
Signal Processing 230 (2025) 109856 

A
0

Contents lists available at ScienceDirect

Signal Processing

journal homepage: www.elsevier.com/locate/sigpro

RKFNet: A novel neural network aided robust Kalman filter
Pengcheng Hao a,∗, Oktay Karakuş b, Alin Achim a

a Visual Information Laboratory, University of Bristol, Bristol, UK
b School of Computer Science and Informatics, Cardiff University, Cardiff, UK

A R T I C L E I N F O

Keywords:
Robust Kalman filter
Heavy-tailed noise
Deep learning

A B S T R A C T

Driven by the filtering challenges in linear systems disturbed by non-Gaussian heavy-tailed noise, robust
Kalman filters (RKFs) leveraging diverse heavy-tailed distributions have been introduced. However, the RKFs
rely on precise noise models, and large model errors can degrade their filtering performance. Also, the
posterior approximation by the employed variational Bayesian (VB) method can further decrease the estimation
precision. Here, we introduce an innovative RKF method, the RKFNet, which combines the heavy-tailed-
distribution-based RKF framework with the deep learning technique and eliminates the need for the precise
parameter estimation of the heavy-tailed distributions. To reduce the VB approximation error, the mixing-
parameter-based function and the scale matrix are estimated by the incorporated neural network structures.
Also, the stable training process is achieved by our proposed unsupervised scheduled sampling (USS) method,
where a loss function based on the Student’s t (ST) distribution is utilised to overcome the disturbance
of the noise outliers and the filtering results of the traditional RKFs are employed as reference sequences.
Furthermore, the RKFNet is evaluated against various RKFs and recurrent neural networks (RNNs) under
three kinds of heavy-tailed measurement noises, and the simulation results showcase its efficacy in terms
of estimation accuracy and efficiency.
1. Introduction

Kalman filtering is an algorithm used for estimating the state of a
dynamic system from a series of noisy measurements over time [1].
It takes into account the uncertainties associated with both the mea-
surements and the dynamic model, and recursively updates an estimate
of the state, minimising the mean squared error (MSE). Due to the
versatility and effectiveness of the Kalman filter (KF), it has been a
valuable tool in various fields, including target tracking [2], the interest
rates and inflation prediction in economics [3,4], the GPS navigation
system [5], etc. While the KF yields optimal estimates under linear
Gaussian models, its filtering performance may be undermined by
heavy-tailed noise, which deviates from the Gaussian assumption.

Various robust Kalman filters (RKFs) have been developed to ad-
dress scenarios involving heavy-tailed noise. For the M-estimator-based
and outlier-detection-based RKFs, several M-estimators and outlier de-
tectors are leveraged within the KF framework to improve the robust-
ness of state estimation in the presence of outliers. For example, one
introduces the RKFs based on the Huber function [6,7], correntropy [8,
9] and statistical similarity measure [10]. Also, in [11,12], the Chi-
Square test and variational Bayesian (VB) strategies are utilised to
detect outliers and formulate novel RKF frameworks. However, their
filtering performance is constrained as the stochastic characteristics of
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the noise are not leveraged. By contrast, the heavy-tailed-distribution-
based RKFs offer a solution for the exploitation of the noise stochastic
nature and provide more accurate estimation. For instance, in [13], the
robust Student’s t-distribution-based Kalman filter (RSTKF) writes the
prediction and likelihood PDFs in hierarchical Gaussian forms, and the
joint posterior distribution is approximated by the VB approach [14].
Also, considering the skewed noise, the RKF based on the Gaussian scale
mixture (GSM) distribution is proposed in [15], where the one-step
prediction and likelihood PDFs are formulated as various skewed GSM
distributions. Nonetheless, the employed VB method updates all vari-
ational parameters concurrently within the same iteration, potentially
introducing instability to the estimation process. Instead, employing a
heuristic approach, [16] presents an elliptically-contoured-distribution-
based RKF framework, where however the uncertainty of the scale
matrices is not considered. Besides, in response to filtering challenges
presented by the stable noise, the RKF based on sub-Gaussian 𝛼-stable
(SG𝛼S) distribution [17] (RKF-SG𝛼S) is developed in [18], and the
efficient estimators of the mixing parameter are discussed. With pre-
cise noise models, the heavy-tailed-distribution-based RKFs provide
robust filtering results. However, large model errors can degrade the
performance of these model-based algorithms significantly.
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Benefiting from the deep learning techniques [19], various data-
driven filters have been presented, and accurate knowledge of the
state-space model is not required. A prevalent method is to utilise the
recurrent neural networks (RNNs), including the vanilla RNN [20],
long short-term memory (LSTM) networks [21,22], gated recurrent
units (GRUs) [23], attention mechanisms [24] and so on, to process
the observations and generate state estimates sequentially. For exam-
ple, [25–27] employ the LSTM, GRU and transformers for filtering or
prediction tasks, respectively. However, to cope with the complexity
of uncertain real-world data and achieve better belief approximation,
a long latent vector is needed, which thus increases the number of
network parameters and the amount of training data. By contrast,
the hybrid frameworks combining RNNs with traditional filters can
alleviate this drawback. For instance, the particle filter recurrent neural
networks [28] combine the strengths of the RNNs and the particle filter,
approximating the latent state distribution as a set of particles. Without
lengthening the latent vector, the required data amount is reduced.
In comparison, the hybrid LSTM-KF [29] learns the parameters of the
KF by the LSTM and outperforms both the standalone KF and LSTM.
Besides, utilising the partially known dynamics, [30] proposes a data-
riven and model-based (DM) neural network, KalmanNet, where the
tructural state-space model with a dedicated RNN module is embedded
n the flow of the extended KF updating framework. Compared with tra-
itional RNNs, the KalmanNet is more interpretable and can be trained

with a smaller dataset. Also, due to the embedded RNN structure, the
KalmanNet can accurately characterise the state dynamics and obtain

ore precise estimates than the model-based filters. Nevertheless, due
o the Gaussian assumption of the incorporated extended KF method,
he performance of the KalmanNet is limited under the heavy-tailed
oise.

