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Abstract. Cosmic microwave background (CMB) photons are deflected by large-scale struc-
ture through gravitational lensing. This secondary effect introduces higher-order correlations
in CMB anisotropies, which are used to reconstruct lensing deflections. This allows mapping
of the integrated matter distribution along the line of sight, probing the growth of structure,
and recovering an undistorted view of the last-scattering surface. Gravitational lensing has
been measured by previous CMB experiments, with Planck ’s 42σ detection being the current
best full-sky lensing map. We present an enhanced LiteBIRD lensing map by extending the
CMB multipole range and including the minimum-variance estimation, leading to a 49 to
58σ detection over 80% of the sky, depending on the final complexity of polarized Galactic
emission. The combination of Planck and LiteBIRD will be the best full-sky lensing map in
the 2030s, providing a 72 to 78σ detection over 80% of the sky, almost doubling Planck ’s sen-
sitivity. Finally, we explore different applications of the lensing map, including cosmological
parameter estimation using a lensing-only likelihood and internal delensing, showing that the
combination of both experiments leads to improved constraints. The combination of Planck
+ LiteBIRD will improve the S8 constraint by a factor of 2 compared to Planck, and Planck
+ LiteBIRD internal delensing will improve LiteBIRD ’s tensor-to-scalar ratio constraint by
6%. We have tested the robustness of our results against foreground models of different
complexity, showing that improvements remain even for the most complex foregrounds.
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1 Introduction

Gravitational lensing deflects the trajectory of cosmic microwave background (CMB) photons
as they traverse the large-scale structure of the universe [1, 2]. This collection of numerous
arcminute-level deflections smooths the acoustic oscillation peaks observed in the CMB an-
gular power spectra and introduces secondary B-mode polarization signals and higher-order
correlations in CMB temperature and polarization anisotropies.

Reconstructing these lensing deflections allows us to map the integrated matter dis-
tribution along the line of sight, known as the lensing potential ϕ, and probe the growth
of structure. In particular, the lensing angular power spectrum Cϕϕ

L is sensitive to a com-
bination of the late-time amplitude of density fluctuations σ8, the matter density Ωm, and
the Hubble constant H0 [3], and, when cross-correlated with galaxy surveys, it offers a to-

mographic view into the amplitude of structure as a function of redshift σ8(z) [4–6]. Cϕϕ
L
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also encapsulates any suppression of the matter power spectrum due to (dark and ordinary)
light relics [2], currently providing tighter upper limits on the sum of neutrino masses than
laboratory experiments [7, 8]. The lensing map also helps calibrate the mass of galaxy clus-
ters [9–12] and, in combination with the thermal and kinetic Sunyaev-Zeldovich (SZ) effects
and X-ray measurements, allows the study of the thermodynamics of galaxy formation and
evolution [13, 14].

If known, the deflections produced by lensing can be undone to recover an undistorted
view of the last-scattering surface. This process, known as delensing [15], sharpens the
acoustic peaks [16] and reduces the lensing contribution to covariance matrices [17–20],
thus improving constraints on primordial gravitational waves [21–23] (parametrized by the
tensor-to-scalar ratio, r), primordial non-Gaussianity [24], and other cosmological parame-
ters, including those beyond the standard model physics [25–27]. Hence, accurate lensing
reconstruction is of high interest for many astrophysical and cosmological studies.

The lensing potential can be reconstructed from the correlations between off-diagonal
angular multipoles that it induces in CMB temperature and polarization anisotropies [28, 29].
CMB experiments such as Planck [16, 30–32], BICEP/Keck [33, 34], the Atacama Cosmology
Telescope (ACT) [35–38], POLARBEAR [39, 40], and the South Pole Telescope (SPT) [41–
49] have measured lensing and its angular power spectrum, with the analysis of ACT DR6
temperature and polarization data over 9400 deg2 of the sky providing the highest signal-to-
noise measurement to date at 43σ [37]. A comparable signal-to-noise of 42σ is reached by the
full-sky analysis of Planck PR4 temperature and polarization data [32]. However, these state-
of-the-art measurements are still mainly driven by temperature data, with polarization only
contributing up to 20σ and 13σ for ACT and Planck, respectively [37]. Recently, the SPT
Collaboration obtained the first competitive polarization-only measurement by providing a
38σ detection from the analysis of the 1500 deg2 observed with the SPT-3G camera during
the 2019 and 2020 winter seasons [49]. Ongoing and future experiments like SPT, the Simons
Observatory [50, 51], and the Ali CMB Polarization Telescope [52] plan to continue exploiting
the untapped potential of CMB polarization to improve lensing reconstruction from the
ground.

After COBE [53], WMAP [54], and Planck [55], LiteBIRD [56] is the next CMB space-
based mission aiming to measure the polarized signal at large angular scales with unprece-
dented precision. This work is part of a series of papers presenting the science achievable by
the LiteBIRD space mission and expanding on the overview published in ref. [56]. In partic-
ular, we focus on forecasting the advantages that the combination of Planck ’s high-resolution
temperature anisotropies (T ) and LiteBIRD ’s high-precision measurements of large angular
scale polarization (E and B modes) will provide in the reconstruction of the gravitational
lensing potential. Beyond the combination of independent measurements suffering from dif-
ferent systematics, the high complementarity of these data sets also allows the extension
of the frequency range available for component separation and the access to angular scales
otherwise unreachable to LiteBIRD only. Hence, their combination will provide the highest
signal-to-noise full-sky lensing map to date, reaching a 72 to 78σ detection compared to the
43 to 44σ and 49 to 58σ detections that Planck and LiteBIRD can respectively achieve on
their own. In addition, this work also extends the results presented in ref. [57] by increasing
the CMB multipole range and by including the use of TT , TE, TB, EE quadratic estimators,
and their minimum-variance combination, to estimate the lensing potential from LiteBIRD
temperature and polarization data.

The paper is organized as follows. We describe the simulations used for our study
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in section 2. Section 3 details the different steps of the analysis pipeline. We report our
results for the lensing maps (section 4.1), band powers (section 4.2), and reconstruction
signal-to-noise (section 4.3) obtained with the different quadratic estimators in section 4,
focusing on the improvement that the Planck + LiteBIRD combination provides compared
to LiteBIRD alone. To contextualize these results, section 5 shows the improvement provided
by the Planck + LiteBIRD combination in common lensing science cases like cosmological
parameter estimation (section 5.1) or B-mode delensing in tensor-to-scalar ratio constraints
(section 5.2). We finish by summarizing the main conclusions of our work in section 6.
The software and data used for this study are publicly available at https://github.com/
litebird/PlanckBIRD-lens.

2 Simulations

In this work, we simulate 400 observations from the Planck and LiteBIRD missions. Our
mock data includes LiteBIRD ’s 22 channels, which redundantly sample 15 unique frequen-
cies ranging between 40 to 402GHz [56], and the 9 (7) Planck temperature (polarization)
channels, covering frequencies from 30 to 857GHz (30 to 353GHz) [55].

We start by generating random Gaussian realizations of the spherical harmonic coeffi-
cients for the lensing potential, ϕℓm, and the unlensed CMB temperature, t̃ℓm, and E-mode
polarization, ẽℓm. To enforce the proper correlations between them [58], we use the Cholesky
decomposition of the covariance matrix of the three fields [59],ϕℓm

t̃ℓm
ẽℓm

 =

L11 0 0
L21 L22 0
L31 L32 L33

hℓm
jℓm
kℓm

 , (2.1)

where the matrix elements are

L11 =

√
Cϕϕ
ℓ , L22 =

√
C̃TT
ℓ − L2

21,

L21 =
CTϕ
ℓ√
Cϕϕ
ℓ

, L32 =
CTϕ
ℓ − L21L31

L22
,

L31 =
CEϕ
ℓ√
Cϕϕ
ℓ

, L33 =

√
C̃EE
ℓ − L2

31 − L2
32,

(2.2)

and the coefficients hℓm, jℓm, and kℓm are uncorrelated complex Gaussian variables of zero
mean and unit variance. Theoretical unlensed angular power spectra are calculated using
CLASS1 [60] for the Planck 2018 TT , TE, EE + lowE + lensing cosmological parameters in
table 2 of ref. [61] and tensor-to-scalar ratio r = 0. Additionally, as ϕℓm, t̃ℓm, and ẽℓm are
the complex harmonic coefficients of a real field, hℓm, jℓm, and kℓm have to verify the reality
condition a∗ℓm = (−1)maℓ−m, where a ∈ {h, j, k} [62]. We then lens the CMB maps using
lenspyx2 [63].

Next, we produce 31 frequency maps (9 for Planck and 22 for LiteBIRD) of synchrotron,
thermal dust, free-free, anomalous microwave emission (AME), and molecular CO Galactic
emission using pysm33 [64–66]. We consider the following three different scenarios,

1https://github.com/lesgourg/class_public
2https://github.com/carronj/lenspyx
3https://github.com/galsci/pysm
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• No foregrounds. These simulations contain only CMB and the instrumental noise and
beam of each experiment. They provide a useful benchmark to evaluate the efficiency
of component separation by comparison with the ideal scenario.

• Simple foregrounds. These simulations are based on the s1, d1, a1, f1, and co1

pysm3 foreground models. s1 models the spectral energy distribution (SED) of syn-
chrotron emission through a power-law scaling with a spatially varying spectral index
derived from the analysis of Haslam 408 MHz and WMAP 23 GHz 7-year data [67].
Synchrotron amplitude templates come from the reprocessed Haslam 408 MHz [68]
and WMAP 9-year 23 GHz Q/U maps [69]. d1 models thermal dust through a one-
component modified blackbody SED, with amplitudes and spatially varying spectral
parameters from the Commander intensity and polarization Planck -2015 analysis [70].
The AME model a1 is based on the sum of two unpolarized spinning dust populations
derived from the same Commander analysis [70]. f1 describes the SED of the unpolar-
ized free-free emission with a constant power-law index of −2.14 using the amplitudes
from the 30 GHz Commander fit to Planck -2015 data [70, 71]. co1 includes the unpolar-
ized emission from the first three CO rotational lines using templates from the MILCA

analysis of Planck data [72].

• Complex foregrounds. These simulations are based on the s5, d10, a1, f1, and
co3 pysm3 foreground models. Compared to s1, in s5 the dispersion of the spectral
index’s spatial variability is rescaled to match that observed in S-PASS [73]. d10

uses templates from the GNILC needlet-based analysis of Planck data [74, 75], which
reduce the contamination from point sources and the cosmic infrared background (CIB)
compared to Commander products. Compared to co1, co3 is polarized at the level of
0.1% and includes mock CO clouds up to 20◦ outside of the Galactic plane simulated
with MCMole3D [76].

These simulations extend our previous work in ref. [57] through the addition of temperature
maps, and hence the free-free, AME, and CO components, and through the use of more
complex synchrotron and dust models in polarization. We do not include here extragalactic
foregrounds such as point sources, the CIB, or the SZ effect. The study of the impact of
extragalactic contaminants is left for future work [77–82].

Finally, we model the instrument response by adding white Gaussian noise and a sym-
metric Gaussian beam to each observed frequency band. The specifications for Planck chan-
nels are provided in table 4 of ref. [55], and for LiteBIRD, in table 13 of ref. [56]. For
temperature observations, we scaled down by a

√
2 factor the polarization sensitivities tab-

ulated for LiteBIRD. We assume delta bandpasses centered at the nominal frequency. Our
maps are defined on a HEALPix4 [83] grid of Nside = 512 for LiteBIRD and Nside = 2048 for
Planck.5

4https://healpix.sourceforge.io/
5Although pysm3 developed several strategies to add small-scale information to foreground models [64, 65],

the s1, d1, a1, and f1 templates were derived at Nside = 512 and then upsampled to higher resolutions using
the healpy [84] function ud grade. This produces some negligible numerical artifacts around ℓ ∼ 1500 in the
angular power spectra of polarized foregrounds in our Planck simulations. Nevertheless, the impact of these
artifacts is negligible because they are several orders of magnitude below the noise. The issue is resolved for
s5 and d10 templates because they were natively generated at higher resolution.
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3 Methodology

In this section, we detail the different steps of the analysis pipeline. First, we specify how
CMB maps are obtained through component separation (section 3.1), the combination of
Planck and LiteBIRD data (section 3.2), and C-inverse filtering (section 3.3). Secondly, we
present the quadratic estimators used to reconstruct the lensing potential (section 3.4), the
characterization and subtraction of the main biases (section 3.5), and the calculation of the
minimum-variance (MV) lensing estimate (section 3.6).

