 2-
categorical framework would unnecessarily complicate their presentation. 2.) Our more
abstract constructions and results in Sect. 4 apply to an arbitrary presentably symmetric
monoidal co-category as target for operad algebras, hence a 2-categorical framework
would unnecessarily restrict their range of applicability. In particular, this would limit
potential future applications to more sophisticated lattice models which include stacky
and/or derived geometric structures, whose representation categories take the form of
higher categories or even dg-categories, see e.g. [BFS24,CC24].

We will now introduce a concept of C*Catc-valued prefactorization algebras which
are defined over any orthogonal category C*. For our applications in Sect. 3, the rel-
evant examples are full orthogonal subcategories of the orthogonal category Sub(S)~+
of subsets of a (possibly infinite) set S € Set from Definition 2.8. The following defi-
nition of the prefactorization operad associated to an orthogonal category is taken from
[BPSW21, Definition 2.5] and was motivated by the works of Costello and Gwilliam
[CG17,CG21].

Definition 2.20. The prefactorization operad P associated to an orthogonal category
C is the Set-valued colored symmetric operad defined by the following data:

(1) The objects of P are the objects of the category C.
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(2) The sets of operations are

Per(p) = { —(fl,...,f,,)el—[C(Ui,V):fiJ_fjforallz';éj}, (2.31)

i=1

for each object V € C and each tuple of objects U:=(U1, ..., U,) € C". For the
empty tuple U = (), we set P (K)::{ptv} to be a singleton.
(3) The composition maps

y : Per(y) x ]_[PCL (W) — Per(w) . (2.32a)

where W:=(Wj, ..., W,) denotes the concatenation of tuples, are given by compo-
sition in the category C, i.e.

v(f (81,0 80)): ig:(flgu,.-.,flglkl,.-.,fngnl,-..,fngnk,l) :
(2.32b)

(4) The identity operations are idy € PcL( )
(5) The permutation actions Pc1 (o) : Pl (D — Pcu (U(,) for o € ¥,, are given by

Per(@)(f) = fo:=(fo)s - fom) - (2.33)

Definition 2.21. The category of C*-categorical prefactorization algebras over C* is
defined as the category

C*'PFAcL = AlgpCL (C*Catc) (2.34)
of algebras over the operad P from Definition 2.20 with values in the closed symmetric
monoidal category (C*Catc, X, BC) of C*-categories from Theorem 2.18 (a).

Remark 2.22. For the convenience of readers who are not familiar with operadic con-
cepts, let us spell out explicitly the data and properties of a C*-categorical prefactoriza-
tion algebra § : Pcr — C*Catc:

(1) To any object U € C is assigned a C*-category §(U) € C*Catc.

(2) To any operation i U =U,...,Uy) = Vin'Pcu is assigned a *-functor
n
S KW — F(V) (2.35)
i=1

from the maximal tensor product X of C*-categories. In the special case where U = ()
is the empty tuple (i.e. n = 0), this amounts to a *-functor

Spty) : BC — F(V) (2.36)

from the monoidal unit BC € C*Catc.

These data have to satisfy the following axioms:
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(i) For all operations f : U = (Uy,...,Uy) —> Vand g; : Wi = (Wi, ..., Wig,) —
Ui in P, fori =1,...,n, the diagram -
n ki lg(gl n
X X 3W;) ———— & S
i=lj=1 (2.37)
m [sw
SV)

in C*Catc commutes.
(ii) For all identity operations idy : V — V in Pc., the *-functor

§Gdy) = idgwv) : §(V) — (V) (2.38)
coincides with the identity *-functor.
(iii) For all operations f : U = (Uy, ..., U,) — V in Pc1 and permutations o € X,

the diagram

5 §(U) —————— & F W)
i=1 (2.39)

<\ T

in C*Catc commutes, where the unlabeled isomorphism is obtained from the sym-
metric braiding on C*Catc.

As a consequence of the universal property (2.30) of the maximal tensor product, we
note that the structure maps (2.35) can be specified equivalently by x-functors

5 QFWH) — FV) (2.40)

i=1
out of the algebraic tensor product and (2.36) is equivalent to the choice of an object
S(pty) € F(V). (2.41)

Furthermore, commutativity of the diagrams (2.37) and (2.39) can be verified by re-
stricting to algebraic tensor products. These observations are useful in practice.

3. Prefactorization Algebras of Localized Superselection Sectors

Consider any set S € Set and any family 2 = {2(s)}ses € C *Alg(SC of C*-algebras.
Then the construction in Proposition 2.14 defines a C*-AQFT

2 := compl(ji(2A)) € C*AQFT(S) (3.1

on the orthogonal category Sub(S)L of all subsets of S from Definition 2.8. This
means that we can assign functorially to each subset U C S a C*-algebra A(U) €
C*Algc, which is constructed explicitly in the proof of Proposition 2.14 in terms of
tensor products, filtered colimits and C*-completions, and to each subset inclusion
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U C V a x-homomorphism ﬁ(U ) —> ﬁ(V). This functor satisfies by construction
the _|-commutativity property (2.11). It assigns to the empty subset & C S the ini-
tial object A(¥) = C e C*Alg and to each singleton {s} C S the input datum
A({s}) = AGs) € C *Alg of the construction. In applications to quantum spin sys-
tems [Naall,Naal2,Naal5,FN15,0ga22], one usually considers a lattice S = Z" and
a family of finite-dimensional matrix algebras 2 = {24(s) = Maty(C)}ses € C*Algé.

The aim of this section is to construct C*-categories of suitably localized superselec-
tion sectors for such C*-AQFTs over S and to explore the algebraic structures which can
be defined, under suitable additional assumptions, on these C*-categories. We propose
the following simple definition of x-representations of the extended A € C*AQFT(S)
in (3.1) and argue in Remark 3.2 below that this is equivalent to the more standard
definition in the literature.

Definition 3.1. Let 2 = {A(s)}5es € C >"Alg(f: be any family of C*-algebras which is
indexed by a set S € Set. The C*-category *Repg of x-representations of the corre-
sponding extended 2 € C*AQFT(S) in (3.1) is defined as follows:

Obj: An object in *Repy is a pair (H, ) consisting of a complex Hilbert space H and a
family m = {7 : A(s) — B(H)}ses of mutually commuting x-homomorphisms
to the C*-algebra B(H) € C*Algc of bounded operators on H, i.e. the diagram

TR/
A(s) @ A(s’) —————— B(H) @ B(H)
nx®ns/l loop (32)

B(H) ® B(H) ———— B(H)

of linear maps between vector spaces commutes, for all s,s” € S with s # s/,
where o(°P) denotes the (opposite) composition of bounded operators.

Mor: Given two objects (H, ) and (H’, '), the Banach space of morphisms is the
closed subspace

“Repy ((H,7), (H',7")) € B(H,H") (3.3)

of the Banach space of bounded operators from H to H' which consists of all
bounded operators L : H — H' such that the diagram

As) — =y B(H')
ml l(f)oL (3.4)
B(H) —-— B(H. H)

of linear maps between vector spaces commutes, for all s € S.

The identity morphisms are givenbyidy : (H, w) — (H, m) and the composition of two
morphisms L : (H,7) — (H',n’)and L' : (H',n") — (H”,n") is the composition
L' oL : (H,w) — (H”,n") of bounded operators. The *-involution is defined by
forming adjoints L* : (H', n’) — (H, ) of bounded operators L : (H, ) — (H', ’).

Remark 3.2. The usual definition of *-repE:sentations of the extended A € C*AQFT(S)
in (3.1) consists of x-homomorphisms 24(S) — B(H) from the global C*-algebra
A(S) € C*Algc which is assigned to the entire set S € Sub(S). We would like to
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note that this definition is equivalent to our Definition 3.1: As a consequence of the
adjunction in Proposition 2.5 (b), a *-homomorphism AS) = compl( J (Ql)(S)) —
B(H) is equivalent to the datum of a x-homomorphism 7 : j;()(S) — B(H). From
our construction of ji(A)(S) in the proof of Proposition 2.14, in terms of a colimit over
the slice category Fin(S)/S, it follows that this datum is equivalent to a family

{T(U S AWU) = ®Ql(s) — B(H)} (3.5)

scl U €Fin(S)
of x-homomorphisms, indexed by all finite subsets U C S, such that the diagram

B(H)

AN (3.6)

AU) ——— A(V)

in *Alg commutes, for all inclusions U < V of finite subsets. Since 0(U) = ®SGU A(s)
is a tensor product *-algebra, for all U € Fin(S), such datum is equivalent to an S-
indexed family {rg : A(s) — B(H)}ses of mutually commuting *-homomorphisms as
in Definition 3.1.

By a similar argument as above, it follows that every object (H, ) € *Repg in the
category from Definition 3.1 comes with a canonical x-homomorphism

7y : AU) — B(H) (3.7)

from the C*-algebra®0(U) € C*Alg whichis assigned by the extended A € C*AQFT(S)
to any (possibly infinite) subset U € Sub(S). This family of *-homomorphisms satisfies
commutative triangles as in (3.6), for all subset inclusion U € V, and it is related to the
input datum via (s} = 7y, for all elements s € S.

The C*-category of all x-representations *Repy is typically too large and unstruc-
tured, which has led Doplicher, Haag and Roberts [DHR71] and later also Buchholz
and Fredenhagen [BF82] to consider only specific classes of x-representations which
are called superselection sectors. These x-representations are defined relative to a fixed
faithful x-representation (H, mp) € *Repg (the “vacuum representation”) and are re-
quired to be localizable in a suitable class of subsets U C S, i.e. they are unitarily
equivalent to the vacuum representation in all complements U:=S \ U. In our context,
it is convenient to describe such localization regions by means of a full subcategory
C(S) C Sub(S) of the orthogonal category Sub(S)+ from Definition 2.8, which inher-
its the structure of an orthogonal full subcategory C(S)* € Sub(S)~ by restricting the
orthogonality relation.

