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Abstract
We introduce and study renewal processes defined by means of extensions of the
standard relaxation equation through “stretched” non-local operators (of order α and
with parameter γ ). In a first case, we obtain a generalization of the fractional Poisson
process,which displays either infinite or finite expectedwaiting times between arrivals,
depending on the parameter γ . Therefore, the introduction in the operator of the non-
homogeneous term driven by γ allows us to regulate the transition between different
regimes of our renewal process. We then consider a second-order relaxation-type
equation involving the sameoperator, under different sets of conditions on the constants
involved; for a particular choice of these constants, we prove that the corresponding
renewal process is linked to the first one by convex combination of its distributions.We
also discuss alternative models related to the same equations and their time-changed
representation, in terms of the inverse of a non-decreasing process which generalizes
the α-stable Lévy subordinator.
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1 Introduction

We define here the following non-local operator

D(α,γ )
t := t−γ

CD(α)
t , t > 0, (1)

where CD(α)
t is the Caputo derivative of order α (for 0 < α < 1) with respect to t ,

that is,

CD(α)
t f (t) = 1

Γ (1 − α)

∫ t

0

f ′(τ )

(t − τ)α
, dτ, t > 0,

which is defined for any absolutely continuous function, i.e., f ∈ AC[0, t]. The
constant γ is a real parameter such that α + γ > 0, representing the “stretching”
parameter of the time argument. We then analyze renewal processes defined by means
of fractional equations which generalize the well-known relaxation equation

d

dt
f (t) + λ f (t) = 0, t > 0, λ > 0, (2)

with f (0) = 1, whose solution is the survival probability of the Poisson interarrival
times (i.e., f (t) = e−λt , for t ≥ 0).

Stretched fractional operators are advanced mathematical tools used to model com-
plex natural phenomena characterized by memory effects, non-local interactions, and
fractal-like structures. In nature, these operators allow to model anomalous diffusion,
heat and mass transfer, fluid dynamics, complex biologic systems, and quantum optics
(see, e.g., [11, 12, 24, 34, 37], and the references therein).

We start by considering a relaxation-type equation, where the first derivative in (2)
is replaced by the fractional operator defined in (1), i.e.,

D(α,γ )
t f (t) + κ f (t) = 0, (3)

and we use the corresponding solution (expressed in terms of Kilbas–Saigo function)
in order to define a renewal process Nα,γ := {Nα,γ (t)

}
t≥0. Since, for γ = 0, the

operator D(α,γ )
t reduces to the Caputo-type derivative D(α)

t , we can consider this
renewal process as an extension of the well-known time-fractional Poisson process
(see, for example, [5, 22, 29, 30]).

Fractional extensions of the Poisson process in different directions can be found in
[21] (where general fractional calculus is introduced in the theory of renewals), [4]
(with a fractional derivative of variable order) and [1] (in the case of fractional Poisson
fields), among many others.

As we will see, when α + γ < 1, the survival function of the interarrival
times of Nα,γ coincides with the waiting time of the first event of the fractional
non-homogeneous model introduced by Laskin [23]. This model is characterized
by probability mass function (hereafter p.m.f.) satisfying the following difference-
differential equation:
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CD(α)
t p(n; t) + λtγ (p(n; t) − p(n − 1; t)) = 0, n ∈ N0, t > 0, (4)

with initial condition p(n; 0) = δ0(n), n = 0, 1, . . . and the convention that p( j; t) =
0, for j < 0 and for any t . In the special case where α = 1 and γ = 0, the solution to
the previous equation coincides with the p.m.f. of the Poisson process (with intensity
λ), denoted by N := {N (t)}t≥0, i.e., p(n; t) = e−λt (λt)n

n! , n ∈ N0, t ≥ 0.
It is proved in [23] that the analytic solution to (4) is given in terms of succes-

sive derivatives of the Kilbas–Saigo (KS) function Eα,1+γ /α,γ /α

(−λtα+γ
)
—see Eq.

(16)—i.e.,

pLα,γ (n; t) =
(
λtα+γ

)n
n! E(n)

α,1+γ /α,γ /α

(−λtα+γ
)
, n ∈ N0, t ≥ 0, (5)

where

E(n)
α,1+γ /α,γ /α(a) := dn

dxn
Eα,1+γ /α,γ /α(x)|x=a . (6)

Note that wewill denote by the superscript L, both the solution (5) and the correspond-

ing process N L
α,γ :=

{
N L

α,γ (t)
}
t≥0

defined by Laskin [23], in order to distinguish it

from those of our renewal model.
Some properties of the KS function, such as inequalities, complete monotonicity

and spectral density can be found in [10, 11]. In particular, since the KS function in
(16) is completely monotone (hereafter CM) for Re z < 0, α ∈ (0, 1], l ≥ m − 1/α,
and m > 0 (see Theorem 1 in [9]), we will assume hereafter that α ∈ (0, 1] and
γ > −α. Moreover, for α + γ ≤ 1, the p.m.f. given in (5) is well defined, since
E(n)

α,1+γ /α,γ /α

(−λtα+γ
) ≥ 0, for any n ≥ 0. Nevertheless, since we are using a

different approach than [23], we will consider also the case α + γ > 1; however, in
the last case, no explicit analytical expression for the p.m.f. can be given.

We prove that for our model Nα,γ , when α + γ ≤ 1, the expected interarrival
time between successive renewals is infinite (as for the fractional Poisson process,
i.e., for γ = 0), contrary to what happens for α + γ > 1. As a consequence, the
introduction in the operator (1) of the non-homogeneous term driven by γ permits
us to regulate the transition between different regimes of our renewal process. A
time-changed representation of the interarrival times is also derived in terms of the non-
decreasing process Aα,γ := {Aα,γ (t)

}
t≥0 (see Theorem 2 below, for its definition).

The latter is proved to generalize the α-stable Lévy subordinator, to which it reduces,
in the special case γ = 0.

We then introduce a second-order term, involving the operator D(α,γ )
t , in the

relaxation-type equation (3) as follows:

(
D(α,γ )

t

)2
f (t) + aD(α,γ )

t f (t) + b f (t) = 0, t > 0, (7)

with α ∈ (0, 1), α + γ > 0, initial conditions f (0) = const and D(α,γ )
t f (t)|t=0 =

const, a, b ∈ R
+ and by

(
D(α,γ )

t

)2
we denote, for brevity, the sequential application of

the operator in (1) (see [33, Sect. 2.5], for details on sequential fractional derivatives).
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We are interested in the solution to (7) as interarrival times’ survival probability for
an alternative renewal process. Under some assumptions on a and b, we prove that the
latter is linked to Nα,γ by convex combination of its distributions.

Finally,weprovide time-change representations for the processN L
α,γ and its second-

order generalization [related to Eq. (7)], as a standard Poisson process time changed
by the inverse of the process Aα,γ , under an independence assumption.

2 Preliminaries

For the sake of completeness and ease of reading, in this section we present some
definitions and results used in this work that are not widely known.

2.1 The Double Gamma Function

The double gamma function, denoted by G(z; τ), is a generalization of the Barnes
G function G(z), which in turn is a generalization of the gamma function Γ (z). It is
defined as [2]

G(z; τ) = z

τ
exp

[
a(τ )

z

τ
+ b(τ )

z2

2τ

]

·
∏

m,n∈N2∗

[(
1 + z

mτ + n

)
exp

(
− z

mτ + n
+ z2

2(mτ + n)2

)]
,

(8)

where a(τ ) and b(τ ) are given by

a(τ ) = −ψ(1)τ + τ

2
log (2πτ) + 1

2
log τ − τC(τ ),

b(τ ) = −π2τ 2

6
− τ log τ − τ 2D(τ ),

with

C(τ ) = lim
m→∞

[
m−1∑
k=1

ψ(kτ) + 1

2
ψ(mτ) − 1

τ
log

(
Γ (mτ)√

2π

)]
,

D(τ ) = lim
m→∞

[
m−1∑
k=1

ψ ′(kτ) + 1

2
ψ ′(mτ) − 1

τ
ψ(mτ)

]
,

whereψ(·) is the digamma function [and so−ψ(1) is the Euler–Mascheroni constant].
Another definition of double gamma function is
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G(z; τ) = 1

τΓ (z)
exp

[
ã(τ )

z

τ
+ b̃(τ )

z2

2τ2

] ∞∏
m=1

Γ (mτ)

Γ (z + mτ)
exp

[
zψ(mτ) + z2

2
ψ ′(mτ)

]
,

(9)
where

ã(τ ) = a(τ ) − γ τ, b̃(τ ) = b(τ ) + π2τ 2

6
.

The BarnesG functionG(z) is a particular case of the double gamma functionG(z; τ)

for τ = 1. Note that C(1) = 1/2 and D(1) = 1 + γ , as shown in [3].
The double gamma function is an entire function and its zeros are located at z =

zmn = −mτ − n (m, n = 0, 1, 2, . . .). It is defined in such a way that [3]

G(1; τ) = 1. (10)

It satisfies the functional relations

G(z + 1; τ) = Γ (z/τ)G(z; τ) (11)

and
G(z + τ ; τ) = (2π)

τ−1
2 τ−z+ 1

2 Γ (z)G(z; τ). (12)

Using (11) recursively, we obtain

G(z + k; τ) = G(z, τ )

k−1∏
j=0

Γ [(z + j)/τ ]. (13)

The Stirling’s formula for G(z; τ) is [2]

logG(z; τ) =
[
a2(τ )z2 + a1(τ )z + a0(τ )

]
log z+b2(τ )z2+b1(τ )z+b0(τ )+O(z−1),

(14)
where

a0(τ ) = τ

12
+ 1

4
+ 1

12τ
,

a1(τ ) = −1

2

(
1 + 1

τ

)
,

a2(τ ) = 1

2τ
,
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and

b2(τ ) = − 1

2τ

(
3

2
+ log τ

)
,

b1(τ ) = 1

2

((
1 + 1

τ

)
(1 + log τ) + log 2π

)
,

b0(τ ) = 1

3

{
log

[
G2(1/2; τ)G(τ ; 2τ)

]

− 1 + τ

2
log 2π − a0(τ ) log (τ 3/2) − log 2

}
.