3.1 Component separation: harmonic internal linear combination

In our forecast, we separate the different components of the observed signal using a harmonic
internal linear combination (HILC) [85, 86]. In harmonic space, the observed signal in CMB
thermodynamic units at a frequency ν is

aνℓm = (asℓm + afg,νℓm )Bν
ℓ P

w
ℓ + an,νℓm , (3.1)

where asℓm is the CMB signal, and afg,νℓm and an,νℓm are, respectively, the foreground and noise
signals at a frequency ν. We assume the instrumental beam at a frequency ν, Bν

ℓ , to be
Gaussian and symmetric, thus completely characterized by its full width at half maximum
(FWHM). The pixel window function Pw

ℓ depends on the map resolution and reflects the
binning of time-ordered data into a discrete pixel grid.

These multifrequency observations are convolved with different beams. In order to
combine them, first we deconvolve each one by its corresponding beam. We then define the
cleaned map as the weighted sum of the deconvolved coefficients, âνℓm:

acleanℓm =
∑
ν

wν
ℓ

aνℓm
Bν

ℓ P
w
ℓ

=
∑
ν

wν
ℓ â

ν
ℓm. (3.2)

The wν
ℓ weights for each multipole and frequency are calculated by minimizing the

variance for each multipole ℓ of the observed signal,

Var

[∑
ν

wν
ℓ â

ν
ℓm

]
=
∑
νν′

wν
ℓw

ν′
ℓ Ĉνν′

ℓ (3.3)

under the restriction that
∑

ν w
ν
ℓ = 1. In eq. (3.3), Ĉνν′

ℓ is the frequency-frequency covariance
matrix calculated as the cross-power spectrum between the ν and ν ′ channels,

Ĉℓ = Ĉνν′
ℓ =

1

2ℓ+ 1

ℓ∑
m=−ℓ

âνℓmâν
′∗

ℓm . (3.4)

Using the Lagrange multiplier theorem, the optimal weights are calculated, in matrix nota-
tion, as

wℓ =
1TĈ

−1
ℓ

1TĈ
−1
ℓ 1

, (3.5)

where 1 denotes a column vector of ones with length equal to the number of observed fre-
quencies.

Since the CMB signal is frequency-independent in thermodynamic units, the
∑

ν w
ν
ℓ = 1

restriction guarantees that the CMB power is preserved. This claim is only partially true.
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The existing chance correlations, mainly between the signal and noise fluctuations, can bias
the recovered power spectra at low multipoles and lead to a loss of signal at large angular
scales [86–88]. This topic will be discussed in more detail in appendix A.

Although HILC is a powerful component separation tool, it has some limitations. HILC
assumes that the CMB, foregrounds, and noise are Gaussian, with all their information con-
tained at the power spectrum level. It also assumes the isotropy of the signal in the weight
derivation, which prevents us from optimally capturing the spatial variability of the fore-
ground emission. In contrast, other blind component-separation methods such as the needlet
ILC [88, 89] or parametric methods (e.g., Commander [90], FGBuster [91], or B-SeCRET [92])
do not require this assumption and can provide a more efficient foreground cleaning at low ℓ.
Nevertheless, here we decided to keep HILC as our component-separation algorithm because
it is computationally cheap, simple, and still provides a lensing signal-to-noise compatible
with the official Planck results. We leave it to future work to test the impact of using different
component-separation methods on the lensing reconstruction.

3.2 Optimal combination of Planck and LiteBIRD data

When analyzed separately, we run the HILC using multipoles 2 ≤ ℓ ≤ 1000 for LiteBIRD
and 2 ≤ ℓ ≤ 2048 for Planck.6 Having a different number of temperature and polarization
channels for Planck is not a problem, as the HILC treats T , E, and B modes independently.

The combination of Planck and LiteBIRD data is straightforward in harmonic space
since the HILC also treats each multipole independently. This allows us to divide the multi-
pole range into two regions:

i) we use the full set of Planck + LiteBIRD bands in the multipole range 2 ≤ ℓ ≤ 1000,
which includes 31 (29) frequency maps in temperature (polarization);

ii) we rely completely on Planck data to recover multipoles 1001 ≤ ℓ ≤ 2048, with only 9
(7) frequency maps being available in temperature (polarization) at these scales.

Choosing ℓ = 1000 as the transition multipole allows us to have a smooth transition between
both multipole regions, guaranteeing that we are taking the best of both experiments as can
be seen in figure 1. LiteBIRD ’s noise explodes well before ℓ = 1000, leaving a buffer of a
couple of hundred multipoles where the HILC weights smoothly combine the data from both
experiments.

We estimate the frequency-frequency covariance matrix from the frequency maps of
each simulation. Exceptionally, in the no-foreground scenario, we build the covariance matrix
directly from the white-noise maps since the minimization of the HILC reduces to an inverse-
variance weighting problem in this case.

We apply the 97% Planck Galactic mask7 to the temperature frequency maps of both
experiments when calculating the frequency-frequency covariance matrix. To mitigate the
mode coupling between multipoles, the mask is apodized using a 2◦ C1 apodization by
NaMaster8 [93]. We decided to mask temperature maps because, since the HILC weights
minimize the total power, including CMB, foregrounds, and noise, the very bright foreground
signal in the Galactic center dominates over the full-sky signal and leads to a high level of noise

6Planck analyses only used 100 ≤ ℓ ≤ 2048 multipoles for their lensing estimation [16, 32].
7All Planck Galactic masks can be found in the HFI Mask GalPlane-apo0 2048 R2.00.fits file available

at https://pla.esac.esa.int/#maps.
8https://github.com/LSSTDESC/NaMaster
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Figure 1: Foreground and noise residuals computed from 400 component-separated tem-
perature and polarization simulations in the simple-foregrounds case. Solid black lines corre-
spond to the input signal (from left to right, T , E, and B). Residuals are shown for LiteBIRD
(blue), Planck (orange) and Planck + LiteBIRD (green). Temperature power spectra are
calculated with the 97% Planck Galactic mask, while polarization results are for full sky.

residuals at small scales. In particular, the noise residuals are higher than those obtained
in official Planck analyses, leading to a significantly lower signal-to-noise ratio (SNR) of
the lensing detection than what was reported by the Planck collaboration. Note that we
only mask temperature maps when calculating the HILC weights, which are then applied
to the full-sky data to produce a full-sky component-separated map. This leads to full-sky
temperature maps with significant leftover foreground contamination in the small region
obscured by the 97% mask, but overall lower noise residuals at small scales. Although it
can also reduce small-scale noise residuals, no masking is applied in polarization, since the
improvement is not that significant compared to temperature.

Figure 1 shows the noise and foreground residuals for the simple-foreground simula-
tions, illustrating the inner workings of the combination of Planck and LiteBIRD data sets.
LiteBIRD dominates in both temperature and polarization at large angular scales thanks
to its lower noise. Planck is the only contribution at small scales due to its higher angular
resolution. At intermediate scales, the combination of both data sets achieves lower residuals
than each individual experiment.

Figure 2 focuses instead on how the Planck+LiteBIRD combination performs in dif-
ferent foreground scenarios. Results from the no-foreground simulations are included to
illustrate the potential of the combination in an ideal scenario and provide a benchmark
to evaluate the efficiency of component separation. A significant increase of residuals can
be seen at intermediate polarization scales, especially for B modes, when going from sim-
ple to complex foregrounds. Only a small difference is observed in temperature, since the
increase in complexity of the pysm3 models used here focuses mainly on the polarization
signal. The increase on residuals mainly points out that HILC is not a sufficiently flexible
component-separation method as it struggles to deal with the spatial variability of the spec-
tral parameters in more complex foreground scenarios. The difference to the no-foreground
case shows that there is still an ample margin for improvement at large angular scales by
the use of a more efficient component-separation algorithm. Nevertheless, as previously men-
tioned, we will stick to HILC, since the scope of this work is to prove the advantages of a
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Figure 2: Foreground and noise residuals computed from 400 component-separated temper-
ature and polarization simulations of Planck + LiteBIRD. Solid black lines correspond to the
input signal (from left to right, T , E, and B). Residuals are shown for the no-foregrounds
(blue), simple-foregrounds (orange), and complex-foreground (green) cases. Temperature
power spectra are calculated with the 97% Planck Galactic mask, while polarization results
are for full sky.

combined analysis of Planck and LiteBIRD data for the lensing reconstruction irrespective
of the foreground models and component-separation technique considered.

Bear in mind that no additional masking beyond the 97% temperature mask for the
calculation of HILC weights and power spectrum was applied to derive the results presented
in figures 1 and 2. Hence, the contribution from foreground residuals still needs to be reduced
through masking before any cosmological analysis. In particular, we apply the 70% Planck
Galactic mask to Planck -only runs and the 80% Planck Galactic mask to LiteBIRD-only and
Planck+LiteBIRD runs. The former mask is chosen for consistency with Planck ’s lensing
analyses [16, 32] and the latter to be consistent with our previous work in [57]. A 2◦ C1
apodization is applied to these masks to mitigate mode coupling in the filtering step.

3.3 Filtering of CMB anisotropies

The clean CMB maps estimated in the previous section need to be filtered to remove masked
regions and down-weight noisy areas, a required step before lensing reconstruction. We use
an inverse-variance filter (or C-inverse filter) for our lensing analysis. Its definition can be
derived from that of the well-known Wiener filter (WF), which in the case of Gaussian noise
and signal, provides the optimal maximum a posteriori reconstruction of the signal [94].
Wiener-filtered maps are given by

sWF = S(S +N)−1sdata, (3.6)

where sWF = (TWF, QWF, UWF)T are the Stokes parameters of the filtered maps, S and
N are respectively the pixel-space signal and noise covariance matrices, and the sdata =
(T,Q,U)T input maps are in our case the beam- and pixel-window-deconvolved maps pro-
duced by the HILC.

Starting in pixel space, we want to transform the filtering operation to harmonic space.
To do so, we introduce the Y and Y−1 spherical harmonic matrix operators, which perform
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direct and inverse spherical harmonic transforms, respectively:

sdata = Ysdataℓm ; (3.7)

sdataℓm
∼= wY†sdata = Y−1sdata. (3.8)

Here sdataℓm = (tℓm, eℓm, bℓm)T is a column vector of dimension 3L (L =
∑ℓmax

ℓ=2 (2ℓ + 1)), † is
the conjugate transpose, and w = 4π/Npix is the pixel solid angle, which is the same for all
pixels in the HEALPix pixelation scheme [83]. The approximation symbol appears because,
when working with pixelated maps, the integral over the solid angle is approximated by a
sum. The matrix Y has dimensions 3Npix × 3L and its elements are

Y =

Y 0 0
0 −X1 −iX2

0 iX2 −X1

 , (3.9)

where Y , X1, and X2 are Npix×L matrices that contain spin-weighted spherical harmonics.
The elements of the Y matrix are the scalar (s = 0) spherical harmonics, and the elements
of the X1 and X2 matrices are the linear combinations of s = 2 spin-weighted spherical
harmonics defined in eq. (4) of ref. [95]. The matrix Y verifies that YY−1 = wYY† = I3Npix

and Y−1Y = wY†Y = I3L, where In is the identity matrix of dimension n× n. The matrix
Y−1 is the pseudoinverse of Y .