Definition 3.3. Let 2 = {A(s)}5es € C *Algé be any family of C*-algebras which
is indexed by a set S € Set. Fix any object (H,7p) € *Repgy such that the x*-
homomorphism moy : ﬁ(U ) — B(H) is injective, for all U C S, and any full sub-
category C(S) € Sub(S). The C*-category of (C(S), mg)-localizable superselection
sectors of the corresponding extended A € C*AQFT(S) in (3.1) is defined as the full
C*-subcategory

SSS.cs).7) S “Repy (3.82)
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consisting of all objects (K, w) € *Repgy which satisfy the following localizability
conditions: For every U € C(S), there exists a unitary operator u : K — H such that
the diagram

A(s) —2 5 B(H)
nsl l(—)ou (3.8b)
B(K) —=— B(K. H)

of linear maps between vector spaces commutes, forall s € U¢:=S\U in the complement
of U C S.

Remark 3.4. To show that a x-representation (K,7) € *Repg lies in the full C*-
subcategory SSS2(,c(s).7o) € “Repy, it suffices to verify the localizability conditions
(3.8) only for sufficiently small subsets U € C(S). More precisely, given any morphism
U C V in C(S), localizability of (K, ) € *Repgy in the smaller subset U € C(S)
implies localizability in the larger subset V € C(S). Indeed, if there exists a unitary
operator u : K — H such that u o wg(—) = mos(—) o u, for all s € U€, then this
property holds true in particular for all s € V¢ C U€. This simple observation will
become useful below.

In our constructions below, it is convenient to work with the following family of
unitarily equivalent models for the C*-category SSS g1, c(s),7o) of (C(S), 7mo)-localizable
superselection sectors from Definition 3.3.

Lemma 3.5. For each U € C(S), we denote by
SSS1,70)(U) S SSS(21,¢(8).70) (3.92)

the full C*-subcategory consisting of all objects (H, ) € SSS(a(,c(s),mo) Which share
the same Hilbert space with the reference x-representation (H, o) € *Repy and satisfy
the strict localization condition

s = mos - A() — B(H), (3.9b)

forall s € U°. Then the full C*-subcategory inclusion (3.9) is a unitary equivalence of
C*-categories, for every U € C(S).

Proof. By Definition 3.3, given any (K, w) € SSSu( c(s).7), there exists a unitary
operator u : K — H such that u o 3(—) = mps(—) ou, forall s € U€. Then the family
of *-homomorphisms

o ;=[uom(—)ou* - As) —> B(H)Les (3.10)

defines an object (H, ") € SSSa1,c(s),7o) Which satisfies by construction the strict
localization condition 7 = o, for all s € U°. In other words, (H, ") is contained
in the full C*-subcategory SSS(a( »,)(U) S SSS(2,c(s),m)- The unitary u : K —
U defines a unitary isomorphism u : (K,7) — (H,nw") in SSS(2( c($),7y), Which
implies that the full C*-subcategory inclusion SSS(g( 7,)(U) S SSS(a1,c(8),7) 15 @
unitary equivalence of C*-categories. O
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Remark 3.6. We would like to note that similar C*-categories of superselection sectors
which are also strictly localized in some fixed region appeared before in the literature.
See for example [Oga22, Setting 5.1] for the context of 2-dimensional lattice quantum
systems and [B+25, Definition 2.25] for a general von Neumann algebraic setting for
AQFTs over posets.

Remark 3.7. Since all objects (H, w) € SSS(2( ) (U) in the C*-category from (3.9)
share the same Hilbert space H, fixed by the choice of reference x-representation
(H, o) € *Repy, we will drop the Hilbert space from our notations and simply write
7 € SSS(21,7)(U) for an object and L : w7 — 7’ for a morphism in SSSg( ) (U).

Remark 3.8. From Definition 3.3, it follows that, given any 7 € SSS(g(7,)(U) <
SSS 21, ¢($),79) Which is localized strictly in U € C(S) and any other localization region
V e C(9), there exists a unitary operator u : H — H such thatu o (—) = mos(—) ou,

for all s € V. This means that 7" € SSS(g(,7,)(V) € SSS(a1,c(5),7) defined in (3.10)
is localized strictly in V € C(S). We further have a unitary isomorphism

u:m — mt (3.11)

in SSS a1, ¢(s),7)» Which in the literature is often called a charge transporter.

A direct consequence of the definition in (3.9) is that we have inclusions of full
C*-subcategories

SSS21,70) (U) € SSS(a1,70)(V) S SSSa1,¢(5),70) > (3.12)

for all morphisms U < V in C(S). Note that these inclusions are unitary equivalences
by Lemma 3.5 and the 2-out-of-3 property of unitary equivalences. This implies the
following result.

Proposition 3.9. The C*-categories from (3.9) assemble into a functor
SSS(2(,zy) : C(S) —> C*Catc (3.13)

which assigns to each morphism U C 'V in C(S) the full C*-subcategory inclusion in
(3.12). This functor is locally constant in the sense that it assigns to every morphism
U C V in C(S) a unitary equivalence of C*-categories.

Remark 3.10. Another direct consequence of the definition in (3.9) is that there exists,
for each U € C(S), a distinguished object

o € SSS(9,7)(U) 3.14)

given by the reference *-representation. Note that these objects are compatible with the
functor structure from Proposition 3.9, hence one can also think of this functor as a
functor to the category of pointed (i.e. Eg-monoidal) C*-categories.
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3.1. Prefactorization algebra structure. Note that the functor SSS(g( 7, : C(S) —
C*Catc from Proposition 3.9 and the distinguished objects (3.14) describe the arity 0 and
1 data of a C*-categorical prefactorization algebra over C(S)™, see in particular Remark
2.22. In order to obtain the entire data of a C*-categorical prefactorization algebra, one
has to define also actions of the (n > 2)-ary operations U = (Uj,...,U,) — V in
the operad PcgyL, l.e. Up © V forall i and U; NU; = @ forall i # j. The goal
of this section is to show that such an extension of the functor to a prefactorization
algebra exists, provided that certain geometric and algebraic assumptions are satisfied.
Let us start with introducing suitable geometric assumptions on the full subcategory
C(S) C Sub(S) encoding the localization regions of superselection sectors in Definition
3.3 which ensure the existence of our constructions in this subsection and also in Sect. 3.2
below. We show in Sect. 4 that these assumptions are satisfied in the case of cone-shaped
subsets in the lattice S = Z".

Assumption 3.11. We assume that the full subcategory C(S) € Sub(S) satisfies the
following properties:

(1) Given any U € C(S), there exists an object V € C(S) such that V C U°.

(2) Given any U, V € C(S), there exist objects V', W € C(S) such that V' C V and
Uuv Ccw.

(3) Given any U € C(S) and any finite tuple (U, ..., U,) € C(S)" of mutually disjoint
subsets, i.e. U; NU; = G forall i # j, there exists an object V' € C(S) such that
V CUand VNU; # < for at most one index i € {1,...,n}.

Remark 3.12. We would like to emphasize that our geometric Assumption 3.11 is de-
signed such that the strictly localized superselection sectors admit the structure of a
prefactorization algebra over C(S)* taking values in monoidal C*-categories, see in
particular Theorem 3.21 below. Since such prefactorization algebras are more general
algebraic objects than braided monoidal categories, it is not surprising that our geometric
assumptions are weaker than the geometric conditions (GAO-GA3) in [B+25, Section
1.1]. The latter are designed to achieve a more specialized result, namely that strictly
localized superselection sectors form a braided monoidal C*-category. We return to this
point in Sect. 4.

The following algebraic assumptions control the local behavior of strictly localized
superselection sectors in the sense of (3.9). We show in Theorem 3.17 below that these
assumptions hold true in particular in the case where the extended A € C*AQFT(S)
satisfies Haag duality in the reference x-representation (H, mg), for all U € C(S).
The reason why we prefer presenting Assumption 3.13 in the form below, instead of
assuming directly the more standard Haag duality property, is that it is designed to
provide a streamlined proof for the key Lemma 3.14.

Assumption 3.13. We assume that the following properties hold, for all pairs Uy, U, €
C(S) of disjoint subsets, i.e. Uy N U, = &:

(1) For any pair of objects 71 € SSS(2(,7,) (U1) and 72 € SSS(9(,7,) (U2), the diagram

s T2
1 2

2A(s1) @ A(s2) ———— B(H) ® B(H)
Ty ®712.s2l l°°" (3.15)
B(H)® B(H) ———— B(H)

of linear maps between vector spaces commutes, for all s1 € U and s, € Us.
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(2) For any pair of morphisms L : w1 — 7 in SSS(g( ) (U1) and Ly : mp — 75 in
SSS2(,7) (U2), we have that

LioL, = LyolLy (3.16a)
and the diagrams
Tls) T2s9
A(sy) —— B(H) A(s2) —— B(H)
msll »L<7)OL2 rmzl l(,)oLl (3.16b)
B(H) —— B(H) B(H) —— B(H)
Lao(-) Lio(—)

of linear maps between vector spaces commute, for all s; € Uy and 57 € Us.

(3) For any pair of objects w1 € SSS2(,74)(U1) and 7 € SSS(2(,7)(U2) and any V €
C(S) such that V N U; = @ are disjoint (but V and U, not necessarily disjoint),
the unitary isomorphism uy : 7, — né‘z from (3.11) to some nfz € SSS(at,70) (V)
strictly localized in V' can be chosen such that the diagram

Als)) —s B(H)
”lsll l<7)ou2 (3.17)
BUD “pecy BED

of linear maps between vector spaces commutes, for all s; € Uy N V¢ = Uj.

