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Abstract

We introduce and study renewal processes defined by means of extensions of the
standard relaxation equation through “stretched” non-local operators (of order o and
with parameter y). In a first case, we obtain a generalization of the fractional Poisson
process, which displays either infinite or finite expected waiting times between arrivals,
depending on the parameter y . Therefore, the introduction in the operator of the non-
homogeneous term driven by y allows us to regulate the transition between different
regimes of our renewal process. We then consider a second-order relaxation-type
equation involving the same operator, under different sets of conditions on the constants
involved; for a particular choice of these constants, we prove that the corresponding
renewal process is linked to the first one by convex combination of its distributions. We
also discuss alternative models related to the same equations and their time-changed
representation, in terms of the inverse of a non-decreasing process which generalizes
the «-stable Lévy subordinator.
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1 Introduction

We define here the following non-local operator
DY =7 D®, >0, )

where CDt(a) is the Caputo derivative of order o (for 0 < o < 1) with respect to ¢,
that is,

1 EC)
(1—a) Jo (t=1)*
which is defined for any absolutely continuous function, i.e., f € AC[O,t]. The
constant y is a real parameter such that « + y > 0, representing the “stretching”
parameter of the time argument. We then analyze renewal processes defined by means
of fractional equations which generalize the well-known relaxation equation

DY f@y = = dr. >0,

%f(t)—l—)\f(t):O, t>0, A>0, 2)

with f(0) = 1, whose solution is the survival probability of the Poisson interarrival
times (i.e., f(t) = e, fort > 0).

Stretched fractional operators are advanced mathematical tools used to model com-
plex natural phenomena characterized by memory effects, non-local interactions, and
fractal-like structures. In nature, these operators allow to model anomalous diffusion,
heat and mass transfer, fluid dynamics, complex biologic systems, and quantum optics
(see, e.g., [11, 12, 24, 34, 37], and the references therein).

We start by considering a relaxation-type equation, where the first derivative in (2)
is replaced by the fractional operator defined in (1), i.e.,

DY f(t) + Kk f(1) =0, 3)

and we use the corresponding solution (expressed in terms of Kilbas—Saigo function)
in order to define a renewal process Na,y = {Na,y(t)}t>0~ Since, for y = 0, the

operator Dl(a’y) reduces to the Caputo-type derivative D,(a), we can consider this
renewal process as an extension of the well-known time-fractional Poisson process
(see, for example, [5, 22, 29, 30]).

Fractional extensions of the Poisson process in different directions can be found in
[21] (where general fractional calculus is introduced in the theory of renewals), [4]
(with a fractional derivative of variable order) and [1] (in the case of fractional Poisson
fields), among many others.

As we will see, when « + y < 1, the survival function of the interarrival
times of N, coincides with the waiting time of the first event of the fractional
non-homogeneous model introduced by Laskin [23]. This model is characterized
by probability mass function (hereafter p.m.f.) satisfying the following difference-
differential equation:
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DD pit) +a¥ (p(nit) — pn—1:1) =0, neNg, t>0, (4

with initial condition p(n; 0) = §o(n),n = 0, 1, ... and the convention that p(j; t) =
0, for j < 0 and for any ¢. In the special case where « = 1 and y = 0, the solution to
the previous equation coincides with the p.m.f. of the Poisson process (with intensity
1), denoted by N := {N()},5¢. i.e., p(n; 1) = e_)"();l;,)n, n €Ny, t>0.

It is proved in [23] that the analytic solution to (4) is given in terms of succes-
sive derivatives of the Kilbas—Saigo (KS) function Eq, 14y /o,y /a (—)\t‘””)—see Eq.

(16)—i.e.,

L ()" ) aty
po()y(n; t) = T EO[,1+)//O[,)//0( (_)\'t ) , ne N()a r = O’ (5)
where
EY) =Yg 6
a,1+y/a,y/oz(a) = dx_" @14y /o,y jo(X)|x=a- (6)

Note that we will denote by the superscript L, both the solution (5) and the correspond-
ing process NV y = {Nol;y (t)} 0 defined by Laskin [23], in order to distinguish it
. . -

from those of our renewal model.

Some properties of the KS function, such as inequalities, complete monotonicity
and spectral density can be found in [10, 11]. In particular, since the KS function in
(16) is completely monotone (hereafter CM) for Rez < 0, @ € (0, 1],/ > m — 1/«,
and m > 0 (see Theorem 1 in [9]), we will assume hereafter that « € (0, 1] and
y > —a. Moreover, for o + y < 1, the p.m.f. given in (5) is well defined, since

gf)Hy/a’y/a (—M‘”‘V) > 0, for any n > 0. Nevertheless, since we are using a
different approach than [23], we will consider also the case @ + y > 1; however, in
the last case, no explicit analytical expression for the p.m.f. can be given.

We prove that for our model ./\/a,y, when o + y < 1, the expected interarrival
time between successive renewals is infinite (as for the fractional Poisson process,
i.e., for y = 0), contrary to what happens for « + y > 1. As a consequence, the
introduction in the operator (1) of the non-homogeneous term driven by y permits
us to regulate the transition between different regimes of our renewal process. A
time-changed representation of the interarrival times is also derived in terms of the non-
decreasing process Ay, = {Aa,y (t)} >0 (see Theorem 2 below, for its definition).
The latter is proved to generalize the «-stable Lévy subordinator, to which it reduces,
in the special case y = 0.

We then introduce a second-order term, involving the operator Dt(a’y), in the
relaxation-type equation (3) as follows:

(Di“’”)z F@ +aD” f@)+bf (1) =0, 1>0, @

with ¢ € (0, 1), @ + y > 0, initial conditions f(0) = const and Df“’y) f@®)|i=0 =

2
const,a, b € Rt and by (DEQ’ y)) we denote, for brevity, the sequential application of
the operator in (1) (see [33, Sect. 2.5], for details on sequential fractional derivatives).
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We are interested in the solution to (7) as interarrival times’ survival probability for
an alternative renewal process. Under some assumptions on a and b, we prove that the
latter is linked to N, by convex combination of its distributions.

Finally, we provide time-change representations for the process NV, OI; , andits second-
order generalization [related to Eq. (7)], as a standard Poisson process time changed
by the inverse of the process Ay, , under an independence assumption.

2 Preliminaries

For the sake of completeness and ease of reading, in this section we present some
definitions and results used in this work that are not widely known.

2.1 The Double Gamma Function
The double gamma function, denoted by G(z; t), is a generalization of the Barnes

G function G(z), which in turn is a generalization of the gamma function I"(z). It is
defined as [2]

2
Gz 7)== exp [a(r)f + b(r)g—r}

z z 22 ®)
H |:(1 + mt +n>exp <_mr +n + 2(mt —i—n)z)]’

m,neNﬁ

where a(t) and b(t) are given by

1
a(t)=—-y ()T + glog Qrt) + Elogt —1C(7),
2.2

b(t) = — —tlogt — ‘L'ZD('L’),

with

m-! 1 1 I(mt)
C(r) = lim_ LX:; YkT) + 5P me) — — 10g< = )} ,
m—1
: / 1 / 1
D(r) = lim [; ¥/ (kT) + Sy Om) — ;w(mr)] :

where 1 (+) is the digamma function [and so — (1) is the Euler—Mascheroni constant].
Another definition of double gamma function is
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o 2
Gz1) = exp{a(r) +b<r) }]‘[ XP[zw(mr)Jr wmr)}

1
tl'(z) el
)]

where
2.2

a(r) =a(r) —yr, b(t) = b(z) + il

The Barnes G function G (z) is a particular case of the double gamma function G(z; )
for t = 1. Note that C(1) = 1/2 and D(1) = 1 + y, as shown in [3].

The double gamma function is an entire function and its zeros are located at z =
Zmn = —mtT —n (m,n =0,1,2,...). Itis defined in such a way that [3]

G(l;7)=1. (10)
It satisfies the functional relations
G+ 1) =TI(z/1)G(z; 1) 11
and . |
Gz+1:1)=Qn) 2 1T R)G(E: 7). (12)
Using (11) recursively, we obtain
k—1
Gtk =GGe o [[Ile+ i/l (13)
j=0

The Stirling’s formula for G(z; t) is [2]

logG(z; 1) = [az(f)22 +ai(v)z + ao(T)] log z+b2 (1) 22 4+b1 (1) 2+bo(T)+0(z 7Y,
(14)
where

T 1 1
“wO=pt it e
1 1
a(r) = =3 (1 + ;) :
1
ag(f) - 21_5
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and

1
by(t) = —— (

3+1
—+logt ),
2T &

2

bi(r) = % <<1 + %) (1+1logt) + log2n> ,

bo(t) = %{ log [G2(1/2; )G (z: 21)]

1
tr log 27t — ag(t) log (z°/2) — log 2}.

