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A R T I C L E I N F O
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1. Introduction

The calculation of normal and curvature is a crucial component of interface capturing techniques for multiphase
flows. The nature of the interface contributes to the stability and accuracy of these calculations in that interfaces that
are either too sharp or too diffuse often result in poor approximations to the normal and curvature. The standard level
set method [1] is easy for normal and curvature calculation, but it might have issues for the mass conservation and
diffused profile. The conservative level set method (CLSM) [2] is good for mass conservation and capturing sharp
interface, but suffers good normal and curvature calculation, which is crucial for some surface tension dominant flows.
In this short note, we propose a new approach to bridge the two level-set methods and compare different approaches
for performing these calculations for the CLSM.

The diffused interface approach was introduced to stabilise the calculation of the curvature for the VOF method
on unstructured meshes [3]. This should not be confused with the diffuse-interface method [4] for interface capturing
which is a more general multiphase representation technique. When volume fraction is used to calculate the normal to
the interface, the VOF method experiences similar stability issues as those associated with the conservative level-set
function.

In conventional VOF methods an approach based on a height function has been used to determine the curvature
which circumvents this issue [5]. However, the reconstruction of the height function on unstructured meshes is non-
trivial. This motivated Xie et al.[3] to develop the diffused interface approach which employs a diffused volume
fraction solely for the purpose of calculating the interface curvature. The aim of this short note is to extend this
approach for the CLSM framework using a finite element method with triangular meshes (detailed numerical method
can be found in [6]) and compare with the original [2] and other stabilised [7] CLSMs.

2. Diffused interface approach

The continuity and momentum equations for multiphase flows are
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∇ · u = 0

ρ

(
∂u
∂t
+ (u · ∇) u

)
= ∇ · σ + F

(1)

where u is the velocity vector for 2D Cartesian [8] or 3D axisymmetric [6] flows, ρ is the density and F is a body
force including gravity and surface tension. In these equations σ is the Cauchy stress tensor defined by:

σ = −pI + 2ηsD (u) + τp (2)

where p is the pressure, ηs is the solvent viscosity (ηs = µ for Newtonian fluids), D (u) = 1
2

(
∇u + ∇uT

)
is the rate-of-

strain tensor and τp is the polymeric stress tensor (τp = 0 for Newtonian fluids). For viscoelastic fluids the evolution
of τp is dictated by a constitutive equation, detailed more in [6].

The conservative level-set function ϕ (x) = 1
1+eϕ̂(x)/ϵ is defined over the domain as a continuous Heaviside function,

where ϕ̂ is a signed distance function and ϵ is a measure of interface thickness. The material parameters of individual
phases can be obtained as: ρ(ϕ) = ρ2ϕ + ρ1(1 − ϕ), ηs(ϕ) = ηs,2ϕ + ηs,1(1 − ϕ). Then we use the conservative level-set
method to capture the interface by solving the following advection equation

∂ϕ

∂t
+ u · ∇ϕ = 0 (3)

and reinitialise the profile of the conservative level-set function using

∂ϕ

∂τ
+ ∇ · (ϕ (1 − ϕ) n) = ϵ∇ · (∇ϕ) (4)

where n = ∇ϕ
|∇ϕ| is the normal to the level-set function at the continuous level and τ is an artificial time.

In the new diffused interface approach, an additional diffusion equation for the conservative level-set function ϕ

∂ϕ

∂τ
= D∇2ϕ (5)

is solved over a small number of time steps, where D is the diffusion coefficient and τ is pseudo-time, both chosen
according to the amount of diffusion required. The solution to Eq. (5) is used to find the normal vector for the
reinitialisation equation via an L2 projection. It is important to emphasise that the diffused level-set function obtained
by solving Eq. (5) is only used for the normal and curvature calculations and not to capture the interface since to do
so would compromise the interface location if D is large. The method is only used to simplify the calculation of the
normal vector n for level-set functions with sharp interfaces. The normal vector calculated in this way is also used to
calculate the curvature κ for use in the surface tension term. An inaccurate curvature can also contribute to a loss of
accuracy and convergence in numerical schemes.

Fig. 1 illustrates the diffused interface approach using a simple example. Consider the two-phase arrangement
shown in Fig. 1a in which the initial conservative level-set function and the L2 projection of n are displayed. Fig.
1b displays the level-set function following the solution of Eq. (5) over 12 pseudo-time steps with ∆τ = 0.1h and
D = h and the corresponding L2 projection of n. The diffused interface allows for a much more stable L2 projection
of the level-set function to be performed to calculate the normal vector. A small amount of diffusion circumvents the
difficulties associated with the normal calculation.