Lemma 3.14. Suppose that Assumptions 3.11 (3) and 3.13 are satisfied. For any n-ary
operation (U, ..., Uy) — V in the prefactorization operad Pcs)1 from Definition
2.20,i.e. U CV foralli and U;NU; = & foralli # j, consider the assignment from
the algebraic tensor product

n
o : X)SSS(at.) (Ui) —> SSS(atm) (V) . (3.18a)
i=1
(T, TTy) —> T @07, ,

L1® --QL, —> Lie---eoL,
given by

wis ifseUfori=1,...,n,

= ; . 3.18b
(e emi= 0 e s (3.18b)

forall s € S, and by the composition of bounded operators
Lie---eL,:=Ljo---0L, € B(H). (3.18¢)

Then (3.18) is a well-defined *-functor.
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Proof. Note that mutual disjointness U; N U; = &, for all i # j, implies that the
case distinction in (3.18b) is valid. Assumption 3.13 (1) implies that the family of -
homomorphisms (3.18b) is mutually commuting and it is obvious from the definition
that (1] ® --- @ 7,)y = 7oy, for all s € VC, because U; C V for all i. It remains
to show that (3.18b) satisfies the localizability condition from Definition 3.3, for all
U € C(S). Using Remark 3.4 and Assumption 3.11 (3), it suffices to consider the case
where U € C(S) intersects at most one of the U;. Without loss of generality, we can take
this to be U, (otherwise, we relabel the subsets), hence we may assume that U NU; = &
foralli =1,...,n — 1. Since m; € SSS2(,7y)(U;), there exists by definition a unitary
operator u; : H — H such that u; o 7;5(—) = mos(—) o u;, for all s € U€. (Note that
this condition specializes to the commutativity property u; o wos(—) = mos(—) o u;, for
all s € Uf N U°.) We claim that the composition u:=uj o ---ou, : H — H of these
unitaries (with the distinguished u,, on the right, but otherwise an arbitrary composition
order) satisfies

uo(mye---emy)s(=) = mos(—=)ou, (3.19a)

forall s € U€, which would complete the proof that 71 e- - - @7, € SSS(9( 7, (V) defines
an object. For s € U7 N --- N U; N U, this follows directly from the commutativity of
u; and 7o in this case. Fori = 1,...,n — 1 and s € U; N U, this follows from the
calculation

M10~-~Oun07'[is(—) = u1o-~-ou,~o7r,‘x(—)oui+1o~--oun
uyo---ouj_1omos(—)oujo---ouy
= mos(—)ouyo---ouy, (3.19b)

where the first step uses Assumption 3.13 (3), the second step uses the intertwining
property of u;, and the last step follows from the commutativity of u; and 7¢y, noting
thats € U, NU° C UJ? NUC forall j #i.Fors € U, NUS, this follows directly from

a similar calculation

U1 0---0UyO0TMys(—) = uro---ouy_jomy(—)ou, = mos(—)ouio---ouy,,

(3.19¢)

which does not require Assumption 3.13 (3).
To verifythat Ly e---e L, : 1@ - -0, — 711’ e - -- o 71 defines a morphism in
SSS(9(,75) (V), we have to show that

(Lio---eoLy)o(me--em)s(=) = (mje---em)s(=)o(Lie---eLy),
(3.20)

forall s € S. Fors € Uy N--- N Uy, this follows directly from (3.4) and the fact that
Li:m — nl./ is a morphism in SSS(g( ) (U;), foralli = 1,...,n. For s € U, this
follows directly from Assumption 3.13 (2) and a similar calculation as in the previous
paragraph.

The assignment in (3.18) is clearly functorial by using that L; o L; = L; o L;, for
all i # j, from Assumption 3.13 (2). By a similar argument one shows that this linear
functor preserves the x-involutions (L e---eL,)* = (Ljo---oL;)* = (Lyo---0L)* =
Lio---oLf=Lje---eL". O
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Proposition 3.15. Suppose that Assumptions 3.11 (3) and 3.13 are satisfied. Then the
functor from Proposition 3.9, the distinguished objects (3.14) and the arity (n > 2)
structure maps from Lemma 3.14 define a C*-categorical prefactorization algebra
SSS@t.ny) + Pesyt —> C*Catc over the orthogonal category C(S)*. This prefac-
torization algebra is locally constant in the sense that it assigns to every 1-ary operation
U — V inPgs)L a unitary equivalence of C*-categories.

Proof. One has to check that the structure maps defined by these data satisfy the axioms
of a C*-categorical prefactorization algebra from Definition 2.21, see in particular the
explicit form of these axioms in Remark 2.22. This is evident from the definitions. Local
constancy follows directly from Proposition 3.9 since the 1-ary operations U — V in
Pes)t are precisely the morphisms U € V in C(S). O

We conclude this subsection by showing that Haag duality for 2l € C*AQFT(S)
in the reference x-representation (H, mp) € *Repg, for all U € C(S), implies the
algebraic Assumption 3.13. Let us start with recalling the concept of Haag duality.
Using the construction from the second paragraph of Remark 3.2, we obtain injective *-
homomorphisms oy : A(U) — B(H),forallU € Sub(S), and we denote their images
by mou (ﬁ(U )) C B(H). The 1-commutativity property of A € C*AQFT(S) implies
that oy< (AU)) S mou @(U))/ is contained in the commutant of 7oy (A(V)) <
B(H), for all U € Sub(S). Applying the commutant to this inclusion yields

mou (A(W))" S moue (AW®))' (3.21)
for all U C Sub(S).

Definition 3.16. The extended 21 € C*AQFT(S) is said to satisfy Haag duality for
U € Sub(9) in the reference *-representation (H, ) if the inclusion in (3.21) is an
equality

o (AW))" = moue (AWU))' . (3.22)

Theorem 3.17. Suppose that A € C*AQFT(S) satisfies Haag duality in the refer-
ence x-representation (H, m), for all U € C(S). Then the algebraic Assumption
3.13 is satisfied. Hence, provided that the geometric Assumption 3.11 (3) is satisfied
too, Proposition 3.15 defines a locally constant C*-categorical prefactorization algebra
SSS (21, 9) 1 Pes)r — C*Catc in this case.

Proof. Note that the family of commuting diagrams in (3.15) is equivalent to the con-
dition g, (QL(U 1)) C my, (QL(UQ))/. We will check this equivalent condition in order
to show that Assumption 3.13 (1) is satisﬁe(i The strict localization condition in (3.9)
is equivalent to the identity 7; Us = Tougs A7) — B(H), fori = 1, 2. Using also
1 -commutativity of A € C*AQFT(S) and Haag duality for U; € C(S), we obtain

iy, (AU < ”iUf(ﬁ(UiC))/ = JTOU;‘@(U,-C))/ = mou, (AW))" (3.23)
fori = 1, 2. Our claim then follows from

10, (AUUD) € mov, (AAUD)" € mous (AWUS))" = maps (AWUS))" € 7oy, (A(W2)) .
(3.24)
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The first step uses (3.23) for i = 1, the second step follows from U; C Uj5 since
U1 N Uy = &, the third step uses the strict localization condition e = ToUs and the
last step follows by applying the commutant to the first inclusion in (3.23) for i = 2.
Concerning Assumption 3.13 (2), we start with observing that, as a consequence of the
strict localizations of the objects 71, 7] € SSS(21,7q)(U1) and w2, 75 € SSS(21,70) (U2),
the property of the morphisms L; : w1 — 7y and L, : mp — 7} in (3.4) implies that

Ly e JTOUIC@(Uf))/ = mou, (AWD)", Ly e JTOUZC@(UE))/ = 7ov, (A(V2))"
(3.25)

where the equalities use Haag duality. Since applying twice the commutant to the |-
commutativity condition 7oy, (A(U1)) S mou, @(Uz))/, for Uy N U, = @, yields
moU, (gl(Ul))// C mou, (ﬁ(Ug))W, we find that L| o L, = Lj o L and hence the
assumption in (3.16a) holds true. The family of commutative diagrams in (3.16b) is
equivalent to the conditions L| € mayp, (ﬁ(Uz))/ and L, € myy, (AU 1))/. Focusing on
the case of L, we observe that

o0, (A(U2)) S mous (AWUS))" S ou, (AWD)" (3.26)

where the first step is given by (3.23) and the second step follows from U; C Uj.
Applying the commutant to this inclusion, we obtain gy, (ﬁ(U 1))” C muy, (ﬁ(Uz))/,
hence our claim that L1 € myy, @(Uz))/ follows from (3.25). Exchanging the labels 1

and 2, the same argument shows that L, € w1y, (A(U; ))/.

Concerning Assumption 3.13 (3), we observe that, as a consequence of the strict
localization properties of the domain and codomain of the unitaries (3.11), it follows
that

uy € mowsnue) (AW NU)) S mou, (AWUD) = mous (AWD)" ., (327)

where the first subset inclusion follows from Uy € U5 N U°. The last equality follows
from Haag duality o (ﬁ(UIC))/ = Ty, @(Ul ))” for Uy € C(S) by taking once more
the commutant 7oy, (ﬁ(Ul))W = 7ous (ﬁ(Uf))” and using that (=) = (=). The

family of commutative diagrams (3.17) is equivalent to the condition u € my, (ﬁ(U 1 ))/.
By the same arguments as in the paragraphs above, we have that

w1, (AUD) S e (UUD) = mous (AWUT))" (3.28)

Applying the commutant to this inclusion we get 7oye (AU f))” < my, (AW, ))/, hence
our claim that uy € myy, (ﬁ(Ul))/ follows from (3.27). |

3.2. Object-wise monoidal structure. We will show later in Sect. 4 that the locally con-
stant C*-categorical prefactorization algebra SSS(g( 7,) : Pc(s)r — C*Catc from
Proposition 3.15 describes only a certain part of the structure of the braided monoidal
C*-categories of superselection sectors for lattice AQFTs on § = Z? exhibited in
[Naall,Naal2,Naal5,FN15,0ga22]. The other partis an (independent) monoidal struc-
ture on each C*-category SSS (2, 7, (U) € C*Catc which is compatible with this pref-
actorization algebra structure. The construction of such object-wise monoidal structures
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is facilitated by Haag duality and it goes back to the early works of Doplicher, Haag and
Roberts [DHR71] and Buchholz and Fredenhagen [BF82]. Let us briefly recall the main
tools entering these constructions.

Lemma 3.18. Suppose that the extended A € C*AQFT(S) in (3.1) satisfies Haag du-
ality in the reference x-representation (H, my), for all U € C(S).