In this work, we focus on a new DM RKF framework, and the
motivation of this work relies on the complementary advantages of
he DM KalmanNet and the RKFs. Specifically, the performance of the

heavy-tailed-distribution-based RKFs relies on precise noise models,
and extra estimation errors are caused by the posterior approximation
of the employed VB method. By contrast, the KalmanNet has no re-
quirement for precise models and can produce more accurate estimates
than the model-based RKFs. In addition, the KalmanNet is developed
for light-tailed Gaussian noise scenarios, whereas the RKF framework
can overcome the influence of outliers in the data. We propose a hybrid
framework, where the benefits of both the DM strategy and the RKF
framework can be leveraged. Specifically, the main contributions of this
work consist in:

1. The DM RKFNet is presented, combining the heavy-tailed-
distribution-based RKF framework and deep learning techniques.
Particularly, we consider a state-space model, where the heavy-
tailed distribution of the measurement noise is expressed in a
hierarchical Gaussian form without prior assumptions on its mix-
ing density and scale matrix. Then the posterior state estimation
is achieved by a KF update step with the aid of the incorporated
neural networks.

2. To improve the stability of the training process, we present
an unsupervised scheduled sampling (USS) training method. In
particular, the loss function based on the Student’s t (ST) distri-
bution is exploited, and the reference sequences are provided by
the traditional RKFs.

3. In the simulations, we evaluate the influence of many factors
on the performance of the RKFNet. Also, a comparison between
the proposed method and various benchmark filters is conducted
under different types of heavy-tailed measurement noise.

The remainder of this paper is structured as follows: We begin, in
Section 2, with an introduction to the theoretical background, including
the linear discrete-time state-space model and deep neural networks.
ubsequently, Section 3 describes the architecture of the proposed

RKFNet, and the USS technique is elucidated in Section 4. Furthermore,
he developed framework is assessed in target tracking scenarios in
ection 5, whilst Section 6 wraps up this study with a summary.
 n

2 
Table 1
Mathematical notations.

Notations Definitions

 (𝝁,Σ),  (.;𝝁,Σ) Multivariate Gaussian pdf with mean vector 𝝁 and
covariance matrix Σ.

𝐈𝑛 𝑛 × 𝑛 identity matrix.
| ⋅ | Element-wise absolute value operation.
det (𝐗) Determinant of square matrix 𝐗.
(⋅)𝑇 , (⋅)−1 Transpose and inverse operation.
sgn(⋅), || ⋅ ||2 Signum function and 𝐿2 norm.
exp(⋅), log(⋅) Exponential and logarithm function.
t anh(⋅) Hyperbolic tangent function.

𝑠𝑡(.; 𝑣, 𝜎) One-dimensional ST PDF with the dof value 𝑣 and
scale parameter 𝜎.

𝜕(.)
𝜕(.)

, ∝ Partial differential operation and proportional symbol.
max(𝑎, 𝑏) Maximum of 𝑎 and 𝑏.

2. Theoretical preliminaries

In this section, we provide brief, essential details, on the key con-
cepts, which serve as the foundation for the main developments pre-
sented in the following sections. We start by introducing in Table 1 the

ain mathematical notations employed throughout this study.

2.1. Linear discrete-time state-space model

A linear discrete-time state-space model comprises two distinct
models. The signal model characterises the state transition dynamics
over time, whereas the measurement model elucidates the association
between the states and their corresponding measurements. A typical
linear discrete-time state-space model is expressed as follows:
{

𝐱𝑘 = 𝐅𝑘𝐱𝑘−1 + 𝐰𝑘−1
𝐳𝑘 = 𝐇𝑘𝐱𝑘 + 𝐯𝑘

(1)

where 𝐱𝑘 ∈ R𝑛 and 𝐳𝑘 ∈ R𝑚 represent the hidden state and the
measurement at time 𝑘, respectively. Also, 𝐅𝑘 ∈ R𝑛×𝑛 and 𝐇𝑘 ∈ R𝑚×𝑛 are
the state transition and measurement matrices, respectively. Besides,
𝐰𝑘 ∈ R𝑛 denotes the process noise, whilst the measurement noise is
represented as 𝐯𝑘 ∈ R𝑚. In this work, we assume 𝐰𝑘 follows a Gaussian
distribution and 𝐯𝑘 is heavy-tailed.

2.2. Deep neural networks for filtering tasks

Neural networks are a class of machine learning models inspired
by the structure of the human brain and consist of interconnected
nodes, called neurons, organised into layers. Each neuron takes in-
puts, performs computations and produces an output. Deep neural
networks [19] are neural networks with multiple hidden layers between
the input and output layers. These hidden layers enable the network to
learn hierarchical representations of the input data, capturing complex
patterns and relationships. An multilayer neural network follows a
feedforward architecture. The information flows from the input layer
through the hidden layers to the output layer, and each layer contains
multiple neurons. For a fully connected neural network (FCNN), each
neuron in one layer is connected to every neuron in the subsequent
layer. To properly adjust the weights of neural networks, a training
process based on an objective function is required, and there are two
steps: forward pass and backpropagation. During the forward pass,
the input data is fed into the network, and the outputs of each layer
are computed sequentially. By contrast, during the backpropagation
step, the gradients of the model parameters with respect to the loss
function are calculated by the chain rule. Then, the gradient-based
optimisation algorithms, such as the stochastic gradient descent and
the Adam algorithm, are employed to update the parameters.