An integral representation for G (z; ) was provided in [25], that is,

1 z—1 2 _ T
InG(z;t) = / |:—r BT zrt! (—2 T i)
o Lt-D0ET-1) 2t rr—1 2t

1 rel dr
r—1 (r—1)(rf—1)]

(15)
_rt—l +

Inr

Itis convergent forRe z > O and t > 0. More details about the double gamma function
can be found in [2, 13].

2.2 Kilbas-Saigo Function

The KS function is defined as (see [9, 19])

n

a ad I'(A+a(tk — DHm +1)) - Sl
Eam,1(2) = 1+n§ <;[[1 F(1+a((k—1)m+l+1))>z = 1+n§cnz . (16)

fora,m > 0,] > —1/a,anda(km +1) # —1, -2, .. .,forany k > 1 and z € C. The
KS is an entire function.

Using Eq. (13) we can rewrite the coefficients of the KS function in terms of the
double gamma function G(z; t). We obtain as follows:

o = G+ar;t) Glp+n;1)
" Glpst) Glptar+nit)

where forn =1,2, ...,

p=~04+al)t (17)
and
1
T = (18)
am
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Note that this expression also works for n = 0. Thus, we can write

Gl +at;t) e~ Glp+n;t)
Bami(@) = —o 20N T — ", (19)
Glpit) = Glp+ar+n)
Some interesting particular cases of the KS are
o Zn
E = ———— =E.(2), 20
0.1,0(2) ng Foa s = B@ (20)
which is the one-parameter Mittag—Leffler function, and
oo Zn
E - =I® ——— =T(M)E , 21
a1, (-1/a(@) = T'( )ZQ Fansp) = T ®Ews(@ 21

where E, 5 (z) is the two-parameter Mittag—Leffler function, witha, » > Oand z € C.

One important property of the KS function is the complete monotonicity of f(x) =
Eymi(—x) fora € (0,1],1 > m — 1/a, and x > 0 [9]. On the other hand, it is
known (see [35, Theorem 3.7]) that if f(-) is a completely monotone function and
g(-) is a Bernstein function, then f(g(-)) is also completely monotone. Since the
function g(x) = Ax”,for0 < p < 1 and A > 0, is a Bernstein function [35], then
f(g(x)) = Egm.1(—Ax") is completely monotone in this range of parameters. For
p > 1, however, the function g(-) ceases to be a Bernstein function, and so f(g(-))
is not completely monotone when p > 1. Nevertheless, the function f(g(-)) remains
monotonically decreasing. In fact, since f/'(y) < 0 for y > 0, then f'(Ax”) < 0 for
x>0,andso [f(g(x)] = f'(g(x)pxP~1 < 0forx > 0.

A useful result is [9]

1 1

=< Ea,m,m—l(_x) = W»

1+1(1 - (22)
+I'(1—a)x I (I+am)

where a € [0, 1], m > 0, and x > 0.

2.3 Fibonacci Polynomials

The Fibonacci polynomials F,,(x) (n =0, 1, 2, ...) are defined by the recursive rela-
tion
Fui2(x) = xFyp1(x) + Fr(x), Fo(x) =0, Fi(x)=1 (23)

An alternative expression is

()" = [v(x)]"
Fo(x) = , 24
= = &9
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where
x+vx2+4 x —x2+4
wix) = — v(x) = — (25)

(see [8)).
The bivariate Fibonacci polynomials u, (x, y) are defined by [18] as

Upt2(X, Y) = XUpp1 (X, y) +yu, (x,y), uolx,y) =0, ui(x,y)=1. (26)

An alternative expression is

— [/:L(xv )’)]n - [ﬁ(xv )’)]n

un(x,y) - - 27)
’ (x,y) = D(x.y)
where
_ x++/x2+4 _ x —+/x2+4
mx,y) = fy and V(x,y) = fy (28)
Note that we have
un(x,y) = YV E (/). (29)
3 AFirst-Order Equation Involving D‘fa’y)
We recall that FB+ 1)
(@) 8 TP P~ B#0,
DtP =1 T (B—a+1)
O, ﬁ = 07
(see [20]) and thus
rée+h tP—(aty) B#0
DV th = TrB—a+1) ’ ’ (30)
0, B =0.
Let us now consider the fractional differential equation
DEY f() +kf(®) =0, t>0, 31)

with initial condition f(0) = fp, forx € RT, @ € (0, 1), and & + ¥ > 0, which can
be used as a model for anomalous relaxation (see [11, 12]).

Preliminary Results
We look for solutions of Eq. (31) of the following form:

f@)y =" fut@tom, (32)

n=0
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Let us introduce the compact notation

[n]ﬂ ._ m (33)
T r(Bn—a+1)

and
[N x My x - x 1B = 1202 - [ne 2.

Moreover, let

M :=xn-1)x---x1F (34)
Thus, we have that
o0
(D7) £ = 3 funaln + 105717 (35)
n=0
and, from Eq. (31),
Sortln+10577 46 f =0, n=0,1,2,... (36)
Thus, the solution reads
o0
(—KttY)"
f =y o (37)
n=0 4
where we define [0!]3” = 1. This corresponds to a KS function with
a=uo, m:l—l—z, l:Z,
o o
that is,
F(®) = fo Bai4yja,yja (—ct*t7). (38)

The uniform and absolute convergence of the series in (37) as well as the unique-
ness of the solution of Eq. (31), in the space of absolutely continuous functions, are
discussed in “Appendix A”.

Particular case When y = 0, we have that D,(a’y) = CDEQ) and

[n]g-i-)/ — [n]g — M’
I'a(n—1)+1)

so that [n!]§ = I"(an + 1). Thus,
o0
(—Kt*)"
Eg10 (—kt%) =Y ———— =t Eq(—x1%), (39)

where E, () is the Mittag—Leffler function; this agrees with the result given in [29],
where it is shown that the function (39) satisfies the time-fractional relaxation equation
(with the standard Caputo derivative).
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3.1 First Renewal Model

We start by recalling the following probabilistic representation of the Kilbas—Saigo
function (see [10]), fore € (0, 1) and e + y > O:

Ba iy faryfa (—977) = Be M A=A 5 50 >0, 40)
where A, = {A, (t)};>0 is the a-stable subordinator, i.e., a non-decreasing Lévy
process with Ee %A« = ¢~ fort > 0,k > 0 and @ € (0, 1). Thus, we can
represent the solution to Eq. (31), for k = X and fy = 1, as

f(t) =Ee*2ar® 350, >0, (41)
where the random process { Z,., (1)}, , is defined as

Z(I,}/(t) = ta+y ZO{,)/! t Z 07 (42)

for the r.v. Zy, = fooo(l — Ay (s))z_ds. Moreover, the following equality in distri-
bution is proved in [10] for Z, ,, in terms of an infinite-independent product of Beta
r.v.’s B(a, b):

r H o 1 1-
Z, L L0 *D ]2 B<1+ i a). (43)
’ F(a+y+1)nzoa+y+n a+y a+vy

Details on the a.s. convergence of the infinite product in (43) (and of its Mellin trans-
form) can be found in [28].

Remark 1 Let us recall the definition of the right-continuous inverse (or first-passage
time) of the stable subordinator, which we denote by Ly := {L4(t)};50, i.€.,

Lo@) :=inf{s >0: Ay(s) >}, t>0, ae(,]1]).

Then, it is well known that the Laplace transform (hereafter LT) of its density reads
Ee*La®) — Ey 1(—At%), which coincides with Ee_)"aﬁ"(l), by the self-similarity
property of Ly (see [31]). Thus, we can conclude that, in the special case where y = 0

and o € (0, 1), the following equality in distribution holds: Z, ¢ 4 Lq(1).

Then, we give the following definition.