The pixel covariance matrix of the signal can be expressed as S = YCsY†, where CCCs is
the signal covariance matrix in harmonic space with elements

CCCs
ℓℓ′mm′ = δℓℓ′δmm′

CTT
ℓ CTE

ℓ 0
CTE
ℓ CEE

ℓ 0
0 0 CBB

ℓ

 . (3.10)

At this point, we have all the tools to calculate the harmonic transform of the Wiener
filter:

sWF
ℓm = wY†sWF = wY†S(S +N)−1sdata = wY†YCCCsY†(YCCCsY† +N)−1sdata =

= CCCsY†(YCCCsY† +N)−1sdata.
(3.11)

Now, multiplying by wYY† = I3Npix , we obtain the final expression:

sWF
ℓm = CCCsY†(YCCCsY† +N)−1YwY†sdata = CCCs(CCCs + NNN)−1sdataℓm , (3.12)

where NNN = w2Y†NY is the harmonic-space noise covariance matrix.
For optimal filtering in lensing reconstruction with quadratic estimators [96], CMB

observations must be further weighted by an additional CCCs factor. Hence the C-inverse
filtered maps, sCI

ℓm, are defined as

sCI
ℓm = (CCCs + NNN)−1sdataℓm . (3.13)

Computing the C-inverse filter in either pixel or harmonic space involves the inversion of a
big covariance matrix. This operation can be computationally challenging and expensive,
often requiring the use of conjugate gradient inversion methods [51, 97]. This approach was
used in our previous LiteBIRD lensing analysis [57].
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In this paper, we implement instead the diagonal harmonic-space filtering of ref. [37],
which is an approximation to eq. (3.13). First, we approximate CCCs as diagonal, neglecting the
TE correlation and thus filtering independently temperature and polarization maps. This
diagonal approximation also neglects the mode mixing due to masking and only works if the
noise is isotropic (or close to isotropic), which is the situation of this paper, since we do not
include the scanning strategy or other systematics effects from Planck and LiteBIRD. Under
those approximations, the matrix CCCs + NNN in eq. (3.13) can be approximated by the angular
power spectra and

xCI
ℓm ≈ xdataℓm

CXX
ℓ + ⟨NXX

ℓ ⟩ , (3.14)

where x ∈ {t, e, b}, CXX
ℓ are the fiducial lensed power spectra, and ⟨NXX

ℓ ⟩ are the mean full-
sky noise residuals after component separation calculated from the average of all simulations.
We exclude foreground residuals from the calculation of ⟨NXX

ℓ ⟩, assuming that the majority
of leftover foreground emission would be covered by the mask.

For the diagonal harmonic-space C-inverse filter, data can be masked either before
or after filtering. In their DR6 lensing analysis, the ACT collaboration applied the filter
to masked data [37]. We find this approach appropriate for an accurate recovery of the
intermediate to small scales accessible by ACT. However, LiteBIRD and Planck are full-sky
surveys and the largest scales must be considered. To obtain tCI

ℓm and eCI
ℓm, the approach of

starting from masked data and then filtering works well. Nevertheless, the mode coupling
between different scales induced by masking produces a spurious increase of the BB power
at low ℓ due to E-to-B leakage [93]. To mitigate this effect, we estimate bCI

ℓm by filtering first
the observed eℓm and bℓm, and obtaining from them filtered Q and U maps. Afterwards, we
mask those Q and U maps and calculate the bCI

ℓm coefficients through the standard spherical
harmonic transform.

In figure 3, we show the ratio between the masked and full-sky filtered CMB power
spectra. Results are only shown for no-foreground LiteBIRD simulations, since this is the
case where we can perform a fair comparison with the full-sky scenario because the signal and
noise are homogeneous and isotropic. The diagonal harmonic filtering of eq. (3.14) is exact
in the full-sky limit, thus by comparing it with the partial-sky case, we can identify mask-
induced effects by finding deviations of the ratio between the masked and full-sky filtered
spectra from the effective sky fraction, fsky,2 =

∑
iw

2
i /Npix (calculated from the value the

mask takes at each pixel, wi), that one would recover with an exact filtering. No obvious E-to-
B leakage is observed, validating our mitigation strategy for mask-induced couplings in BB
through filtering in harmonic space first and masking in real space second. The power-spectra
ratio reasonably matches the effective sky fraction. We only observe significant deviations at
large angular scales. Comparable differences were also observed in our previous analysis [57],
showing that the diagonal filtering approximation has a similar accuracy compared to the
pixel-based approach. Furthermore, the diagonal harmonic-space C-inverse filter is O(100)
times faster than its pixel space counterpart, making it a much more convenient option for
forecasting.

3.4 Lensing potential reconstruction

This section presents the quadratic estimators (QEs) used to reconstruct the lensing potential
map. We first present QEs for the full-sky, and then explain how we correct for the bias that
masking introduces.
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The unlensed CMB spherical harmonic coefficients X̃ℓm are assumed to be Gaussian
and statistically isotropic, so that their statistical properties are fully characterized by the
angular power spectra,

⟨X̃ℓmỸ ∗
ℓ′m′⟩ = δℓℓ′δmm′C̃XY

ℓ , (3.15)

where X,Y ∈ {T,E,B} and ∗ denotes the complex conjugate. When lensed by a fixed
deflection field, the covariance acquires off-diagonal terms and becomes

⟨XℓmYℓ′m′⟩|ϕ = CXY
ℓ δℓℓ′δm−m′(−1)m +

∑
LM

(−1)M
(
ℓ ℓ′ L
m m′ −M

)
fXY
ℓLℓ′ϕLM , (3.16)

where the matrix corresponds to the Wigner 3-j symbols and fXY
ℓLℓ′ are weights for the different

quadratic XY pairs, which depend on the lensed power spectra. The expressions for the
weights can be found in table 1 of ref. [28]. Note that the lensed angular power spectrum,
CXY
ℓ , used in the first term of eq. (3.16), although not explicitly shown, already captures the

convolution with the lensing potential.
We can build an estimator for the lensing potential, ϕ̂XY

LM , using the correlations pro-
duced by lensing. It is expressed as a weighted sum over multipole pairs, where the weights
minimize the variance of the estimator, leading to the following expression:

ϕ̂XY
LM = AXY

L

∑
ℓ1m1

∑
ℓ2m2

(−1)M
(
ℓ1 ℓ2 L
m1 m2 −M

)
fXY
ℓ1Lℓ2h

XY XCI
ℓ1m1

Y CI
ℓ2m2

, (3.17)

where AXY
L is a normalization factor, and XCI

ℓm and Y CI
ℓm are the C-inverse filtered data from

section 3.3. Finally, hXY = 1/2 if X = Y or 1 otherwise. The normalization in the ideal
full-sky case is given by

AXY
L = (2L+ 1)

hXY
∑
ℓ1ℓ2

∣∣fXY
ℓ1Lℓ2

∣∣2
ĈXX
ℓ1

ĈY Y
ℓ2


−1

, (3.18)

where ĈXX
ℓ = CXX

ℓ + ⟨NXX
ℓ ⟩ from eq. (3.14).
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Throughout this paper, we use the TT , EE, TE, TB, and EB QEs implemented in
lensQUEST9 [98, 99]. We ignore the BB estimator since its contribution to the SNR is
expected to be small [100]. Although maximum a posteriori estimators provide the optimal
lensing reconstruction [94, 101–103], here we stick to the standard QEs because not much
signal-to-noise is gained by iteratively delensing LiteBIRD [15, 57].

When averaged over simulations, the mean full-sky cross-spectrum between two different
lensing reconstructions is given by:〈

C ϕ̂XY ϕ̂WZ

L

〉
= Cϕϕ

L +N
(0),XYWZ
L +N

(1),XYWZ
L +O([Cϕϕ

L ]2), (3.19)

where Cϕϕ
L is the true lensing potential power spectrum andN

(a),XYWZ
L are the reconstruction-

noise biases of order O([Cϕϕ
L ]a), henceforth denoted as Na bias. The cross-spectrum is defined

as

C ϕ̂XY ϕ̂WZ

L =
1

2L+ 1

L∑
M=−L

ϕ̂XY
LM ϕ̂WZ∗

LM . (3.20)

The major contribution to the reconstruction noise is the N0 bias, or Gaussian reconstruction
noise, which originates from the disconnected part of the lensed CMB four-point function.
The N1 bias captures secondary trispectrum contractions and is important on small scales,
where it dominates over the lensing signal. The N2 bias has been mitigated by substituting
the unlensed power spectra with the lensed power spectra in the fXY

ℓLℓ′ weights [104]. Higher-
order reconstruction biases have a negligible impact on the lensing reconstruction, and we
are not considering them in this paper. The calculation and subtraction of all of these biases
will be detailed in section 3.5.

In a realistic scenario, working on the partial sky is necessary because of the presence of
foreground contamination. In that situation, the normalization factor in eq. (3.17) becomes
position-dependent and thus non-diagonal. However, lensing reconstruction is a very local
operation, and keeping the normalization given by eq. (3.18) is correct away from the mask
boundaries and across the majority of the sky [105]. Additionally, masking introduces a
source of anisotropies and off-diagonal couplings that are captured by QEs. Thus, the QE
in eq. (3.17) contains the lensing potential signal, ϕ̂XY,lens

LM , and all the non-lensing sources of

anisotropy, which can be included in the mean-field (MF) term, ϕ̂XY,MF
LM :

ϕ̂XY
LM = ϕ̂XY,lens

LM + ϕ̂XY,MF
LM . (3.21)

The MF can be estimated as the average of the QE over simulations and subtracted from
the lensing reconstruction at the spherical harmonic coefficients level. In addition, we apply
an apodized mask to reduce off-diagonal couplings and partially mitigate its impact [106].

Calculating the MF as an average over simulations, ϕ̂XY,MF
LM = ⟨ϕ̂XY

LM ⟩, leads to a residual

Monte Carlo (MC) noise equal to N
(0)
L /Nsims, where Nsims is the number of simulations used

to calculate the average. Instead, we can use a cross-spectra estimator to obtain the MF-free
spectra without such MC noise [16]. The cross-spectra estimator for simulation i is given by

C
ϕ̂XY
i ϕ̂WZ

i
L =

1

2L+ 1

L∑
M=−L

Nsims

Nsims − 2

(
ϕ̂XY
i,LM − ϕ̂MF1,XY

LM

)(
ϕ̂WZ
i,LM − ϕ̂MF2,XY

LM

)∗
, (3.22)

9https://github.com/doicbek/lensquest
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Figure 4: Power spectrum of the mean field (MF) calculated for Planck, and for LiteBIRD
and Planck + LiteBIRD with our simple-foreground simulations. The black line shows the
input lensing power spectrum used to generate the simulations.

where we divide the 400 simulations into two splits named S1 = {1, . . . , 200} and S2 =
{201, . . . , 400}. For each split, we compute the MF as the average over simulations: ϕ̂MF1,XY

LM =

⟨ϕ̂i,XY
LM ⟩S1 and ϕ̂MF2,XY

LM = ⟨ϕ̂i,XY
LM ⟩S2 . The factor Nsims/(Nsims−2) excludes the ith-simulation

from either ϕ̂MF1,XY
LM or ϕ̂MF2,XY

LM . A detailed derivation can be found in appendix B.

To evaluate the importance of the MF bias over the different QEs, we compute the MF
power spectra without MC noise using the cross-spectra estimator [107],

CMF,XYWZ
L =

1

2fsky,4

[
C ϕ̂MF1,XY ϕ̂MF2,WZ

L + C ϕ̂MF1,WZ ϕ̂MF2,XY

L

]
, (3.23)

where fsky,4 =
∑

iw
4
i /Npix is the mean fourth-power of the mask [106, 108].