An integral representation for G(z; τ) was provided in [25], that is,

lnG(z; τ) =
∫ 1

0

[
r z−1

(r − 1)(r τ − 1)
− z2

2τ
r τ−1 − zr τ−1

(
2 − r τ

r τ − 1
− 1

2τ

)

− r τ−1 + 1

r − 1
− r τ−1

(r − 1)(r τ − 1)

]
dr

ln r
.

(15)

It is convergent for Re z > 0 and τ > 0.More details about the double gamma function
can be found in [2, 13].

2.2 Kilbas–Saigo Function

The KS function is defined as (see [9, 19])

Ea,m,l(z) := 1+
∞∑
n=1

(
n∏

k=1

Γ (1 + a((k − 1)m + l))

Γ (1 + a((k − 1)m + l + 1))

)
zn =: 1+

∞∑
n=1

cnz
n, (16)

for a,m > 0, l > −1/a, and a(km + l) 
= −1,−2, . . ., for any k ≥ 1 and z ∈ C. The
KS is an entire function.

Using Eq. (13) we can rewrite the coefficients of the KS function in terms of the
double gamma function G(z; τ). We obtain as follows:

cn = G(ϕ + aτ ; τ)

G(ϕ; τ)

G(ϕ + n; τ)

G(ϕ + aτ + n; τ)
,

where for n = 1, 2, . . .,
ϕ = (1 + al)τ (17)

and

τ = 1

am
. (18)
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Note that this expression also works for n = 0. Thus, we can write

Ea,m,l(z) = G(ϕ + aτ ; τ)

G(ϕ; τ)

∞∑
n=0

G(ϕ + n; τ)

G(ϕ + aτ + n; τ)
zn . (19)

Some interesting particular cases of the KS are

Ea,1,0(z) =
∞∑
n=0

zn

Γ (na + 1)
= Ea(z), (20)

which is the one-parameter Mittag–Leffler function, and

Ea,1,(b−1)/a(z) = Γ (b)
∞∑
n=0

zn

Γ (an + b)
= Γ (b)Ea,b(z), (21)

where Ea,b(z) is the two-parameter Mittag–Leffler function, with a, b > 0 and z ∈ C.
One important property of the KS function is the complete monotonicity of f (x) =

Ea,m,l(−x) for α ∈ (0, 1], l ≥ m − 1/a, and x ≥ 0 [9]. On the other hand, it is
known (see [35, Theorem 3.7]) that if f (·) is a completely monotone function and
g(·) is a Bernstein function, then f (g(·)) is also completely monotone. Since the
function g(x) = λxρ , for 0 ≤ ρ ≤ 1 and λ > 0, is a Bernstein function [35], then
f (g(x)) = Ea,m,l(−λxρ) is completely monotone in this range of parameters. For
ρ > 1, however, the function g(·) ceases to be a Bernstein function, and so f (g(·))
is not completely monotone when ρ > 1. Nevertheless, the function f (g(·)) remains
monotonically decreasing. In fact, since f ′(y) < 0 for y > 0, then f ′(λxρ) < 0 for
x > 0, and so [ f (g(x))]′ = f ′(g(x))ρxρ−1 < 0 for x > 0.

A useful result is [9]

1

1 + Γ (1 − a)x
≤ Ea,m,m−1(−x) ≤ 1

1 + Γ (1+a(m−1)
Γ (1+am)

x
, (22)

where a ∈ [0, 1], m > 0, and x ≥ 0.

2.3 Fibonacci Polynomials

The Fibonacci polynomials Fn(x) (n = 0, 1, 2, . . .) are defined by the recursive rela-
tion

Fn+2(x) = xFn+1(x) + Fn(x), F0(x) = 0, F1(x) = 1. (23)

An alternative expression is

Fn(x) = [μ(x)]n − [ν(x)]n
μ(x) − ν(x)

, (24)
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where

μ(x) = x + √
x2 + 4

2
, ν(x) = x − √

x2 + 4

2
(25)

(see [8]).
The bivariate Fibonacci polynomials un(x, y) are defined by [18] as

un+2(x, y) = xun+1(x, y) + yun(x, y), u0(x, y) = 0, u1(x, y) = 1. (26)

An alternative expression is

un(x, y) = [μ̄(x, y)]n − [ν̄(x, y)]n
μ̄(x, y) − ν̄(x, y)

, (27)

where

μ̄(x, y) = x + √
x2 + 4y

2
and ν̄(x, y) = x − √

x2 + 4y

2
. (28)

Note that we have
un(x, y) = y(n−1)/2Fn(x/

√
y). (29)

3 A First-Order Equation InvolvingD(˛,�)
t

We recall that

CD(α)
t tβ =

⎧⎨
⎩

Γ (β + 1)

Γ (β − α + 1)
tβ−α, β 
= 0,

0, β = 0,

(see [20]) and thus

D(α,γ )
t tβ =

⎧⎨
⎩

Γ (β + 1)

Γ (β − α + 1)
tβ−(α+γ ), β 
= 0,

0, β = 0.
(30)

Let us now consider the fractional differential equation

D(α,γ )
t f (t) + κ f (t) = 0, t > 0, (31)

with initial condition f (0) = f0, for κ ∈ R
+, α ∈ (0, 1), and α + γ > 0, which can

be used as a model for anomalous relaxation (see [11, 12]).

Preliminary Results
We look for solutions of Eq. (31) of the following form:

f (t) =
∞∑
n=0

fnt
(α+γ )n . (32)

123



Journal of Theoretical Probability            (2026) 39:22 Page 9 of 38    22 

Let us introduce the compact notation

[n]βα := Γ (βn + 1)

Γ (βn − α + 1)
(33)

and
[n1 × n2 × · · · × nk]βα := [n1]βα[n2]βα · · · [nk]βα.

Moreover, let
[n!]βα := [n × (n − 1) × · · · × 1]βα. (34)

Thus, we have that

(
D(α,γ )

t

)
f (t) =

∞∑
n=0

fn+1[n + 1]α+γ
α t (α+γ )n (35)

and, from Eq. (31),

fn+1[n + 1]α+γ
α + κ fn = 0, n = 0, 1, 2, . . . (36)

Thus, the solution reads

f (t) =
∞∑
n=0

(−κtα+γ )n

[n!]α+γ
α

f0, (37)

where we define [0!]α+γ
α = 1. This corresponds to a KS function with

a = α, m = 1 + γ

α
, l = γ

α
,

that is,
f (t) = f0 Eα,1+γ /α,γ /α

(−κtα+γ
)
. (38)

The uniform and absolute convergence of the series in (37) as well as the unique-
ness of the solution of Eq. (31), in the space of absolutely continuous functions, are
discussed in “Appendix A”.
Particular case When γ = 0, we have that D(α,γ )

t = CD(α)
t and

[n]α+γ
α = [n]αα = Γ (αn + 1)

Γ (α(n − 1) + 1)
,

so that [n!]αα = Γ (αn + 1). Thus,

Eα,1,0
(−κtα

) =
∞∑
n=0

(−κtα)n

Γ (αn + 1)
=: Eα(−κtα), (39)

where Eα(·) is the Mittag–Leffler function; this agrees with the result given in [29],
where it is shown that the function (39) satisfies the time-fractional relaxation equation
(with the standard Caputo derivative).
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3.1 First Renewal Model

We start by recalling the following probabilistic representation of the Kilbas–Saigo
function (see [10]), for α ∈ (0, 1) and α + γ > 0:

Eα,1+γ /α,γ /α

(−λtα+γ
) = Ee−λtα+γ

∫ ∞
0 (1−Aα(s))γ+ds, λ > 0, t ≥ 0, (40)

where Aα := {Aα(t)}t≥0 is the α-stable subordinator, i.e., a non-decreasing Lévy
process with Ee−κAα(t) = e−tκα

, for t ≥ 0, κ > 0 and α ∈ (0, 1). Thus, we can
represent the solution to Eq. (31), for κ = λ and f0 = 1, as

f (t) = Ee−λZα,γ (t), λ > 0, t ≥ 0, (41)

where the random process
{Zα,γ (t)

}
t≥0 is defined as

Zα,γ (t) := tα+γ Zα,γ , t ≥ 0, (42)

for the r.v. Zα,γ := ∫ ∞
0 (1 − Aα(s))γ+ds. Moreover, the following equality in distri-

bution is proved in [10] for Zα,γ , in terms of an infinite-independent product of Beta
r.v.’s B(a, b):

Zα,γ
d= Γ (γ + 1)

Γ (α + γ + 1)

∞∏
n=0

γ + n + 1

α + γ + n
B

(
1 + n

α + γ
,
1 − α

α + γ

)
. (43)

Details on the a.s. convergence of the infinite product in (43) (and of its Mellin trans-
form) can be found in [28].

Remark 1 Let us recall the definition of the right-continuous inverse (or first-passage
time) of the stable subordinator, which we denote by Lα := {Lα(t)}t≥0, i.e.,

Lα(t) := inf {s > 0 : Aα(s) > t} , t ≥ 0, α ∈ (0, 1).

Then, it is well known that the Laplace transform (hereafter LT) of its density reads
Ee−λLα(t) = Eα,1(−λtα), which coincides with Ee−λtαLα(1), by the self-similarity
property ofLα (see [31]). Thus, we can conclude that, in the special case where γ = 0

and α ∈ (0, 1), the following equality in distribution holds: Zα,0
d= Lα(1).

Then, we give the following definition.

Definition 1 Let α ∈ (0, 1), α + γ > 0 and letNα,γ := {Nα,γ (t)
}
t≥0 be the renewal

process with i.i.d. interarrival times U (α,γ )

j , j = 1, 2, . . ., satisfying (31) with κ =
λ > 0 and f0 = 1, i.e., with survival probability

P(U (α,γ ) > t) = Eα,1+γ /α,γ /α

(−λtα+γ
)
, (44)
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by (38). Then, we denote, for any t ≥ 0,

Nα,γ (t) := sup
{
n ≥ 1 : T (α,γ )

n ≤ t
}

=
∞∑
n=0

n1{
T (α,γ )
n ≤t<T (α,γ )

n+1

},

where T (α,γ )
n := ∑n

j=1U
(α,γ )

j and 1{·} is the indicator function.