Among various deep neural networks, RNNs [19] are a set of neural
etworks dealing with time series data and are thus often employed for
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Fig. 1. A filtering framework based on RNNs.
filtering tasks. Fig. 1 illustrates a filtering framework based on RNNs.
At any time 𝑘, the RNN processes the observation 𝐳𝑘 and maintains
the hidden states 𝐡𝑘−1, containing past information. The recurrent
nature allows the network to capture temporal dependencies in the
sequential data. The vanilla RNN is the simplest form of RNNs, and
its computational framework can be expressed as

𝐡𝑘 = t anh (𝐖ℎℎ𝐡𝑘−1 +𝐖𝑧ℎ𝐳𝑘
)

𝐱̂𝑘 = 𝐖𝑥ℎ𝐡𝑘,

where 𝐱̂𝑘 represents the estimate of 𝐱𝑘. Also, the parameters, 𝐖ℎℎ, 𝐖𝑧ℎ
and 𝐖𝑥ℎ, are shared across all time steps, allowing the vanilla RNN
to capture the temporal patterns in the sequential data. However, its
performance is limited in learning long-term dependencies due to the
vanishing gradient problem. Specifically, the network is trained using
backpropagation through time, and then the gradients can diminish
or explode exponentially when they propagate through multiple time
steps.

To alleviate the vanishing gradient problem, the LSTM structure
[21] introduces a memory cell and three gating mechanisms: input
gate, forget gate, and output gate. These gates regulate the information
flow within the LSTM cell, allowing it to retain important information
over long sequences and forget irrelevant information. To simplify the
LSTM structure, the GRU structure [23] is proposed, combining the
forget and input gates into a single update gate and merging the cell
state and hidden state. The GRU has fewer parameters than the LSTM
and hence is more computationally efficient. To evaluate our proposed
method, these classic RNNs are compared with the RKFNet in Section 5.

3. RKFNet architecture

This section explains our proposed RKFNet structure. In Section 3.1,
we describe a state-space model, which is based on a linear model with
Gaussian signal noise and unknown heavy-tailed measurement noise.
Also, the proposed filtering framework is detailed in Section 3.2.

3.1. Hierarchical Gaussian state-space model with arbitrary heavy-tailed
noise distributions

We assume the zero-mean process noise follows the Gaussian distri-
bution and the symmetric heavy-tailed distribution of the measurement
noise can be written in a hierarchical Gaussian form, i.e.,

𝑝(𝐰𝑘−1) =  (𝟎,𝐐𝑘−1) (2)

𝑝(𝐯𝑘;𝐑) = ∫

+∞

0
 (𝐯𝑘; 𝟎, 𝜆𝑘𝐑)𝜋(𝜆𝑘)𝑑 𝜆𝑘, (3)

where 𝐐𝑘−1 ∈ R𝑛×𝑛 is the covariance matrix of the state noise at time
𝑘 − 1. Also, 𝐑 ∈ R𝑚×𝑚 is an unknown scale matrix, and 𝜆 is a scalar
𝑘

3 
mixing parameter and follows the unknown mixing density 𝜋(𝜆𝑘). Then
the prediction and likelihood PDF can be expressed as

𝑝(𝐱𝑘|𝐳1∶𝑘−1) =  (𝐱𝑘;𝐅𝑘𝐱̂𝑘−1|𝑘−1,𝐏𝑘|𝑘−1) (4)

𝑝(𝐳𝑘|𝐱𝑘;𝐑) = ∫

+∞

0
 (𝐳𝑘;𝐇𝑘𝐱𝑘, 𝜆𝑘𝐑)𝜋(𝜆𝑘)𝑑 𝜆𝑘 (5)

where 𝐱̂𝑘−1|𝑘−1 is the posterior mean vector at time 𝑘 − 1 and the prior
error covariance matrix 𝐏𝑘|𝑘−1 can be calculated based on the posterior
error covariance matrix 𝐏𝑘−1|𝑘−1, i.e.,

𝐏𝑘|𝑘−1 = 𝐅𝑘𝐏𝑘−1|𝑘−1𝐅𝑇𝑘 +𝐐𝑘−1. (6)

Remark 1. In the traditional RKF frameworks, various heavy-tailed
distributions have been utilised to fit the measurement noise, and
the corresponding likelihood PDFs can be seen as an approximation
of Eq. (5). Specifically, 𝜋(𝜆𝑘) is approximated by a fully skewed mixing
density, and the uncertainty about the scale matrix 𝐑 is represented
by an inverse Wishart distribution [15]. Although showing robustness
and efficiency in many scenarios, the performance of the RKFs degrades
when the model error is large. By contrast, the model approximation is
not required in our work.

3.2. The proposed RKFNet filtering framework

Based on the forecast and likelihood PDFs in (4) and (5), the joint
posterior distribution can be expressed as

𝑝(𝜣̃𝑘|𝐳1∶𝑘;𝐑) ∝ 𝑝(𝐳𝑘|𝜣̃𝑘;𝐑)𝑝(𝜣̃𝑘|𝐳1∶𝑘−1)
=  (𝐳𝑘;𝐇𝑘𝐱𝑘, 𝜆𝑘𝐑) × (𝐱𝑘;𝐅𝑘𝐱̂𝑘−1|𝑘−1,𝐏𝑘|𝑘−1) × 𝜋(𝜆𝑘),

(7)

where 𝜣̃𝑘 = {𝐱𝑘, 𝜆𝑘} and then an RKF framework can be derived as
explained in Proposition 1:

Proposition 1 (A Similar Proof Can Be Seen in Appendix C of [15]). Given
the posterior distribution of 𝜆𝑘,
𝑝(𝜆𝑘|𝐳1∶𝑘;𝐑) = ∫ 𝑝(𝜣̃|𝐳1∶𝑘;𝐑)𝑑𝐱𝑘, (8)

the marginal posterior distribution of 𝐱𝑘 can be approximated as a Gaussian
distribution, i.e.,
𝑝(𝐱𝑘|𝐳1∶𝑘;𝐑) ≈ 

(

𝐱𝑘; 𝐱̂𝑘|𝑘,𝐏𝑘|𝑘
)

,

where𝐱̂𝑘|𝑘−1 = 𝐅𝑘𝐱̂𝑘−1|𝑘−1

𝐊𝑘 = 𝐏𝑘|𝑘−1𝐇𝑇
𝑘

(

𝐇𝑘𝐏𝑇𝑘|𝑘−1𝐇
𝑇
𝑘 + 𝐑̃𝑘

)−1

𝐱̂𝑘|𝑘 = 𝐱̂𝑘|𝑘−1 +𝐊𝑘
(

𝐳𝑘 −𝐇𝑘𝐱̂𝑘|𝑘−1
)

( )

(9)
𝐏𝑘|𝑘 = 𝐈𝑛 −𝐊𝑘𝐇𝑘 𝐏𝑘|𝑘−1
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Fig. 2. The RKFNet structure.
and 𝐊𝑘 denotes the Kalman gain. Also, 𝐑̃𝑘 is a modified matrix of the true
measurement noise covariance matrix 𝐑𝑘 at time 𝑘, and
𝐑̃𝑘 =

1
E
(

𝜆−1𝑘
)𝐑, 𝐑𝑘 = 𝜆𝑘𝐑, (10)

where

E
(

𝜆−1𝑘
)

= ∫

+∞

0
𝜆−1𝑘 𝑝(𝜆𝑘|𝐳1∶𝑘;𝐑)𝑑 𝜆𝑘.

Remark 2. Proposition 1 provides an efficient RKF framework for the
posterior estimation of 𝐱𝑘. However, in Eq. (10), the calculation of 𝐑̃𝑘
requires the unknown 𝐑 and 1

E
(

𝜆−1𝑘
) .

To estimate 1
E
(

𝜆−1𝑘
) and 𝐑, and produce the posterior state estimates,

we present a new neural network architecture, the RKFNet, combining
the RKF framework in Proposition 1 with the deep learning technique.
As shown in Fig. 2, the RKFNet consists of three blocks, where Block
I produces the posterior state estimation based on the KF framework
in Eq. (9). Also, 1

E
(

𝜆−1𝑘
) and 𝐑 are estimated by Block II and Block III,

respectively. The details of the RKFNet are explained below:
(1) At any time k, Block I receives the new observation 𝐳𝑘 and the

estimated 𝐑̃𝑘, and produces 𝐱̂𝑘|𝑘 and 𝐏𝑘|𝑘.
(2) To estimate 1

E
(

𝜆−1𝑘
) , we investigate the marginal posterior distri-

bution of 𝜆𝑘 in Theorem 1.

Theorem 1. At any time 𝑘, given the new observation 𝐳𝑘, the stochas-
tic properties of 𝑝(𝜆𝑘|𝐳1∶𝑘;𝐑) and 1

E
(

𝜆−1𝑘
) are determined by 𝛥𝐳𝑘|𝑘−1,

𝐇𝐏𝑘|𝑘−1𝐇𝑇 , 𝐑 and 𝜋(𝜆𝑘).

Proof. According to Eqs. (7) and (8), the marginal posterior distribu-
tion of 𝜆𝑘 can be expressed as

𝑝(𝜆𝑘|𝐳1∶𝑘;𝐑) ∝ ∫  (𝐳𝑘;𝐇𝑘𝐱𝑘, 𝜆𝑘𝐑) × (𝐱𝑘;𝐅𝑘𝐱̂𝑘−1|𝑘−1,𝐏𝑘|𝑘−1)
× 𝜋(𝜆𝑘)𝑑𝐱𝑘.

4 
By integrating 𝐱𝑘, then
𝑝(𝜆𝑘|𝐳1∶𝑘;𝐑) ∝  (𝛥𝐳𝑘|𝑘−1; 𝟎,𝐇𝐏𝑘|𝑘−1𝐇𝑇 + 𝜆𝑘𝐑)𝜋(𝜆𝑘),

and hence we have Theorem 1. □

According to Theorem 1, Block II employs an FCNN to estimate
1

E
(

𝜆−1𝑘
) , and the input features are selected as 𝛥𝐳𝑘|𝑘−1 = 𝐳𝑘 − 𝐇𝐱𝑘|𝑘−1

and 𝐇𝐏𝑘|𝑘−1𝐇𝑇 . As 𝐑 and 𝜋(𝜆𝑘) are fixed, they are not incorporated
as input features. Also, considering the outliers of the input features,
sgn(⋅) log(1 +|⋅|) is employed to shrink their values. Moreover, to ensure
a positive estimate of 1

E
(

𝜆−1𝑘
) and narrow the range of the FCNN outputs,

exp(⋅) is connected to the FCNN output layer.

Remark 3. Due to the complexity of 𝑝(𝜆𝑘|𝐳1∶𝑘;𝐑), there is no close
form of 1

E
(

𝜆−1𝑘
) . In the traditional RKF frameworks, an approximated

PDF of 𝑝(𝜆𝑘|𝐳1∶𝑘;𝐑) is provided by the VB method [15], and then the
estimator of 1

E
(

𝜆−1𝑘
) can be derived. However, the VB method can intro-

duce large approximation errors. By contrast, the RKFNet employs the
neural-network-based estimator in Block II to provide better posterior
estimation.