Fig. 2 shows how the diffused interface approach performs when approximating the curvature of an ellipse. In
Fig. 2a the ellipse, defined by the equation (x/a)2 + (y/b)2 = 1 with a = 0.25 and b = 0.2, is shown. The analytical
expression for the curvature is κ = − ab

(a2 sin2 θ+b2 cos2 θ)3/2 [9] and in Fig. 2b this is displayed as a function of θ, the angle
shown in Fig. 2a. The relative error of the curvature κd for the undiffused and diffused methods is shown in Fig. 2c
where it can be seen that both methods predict errors of the order of 10−2.

3. Test problem 1: reversible vortex

In this benchmark problem, the signed distance function

Φ0(x) =
√

(x − 0.5)2 + (y − 0.75)2 − 0.15 (6)
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(a) Original ϕ(x) and n (b) Diffused ϕ(x) and n

Fig. 1: Comparison of original and the diffused interface approach on the conservative level-set function: (a) initial ϕ(x) and its L2 projection of n;
(b) diffused ϕ(x) and its L2 projection of n. Here h = 1/100, D = h, ∆τ = 0.1h with 12 iterations performed.

(a) Ellipse (x/a)2 + (y/b)2 = 1 (b) Curvature κ (c) Curvature relative error κd

Fig. 2: Curvature of an ellipse computed using undiffused and diffused approaches as a function of θ. Here h = 1/100, D = 0.1h, ∆τ = 0.1h with 3
iterations performed. Note the domain size for this case is Ω = [−1, 1] × [−1, 1] and the conservative let-set function is shown in (a).

is initialised on the domain Ω = [0, 1] × [0, 1]. The initial configuration is a circle with centre x = (0.5, 0.75) and
radius r = 0.15. The velocity field imposed on the level-set equations is derived from the stream function

Ψ(x, t) = −1
π

sin2(πx) sin2(πy) cos
(
πt
T

)
. (7)

Mesh resolutions h = 1/64, 1/128, 1/256 and 1/512 are considered on a structured mesh with a CFL number of unity
on all meshes. The final time of the simulation is T = 8 with reversal occurring at t = T/2. The interface thickness was
chosen to be ϵ = 5

8 h and the reinitialisation pseudo time step is ∆τ = 0.1h. The reinitialisation equation is solved until
the change within each pseudo-time step less than 1%. This process occurs once every 9 standard time iterations. In
the traditional level-set method the scaling parameters for the calculation of the sign function are chosen to be ϵ1 = h
and α = 0.00625h. Predictions made by the non-CLSM (NCLSM) and CLSM with and without reinitialisation are
considered together with the proposed diffusion with the CLSM. The reinitialisation equation used in the NCLSM is

∂ϕ

∂τ
+ S (ϕ0)(1 − |∇ϕ|) = α∇2ϕ (8)

where ϕ is a signed distance function, S (ϕ0) is a discrete approximation to the sign function and α is a diffusion
parameter used to stabilise the nonlinear equation. In the CLSM, the following reinitialisation equation is employed
instead

∂ϕ

∂τ
+ ∇ · (ϕ(1 − ϕ)n) = ϵ∇ · (∇ϕ) (9)

where ϵ is a discrete approximation to the interface thickness. Here the interface normal is determined using the
current value of the level set function. In the diffused CLSM, the reinitialisation equation is the same but n is found
using the diffused level set function calculated using (5). For more information on the reinitialisation equations
used, please see [1] for the NCLSM, Eq (8) in [2] for the CLSM and Section 2.3 in [6] for the diffused CLSM. For
quantitative comparison, Table 1 shows the L2 error calculated with respect to the initial and final interface position
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and the percentage mass variation for all cases, in which CLSM has much better mass conservation compared to
NCLSM.

In order to compare the CLSM qualitatively the position of the interfaces are visualised in Fig. 3 for the whole
conservative level-set function at t = 4 and t = 8 for the mesh resolution h = 1/512. Fig. 3a shows the base CLSM
without reinitialisation or diffusion. Here, much as for the non-reinitialised NCLSM, the level-set function begins to
lose the continuous Heaviside properties it had initially. The smearing especially for the final profile at t = 8 results
in a highly inaccurate interfacial region which in practice would completely ruin the hydrodynamics in a two-phase
flow problem although the prediction of the 0.5 level-set is good.

In order to improve the retention of the properties associated with a smeared Heaviside function, reinitialisation is
performed for Fig. 3b. Here the properties are retained significantly better, resulting in a final profile with no smearing
of the interface. The drawback is a slightly less accurate approximation of the interface. At the time of reversal t = 4,
the tail begins to fragment as the reinitialisation struggles to resolve areas where the conservative level-set function
changes rapidly from 0 to 1 and then to 0 again. Additionally, at final time t = 8, the final profile is much less like a
perfect circle visually due to the sharp edges over the interface.