As seen in Sect. 2.2, the function f (x) := Eα,1+γ /α,γ /α(−x) for x > 0 is CM
when α + γ ≤ 1, but not for α + γ > 1, although it still decreases monotonically for
α + γ > 1. In both cases, we have that P(U (α,γ ) > 0) = 1 and limt→+∞ P(U (α,γ ) >

t) = 0, by referring to the asymptotic expansion of the KS function:

Ea,m,l(−z) ∼ Γ (1 + a(l − m + 1))

Γ (1 + a(l − m))
z−1, (45)

as z → +∞, proved in [9], Proposition 6.
Thus, the function in (44) is a proper survival probability (see also [9, Theorem

1.1]) and the process Nα,γ is always well defined, according to Definition 1.

Theorem 1 Let α ∈ (0, 1) and α + γ > 0. Then for α + γ ≤ 1, the expected value of
the interarrival time U (α,γ ) of the processNα,γ is infinite, whereas, for α + γ > 1, it
is finite and reads

EU (α,γ ) = 1

λ1/(α+γ )(α + γ − 1)Γ (1 − α)
. (46)

Proof We recall the asymptotic behavior of the Mellin transform of the KS function
as proved in [9]:

∫ +∞

0
Ea,m,l(−x)xs−1dx ∼ Γ (1 + a(l − m + 1))

Γ (1 + a(l − m))(1 − s)
, s ↑ 1, (47)

for a ∈ (0, 1), m > 0, and l > m − 1/a.
Thus, for s ∈ (0, 1), we can write that

∫ +∞

0
P(U (α,γ ) > t)t s−1dt = 1

(α + γ )λ1/(α+γ )

∫ +∞

0
Eα,1+γ /α,γ /α(−x)x

s
α+γ

−1dx

≥ 1

(α + γ )λ1/(α+γ )

∫ +∞

0
Eα,1+γ /α,γ /α(−x)xs−1dx

∼ 1

(α + γ )λ1/(α+γ )(1 − s)Γ (1 − α)
, s ↑ 1,

where the inequality holds only for α +γ < 1. As a consequence, by considering that
EU (α,γ ) = lims↑1

∫ +∞
0 P(U (α,γ ) > t)t s−1dt , the result follows for α + γ < 1. In the

other case, for α + γ > 1, we have, instead, that s/(α + γ ) < 1, so that we get
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EU (α,γ ) = lim
s↑1

1

λ1/(α+γ )(α + γ − s)Γ (1 − α)
< ∞

and coincides with (46).
When α + γ = 1, we have

∫ +∞

0
P(U (α,γ ) > t)t s−1dt = 1

λ

∫ +∞

0
Eα,1+γ /α,γ /α(−x)xs−1dx

∼ 1

λ(1 − s)Γ (1 − α)
, s ↑ 1.


�
Remark 2 We show that our model does not coincide with the process introduced and
studied by Laskin [23], which will be indicated by N L

α,γ . Moreover, since they share
the distribution of the first arrival’s waiting time, this proves that the model defined in
[23] is not a renewal process. As a consequence of Definition 1, and by considering
that the following relationship holds for any renewal process

{Nα,γ (t) ≥ n
} =

{
T (α,γ )
n ≤ t

}
=

⎧⎨
⎩

n∑
j=1

U (α,γ )

j ≤ t

⎫⎬
⎭ , (48)

we can show that the p.m.f of Nα,γ , i.e.,
{
pα,γ (n; t)}n∈N0

, with pα,γ (n; t) :=
P(Nα,γ = n), does not satisfy the equation studied in [23] and recalled in (4).

Indeed, if we denote by ( f ∗ g)(t) := ∫ t
0 f (z)g(t − z)dz the convolution of two

functions f , g : R+ → R, we easily obtain from (48) that, for any n ∈ N and t ≥ 0,
the p.m.f. of a renewal process satisfies

pα,γ (n; t) = ( f
T (α,γ )
n

∗ Ψ )(t), n ∈ N, t ≥ 0, (49)

where Ψ (t) := P(U (α,γ ) > t) and f
T (α,γ )
n

(·) is the density function of the nth event’s
waiting time. Therefore, we have that

t−γ
CD(α)

t

∫ t

0
f
T (α,γ )
n

(z)Ψ (t − z)dz

= t−γ Ψ (0)

Γ (1 − α)

∫ t

0

dτ

(t − τ)α
f
T (α,γ )
n

(τ ) + t−γ

Γ (1 − α)

∫ t

0

dτ

(t − τ)α∫ τ

0
f
T (α,γ )
n

(z)
d

dτ
Ψ (τ − z)dz

=: I + I I .

Then by Definition 1 and by considering that fU (α,γ ) (t) = −Ψ ′(t), we can write

I = t−γ

Γ (1 − α)

∫ t

0

dτ

(t − τ)α
( f

T (α,γ )
n−1

∗ fU (α,γ ) )(τ )
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= −t−γ

∫ t

0
f
T (α,γ )
n−1

(z)( CD(α)· Ψ )(t − z)dz

= −t−γ

∫ t

0
f
T (α,γ )
n−1

(z)(t − z)γ (D(α,γ )· Ψ )(t − z)dz

= λt−γ

∫ t

0
f
T (α,γ )
n−1

(z)(t − z)γ Ψ (t − z)dz.

Analogously, for the second term, we have that

I I = t−γ

Γ (1 − α)

∫ t

0
f
T (α,γ )
n

(z)dz
∫ t−z

0

dτ

(t − z − w)α

d

dw
Ψ (w)dw

= −λt−γ

∫ t

0
f
T (α,γ )
n

(z)(t − z)γ Ψ (t − z)dz

and thus

I + I I = λt−γ

∫ t

0

[
f
T (α,γ )
n−1

(z) − f
T (α,γ )
n

(z)

]
(t − z)γ Ψ (t − z)dz


= λ

([
f
T (α,γ )
n−1

− f
T (α,γ )
n

]
∗ Ψ

)
(t) = λ(pα,γ (n − 1; t) − pα,γ (n; t)).

The conclusion follows by considering that f
T (α,γ )
n−1

− f
T (α,γ )
n

is non-negative (since

Tn ≥ Tn−1 a.s.) and Ψ (·) ≥ 0, so that

∫ t

0

[
f
T (α,γ )
n−1

(z) − f
T (α,γ )
n

(z)

]
(1− z/t)γ Ψ (t − z)dz 
=

([
f
T (α,γ )
n−1

− f
T (α,γ )
n

]
∗ Ψ

)
(t),

unless γ = 0.

Stochastic Representation
In order to derive a time-change characterization of the interarrival times of Nα,γ ,

we start by proving that the process Zα,γ := {Zα,γ (t)
}
t≥0, defined in Eq. (42), is

equal in distribution to the inverse of an almost surely increasing process, which will
be denoted as Aα,γ := {Aα,γ (t)

}
t≥0, starting a.s. from 0 and such that the following

relationship
P

(Aα,γ (t) < x
) = P

(Zα,γ (x) > t
)

(50)

holds, for any x, t ≥ 0.

Theorem 2 The processAα,γ defined by (50) is almost surely starting from 0 and non-
decreasing. Its transition density hα,γ (x, t) := P

(Aα,γ (t) ∈ dx
)
has the following LT,

w.r.t. t,

h̃α,γ (x, η) = (α + γ )xα+γ−1
∞∑
l=0

(l + 1)(−η)l xl(α+γ )cl+1, (51)
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where

cn :=
n−1∏
j=0

Γ ( j(γ + α) + γ + 1)

Γ (( j + 1)(γ + α) + 1)
= 1

[n!]α+γ
α

, n = 1, 2, . . . (52)

Proof As a consequence of (50), the processAα,γ starts a.s. from 0, since it is defined
as the first time over a certain level for Zα,γ and Zα,γ (0) = tα+γ Zα,γ

∣∣
t=0 = 0 a.s.

Moreover, it is a.s. non-decreasing since it is the inverse of an a.s. non-decreasing
process.

Finally, if we denote the transition density of Zα,γ by fα,γ (x, t) := P(Zα,γ (t) ∈
dx), then the LT of the transition density hα,γ (z, t), w.r.t. t , must satisfy the following
equation ∫ x

0
h̃α,γ (z, η)dz = 1

η
− f̃α,γ (η, x)

η
, x ≥ 0, η > 0,

where f̃α,γ (η, x) = ∫ ∞
0 e−ηz fα,γ (z, x)dz and h̃α,γ (z, η) = ∫ ∞

0 e−ηt hα,γ (z, t)dt .
Thus, in our case, it must be

h̃α,γ (x, η) = −1

η

d

dx
Eα,1+γ /α,γ /α

(−ηxα+γ
)

(53)

= (α + γ )xα+γ−1
∞∑
l=0

(l + 1)(−η)l xl(α+γ )
l∏

j=0

Γ ( j(α + γ ) + γ + 1)

Γ (( j + 1)(α + γ ) + 1)
,

which gives (51) with (52), by recalling the definitions given in Eqs. (33) and (34).
To prove the convergence of the series in (51), we can use Gautschi’s inequality (see
[16]): for x > 0 and σ ∈ [0, 1], it holds that

x1−σ ≤ Γ (x + 1)

Γ (x + σ)
≤ (x + 1)1−σ . (54)

Thus, for [n]βα in Eq. (33) we have that

1

(1 + βn)α
≤ 1

[n]βα
≤ 1

(βn)α
, (55)

for x = βn and σ = 1 − α. Then, we have

lim
l→∞

∣∣∣∣ (l + 2)cl+2

(l + 1)cl+1

∣∣∣∣ = lim
l→∞

∣∣∣∣∣
(l + 2)[(l + 1)!]α+γ

α

(l + 1)[(l + 2)!]α+γ
α

∣∣∣∣∣ = lim
l→∞

∣∣∣∣ 1

[l + 2]α+γ
α

∣∣∣∣ = 0.


�
It is easy to check that the expression given in (51) is non-negative, by consider-

ing (53), and recalling that Eα,1+γ /α,γ /α

(−ηxα+γ
)
is monotonically decreasing (see

discussion at the end of Sect. 2.2).

123



Journal of Theoretical Probability            (2026) 39:22 Page 15 of 38    22 

Moreover, in the special case γ = 0, Eq. (51) coincides with the LT, w.r.t. the
time argument, of the transition density of an α-stable subordinator, i.e., h̃α(x, η) =
xα−1 Eα,α (−ηxα), where Eα,β(z) is given by Eq. (21).