(3) In Block III, we introduce a neural network parameter 𝐑𝑠 ∈
R𝑚×𝑚, and the scale covariance matrix 𝐑 can be estimated by

𝐑̂ = (𝜍1𝐑𝑠)(𝜍1𝐑𝑠)𝑇 , (11)

where 𝜍1 > 1 is used to increase the gradient of the loss function to 𝐑𝑠.
This allows for efficient updates of 𝐑𝑠, particularly when the learning
rate is small. Also, Eq. (11) guarantees the symmetry and positive
semi-definiteness of 𝐑̂.

4. Unsupervised training algorithm

Following the introduction of the RKFNet architecture, an unsu-
pervised training method is proposed in this section, which can ben-
efit various practical applications in scenarios where the ground-truth
data is difficult to obtain. In [31], the unsupervised loss function is
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Fig. 3. The unsupervised scheduled sampling technique.
‖𝛥𝐳𝑘+1|𝑘‖2. Although achieving satisfactory performance in Gaussian
noise scenarios, the employed L2 norm is sensitive to the outliers of
the observation prediction error 𝛥𝐳𝑘+1|𝑘.

To alleviate the drawback, we adopt the function − log(𝑠𝑡(.; 𝑣, 𝜎)) in
the loss function. Given 𝑁 sequences with length 𝑇 , the loss function
can be written as


(⌣𝜣

)

= 1
𝑁 × 𝑇 × 𝑚

𝑁
∑

𝑗=1

𝑇
∑

𝑘=1

𝑚
∑

𝑖=1
− log

(

𝑠𝑡
(

𝛥𝐳𝑖,𝑗𝑘+1|𝑘
(⌢𝜣

)

; 𝑣, 𝜎
))

+ 𝛾1
‖

‖

‖

‖

det
(

𝐑̂
)

− 1‖‖
‖

‖

2
+ 𝛾2 ‖‖

⌣𝜣‖

‖

2 ,

where 𝛥𝐳𝑖,𝑗𝑘+1|𝑘 is the 𝑖th element of the observation error at time 𝑘 in
the 𝑗th trajectory. ⌢𝜣 represents the RKFNet parameters, including the
parameters of the employed FCNN and 𝐑𝑠. Also, due to the difficulty
of manually giving the parameters of the ST PDF, we set 𝑣 = exp(𝜍2𝑣′)
and 𝜎 = exp(𝜍3𝜎′), where 𝑣′ and 𝜎′ are specified as neural network
parameters, and 𝜍2 > 1, 𝜍3 > 1 are introduced to increase the loss
gradients with respect to 𝑣′ and 𝜎′, respectively. Besides, if 𝐑̂ represents
a reasonable estimate, its scaled matrix 𝜓𝐑̂, where 𝜓 > 0, remains rea-
sonable, indicating the existence of an infinite set of solutions. To keep

the consistency of the training results,
‖

‖

‖

‖

det
(

𝐑̂
)

− 1‖‖
‖

‖

2
with parameter

𝛾1 limits the matrix determinant det
(

𝐑̂
)

close to 1. Furthermore, ‖
‖

⌣𝜣‖

‖

2

is a penalty term with parameter 𝛾2, and ⌣𝜣 = {⌢𝜣, 𝑣′, 𝜎′}.
Besides the ST-based loss function, we also introduce the USS

method to stabilise the training process. The proposed RKFNet can
be seen as a special RNN structure, where the temporally dependent
information is delivered through Block I. Due to the error accumulation
over time, the training process of the RKFNet is not stable, especially
when the noise is highly heavy-tailed. Although the scheduled sampling
technique [32] can improve the convergence stability of the sequence-
to-sequence models, it cannot be directly employed in our framework
due to its requirement for ground-truth data. This drawback can be
overcome by our proposed USS training method, of which the structure
is shown in Fig. 3. At any time 𝑘, the input of the RKFNet is chosen
from either

[

𝐱̂𝑘−1|𝑘−1,𝐏𝑘−1|𝑘−1
]

or the filtering result of a selected
traditional RKF,

[

𝐱̂∗𝑘−1|𝑘−1,𝐏
∗
𝑘−1|𝑘−1

]

, based on a coin toss. This increases
the training stability but causes exposure bias simultaneously due to the
differences between the training and inference processes. To reduce
the bias, the probability of selecting the RKF estimates, 𝑝𝑡, decreases
linearly, i.e.,

𝑝𝑡 = max(𝑝𝑚𝑖𝑛, 𝑝𝑚𝑎𝑥 − 𝛥𝑝 ∗ 𝑡)

where 𝑡 is the sequence iteration number and 𝛥𝑝 represents the decreas-
ing rate. Also, 𝑝𝑚𝑎𝑥 and 𝑝𝑚𝑖𝑛 are the maximum and minimum probability
values of 𝑝 , respectively.
𝑡

5 
5. Numerical simulations

5.1. The target tracking model and noises

This section introduces the employed target tracking models and
measurement noises in the subsequent simulations. Sections 5.1.1 and
5.1.2 explain the constant-velocity (CV) model [33] and the Singer
model [33,34], respectively. Also, three measurement noises are de-
scribed in Section 5.1.3.

