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Abstract. We de�ne a novel class of time-changed Pearson di�usions, termed stretched non-
local Pearson di�usions, where the stochastic time-change model has the Kilbas�Saigo function
as its Laplace transform. Moreover, we introduce a stretched variant of the Caputo fractional
derivative and prove that its eigenfunction is, in fact, the Kilbas�Saigo function. Furthermore,
we solve fractional Cauchy problems involving the generator of the Pearson di�usion and the
Fokker�Planck operator, providing both analytic and stochastic solutions, which connect the
newly de�ned process and fractional operator with the Kilbas�Saigo function. We also prove
that stretched non-local Pearson di�usions share the same limiting distributions as their stan-
dard counterparts. Finally, we investigate fractional hyperbolic Cauchy problems for Pearson
di�usions, which resemble time-fractional telegraph equations, and provide both analytical and
stochastic solutions. As a byproduct of our analysis, we derive a novel representation and an
asymptotic formula for the Kilbas�Saigo function with complex arguments, which, to the best of
our knowledge, are not currently available in the existing literature.

Keywords. Pearson di�usion, Kilbas-Saigo function, Caputo fractional derivative, Fractional
Cauchy problem, Fractional di�usion, Hyperbolic di�usion.
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1. Introduction

Pearson di�usions [19, 15, 23] are time-homogeneous Markov processes (Xt, t ≥ 0) with transition
density p(x, t; y) = ∂

∂xP (Xt ≤ x∣X0 = y) characterized by di�usion equations with polynomial
coe�cients. The function p(x, t) = ∫ p(x, t; y)f(y)dy satis�es the Fokker-Planck equation (also
known as the Kolmogorov forward equation)

∂p(x, t)

∂t
= L[p] = −

∂

∂x
[µ(x)p(x, t)] +

∂2

∂x2
[D(x)p(x, t)],

with the di�usion coe�cient
D(x) = d0 + d1x + d2x

2

and the drift
µ(x) = a0 + a1x,

and initial condition p(x,0) = δ(x − y). Here, L denotes Fokker-Planck operator. On the other
hand, the function

g(y, t) = ∫ p(x, t; y)g(x)dx (1)

1Corresponding author.
E-mail adresses: luisa.beghin@uniroma1.it (Luisa Beghin), LeonenkoN@cardi�.ac.uk (Nikolai Leonenko), ipa-
pic@mathos.hr (Ivan Papi¢), vaz@unicamp.br (Jayme Vaz).
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satis�es the Kolmogorov backward equation

∂g(y, t)

∂t
= G[g] = µ(y)

∂g(y, t)

∂y
+D(y)

∂2g(y, t)

∂y2
(2)

with the condition g(y,0) = g(y), where G is in�nitesimal generator of the corresponding di�usion
(see e.g. [17]).
In general, classical di�usion models rely on assumptions of Markovianity that are often violated

in complex systems exhibiting long-memory e�ects and non-local interactions. To address these
limitations, fractional calculus has become an increasingly important tool, introducing non-local
temporal dynamics through derivatives of non-integer order (for recent developments on this topic
see e.g. [1], [4], [14], [16], [31]).
In [19], the authors explore speci�c fractional di�usion model, so called Fractional Pearson

di�usions. These di�usions involve di�usion equations governed by a time-fractional di�usion
equation. Speci�cally, in place of (2), they investigated the equation

CD
(α)
t g = G[g], (3)

where CD
(α)
t is the Caputo fractional derivative of order α (see e.g. [24]) and G[g] is as in (2).

This leads to solutions expressible in terms of Mittag-Le�er functions ([8]), and corresponds to
time-changing the original di�usion by the inverse of a stable subordinator.
In this work, we extend the fractional Pearson di�usion framework by introducing a new class

of stochastic processes, termed stretched non-local Pearson di�usions, governed by a fractional
di�erential operator of the form

1

tγ CD
(α)
t ,

where γ is a stretching parameter. This operator, a time-stretched variant of the Caputo derivative,
leads to time evolutions involving Kilbas�Saigo function ([9]), which generalize the Mittag-Le�er
function and exhibit a broader range of decay behaviors and asymptotics. Moreover, the stochastic
solution is time-changed Pearson di�usion where time-change model is more general than the
inverse subordinator.
Conversely, hyperbolic di�usion equations play a crucial role when there is a necessity to es-

tablish a bounded propagation speed for di�usion phenomena. An example of such an equation
is the Cattaneo equation [11], which exhibits formal resemblance to the linear telegraph equation
([18]). Given this, it's natural to extend the results of [19] by incorporating the realm of hyper-
bolic di�usions. This broader perspective allows us to explore a wider range of possibilities and
mathematical techniques. Incorporating fractional time derivatives (or, more generally, non-local
temporal operators) into telegraph equations often results in signi�cantly improved model �tting
to empirical data compared to classical telegraph-type time operators (see [22], [26] and [27]).
Structure of the paper is as follow. In Section 2 we de�ne new fractional operator with stretch-