Thus, for γ 
= 0, Theorem 2 introduces a generalization of the α-stable subor-
dinator, since Aα,γ is a.s. starting from 0, non-decreasing and its transition density
reduces to that of Aα , for γ = 0; however, only in this special case, the process has
independent, stationary increments, and thus, it is a Lévy subordinator.

We now give the following time-change representation for the interarrival times
and for the n-th order waiting times of Nα,γ .

Theorem 3 Let U be an exponentially distributed r.v. with parameter λ, independent
from

{Aα,γ (t)
}
t≥0 , then the following equality in distribution holds, for the interar-

rival times of Nα,γ ,

U (α,γ ) d= Aα,γ (U ). (56)

Moreover, the waiting time of the nth arrival T (α,γ )
n has density function, for t ≥ 0

and n ∈ N,

f
T (α,γ )
n

(t) = f ∗(n)

U (α,γ ) (t) = λ

∫ ∞

0
h∗(n)

α,γ (t, u)e−λudu, (57)

where h∗(n)
α,γ (·, t) is the nth order convolution of the r.v. Aα,γ (t), for any t ≥ 0, under

the independence assumption.

Proof As a consequence of Eq. (41), the interarrival times are i.i.d. random variables
with

P(U (α,γ ) > t) = P(U > Zα,γ (t)), (58)

where U is an exponential r.v. with parameter λ.
Thus, we can write that

P(U (α,γ ) > t) = λ

∫ +∞

0
P(Zα,γ (t) < u)e−λudu = λ

∫ +∞

0
P(Aα,γ (u) > t)e−λudu,

(59)
so that (56) and (57) easily follow. 
�
Remark 3 As a consequence of the previous theorem and by recalling the definition of
Poisson process (with exponential interarrival times Uj ) given in [17] and applied to
the non-homogeneous fractional case in [27], we can give an alternative representation
of our process in terms of equality of finite-dimensional distributions. Indeed, we have
that

N (t)
a.s.=

∞∑
n=0

n1{ζn≤t<ζn+1}, t ≥ 0,

where ζn := ζ ′
κn
, for ζ ′

n := max {U1, . . . ,Un}, n = 1, 2, . . ., and κn :=
inf

{
k ∈ N : ζ ′

k > ζ ′
κn−1

}
, n = 2, 3, . . ., with κ1 = 1.Then, by considering the equality

in distribution given in (56), we have that
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Nα,γ (t)
d=

∞∑
n=0

n1{ζn≤Zα,γ (t)<ζn+1} =
∞∑
n=0

n1{
ζn

tα+γ ≤Zα,γ <
ζn+1
tα+γ

}, t > 0. (60)

Remark 4 We compare the process Nα,γ to the fractional non-homogeneous Poisson
process introduced in [27], and we prove that they coincide in distribution only for
α = 1.

Let Λ(t) := ∫ t
0 λ(τ)dτ and let {N1(t)}t≥0 be a standard Poisson process with

parameter equal to 1, then the non-homogeneous Poisson processN I := {N I(t)
}
t≥0

governed by the equation

d

dt
p(n; t)+λ(t+u)(p(n; t)− p(n−1; t)) = 0, n = 0, 1, 2, . . . , t ≥ 0, u ≥ 0,

(61)
with initial condition p(n; 0) = δ0(n) having the following time-change representa-
tionN I(t) = N1(Λ(t)) (see [27]). Equation (61) coincides with (4), in the particular
case where α = 1, for the special choice λ(t) = λtγ and u = 0. Moreover, we have
that

P(N I(t) = 0) = e−Λ(t) = e− λtγ+1
γ+1 = 1 +

∞∑
n=1

n∏
k=1

(λtγ+1)n

n!(γ + 1)n

= 1 +
∞∑
n=1

n∏
k=1

Γ (k(γ + 1)

Γ (k(γ + 1) + 1)
(λtγ+1)n

= E1,1+γ,γ

(
−λtγ+1

)
,

which coincides with P(Nα,γ (t) = 0)=P(U (α,γ ) > t) given in (44), only in the
special case α = 1. Alternatively, we now consider the time-change representation
given in [27] for the fractional non-homogeneous Poisson process, i.e., N I

α(t) :=
N1(Λ(Lα(t))) = N I(Lα(t)), for t ≥ 0, where the inverse stable subordinator is
assumed to be independent of the process N I. Under the same choice of λ(t) = λtγ ,
we can show that the two processes Nα,γ and N I

α are not equal, even in distribution.
Indeed, if we denote the interarrival times of the processN I

α as U I
α and we recall that

lα(x, t) = 1
tα W−α,1−α(−x/tα), whereWα,β(·) is theWright function (see [20, p. 56]),

we can write that

P(U I
α > t) =

∫ ∞

0
e−Λ(z)lα(z, t)dz =

∫ ∞

0
e− λzγ+1

γ+1 lα (z, t) dz

= (γ + 1)−γ /(γ+1)
∫ ∞

0
e−λww−γ /(γ+1)lα

(
(w(γ + 1))1/(γ+1), t

)
dw,

which does not coincide with P(U (α,γ ) > t) given in Eq. (44).

For a full characterization of Nα,γ and for its covariance function, we recall the
following result on the moments of renewal processes.
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Lemma 1 ([36]) Let {M(t)}t≥0 be a renewal process with interarrival time Y , then

∫ +∞

0
e−ηt

EM(t)dt = f̃Y (η)

η
(
1 − f̃Y (η)

) , η ≥ 0,

where fY (·) is the density function of Y , and

∫ +∞

0

∫ +∞

0
e−η1t1−η2t2E (M(t1)M(t2)) dt1dt2

=
[
1 − f̃Y (η1) f̃Y (η2)

]
f̃Y (η1 + η2)

η1η2

[
1 − f̃Y (η1)

] [
1 − f̃Y (η2)

] [
1 − f̃Y (η1 + η2)

] .

Moreover, as a preliminary result, we derive the Laplace transform of the Kilbas–
Saigo function (hereafter denoted as Lt [Ea,m,l(−λtν); z]) in a very convenient form
for numerical integration. Indeed, Formula (62) can be used to obtain plots of
Lt [Ea,m,l(−λtν); z], using, for example, Mathematica.

Lemma 2 Let G(z; δ), for δ > 0 and z ∈ C, be the double Gamma function, and let

Θ(s) := Γ (s)Γ (1/ν − s/ν)Γ (1 − 1/ν − s/ν)G(ϕ − 1/ν + s/ν; τ)

G(ϕ + aτ − 1/ν + s/ν; τ)
,

where ϕ := (1+al)τ , τ := 1/am, and ν > 0. Then, for λ > 0, the Laplace transform
of the Kilbas–Saigo function reads

∫ ∞

0
e−zt Ea,m,l(−λtν)dt = λ−1/νG(ϕ + aτ ; τ)

νG(ϕ; τ)

1

2π i

∫
C
(λ−1/νz)−sΘ(s)ds, (62)

where C is the contour (c − i∞, c + i∞) with c0 < c < 1 and c0 = max[0, 1 −
ν, 1 − ν(ϕ + aτ)].
Proof In [6] it is shown that the KS function can be written, for Re z > 0, as

Ea,m,l(−z) = 1

2π i

G(ϕ + aτ ; τ)

G(ϕ; τ)

∫
C

Γ (s)Γ (1 − s)G(ϕ − s; τ)

G(ϕ + aτ − s; τ)
z−s ds (63)

with ϕ and τ as given in (17) and (18), respectively, and we take z−s = e−s Log z ,
with Log z denoting the principal branch of the logarithm. Indeed, it is not difficult to
obtain, from Eq. (63), the representation of the KS function in Eq. (19) [6]. Equation
(63) can be interpreted as

Mz[Ea,m,l(−z); s] = G(ϕ + aτ ; τ)

G(ϕ; τ)

Γ (s)Γ (1 − s)G(ϕ − s; τ)

G(ϕ + aτ − s; τ)
,
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where Mz[ f (z), s] denotes the Mellin transform of f (z) with conjugate variable s.
Using the well-known property

Mz[ f (λzν); s] = 1

ν
λ−s/νF(s/ν),

with λ > 0 and ν > 0, we have

Mz[Ea,m,l(−λzν); s] = G(ϕ + aτ ; τ)

νG(ϕ; τ)

λ−s/νΓ (s/ν)Γ [1 − s/ν]G(ϕ − s/ν; τ)

G(ϕ + aτ − s/ν; τ)
.

The Laplace and Mellin transforms are related by

Mz[Lt [ f (t); z]; s] = Γ (s)Mz[ f (z); 1 − s].

This property follows by changing the order of integration inMz[Lt [ f (t); z]; s]. This
is justified for f (z) = Ea,m,l(−λzμ) because of the absolute convergence of the double
integral (Fubini–Tonelli theorem) which follows from the absolute convergence of the
Mellin transform of Ea,m,l(−λzν) together with the exponential damping provided by
the Laplace kernel. Thus

Mz[Lt [Ea,m,l(−λtν); z]; s] = λ−1/νG(ϕ + aτ ; τ)

νG(ϕ; τ)
λs/νΘ(s),

with

Θ(s) = Γ (s)Γ (1/ν − s/ν)Γ (1 − 1/ν + s/ν)G(ϕ − 1/ν + s/ν; τ)

G(ϕ + aτ − 1/ν + s/ν; τ)
.

Thus, we obtain for the Laplace transform of Ea,m,l(−λtν) that

Lt [Ea,m,l(−λtν); z] = λ−1/νG(ϕ + aτ ; τ)

νG(ϕ; τ)

1

2π i

∫
C

(
λ−1/νz

)−s
Θ(s) ds. (64)

Due to the gamma functions in the numerator, the function Θ(s) has poles at s = −n
(n = 0, 1, 2, . . .) from Γ (s), at s = 1+ nν (n = 0, 1, 2, . . .) from Γ (1/ν − s/ν), and
at s = 1−(n+1)ν (n = 0, 1, 2, . . .) from Γ (1−1/ν+s/ν). Since the double gamma
function is entire, the other poles of Θ(s) come from the zeros of G(ϕ + aτ − 1/ν +
s/ν; τ) in the denominator, which are located at s = 1 − ν(mτ + n + ϕ + aτ), for
m, n = 0, 1, 2, . . . We will choose the contour of integration C such that it separates
the poles of Γ (s), Γ (1− 1/ν + s/ν) and 1/G(ϕ + aτ − 1/ν + s/ν; τ) from the poles
of Γ (1/ν − s/ν). Let c0 = max[0, 1 − ν, 1 − ν(ϕ + aτ)]. Clearly c0 < 1. Then,
C = (c − i∞, c + i∞), where c0 < c < 1. In “Appendix B”, we show that this
integral indeed exists. 
�

By applying the previous lemmas, we can give the renewal function and the auto-
covariance of Nα,γ , at least in Laplace domain. We will consider, for the sake of
brevity, λ = 1.
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Corollary 1 Let us denote

g(η) := 1

2i(α + γ )Gγ (0; 1/(α + γ ))

∫
C

η1−s Γ (s)Gγ (s − 1; 1/(α + γ ))

sin(π(1 − s)/(α + γ ))
ds, (65)

where

Gγ (A; τ) := G(τ (γ + 1) + Aτ ; τ)

G(τ + 1 + Aτ ; τ)
.