(1) Givenany w € SSS(,7) (U), the x-homomorphism ry : ﬂ(U) — B(H) factorizes

AW) v s B(H)

. T (3.29)

JTOU@(U))U

through the bicommutant oy @(U))N C B(H).
(2) Suppose that the geometric Assumption 3.11 (1) is satisfied. Given any w € SSS(9(,x,)

(U), the x-homomorphism my : ﬂ(U) — oy (ﬂ(U))” in the factorization (3.29)
extends uniquely along moy : ﬁ(U) — ToU @(U))// to a weakly continuous -
endomorphism

2A)
" ~ (3.30)
oy (AW))" ------ py T » oy (AW))"

of the bicommutant oy (Ql(U))N C B(H).

(3) Suppose that the geometric Assumption 3.11 (1) is satisfied. Given any morphism
U C VinC(S) and any m € SSS21,70)(U) S SSS2,70)(V), then applying the
construction in item (2) to both U and V yields the commutative diagram

ou (AW))" L% woy (AW))”

l: i (3.31)

oy (A(V))" — 7oy (A(V))”

of x-homomorphisms.

(4) Any morphism L : w — 7’ in SSSs(,z,)(U) defines an element L € mwoy @(U))N -
B(H).

(5) Given any w € SSS(21,7,)(U) and any V € C(S), the unitary isomorphismu : w —
" from (3.11) to the associated " € SSS(g(,z,) (V) strictly localized in V defines
an element u € now(ﬁ(W))” C B(H), for every W € C(S) suchthat UUV C W.

Proof. Ttem (1) follows from

7y (AW)) € 7ye(AU)) = 7oy (AWU)) = mou (AW))", (3.32)

where the first step uses L -commutativity, the second step uses the strict localization of
7 in U and the third step uses Haag duality.

To show item (2), we choose any V € C(S) such that V C U°€, which exists by
Assumption 3.11 (1). Using the localizability condition from (3.8), there exists a unitary
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operator u : H — H such that u o 73(—) = mos(—) o u, for all s € VC. Since by
hypothesis U € V¢, this implies that 7y (—) = u* ooy (—) ou :ﬁ(U) — B(H). Using
the x-isomorphism mgy : ﬁ(U) — oy @(U)) to identify ﬁ(U) with moy (ﬁ(U)), we
define the x-homomorphism

pU =Ty rro_Ul : noy@(U)) — NOU@(U))N , a+— pyla) =u*oaou.
(3.33)
Since adjoint actions by unitaries are weakly continuous, py admits a unique continu-
ous extension to the desired *-endomorphism on the weak completion oy (Ql(U ))// of
oy (AV)) S B(H).
To show item (3), note that by weak continuity it suffices to pre-compose this diagram

with the dense map oy : A(U) — moy (AU ))”. The result then follows from the
diagram

AW) ™% mou (AW))" 25 mou (AW))"
| ) [ e . G634
AV) 5= mov (AV))" ——= mov (AV))”

oV

which commutes as a consequence of 7y and 7y satisfying commutative triangles as in
(3.6).

To show item (4), note that the strict localization of 77 and 7’ in U and the definition of
morphisms in (3.4) implies that Lomoye(—) = Lomye(—) = 7c(—)oL = moye(—)oL.
Hence, L € oy (AU®))' = moy (A(V))" by Haag duality.

To show item (5), note that the strict localization of 7 in U and of 7" in V implies
that u o moenve)(—) = u o Tyenye (=) = Tjeqye(—) 0 U = Towenve)(—) o u. Since
UUV C W implies W€ € U°N V¢, it follows that u € mowe @(Wc))/ = oW @(W))”
by Haag duality. O

Using these tools we can now define the object-wise monoidal structure.

Lemma 3.19. Suppose that the geometric Assumptions 3.11 (1) and (2) are satisfied, and
that A € C*AQFT(S) satisfies Haag duality in the reference x-representation (H, 1),
for all U € C(S). For each U € C(S), consider the assignment from the algebraic
tensor product

& 1 SSS@t,70)(U) ® SSS(2,70) (U) —> SSS(at,70)(U) , (3.35a)
(m, ) —> mom,

L®L —> Lol

given by
. pu pumos  ifs €U,
@ = 3.35b
(7w & 7)s Tos ifs € U°. ( )
foralls € S, and
LoL:=Lopy(L), (3.35¢)

where py, pu : Tou (ﬁ(U ))” — oy (ﬁ(U ))” denote the x-endomorphisms associated
uniquely to w and 7t via Lemma 3.18. Then (3.35) is a well-defined *-functor.
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Proof. The family of *-homomorphisms (3.35b) is mutually commuting: For s, s’ € U
ors,s'" € U with s # s, this follows from the fact that 7o, and oy are mutually
commuting. For s € U and s’ € US, this follows from g (Ql(s’)) C moy @(U))/ =
TOU (ﬁ(U ))W, where the first step uses L-commutativity. Note that (7 ¢ 77); = mo;, for
all s € U°S, is by definition strictly localized in U. We claim that it satisfies also the
localizability condition from Definition 3.3, for all other V € C(S). Using Assumption
3.11 (2) and Remark 3.4, it suffices to prove this claim only for those objects V € C(S)
such that there exists W € C(S) with U UV C W. Since 7, 7 € SSS51,7,)(U), there
exist by definition unitary operators u, & : H — H such that 7%, 7% € SSS 2, 70) (V)
are strictly localized in V. Using further that U U V. € W, we obtain from Lemma
3.18 (5) that u, it € now(ﬁ(W))// C B(H). We claim that the unitary operator i:=u o
pw () : H— H,with py described in Lemma 3.18 (3), defines a unitary isomorphism
i:men — (e x)" with (7 ¢ 7)" localized strictly in V, i.e.

fio(moen) (=) = ms(—) o, (3.36a)

for all s € V. In order to verify these identities, it is convenient to observe that Lemma
3.18 (3) for U € W allows us to rewrite (3.35b) equivalently as

pw pw mos  ifs e W,

)y = 3.36b
(o 7)s Tos ifs € W€. ( )

For s € V¢ N W€, one then verifies (3.36a) by
u o pw (1) o mos(—) = mos(—) ou o pw (), (3.36¢)

where we use L -commutativity in the form 7o (%(s)) € mow @(W))/ = now(ﬂ(W))W
together with Lemma 3.18 (5). For s € V¢ N W, we compute, for all a € 21(s),
u o pw(t) o pw (pw (mos(@))) = u o pw (i) o pw (775(a))
=uo pW(zl o J'TS(a)))
= u o pyw (mos(a) o it)
u o pw (o5 (a)) o pw (it)
uoms(a) o pw (i)
— 110s(a) 0 1 0 py (i) . (3.36d)

Steps one and five use Lemma 3.18 (2), steps two and four use that the p’s are *-
endomorphisms, and steps three and six use the intertwining properties of the u’s.

To verify that Lo L : m ¢ 1 — 7’ ¢ 77’ defines a morphism in SSS(g( z,)(U), we
have to show that

(LeL)yo(men)(—) = (n'on)s(=)o (Lo L), (3.37a)

forall s € S. For s € U°, this follows directly from Lemma 3.18 (4). For s € U, we
compute, for all a € 2A(s),

Lo py(L) o py(pu(mos(@)) = Lo py(L o pu(mos@)))
= Lo py(py(mos@) o L)
L o py (py (mos@))) o pu (L)
oy (1 (os(@)) o L o py (L) . (3.37b)
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Steps one and three use that the p’s are *-endomorphisms. Steps two and four use the
intertwining properties (3.4) between the L’s and the 7’s, which imply via Lemma 3.18
(2) analogous intertwining properties between the L’s and the p’s.

The assignment (3.35) clearly preserves the identity morphisms. To show that it
preserves compositions, we have to check the interchange law

(L'oL)o(L'oL) = (L'eLYo(Lo L) : merr — a"or", (3.38a)

for any four morphisms L : w — 7/, L' : 7’ — 7", L : 7% — ' and L' : 7/ — 7",
This is shown by the following computation
(L'oL)o(L'oL) = L'oLopy(L)opy(L) = L' opy (L") o Lopy(L)
= (L' eL)o(LeoL), (3.38b)

where the second step uses the intertwining property (3.4) of L : 7 — n’. One also
easily checks that this linear functor preserves the x-involutions

(Lo L)* = (Lopy(L)* = (o (L) o L)* = L*o pj,(L*) = L*o L*. (3.39)
O

Proposition 3.20. Suppose that the geometric Assumptions 3.11 (1) and (2) are satisfied,
and that A € C*AQFT(S) satisfies Haag duality in the reference x-representation
(H, mg), for all U € C(S). Then the x-functor from Lemma 3.19 and the distinguished
object (3.14) endow SSS (2 ,)(U) € C*Catc with the structure of a strict monoidal
C*-category, for all U € C(S).

Proof. This is a simple check using the definitions in (3.35). To check associativity on
objects m ¢ (r ¢ 7) = (mw ¢ ) @ 7T, we observe that the s € U® components of both
sides give 1oy, while for s € U we have

(ﬂ@(ﬁ@ﬁ))s = ,OU,O'U,(')'UTL'()S = ((ﬂ@ﬁ)@ﬁ')s. (3.40)
To check associativity on morphisms, we compute
Lo(LoL) = Lopy(L)opy(pu(l)) = (LeL)o L. (3.41)

Unitality m ¢ mg = m = 7o ¢ 7 is obvious since the x-endomorphism corresponding to
1o via Lemma 3.18 is given by the identity poy = id. O

3.3. Compatibility of the two structures. We will now show that the prefactorization
algebra and object-wise monoidal structures from the previous two subsections are com-
patible with each other. This leads to the following main result.

Theorem 3.21. Suppose that the geometric Assumption 3.11 is satisfied and that the ex-
tended A € C*AQFT(S) in (3.1) satisfies Haag duality in the reference x-representation
(H, mg), for all U € C(S). Then the object-wise monoidal structures from Proposition
3.20 are compatible with the prefactorization algebra structure from Theorem 3.17 in
the sense that they define a locally constant prefactorization algebra

SSS(atm) © Pesyt — Algyas(C*Catc) (3.42a)
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with values in the symmetric monoidal category Alg ag (C *Cat(c) of strict monoidal
C*-categories and strict monoidal *-functors. This is equivalent to the datum of a unital
associative algebra

SSSu,7p) € Algyas (C *PFAC(S)L) (3.42b)

inthe category of C*-categorical prefactorization algebras C*PFA ¢ )1 from Definition
2.21 (endowed with the object-wise symmetric monoidal structure), whose underlying
prefactorization algebra is locally constant.