ing parameter γ which generalizes Caputo fractional derivative. We show that Kilbas-Saigo (KS)
function is eigenfunction for this newly de�ned operator. We explore bounds and asymptotic
behaviour for KS function for complex arguments. Moreover, we consider a second-order equation
involving this fractional operator which resembles time-part of telegraph equation and calculate
its solution in terms of Kilbas-Saigo function. Section 3 contains overview of Pearson di�usions
classi�cation together with their spectral properties which we use in the follow up sections. In
Section 4 we provide analytical solutions for fractional Cauchy problems with stretching involving
Pearson di�usions in terms of Kilbas-Saigo function. In Section 5 we consider general fractional
Cauchy problems with stretching, where time-part resembles fractional telegraph equation, while
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space part is driven by Pearson di�usion in�nitesimal parameters. Analytical solutions are written
in terms of Kilbas-Saigo function with complex arguments. Finally, Section 6 explores stochas-
tic representation results of analytical solutions of previous two sections. Appendix A contains
overview of properties of double gamma function which we extensively use in Section 2.

2. The Kilbas-Saigo function and the di�erential operator

D(α,γ)
t

De�nition 1. We de�ne the non-local di�erential operator D
(α,γ)
t as

D
(α,γ)
t f(t) ∶=

t−γ

Γ(1 − α) ∫
t

0

f ′(τ)

(t − τ)
α dτ = t

−γ
CD
(α)
t , (4)

where 0 < α < 1 is order of the Caputo fractional derivative CD
(α)
t and γ is an arbitrary nonnegative

real number, representing stretching parameter of time argument.

Remark 2.1. In what follows we will extensively use these Caputo-type derivatives of power law
functions, so let us recall that

CD
(α)
t tβ =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Γ(β + 1)

Γ(β − α + 1)
tβ−α, β ≠ 0,

0, β = 0,

and then

D
(α,γ)
t tβ =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Γ(β + 1)

Γ(β − α + 1)
tβ−(α+γ), β ≠ 0,

0, β = 0.

The Kilbas-Saigo function (see e.g. [9]), denoted by Ea,m,l(z), is de�ned as

Ea,m,l(z) =
∞
∑
n=0

cnz
n,

with

c0 = 1, cn =
n−1
∏
k=0

Γ[1 + a(km + l)]

Γ[1 + a(km + l + 1)]
, (5)

and where the parameters are such that a,m > 0 and l > −1/a. The KS function Ea,m,m−1(−x) is
monotonically decreasing for x ≥ 0 and satis�es [9]

1

1 + Γ(1 − a)x
≤ Ea,m,m−1(−x) ≤

1

1 +
Γ(1 + a(m − 1))

Γ(1 + am)
x

, (6)

where x ≥ 0 and a ∈ [0,1]. Moreover, the following asymptotic representation is valid:

Ea,m,l(−x) ∼
Γ(1 + a(l + 1 −m))

Γ(1 + a(l −m))x
, as x→∞, (7)

where a ∈ ⟨0,1⟩,m > 0, l >m − 1/a.
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In particular, for a ∈ ⟨0,1⟩ and m > 0:

1 −Ea,m,m−1(−x) ∼
Γ(1 + a(m − 1))

Γ(1 + am)x
, as x→ 0, (8)

Ea,m,m−1(−x) ∼
1

Γ(1 − a)x
, as x→∞. (9)

However, it turns out that our analysis will require similar asymptotics but for complex argument
x with positive real part. To the best of our knowledge such results are not available in literature,
and hopefully our results covers this gap.
In what follows we will make an extensive use of the double gamma function, since we will rewrite

the Kilbas-Saigo function using it and then use results from the double gamma function to obtain
asymptotic results for the Kilbas-Saigo function. The double gamma function is generalization of
the gamma function [6], but since it is not as well known as other functions, it is bene�cial to
recall its de�nition and main properties (see A).
In fact, KS function can be rewritten in terms of double gamma function. We can rewrite the

ck coe�cients in (5) using (A.3) in order to obtain:

ck =
G(φ + aτ ; τ)

G(φ; τ)

G(φ + k; τ)

G(φ + aτ + k; τ)
,

where
φ = (1 + al)τ (10)

and

τ =
1

am

for k = 1,2, . . .. Note that this expression also works for k = 0. Thus we can write

Ea,m,l(z) =
G(φ + aτ ; τ)

G(φ; τ)

∞
∑
n=0

G(φ + n; τ)

G(φ + aτ + n; τ)
zn. (11)

Next theorem provides Mellin-Barnes type representation for KS function which is needed for the
following asymptotic result.