Then, the LT of the renewal function and of the auto-covariance function ofNα,γ are
given, respectively, by

∫ +∞

0
e−ηt

ENα,γ (t)dt = 1 − g(η)

ηg(η)
, η > 0,

and

∫ +∞

0

∫ +∞

0
e−η1t1−η2t2Cov

(Nα,γ (t1),Nα,γ (t2)
)
dt1dt2

= g(η1) + g(η2) − g(η1)g(η2) − g(η1 + η2)

η1η2g(η1)g(η2)g(η1 + η2)
,

for η1, η2 > 0.

Proof By taking into account (44), we can write that

f̃U (α,γ ) (η) = 1 − η

∫ ∞

0
e−ηt

P(U (α,γ ) > t)dt

= 1 − η

∫ ∞

0
e−ηt Eα,1+γ /α,γ /α

(−tα+γ
)
dt

= 1 − g(η) (66)

so that the results easily follow, by applying the reflection formula of the Gamma
function in (62) and Lemma 2, with τ = 1/(γ + α), ϕ = (1 + γ )/(α + γ ), and
ν = α + γ , in order to derive (65). 
�
Remark 5 Note that the general case [i.e., for λ 
= 1, as in (44)] can be easily
obtained by considering Eq. (66). Indeed, in this case, we have that f̃U (α,γ ) (η) =
1 − g(ηλ−1/(α+γ )).

As special case of the previous corollary, if we put γ = 0, we obtain fromDefinition
1 that Nα,0 =: Nα coincides with the fractional Poisson process introduced by [23]
and [29]. Indeed, its interarrival time survival function satisfies (3), with γ = 0 (see
[5]).

Accordingly, the equality in distribution given in Eq. (56) generalizes to the case
γ 
= 0, the well-known time-change representation of the fractional Poisson process’
interarrival times, i.e.,

U (α) d= Aα(U )
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whereU is an exponential r.v. andAα(t), t ≥ 0, is an independent α-stable subordina-
tor (see [30]). In this particular case, the mean interarrival time is infinite, as Theorem
1 shows.

Finally, the full characterization ofNα,γ given in Corollary 1 provides, for γ = 0,
the LT of the covariance function of the fractional Poisson process:

∫ +∞
0

∫ +∞
0

e−η1t1−η2t2Cov (Nα(t1),Nα(t2)) dt1dt2 = ηα
1 + ηα

2 + ηα
1 ηα

2 − (η1 + η2)
α

ηα+1
1 ηα+1

2 (η1 + η2)
α

,

(67)
since, in this case, g(η) = ηα/(ηα + 1). It can be checked, with some algebraic
calculations, that Formula (67) agrees with the result given in [26].

Alternative (non-renewal) approach
We now move from an alternative starting point, i.e., we introduce the stretched

operatorD(α,γ )
t in the difference-differential equation governing the Poisson process;

see Eq. (68). The latter is equivalent to Eq. (4) and thus the following result provides
a time change representation for the fractional non-homogeneous model studied by
Laskin [23].

Theorem 4 Let α ∈ (0, 1), α + γ > 0 and let
{
pLα,γ (n, t)

}
n≥0

be the solution to

equation

D(α,γ )
t p(n; t) + λ(p(n; t) − p(n − 1; t)) = 0, n ∈ N0, t ≥ 0, (68)

with pα,γ (n; 0) = δ0(n), n = 0, 1, . . . , and let N L := {N L(t)
}
t≥0 be the process

such that P(N L(t) = n) = pLα,γ (n; t), for any n ≥ 0 and t ≥ 0.
Then, the following equality in distribution holds

{
N L

α,γ (t)
}
t≥0

d= {N (Zα,γ (t))
}
t≥0 , (69)

under the assumption that {N (t)}t≥0 and
{Zα,γ (t)

}
t≥0 are independent.

Proof Let G(u, t) := ∑∞
n=0 u

n p(n; t) = e−λt(u−1), t ≥ 0, be the well-known prob-
ability generating function of the Poisson process N , with parameter λ, then, as a
consequence of (69), we can write that

GN (Zα,γ )(u, t) :=
∫ ∞

0
e−λz(1−u) fα,γ (z, t)dz = Eα,1+γ /α,γ /α

(−λ(1 − u)tα+γ
)
,

(70)

for t ≥ 0, |u| ≤ 1, where again fα,γ (x, t) := P(Zα,γ (t) ∈ dx). It follows from the
preliminary result at the beginning of this section that the function in (70) satisfies Eq.
(31) with κ = λ(1 − u) and initial condition GN (Zα,γ )(u, 0) = 1, i.e.,

D(α,γ )
t GN (Zα,γ )(u, t) + λGN (Zα,γ )(u, t) − λuGN (Zα,γ )(u, t) = 0,
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which coincides with Eq. (68), after multiplying the latter by un , adding over n =
0, 1, . . . and considering that p(−1, t) = 0. 
�
This result generalizes, to the case γ 
= 0, the well-known time-change representation
of the fractional Poisson process, i.e., Nα := {Nα(t)}t≥0, as Nα(t) = N (Lα(t)),
t ≥ 0, where Lα(t) is the inverse of an independent α-stable subordinator Aα(t),
t ≥ 0 (see [30]).

As a consequence of (69), we can evaluate the mean and variance of N L
α,γ , by

recalling the following general result given in [26], for a time-changed Lévy process.

Lemma 3 ([26]) Let X := {X(t)}t≥0 be a homogeneous Lévy process, starting from 0
and let Y := {Y (t)}t≥0 be an independent non-decreasing process. IfμX := EX(1) <

∞, σ 2
X := VarX(1) < ∞, and EYr (t) < ∞, r = 1, 2, . . . , and t ≥ 0, then

EX(Y (t)) = μXEY (t),

Cov [X(Y (t)), X(Y (s))] = σ 2
XEY (s ∧ t)) + μ2

XCov [Y (s),Y (t)] . (71)

Corollary 2 For the process N L
α,γ , we have that

EN L
α,γ (t) = λΓ (γ + 1)

Γ (α + γ + 1)
tα+γ (72)

and

VarN L
α,γ (t) = λΓ (γ + 1)

Γ (α + γ + 1)
tα+γ + λ2Γ 2(γ + 1)

Γ 2(α + γ + 1)
Aα,γ t

2(α+γ ), (73)

where

Aα,γ :=
∞∏
n=0

α(n + 1) + γ + (2γ + n + 1)(α + γ + n)

(α + γ + n)(α + 2γ + n + 1)
− 1.

Proof The expected value follows by simple calculations, by recalling that Zα,γ (t)
d=

tα+γ Zα,γ , with Zα,γ as in (43) and that for a Beta r.v.’s B(a, b) it is EB(a, b) =
a/(a+b). As far as the variance is concerned, by (71), for s = t , by the independence

of the Beta r.v.’s and recalling that EB2 (a, b) = a2

(a+b)2

[
b

a(a+b+1) + 1
]
, we can write

E

[
Z2

α,γ (t)
]

= t2(α+γ )
EZ2

α,γ

= t2(α+γ ) Γ 2(γ + 1)

Γ 2(α + γ + 1)

∞∏
n=0

(γ + n + 1)2

(γ + α + n)2
EB2

(
α + γ + n

α + γ
,
1 − α

α + γ

)
,

so that (73) follows after some algebraic calculations. 
�
Remark 6 Formula (72) coincides, in the case α + γ < 1, with the result obtained in
[23], by a different method. Moreover, in the special case γ = 0, we can check that
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the variance given in (73) coincides with the variance of the fractional Poisson process
obtained in [26], i.e.,

VarNα(t) = λtα

Γ (α + 1)
+ λ2t2α

Γ 2(α + 1)

[
Γ (α)Γ (α + 1)

Γ (2α)
− 1

]
,

by recalling the well-known infinite product representation of Gamma functions’ ratio

Γ (b1)Γ (b2) · · · Γ (bm)

Γ (a1)Γ (a2) · · · Γ (am)
=

∞∏
n=0

(a1 + n)(a2 + n) · · · (am + n)

(b1 + n)(b2 + n) · · · (bm + n)

for m ∈ N, an ∈ R, and bn 
= 0,−1,−2, . . ., for any n ≥ 0 (see, for example, [14]).
Finally, we note that, as an easy consequence of Eq. (71), any Poisson process

time-changed by a non-decreasing process is overdispersed since

VarX(Y (t)) = σ 2
XEY (t) + μ2

XVarY (t) = μXEY (t) + μ2
XVarY (t)

= EX(Y (t)) + μ2
XVarY (t).

Thus, also in this case, we have that VarN L
α,γ (t) > EN L

α,γ (t), for any t > 0.

4 A Second-Order Equation InvolvingD(˛,�)
t

We now consider the following fractional second-order equation

(
D(α,γ )

t

)2
f (t) + aD(α,γ )

t f (t) + b f (t) = 0, t > 0, (74)

where α ∈ (0, 1), α + γ > 0, and a, b ∈ R
+. It generalizes the equation satisfied

by the characteristic function of the fractional telegraph process, which is obtained
in the special case γ = 0 (see [32, 38], where non-sequential versions of fractional
telegraph equation have been studied). Here, we are interested in (74) as a second-
order renewal-type equation, governing the survival probability of interarrival times,
under particular choices of a and b.
Preliminary results We will seek solutions to Eq. (74) using the form described in
(32).