5.1.1. The constant-velocity model
The CV model aligns with the experimental setup in [18] and is

specified as Eq. (1), where

𝐅𝑘 =
[

𝐈2 ▵ 𝑡𝐈2
𝟎 𝐈2

]

, 𝐇𝑘 =
[

𝐈2 𝟎
]

, (12)

where ▵ 𝑡 = 1 is the observation interval. Also, the initial target
state follows  (𝐱0|0,𝐏0|0), where 𝐱0|0 = [0, 0, 10, 10]𝑇 and 𝐏0|0 =
diag ([25, 25, 2, 2]). Furthermore, the covariance matrix of the zero-mean
Gaussian process noise is given by

𝐐𝑘 = 0.1 ∗
[

▵𝑡3

3 𝐈2
▵𝑡2

2 𝐈2
▵𝑡2

2 𝐈2 ▵ 𝑡𝐈2

]

. (13)

5.1.2. The Singer model
The Singer model is likewise defined by Eq. (1), and

𝐅𝑘 = diag (𝐅11,𝐅22
)

, 𝐇𝑘 =
[

1 0 0 0 0 0
0 0 0 1 0 0

]

,

where

𝐅11 = 𝐅22 =

⎡

⎢

⎢

⎢

⎣

1 ▵ 𝑡 1
𝜌2

[

−1 + 𝜌 ▵ 𝑡 + exp (−𝜌 ▵ 𝑡)]

0 1 1
𝜌

[

1 − exp (−𝜌 ▵ 𝑡)]

0 0 exp (−𝜌 ▵ 𝑡)

⎤

⎥

⎥

⎥

⎦

.

Following the setup of the CV model, we specify ▵ 𝑡 = 1, 𝜌 = 0.2,
𝐱0|0 = [0, 10, 0, 0, 10, 0]𝑇 and 𝐏0|0 = diag ([25, 25, 2, 2, 0.1, 0.1]). Also, for
the zero-mean process noise, we have

𝐐𝑘 = diag (𝐐11,𝐐22
)

,

𝐐11 = 𝐐22 = 2𝜌𝜎2𝜌
⎡

⎢

⎢

⎣

𝑞11 𝑞12 𝑞13
𝑞12 𝑞22 𝑞23
𝑞13 𝑞23 𝑞33

⎤

⎥

⎥

⎦

,
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𝑞11 =
1

2𝜌5

[

1 − exp (−2𝜌 ▵ 𝑡) + 2𝜌 ▵ 𝑡 + 2𝜌3▵𝑡3

3
− 2𝜌2 ▵ 𝑡2 − 4𝜌 ▵ 𝑡exp (−𝜌 ▵ 𝑡)

]

𝑞12 =
1

2𝜌4
[

1 + exp (−2𝜌 ▵ 𝑡) − 2exp (−𝜌 ▵ 𝑡) + 2𝜌 ▵ 𝑡exp (−𝜌 ▵ 𝑡) − 2𝜌 ▵ 𝑡 + 𝜌2 ▵ 𝑡2]

𝑞13 =
1

2𝜌3
[

1 − exp (−2𝜌 ▵ 𝑡) − 2𝜌 ▵ 𝑡exp (−𝜌 ▵ 𝑡)]

𝑞22 =
1

2𝜌3
[

4exp (−𝜌 ▵ 𝑡) − 3 − exp (−2𝜌 ▵ 𝑡) + 2𝜌 ▵ 𝑡]

𝑞23 =
1

2𝜌2
[

exp (−2𝜌 ▵ 𝑡) + 1 − 2exp (−𝜌 ▵ 𝑡)]

𝑞33 =
1
2𝜌

[

1 − exp (−2𝜌 ▵ 𝑡)] ,

where 𝜎2𝜌 = 0.5.

5.1.3. Measurement noises
This work chooses three types of heavy-tailed measurement noises:

aussian Mixture (GM), ST, and SG𝛼S noises. The formulation of the
GM noise can be written as follows:

𝐆𝐌 =

{

 (𝟎,𝐑) wit h pr obabilit y 0.9
 (𝟎, 𝑈𝐑) wit h pr obabilit y 0.1,

(14)

where the nominal covariance matrix 𝐑 = 10𝐈2 and the augmentation
actor 𝑈 is selected from [5, 10, 102, 103, 104, 105, 106, 107, 108]. By
ontrast, both the SG𝛼S and ST noises utilise the scale matrix 𝐑, and
heir shape parameters are chosen from [0.3, 0.5, 0.7, 0.9, 1.1, 1.3, 1.5,
.7, 1.85] and [0.3, 0.5, 0.7, 0.9, 1.2, 1.7, 2.5, 3.5, 6], respectively.

5.2. Benchmark filters

The proposed RKFNet is compared with 3 kinds of heavy-tailed-
distribution-based RKFs—the robust Kalman filter based on the slash
distribution (RKF-SL) [18], RSTKF, and RKF-SG𝛼S. We also evaluate the
erformance of the RKF with true shape parameters and scale matrices
f the heavy-tailed noise (RKF-TSS) and the standard KF with true
oise covariance matrices (KFTNCM) [16] for reference. These RKFs

follow the same parameter set as in [18]. Specifically, for the RKF-
SG𝛼S, its GSIS-based variant (RKF-SG𝛼S-GSIS) is employed with the
article number 100, the maximal series number 𝛯 = 30, the threshold
or series convergence test 𝜀1 = 10−2 and the number of latest items for

series convergence test 𝜏1 = 4. Besides, for the fixed-point iteration of
all the RKFs, we set the maximum number of iterations 𝑀 = 50, the
threshold for the convergence test 𝜀2 = 10−2 and the number of the
latest items for convergence test 𝜏2 = 4. Additionally, the parameters
of the heavy-tailed distributions employed in the RKFs, including the
shape parameters and the scale matrices, are estimated by existing
expectation maximisation and maximum likelihood estimation methods
(the detailed set is the same as in the section IV-C in [18]).