Theorem 2.2. Let z ∈ C be such that Re(z) > 0. Then the following formula is valid and integral
on the right-hand side is convergent for any such z:

Ea,m,l(−z) =
1

2πi

G(φ + aτ ; τ)

G(φ; τ) ∫
C

Γ(s)Γ(1 − s)G(φ − s; τ)

G(φ + aτ − s; τ)
z−s ds, (12)

with τ = 1/(am) > 0.

Proof. Due to the gamma functions in the numerator, the integrand has poles at s = −n (n =
0,1,2, . . .) from Γ(s) and at s = n + 1 (n = 0,1,2, . . .) from Γ(1 − s). Since the double gamma
function is entire, the other poles of the integrand come from the zeros of G(φ + aτ − s; τ) in the
denominator. The zeros from G(φ + aτ − s; τ) are located at s = φ + aτ + µτ + λ (λ,µ = 0,1,2, . . .).
We will choose the contour of integration C such that it separates the poles of Γ(s) from the
poles of Γ(1 − s) and 1/G(φ + aτ − s; τ). Thus C = (c − i∞, c + i∞) where 0 < c < ε where
ε =min[1, (1 + a(l + 1))τ].
In order to analyse the convergence of this integral, we will consider the limit N → ∞ for the

integral along (c−i(N+1/2), c+i(N+1/2)) (the dashed line segment in Figure 1). However, since the
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integrand is a holomorphic function in the entire plane except at the poles described above, as usual
we deform the line segment (c− i(N + 1/2), c+ i(N +1/2)) into the contour C−N ∪ Cϵ ∪ C

+
N , where

C−N = (−i(N + 1/2),−ϵ), C+N = (ϵ, i(N +1/2)) and Cϵ is the arc {s ∈ C ∣ ∣s∣ = ϵ,−π/2 ≤ arg(s) ≤ π/2}
encircling the pole s = 0 from the right (see Figure 1).

Res

Ims

ε−1 0−2⋯−N−(N+1)
Cϵ

C+N

C−N

c − i(N + 1/2)

c + i(N + 1/2)

CN N+1/2

Figure 1: Integration contour for (12).

Since the integral along the arc Cϵ vanishes for ϵ → 0, we only need to analyse the integrals
along C−N and C+N . We can write s ∈ C±N as s = R eiθ with ϵ ≤ R ≤ (N + 1/2) and θ = π/2 for s ∈ C+N
and θ = −π/2 for s ∈ C−N . Let us analyse

log ∣I(s)∣ = log ∣
Γ(s)Γ(1 − s)G(φ − s; τ)

G(φ + aτ − s; τ)
z−s∣ .

We have
log ∣z−s∣ = −R cos θ log ∣z∣ +R sin θ arg(z),

from Stirling formula,

log ∣Γ(s)∣ = (R cos θ −
1

2
) logR −R(θ sin θ + cos θ) + O(1),

log ∣Γ(1 − s)∣ = −(R cos θ −
1

2
) logR +R(θ sin θ − π sin ∣θ∣ + cos θ) + O(1),

and from (A.4),

log ∣G(1 + c − s; τ)∣ = (A2(τ, c) cos 2θ)R
2 logR − (A1(τ, c) cos θ)R logR

+A0(τ, c) logR + [B2(τ, c) cos 2θ −A2(τ, c) (θ sin 2θ − π sin 2∣θ∣)]R
2

− [B1(τ, c) cos θ −A1(τ, c) (θ sin θ − π sin ∣θ∣)]R +O(1),
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where

A2(τ, c) = a2(τ),

A1(τ, c) = 2(1 + c)a2(τ) + a1(τ),

A0(τ, c) = (1 + c)
2a2(τ) + (1 + c)a1(τ) + a0(τ),

B2(τ, c) = b2(τ),

B1(τ, c) = (1 + c)a2(τ) + 2(1 + c)b2(τ) + b1(τ).

Using these expressions in (2) we obtain

log ∣I(s)∣ =K2(τ, a)R logR +K1(τ, a)R +K0(τ, a) logR +O(1), (13)

where
K2(τ, a) = a cos θ,

K1(τ, a) = − cos θ log ∣z∣ + sin θ arg z − π sin ∣θ∣

− a(1 + log τ) cos θ − a (θ sin θ − π sin ∣θ∣) ,

K0(τ, a) =
a

2
[1 − τ (1 + a(2l + 1))].

Let us see what happens with the integrals along C+N and C−N . Along C
+
N we have θ = π/2, and

so

log ∣I(s)∣ ∣
C+N
= [arg z − π − a(

π

2
− π)]R +O(logR).