Definition 1 Leta € (0, 1), @ + y > O and let Ny, := {Ny,, (t)}z>0 be the renewal

process with i.i.d. interarrival times U@’y), j = 1,2,..., satisfying (31) with k =
A > 0and fy = 1, i.e., with survival probability

PWUY) > 1) = Eg 14y /ay e (—1217), (44)

@ Springer



Journal of Theoretical Probability (2026) 39:22 Page110f38 22

by (38). Then, we denote, for any t > 0,
[o/0]
e . play) _
Na,y(l’) = sup {n > 1 . Tn < t} = r;)n]l{Tn(my)St<Tn(ily)},

where T, %7 := Zl}:l U;a’y) and 1y, is the indicator function.

As seen in Sect.2.2, the function f(x) := Eg 14y/a,y/a(—x) for x > 0is CM
when o 4+ y < 1, but not for « + y > 1, although it still decreases monotonically for
o 4y > 1.Inboth cases, we have that P(U*?) > 0) = 1 and lim;_, 4 oo P(U*?) >
t) = 0, by referring to the asymptotic expansion of the KS function:

rd+al-m+1) _,
Ir'(l+a(l —m))

Ea,m,l(_Z) ~ , (45)

as z — o0, proved in [9], Proposition 6.
Thus, the function in (44) is a proper survival probability (see also [9, Theorem
1.1]) and the process Ny, is always well defined, according to Definition 1.

Theorem1 Leta € (0, 1) and a + y > 0. Then for a + y < 1, the expected value of
the interarrival time U'®Y) of the process N,y is infinite, whereas, fora +y > 1, it
is finite and reads

1
EU@Y) = .
Met (@ +y — DI —a)

(46)

Proof We recall the asymptotic behavior of the Mellin transform of the KS function
as proved in [9]:

Frd+al—m+1)
F'(l+a(l —m)(1—ys)

“+o00
/ Eg .1 (—x)x* " 1dx ~ s 41, 47)
0

fora € (0,1),m >0,and! > m — 1/a.
Thus, for s € (0, 1), we can write that

1
(a + y)Al/taty)
1
> -
T (ax+ y))\l/(a“‘)’)
1
(@ +p)AV@ A -\ —a)’

+o0 +o0o R !
/ PU@Y) > e~ ldr = / Eo 14y ja.y ja(—X)X T dx
0 0

+o00
/ Ea,1+y/a,y/a(_x)xs_ldx
0

s,

where the inequality holds only for @ + y < 1. As a consequence, by considering that
EU@Y) = limgy; 7 P(U®Y) > 1)r*~!dr, the result follows for @ +y < 1.In the
other case, for @ + y > 1, we have, instead, that s /(o 4+ y) < 1, so that we get
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1
EU@Y) — lim
st AV @t (o +y —s)r(1 — a)

and coincides with (46).
When o 4+ y = 1, we have

+00 1 [t
/ P(U(Q’V) > l‘)ts_ldl‘ = xf Ea,1+y/ot,y/a(_x)xs_ldx
0 0

1
Al —-9r(d-a)

s 1.

O

Remark 2 We show that our model does not coincide with the process introduced and
studied by Laskin [23], which will be indicated by ./\/o%y. Moreover, since they share
the distribution of the first arrival’s waiting time, this proves that the model defined in
[23] is not a renewal process. As a consequence of Definition 1, and by considering
that the following relationship holds for any renewal process

n

oy 0 z 0} = {7 <o} =13 U7 <1 1, (48)
j=1
we can show that the p.m.f of N, ie. {pay(:i0)}, - With pa,(ni1) =

PNy, y = h), does not satisfy the equation studied in [23] anci) recalled in (4).

Indeed, if we denote by (f * g)(¢) := fo f(z)g(t — z)dz the convolution of two
functions f, g : R™ — R, we easily obtain from (48) that, for any n € Nand 7 > 0,
the p.m.f. of a renewal process satisfies

Pay (i) = (fren *¥)(@), neN, =0, (49)

where ¥ (¢) := P(U@®Y) > r) and [y () is the density function of the nth event’s
waiting time. Therefore, we have that

t
7 cDga)/ Jran @W¥(t —2)dz
0 n

w0 [ dr = ' odr

“Tl-w )y toor /1O Y iy |, oo
4 d

/0 fT;a.w(z)d—T‘I’(T—z)dz

= I +11.

Then by Definition 1 and by considering that fy;@) () = —¥’(f), we can write

=Y rdr
TTd-a) )y t=1)

(f (vt V) * fu(a »)(T)
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t
—t7 / fren @(DOW)(t - 2)dz
0 n—1
t
=17 / Frian @t = Y DV W)(t = 2)dz
0o ‘n-
t
=)~f”/ fTw,lw(z)(t—z)"W(t—z)dz.
0 n-

Analogously, for the second term, we have that

7 ! d 1=z dr d d
I/ = ——— a, ———'
F(l—a)/o fren@) Z/O TE——» (w)dw
t
= —At"’/ Jren@@ =)'t —2)dz
0 n
and thus

'
I+11=x"7 / |:fT(<w)(Z) - me,w (Z)i| (t—2)'¥( —z)dz
0 n—1 n
#F A <[fr(“~(> - fT’;a.w} * ll’) (t) = A(pa,y(n — 1; 1) = pay(n;1)).

The conclusion follows by considering that fT(u,w - fT(ot,y) is non-negative (since
n—1 n
T, > T,_1 ass.) and ¥ (-) > 0, so that

t
/0 |:fT(<i,ly) (2) — an(om/) (Z)i| (1 _Z/t)yw(t —z2)dz # ([fT(f‘]y) - an(%V)i| * '1/) @),

unless y = 0.

Stochastic Representation
In order to derive a time-change characterization of the interarrival times of Na,,,,
we start by proving that the process Z,, = {24, (1)}, defined in Eq. (42), is
equal in distribution to the inverse of an almost surely increasing process, which will
be denoted as Ay, = {Aa,,, (t)} (>0 starting a.s. from O and such that the following
relationship
P (Aa,y(t) < x) =P (Za,y(x) > t) (50)

holds, for any x, ¢t > 0.

Theorem 2 The process Ay, defined by (50) is almost surely starting from 0 and non-
decreasing. Its transition density hy,, (x, 1) := P (.AOW (1) € dx) has the following LT,
W.rt t,

o
hay (o) = (a + Y)x 7Y (1 D (=)@, (51)
=0
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where 1
'i:[ rGy4+o+y+1H 1

ST GHEDE+a+ D 7 gt

n=1,2,... (52)

Cp =

Proof As a consequence of (50), the process Ay, starts a.s. from 0, since it is defined
as the first time over a certain level for Z, , and Z, , (0) = ety Zo,y |t:0 =0 a.s.
Moreover, it is a.s. non-decreasing since it is the inverse of an a.s. non-decreasing
process.

Finally, if we denote the transition density of Z, ), by fo., (x,1) := P(Zy,, (1) €
dx), then the LT of the transition density h,,, (2, 1), W.r.t. £, must satisfy the following

equation
N 3
- 1 ,
/ oy oz =+ — e oo,
0 n n

where fy, (7, x) = 1o €7 fu.y (z, x)dz and hay(zom) = JoS e M ha,y (z, 1)dr.
Thus, in our case, it must be

1d

fla,y(xv n) = _;a E(x,1+y/a,y/a (—nxaﬂ’) (53)

l .
F'(Gla+y)+y+1)
aty—1 [+ 1 I l(a+y)
(a4 y)x IX(;( + D) 1_[r((jJrl)(oeJr)/)Jrl)’

which gives (51) with (52), by recalling the definitions given in Egs. (33) and (34).
To prove the convergence of the series in (51), we can use Gautschi’s inequality (see
[16]): for x > 0 and o € [0, 1], it holds that

_ F(x +1) _
1—0 l1—0o
—_— + . 54
x F(x+ ) <(x+1 (54
Thus, for [n]g in Eq. (33) we have that
1 1 1
——— < — < , (55)
(L+Bm)* ~ [n)f ~ (Bn)™
for x = Bn and 0 = 1 — «. Then, we have
(I +2)crin ( + 200+ D1 1
m | == aty m == | =
1o | U+ Deg1 | 100 4+ DA+ 2)'a o [+ 2]y
O

It is easy to check that the expression given in (51) is non-negative, by consider-
ing (53), and recalling that Eqy, 14y ey /o (—7x*1?) is monotonically decreasing (see
discussion at the end of Sect.2.2).
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Moreover, in the special case y = 0, Eq. (51) coincides with the LT, w.r.t. the
time argument, of the transition density of an «a-stable subordinator, i.e., hg (x, ) =
x% "V By o (—nx%), where Eq g(2) is given by Eq. (21).