Theorem 5 Let α ∈ (0, 1), α + γ > 0 and let

η1 := a

2
−

√
a2

4
− b and η2 := a

2
+

√
a2

4
− b. (75)

Then, for b 
= (a/2)2, the solution to Eq. (74) is given by

f (t) = K1 Eα,1+γ /α,γ /α

(−η1t
α+γ

) + K2 Eα,1+γ /α,γ /α

(−η2t
α+γ

)
, (76)
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for K1, K2 real constants if a2/4 > b or complex constantswith K1 = K ∗
2 if a

2/4 < b,
while, for b = (a/2)2, it is instead equal to

f (t) = K ′
1 Eα,1+γ /α,γ /α

(
(−a/2)tα+γ

) + K ′
2t

α+γ E(1)
α,1+γ /α,γ /α

(−(a/2)tα+γ
)
,

(77)
where we used the notation in Eq. (6) and K ′

1, K
′
2 are real constants.

Proof We start by considering the case b 
= (a/2)2 (i.e., for η1 
= η2): the term
D(α,γ )

t f (t) is given by Eq. (35) and

(
D(α,γ )

t

)2
f (t) =

∞∑
n=0

fn+2[(n + 2) × (n + 1)]α+γ
α t (α+γ )n,

which in Eq. (74) gives the recurrence relation

fn+2 = (−a)

[n + 2]α+γ
α

fn+1 + (−b)

[(n + 2) × (n + 1)]α+γ
α

fn .

Using this recurrence relation, we obtain

fn = Un(−a,−b)

[n!]α+γ
α

[1]α+γ
α f1 + (−b)Un−1(−a,−b)

[n!]α+γ
α

f0, n = 2, 3, . . . (78)

where Un(−a,−b) is given by

Un(−a,−b) =
�(n−1)/2�∑

j=0

(
n − 1 − j

j

)
(−a)n−1−2 j (−b) j ,

where �·� denotes the floor function and n = 1, 2, 3, . . . Note that Eq. (78) also holds
for n = 1 if we define U0(−a,−b) = 0. Thus, we can identify Un(−a,−b) with the
bivariate Fibonacci polynomials un(x, y) defined in Eq. (26).

The solution f (·) can be written therefore as

f (t) = f0

[
1 +

∞∑
n=2

Fn−1(−a/
√−b)

(
√−btα+γ )n

[n!]α+γ
α

]

+ [1]α+γ
α√−b

f1

[√−btα+γ

[1]α+γ
α

+
∞∑
n=2

Fn(−a/
√−b)

(
√−btα+γ )n

[n!]α+γ
α

]
,

(79)

where we used Eq. (29). This expression can be simplified using some results from the
Fibonacci polynomials. Using Eq. (23) for Fn−1(−a/

√−b) in Eq. (79) and defining
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K1 and K2 as

f0 = K1 + K2,

[1]α+γ
α√−b

f1 = μ(−a/
√−b)K1 + ν(−a/

√−b)K2,
(80)

where μ and ν are defined in Eq. (25), we obtain, after some simplifications,

f (t) = K1

∞∑
n=0

[μ(−a/
√−b)]n (

√−btα+γ )n

[n!]α+γ
α

+K2

∞∑
n=0

[ν(−a/
√−b)]n (

√−btα+γ )n

[n!]α+γ
α

,

where we recall the definition [0!]α+γ
α = 1. Furthermore, from Eq. (25), we have

μ(−a/
√−b)

√−b = −a

2
+ Ω, ν(−a/

√−b)
√−b = −a

2
− Ω,

where we define

Ω :=
√(−a

2

)2

− b. (81)

Then

f (t) = K1

∞∑
n=0

[(−a/2 + Ω)tα+γ ]n
[n!]α+γ

α

+ K2

∞∑
n=0

[(−a/2 − Ω)tα+γ ]n
[n!]α+γ

α

.

Note that these two solutions are of the same form of Eq. (37), so that Formula (76)
follows.

We must study separately the case where b = (a/2)2, so that Ω = 0, by solving,
after factorization of the left-hand side of Eq. (74), the following system of equations:

{
D(α,γ )

t g(t) + (a/2)g(t) = 0,

D(α,γ )
t f (t) + (a/2) f (t) = g(t).

From the first equation we have that g(t) = g0 Eα,1+γ /α,γ /α

(−(a/2)tα+γ
)
, which,

inserted into the second one, gives

∞∑
n=0

fn+1[n + 1]α+γ
α t (α+γ )n + a

2

∞∑
n=0

fnt
(α+γ )n = g0

∞∑
n=0

(−a/2)nt (α+γ )n

[n!]α+γ
α

,

by recalling (35) and (36). Thus, we have that

fn+1 = −a

2

fn

[n + 1]α+γ
α

+ (−a/2)ng0

[(n + 1)!]α+γ
α

=
(
−a

2

)n+1 f0

[(n + 1)!]α+γ
α

+
(
−a

2

)n g0(n + 1)

[(n + 1)!]α+γ
α

,
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for n = 0, 1, 2, . . ., and

f (t) = f0 +
∞∑
n=0

fn+1t
(α+γ )(n+1)

= f0 + f0

∞∑
n=0

(a
2

)n+1 t (α+γ )(n+1)

[(n + 1)!]α+γ
α

+
∞∑
n=0

(
−a

2

)n g0(n + 1)t (α+γ )(n+1)

[(n + 1)!]α+γ
α

= f0 Eα,1+γ /α,γ /α

(
(−a/2)tα+γ

) + g0t
α+γ

∞∑
n=0

(
−a

2

)n (n + 1)t (α+γ )n

[(n + 1)!]α+γ
α

,

which, by recalling Eq. (6), coincides with (77). 
�
Particular Case When γ = 0, we have

f (t) = K1 Eα

(
(−a/2 + Ω)tα

) + K2 Eα

(
(−a/2 − Ω)tα

)
,

where Eα(·) is the Mittag–Leffler function, which coincides with Eq. (2.7) in [32].

4.1 Second-Order Renewal Models

We now define two alternative renewal processes, by means of the second-order equa-
tion (74), by considering the two possible cases analyzed in Theorem 5, i.e., for
b = (a/2)2 and b 
= (a/2)2.

4.1.1 Case b = (a/2)2

Let us consider a = 2λ and b = λ2, for λ > 0, which corresponds to the second case
analyzed in Theorem 5.

Definition 2 Let α ∈ (0, 1), α+γ > 0, and letN α,γ := {N α,γ (t)
}
t≥0 be the renewal

process whose interarrival times have survival probability P(U
(α,γ )

> t) satisfying

(
D(α,γ )

t

)2
f (t) + 2λD(α,γ )

t f (t) + λ2 f (t) = 0, (82)

for t ≥ 0, λ > 0, and under the conditions f (0) = 1 and D(α,γ )
t f (t)

∣∣∣
t=0

= 0.

Corollary 3 The survival probability of the interarrival times N α,γ is given by

P(U
(α,γ )

> t) = Eα,1+γ /α,γ /α

(−λtα+γ
) −

∞∑
j=1

c j j(−λtα+γ ) j , t ≥ 0. (83)
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Proof We can derive (83) directly from Eq. (77) (with a = 2λ and b = λ2), by
differentiating and verifying that (83) satisfies Eq. (82) under the conditions f (0) = 1

and
(
D(α,γ )

t

)
f (t)

∣∣∣
t=0

= 0. Indeed the first initial condition implies that K ′
1 = 1,

while from the second one, we get K ′
2 = λ, since

(
D(α,γ )

t

)
P(U

(α,γ )
> t)

∣∣∣
t=0

=
(
D(α,γ )

t

)
Eα,1+γ /α,γ /α

(−λtα+γ
)∣∣∣
t=0

+K ′
2

(
D(α,γ )

t

) ⎡
⎣tα+γ

∞∑
j=1

c j j
(
−λt (α+γ )

) j−1

⎤
⎦

∣∣∣∣∣∣
t=0

= − λEα,1+γ /α,γ /α

(−λtα+γ
)∣∣
t=0 − K ′

2

λ

∞∑
j=1

c j j(−λ) j
(
D(α,γ )

t

)
t (α+γ ) j

∣∣∣∣∣∣
t=0

= −λ − K ′
2

λ

∞∑
j=1

c j j(− λ) j t (α+γ )( j−1) Γ ((α + γ ) j + 1)

Γ ((α + γ ) j − α + 1)

∣∣∣∣
t=0

= −λ + K ′
2 = 0,

by considering (38) and (30) for the first and second term, respectively.
The convergence of the series in (83) can be proved by considering that

lim
l→∞

∣∣∣∣ l cl
(l − 1)cl−1

∣∣∣∣ = lim
l→∞

∣∣∣∣Γ ((γ + α)(l − 1) + γ + 1)

(α + γ )(l − 1)Γ ((γ + α)l)

∣∣∣∣ = 0,

and applying Gautschi’s inequality (54), with σ = α and x = (γ + α)l − α. 
�

Stochastic Representation Analogously to the representation of the first renewal
model, by recalling Remark 3, the following equality in distribution holds for the
second-order renewal process

N α,γ (t)
d=

∞∑
n=0

n1{
ζ n≤t<ζ n+1

}, t ≥ 0, (84)

where ζ n := ζ
′
κn
, for ζ

′
n := max

{
U

(α,γ )

1 , . . . ,U
(α,γ )

n

}
, n = 1, 2, . . . and κn :=

inf
{
k ∈ N : ζ

′
k > ζ

′
κn−1

}
, n = 2, 3, . . ., with κ1 = 1.

Alternative (Non-renewal)ApproachOn the other hand,we can generalize the process
N L

α,γ studied in the previous section (see Theorem 4), by introducing the second-order

term in Eq. (68). As we will see, this generalized process shares withN α,γ the waiting
timeof the first event and its probability generating function satisfiesEq. (82); however,
the two processes are not equal in distribution, as it occurred in the first-order case.
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Theorem 6 Let α ∈ (0, 1), α + γ > 0, then the solution to the following equation

(D(α,γ )
t )2 p(n; t) + 2λD(α,γ )

t p(n; t) + λ2(p(n; t) − p(n − 1; t)) = 0, (85)

with initial conditions

p(n; 0) = δ0(n), D(α,γ )
t p(n; t)

∣∣∣
t=0

= 0, n = 0, 1, . . .

reads

pLα,γ (n; t) =
(
λtα+γ

)2n
(2n)! E(2n)

α,1+γ /α,γ /α

(−λtα+γ
)

+
(
λtα+γ

)2n+1

(2n + 1)! E(2n+1)
α,1+γ /α,γ /α

(−λtα+γ
)

= pLα,γ (2n; t) + pLα,γ (2n + 1; t) (86)

for n ∈ N0, t ≥ 0, where
{
pLα,γ (n; t)

}
n≥0

is the p.m.f. of N L
α,γ given in (5) (see

Theorem 4).