Figure 4 shows the MF for the simple-foregrounds case and the different experiments.
We show only this case since the MF does not strongly depend on the foregrounds considered.
This is because the main source of anisotropy is the mask, since the residual foregrounds are
subdominant outside the mask. The MF is calculated for the 70% Galactic mask in the case
of Planck, and the 80% Galactic mask for the LiteBIRD and Planck + LiteBIRD cases.
From this plot, we see that while the TT and EE MF are very high at low ℓ, the EB MF is
negligible [108, 109]. LiteBIRD relies mainly on the EB QE for the lensing reconstruction,
which allows an accurate measurement of lensing at large scales. In practice, LiteBIRD MF
subtraction is not critical for large-scale lensing reconstruction and is less susceptible than
Planck to biases due to MF misestimation.

The average partial-sky cross-spectrum between two different reconstructions of the
lensing potential is

1

fsky,4

〈
C ϕ̂XY ϕ̂WZ

L

〉
= RMC

L Cϕϕ
L +N

(0),XYWZ
L +N

(1),XYWZ
L , (3.24)

where RMC
L is a MC correction of the analytical normalization.
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3.5 Bias subtraction

Solving eq. (3.24), the debiased power spectrum of the lensing potential for each simulation
i is given by:

ĈϕXY ϕWZ

L,i =
1

RMC
L

(
1

fsky,4
C

ϕ̂XY
i ϕ̂WZ

i
L −N

(0),XYWZ
L,i −N

(1),XYWZ
L

)
, (3.25)

where the subscript i in the N0 bias comes from its realization dependence, explained in
section 3.5.1. In the rest of this section, we will explain how to accurately estimate the
different biases and the MC correction present in this expression.

3.5.1 N0 bias

The analytical full-sky expression for the N0 bias is given by

AN -N
(0),XYWZ
L =

AXY
L AWZ

L

2L+ 1

∑
ℓ1ℓ2

gXY ∗
ℓ1ℓ2 (L)

[
C̄XW
ℓ1 C̄Y Z

ℓ2 gWZ
ℓ1ℓ2 (L)

+ (−1)L+ℓ1+ℓ2C̄XZ
ℓ1 C̄YW

ℓ2 gWZ
ℓ2ℓ1 (L)

]
,

(3.26)

where gXY
ℓ1ℓ2

(L) are the optimal weights derived for the QEs (they appear in eq. (3.17)),

gXY
ℓ1ℓ2(L) =

hXY fXY ∗
ℓ1Lℓ2

ĈXX
ℓ1

ĈY Y
ℓ2

, (3.27)

and C̄XY
l is the power spectrum between two masked fields X and Y corrected by the

unmasked pixel fraction fsky,2, which includes both foreground and noise residuals in the

case X = Y . The ĈXX
ℓ power spectra, which appear in both normalization and weights,

are estimated considering only the signal and the mean noise of the HILC. For estimating a
mean N0 bias, C̄XY

ℓ should be the mean observed power spectrum corrected by fsky,2, ⟨C̄XY
ℓ ⟩,

calculated using

C̄XY
ℓ =

ĈXX
ℓ ĈY Y

ℓ

fsky,2
CXY,CI
ℓ , (3.28)

where CXY,CI
ℓ is the power spectrum of the C-inverse filtered maps.

The analytical full-sky expression is accurate up to the 1% level, which is sufficient for
large to intermediate scales, but biases the reconstructed lensing power spectrum at small
angular scales. The mask-induced couplings are not considered in the analytical expression,
for which an MC approach (named MCN0) is needed. We build the MCN0 estimator using
QEs in which each of the input maps comes from a different simulation. In this case, the MF
vanishes because the two maps are independent. We use all the 400 simulations to compute
MCN0,

MC-N
(0),XYWZ
L =

1

2fsky,4

〈
C ϕ̂XY,iϕ̂WZ,i

L

〉
S
, (3.29)

where

ϕ̂XY,i
LM = ϕ̂

XiYi+1

LM + ϕ̂
Xi+1Yi

LM , (3.30)

and i is the simulation index and S = {1, 3, 5, . . . , 399}. The factor 1/2 comes from the fact
that the QEs are built from two independent maps so each cross-power spectrum contains
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Figure 5: Lensing reconstruction MCN0 noise for Planck, LiteBIRD and Planck + LiteBIRD
for the simple-foregrounds case. The MCN0 of the minimum variance (MV) estimator is also
plotted. Black lines show the input lensing power spectrum used to generate the simulations.

only half of the Gaussian noise [16]. Since C ϕ̂XY,iϕ̂WZ,i

L can be decomposed in the sum of four
angular power spectra, twice the Gaussian noise is obtained.

Figure 5 shows the MCN0 noise for the different QEs and the different experiments for
our simple-foreground simulations. The TT QE from Planck and EB from LiteBIRD are
the least noisy estimators for the combination of Planck and LiteBIRD. Additionally, using
the MV estimator (further explained in section 3.6), LiteBIRD ’s N0 bias can be reduced
compared to our previous analysis which was based on the EB estimator only [57]. In
conclusion, Planck + LiteBIRD MV will give the best full-sky lensing reconstruction.

In figure 6, we compare LiteBIRD EB, LiteBIRD MV and Planck + LiteBIRD MV for
the different cases under analysis. Irrespective of the foregrounds considered, LiteBIRD MV
shows some improvement over the EB-only estimator, and the combination of Planck and
LiteBIRD improves significantly the sensitivity that LiteBIRD achieves alone. For all the
cases studied, there is always a multipole range for which the Planck + LiteBIRD MCN0
MV is below the lensing signal.

The MCN0 estimator gives the correct estimation of the mean N0 bias, but it does
not consider the variations of the N0 across simulations. When these variations are not
considered, the covariance matrix of the lensing reconstruction exhibits correlations between
off-diagonal multipoles. The deviations of the N0 bias with respect to the MCN0 are mod-
eled using the realization-dependent N0 estimator (hereafter RDN0) [104]. In our previous
LiteBIRD lensing forecast [57], an MC approach was used to estimate the N0 term accu-
rately, however, due to its computational cost we decided to use another approach here. In
this paper, we implement a mixed analytical- and simulation-based approach consisting of
a first-order Taylor expansion of the N0 bias for simulation i at the mean observed power
spectra:

N
(0),XYWZ
L,i (C̄i

ℓ) ≈ N
(0),XYWZ
L (⟨C̄ℓ⟩) +

∑
AB

∑
ℓ′

∂N
(0),XYWZ
L (⟨C̄ℓ⟩)

∂C̄AB
ℓ′

(
C̄AB,i
ℓ′ − ⟨C̄AB

ℓ′ ⟩
)

= MC-N
(0),XYWZ
L +RD-N

(0),XYWZ
L,i , (3.31)

where C̄i
ℓ is a vector containing the observed power spectra at simulation i, and ⟨C̄ℓ⟩ is a
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Figure 6: Comparison of the MCN0 noise for the LiteBIRD EB (dot-dashed lines), Lite-
BIRD MV (dashed lined) and Planck + LiteBIRD MV (solid lines) lensing reconstructions
from our no-foreground (in red), simple-foreground (in green), and complex-foreground (in
purple) simulations. The black line shows the input lensing power spectrum used to generate
the simulations.

vector containing the average observed power spectra over the 400 simulations. The equation

verifies that ⟨N (0),XYWZ
L,i (C̄i

ℓ)⟩ = MC-N
(0),XYWZ
L and ⟨RD-N

(0),XYWZ
L,i ⟩ = 0, which is the

expected behavior for the small RDN0 perturbations over the mean MCN0. For calculating
the RDN0 term, we use the analytical N0 expression from eq. (3.26) because it is accurate
enough for this correction [19, 37]:

RD-N
(0),XYWZ
L,i =

AXY
L AWZ

L

2L+ 1

∑
ℓ1ℓ2

gXY ∗
ℓ1ℓ2 (L)

[ (
C̄XW,i
ℓ1

⟨C̄Y Z
ℓ2 ⟩+ ⟨C̄XW

ℓ1 ⟩C̄Y Z,i
ℓ2

)
gWZ
ℓ1ℓ2 (L)

+ (−1)L+ℓ1+ℓ2
(
C̄XZ,i
ℓ1

⟨C̄YW
ℓ2 ⟩+ ⟨C̄XZ

ℓ1 ⟩C̄YW,i
ℓ2

)
gWZ
ℓ2ℓ1 (L)

]
− 2AN -N

(0),XYWZ
L .

(3.32)

We use lensQUEST to compute the N0 bias, and modified the code to implement our calcu-
lation of the RDN0 bias.

3.5.2 N1 bias

We use a modified version of LensingBiases10 to calculate the N1 noise in the flat-sky
approximation. The N1 noise is important at small scales, ℓ > 100, for which the flat-sky
approximation is sufficiently accurate. The analytical flat-sky N1 estimator is

AN -N
(1),XYWZ
L =AXY

L AWZ
L

∫
d2ℓ1
(2π2)

∫
d2ℓ′1
(2π2)

GXY
ℓ1ℓ2G

WZ
ℓ′1ℓ

′
2

×
[
Cϕϕ
|ℓ1−ℓ′1|

fXW
−ℓ1ℓ′1

fY Z
−ℓ2ℓ′2

+ Cϕϕ
|ℓ1−ℓ′2|

fXZ
−ℓ1ℓ′2

fYW
−ℓ2ℓ′1

]
,

(3.33)

10https://github.com/JulienPeloton/lensingbiases
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Figure 7: Analytical N1 bias for the Planck + LiteBIRD lensing reconstruction for our
simple-foreground simulations. The minimum-variance (MV) N1 is also plotted. The black
line shows the input lensing power spectrum used to generate the simulations.

where ℓ1 + ℓ2 = ℓ′1 + ℓ′2 = L, AXY
L corresponds to the full-sky normalization factor from

eq. (3.18), fXY
ℓℓ′ are the flat-sky lensing weight functions that can be found in table 1 of

ref. [29], and the optimal QE weights are given by11

GXY
ℓℓ′ =

hXY fXY
ℓℓ′

ĈXX
ℓ ĈY Y

ℓ′

. (3.34)

This expression was derived in ref. [110], and applied to the Planck 2015 lensing analysis in
ref. [31].

Figure 7 shows the N1 bias for the combination of Planck and LiteBIRD in the simple-
foreground simulations. The N1 noise is much lower than the N0 bias and only biases the
lensing power spectrum at high ℓ (ℓ > 500 for the TT , EB and MV QE). Taking into account
the N1 bias is required in order to recover an unbiased reconstruction of the lensing power
spectrum at small scales.

3.5.3 Monte Carlo normalization correction

We estimate the MC correction to the QE normalization using the MV estimation of the
lensing potential (see details in section 3.6). We do that because we observe the MC correc-
tion to be similar between the different QEs, and the MV estimate leads to the least noisy
estimation of RMC

L . The MC normalization correction is calculated as

RMC
L =

fsky,2
fsky,4

〈
Cϕinϕ̂MV

L

Cϕinϕin

L

〉
, (3.35)

where ϕin is the input lensing map masked with the same apodized mask used for the CMB
maps, and ϕ̂MV is the MV lensing reconstruction with the MF subtracted. Instead of directly

11For the TE N1, eq. (3.34) is an approximation to the exact definition of the weights that is implemented
in LensingBiases (see ref. [29] for the exact expression). The differences between the exact expression and
the approximation in eq. (3.34) are negligible for the N1 computation.
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L , for the Planck, LiteBIRD and Planck + LiteBIRD experiments and our
three different simulation sets. Dashed black lines correspond to the ideal situation in which
no correction is needed, RMC

L = 1.

masking the lensing potential ϕ, we mask the lensing convergence κ12, because it has a much
whiter power spectrum, especially on large angular scales. By masking κ we significantly re-
duce the mask-induced leakage [31]. The fsky,n corrections take into account the sky coverage
of the reconstructed power spectrum from the QE and of the masked input lensing maps.

Figure 8 shows the MVMC normalization correction for all the experiments and types of
simulations considered. We see that the MC correction does not change when the foreground
complexity is varied and that a similar behaviour is observed for the three experiments. The
correction is confined to the low-ℓ region, mainly affecting the large scales. The intermediate
and small scales are not significantly affected by the MC normalization correction.