Thus, for y # 0, Theorem 2 introduces a generalization of the «-stable subor-
dinator, since Ay, is a.s. starting from 0, non-decreasing and its transition density
reduces to that of Ay, for y = 0; however, only in this special case, the process has
independent, stationary increments, and thus, it is a Lévy subordinator.

We now give the following time-change representation for the interarrival times
and for the n-th order waiting times of Ny, .

Theorem 3 Let U be an exponentially distributed r.v. with parameter A, independent
from { Ay (t)} (>0 then the following equality in distribution holds, for the interar-
rival times of N,

uen Lo, ). (56)
Moreover, the waiting time of the nth arrival T,,(a’y) has density function, fort > 0

andn € N, -
Frian® = f, ) =X /O hES (¢, wye ™ du, (57)

where h;k,(yn)(-, t) is the nth order convolution of the r.v. Ay, (t), for any t > 0, under
the independence assumption.

Proof As a consequence of Eq. (41), the interarrival times are i.i.d. random variables
with
PWU@Y) > 1) = P(U > Z4,(1)), (58)

where U is an exponential r.v. with parameter A.
Thus, we can write that

+00 +oo
PU@Y) > 1) = / P(Z,.,(t) < u)e ™ du = A / P(Ag., (1) > t)e du,
0 0
(59)
so that (56) and (57) easily follow. O

Remark 3 As a consequence of the previous theorem and by recalling the definition of
Poisson process (with exponential interarrival times U) given in [17] and applied to
the non-homogeneous fractional case in [27], we can give an alternative representation
of our process in terms of equality of finite-dimensional distributions. Indeed, we have
that

o
N = Z”l{gst«m}a 1 =0,
n=0
where ¢, = ;,én, for ¢, = max{Up,....,U,}, n = 1,2,..., and «, :=
inf {k eN:¢g > (,énil },n =2,3,...,withk; = 1. Then, by considering the equality
in distribution given in (56), we have that
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o
d
Nay@® =Y nlie <z, <t} = Xhﬂh<aww”,t>o (60)

o+ a+
n=0 Y v

Remark 4 We compare the process Ny, to the fractional non-homogeneous Poisson
process introduced in [27], and we prove that they coincide in distribution only for
a=1.

Let A(?) : fot A(t)dt and let {N; (t)};>0 be a standard Poisson process with
parameter equal to 1, then the non-homogeneous Poisson process N : {./\/ I(t)}
governed by the equation

t>0

d

ap(n; HD+rt+u)(pn;t)—pn—1;1)) =0, n=0,1,2,..., 1>0, u=>0,
(61)

with initial condition p(n; 0) = do(n) having the following time-change representa-

tion N1(r) = N1 (A(t)) (see [27]). Equation (61) coincides with (4), in the particular

case where o = 1, for the special choice A(t) = At¥ and u = 0. Moreover, we have

that

artl

0o n
B ()Lt)/+l)n
Pt A Z e~ = 1
N () =0) = e 7 +;k1”'(y+l)n

_ F(k()/+1) y+1\n
_1+an’(k(y+l)+1)(t .

which coincides with P(Ng,, (t) = 0)=P(U®?) > ¢) given in (44), only in the
special case o = 1. Alternatively, we now consider the time-change representation
given in [27] for the fractional non-homogeneous Poisson process, i.e., ./\/'OI[ (1) =
NM(A(Ly (1)) = NY(Ly(1)), for t > 0, where the inverse stable subordinator is
assumed to be independent of the process A/l. Under the same choice of A(t) = At?,
we can show that the two processes N, and /\/'OI[ are not equal, even in distribution.
Indeed, if we denote the interarrival times of the process V! as UL and we recall that
ly(x,t) = zia W_o,1—a(—x/t%), where W, g(-) is the Wright function (see [20, p. 56]),
we can write that

azrtl

o o
M@>n=f f“%@ﬁ&:/ e 7T Iy (z,1)dz
0 0

oo
4 1),y/(y+1)/ ety =y /D <(w(y + 1)) rHD, ,) duw
0

which does not coincide with P(U®") > r) given in Eq. (44).

For a full characterization of Na,y and for its covariance function, we recall the
following result on the moments of renewal processes.
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Lemma 1 ([36]) Let {M ()}, be a renewal process with interarrival time Y, then

fr(m

0 (1= i) ="

+00
/ e MEM(t)dt =
0

where fy(-) is the density function of Y, and

+oo  p+o00
/ / e*’7"1*'72’2E(M(t1)M(l2)) dtidrr
0 0

B [1 —fy(m)fy(nz)] fr(m +m)
- nnmn [1 - fY(m)] [1 - fY(nz)] [1 — frm + nz)].

Moreover, as a preliminary result, we derive the Laplace transform of the Kilbas—
Saigo function (hereafter denoted as £;[E, ,, ;(—At"); z]) in a very convenient form
for numerical integration. Indeed, Formula (62) can be used to obtain plots of
Li[Eq m.1(—AtY); z], using, for example, Mathematica.

Lemma2 Let G(z;9), for § > 0 and z € C, be the double Gamma function, and let

rs)yrd/v—s/vyr(d—1/v—s/vGe —1/v+s/v; 1)

Ofs) :=
G+art —1/v+s/v;71)

where ¢ 1= (14al)t, v := 1/am, andv > 0. Then, for . > 0, the Laplace transform
of the Kilbas—Saigo function reads

A WVG+ar;t) 1
vG(p; T) 2mi

o0
/ ¢ ¥ By mi(—At")dt = f(/\‘l/”z)‘S@(s)ds, (62)
0 C

where C is the contour (¢ — ioo, ¢ +i00) with ¢y < ¢ < 1 and co = max[0, 1 —
v, —v(p +ar)l.
Proof In [6] it is shown that the KS function can be written, for Re z > 0, as

1 Gle+ar;r) [ T'()[(1—5)G(p—s;7)
_ z " ds

; (63)
2ni G(p; 1) c G(p+art —s;71)

Ea,m,l(_z) =

s —sLogz
b

with ¢ and t as given in (17) and (18), respectively, and we take z~
with Log z denoting the principal branch of the logarithm. Indeed, it is not difficult to
obtain, from Eq. (63), the representation of the KS function in Eq. (19) [6]. Equation
(63) can be interpreted as

= ¢

Gl+ar;r) I'(s)I'(1 —5)G(p — 5, 7)
G(p; 1) Glp+at —s;7)

Mz [Ea,m,l(_z); s]=
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where M, [ f(z), s] denotes the Mellin transform of f(z) with conjugate variable s.
Using the well-known property

1
M f(A2");s] = ;A”/”F(s/v),

with A > 0 and v > 0, we have

N G(p+art; 1) A_S/“F(S/V)F[l —s/vlG(p —s/v; 1)
MzlBami (=227 51 = vG(p; T) G(p+at —s/v; 1) '

The Laplace and Mellin transforms are related by
MALLf(@0); 2]y s1= T ()M f(2); 1 = s].