Proof. We have to show that the structure maps

n
o : X)SSS () (Ui) —> SSSa1,70) (V) (3.43)
i=1

in (3.18) are strict monoidal *-functors, for all operations U = (Uy,...,U,) — V in
the operad Pc ). For arity n = 0 and n = 1 operations this is evident, so we consider
the case of n > 2. As a direct consequence of its definition in (3.18b), it follows that e
preserves the monoidal units 77 e - - - @ 79 = 7p. Concerning the monoidal product on
objects, we have to verify the interchange law

((7‘[1 o) e---o (I, Jrn))v = ((711 o --comy)o(T @0 nn)) (3.44)

s

for all s € S. This is obvious for s € V. For s € V, the right-hand side of (3.44) reads
as

((r1o---omy) oo - 01,)) = py Py 7os , (3.45)

where py and py denote the *x-endomorphisms corresponding to 7| e --- e 7, and
71 e - - - @ 77, respectively. These are defined uniquely according to Lemma 3.18 (2) by
the factorizations (7 e---em,)y = py moy and (77 e - - - @17,y = py moy. Given any
s € VNUTN---NU;, restricting along A(s) — A(V) yields the identities 7ro; = py 705
and oy = Py 7os, hence py Py mos = o5, Which implies that (3.44) holds true also for
alls e VN UlC N---NUy. By restricting along ﬁ(Ui) — Q(V) we obtain the identities
Tiy; = piv; Tou; = pv mou; and 1y, = piy; Tou; = Pv Tou;- Hence, for all s € U,
we have that py pv mos = pv Piu; Tos = piu; Piv; Tos, because the image of p;y; lies in
7o (ﬁ(U,-))”. This implies that (3.44) holds true also for all s € U;, fori =1, ..., n.
This exhausts all possible cases, so we can conclude that (3.44) holds true for all s € S.
Concerning the monoidal product on morphisms, we have to verify that

(LioLi)e---e(L,oL,) = (Lie---eL)o(Lie---eL,). (3.46)

Since Lie---eL,:mje---em, — 7| e--- e, isamorphism fromje---em, €
SSS 2(,7) (V), the right-hand side of (3.46) is defined according to (3.35¢) and (3.18c)
by
(Liyo---oL))o(Lie---eL,) = L o-~~oLnopV(L1 o~-~oLn)
=Lio--oLyopy(Li)o---0py(Ly), (347)
where py is the *-endomorphism corresponding to 771 e - - - @ 7, € SSS(g( 7)) (V) dis-
cussed in the paragraph above. Since Li € moy; (ﬁ(Ui))” by Lemma 3.18 (4), we can
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write pv(Li) = piy; (Li). Using also | -commutativity and the fact that U; N U; = &
are disjoint, for all i # j, we can reorder the factors in (3.47) according to

(Lio---oLy)o(Lie---eL,) = Liopw(L)o---0Lyopuy,(Ly), (348)
which implies that the identity (3.46) holds true. |

One can rephrase the result of Theorem 3.21 in the language of categorified AQFTs
introduced in [BPSW21]. The key ingredient for this reinterpretation is [BPSW21, The-
orem 2.9], which shows that the Boardman-Vogt tensor product P (5L ®pgy UAS =
Oc(s)L of the prefactorization operad from Definition 2.20 and the unital associative
operad UAS is equivalent to the AQFT operad O¢ gL from [BSW21]. As a direct con-
sequence, we obtain the following result.

Corollary 3.22. Suppose that the geometric Assumption 3.11 is satisfied and that the ex-
tendedd € C*AQFT(S) in (3.1) satisfies Haag duality in the reference x-representation
(H, mg), forallU € C(S). Then the locally constant prefactorization algebra from The-
orem 3.21 is equivalent to the datum of a locally constant categorified AQFT

over the orthogonal category C(S)* with values in the symmetric monoidal category
C*Catc of C*-categories and *-functors.

Remark 3.23. We believe that this corollary is quite curious and interesting. It shows that
applying superselection theory [DHR71,BF82], in the specific form presented above, to
an ordinary AQFT A results in a categorified AQFT SSS g 7). This categorified AQFT
is locally constant, which means that it describes only (some part of) the topological
content of the original not necessarily topological AQFT 2(. Hence, one may interpret the
theory of superselection sectors as a concrete and powerful tool to “extract the topological
content of a not necessarily topological AQFT”. This perspective also matches perfectly
the way how superselection theory is used in practice for the description of topological
order in (non-topological) quantum lattice models, see e.g. [Naal 1,Naal2,Naal5,FN15,
Oga22].

4. Quantum Systems on the Lattice Z"

We will now specialize the results from Sect. 3 to the case where the set S = Z" is the
n-dimensional lattice. Motivated by earlier works on topological order in 2-dimensional
quantum spin systems [Naal 1,Naal2,Naal5,FN15,0ga22], we consider as localization
regions the category of cone-shaped subsets of Z", which we define by intersecting
open cones in the Euclidean space R” with the lattice Z" C R”. A convenient way
to parametrize open cones in R” is by their apex p € R”, normalized center direction
t € S""! ¢ R" and opening angle a € (0, 7). Explicitly, the open cone associated to
such data is given by the open subset

Cipray =[x e R"\{p} : angle(x — p,1) < a}
={xeR": (x=p)-t > |x—p|cos(@)} € R", “.1)

where - and | - | denote the standard inner product and its associated norm on R". For an
opening angle « # 7, the tuple of data (p, ¢, ) € R" x S"1 x (0, ) specifies open
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cones in R” faithfully, i.e. C(p1.0) = C(pr,i7,o) if and only if (p', 1", ') = (p,t, ).
For = 7, i.e. in the case where open cones are half-spaces, there are some mild
degeneracies in this parametrization, namely C,, ;. 1) =Cip 1) ifand only if o’ = 7,
t'=tand p’ = p +q for some g € R" withg -t = 0.

Definition 4.1. The category of cone-shaped subsets of 7" C R”" is defined as the full
subcategory Cone(Z") C Sub(Z") whose objects are of the form U = C(,1.o) NZ" C
7", for some open cone C(p 1oy € R" asin (4.1).

Proposition 4.2. The full subcategory Cone(Z") C Sub(Z") from Definition 4.1 satis-
fies the geometric Assumption 3.11.

Proof. We make use of the following geometric facts about open cones in R":

(G1) Given any open cone C, ;) € R", its complement in R" is given by the closure
(C(p,t,ot))C = C(p,—t,n—a) - R" (4~2)

of the open cone C(, 1 7—«) S R" which is associated with the complementary
parameters (p, —t, 7 —a) € R" x "1 x (0, ).

(G2) Given any open cone C(p o) € R", any point g € C(p ;) S R" in its closure
and any normalized direction u € S"~1 such that angle(t, u) < a, then C(y, 4,5 C
C(p.1,a) forall B < a — angle(t, u).

(G3) Givenanyopencone C(, ;o) € R",anypointg € R" and any normalized direction
u € S"! such that angle(r, u) < a, then the half-line Reg3Ar>g+AiucR"
is contained eventually in C(, ) € R", i.e. there exists A, € Rxo such that
qg+iu e Cpyqg forall k > Ay

Item (1): Given any U = C(p 1,0y NZ" € Cone(Z"), we use the geometric fact (G1)
todefine V = C(p 1 7r—a) N Z" € Cone(Z") which satisfies V € U°.

Item (2): Note that it suffices to consider the case where U = C(p1,a) N Z" €
Cone(Z") and V = C(y,4,5 N Z" € Cone(Z") are such that the normalized directions
are not antipodal + # —u. Indeed, if + = —u, we can apply the geometric fact (G2)
to obtain a smaller open cone C(q,,;,g) C Cq,u,p) With t # —ii and prove item (2) by

exhibiting cone-shaped subsets V' C 1% C V which are contained in V=cC (@i, B)HZ” €
Cone(Z").

Therefore, assuming without loss of generality that # £ —u, there exists an opening
angle y € (0, 7) with y > o and y > angle(z, u). Using (G2) and (G3), this implies
that C(p.r,a) € C(p,1,y) and that the half-line R>¢9 > A = ¢g + Au € R" is contained
eventually in C(, ;. ,) € R". We set

W .= C(p,t,y) NnNZzZ" e COHC(Z”) (4.3)

and observe that U € W holds true by construction. In order to exhibit V' € Cone(Z")
of the form V' = C(y v gy N Z", satisfying V/ € V and V' C W, we use the eventual
containedness property of the half-line and choose any ¢’ € C(, .1,y N C(4,4,p) Such that
g +xru € Cepyy)NCiqupy, forall L > 0. Choosing u’ = u and any g’ € (0, ) such
that 8’ < B and B’ < y — angle(z, u), we obtain from (G2) that C(y 4.y S C(g,u.p)
and C(y u.py S C(p.r,y)-hence V.C Vand V' C W.