Finally, Fig. 3c shows how the resolution of the level-set function changes when the diffusive step is included in
the algorithm. This process is used in practice to diffuse the level-set function for simpler normal calculation on fine
interface resolutions. The main difference when compared to Fig. 3b is a small increase in fragmentation at the tail
adhering together easier as a result of the diffused normal being used and an improvement in the circular topology
of the final interface profile. Table 1 also illustrates how the addition of a diffusion step has little effect on the local
or global mass conservation properties of the scheme, but a significant effect on the resolution of the interface. This
makes it a useful addition to an interface representation algorithm which tends to have problems with particularly fine
resolutions of the interface.

Table 1: Mass variation for the non conservative and conservative level-set methods. A ‘R’ indicates reinitialisation and a ‘D’ indicates diffusion.

1/64 1/128 1/256 1/512

NCLSM L2 error 7.08 × 10−3 2.99 × 10−3 1.60 × 10−3 7.15 × 10−4

Mass % 6.06% 2.61% 1.53% 0.62%

NCLSM + R L2 error 1.58 × 10−2 1.02 × 10−2 6.23 × 10−3 1.49 × 10−3

Mass % 19.4% 5.56% 3.47% 0.75%

CLSM L2 error 3.54 × 10−3 1.52 × 10−3 8.39 × 10−4 4.69 × 10−4

Mass % 0.7% 0.15% 0.09% 0.02%

CLSM + R L2 error 8.30 × 10−3 2.80 × 10−3 1.19 × 10−3 9.28 × 10−4

Mass % 3.85% 0.15% 0.12% 0.03%

CLSM + D + R L2 error 8.30 × 10−3 2.10 × 10−3 1.28 × 10−3 1.09 × 10−3

Mass % 2.09% 0.15% 0.11% 0.03%

4. Test problem 2: oscillating droplet

In order to validate the diffused interface approach for flows in which surface tension is the primary source of
motion, the case of an oscillating droplet in 2D was considered. We consider both the approximate analytical solution
(see [10]) to the problem and another numerical prediction from the literature (see [11]). The same computational
setup of [11] is used with a square domain with side lengths L = 0.075 m and an initially ellipsoidal droplet with
ravg = 0.02256 m. Three mesh resolutions were considered ranging from h = L/64 to h = L/256, in order to
demonstrate mesh convergence. The relevant material parameters are ρ1 = 787.88 kg/m3, µ1 = 2.4 × 10−2 Pa s,
ρ2 = 1.1768 kg/m3, µ2 = 2 × 10−3 Pa s. There is no gravity and σ = 0.02361 N/m. The evolution of the y
component of the north pole of the droplet is shown in Fig. 4. As can be seen we have good agreement with the
period of oscillation. The amplitude can also be seen to be converging with mesh refinement. Lamb [10] provides an
approximate analytical solution to the period which can be seen in Table 2. Our values are also presented for each
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(a) CLSM (b) CLSM + R (c) CLSM + D + R

Fig. 3: Comparison between the normal conservative level-set method (a), the CLSM with reinitialisation (b) and the CLSM with diffusion and
reinitialisation (c). Top panel displays the vortex at t = 4 at its most deformed state while bottom panel shows its structure at t = 8 after reversal.

Fig. 4: Comparison of the evolution of the north pole interface position for an initially ellipsoidal droplet on mesh size and the simulations of
Strubelj et al. (2009). Here ϵ = 5

8 h, D = 0.5h and dτ = 0.5h with 1 diffusion iteration.
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Table 2: Comparison of the approximate analytical and computed periods of oscillation

Analytical 64 × 64 128 × 128 256 × 256
1.5888 1.5577 1.5501 1.5547

mesh and are in strong agreement with the analytical value and provide a validation of the test case.
5. Test problem 3: bubble rising in a viscoelastic fluid

In this problem a bubble rises along the centreline of a cylinder containing viscoelastic fluid. Axisymmetric flow
is assumed. The experimental results are for 0.8 wt.% Praestol 2500 [12]. There is a critical bubble volume at which a
jump in the terminal rise velocity is observed [12] and predicted numerically [6]. The value of the diffusion coefficient
has been reported to have a negligible effect on the evolution of the bubble rise velocity and the variation in bubble
volume [6].