This property follows by changing the order of integration in M, [L;[ f (¢); z]; s]. This
isjustified for f(z) = E, .1 (—X\z™) because of the absolute convergence of the double
integral (Fubini—Tonelli theorem) which follows from the absolute convergence of the
Mellin transform of E, ,, ;(—Az") together with the exponential damping provided by
the Laplace kernel. Thus

A‘l/”G(go +art; 1)
vG(p; 1)

MLAE g mi(—2t"); z]; 5] = Ao (s),

with

rs)yr(dfv—s/vird—-1/v+s/v)Ge —1/v+s/v; 1)

Os) =
Gl+ar —1/v+s/v;7)

Thus, we obtain for the Laplace transform of E; ,, ;(—At") that

A VGp+ar;t) 1 —s
Li[Eami(—At"); 2] = [ (A O(s)ds. (64
e (') = = ESED [ (102) Mo ds. (64)

Due to the gamma functions in the numerator, the function @ (s) has poles at s = —n
n=0,1,2,..)from I'(s),ats =14+nv(n=0,1,2,...)from I"'(1/v —s/v), and
ats =1—-m+DHv(r=0,1,2,...)from I"(1—1/v+s/v). Since the double gamma
function is entire, the other poles of @ (s) come from the zeros of G(¢ +at — 1/v +
s/v; ) in the denominator, which are located at s = 1 — v(mt +n + ¢ + art), for
m,n =20,1,2,... We will choose the contour of integration C such that it separates
the poles of I'(s), I'(1 —1/v+s/v)and 1/G(¢ +at — 1/v +s/v; T) from the poles
of I'(1/v — s/v). Let ¢cg = max[0,1 — v, 1 — v(¢ + at)]. Clearly cp < 1. Then,
C = (c —ioo,c +i00), where cp < ¢ < 1. In “Appendix B”, we show that this
integral indeed exists. O

By applying the previous lemmas, we can give the renewal function and the auto-
covariance of /\/'0,’,,, at least in Laplace domain. We will consider, for the sake of
brevity, A = 1.
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Corollary 1 Let us denote

ds, (65)

gn) = ! /Cnl—sr(s)gy(s - L 1/(@+y)

2i(o + )Gy (0; 1/( + 7)) sin(r (1 —s)/(a +y))

.. Galy+ D+ A7)
Gy (4; 7)== G(t+1+A1;71)

Then, the LT of the renewal function and of the auto-covariance function of Ny, are
given, respectively, by

+00 1—
/ e "EN,,, (1)dt = g(m) n >0,
0

ng(m)

and

+oo  p+00

/ [ e Mh—mhLCoy (Na,y(ll),./\/.a,y(tz)) dtdny
0 0
_ gn) +gm) —gmegm) — gn +n2)
mmgm)gm)g(n + n2)

forny,n > 0.

Proof By taking into account (44), we can write that

o0
Fren(n =1 -1 / MBUE) > 1ydr
0

o0
=1- n/ e M Eo 14y /0,y /a (—toH_y) dt
0

=1-gm (66)

so that the results easily follow, by applying the reflection formula of the Gamma
function in (62) and Lemma 2, with t = 1/(y + ), ¢ = (1 + y)/(@ + y), and
Vv = o + y, in order to derive (65). O

Remark 5 Note that the general case [i.e., for A # 1, as in (44)] can be easily
obtained by considering Eq. (66). Indeed, in this case, we have that fU(a,V) n) =
1— g(nk‘l/(“+y)).

As special case of the previous corollary, if we put y = 0, we obtain from Definition
1 that Ny o =: N, coincides with the fractional Poisson process introduced by [23]
and [29]. Indeed, its interarrival time survival function satisfies (3), with y = 0 (see
[5D.

Accordingly, the equality in distribution given in Eq. (56) generalizes to the case
y # 0, the well-known time-change representation of the fractional Poisson process’
interarrival times, i.e.,

U@L AW
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where U is an exponential r.v. and A (¢), t > 0, is an independent «-stable subordina-
tor (see [30]). In this particular case, the mean interarrival time is infinite, as Theorem
1 shows.

Finally, the full characterization of Ny, given in Corollary 1 provides, for y = 0,
the LT of the covariance function of the fractional Poisson process:

n¥ +n5 +n¥ng — O +n)*
1 1
n{ st o+ m)e

+o00 +o00
/ / e M= Cov (N (1)), N (t2)) diydty =
0 0

(67)
since, in this case, g(n) = n%/(n* + 1). It can be checked, with some algebraic
calculations, that Formula (67) agrees with the result given in [26].

Alternative (non-renewal) approach
We now move from an alternative starting point, i.e., we introduce the stretched

operator Dﬁ‘”’ in the difference-differential equation governing the Poisson process;

see Eq. (68). The latter is equivalent to Eq. (4) and thus the following result provides

a time change representation for the fractional non-homogeneous model studied by

Laskin [23].

Theorem4 Let o € (0,1), o + y > 0 and let [pby(n, t)} 0 be the solution to
, .

equation
D" p(ni 1) + A(p(n; ) — p(n = 1;0) =0, neNg, 120,  (68)

with pa.,(n;0) = 8o(n), n =0, 1,..., and let N* := {NT(1)}
such that PINY (1) = n) = p{;)y(n; t), foranyn > 0andt > 0.
Then, the following equality in distribution holds

>0 be the process

{/\@L,y(”} o £ N Zay )} 2 (69)

1=
under the assumption that {N )}>0 and {Za,y (t)} (>0 are independent.
Proof Let G(u,t) := fo’zo u"p(n;t) = e Mu=D "+ > ( be the well-known prob-

ability generating function of the Poisson process N, with parameter A, then, as a
consequence of (69), we can write that

o
G N (Z,,) (U, 1) = /0 e MU £y (2,0d2 = By 1y ay o (A1 —0)1°17)
(70)
fort > 0, [u] < 1, where again fy , (x,t) := P(Z4,, (t) € dx). It follows from the

preliminary result at the beginning of this section that the function in (70) satisfies Eq.
(31) with k = A(1 — u) and initial condition G/\/(Za,y)(% 0)=1,i.e.,

DI Gz, ) U 1) + 2G Nz, ) U, 1) — MG Nz, )W, 1) =0,
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which coincides with Eq. (68), after multiplying the latter by «”, adding over n =
0, 1, ... and considering that p(—1,¢) = 0. O

This result generalizes, to the case y # 0, the well-known time-change representation
of the fractional Poisson process, i.e., Ny := {Ny(D)};>0, as No(t) = N (Lo (1)),
t > 0, where L,(¢) is the inverse of an independent «-stable subordinator Ay (¢),
t > 0 (see [30]).

As a consequence of (69), we can evaluate the mean and variance of ./\/OE),, by
recalling the following general result given in [26], for a time-changed Lévy process.

Lemma3 ([26]) Let X := {X(¢)};>( be a homogeneous Lévy process, starting from O
andletY := {Y(t)};>( be an independent non-decreasing process. If ux :=EX(1) <
00, 0}2( = VarX (1) <00, and EY"(t) < oo, r=1,2,...,andt > 0, then

EX(Y (1)) = nxEY (1),

Cov [X(Y (1)), X(Y (5))] = 63EY (s A1) + uJCov[Y(5), Y(O.  (71)

Corollary 2 For the process /\/'aL’y, we have that

Al (y +1)

ENLY (1) = aand 72
ar Fla+y+1) 72
and
AL (y +1) M2y +1) 5
VarNE (1) = ety Ag 12tV 73
ay () Fa+y+1) MNa+y+n- %7 (73)
where

1.

s ._10—0[oz(n+1)+)/+(2y+n~|—1)(oz+y+n)_
oy ol (@+y+n)(a+2y +n+1)

Proof The expected value follows by simple calculations, by recalling that Z, ,, () 4
oty Zy,y, with Zy ,, as in (43) and that for a Beta r.v.’s B(a, b) it is EB(a, b) =

a/(a+b). As far as the variance is concerned, by (71), for s = ¢, by the independence

2

of the Beta r.v.’s and recalling that EB? (a, b) = (aj»_b)z [m + 1], we can write

E|22,0]=RPEZ,

— 2aty) I’y +1 ﬁ()’+n+l)2EB2<a+y+n l—oz)
Me+y+0, @ +at+n? aty ‘a+y)’
so that (73) follows after some algebraic calculations. ]

Remark 6 Formula (72) coincides, in the case & + y < 1, with the result obtained in
[23], by a different method. Moreover, in the special case y = 0, we can check that
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the variance given in (73) coincides with the variance of the fractional Poisson process
obtained in [26], i.e.,

VarN, (1) =

ALY N 222 [F(a)F(oz+l)_1i|
T'a+1) TI*a+1) I'Qa) ’

by recalling the well-known infinite product representation of Gamma functions’ ratio

ro)r®) - r'bm) _ ﬁ (@ +n)az +n)---(am+n)
Flanl(a)---law) o (br+n)ba+n)---(by +n)

form e N,a, e R,and b, # 0, —1, -2, ..., for any n > O (see, for example, [14]).
Finally, we note that, as an easy consequence of Eq. (71), any Poisson process
time-changed by a non-decreasing process is overdispersed since

VarX (Y (1)) = 02EY (1) + pu3 VarY (1) = uxEY (t) 4+ u% VarY (1)
=EX(Y (1)) + pu3 VarY (¢).