3.6 Minimum-variance lensing estimator

In this section, we combine the different QEs ϕ̂XY
LM , with XY ∈ {TT,EE, TE, TB,EB}, to

minimize the reconstruction noise.13 The objective is to obtain the QE of minimum variance,
ϕ̂MV
LM , expressed as the weighted sum of the QEs from the different channels:

ϕ̂MV
ℓm =

∑
XY

wXY
L ϕ̂XY

LM . (3.36)

Calculating the weights wXY
L to build the MV estimator is a quadratic optimization

problem. It can be solved using the Lagrange multiplier theorem under the constraint that
the sum of the weights is equal to one. The optimal values of the ℓ-dependent weights can
be derived using [100]:

wXY
L =

∑
WZ(N

−1
L )XYWZ∑

XY

∑
WZ(N

−1
L )XYWZ

, (3.37)

12The lensing convergence is defined as κ = ∇2ϕ/2, or κLM = L(L+ 1)ϕLM/2 in harmonic space.
13The optimal way to combine QEs is through the generalized minimum-variance (GMV) estimator

[111]. We performed an analytical comparison of the N0 biases obtained by the MV and the GMV using
GlobalLensQuest (https://github.com/abhimaniyar/GlobalLensQuest) and found that the improvement is
around 1σ for the Planck+LiteBIRD combination (details about the SNR calculation can be found in section
4.3). Finding such a small improvement, we decided to stick to the MV formalism.
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Figure 9: Weights used to calculate the minimum-variance (MV) estimator for all the
experiments and simulations considered.

where

NXYWZ
L = MC-N

(0),XYWZ
L +N

(1),XYWZ
L . (3.38)

The weights of the MV estimator are calculated using the average biases, which do not
vary with the simulation index. For that reason, the RDN0 bias, which averages to zero, is
not included in the covariance matrix NXYWZ

L . Although the MF is subtracted in section 3.4,
some residual MF is observed at very low multipoles. For instance, in ref. [16] the multi-
poles L < 8 had to be excluded due to high sensitivity to the MF. In contrast, LiteBIRD ’s
polarization-dominated reconstruction has a negligible MF compared to the lensing signal.
Hence, by incorporating this into the weighting scheme, an unbiased recovery of the lensing
signal at multipoles L < 8 could be achieved in the future for the first time, with a minimal
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loss in the SNR.
To debias the MV estimator, we need to take into account the RDN0 term in the matrix

NXYWZ
L,i ,

NXYWZ
L,i = MC-N

(0),XYWZ
L +RD-N

(0),XYWZ
L,i +N

(1),XYWZ
L , (3.39)

leading to the following expression for the debiased MV lensing power spectrum:

ĈϕMVϕMV

L,i =
1

RMC
L

(
1

fsky,4
C

ϕ̂MV
i ϕ̂MV

i
L −

∑
XY

∑
WZ

wXY
L wWZ

L NXYWZ
L,i

)
. (3.40)

Figure 9 shows the MV weights for all the experiments and simulations considered.
For Planck, the TT estimator dominates, whereas for LiteBIRD the EB estimator prevails.
Finally, for the combination of Planck and LiteBIRD, EB dominates over TT at large and
intermediate scales, and TT dominates over EB for small scales. When increasing the fore-
ground complexity, the TT estimator coming from Planck gains importance with respect
LiteBIRD ’s EB, due to the increase of the foregrounds complexity in polarization.

4 Results

In this section, we present our results in terms of the lensing maps (section 4.1), lensing band
powers (section 4.2), and the overall signal-to-noise of the reconstruction that we achieve
(section 4.3). We show results for all simulation complexities and Planck, LiteBIRD, and
Planck+LiteBIRD analyses, showcasing that in all situations the combination of Planck and
LiteBIRD improves significantly over LiteBIRD alone.

4.1 Lensing maps

Here we address the quality of the lensing reconstruction by inspecting the recovered maps
for the different QEs and experiments. All the reconstructed maps shown in this section are
filtered using the WF presented in section 3.3. Additionally, we plot the lensing-deflection
field14 instead of the lensing potential. The WF lensing-deflection map, α̂XY,WF

LM , is obtained
from the lensing reconstruction as,

α̂XY,WF
LM =

√
L(L+ 1)

Cϕϕ,fid
L

Cϕϕ,fid
L +NXYXY

L

ϕ̂XY
LM , (4.1)

where Cϕϕ,fid
L is the input lensing potential and NXYXY

L is the reconstruction noise from
eq. (3.38) with XY ∈ {TT, TE, TB,EE,EB,MV}.

In the bottom panel of figure 10, we show the WF MV lensing-deflection map from
the combination of Planck and LiteBIRD, corresponding to the simple-foregrounds case. In
comparison with the input lensing-deflection map shown in the top panel, we find very good
agreement between the two maps.

Figure 11 shows the same sky patch for the different QEs and experiments considered
in the case of simple foregrounds. From this plot, one can see which estimators contribute
the most and at which angular scales to the final LiteBIRD, Planck, and their combined
lensing estimate. It is particularly interesting to see how combining the different QEs to
form the MV estimator leads to a clearly better result. Focusing on Planck, we can conclude

14The lensing deflection is defined as α = ∇ϕ, or αLM =
√

L(L+ 1)ϕLM in harmonic space.
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Figure 10: Example of one of the 400 simple-foregrounds simulations of the lensing-
deflection map, α̂MV,WF

LM =
√
L(L+ 1)ϕ̂MV,WF

LM , corresponding to the gradient mode or E
mode of the lensing deflection angle. The upper panel shows the input lensing-deflection
map, whereas the lower panel shows the Wiener-filtered lensing-deflection coming from the
Planck + LiteBIRD MV reconstruction. The gray regions represent the apodized 80% Planck
Galactic mask. For ease of visualization, the mask has been binarized after apodization to
clearly delineate excluded and included regions.

that the main contributions to the MV estimator come from TT , EE, and TE. TT is the
estimator that contributes the most to the final shape of the MV map. This is consistent
with the weights shown in figure 9. Continuing with LiteBIRD, two major differences with
Planck can be observed. First, LiteBIRD ’s MV reconstruction is better than Planck ’s, as
the former is closer to the input lensing deflection. Secondly, no huge differences are observed
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Figure 11: 12.5◦ × 12.5◦ gnomonic projection of the lensing-deflection maps, α̂MV,WF
LM =√

L(L+ 1)ϕ̂MV,WF
LM , corresponding to the gradient mode or E mode of the lensing deflection

angle. They are reconstructed from simple-foregrounds simulations and centered at Galactic
coordinates (l, b) = (270◦,−35◦). All the QEs for all the experiments are plotted alongside
the true input lensing-deflection map.

between the EB and MV maps, which agrees with EB being the estimator with the greatest
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contribution; TB is the second largest contributor to the MV map.
Finally, let us focus on the reconstructed maps from the combination of Planck and Lite-

BIRD. As explained in section 3.6 and shown in figure 11, Planck ’s signal comes mostly from
the TT estimator and LiteBIRD ’s most important contribution is the EB estimator. This is
what we see for the combination of both experiments in figure 11: the TT map is equivalent
to Planck ’s and the EB map is equivalent to LiteBIRD ’s. It is also interesting to see that
different structures present in the input map at different angular scales are observed in the
TT and EB maps, with both contributing to the MV map. The MV map reconstructed from
the combination of both experiments will be the best full-sky lensing-deflection measurement
in the near future.

4.2 Lensing band powers

In this section, we show the lensing band powers recovered for the simple-foregrounds case
and all the experiments and QE combinations. Finally, we also compare the performance
of LiteBIRD alone versus the combination of Planck and LiteBIRD for the EB and MV
estimators.

First, we define our binning configuration. The edges of the bins, Eb, are given by:

Eb =

(√
ℓmin +

√
ℓmax −

√
ℓmin

Nbins
b

)2

, b ∈ {0, 1, . . . , Nbins}, (4.2)

where ℓmin = 2, ℓmax = 1000 for LiteBIRD and ℓmax = 2048 for Planck and Planck +
LiteBIRD, b is the bin index, and Nbins is the number of bins. We decided to use Nbins = 10
bins for LiteBIRD, and Nbins = 14 for Planck and Planck + LiteBIRD. The bin centers are
then

Lb =
Eb−1 + Eb

2
, b ∈ {1, 2, . . . , Nbins}. (4.3)

Uniform binning is performed within the bin to obtain the binned power spectra ĈϕXY ϕWZ

b,i

and Cϕϕ,fid
b . Similar to ref. [16], the binning function is chosen to have unit response to the

fiducial power spectrum,

ĈϕXY ϕWZ

Lb,i
= ÂϕXY ϕWZ

b,i Cϕϕ,fid
Lb

=
ĈϕXY ϕWZ

b,i

Cϕϕ,fid
b

Cϕϕ,fid
Lb

, (4.4)

where ĈϕXY ϕWZ

Lb,i
is the binned lensing power spectrum at L = Lb, and ÂϕXY ϕWZ

b,i is the lensing
amplitude with respect to the input lensing power spectrum in the band power b and the

simulation i (ÂϕXY ϕWZ

b,i = 1 for ĈϕXY ϕWZ

b,i = Cϕϕ,fid
b ). Finally, Cϕϕ,fid

b and Cϕϕ,fid
Lb

are the input
lensing power spectrum at bin b and at multipole Lb, respectively.

Figures 12, 13, and 14, show the band powers for the simple-foreground case for Lite-
BIRD, Planck, and the combination of Planck and LiteBIRD, respectively. For LiteBIRD,
we show that we achieve an unbiased reconstruction for all the different QEs, except EB.
Only for the EB estimator and at very small scales do we observe > 1σ deviations. More-
over, such biases do not impact either the SNR or the precision of cosmological parameter
estimation. For that reason, we decide to leave the further investigation of this small bias
to future work. The estimators with the smallest error bars are TB and EB but, since they
are extremely correlated, TB does not contribute much to LiteBIRD ’s MV estimator. For
Planck, the TT and the TE estimator are the best QEs measured. When compared with
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Figure 12: Lensing band powers for LiteBIRD ’s simple-foregrounds simulations. All the
auto- and cross-spectra of the five QEs, and the minimum-variance (MV) estimator, are
plotted. The orange points correspond to the average over all the simulations and the error
bars correspond to the 1σ confidence intervals. The black solid line shows the input lensing
power spectrum.

LiteBIRD, we observe that LiteBIRD has a better estimate of the large-scale lensing power
spectrum than Planck. Consequently, with the combination of Planck and LiteBIRD we get
the best of both worlds: good measurements of the lensing potential through TT thanks to
Planck, and through EB thanks to LiteBIRD. This is accompanied by an overall reduction
of the error bars of all QEs.

Finally, figure 15 shows the lensing amplitude per band power for the EB and MV QEs
of LiteBIRD and for the MV QE of Planck and Planck + LiteBIRD, for all the simulation
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Figure 13: Lensing band powers for Planck ’s simple-foreground simulations. All the auto-
and cross-spectra of the five QEs, and the minimum-variance (MV) estimator, are plotted.
The blue points correspond to the average over all the simulations and the error bars cor-
respond to the 1σ confidence intervals. The black solid line shows the input lensing power
spectrum.

complexities. We only include the band powers with L < 600, because at L = 600 the
lensing SNR has already saturated, as will be explained in section 4.3. As expected, when
the complexity of the foregrounds increases, the error bars increase as well. As previously
mentioned, there is a small bias at small scales for LiteBIRD. This bias disappears when
including Planck data, thanks to Planck ’s higher resolution. Another key aspect of the
complementarity of the combination: LiteBIRD ’s lensing reconstruction allows us to access
the large and intermediate scales of the lensing power spectrum, while Planck grants access
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Figure 14: Lensing band powers for the combination of Planck and LiteBIRD in simple-
foreground simulations. All the auto- and cross-spectra of the five QEs, and the minimum-
variance (MV) estimator, are plotted. The green points correspond to the average over all
the simulations and the error bars correspond to the 1σ confidence intervals. The black solid
line shows the input lensing power spectrum.

to information from the intermediate to small scales.