Proof In order to solve Eq. (85), we first multiply both terms by un and add over
n = 0, 1, . . ., so that we get

(D(α,γ )
t )2

∞∑
n=0

un p(n; t) + 2λD(α,γ )
t

∞∑
n=0

un p(n; t) + λ2
∞∑
n=0

un(p(n; t) − p(n − 1; t)) = 0,

where the sums converge for |u| ≤ 1. Then, the generating function solves the fol-
lowing equation

(D(α,γ )
t )2G(u, t) + 2λD(α,γ )

t G(u, t) + λ2(1 − u)G(u, t)=0, (87)

withG(u, 0) = 1.We now consider the solution to Eq. (74), for a = 2λ, b = λ2(1−u)

and we denote, for brevity, η1 = a
2 − Ω and η2 = a

2 + Ω . Thus, by recalling (81),
we have that η1 = λ(1 − √

u) and η2 = λ(1 + √
u) and the solution to (87) can be

obtained from (76) as follows:

G(u, t) = K1 Eα,1+γ /α,γ /α

(−η1t
α+γ

) + K2 Eα,1+γ /α,γ /α

(−η2t
α+γ

)
. (88)

Indeed, the constants K1 :=
√
u+1
2
√
u

and K2 :=
√
u−1
2
√
u
, u 
= 0, satisfy (80) with

f0 = 1 and f1 = K1η1 + K2η2 = 0, which are equivalent to G(u, 0) = 1 and
D(α,γ )
t G(u, t)|t=0 = 0 (for u 
= 0), respectively. The latter is satisfied since, by

recalling (86) and (68), we have that
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D(α,γ )
t G(u, t) =

∞∑
n=0

unD(α,γ )
t pLα,γ (n, t) = λ

∞∑
n=1

un pLα,γ (2n − 1, t)

− λ

∞∑
n=0

un pLα,γ (2n + 1, t), (89)

which vanishes for t = 0 by the initial condition.
We can rewrite (88) as

G(u, t) =
√
u + 1

2
√
u

∞∑
n=0

cn(−λ(1 − √
u)tα+γ )n +

√
u − 1

2
√
u

∞∑
n=0

cn(−λ(1 + √
u)tα+γ )n

=
[√

u + 1

2
√
u

∞∑
n=0

(λ
√
utα+γ )n +

√
u − 1

2
√
u

∞∑
n=0

(−λ
√
utα+γ )n

]

∞∑
l=0

(−λtα+γ )l
(
l + n

n

)
cl+n .

If we take into account that

∞∑
l=0

(−λtα+γ )l
(l + n)!

l! cl+n = E(n)
α,1+γ /α,γ /α

(−λtα+γ
)
,

we have

G(u, t)

=
[√

u + 1

2
√
u

∞∑
n=0

(λ
√
utα+γ )n

n! +
√
u − 1

2
√
u

∞∑
n=0

(−λ
√
utα+γ )n

n!

]
E(n)

α,1+γ /α,γ /α

(−λtα+γ
)

=
√
u + 1

2
√
u

[ ∞∑
n=0

(λ
√
utα+γ )2n

(2n)! E(2n)
α,1+γ /α,γ /α

(−λtα+γ
)

+
∞∑
n=0

(λ
√
utα+γ )2n+1

(2n + 1)! E(2n+1)
α,1+γ /α,γ /α

(−λtα+γ
)]

+
√
u − 1

2
√
u

[ ∞∑
n=0

(−λ
√
utα+γ )2n

(2n)! E(2n)
α,1+γ /α,γ /α

(−λtα+γ
)

+
∞∑
n=0

(−λ
√
utα+γ )2n+1

(2n + 1)! E(2n+1)
α,1+γ /α,γ /α

(−λtα+γ
)]

=
∞∑
n=0

un
[

(λtα+γ )2n

(2n)! E(2n)
α,1+γ /α,γ /α

(−λtα+γ
) + (λtα+γ )2n+1

(2n + 1)! E(2n+1)
α,1+γ /α,γ /α

(−λtα+γ
)]

and Formula (86) follows.

The initial condition D(α,γ )
t p(0, t)

∣∣∣
t=0

= 0 is satisfied, as can be checked by

considering Eq. (89), for t = 0 and for u = 0. 
�

123



Journal of Theoretical Probability            (2026) 39:22 Page 29 of 38    22 

Remark 7 Asa consequence of the previous theorem, it is evident fromEq. (86) that the

solution toEq. (85) can be interpreted as the p.m.f. of a processN L
α,γ :=

{
N L

α,γ (t)
}
t≥0

that jumps upward at the even-order events of N L
α,γ , while the probability of the

successive odd-indexed events is added to that of the previous ones.
On the other hand, by recalling Definition 2 and considering Eq. (87) with u = 0,

we can see that pLα,γ (0, t) = G(0, t) = P(U
(α,γ )

> t). However, although they share

the first interarrival time distribution, it can be proved that
{
pLα,γ (n; t)

}
n∈N0

does not

coincide with the p.m.f. of the renewal process N α,γ defined in Definition 2, as a
consequence of Remark 2.

The expected value of the process N L
α,γ can be obtained from the probability

generating function (88), as follows:

EN L
α,γ (t) = d

du
G(u, t)|u=1 = λtα+γ

2

Γ (γ + 1)

Γ (γ + α + 1)
+ 1

4

∞∑
n=1

cn
(−2λtα+γ

)n
,

(90)

for cn given in (52). In the special case where γ = 0, we obtain from (90) the result
given in [7, Eq. (3.25)].

4.1.2 Case b �= (a/2)2

We now consider the following model that can be defined starting from the first case
analyzed in Theorem5, i.e., for b 
= (a/2)2. In order to have real and positive constants
K1 and K2 and awell-defined survival probability for the interarrival times, we assume
hereafter that 0 < b < a2/4.

Definition 3 Let α ∈ (0, 1), α +γ > 0, and let N̂α,γ :=
{
N̂α,γ (t)

}
t≥0

be the renewal

process whose interarrival times have survival probability P(Û (α,γ ) > t) satisfying

(
D(α,γ )

t

)2
f (t) + aD(α,γ )

t f (t) + b f (t) = 0, t > 0, (91)

for 0 < b < a2/4, and under the conditions f (0) = 1 and D(α,γ )
t f (t)

∣∣∣
t=0

= −λ,

with λ ∈ (η1, η2), for η1 and η2 given in (75).

It is a straightforward consequence of Theorem 5 that the survival probability of the
interarrival times is equal to

P(Û (α,γ ) > t) = K Eα,1+γ /α,γ /α

(−η1t
α+γ

) + (1 − K ) Eα,1+γ /α,γ /α

(−η2t
α+γ

)
,

(92)
and K belongs to (0, 1), as a consequence of the assumptions on a, b, and λ. Indeed,
the initial condition f (0) = 1 implies that K1+K2 = 1 in (76), while, by considering
(31), we get, from the other initial condition, that
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D(α,γ )
t P(Û (α,γ ) > t)

∣∣∣
t=0

= −Kη1 − (1 − K )η2 = −λ < 0, (93)

for λ ∈ (η1, η2).
Therefore, Formula (92) gives a proper survival function since it is a non-negative,

decreasing function tending to zero as t → ∞, as a linear combination of functions
enjoying these properties.
Stochastic RepresentationAs a consequence of (92), we have that the density function
of the interarrival times Û (α,γ ) is given by fÛ (α,γ ) (·) = K f

U (α,γ )
η1

(·)+(1−K ) f
U (α,γ )

η2
)(·),

where U (α,γ )
ηi is the interarrival time of Nα,γ , with parameter ηi , for i = 1, 2.

Moreover, the expected value reads EÛα,γ = KEUα,γ
η1 + (1− K )EUα,γ

η2 and thus
displays the same behavior of all the other cases, being infinite, for α + γ < 1, and
finite otherwise.
Alternative (Non-renewal) ApproachAnalogous to the previous sub-section, we con-
sider the second-order generalization of Eq. (68) with generating function of the
solution satisfying (91), under the assumption that 0 < b < a2/4. In this case,
we introduce also a second-order difference operator (acting on n), i.e., Δ2, where
�u(n) := u(n) − u(n − 1).

Theorem 7 The solution to the following equation

(D(α,γ )
t )2 pα,γ (n; t) + aD(α,γ )

t Δpα,γ (n; t) + bΔ2 pα,γ (n; t) = 0, (94)

with initial conditions pα,γ (n; 0) = δ0(n), n ∈ N0, t ≥ 0, and

D(α,γ )
t pα,γ (0; t)

∣∣∣
t=0

= −λ, D(α,γ )
t pα,γ (n; t)

∣∣∣
t=0

= 0, n = 1, 2, . . .

reads

p̂Lα,γ (n; t) = K

(
η1tα+γ

)n
n! E(n)

α,1+γ /α,γ /α

(−η1t
α+γ

)

+(1 − K )

(
η2tα+γ

)n
n! E(n)

α,1+γ /α,γ /α

(−η2t
α+γ

)
(95)

for n ∈ N0, t ≥ 0.

Proof We multiply Eq. (94) by un and add over n = 0, 1, . . ., so that we get the
following equation, for the probability generating function:

(D(α,γ )
t )2 G(u, t) + a(1 − u)D(α,γ )

t G(u, t) + b(1 − u)2 G(u, t) = 0,

withG(u, 0) = 1 and D(α,γ )
t G(u, t)

∣∣∣
t=0

= −λ, which coincides with (91), for u = 0,

and is satisfied by

G(u, t) = K Eα,1+γ /α,γ /α

(−η1(1 − u)tα+γ
)
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+ (1 − K ) Eα,1+γ /α,γ /α

(−η2(1 − u)tα+γ
)
.