Thus, also in this case, we have that VarNg;y (1) > ENo]Zy (t), forany ¢ > 0.

4 A Second-Order Equation Involving ’Dia’y)

We now consider the following fractional second-order equation

2
(D}“’y)) O +aD f(t) +bf(1) =0, >0, (74)

where @ € (0,1),a +y > 0, and a, b € RT. It generalizes the equation satisfied
by the characteristic function of the fractional telegraph process, which is obtained
in the special case y = 0 (see [32, 38], where non-sequential versions of fractional
telegraph equation have been studied). Here, we are interested in (74) as a second-
order renewal-type equation, governing the survival probability of interarrival times,
under particular choices of a and b.

Preliminary results We will seek solutions to Eq. (74) using the form described in
(32).

Theorem5 Leta € (0,1), a +y > 0 and let

a a? a a?
=== ]——=> d == — —b. 75
m =3 \ 7 and 2+‘/ 7 (75)

Then, for b # (a/2)?, the solution to Eq. (74) is given by
f®) =K Ea,]+y/a,y/a (—mt‘”y) + K> Eot,ler/a,y/ot (_772ta+y) s (76)

@ Springer



Journal of Theoretical Probability (2026) 39:22 Page230f38 22

for K1, K> real constants ifa* /4 > b or complex constants with K1 = K3 ifa®/4 < b,
while, for b = (a/2)?, it is instead equal to

1
£ = K| Ba 1y oy o (/004 ) + KtV ED, Ly (—(@/2)177)
(77)
where we used the notation in Eq. (6) and K i, Ké are real constants.

Proof We start by considering the case b # (a/2)? (i.e., for n; # n2): the term
DY) £(1) is given by Eq. (35) and
2 o0
(D7) £ = Y fusaln+2) x (0 DI 1@,

n=0

which in Eq. (74) gives the recurrence relation

frz=—D g, - f
n+ agy Jn+l
227 " 2 < s e
Using this recurrence relation, we obtain
Un(—a, —b) (=b)Up—1(—a, —b)
" ety =2 R
fn [n!]g_'_y [ ]0{ fl + [n!]g+y fOs n I 37 (78)

where U, (—a, —b) is given by

L D21y ‘ ‘
Up(—a,=b)= Y ( : )(—a)"—1—2f<—b>f,

j=0 /

where |-| denotes the floor function and n = 1, 2, 3, ... Note that Eq. (78) also holds
for n = 1 if we define Uy(—a, —b) = 0. Thus, we can identify U, (—a, —b) with the
bivariate Fibonacci polynomials u, (x, y) defined in Eq. (26).

The solution f(-) can be written therefore as

a+t+y\n
f(t)=fo[ £30 Furca T Y }

n=2 ']OH_V (79)
[—I]a+V /_ btot-l-)/ ( /_ tOH—}/)n
+ \/__bf1|: e+ +2F(_/' b — et :|’

where we used Eq. (29). This expression can be simplified using some results from the
Fibonacci polynomials. Using Eq. (23) for F;,—1(—a/+/—b) in Eq. (79) and defining
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K; and K> as
fo=Ki+ K>,

1o+ (80)
[j__ﬁ—u(awfﬁKrmmahfﬁKb

where & and v are defined in Eq. (25), we obtain, after some simplifications,

brotvyn
f([)_KIZ[M( a/d_)]”(\/_] +KZZ[( a/J_)'l(*/_t ”

[n12 Y
n=0 n=0 @

oty

where we recall the definition [0!], " © = 1. Furthermore, from Eq. (25), we have

uwwﬁwf=%+avewmw7=;—m

Q= (7) —b. (81)

2+ )ty o [(—a/2 — 2)ret7
Z[( a/2+ )t ]+K22[( al S

e ™ et

where we define

Then

f@) =

n=0

Note that these two solutions are of the same form of Eq. (37), so that Formula (76)
follows.

We must study separately the case where b = (a/2)?, so that £2 = 0, by solving,
after factorization of the left-hand side of Eq. (74), the following system of equations:

DY) £(1) + (a/2) f (1) = g(1).

From the first equation we have that g(t) = g0 Ea, 14y /0,y /« (—(a/2)t°‘+7’), which,
inserted into the second one, gives

:Dﬁ”an-%w/mga>=o,

> o 0 nnilatyn
aty ety 4 ¢ (a+y)n _ (—a/2)"t
E Sforrn+ 1177t +3 E St =g0 E —[n!ﬁ” ,

n=0 n=0 n=0

by recalling (35) and (36). Thus, we have that

_a _fu (=a/2)"go _ ( a\"+l fo
o1 = — ( 2) —[(n

2+ 1057 [+ DU Dty
ayn _go(n+ 1)
+(2) Ty o
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forn=0,1,2,...,and

o]
FO) = fot Y fuprt@H0D

n=0
n+l  platy) e+ ° axn go(n + Dr@tne+h
_f0+f02(2) OH-)/+Z 5) aty
=~ [+ DT = [+ DI
00 n(n+ l)t(aJr)/)n
= foBareyapa (<a/20°) + g0t 3 (=5) T
"e0 [(n+ D!e
which, by recalling Eq. (6), coincides with (77). O

Particular Case When y = 0, we have
F() = Ky Eq ((—a/2+ 2)1°) + K> Eq ((—a/2 — 2)1°).
where E (+) is the Mittag—Leffler function, which coincides with Eq. (2.7) in [32].

4.1 Second-Order Renewal Models

We now define two alternative renewal processes, by means of the second-order equa-
tion (74), by considering the two possible cases analyzed in Theorem 5, i.e., for
b= (a/2)? and b # (a/2)>.

4.1.1 Case b = (a/2)?

Let us consider a = 2A and b = A2, for A > 0, which corresponds to the second case
analyzed in Theorem 5.

Definition2 Leta € (0, 1), +y > 0,andlet N, = {JT/a,y(t)}po be the renewal

process whose interarrival times have survival probability P(U(a’w > t) satisfying
@n)? (@) 2 i
D J@O 422D f(0) + A7 f(1) =0, (82)

for ¢t > 0, A > 0, and under the conditions f(0) = 1 and Dl(a’y) f() 0= 0.
t=

Corollary 3 The survival probability of the interarrival times N, a,y 18 given by

o
PO > 1) = Battyjaysa (~1%7) = 3 e j(=u)i, 120, (83)
j=1
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Proof We can derive (83) directly from Eq. (77) (with @ = 2A and b = A2), by
differentiating and verifying that (83) satisfies Eq. (82) under the conditions f(0) = 1

and (DE“’”) f(t)‘ | = 0. Indeed the first initial condition implies that K| = 1.
1=

while from the second one, we get K é = ), since

CROECAN

= (D7) Batty ey a (<3177

t=0

+K2< D V)) fety ZC j <_M(0t+y)>j

—1
t=0

K, o , ,
= 2Bty oy o (2| o = TZ Yo cii=n (DEOW)) 1)
Jj=1

=0
K/ o .
_u K e i(= wyle@nu=n r+y)j+h
b F{(l@a+y)j—a+1Dl—o
= —)\, 2 = O’
by considering (38) and (30) for the first and second term, respectively.
The convergence of the series in (83) can be proved by considering that
N N N By (R e VR A
I—oo | (I — D)cj—1 I—oo|(@+y)I—DI{(y +a))) ’
and applying Gautschi’s inequality (54), witho = ¢ and x = (y + @)l — «. O

Stochastic Representation Analogously to the representation of the first renewal
model, by recalling Remark 3, the following equality in distribution holds for the
second-order renewal process

oo
Ve d
Nay® =) 0l oz 40 120, (84)

n=0

where En = E,/(n, for E;, = max{Uﬁ V),...,Ufla')/)}, n=12,...and k, =

inf{k IS N:E;C >E;}H},n =2,3,...,withk; = 1.
Alternative (Non-renewal) Approach On the other hand, we can generalize the process
N, 0];), studied in the previous section (see Theorem 4), by introducing the second-order

term in Eq. (68). As we will see, this generalized process shares with , a,y the waiting
time of the first event and its probability generating function satisfies Eq. (82); however,
the two processes are not equal in distribution, as it occurred in the first-order case.
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Theorem 6 Leta € (0, 1), o + y > 0, then the solution to the following equation
D2 pn; 1) + 22D p(ns 1) + A2 (p(n; 1) — p(r — 1;0) =0, (85)
with initial conditions
p(;0) = 8o(m), D pn: t)‘tzo =0, n=0.1,...
reads

aetr)?
—L PN ( (2n) +
pa,y(n, = 2n)! o, 14y /o,y [ (_Ma V)

2n+1
(kta+y) " (2n+1) (_)\thry)
(21’1 + 1)' o, 14y /o,y /a

= py,@nit)+ py,Qn+1;1) (86)
forn € No, t > 0, where {p};y(n; t)] o is the p.m.f. of./\/g;y given in (5) (see
. . .
Theorem 4).