4.3 Signal-to-noise ratio

In this section, we estimate the SNR for the different experiments, QEs, and foreground
complexities. For the SNR calculation, we want to estimate the overall lensing amplitude as
a weighted sum of the amplitudes across band powers. The optimal weights, wb, are derived

by obtaining the MV lensing amplitude, ÂϕXY ϕWZ

i , under the constraint that the sum of the
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Â
φ
φ
b

No foregrounds

0.6

0.8

1.0

1.2

1.4

Â
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Figure 15: Lensing amplitude band powers as defined in equation (4.4) for LiteBIRD EB,
LiteBIRD MV, Planck MV and Planck + LiteBIRD MV for all the foregrounds complexity
scenarios. Planck and Planck + LiteBIRD is binned the same way as LiteBIRD for compar-
ison purposes. The error bars correspond to the 1σ confidence intervals. The black dashed
line correspond to the perfect reconstruction Âϕϕ

b = 1.

weights is equal to one. For each simulation, the MV lensing amplitude is given by

ÂϕXY ϕWZ

i =
∑
b

wbÂ
ϕXY ϕWZ

b,i =

∑
bb′(Cov

−1
i )bb′Â

ϕXY ϕWZ

b,i∑
bb′(Cov

−1
i )bb′

, (4.5)

where Covi = Covi(Â
ϕXY ϕWZ

b , ÂϕXY ϕWZ

b′ ) is the covariance matrix estimated using all the
simulations except simulation i. Then, the final lensing amplitude is given by the mean and
sample standard deviation,

ÂϕXY ϕWZ
=
〈
ÂϕXY ϕWZ

i

〉
± σ

(
ÂϕXY ϕWZ

i

)
, (4.6)

both calculated using the 400 estimations of ÂϕXY ϕWZ

i . The uncertainty includes the contri-
bution from the cosmic variance of the lensing potential, thanks to being a simulation-based
approach. From the lensing amplitude, we can compute the overall SNR, which is defined
as,

SNR
(
ÂϕXY ϕWZ

i

)
=

1

σ
(
ÂϕXY ϕWZ

i

) . (4.7)
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Figure 16: Cumulative signal-to-noise ratio (SNR) up to a maximum multipole, Lmax, for
all the QEs. The SNR is plotted for LiteBIRD, Planck, and Planck + LiteBIRD for all the
foreground complexities considered.

Figure 16 shows the cumulative SNR for the different experiments, foreground complex-
ities, and QEs. The cumulative SNR is calculated as presented in eq. (4.7), but with eq. (4.5)
only evaluated up to the bin b, such as Lb ≤ Lmax. From Figure 16, we observe that Planck ’s
highest-SNR QE is TT , followed by TE. For LiteBIRD, the highest SNR QE is EB, which
clearly dominates over the rest of the QEs. For the combination of Planck and LiteBIRD, the
highest-SNR QEs are EB, followed by TT for all the foreground complexities. This means
that LiteBIRD ’s polarization contributes more to the MV estimator than Planck ’s temper-
ature. For all experiments, the cumulative SNR saturates at multipoles L ≈ 400 because at
smaller scales the lensing signal is very low and the reconstruction noise blows up. Finally,
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Figure 17: Box plot for the MV lensing amplitude, Âϕϕ, of Planck, LiteBIRD and Planck
+ LiteBIRD in all the simulations considered. The black dashed line represents the refer-
ence value for the perfect reconstruction, Âϕϕ = 1. Boxes span from the first to the third
quartile, giving the 0.67σ intervals, with the horizontal black line inside the box showing the
median. Lower and upper whiskers correspond to 2.7σ intervals. Individual points outside
the whiskers are ≥ 2.7σ outliers.

while Planck ’s MV SNR does not vary much when increasing the foreground complexity,
LiteBIRD ’s does. This might be related to a higher intensity of the CMB signal with re-
spect to the foregrounds in temperature compared to polarization. Another reason could be
the component-separation method chosen here, which might not be optimal for dealing with
complex foregrounds. This last item will need to be studied in future work.

Figure 17 shows box plots for the Planck, LiteBIRD, and Planck + LiteBIRD MV
lensing amplitude for all the foreground complexities considered. In the no-foregrounds case,
we obtain unbiased estimates for all the experiments. Once foregrounds are included, small
deviations from the fiducial value appear. The most significant deviations correspond to
Planck ’s simple- and complex-foregrounds simulations, where 1σ negative biases appear.
Not all contributions from foregrounds are captured in this work, which potentially causes
these small biases. More work needs to be done on foreground debiasing in the future.

In table 1, we present the SNR calculated for all experiments, foreground complexi-
ties, and QEs considered. Our results are compatible with published Planck lensing anal-
yses [16, 32]. The SNR of LiteBIRD ’s MV estimator is between 14 to 23% higher than
LiteBIRD ’s EB-only QE, which is a significant enough improvement to make the MV the
default estimator for future analyses. Furthermore, LiteBIRD ’s MV SNR is higher than
Planck ’s across all foreground complexities, which demonstrates that a richer lensing sig-
nal can be extracted from precise but low-resolution polarization measurements than from
higher-resolution temperature data. Finally, the expected improvement on the SNR from
the combination of Planck and LiteBIRD with respect to LiteBIRD alone ranges between
34 and 48%. This means that the future combination of Planck and LiteBIRD will improve
the best full-sky lensing map to date (i.e. Planck ’s) by around 69 to 76%, depending on how
complex polarized Galactic emission turns out to be.
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QEs Experiment SNR no fg. SNR simple fg. SNR complex fg.

TT

Planck 35.4 35.0 33.8
LiteBIRD 6.5 6.0 5.9

Planck + LiteBIRD 37.3 36.7 35.5

% improvement +470 +510 +497

EE

Planck 5.5 5.2 4.79
LiteBIRD 8.9 8.5 8.4

Planck + LiteBIRD 12.2 11.8 11.7

% improvement +37.3 +38.3 +39.7

TE

Planck 12.4 11.8 11.4
LiteBIRD 8.1 7.7 7.4

Planck + LiteBIRD 15.7 15.2 15.0

% improvement +95 +98 +101

TB

Planck 0.470 0.408 0.377
LiteBIRD 15.1 12.5 8.8

Planck + LiteBIRD 14.9 12.6 9.0

% improvement −0.90 +0.77 +2.00

EB

Planck 2.02 1.75 1.55
LiteBIRD 57 51 39.6

Planck + LiteBIRD 58 53 42.0

% improvement +2.20 +2.79 +6.1

MV

Planck 44.6 44.2 42.7
LiteBIRD 63 58 48.7

Planck + LiteBIRD 82 78 72

% improvement +31.4 +35.1 +47.0

Table 1: Signal-to-noise ratio (SNR) for all the QEs, experiments, and foreground complex-
ities considered. The “% improvement” row corresponds to the percentage improvement of
Planck+LiteBIRD with respect to LiteBIRD alone. The relative error on the SNR calcula-
tion is 4%, which was considered for setting the number of significant figures.

Since the SNR is estimated from simulations, there is an associated error which is not
given in table 1. Assuming that the lensing amplitudes are Gaussian distributed, the error
on our SNR calculation, ∆SNR, can be estimated from the variance of the sample standard
deviation, as demonstrated in appendix C. The relative error is then given by

∆SNR

SNR
=

1√
2Nsims

= 0.035, (4.8)

where Nsims = 400 is the number of simulations we used. The relative SNR uncertainty is
about 4%, which is a good trade-off between precision and the computational cost required
to run a larger number of simulations. We found consistent results when applying naive
bootstrapping to assess the uncertainty of the SNR calculation.

5 Applications

The CMB lensing map contains a wealth of cosmological information and has many differ-
ent science applications, ranging from cosmological parameter estimation (section 5.1) to
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internal delensing (section 5.2). Here we explore a handful of examples to contextualize the
improvement that the combined Planck + LiteBIRD lensing map will represent.

5.1 Cosmological parameter estimation

We estimate the cosmological parameters – cold dark matter and baryon densities, Ωch
2

and Ωbh
2, the Hubble constant H0, the optical depth to reionization τ , and the amplitude

and scalar spectral index of primordial fluctuations, As and ns – for the base ΛCDM model
using only the power spectrum of the gravitational potential, Ĉϕϕ

ℓ . This is done using the
MCMC sampler [112, 113] implemented in cobaya15 [114]. We obtain the parameters using
a Gaussian likelihood,

−2 logL =
∑
bb′

[Ĉϕϕ
Lb

− Cϕϕ
Lb

(θ)]C−1
bb′ [Ĉ

ϕϕ
Lb′

− Cϕϕ
Lb′

(θ)], (5.1)

where Ĉϕϕ
Lb

is the measured mean lensing power spectrum using 100 simulations with the

MV estimator, Cϕϕ
Lb

(θ) is the theory lensing power spectrum, calculated with the CLASS

Boltzmann solver for θ cosmological parameters, and Cbb′ is the covariance matrix obtained
from 300 simulations, which are independent from the 100 ones used to obtain the mean
spectrum. Taking into account that the inverse of the above covariance matrix is not an
unbiased estimator, we rescale it by the Hartlap factor [115]:

αcov =
Nsims −Nbins − 2

Nsims − 1
, (5.2)

where Nsims = 300 is the number of simulations used to estimate the covariance matrix, and
Nbins is the number of band powers (Nbins = 10 for LiteBIRD, and Nbins = 14 for Planck
and Planck + LiteBIRD).

The likelihood in eq. (5.1) assumes that the band powers are Gaussian distributed, which
should be close to true, given the central limit theorem. Following ACT’s analysis [37], we
performed a Kolmogorov–Smirnov test [116] and found that all band powers are consistent
with a Gaussian distribution.

We use the priors summarized in table 2. These are similar to the priors assumed in the
latest Planck and ACT analyses [16, 32, 37]. The optical depth is fixed to the Planck -2018
best-fit value [61], which is also the input value for our simulations, since lensing alone is not
sensitive to it. Additionally, we fix the total neutrino mass to 0.06 eV with a single massive
neutrino.

Cosmological weak-lensing observables are influenced by the amplitude of density fluc-
tuations at late times, characterized by σ8, and the matter density parameter Ωm, with an
additional dependence on the Hubble parameter H0. The left panel of figure 18 shows the
degeneracy line between these three parameters. As discussed in Appendix D of ref. [38],
small and large scales of CMB lensing are sensitive to two different combinations of these
parameters, i.e. two different surfaces in the σ8–H0–Ωm parameter space. In particular, the
line in the left panel emerges from the intersection of these two planes. This degeneracy
can be broken through a joint analysis of CMB lensing and BAO data, which constrains an
additional surface in the parameter space that intersects the CMB lensing line at a single
point (see, e.g., refs. [32, 38]). However, this goes beyond the scope of this work.

15https://cobaya.readthedocs.io/en/latest/
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Parameter Prior

H0 [40, 100]
ln(1010As) [2, 4]
ns N (0.965, 0.02)
Ωbh

2 N (0.0224, 0.0005)
Ωch

2 [0.005, 0.99]
τ 0.0544

Table 2: Priors used for cosmological parameter inference with the lensing spectrum. Square
brackets indicate uniform priors. N (µ, σ) denotes Gaussian priors with mean µ and standard
deviation σ.
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Figure 18: Left panel: Posterior in σ8–H0–Ωm space from our lensing-only likelihood
projected in a 2D space with the third dimension, H0, represented by different colours.
This is obtained for the combination of Planck and LiteBIRD experiments, and for the
simple-foreground model. Right panel: Constraints in the σ8–Ωm plane obtained from the
lensing-only likelihood, and the simple-foreground model. Contours of the 68% and the
95% marginalized confidence levels are given for the three experiments: Planck only (blue);
LiteBIRD only (red); and Planck + LiteBIRD (solid black line).