Item (3): Note that it suffices to consider the case where U = C(p1,0) N Z" €
Cone(Z") and U; = C(p; 1;,01) N Z" € Cone(Z") are such that angle(z, t;) # «;, for
alli = 1,...,n. This follows as above by applying the geometric fact (G2) in order to
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shrink the open cone representing U to a smaller cone with a slightly altered normalized
direction which satisfies this property. To carry out the proof, we make a case distinction.
In the case where angle(t, ;) > «;, for alli = 1,..., n, one obtains from (G3) that
the half-line R>9 > A — p + At € R” is contained eventually in the intersection
Ni-, C(p, —ti,7—a;) S R" of the complementary open cones from (G1). Choosing any
q € m -1 Ci—tii—a;) N C(p,r,a) Such that g + At € ml 1 Cpiv—ti—ap) N Cpor,a)s
for all A > 0, and any 8 € (0, w) such that 8 < « and 8 < angle(t, #;) — «;, for all
i =1,...,n,weobtain from (G2) that C(q’[,ﬁ) C Cop.r,a) and C(q,t,ﬂ) NCpitia) = D,
foralli = 1,...,n. Hence, V = C,1.p NZ" € Cone(Z") satisfies V C U and
VNU; =@, foralli =1,...,n

Consider now the case where angle(r, #;) < «; for some i € {1, ..., n}. Then (G3)
implies that the half-lineR>o > A — p+At € R" is contained eventually in C(p; 1; a;) <
R", so we can choose g € C(p; 1;.0,) N C(p,1,a) SUchthatg+At € Cp, 1;.0:) NC(p,t.a)» fOr
all A > 0. Choosing further any 8 € (0, ) such that 8 < @ and 8 < «; — angle(t, #;),
we obtain from (G2) that that C(,; 8y € Cpre) and Cy 1,80 S C(p;.i,00)- Hence,
V = Cy.p NZ" € Cone(Z") satisfies V. C U and V C U;, which via mutual
disjointness of (Uy, ..., U,) implies that V NU; = &, forall j #i. O

The following result is a direct consequence of Theorem 3.21 and Proposition 4.2.

Corollary 4.3. Let A = {UA(x)}yezn € C *Alg%ﬂ be any family of C*-algebras which is
indexed by the lattice Z" and let (H, o) € *Repg be any faithful x-representation such
that the extended A € C*AQFT(Z") in (3.1) satisfies Haag duality, for all cone-shaped
subsets U € Cone(Z"). Then the C*-categories of localized superselection sectors carry
via Theorem 3.21 the structure of a unital associative algebra

SSS(@7) € Alguas (CPFACone(zr ) (44)

in the category of C*-categorical prefactorization algebras C*PFAconeznL from Def-
inition 2.21, whose underlying prefactorization algebra is locally constant.

Example 4.4. A concrete example satisfying the hypotheses of Corollary 4.3 is given by
Kitaev’s quantum double model [Kit03] on the 2-dimensional lattice Z? for a finite group
G. In this example one considers the matrix algebra 2(s) = Mat|g|(C) € C*Alg, for
all s € 7%, and (H, mg) € *Repgy the GNS representation of the (unique) translation
invariant ground state of the Kitaev model Hamiltonian. Haag duality for this model,
which is crucial for Corollary 4.3, has been proven in [FN15] for Abelian G and more
recently in [OPR25] for general G. Furthermore, an explicit description of the super-
selection sectors of Kitaev’s quantum double model is presented in [Naall,FN15] for
Abelian G and in [Naal5,BHNV25] for general finite groups G.

4.1. An oco-categorical analysis of the algebraic structures. Inthis subsection we explain
how from our Corollary 4.3 one can recover the results from [Naall,Naal2,Naal5,
FN15,0ga22] that superselection sectors of lattice C*-AQFTs on Z> form a braided
monoidal C*-category. Our approach will also provide a generalization of these results
to lattices Z" of arbitrary dimensionn € Zx; and identify new algebraic structures which
do not seem to have been observed in the literature before, even for the 2-dimensional
lattice Z2.

In order to state and prove our results, it will be convenient to use some aspects
of Lurie’s theory of co-categories and oo-operads [LurHA]. This is undeniably a vast



20

Page 34 of 45 M. Benini, V. Carmona, P. Naaijkens, A. Schenkel

and highly technical subject, but fortunately the reader does not necessarily require a
background on these techniques in order to follow our arguments. Despite the fact that
the target C*Catc in our present scenario is only a 2-categorical object, we prefer to
give more general oo-categorical arguments in order to accommodate the possibility
of higher-categorical lattice models arising in future works, i.e. models whose repre-
sentation categories are higher categories or even dg-categories. The key facts about
oo-categories and co-operads which are used below are as follows:

(F1)

(F2)

(F3)

(F4)

(F5)

The category C*Catc of C*-categories and x-functors carries the structure of a
combinatorial simplicial symmetric monoidal model category, see [Dell2,Bun19]
and also Theorem 2.18 for a review. Hence, it defines a presentably symmetric
monoidal co-category C*Catc, see e.g. [NS17]. Since our results below do not
depend on specific details of this co-category, we will often replace C*Catc by an
arbitrary presentably symmetric monoidal co-category V.

The prefactorization operads P from Definition 2.20 can be regarded, according
to [LurHA, Example 2.1.1.21], as oco-operads, which we denote with abuse of
notation by the same symbols. We denote by AlgpC | (V) the oco-category of V-
valued algebras over the oco-operad Pc1, see e.g. [LurHA, Definition 2.1.2.7].
In the case where V = C*Catc, or more generally when V is presented by a
symmetric monoidal model category, every strict prefactorization algebra as in
Definition 2.21 defines an object in this co-category, see e.g. [Haul9].

Given any orthogonal category C* and any subset W < Mor(C) of morphisms,
one can consider the full co-subcategory

Algp (V) € Algp, (V) (4.5)

spanned, in the sense of [LurHTT, Section 1.2.11], by the Pc1-algebras § :
Pcr — V which send every 1-ary operation (f : U — V) € W to an equivalence
in V. By definition, our prefactorization algebra from Proposition 3.15 yields an
object

SSSeatng) € Alg}jz(s)L (c*eatc) , (4.6)

where we use the abbreviated superscript l.c.:=Mor(C(S))-l.c. (locally constant)
in the case where W = Mor(C(S)) is the set of all morphisms.

Every orthogonal functor F : Ct — DL ie. F(f1) Lp F(f>) forall fi Lc fo,
defines a morphism Pc1 — Pp. of operads, see e.g. [BPSW21], and hence of
oo-operads. By precomposition, the latter induces a pullback oo-functor

F* : Algp (V) — Algp,, (V). 4.7)

Given further any subsets W¢ € Mor(C) and Wp € Mor(D) such that F(W¢) €
Wp, then this pullback oco-functor restricts to an oo-functor

F* ¢ Algpe (V) — Algp<e () (4.8)

between the corresponding full co-subcategories of locally constant objects.
Regarding the unital associative operad UAS as an co-operad, the result in [LurHA,
Theorem 5.4.5.9] identifies its co-category of algebras

Algyas(V) ~ Algls: ) (4.9)

PDisk(Rl )L
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with locally constant prefactorization algebras over the orthogonal category
Disk(R!)* of all open disks in R! (i.e. open intervals / € R') and orthogonality
relation given by disjointness of disks. Consequently, our strict unital associative
algebra in prefactorization algebras from Theorem 3.21 defines an object

SSSmy € Algy  (Alg | (C*eatc)). (4.10)

As a first step towards identifying the algebraic structure underlying the prefactor-
ization algebra from Corollary 4.3, we apply the construction in (F4) to the diagram of
orthogonal functors

_ n—1
Cone(Z')* «+——— Coney(Z")* 225 pisk )t . (@.11)

Here ConeO(Z”)J— C Cone(Z")* denotes the full orthogonal subcategory of cone-
shaped subsets U = C(o,,o) N Z" < Z" which are represented by open cones in
R"™ whose apex is the origin 0 € R". (Note that the representing open cone in R”
is unique in this case, i.e. C(0,s,0) N Z" = C(0,17,oy N Z" if and only if t' = ¢ and
o' = a.) We further denote by Disk(S" ')+ the orthogonal category of open disks in
the (n—1)-dimensional sphere S"~!, i.e. objects are all open subsets U € S"~! which
are diffeomorphic U = R"~! to the (n—1)-dimensional Euclidean space, morphisms
are subset inclusions and the orthogonality relation is given by disjointness of disks.
The orthogonal functor (—) N $"~ 1 : Cone, (Z")*+ — Disk(S"~!)* sends each object
U = C(0,,0y NZ" € Coney(Z")* to the intersection C(o o) NS"~! € Disk(S" )+ of
its (unique) representing open cone in R” with the unit sphere S"~! € R”.

Proposition 4.5. The orthogonal functors in (4.11) induce via pullback as in (F4) a
diagram of co-functors

Algg: (V) — Algg”

Pc(me(zn)i Cone,, (zm+

V) +— fllg7’-)§‘)~isk(wl)L V) (4.12)

between the corresponding oo-categories of locally constant prefactorization algebras.
The left-pointing oo-functor is an equivalence of co-categories, hence one obtains an
oo-functor

PCone(Z" )L pDisk(S" -hL

from locally constant prefactorization algebras over Cone(Z")* to locally constant
prefactorization algebras over Disk(S"~ 1)L

Proof. The image of the orthogonal functor (—)NS" ! : Cone, (Z"*+ — Disk(S"H+
is given by the full orthogonal subcategory Diskeyc1 (S" 1)+ € Disk (S~ 1)L of all non-
dense Euclidean open disks in S"~, i.e. open subsets of the form U ) = {x € S"~! :

angle(x, t) < (x} c S" !forsomer € S" !and o € (0, 7). This induces a factorization
of the orthogonal functor

(=) N S"=1 : Coney(Z")* = Diskeat (8" —— Disk(S" 1L (4.14a)
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into an isomorphism of orthogonal categories followed by a full orthogonal subcategory
inclusion. Passing to the co-categories of locally constant prefactorization algebras via
pullback, we obtain

Alghs (V) — Alghs: (V) = Algks V), (4.14b)

,PDisk(S”* L PDiskeucl sn—hL 7Dctmeo (zmy+

where the second arrow is an equivalence of co-categories because the underlying or-
thogonal functor is an isomorphism of orthogonal categories. To show that the first
arrow is an equivalence of co-categories, we use [LurHA, Definition 5.4.5.1 and Theo-
rem 5.4.5.9] to obtain the commutative diagram

PDisk(S" -hL 7>l)iskeucl (sn—hL

~o s . &15)

Algg_, (V)

sn—1

It is shown in [LurHA, Theorem 5.4.5.9] that the upward-left pointing arrow is an
equivalence. To prove that the upward-right pointing arrow is an equivalence too, one
mimicks the proof of [LurHA, Theorem 5.4.5.9] while taking into account the following
basic geometric facts about disks in Diskeye (S*1):

(1.) For every point x € S"~!, the poset
[U € Diskeya (S : x € U] (4.16)

of Euclidean open disks containing x is cofiltered.
(2.) Forevery U € Diskeucl(S"’l) and every finite family xq, ..., x, € U of distinct
points, i.e. x; # x; fori # j, the poset

[K € Diskeya(S""H*™ - (V. > U) € Pbiskyq(sr-1)L and x; € V; Vi} 4.17)

of tuples of mutually disjoint Euclidean open disks in U containing the x; is
cofiltered.