Proof In order to solve Eq. (85), we first multiply both terms by u” and add over
n=0,1,...,sothat we get

o o0 o0
(DEOW))2 Z u p(n;t) + ZADt(a’y) Z W p(n; t) + 22 Z u(pn;t) — p(n—1;1)) =0,
n=0 n=0 n=0
where the sums converge for |u| < 1. Then, the generating function solves the fol-
lowing equation

D *"YV2G(u, t) + 22D G (u, t) + 221 — u)G (u, 1) =0, (87)

with G (u, 0) = 1. We now consider the solution to Eq. (74), fora = 2A,b = A2(1—u)
and we denote, for brevity, n; = 5 — £2 and 2 = § + 2. Thus, by recalling (81),
we have that n; = A(1 — +/u) and n, = A(1 + \/u) and the solution to (87) can be
obtained from (76) as follows:

Gu,1) = K1 Eq 14y /0,y /a (—111*T") + K2 Eq 14y /0,y ja (—m2t*TY) . (88)

Indeed, the constants K| := {"—j; and K, = ‘éﬁ\/_ﬁl, u # 0, satisfy (80) with
fo = land fi = Kin1 + Kany = 0, which are equivalent to G(#,0) = 1 and
D,(a’V)G(u, =0 = 0 (for u # 0), respectively. The latter is satisfied since, by

recalling (86) and (68), we have that
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o0 oo
DIV Gu ) = Y u" D Py, () = Y u'ply, 2n—1.1)
n=0 n=l

o0
—AY u"ph,@n+1.1), (89)

which vanishes for + = 0 by the initial condition.
We can rewrite (88) as

f‘*’l o n u_l . o n
Gu, 1) = D en(=2(1 = VY 4 eV X_jcn(—x<1+ﬁ>z )

f n=0
—|:f+12(kffa+y) +

Z( Iut " }
Z(_)‘taer)l (l —Z n)cl+n-
=0

If we take into account that

o
[ + n)!
atyni € ) ety
Z( At ) ————Cl4n = Ea,l+y/<x,y/a( At )’
1=0 :
we have
G(u,t)
Va1 E 3 (A[t"‘”)” Vi =1 Z (= Aft“”) ) (—are+7)
= 2\/, 2[ ] o, 1+y/a,y/a
n=0 n=0
Ju+1 Z (AJut®*v)m e (—aa@*7)
= Zﬁ (2}1)' o, 1+y/a,y/a
n=0
o OV iy ey
. (2n+ 1)' o, 1+y/a,y/a
n=
Vi =1 [ (A /ut?)2 o aty
BN 2 @l Fatryjmrse ()
n=0
o] 2n+1
(—Aa/ut®tr)zn @n+1) +
tL G Barra ()
+¥\2 +y3\2n+1
_ Z (A*Tv)e" (2;11) (_Maﬂ/) + M (2’11‘*'1) (—At“+7)
Tany Cady/ay/a @n+ 1)1 elty/ey/e

n=0

and Formula (86) follows.
The initial condition Dl(a’y) p(0, t)‘ = 0 is satisfied, as can be checked by
=
considering Eq. (89), for t = 0 and for u = 0. O
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Remark 7 Asaconsequence of the previous theorem, itis evident from Eq. (86) that the

solution to Eq. (85) can be interpreted as the p.m.f. of a process /T/'i: y = HN{; y () } o
: , >

that jumps upward at the even-order events of NOE},, while the probability of the
successive odd-indexed events is added to that of the previous ones.
On the other hand, by recalling Definition 2 and considering Eq. (87) with u = 0,

we can see that ﬁb,y 0,1) =GO, = P(U(Q'y) > t). However, although they share

the first interarrival time distribution, it can be proved that {ﬁ{; y (n; t)} N does not
’ nelNy

coincide with the p.m.f. of the renewal process ./\_/'a,y defined in Definition 2, as a
consequence of Remark 2.

The expected value of the process N E’y can be obtained from the probability
generating function (88), as follows:

AT Ly +1)
2 I'y+a+1)

— L d 1 ad Fy\n
ENgy® = -G D=1 = +Z;cn (—2arty",

(90)

for ¢, given in (52). In the special case where y = 0, we obtain from (90) the result
given in [7, Eq. (3.25)].

4.1.2 Case b # (a/2)?

We now consider the following model that can be defined starting from the first case
analyzed in Theorem 5, i.e., for b # (a/2)?. In order to have real and positive constants
K1 and K; and a well-defined survival probability for the interarrival times, we assume
hereafter that 0 < b < a?/4.

Definition3 Leta € (0, 1), +y > 0, and let/\Afa,y = [/\A/a,y(t)} 0be the renewal
>

process whose interarrival times have survival probability PO@) > 1) satisfying
2
(D) 0 +a D f@) +bf @) =0, 10, o1

for 0 < b < a?/4, and under the conditions f(0) = 1 and D"’ £(¢) =k
=
with A € (1, n2), for n1 and n, given in (75).

It is a straightforward consequence of Theorem 5 that the survival probability of the
interarrival times is equal to

PO > 1) = K Eatyyjay/a (~mt“™) + (1= K) Eatty/ay/a (~1201).

92)
and K belongs to (0, 1), as a consequence of the assumptions on a, b, and A. Indeed,
the initial condition f(0) = 1 implies that K1 + K = 1 in (76), while, by considering
(31), we get, from the other initial condition, that
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DV PO@?) > 1) = Km == Km =1 <0, (93)

for A € (n1, m2).

Therefore, Formula (92) gives a proper survival function since it is a non-negative,
decreasing function tending to zero as t — 00, as a linear combination of functions
enjoying these properties.

Stochastic Representation As a consequence of (92), we have that the density function
of the interarrival times U *) is given by Jo@n () = Kfu,;ﬁ"” )+ —K)fU%,y) (),

where U,gx’y) is the interarrival time of J\fa,y, with parameter n;, fori = 1, 2.
Moreover, the expected value reads EU*? = KEUy;” 4 (1 — K)EU,;” and thus
displays the same behavior of all the other cases, being infinite, for « + y < 1, and
finite otherwise.
Alternative (Non-renewal) Approach Analogous to the previous sub-section, we con-
sider the second-order generalization of Eq. (68) with generating function of the
solution satisfying (91), under the assumption that 0 < b < a?/4. In this case,
we introduce also a second-order difference operator (acting on n), i.e., A2, where
Au(n) == um) —u(n —1).

Theorem 7 The solution to the following equation
(D) pay (13 1) + aD Apey (n: 1) + bA pey (n:1) =0, (94)

with initial conditions py ,(n; 0) = §o(n), n € No, t > 0, and
D;a!y) po{,y(o; t)‘t*() = —A, Dga’y) pOl,V(n; t)‘t*O =0, n=12,...

reads

+y\"
L ()" +
Doy (s t) = K—n! Ea,1+y/ot,)//a (—mt"‘ 7’)

ta+y)" ")

E® a+

a K) n! a,l—i—y/a,y/ot( nat )/)

(95)

forn € Ng, t > 0.

Proof We multiply Eq. (94) by u”" and add over n = 0, 1,..., so that we get the
following equation, for the probability generating function:

DP*"N2 G, 1) +a(l —w)D" Gu, t) + b(1 — u)> Gu, t) =0,

with G(u,0) = 1 and Dt(a’y) G(u, t)’ o = —A\, which coincides with (91), foru = 0,
=l
and is satisfied by

Gu,t) =K Ea,ler/a,y/ot (_771(1 - u)tOH_y)
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+(1-K) Ea,l+y/oz,y/a (_772(1 — I/t)laer) .