Fig. 5a - 5d compares the profiles for a super-critical bubble with V = 70 mm3 once a terminal rise velocity has
been attained for the CLSM without diffusion (Fig. 5a), SCLSM (Fig. 5b), CLSM with D = 0.1h applied to just the
curvature calculation (Fig. 5c) and CLSM which additionally uses reinitialisation (Fig. 5d). The primary difference
between the SCLS method in Fig. 5b and no diffusion in Fig. 5a is a replacement of the fragmentation of the cusp
with a smeared profile instead. The mitigation of these dynamics is generally desired since they are not predicted by
either experimental or numerical studies [12, 13] and are a numerical artefact associated with the base CLSM, which
produced a smeared interface. While providing an improvement over the simple L2 projection, the SCLS method
does not remove the smearing of the level set function in the wake region entirely and thus further fragmentation at
the cusp could occur for bubbles of a larger volume or those represented with a more shear-thinning model. In Fig.
5c the diffused interface approach is applied purely to the curvature calculation and not the reinitialisation equation,
resulting in a profile slightly improved from Fig. 5a as much of the fragmentation has been replaced with smearing
dynamics. In Fig. 5d the interface is diffused according to the diffused interface approach with D = 0.1h for all
normal vectors used (reinitialisation and curvature), resulting in a cusp which is neither fragmented nor smeared but
which retains the sharpness found experimentally.

(a) No Diffusion (b) SCLSM (c) D = 0.1h (Curvature only) (d) D = 0.1h (Reinitialisation +
Curvature)

(e) No Diffusion (f) SCLSM (g) D = 0.05h (h) D = 0.1h (i) D = 0.2h

Fig. 5: Viscoelastic rising bubble of volume V = 70 mm3. Comparison between the SCLSM and CLSM with different values of choice of diffusion
coefficient D for the (a)-(d) 2D level-set function and (e)-(i) 3D isosurface.
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The nature of the shape of the bubble near the trailing edge can be controlled by varying the value of D. This is
shown in Fig. 5e-5i in which 3D isosurfaces of the bubble are presented. In Figs. 5g and 5i the predictions made
by the numerical scheme for the surface of the bubble with diffusion coefficients D = 0.05h and D = 0.2h are given.
A reduction in the diffusion coefficient contributes to a sharper cusp, similar to those predicted by the SCLS and
undiffused methods shown in Figs. 5f and 5e, respectively. As D → 0 the level set function becomes progressively
less diffused, increasing the likelihood of undesirable fragmentation. On the other hand as D is increased, the shape
of the trailing edge becomes more concave as the level set function used for the normal calculation is less sharp. Our
investigations have shown that the optimal implementation of the diffused interface approach is achieved when the
interface is diffused over one to three iterations with a time step and diffusion coefficient equivalent to 10% of the
spatial resolution, which ensures that there is just enough diffusion to avoid unphysical fragmentation or smearing,
while retaining the sharp cusp at the trailing edge.

6. Test problem 4: Droplet impact in a deep pool

The test problem of a droplet impacting a deep pool is considered here to assess the suitability of the diffused
interface approach for a test problem involving coalescence and break-up dynamics. An axisymmetric droplet of
diameter d = 1.8 mm is created at x = (0, 11.4) mm in the domain Ω = [0, 20] × [0, 20] mm. At yc = 10 mm the
interface between the surrounding air and the fluid is created. The fluid contained within the droplet and the deep
pool is the same and Newtonian. The fluid considered is the 5 cSt silicone oil solution from Table 1 in [14]. The mesh
resolution used here is h ≈ 5.5 µm compared to [14] who use h ≈ 5 µm. Simulations are performed until dimensional
time T = 58 ms with a time-step of ∆t = 2.5 × 10−6 ms.

For the diffused interface approach, we use a diffusion parameter D = 0.1h with a pseudo-time step of ∆τ = 0.1h
for one iteration. We compare the results obtained using the diffused interface approach with the experimental results
and the SCLS method of [7]. In Fig. 6 the results are compared for times t = 0, 24, 52.7 and 58 ms, in which the
present results show excellent agreement across all time steps with the experimental work. The main difference is at
t = 52.7 ms where the diffused interface approach predicts a slightly broader liquid bridge connecting the droplet to the
collapsing jet structure. This is further investigated in Fig. 7 at t = 54 ms, at which there is no experimental snapshot
to compare with, but the simulations predict the point immediately before separation. We compare the method of [7]
with the diffused interface approach using 1 and 3 iterations. It can be seen that more diffusion results in a broader
liquid bridge with no other discernible effect on the droplet and jet structure. The diffused interface approach is shown
here to capture the dynamics of break-up and coalescence well while stabilizing the normal projection step.
7. Summary

In this contribution, we propose a diffused interface approach for the conservative let set method, which results
in better interface normal and curvature calculations. The additional diffusion step not only keeps the interface sharp
and mass conserved as the original CLSM during interface capturing, but also provides accurate surface tension
calculation which plays a crucial role in both Newtonian and non-Newtonian [6] multiphase flow simulations.
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(a) experiment [14]

(b) SCLSM

(c) diffused interface approach

Fig. 6: Comparison of the numerical predictions of the bubble interface with experimental results [14] for different times.

(a) SCLSM (b) Diffused interface (c) More diffusion

Fig. 7: Comparison of the SCLSM and the diffused interface method with different diffusion at t = 54 ms.
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