The right panel of figure 18 shows again constraints in the σ8–Ωm plane, but this time
presenting the difference between the three configurations we have considered for the simple
foreground model: Planck -only; LiteBIRD-only; and Planck + LiteBIRD. In particular,
uncertainties are reduced when Planck and LiteBIRD data are combined compared to the
LiteBIRD-only case, and specially with respect to the Planck-only scenario. This is because
the error bars in the power spectrum reconstruction are smaller, as can be seen in Figures
15 and 17.

Following the ACT DR6 analysis [37], we define the CMB-lensing-equivalent of the usual
S8 parameter as

SCMBL
8 = σ8

(
Ωm

0.3

)0.25

, (5.3)

which approximately corresponds to the best-constrained direction in the σ8–Ωm plane. Fig-
ure 19 shows the posteriors of Ωm and SCMBL

8 for the three configurations assuming again
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simple-foreground simulations of the Planck -only (blue), LiteBIRD-only (red), and Planck
+ LiteBIRD (green) analyses. Contours show the 68% and the 95% marginalized confidence
levels. Diagonal panels show the corresponding 68% 1D marginalized posteriors.

our simple-foreground model. The slight bias towards lower values of SCMBL
8 is mainly due

to the small biases on the overall lensing amplitude seen in figure 17. Posteriors from the
no-foreground simulations also exhibit a small bias, which may be attributed to the masking
procedure. We use the no-foreground case to calibrate a transfer function for the lensing
power spectrum and correct for it in the simple- and complex-foreground scenarios. This
approach ensures that we remove all the possible biases arising from everything that is not
residual foreground contamination, which should be common for all the foreground models.
Furthermore, for the Planck + LiteBIRD complex-foreground case, we tested that, if we
calibrate the residuals with the fiducial spectrum for each band power and subtract it previ-
ous to the MCMC sampling, we are able to recover an unbiased posterior with a negligible
impact on the uncertainty. Hence, we believe that leftover foreground residuals in the lensing
band powers are the cause of the bias in SCMBL

8 . A more detailed treatment of foreground
contaminants is left for future work.

Finally, table 3 summarizes the 1σ uncertainties on SCMBL
8 for the three configurations

and foreground scenarios considered, highlighting the relative improvement between a Lite-
BIRD-only and Planck+LiteBIRD analysis. We obtain SCMBL

8 uncertainties that are roughly
compatible with the σSCMBL

8
= 0.0270 [16] and σSCMBL

8
= 0.0216 [32] lensing-only analyses of

Planck PR3 and PR4 data,16 respectively, thus validating our forecasting framework. The
combination of Planck + LiteBIRD provides a factor of 2 improvement in the SCMBL

8 uncer-
tainty compared to Planck -only constraints. A similar improvement is obtained compared

16Note the factor of 0.3−0.25 needed to convert the σ8Ω
0.25
m Planck constraints into our σ8(Ωm/0.3)0.25 S8

measurements.
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σSCMBL
8

Lensing map Simple fg. Complex fg.

Planck 0.0226 0.0233
LiteBIRD 0.0152 0.0192

Planck + LiteBIRD 0.0111 0.0124

% improvement +27 +36

Table 3: Uncertainty on the SCMBL
8 parameter (σSCMBL

8
) for the MV lensing reconstruction

from the considered experiments and foreground models. The “% improvement” row corre-
sponds to the porcentage improvement of Planck + LiteBIRD with respect to the LiteBIRD
only case.

to the current ACT constraints [37]. The improvement with respect to the LiteBIRD-only
analysis increases with the complexity of the foregrounds. This is because LiteBIRD ’s MV
estimator is mostly based on EB, which suffers from the increase of foreground complexity
between our different psym3 models, while Planck’s MV is dominated by TT and remains
mostly stable.

5.2 Improving tensor-to-scalar ratio constraints through internal delensing

In this section, we address the delensing of LiteBIRD ’s B-mode polarization that is achiev-
able with the combination of Planck and LiteBIRD data. We also compare the delensing
efficiency obtained with LiteBIRD ’s EB and MV QEs to quantify the improvement that
using all LiteBIRD temperature and polarization channels allows compared to our previ-
ous forecast [57, 117]. Although delensing can also improve constraints on cosmological
parameters [25–27] and primordial non-Gaussianity [24], here we focus on the improvement
it represents to tensor-to-scalar ratio measurements, since that is the prime science objective
of LiteBIRD.

In harmonic space, lensed B modes can be described as the convolution of E-mode
anisotropies with the lensing potential power spectrum [2]. Hence, we can delens B-mode
measurements by subtracting a B-mode template built from the convolution of the observed
E modes and the reconstructed lensing potential. In this work, we decide to stay at the
power spectrum level, calculating the delensing efficiency per multipole, Alens

ℓ , as

Alens
ℓ =

CBB
ℓ − CBB,temp

ℓ

CBB
ℓ

=

∑
ℓ′L Ξℓℓ′LC

EE
ℓ′ Cϕϕ

L

[
1−WEE

ℓ′ W ϕϕ
L

]
∑

ℓ′L Ξℓℓ′LC
EE
ℓ′ Cϕϕ

L

, (5.4)

where CBB,temp
ℓ is the B-mode template power spectrum, the kernel Ξℓℓ′L is defined in eq. (9)

of ref. [118], and CEE
ℓ and Cϕϕ

L are the fiducial lensed E-mode and lensing potential power

spectra. WEE
ℓ and W ϕϕ

L are the Wiener-filtered E mode and lensing potential, respectively
defined as

WEE
ℓ =

CEE
ℓ

⟨C̄EE
ℓ ⟩ , (5.5)

W ϕϕ
L =

Cϕϕ
L

Cϕϕ
L +AN -N

(0)
L

, (5.6)
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foreground complexities. Solid lines correspond to the simple-foregrounds case, whereas
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where ⟨C̄EE
ℓ ⟩ is the mean observed E-mode power spectrum (including both noise and fore-

ground residuals) calculated using eq. (3.28), and AN -N
(0)
L is the analytical estimation of

the N0 noise bias, for the EB or MV QEs. Note that the analytic formula in eq. (5.4) is
derived under the assumption that higher-order lensing contributions are negligible. This
assumption is valid if we use the gradient-level template for delensing [119].

When performing internal delensing (i.e., using exclusively the information contained
in CMB data), the B-mode field to be delensed is the same field used to estimate the lens-
ing potential. If the same multipoles are used for both lensing estimation and delensing,
additional biases appear, leading to a reduction of the delensing power [120–122]. In order
to avoid such biases, we adopt the same strategy as in ref. [117] and estimate the lensing
potential excluding the information from B-mode polarization at multipoles ℓ ≤ 190, which
are the angular scales targeted for LiteBIRD ’s B-mode science. This will increase by 15 to
30% the N0 bias for the TB and EB QEs, and therefore the N0 bias for the MV estimator.

In figure 20, we calculate the delensing efficiency for the simple and complex fore-
grounds and for LiteBIRD EB, LiteBIRD MV, and Planck + LiteBIRD MV estimators.
The results show that the delensing efficiency is around 0.81 in the best-case scenario corre-
sponding to Planck + LiteBIRD MV and simple-foreground simulations. In the worst case,
i.e., LiteBIRD ’s EB QE with complex foregrounds, the delensing efficiency is on average
0.91. Compared to our previous analysis [117], we find that the delensing efficiency can be
improved by 1.5% by considering the LiteBIRD MV estimator, and by 7% with the Planck
+ LiteBIRD MV estimator. For consistency with previous forecasts [56, 117], we will focus
on the simple-foregrounds case to calculate our r constraints.

The likelihood we adopt to draw our r constraints is given by

−2 logL (r) = fsky

190∑
ℓ=2

(2ℓ+ 1)

[
ĈBB
ℓ

CBB
ℓ (r)

− log

(
ĈBB
ℓ

CBB
ℓ (r)

)
− 1

]
, (5.7)

where ĈBB
ℓ is the measured BB spectrum and CBB

ℓ is the fiducial BB spectrum as observed
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delensing using LiteBIRD EB (orange), LiteBIRD MV (green), and Planck + LiteBIRD
MV (red). We have used the low complexity foregrounds delensing efficiency and the simple-
foreground and noise residuals.

by LiteBIRD. This likelihood captures the non-Gaussianity of the angular power spectrum
and is exact in the full-sky limit [56, 123, 124]. Although it does not consider the multipole
couplings due to the presence of the mask, we have included an fsky factor to account for the
sky coverage. The observed and fiducial BB are calculated as

ĈBB
ℓ = Alens

ℓ CBB,scalar
ℓ +

(
rfid

10−3

)
CBB,tensor
ℓ + ⟨N̂ℓ⟩, (5.8)

CBB
ℓ (r) = Alens

ℓ CBB,scalar
ℓ +

( r

10−3

)
CBB,tensor
ℓ + ⟨N̂ℓ⟩, (5.9)

where Alens
ℓ is the delensing efficiency, CBB,scalar

ℓ and CBB,tensor
ℓ are the scalar and tensor

(calculated for r = 10−3 with CLASS) B-mode power spectra respectively, rfid is the fiducial
input value assumed for the observation, and ⟨N̂ℓ⟩ is the average noise and foreground residual
power spectrum from the simple-foregrounds simulations after masking with Planck ’s 80%
Galactic mask (i.e., fsky = 0.8).

We define asymmetric 1σ error bars on r as the values verifying the following equation:∫ rML+σ+
r

rML−σ−
r
L (r)dr∫∞

0 L (r)dr
= 0.683, (5.10)

where rML gives the maximum of the likelihood function, and σ−
r and σ+

r are the upper and
lower error bars, respectively. We consider two fiducial values of r: the case of no primordial
B modes, i.e., rfid = 0; and a primordial B-mode spectrum of rfid = 5× 10−3. In the rfid = 0
case, we fix σ−

r = 0 and calculate σr ≡ σ+
r . For the rfid = 5 × 10−3 case, σ−

r and σ+
r are

determined so that (rML−σ−
r , rML) and (rML, rML+σ+

r ) are equiprobable intervals capturing
the slight asymmetry of the distribution.
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Cases
rfid = 0 rfid = 5× 10−3

σr × 103 % σ−
r × 103 σ+

r × 103 %

No delensing 0.96 – −1.02 1.11 –
LiteBIRD EB 0.92 −4.1 −0.98 1.06 −4.0
LiteBIRD MV 0.91 −4.5 −0.98 1.06 −4.4

Planck + LiteBIRD MV 0.90 −6.1 −0.96 1.04 −6.1

Table 4: Comparison of LiteBIRD constraints on r without delensing, and when delensing
with LiteBIRD ’s EB, LiteBIRD ’s MV, and the Planck + LiteBIRD MV QEs. We show
constraints for two fiducial valures of r. σr, σ

−
r , and σ+

r are the asymmetric 1σ confidence
intervals defined in eq. (5.10). The “%” column highlights the reduction in error bars com-
pared to the base no-delensing case.

Figure 21 shows the likelihood distribution for the two different rfid values, rfid = 0
and rfid = 5 × 10−3. As one might expect from the low delensing efficiencies obtained in
figure 20, internally delensing LiteBIRD ’s B modes only amounts to a minor improvement
on r constraints. This improvement is driven by the reduction of the B-mode variance around
the recombination bump. Note that, due to our choice of component-separation algorithm,
large-scale B modes are not optimally cleaned (see section 3.2). Hence, all our r constraints
would improve if a parametric foreground-cleaning method had been used to allow access
to the information contained in the reionization bump. However, this will only affect the
constraints on r, not the effectiveness of delensing.