It then follows that the horizontal arrow in (4.15), and hence the first arrow in (4.14b), is
an equivalence too. The oo-functor in (4.13) is obtained by choosing any quasi-inverse
for the equivalence of co-categories given by the left-pointing co-functor in (4.12). O

Remark 4.6. In simpler words, the result of Proposition 4.5 states that every locally
constant prefactorization algebra over Cone(Z")" has an underlying locally constant
prefactorization algebra over Disk(S"~!)+ which is obtained by applying the co-functor
(4.13). In particular, forgetting for the moment the unital associative algebra structure in
Corollary 4.3, we can assign to our locally constant prefactorization algebra of localized
superselection sectors SSSg ) € Algp” (C*Catc) over Cone(Z")* alocally

l.c

7)Cone(Z”)J-
constant prefactorization algebra over Disk(S"~!)L. Note that this passage from cone-
shaped subsets in Z" to open disks in S"~! might be forgetful because the right-pointing
oo-functor in (4.12), and hence also the composite co-functor in (4.13), are a priori not
equivalences. Answering the question of whether or not this construction is forgetful is
conceptually interesting, but not needed here to link our result in Corollary 4.3 to the
earlier works in [Naal1,Naal2,Naal5,FN15,0ga22].
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The second step towards identifying the algebraic structure underlying the prefac-
torization algebra from Corollary 4.3 is concerned with the additional unital associative
algebra structure. For this we use item (F5) from above and results about additivity of
locally constant prefactorization algebras.

Proposition 4.7. The oo-functor in (4.13) induces an oo-functor

Le. Le. Le. Le.
AIgPDisk(Rl)l (AlgPCone(Z">l (V)) - Algpmsk(mzl)l- (Algpnisk(snflﬁ- (V))
~ Le.
~ Algpmsk(R1 i V) (4.18)

to the co-category of locally constant prefactorization algebras over Disk(R! x §*~1)1,
i.e. the orthogonal category of open disks in the cylinder R' x S*~1.

Proof. Both pullback co-functors in (4.12) are symmetric monoidal co-functors, hence
so is (4.13). This implies that the first arrow in (4.18) is well-defined. The equivalence
in the second step of (4.18) follows from additivity of locally constant prefactorization
algebras in the form of [LurHA, Example 5.4.5.5]. More explicitly, we have a chain of
equivalences of co-categories
l.c. l.c. ~
Algp‘:) (Algp;sk(sw)l V) ~ Algg, (Alg]Esn_] W)
~ ~ Lc.
- AIgERlxsnfl V) = AIgPDisk(R'xS"—Ui W,
(4.19)

isk(R1)L

where the first and last equivalence are from [LurHA, Theorem 5.4.5.9] and the middle
equivalence is from [LurHA, Example 5.4.5.5]. O

Applying this construction to Corollary 4.3, we obtain the following result.

Corollary 4.8. Let 2 = {A(x)} ez € C*Alg%n be any family of C*-algebras which
is indexed by the lattice 7" and let (H, o) € *Repy be any faithful x-representation

such that the extended 2 € C*AQFT(Z") in (3.1) satisfies Haag duality, for all U €
Cone(Z"). Then the locally constant prefactorization algebra of localized superselection
sectors

Le. lLc.
SSSeaun) € Algpy L (Algp;, L (C*Catc)) (4.20)
from Corollary 4.3 has an underlying locally constant prefactorization algebra

SSS o x,) € AlD

Lc (
PDisk(Rl xsn—hL

C*Gat@) 4.21)

over the orthogonal category Disk(R! x S"=1)L of open disks in the cylinder R' x S"~1.

To relate this result to [Naall,Naal2,Naal5,FN15,0ga22], we observe that there
exists an open embedding R” — R! x §"~! which is determined by removing one point
of the sphere R! x (S"~!\ pt) = R”. This induces an orthogonal functor

Disk(R")* —> Disk(R! x §*~H)*1 | (4.22)
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and hence via (F4) a pullback oco-functor between the corresponding co-categories of
locally constant prefactorization algebras. Using further the identification between lo-
cally constant Pp;g gy -algebras and E,-algebras from [LurHA, Theorem 5.4.5.9], we
obtain an co-functor

Algjs: W) — Algp. (V) = Algg, (V) (4-23)

Ppisk(®! xgn—1)L Piskrm L
to the co-category of [, -algebras in V.

Corollary 4.9. The locally constant prefactorization algebra from Corollary 4.8 has an
underlying E,-monoidal C*-category

%
SSS o .., € Algg, (CCatc) (4.24)
which is obtained by applying the oo-functor (4.23). More concretely, this yields a
monoidal C*-category for the 1-dimensional lattice 7', a braided monoidal C*-category
for the 2-dimensional lattice 7%, and a symmetric monoidal C*-category for the (n > 3)-
dimensional lattice 7".

Remark 4.10. We would like to emphasize that the emergence of an underlying braided
or symmetric monoidal C*-category is not a general consequence of our geometric
Assumption 3.11, but it is linked to more specific features of the category Cone(Z")
of cone-shaped subsets. We expect that the geometric axioms (GAO-GA3) of [B+25],
which are stronger than our Assumption 3.11 and also satisfied for cones (see [B+25,
Appendix A]), could be the key to answer the following interesting question: Under
which additional conditions on the orthogonal category of localization regions C(S)=+
has the locally constant prefactorization algebra SSSg( 7,) of superselection sectors an
underlying braided or symmetric monoidal category?

Remark 4.11. In applications to topological order, one of the motivations behind our
work, the category of superselection sectors typically has more structure, namely that
of a modular tensor category [Kit06, Appendix E]. This richer structure is recognized
a posteriori in concrete models. Under an additional assumption, namely that the von
Neumann algebras o (A(V))"” for V e Cone(Z?) are properly infinite factors, it can be
shown that SSS o) has direct sums and subobjects (i.e., we can project onto invariant

subspaces). If one f(lJlrther restricts to dualizable objects, which physically have the in-
terpretation of conjugate charges, this implies semi-simplicity [LR97]. The category is
then modular if there are only finitely many simple objects, and in addition the braiding
is non-degenerate. As far as we are aware, for the lattice systems we are interested in,
there are no known general criteria which imply dualizability, finiteness of sectors, or
non-degeneracy of the braiding, but these properties can be verified in many concrete
models. (Note however that in algebraic quantum field theory [GL92] or for conformal
nets [KLMOL1], this question is better understood.) Since these properties do not have
their origin in the prefactorization algebra structure, we refer the interested reader to the
references cited above for details.

It is important to stress that the co-functor (4.23) is forgetful, which implies that the
underlying [E,,-monoidal C*-category from Corollary 4.9 does not capture the entire alge-
braic structure of the locally constant prefactorization algebra over Disk(R! x S"~1)1
from Corollary 4.8. The additional algebraic structures are related to the homotopy
groups of the sphere S"~!, see e.g. [Gin15, Remark 27], and they are in general difficult
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to determine concretely. In the case of the 2-dimensional lattice Z2, which is most rele-
vant for applications to topological order [Naal1,Naal2,Naal5,FN15,0ga22], one can
explicitly characterize these additional algebraic structures by using [Ginl5, Corollary
414

Corollary 4.12. For the 2-dimensional lattice 72, the datum of the locally constant

prefactorization algebra SSS g ;.\ € .Alg7l';.; L5 (C*Gat(c) from Corollary 4.8 is

equivalent to its underlying braided monoidal C*-category from Corollary 4.9 together
with a self-equivalence

T: ﬁ(m,m) — ﬁ(%{,no) (4.25)

of braided monoidal C*-categories.

Remark 4.13. To the best of our knowledge, the additional structure of a self-equivalence
on the braided monoidal C*-categories of superselection sectors in cone-shaped subsets
of Z? has not yet been observed in the literature. We will explain in the next subsection
how to compute it in terms of a kind of holonomy which arises by rotating cones around
their apex.

It is important to stress that this self-equivalence is of a topological origin, rooted in
the fact that our prefactorization algebra is intrinsically defined on the category of cone-
shaped subsets of Z2, hence it can not be detected when one ‘punctures the circle’ or ‘in-
troduces a forbidden direction’, as usually done in the literature [BF82,Naal1,0ga22],
with a notable exception given by the recent work [B+25]. In this restricted context,
one has only access to the E>-monoidal C*-category SSS ) Algg, (C *Gat@) from

Corollary 4.9, but one loses the datum of the self-equivalence 7" from Corollary 4.12.
Once this datum is lost, it clearly cannot be restored through universal constructions
or ‘tricks’, such as taking the factorization homology le st SSS gy M the cylin-

der (endowed with a choice of framing) of the underlying E;-monoidal C*-category,
see e.g. [AF15] and also [AKZ17] for the context of topological order. Indeed, the lo-

. . l.c. *
cally constant prefactorization algebra [1, o1 SSS @) € Algpnisk(mlxer)L (C*Catc)

obtained from factorization homology has necessarily a trivial self-equivalence, hence
it will in general not be equivalent to our intrinsically constructed one SSS o .\ €

Alg;j;'isk(Rl o (C*Catc) from Corollary 4.8.