Remark 8 It is evident by (95) that the following relationship holds

P, ity = Kp&  (mi)+ (1 — K)ps (mt), neNo, 120,  (96)

where poLt:y (n; t) and poI;”y (n; t) represent the p.m.f. of /\/}’y, with parameters n; and
12, respectively.

A Analysis of the Solution of Eq. (31)

In order to prove the convergence and uniqueness of the solution (37) of Eq. (31), we
will use the following:

Lemma4 There exists N € N such that for all n > N the coefficients in the series
(37) satisfy

1 217 \" 1
e = <(a + yw) [(n = DI oD
where Cy , is a constant depending ona € (0, 1) anda +y > 0.
Proof Let us recall Gautschi’s inequality
e EI TR 98)
where x > 0 and o € (0, 1). From it, we obtain
r 1+1/x)1°
I'(x (—)Ic—)a) = o x/f’x) ' ©9)
Using this in (33) and (34), we have
| -«
I [+ e ) (100)

< .
[netr = L[l [1+y+Gk-D@+p]”

Firstly, let us analyze the numerator on the RHS of (100). Since y > —1, we have
Il+y+(k—D@+y) >0fork =1,2,... However, it is possible that for some
small values of k, we have y + (k — 1)(¢ +y) < 0. Let N = N(«, y) be the greatest
integer such that y 4+ (k — 1)(a + y) < 0. Then, we can write, forn > N,

n 1 11—«
H[1+1+y+<k—1)(a+y>]

k=1
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n 1 1—«
—c ] [1 + ] ,
hN I+y+Gk—-Da+y)

where

) 1 l—a
= 1 .
ar 1[ +1+y+<k—1>(oe+y>]

Fork > N,wehave 1 +y + (k — 1)(¢ + y) > 1 and then

k=N+1 k=N+1
So we have
n 1 11—« 5
1+ —c@ 2"(1—0)’
11:[1[ 1+J/+(k—1)(0t+7/)] o’
where

c) =27 Nl

On the other hand, for the denominator of (100), we have

14+y

]_[[1+y+(k—1)(a+y)]“:(a+y)"“]_[[(k—1)+ } :

k=1 k=1 a4y

Since y > —l and o + y > 0, we have

1 o 1 a 1 o
[T0+7 + &= Di@+9)] :(a+y)"°‘( +”) [(k—l)+ﬂ}
k=1 at+v/) a+y
z(a+y>"“<1+y> *k—1)
a+y 2
1 o
z(a+y)"°‘< ”) [(n — D)7
a+y

Finally, using Eqgs. (104) and (107) in Eq. (100), we obtain Eq. (97) with

1+ Y ¢ )
o= (122 et
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(102)

(103)

(104)

(105)

(106)

(107)

(108)



Journal of Theoretical Probability (2026) 39:22 Page330f38 22

Let us consider f(¢) in Eq. (37) and define a, () as

(—iet® 7y

[n1le™ e

ay(t) =

Consider an arbitrary 7 > 0. Then for 0 < ¢ < T and using Eq. (97), we have

«T@F)ol—a\" 1
nl<cC = M,. 110
la, ()] < a,y @+ ) (11— )] n ( )
But the series ) .~ | M, converges since
o My . kT@typl-e g
lim =lm ———— =0. (111)
n—oo M, n—oo (o + y)a ne

Then, the series in Eq. (37) converges uniformly and absolutely.

In order to prove uniqueness, the usual procedure is to transform the differential
equation into an integral equation. For Eq. (31) with initial condition f(0) = fj, the
equivalent integral equation is [15]

f(t)—fo—m/ (t — )% 157 £ (s) ds. (112)

Although the uniqueness of solutions is already discussed in [15], we will discuss it
here using the result of Lemma 4. Let u(z) = | f1(¢) — f2(¢)|, where f1(¢) and f>(¢)
are two solutions of Eq. (112). Then,

t
u(t) < Kul(t) = %/0 (t — )% 157 u(s)ds. (113)
By iteration we have
u < Klul < K?u] < Ku] < - (114)

Let us assume the solutions are in the class of absolutely continuous functions and
denote

M—Omaxu(s) (115)
<5<t
Then, we have
r'y+1
K —_— — ) sV ds = oMty —2 = 2 116
[u](t)SF()/(t $)* 7 sV ds =k Mt Fa+y+D) (116)

where we use the definition of the Beta function to evaluate the integral. It is not
difficult to see, using again the Beta function that

1
u(t) < K'ul(t) = K"Mt"<“+y>m—a+y, n=12,.... (117)
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From Lemma 4 and the arbitrariness of 7, it follows that u(t) = 0.

Remark 9 The uniqueness of the solution of the second-order equation (74) with initial
conditions f(0) = fp and D,(a’y) £(0) = f; follows from its factorization as a system
of two first-order problems of the above kind, that is, D*"g(t) + w1g(t) = 0
with condition g(0) = f] + w2 fo and D" f(1) + uaf (1) = g(¢) with condition
f(0) = fo, where 1 + o = a and ujup = b in Eq. (74).

B Convergence of the KS’ Laplace Transform

In order to analyze the convergence of the integral along C, we will consider the limit
R — oo for the integral along (¢ — iR, ¢ + i R). However, since the integrand is
a holomorphic function in the entire plane except at the poles described above, we
deform, as usual, the line segment (c—i R, ¢+i R)) into the contour C, U C. U and C t,
where C, = (—iR, —e¢), C; = (¢,iR),and C. isthe arc {s € C||s| = ¢, —7/2 <
arg(s) < m/2} encircling the pole s = co from the right. Since we are only interested
in the issue of convergence, we only need to analyze the integrals along C; and Cj.

Writing s = R el? and using the Stirling formula for I" (z) and Eq. (14) for G(z; 7),
we have

log | (o +s/v)] =v ' cos6 RInR — v~ '[6sin6
+cosf(1 +Inv)|R+ (o6 —1/2)In R + O(1),

log|I' (o —s/v)| = —v ' cosd RInR + v '[0sin6 + cosH(1 + Inv)
—msin|f|]R+ (o0 —1/2)In R + O(1),

log|(A~ V7)™ = (— cosO1In [A""Vz| + sin® arg(z)) R, (118)

log |G (o +5/v; 7)| = (v_zAz(r, o) cos 29) R%log R
+ (u”Al(r, o) cos 9) Rlog R + Ao(z, o) log R + v =2 [Ba(z, o) cos 20

—Ax(t,0)(0sin 20 + Inv)] R?
+v7! [Bi(t,0)cos0 — Ai(t,0)(@sinf + cos6Inv)] R + O(1),

where
Ar(z,0) :
7,0) = —,
2 2T
o 1 1
A](T,U)Z——— 1+_ 5
T 2 T
meor=2 -2 (1) Dl
R )T a2

1 /3
By(t,0) = —— (E + logr> ,
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o o (3 1 1
Bl(r,a)=ﬂ—? 5+logr +§ 1+; (1 +logt)+log2m |.

Thus, we can write, for the integrand in Eq. (62), that

In

(k_l/”z)_s@(s) = CoRInR+C) R+ 0O(nR), (119)

with
Co = (1 - v_1a> cos (120)

and

C1 =cos6 [—ln A +v M a—v+14n (vr)]
(121)

+ sin 6 arg(z) + (v_la —1)fsinh — v 'z sin|6).

Let us see what happens with the integrals along C}' and Cj,. Along C}' we have
6 = m /2, and, from Eq. (119), we have

a—2
= |:arg () + (— — 1)
cr v

|: (2—a):| T
argz < [ 1+ -, (123)
v 2

(rl/”z) o)

In

SR

] R+ O(@ogR). (122)

Thus, if

the integral along C;er decays exponentially, as R — oo. On the other hand, along C,
we have 6 = —m /2, and so

a—2
e (5241
cr v

RQ—-a)ln
v 2’

(A—l/”z)_s O(s)

In

SRS

:| R+ O(ogR). (124)

Therefore, if

argz > — [1 + (125)

the integral along Cj; decays exponentially, as R — oo. Consequently, the integral
along C converges in the sector

(126)

|argz| < |:1+ (2;a):| T

5

Let us suppose 0 < a < 2; then (2 — a)/v > 0 and we conclude that Eq. (62)
converges for |arg z| < m /2, that is, for Rez > 0.
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