Except for the traditional RKFs, the benchmark filters also include
hree model-based RNNs [30], which employ one-layer vanilla RNN,
RU and LSTM units with hidden size 63, 36 and 31, respectively.
ence, their parameter numbers are roughly equal. As shown in Fig. 4,

the model-based RNNs imitate the KF operation by first recovering
𝐱̂𝑘|𝑘−1 using domain knowledge, i.e., via (9). Also, 𝛥𝐳̂𝑘|𝑘−1 is selected
as the input feature, and an increment 𝛥𝐱̂𝑘 = 𝐱̂𝑘|𝑘 − 𝐱̂𝑘|𝑘−1 is estimated
y an RNN unit.

For the RKFNet, Block II employs a 3-layer FCNN with hidden-layer
sizes of 32, 64, and 32, resulting in the parameter number approxi-
mately equal to that of the model-based RNNs. Also, the LeakyReLU
function, characterised by a negative slope parameter of 0.1, is applied
across all hidden layers. Furthermore, the elements of 𝐑𝑠 are initially
drawn from a uniform distribution 𝑈 [0, 1

𝜍1
], and 𝜍1 = 300. Besides, for

the loss function, 𝜍2 = 𝜍3 = 300, 𝛾1 = 0.1 and 𝛾2 = 0.0001.

5.3. Training dataset and optimiser

In each tracking scenario, the datasets are composed of 3200 trajec-
tories for training, 200 for cross-validation, and 200 for testing, with
a fixed length of 𝑇 = 100 for the CV model and 𝑇 = 81 for the Singer
 a

6 
model. Also, there are 2000 iterations in every training process, and we
adopt the Adam optimiser, where the learning rate starts from 0.0002
and is halved every 400 iterations. Besides, for the USS, the training
batch size is 200, 𝑝𝑚𝑎𝑥 = 1 and 𝛥𝑝 = 1

600 .

5.4. Performance evaluation of RKFNet

In this section, under the CV model, we investigate the RKFNet
iltering performance across 3 factors: 𝑝𝑚𝑖𝑛, the ST-based loss function
nd the reference trajectories produced by the traditional RKFs.

(1) Within the context of the target-tracking model, we evaluate
the impact of 𝑝𝑚𝑖𝑛, ranging from 0.0 to 1.0 in the fixed increment of
0.1. Also, the SG𝛼S measurement noise is considered, and the shape
parameter is selected from [0.3, 0.7, 1.1, 1.5, 1.85]. Besides, the fil-
ering results of the RKF-SG𝛼S-GSIS are employed for the USS training
ethod. To analyse the stability and consistency of the training results,
 Monte Carlo experiments are run. As shown in Fig. 5, due to the
xposure errors, large 𝑝𝑚𝑖𝑛 can cause inaccurate and unstable filtering
esults, especially in the highly heavy-tailed noise scenario (𝛼 = 0.3).
y contrast, for small 𝑝𝑚𝑖𝑛, the RKFNet can produce more precise and
eliable estimation.

In the following simulations, 𝑝𝑚𝑖𝑛 is set as 0, and the RKFNet is
lways trained through 5 independent Monte Carlo run. Also, The
odel corresponding to the best cross-validation results is selected as

he final RKFNet model, which is then evaluated using the testing
ataset.

(2) The ST-based loss function is compared with the classical L1
nd L2 loss functions under the three measurement noises introduced
n Section 5.1. For light-tailed noise, the estimation errors based on

the loss functions are comparable as depicted in Fig. 6. However, when
the noise contains heavy outliers, the ST-based loss function yields the
most accurate estimation due to its lower sensitivity to outliers. Also,
Fig. 7 shows that the RKFNet based on the ST loss can achieve the
highest convergence rate, whereas the L1/L2 losses suffer from the
overfitting problem as their corresponding training results are better
than the cross-validation results.

(3) Based on the filtering results of three RKFs, the influence of
reference trajectories is assessed under the three types of heavy-tailed
oises. Fig. 8 shows that the RKFNets trained based on different refer-
nce sequences achieve similar estimation results in all scenarios. This

implies that the RKFNet has no requirement for highly precise reference
sequences, which are only employed to stabilise the convergence during
the initial stage of the training process. When the 𝑝𝑚𝑖𝑛 gradually reduces
towards zero, the RKFNet can converge without the assistance of the

KF estimates.

5.5. RKFNet vs. Benchmark filters

In this experiment, our proposed RKFNet is compared with the
enchmark filters introduced in Section 5.2. To train the RKFNet and

the model-based RNNs, the RKF-SG𝛼S is employed to produce the ref-
rence sequences. Also, we train both the RKFNet and the model-based
NNs 5 times, and the final model achieves the best cross-validation
esults.

From Fig. 9, when the noise is light-tailed, the RKFNets and the
other benchmark filters achieve similar filtering results. Nevertheless,
the comparison under the heavy-tailed noise scenarios is more compli-
cated. (1) Compared with traditional RKFs, the RKFNet can produce
more precise results as it has no reliance on precise noise models.
(2) The advantages of the RKFNets over the RKFs become more pro-
ounced under the GM noise. The mixing density of the GM distribution
ollows a delta mixing distribution, which cannot be accurately ap-
roximated by the fully skewed mixing densities employed by the
raditional RKFs. (4) Despite the true model parameters, the RKF-
SS performs worse than the RKFNet, indicating that the marginal-
pproximation-based VB method yields less accurate estimation than
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Fig. 4. The structure of the model-based RNNs.
Fig. 5. The tracking results of the RKFNet under the SG𝛼S measurement noise and the CV model. In every subplot, the title is the shape parameter 𝛼 of the SG𝛼S distribution,
the x-axis represents 𝑝𝑚𝑖𝑛, and the y-axis is the position estimation log10(ARMSE(m)). Also, the ‘‘RKFNet-SG𝛼S’’ represents the 5 independent Monte Carlo results of the RKFNet,
and the corresponding maximal and minimal errors are depicted by ‘‘Maximum’’ and ‘‘Minimum’’, respectively. Besides, the filtering performance of the RKF-SG𝛼S-GSIS is shown
as a reference.
the neural-network-based method introduced in this study. (5) Com-
pared with the model-based RNNs, the RKFNet can provide better
filtering results under heavy-tailed noise. Integrating the traditional
RKF framework, the RKFNet diminishes the necessary neural network
parameter number and achieves greater interpretability.