In table 4, we quantify the 1σ confidence intervals obtained for the different cases. We
find that, irrespective of the rfid value considered, constraints on r improve by 6% when
delensing with Planck + LiteBIRD MV estimator, and by around 4% when delensing with
LiteBIRD-only lensing estimates. Still, internal delensing makes a marginal contribution.
Instead, a multitracer delensing approach must be used to significantly improve LiteBIRD ’s
sensitivity to primordial B modes. As shown in ref. [117], delensing with a combined lensing
map derived from LiteBIRD CMB data, measurements of the CIB, and galaxy surveys like
Euclid or LSST, can reduce σr by about 15 %.

6 Summary and conclusions

In this paper, we have performed a comprehensive study of the gravitational lensing re-
construction that is possible through the combination of Planck ’s and LiteBIRD ’s full-sky
temperature and polarization data. We covered the complete data analysis pipeline: from
component separation using the multi-frequency observations of Planck and LiteBIRD to the
final inference of cosmological parameters using our lensing reconstruction. Throughout the
paper, we have tested the robustness of our results against two different Galactic foreground
models of increasing complexity, which include synchrotron, dust, AME, free-free, and CO
emissions. Increasing the complexity of diffuse Galactic emission has a higher impact on
LiteBIRD than on Planck, although a significant improvement in SNR is found regardless of
the foreground model considered.

The main results of our study can be summarized as follows,

• Compared to previous studies that were limited to the EB QE [57], we have demon-
strated that LiteBIRD can obtain an enhanced lensing reconstruction thanks to the
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combination of temperature and polarization information and the MV estimator. Com-
pared to ref. [57], our lensing estimate also benefits from the use of small-scale infor-
mation up to ℓmax = 1000 and the inclusion of LiteBIRD ’s 22 (redundant) frequency
channels. We predict that LiteBIRD ’s MV lensing reconstruction will reach a 49 to
58σ detection over 80% of the sky, depending on the final complexity of polarized
Galactic emission.

• Planck and LiteBIRD are highly complementary experiments for lensing reconstruc-
tion. While Planck offers access to the small-scale temperature anisotropies, LiteBIRD
provides precision measurements of the large-scale CMB polarization. Therefore, the
next best full-sky lensing map will come from the combination of Planck and LiteBIRD
data, reaching a 72 to 78σ detection on 80% of the sky, depending on the final com-
plexity of polarized Galactic emission. Moreover, the lack of MF in polarization will
grant access to the large scales of the lensing estimate for the first time.

• The Planck+LiteBIRD lensing estimate will help shed more light into the current
tensions between local and cosmological measurements of the Hubble constant and
the growth of structucte by probing the σ8–H0–Ωm plane. In particular, the Planck+
LiteBIRD MV lensing reconstruction will allow a 0.011 to 0.013 uncertainty in SCMBL

8 .
This constitutes a factor of 2 improvement compared to Planck constraints.

• Delensing LiteBIRD with the Planck+LiteBIRD MV lensing estimate will reduce by
15 to 19% the amplitude of lensed B modes (i.e., Alens of 81 to 85%), which improves
the 9 to 13% reduction (Alens of 87 to 91%) possible with LiteBIRD ’s MV lensing
reconstruction. However, this modest delensing fraction only allows a 6% improvement
of constraints on r. A multi-tracer delensing approach is needed to achieve a competitive
delensing of LiteBIRD data [117].

The main goal of the present paper is to showcase the potential of a combined Planck
+ LiteBIRD lensing analysis, using simulations of a simplified instrument model and leaving
to future work the study of a more realistic scenario. Throughout this paper, we have
assumed homogeneous white noise, but Planck and LiteBIRD have inhomogeneous noise
due to the scanning strategy. This effect could introduce a larger mean-field bias [125]
and render our diagonal harmonic filtering suboptimal, thus making pixel-space filtering
mandatory for an optimal lensing reconstruction [97]. Other instrumental systematics like
1/f noise, miscalibration of the polarization angle, pointing offsets, and beam imperfections
can impact the lensing reconstruction [126, 127]. Finally, other extragalactic foregrounds
that were not included in this paper such as the CIB, the tSZ, and point sources also play
an important role in the lensing reconstruction, biasing the results if not taken into account
correctly [79, 80, 128]. For all these cases, other component-separation methods (see, e.g.,
refs. [88–92]) or an optimal lensing analysis, including spatial variation in the estimator
normalization [96], are needed for an accurate lensing reconstruction.
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[106] A. Benoit-Lévy, T. Déchelette, K. Benabed, J.F. Cardoso, D. Hanson and S. Prunet, Full-sky
CMB lensing reconstruction in presence of sky-cuts, Astron. Astrophys. 555 (2013) A37
[1301.4145].

[107] S. Belkner, J. Carron, L. Legrand, C. Umiltà, C. Pryke, C. Bischoff et al., CMB-S4: Iterative
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A HILC biases

In this appendix, we discuss the biases present in the cleaned power spectrum. The HILC’s
objective is to minimize the power spectrum of the cleaned map under the constraint that
the CMB power is preserved. However, it will not completely eliminate the noise nor the
foregrounds, always leaving a positive foreground and noise residual. Interestingly, there is
also an additional negative bias. This bias, known as the ILC bias [86, 88], originates from the
chance correlations between signal, foregrounds, and noise that can appear on large angular
scales when calculating the frequency-frequency covariance matrix from the observed maps.

The mean cleaned power spectrum is given by

⟨Cclean
ℓ ⟩ = ⟨Cs

ℓ⟩+
〈

1

1T(Cfg+n
ℓ )

−1
1

〉
+ (1− nc)

⟨Cs
ℓ⟩

2ℓ+ 1
, (A.1)

where ⟨Cs
ℓ⟩ is the mean signal power spectrum, Cfg+n

ℓ is the sum of the covariance matrices of
foregrounds and noise, and nc is the number of frequency channels. See refs. [86, 87] for the
derivation of this equation. The last term in eq. (A.1) corresponds to the ILC bias, which
is negative and depends only on the number of frequency channels and the signal power
spectrum. The 2ℓ + 1 factor in the denominator confines the ILC bias to large scales, for
which less modes are available to estimate the covariance matrix.

The ILC bias is more relevant in situations in which the noise and foreground residuals
are very low compared to the signal. This is especially the case for temperature, where it
produces an increase of the foreground and noise residual power at large scales. This increase
results from a partial loss of the reconstructed CMB signal, due to the correlated component
of the signal leaking into the foreground and noise residuals. Figure 22 shows the impact of
the ILC bias, with residuals at multipoles ℓ ≲ 100 that are higher for Planck + LiteBIRD
(nc = 31) than LiteBIRD (nc = 22), which in turn are higher than Planck ’s (nc = 9) due to
the larger number of maps combined.

ILC-bias mitigation strategies have been incorporated in our HILC implementation. The
frequency-frequency covariance matrix is binned across multipoles using a weighted average.
To do that, each bin is computed using at least 1000 aℓm, mitigating the chance correlations
between different modes. Additionally, the weights are smoothed using a uniform filter that
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Figure 22: Foreground and noise residuals from our component-separated temperature map
for the complex foregrounds. The black line corresponds to the temperature input CMB
signal. We show residuals for LiteBIRD (blue), Planck (orange), and Planck + LiteBIRD
(green) computed from the average of 400 full-sky simulations. Temperature power spectra
are calculated with the 97% Planck Galactic mask.

consists of a moving average with a window size of ∆ℓ = 30. With this approach, the ILC bias
has a minor impact only in the TT power spectrum at largest scales (ℓ ≤ 10), introducing a
small negative bias in the cleaned power spectrum compared to the fiducial spectrum. There
are more advanced methods which can potentially reduce the ILC bias, such as removing
a small subset of aℓm to calculate the weights using the remaining ones. This allows the
weights to be uncorrelated to the data, ideally removing the ILC bias [135]. Because the
lensing signal is mostly dominant at small scales, we believe that the mitigation strategy
implemented in this paper is sufficient.

B Mean-field cross-spectra estimator

In this appendix, we derive eq. (3.22), which is used to calculate the lensing power spectra
with the MF subtracted at the map level. The purpose of this equation is to avoid introducing
the additional biases in the MF subtraction that appear due to cross-correlations when the
same simulation set is used for the estimation of both the lensing power spectrum and the
MF. To prevent this, we must guarantee that the i-th simulation is not used to calculate the
MF estimate that will be subtracted from simulation number i.

To calculate our MF-free lensing power spectra, we start by dividing our 400 simulations
into two splits, named S1 = {1, . . . , 200} and S2 = {201, . . . , 400}. For each split, we compute
the MF as the average over simulations: ϕ̂MF1,XY

LM = ⟨ϕ̂i,XY
LM ⟩S1 and ϕ̂MF2,XY

LM = ⟨ϕ̂i,XY
LM ⟩S2 .

Let us also define the MF estimate where the i-th simulation has been excluded from the
average, ϕMF1,XY

i,LM and ϕMF2,XY
i,LM . Then, the cross-spectra estimator for simulation i is given

by

C
ϕ̂XY
i ϕ̂WZ

i
L =

1

2L+ 1

L∑
M=−L

(
ϕXY
i,LM − ϕMF1,XY

i,LM

)(
ϕWZ
i,LM − ϕMF2,XY

i,LM

)∗
. (B.1)
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Equation (B.1) provides an MF-free lensing estimate without additional biases since
the i-th simulation has been excluded either from MF1 or MF2. However, for computational
efficiency, we do not want to recompute the mean excluding the i-th simulation for every
realization, nor do we want to generate new simulations specifically for the MF estimation.
Instead, let us assume without loss of generality that i ∈ S1. Hence, i /∈ S2 and ϕMF2,XY

i,LM =

ϕMF2,XY
LM . In that case, we find that

ϕXY
i,LM − ϕMF1,XY

i,LM = ϕXY
i,LM − 1

Nsims
2 − 1

Nsims/2∑
j=1
j ̸=i

ϕXY
j,LM

= ϕXY
i,LM

(
1 +

1
Nsims

2 − 1

)
− 1

Nsims
2 − 1

Nsims/2∑
j=1

ϕXY
j,LM

=
Nsims

2
Nsims

2 − 1
ϕXY
i,LM −

Nsims
2

Nsims
2 − 1

ϕMF1,XY
LM

=
Nsims

Nsims − 2

(
ϕXY
i,LM − ϕMF1,XY

LM

)
.

(B.2)

Then, eq. (B.1) is equal to:

C
ϕ̂XY
i ϕ̂WZ

i
L =

1

2L+ 1

L∑
M=−L

Nsims

Nsims − 2

(
ϕXY
i,LM − ϕMF1,XY

LM

)(
ϕWZ
i,LM − ϕMF2,XY

LM

)∗
. (B.3)

C Error on the SNR

In this appendix, we derive the error on the signal-to-noise ratio (SNR) appearing in eq. (4.8).
For that, we first need to calculate the variance of the sample standard deviation. The sample
standard deviation S is defined by

S =

√√√√ 1

n− 1

n∑
i=1

(Ai − Ā)2, (C.1)

where n = Nsims, A1, . . . , An are the lensing amplitudes estimated from the simulations, and
Ā is the mean lensing amplitude.

Under the assumption that Ai are independent samples from a normal distribution, the
sample standard deviation follows a scaled χ distribution,

√
n− 1

σ
S ∼ χn−1, (C.2)

where σ is the population standard deviation, and χn−1 is the χ distribution with n − 1
degrees of freedom.

From eq. (C.2), we can calculate the variance of the sample standard deviation:

Var(S) = Var

(
σ√
n− 1

χn−1

)
=

σ2

n− 1
Var(χn−1) ∼=

σ2

2n
, (C.3)
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where the variance of χn−1 was calculated using Stirling’s approximation,

Var(χn−1) =
n− 1

2n

[
1 +O

(
1

n

)]
. (C.4)

Finally, the relative uncertainty on the SNR is given by the following expression,

∆SNR

SNR
=

∣∣∣∣∂SNR∂σ

∣∣∣∣ ∆σ

SNR
=

∆σ

σ
=

1√
2n

. (C.5)
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