4.2. Concrete computations for Z*. In this last subsection we will specialize to the case
of the 2-dimensional lattice Z? and explain how the braiding and self-equivalence from
Corollary 4.12 can be computed geometrically by using suitable cone configurations.
Since the prefactorization algebra

SSS(atm0) € Algups(C PFACone(z2)! ) (4.26)

from Corollary 4.3 is locally constant, one can realize the braided monoidal structure and
self-equivalence from Corollary 4.12 on any of the unitarily equivalent C*-categories

4 Note that Ginot’s result is stated only in the context of cochain complexes, but it is valid for factorization
algebras valued in any presentably symmetric monoidal co-category. Indeed, the proof relies on extension
constructions from a factorizing basis, and such tools were developed in full generality in [KSW24, Proposition
4.18].
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SSS a1, (V). (Note that this is completely analogous to the observations in [B+25].) In
order to obtain a model which is manifestly independent of the choice of cone-shaped
subset V € Cone(Z?), we can also realize this structure on the unitarily equivalent
C*-category

@(m = SSS(Q[,COIle(Zz)JT()) € C*Cat(c (427)
of localizable (but not necessarily strictly localized) superselection sectors from Defini-
tion 3.3.

In order to transfer the algebraic structures from the locally constant prefactorization
algebra SSS(2,7p) : Poiskr! syt — C*Catc to the single C*-category (4.27), we
choose quasi-inverses for the unitary equivalences induced by the inclusion *-functors
ty : S8S(g .z (V) — 888 , and 1y SSS@t 7o) (U) — SSS(a(,7)(V), forall V e

Cone((Z?) and all morphisms U C V in Coneo(Z?). Up to equivalence, the result of this

transfer does not depend on these choices. Convenient models for such quasi-inverses

can be obtained by choosing unitary charge transporters as in Remark 3.8. Explicitly,

to define a quasi-inverse for ¢y, : SSSg( ) (V) — ﬁ o)’ choose for each object

(K,m) € SSS o) aunitary u(g ) : K — H such that (H K, ”>) € SSS 21, 7) (V)
0

defined in (3 10) is strictly localized in V. When (H, ) € SSS2(,,) (V) € SSS o)

is already strictly localized in V, we choose the identity u(y ) = idy : H — H ThlS
defines a quasi-inverse *-functor

pv : SSS —> SSSat.70) (V) (4.28)

(A, 7o)
(K,m) —> (H,7"&n),

(L (K, m) —> (K, 71/)> — (M(K/ xyolLo ”(K - (H THE, ”)) (H, 71/"“(’-”')))

satisfying py ty = id and such that ay : id = ty py via the natural isomorphism
given by the unitary components (av)k.,7z) = U(k.,x) : (K, m) — (H, JTM(KJ”). With a
similar construction one obtains quasi-inverses

Py SSS@e) (V) —> SSS(at.rp) (U) (4.29)

for the inclusion *-functors LU SSS 21, 70) (U) — SSS(a1,70) (V) satisfying pU U =id

and such that o), p-id :> W U pU via a natural isomorphism with unitary components.
The monoidal structure from Corollary 4.12 can be realized on the C*-category

(4.27) by taking as monoidal unit the reference *-representation 7o € SSS o) and as
monoidal product the x-functor ’
58S o 0y X888 gy 7 > 555 g o)
pvﬁpvl T‘V (4.30)

SSS(Q[YHO)(V) X SSS(Q[JTO)(V) T> SSS(Q[JTO)(V)
which is obtained by transferring the strict monoidal product from Lemma 3.19 along
any of the unitary equivalences ty : SSSg( ) (V) &= ﬁ(% o) : py, for some V €

Coney(Z?). The existence of an associator and unitors for this (not necessarily strict)
monoidal structure is a direct consequence of Corollary 4.12.
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To exhibit a model for the braiding T : * = « o flip for this monoidal structure,
we leverage the fact that the prefactorization algebra structure and object-wise monoidal
structures of (4.26) are strictly compatible by Theorem 3.21. Using an Eckmann—Hilton-
type argument, one observes that the diagram

n
X’ SSS(Q[,HO)(UI‘) ° > SSS(Q[,HO)(V)
i=1
n 4.31)
i n
X SSS(at,70) (V)
i=1
in C*Catc commutes strictly, for all operations (Ui, ..., U,) — V in the operad

Pconez2yL» Where ¢" denotes the n-fold object-wise monoidal product from Lemma
3.19. Choosing any binary operation (Uy, Uz) — V in Pgope,z2)L, We obtain the
natural isomorphism

@o(agl IZ’QXZ)H ”@o(agz®al‘;l)_lold

VoV VoV :
3 o(LUsz2 Mg, pUl) oflip

N e

eo0 (pgl X p[‘;z) = eoflipo (pg1 X pgz)
(4.32a)
where the diagonal equalities use the Eckmann—Hilton argument (4.31) and the lower
horizontal equality uses the permutation equivariance property (2.39) of a prefactoriza-
tion algebra. This natural isomorphism transfers to the braiding

T:=wyoTo(pyMpy) : x = xoflip (4.32a)

for the monoidal structure (4.30), which as a direct consequence of Corollary 4.12
satisfies the relevant hexagon identities.

Remark 4.14. The braiding (4.32) agrees with the standard one from traditional supers-
election theory, see e.g. [DHR71] and [BF82]. To verify this claim, it suffices to com-
pute the components 7, ; of the braiding for any two objects 7, 7 € SSSg( ) (V) €

SSS o) which we may assume to be strictly localized in the chosen cone-shaped sub-

set V € Coney(Z?). Abbreviating by u::(al‘;l)n :m — " and b’t::(otgz)ﬁ s —> il

the corresponding components of the unitary natural isomorphisms axl 1id = Lgl pgl

and al‘;z tid = L,‘jz pl‘jz, we find that

. O USU _y g - u wWroul . .
Tpg i W*xn =qmwmonw —r alon! =aglen" — mem = wxm. (4.33a)

Recalling the explicit formula (3.35c) for the monoidal structure ¢ on morphisms, we
can write this more concretely as the composition of unitary operators

Tra = py@) o ouopy(), (4.33b)
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which coincides with the usual braiding from [DHR71,BF82]. Since, by our transfer
construction, the resulting braided monoidal C*-category is unique (up to equivalence),
it becomes superfluous to analyze as in [DHR71,BF82] the dependence of the braiding
on the choice of binary operation (U1, Uz) = V in Pcgne,z2)- -

It remains to exhibit a model for the self-equivalence 7' : SSS — SSS
—(A,mo) —(A, 7o)

from Corollary 4.12. This is geometrically realized by winding once around a cone’s apex
via a zig-zag of cone inclusions. More explicitly, we choose any sequence of morphisms
Vi — V) «— V3 — V4 «— V) (4.34a)

in Cone((Z?) that winds clockwise around the origin 0 € Z2, e.g.

— <—7—>“<—L.(4.34b)

This defines a model (unique up to equivalence) for the self-equivalence by taking the
holonomy

T
@(QL]{O) 77777777777777777777777777777777777777777777777777777777 ” g(m.ﬂo)
| K
S88 91,7) (V1) SSS(a1, ) (V3) SSS (21,7 (V1) 4.35)
V2 P72 Va pl4
Vi SSS(Q[JO)(Vz) V3 V§SS(Q(JTO>(V4) Vi

As a direct consequence of Corollary 4.12, this x-functor can be endowed with the
structure of a braided monoidal self-equivalence of the braided monoidal C*-category
(g(%,m)’ *, 770, T).
Example 4.15. A concrete example of the braided monoidal C*-category SSS o) of
localizable superselection sectors is constructed in [Naal 1] for Kitaev’s quantum double
model with G = Zo,, i.e. the toric code. It is therefore natural to ask how the additional
braided monoidal self-equivalence T from (4.35) behaves in this concrete example and
the answer we obtain below is that 7 is trivial. Our argument below readily generalizes to
all finite Abelian groups using the results from [FN15], however for a generalization to
non-Abelian groups one would require more sophisticated techniques as in [BHNV25].
As already highlighted in the introduction, we believe that this is not an artifact of
the simplicity of this model, but that the triviality of T is rooted in the insufficiency
of traditional superselection theory [DHR71,BF82] to detect non-trivial topology. In
particular, we expect that adapting the generalized superselection theory from [BROS]
will lead to a richer braided monoidal C*-category for Kitaev’s quantum double model,
endowed with a potentially non-trivial self-equivalence T .

Our goal is to show that T () = =, for all irreducible stringlike localized represen-
tations 7 € SSS(9(, 7, (V1) € ﬁ gy B introduced in [Naal1l]. Let us recall that 7

is defined by a choice of path y extending to infinity and contained in V; € Cone((Z?),
see [Naall, Proposition 3.4]. In order to compute 7 (7) explicitly, recall from (4.34)
the sequence of morphisms in Coneg (Z?) used in the definition (4.35) of T and that the

quasi-inverses py;, p% and p“;‘l‘ involve choices. We already defined py, so that it acts
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as the identity on objects localized in V7. It is convenient to define p&f so that it acts
on irreducible stringlike representations localized in V; by a clockwise rotation of the
underlying path by an angle 7 around the origin O € Z?. (The required unitary charge
transporter can be constructed by choosing a path contained in V; from the basepoint of
the original path to the basepoint of the rotated path, see [Naall, Lemma 4.2].) Simi-

larly, it is convenient to define p&: so that it acts on irreducible stringlike representations
localized in V3 by a clockwise rotation of the underlying path by an angle 7= around
the origin 0 € Z%. (The required unitary charged transporter can be constructed again
by choosing a similar path contained in V4.) To transport w € SSS(g( ) (V1) clockwise

along the chosen sequence of morphisms (4.34) in Cone (Z%), we proceed in two steps.
First, we transport the irreducible representation w = py, () from V; to V3 through V5.

The outcome is the object 7:= p“g (L‘\% (7)) € SSS(t.75)(V3), whose underlying path
y = y” is by construction the clockwise rotation of the path y by an angle 7 around the
origin 0 € Z2. Second, we transport 7z from V3 back to V through V. The outcome is

the object T () = p“f‘l‘ (t“z‘ (7)) € SSS(2.7)(V1), whose underlying path y = y™ is by

construction the clockwise rotation of the path y by an angle 7 around the origin 0 € Z2.
It follows that 7 = y?™ = y is obtained by a clockwise rotation of the original path y
by an angle 27 around the origin 0 € Z2. Hence, the associated irreducible stringlike
localized representations 7' () = m coincide.
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