Fig. 10 illustrates the estimation precision of the 𝐑𝑘. Considering
the heavy-tailed measurement noise, we evaluate the estimation error
by log(|𝐑̃𝑘| − |𝐑𝑘|). Under the GM noise, the RKFNet performs better
than the other benchmark methods. However, all the methods produce
comparable estimation errors under the ST and SG𝛼S noises. This indi-
cates that the filtering performance is susceptible to the estimation of
𝐑𝑘 and even a slight discrepancy in its estimation can lead to significant
variations in performance.
7 
The training processes of the RKFNet and the model-based RNNs
under SG𝛼S noise with 𝛼 = 0.7 are shown in Fig. 11. The RKFNet
presents a higher convergence rate and lower estimation errors than
the model-based RNNs.

Fig. 12 presents the filtering error dynamics of the position estima-
tion under the SG𝛼S noise with characteristic exponent 𝛼 = 0.7. All
the filters produce stable estimation results over time, and the RKFNet
achieves the best performance.

Fig. 13 illustrates the execution time of the RKFNet and the bench-
mark filters based on the same CPU and GPU devices under different
heavy-tailed noises. Compared with RKF-SL and RSTKF, the RKFNet
is more efficient as the fix-point iterations of the RKFs require more
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Fig. 6. The filtering results of the RKFNet with different loss functions under the CV model. The titles of the subplots are the distributions of the heavy-tailed measurement noise.
The x-axis is the shape parameter index, and the y-axis represents the position estimation log10(RMSE(m)). (a) plots the estimation errors under the GM noise, while the results
under the ST and SG𝛼S noise are shown in (b) and (c), respectively.
Fig. 7. The learning curves of the RKFNet with different loss functions under SG𝛼S
noise (𝛼 = 0.5) and the CV model. The x-axis is the optimisation iterations, and the
y-axis represents the position estimation log10(ARMSE(m)).

execution time. Also, as the RKF-SG𝛼S is more computationally expen-
sive than the other traditional RKFs [18], its performance is not shown
here. Besides, the execution time of the RKFNet is higher than model-
based RNNs as the KF update in Block I consists of serial operations
and decreases the computational efficiency.

6. Conclusion

In this work, we presented a DM RKF framework, RKFNet, combin-
ing the traditional heavy-tailed-distribution-based RKFs with the deep-
learning technique. Specifically, the mixing-parameter-based function
and the scale matrix are estimated by an FCNN and an introduced
neural network parameter, respectively, and then a KF update produces
the posterior state estimates. Also, the USS training method is proposed
to improve the stability of the training process.

Two sets of experiments under three kinds of heavy-tailed noises are
implemented to validate the proposed framework. The first simulation
shows the advantages of the ST-based loss function over L1/L2 loss
8 
functions. Also, the performance of the RKFnet does not hinge on
accurate reference sequences from the traditional RKF filtering results.
By contrast, the second experiment set conducts a comparison between
the RKFNet and the various benchmark filters. The experimental results
show that in the light-tailed noise scenarios, all the filters produce
similar results. However, the RKFNet achieves the best performance
under heavy-tailed noises.

In the future, we will consider applying the proposed framework
to more complicated scenarios. In this work, we focus on linear mod-
els with symmetric heavy-tailed measurement noise. However, an ex-
tension to linear models with skewed heavy-tailed signal and mea-
surement noises can be considered, which can benefit more practical
applications.
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Fig. 8. The filtering performance comparison among the RKFNets trained based on different traditional RKFs under the CV model. The titles of the subplots are the distributions
of the heavy-tailed measurement noise. The x-axis is the shape parameter index, and the y-axis represents the position estimation log10(ARMSE(m)). (a) plots the estimation errors
under the GM noise, while the results under the ST and SG𝛼S noise are shown in (b) and (c), respectively.

Fig. 9. The filtering performance comparison between the RKFNet and the benchmark filters under the CV and the Singer models. The titles of the subplots consist of the tracking
models and the distributions of the heavy-tailed measurement noise. The x-axis is the shape parameter index, and the y-axis represents the position estimation log10(ARMSE(m)).
(a) and (d) plot the estimation errors under the GM noise, while the results under the ST and SG𝛼S noise are shown in (b, e) and (c, f), respectively.
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Fig. 10. The 𝐑𝑘 estimation comparison between the RKFNet and the traditional RKFs under the Singer model. The titles of the subplots are the distributions of the heavy-tailed
measurement noise. The x-axis is the shape parameter index, and the y-axis represents the average log10(estimation error). (a) plots the estimation errors under the GM noise,
while the results under the ST and SG𝛼S noise are shown in (b) and (c), respectively.

Fig. 11. The learning curves of the RKFNet and 3 types model-based RNNs under SG𝛼S noise (𝛼 = 0.7) and the CV model. The x-axis is the optimisation iterations, and the y-axis
represents the position estimation log10(ARMSE(m)).
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Fig. 12. The position estimation error dynamics over time under SG𝛼S noise (𝛼 = 0.7) and the CV model. The x-axis is the tracking time, and the y-axis represents the position
estimation log10(RMSE(m)).
Fig. 13. The filtering efficiency comparison between the RKFNet and the benchmark filters under the CV model. The titles of the subplots contain the distributions of the
heavy-tailed measurement noise and the execution device. The x-axis is the shape parameter index, and the y-axis represents the execution time log10(time(s)).
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