�
Remark 8 It is evident by (95) that the following relationship holds

p̂Lα,γ (n; t) = KpL
′

α,γ (n; t) + (1 − K )pL
′′

α,γ (n; t), n ∈ N0, t ≥ 0, (96)

where pL
′

α,γ (n; t) and pL
′′

α,γ (n; t) represent the p.m.f. of N L
α,γ , with parameters η1 and

η2, respectively.

A Analysis of the Solution of Eq. (31)

In order to prove the convergence and uniqueness of the solution (37) of Eq. (31), we
will use the following:

Lemma 4 There exists N ∈ N such that for all n > N the coefficients in the series
(37) satisfy

1

[n!]α+γ
α

≤ Cα,γ

(
21−α

(α + γ )α

)n
1

[(n − 1)!]α , (97)

where Cα,γ is a constant depending on α ∈ (0, 1) and α + γ > 0.

Proof Let us recall Gautschi’s inequality

x1−σ ≤ Γ (x + 1)

Γ (x + σ)
≤ (1 + x)1−σ , (98)

where x > 0 and σ ∈ (0, 1). From it, we obtain

Γ (x)

Γ (x + σ)
≤ (1 + 1/x)1−σ

xσ
. (99)

Using this in (33) and (34), we have

1

[n!]α+γ
α

≤
n∏

k=1

[
1 + 1

1+γ+(k−1)(α+γ )

]1−α

[
1 + γ + (k − 1)(α + γ )

]α . (100)

Firstly, let us analyze the numerator on the RHS of (100). Since γ > −1, we have
1 + γ + (k − 1)(α + γ ) > 0 for k = 1, 2, . . . However, it is possible that for some
small values of k, we have γ + (k − 1)(α + γ ) < 0. Let N = N (α, γ ) be the greatest
integer such that γ + (k − 1)(α + γ ) < 0. Then, we can write, for n > N ,

n∏
k=1

[
1 + 1

1 + γ + (k − 1)(α + γ )

]1−α
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= C (1)
α,γ

n∏
k=N+1

[
1 + 1

1 + γ + (k − 1)(α + γ )

]1−α

, (101)

where

C (1)
α,γ =

N∏
k=1

[
1 + 1

1 + γ + (k − 1)(α + γ )

]1−α

. (102)

For k > N , we have 1 + γ + (k − 1)(α + γ ) ≥ 1 and then

n∏
k=N+1

[
1 + 1

1 + γ + (k − 1)(α + γ )

]1−α

≤
n∏

k=N+1

21−α = 2(1−α)(n−N ). (103)

So we have

n∏
k=1

[
1 + 1

1 + γ + (k − 1)(α + γ )

]1−α

= C (2)
α,γ 2n(1−α), (104)

where
C (2)

α,γ = 2−N (1−α)C (1)
α,γ . (105)

On the other hand, for the denominator of (100), we have

n∏
k=1

[
1 + γ + (k − 1)(α + γ )

]α = (α + γ )nα
n∏

k=1

[
(k − 1) + 1 + γ

α + γ

]α

. (106)

Since γ > −1 and α + γ > 0, we have

n∏
k=1

[
1 + γ + (k − 1)(α + γ )

]α = (α + γ )nα

(
1 + γ

α + γ

)α n∏
k=2

[
(k − 1) + 1 + γ

α + γ

]α

≥ (α + γ )nα

(
1 + γ

α + γ

)α
[

n∏
k=2

(k − 1)

]α

≥ (α + γ )nα

(
1 + γ

α + γ

)α

[(n − 1)!]α.

(107)

Finally, using Eqs. (104) and (107) in Eq. (100), we obtain Eq. (97) with

Cα,γ =
(
1 + γ

α + γ

)α

C (2)
α,γ . (108)


�
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Let us consider f (t) in Eq. (37) and define an(t) as

an(t) = (−κtα+γ )n

[n!]α+γ
α

. (109)

Consider an arbitrary T > 0. Then for 0 < t < T and using Eq. (97), we have

|an(t)| ≤ Cα,γ

(
κT (α+γ )21−α

(α + γ )α

)n
1

[(n − 1)!]α = Mn . (110)

But the series
∑∞

n=1 Mn converges since

lim
n→∞

Mn+1

Mn
= lim

n→∞
κT (α+γ )21−α

(α + γ )α

1

nα
= 0. (111)

Then, the series in Eq. (37) converges uniformly and absolutely.
In order to prove uniqueness, the usual procedure is to transform the differential

equation into an integral equation. For Eq. (31) with initial condition f (0) = f0, the
equivalent integral equation is [15]

f (t) = f0 − κ

Γ (α)

∫ t

0
(t − s)α−1sγ f (s) ds. (112)

Although the uniqueness of solutions is already discussed in [15], we will discuss it
here using the result of Lemma 4. Let u(t) = | f1(t) − f2(t)|, where f1(t) and f2(t)
are two solutions of Eq. (112). Then,

u(t) ≤ K[u](t) = κ

Γ (α)

∫ t

0
(t − s)α−1sγ u(s) ds. (113)

By iteration we have
u ≤ K[u] ≤ K2[u] ≤ K3[u] ≤ · · · (114)

Let us assume the solutions are in the class of absolutely continuous functions and
denote

M = max
0≤s≤t

u(s). (115)

Then, we have

K[u](t) ≤ κM

Γ (α)

∫ t

0
(t − s)α−1sγ ds = κMtα+γ Γ (γ + 1)

Γ (α + γ + 1)
, (116)

where we use the definition of the Beta function to evaluate the integral. It is not
difficult to see, using again the Beta function that

u(t) ≤ Kn[u](t) = κnMtn(α+γ ) 1

[n!]α+γ
α

, n = 1, 2, . . . . (117)
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From Lemma 4 and the arbitrariness of n, it follows that u(t) = 0.

Remark 9 The uniqueness of the solution of the second-order equation (74)with initial
conditions f (0) = f0 andD(α,γ )

t f (0) = f ′
0 follows from its factorization as a system

of two first-order problems of the above kind, that is, D(α,γ )
t g(t) + μ1g(t) = 0

with condition g(0) = f ′
0 + μ2 f0 and D(α,γ )

t f (t) + μ2 f (t) = g(t) with condition
f (0) = f0, where μ1 + μ2 = a and μ1μ2 = b in Eq. (74).

B Convergence of the KS’ Laplace Transform

In order to analyze the convergence of the integral along C, we will consider the limit
R → ∞ for the integral along (c − i R, c + i R). However, since the integrand is
a holomorphic function in the entire plane except at the poles described above, we
deform, as usual, the line segment (c−i R, c+i R)) into the contour C−

R ∪ Cc ∪ and C+
R ,

where C−
R = (−i R,−ε), C+

R = (ε, i R), and Cc is the arc {s ∈ C | |s| = c,−π/2 ≤
arg(s) ≤ π/2} encircling the pole s = c0 from the right. Since we are only interested
in the issue of convergence, we only need to analyze the integrals along C+

R and C−
R .

Writing s = R eiθ and using the Stirling formula for Γ (z) and Eq. (14) for G(z; τ),
we have

log |Γ (σ + s/ν)| = ν−1 cos θ R ln R − ν−1[θ sin θ

+ cos θ(1 + ln ν)]R + (σ − 1/2) ln R + O(1),

log |Γ (σ − s/ν)| = −ν−1 cos θ R ln R + ν−1[θ sin θ + cos θ(1 + ln ν)

− π sin |θ |]R + (σ − 1/2) ln R + O(1),

log |(λ−1/νz)−s | =
(
− cos θ ln |λ−1νz| + sin θ arg(z)

)
R,

log |G(σ + s/ν; τ)| =
(
ν−2A2(τ, σ ) cos 2θ

)
R2 log R

+
(
ν−1A1(τ, σ ) cos θ

)
R log R + A0(τ, σ ) log R + ν−2 [B2(τ, σ ) cos 2θ

−A2(τ, σ )(θ sin 2θ + ln ν)] R2

+ ν−1 [B1(τ, σ ) cos θ − A1(τ, σ )(θ sin θ + cos θ ln ν)] R + O(1),

(118)

where

A2(τ, σ ) = 1

2τ
,

A1(τ, σ ) = σ

τ
− 1

2

(
1 + 1

τ

)
,

A0(τ, σ ) = σ 2

2τ
− σ

2

(
1 + 1

τ

)
+ τ

12
+ 1

4
+ 1

12τ
,

B2(τ, σ ) = − 1

2τ

(
3

2
+ log τ

)
,
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B1(τ, σ ) = σ

2τ
− σ

τ

(
3

2
+ log τ

)
+ 1

2

((
1 + 1

τ

)
(1 + log τ) + log 2π

)
.

Thus, we can write, for the integrand in Eq. (62), that

ln

∣∣∣∣
(
λ−1/νz

)−s
Θ(s)

∣∣∣∣ = C0 R ln R + C1 R + O(ln R), (119)

with
C0 =

(
1 − ν−1a

)
cos θ (120)

and
C1 = cos θ

[
− ln |λ−1/νz| + ν−1(a − ν + 1 + ln (ντ)

]

+ sin θ arg(z) + (ν−1a − 1)θ sin θ − ν−1π sin |θ |.
(121)

Let us see what happens with the integrals along C+
R and C−

R . Along C+
R we have

θ = π/2, and, from Eq. (119), we have

ln

∣∣∣∣
(
λ−1/νz

)−s
Θ(s)

∣∣∣∣
∣∣∣∣C+

R

=
[
arg (z) +

(
a − 2

ν
− 1

)
π

2

]
R + O(log R). (122)

Thus, if

arg z <

[
1 + (2 − a)

ν

]
π

2
, (123)

the integral along C+
R decays exponentially, as R → ∞. On the other hand, along C−

R ,
we have θ = −π/2, and so

ln

∣∣∣∣
(
λ−1/νz

)−s
Θ(s)

∣∣∣∣
∣∣∣∣C+

R

=
[
− arg (z) +

(
a − 2

ν
− 1

)
π

2

]
R + O(log R). (124)

Therefore, if

arg z > −
[
1 + (2 − a)

ν

]
π

2
, (125)

the integral along C−
R decays exponentially, as R → ∞. Consequently, the integral

along C converges in the sector

| arg z| <

[
1 + (2 − a)

ν

]
π

2
. (126)

Let us suppose 0 < a < 2; then (2 − a)/ν > 0 and we conclude that Eq. (62)
converges for | arg z| < π/2, that is, for Re z > 0.
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