Thus if

arg z < (1 −
a

2
)π

the integral along C+N decays exponentially as N → ∞. On the other hand, along C−N we have
θ = −π/2, and so

log ∣I(s)∣ ∣
C−N
= [−arg z − π − a(

π

2
− π)]R +O(logR).

Thus if

arg z > −(1 −
a

2
)π

the integral along C−N decays exponentially as N → ∞. Consequently, the integral along C con-
verges in the sector

∣arg z∣ < (1 −
a

2
)π.

Since 0 < a < 1, we conclude that integral in (12) converges for Re z > 0.
Next, we prove the equality in (12). We will consider the closed contour C−N ∪ Cϵ ∪ C

+
N ∪ CN ,

where CN is the arc of radius N + 1/2 on the left half-plane illustrated in Figure 1. For s ∈ CN we
have cos θ < 0 and for the leading term in (13) we have

a cos θR logR < 0,

which implies that

lim
N→∞∫CN

Γ(s)Γ(1 − s)G(φ − s; τ)

G(φ + aτ − s; τ)
z−sds = 0.

6



Thus, from the residue theorem,

f(z) =
G(φ + aτ ; τ)

G(φ; τ)

∞
∑
n=0

Res
s=−n
[
Γ(s)Γ(1 − s)G(φ − s; τ)

G(φ + aτ − s; τ)
z−s, ]

that is,

f(z) =
G(φ + aτ ; τ)

G(φ + aτ − s; τ)

∞
∑
n=0

G(φ + n; τ)

G(φ + aτ + n; τ)
(−z)n,

which is the representation of Ea,m,l(−z) as in (11).
In conclusion, the Kilbas-Saigo function can be written as

Ea,m,l(−z) =
1

2πi

G(φ + aτ ; τ)

G(φ; τ) ∫
C

Γ(s)Γ(1 − s)G(φ − s; τ)

G(φ + aτ − s; τ)
z−s ds

with Re z > 0.

Theorem 2.3. For z ∈ C such that Re(z) > 0 the following asymptotic formula is valid:

Ea,m,l(−z) =
Γ(1 + a(l −m + 1))

Γ(1 + a(l −m))
z−1 +O(∣z∣−δ), as ∣z∣ → ∞,

where 0 < a < 1, m > 0, l >m − 1/a and 1 < δ ≤ 3/2.

Proof. For this matter we cannot use an arc on the right half-plane (as was done with an arc in
the left half-plane, as illustrated in Figure 1) because for this arc we would have cos θ > 0 and then
the leading term in the expansion in (13) would be

α cos θR logR > 0,

and consequently the integral along this arc would diverges for R →∞.
To choose another contour we �rst need to look at the relationship between the poles located to

the right of C. The �rst pole of Γ(1− s) is s = 1 and the �rst pole of G(φ+ aτ − s; τ) is s = φ+ aτ .
We will assume that

φ > 1.

Recalling eq.(10), this condition is equal to l > m − 1/a. Then it follows that the �rst pole of
1/G(φ + aτ − s; τ) is located to the right of the �rst pole of G(1 − s), that is,

φ + aτ > 1.

The second pole to the right of C is therefore min(φ + aτ,2). Let us denote by δ the midpoint
between these two poles, that is,

δ =
1

2
[1 +min(φ + aτ,2)] . (14)

Note that δ ∈ (1,3/2].
As an alternative contour we will consider the closed contour C = C0 ∪ C↑ ∪ C ′ ∪C↓ illustrated
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in Figure 2. The residue theorem gives

1

2πi

G(φ + aτ ; τ)

G(φ; τ) ∫
C

Γ(s)Γ(1 − s)G(φ − s; τ)

G(φ + aτ − s; τ)
z−s ds

=
G[(1 + a(l + 1))τ ; τ]

G[(1 + al)τ ; τ]

G[(1 + al)τ − 1; τ]

G[(1 + a(l + 1))τ − 1; τ]
z−1.

(15)

and using (A.2) with φ = (1 + al)τ and τ = 1/(am),

1

2πi

G(φ + aτ ; τ)

G(φ; τ) ∫
C

Γ(s)Γ(1 − s)G(φ − s; τ)

G(φ + aτ − s; τ)
z−s ds

=
Γ(1 + a(l −m + 1))

Γ(1 + a(l −m))
z−1.

(16)

Res

Ims

−1 10

C0 C ′

C↑

C↓

δ

−η0

η0

Figure 2: Integration contour for (15).

Let ξ = R cos θ and η = R sin θ. Let us analyse the behaviour of the integrals along C↑ and C↓ as
η → ±∞. From (13) we have for η → ±∞ that

log I(s) = η arg z − π∣η∣ − aη arctan
η

ξ
+ aπ∣η∣ + O(log ∣η∣).

Thus I(s) decays exponentially for η →∞ if

±arg z − π − a
π

2
+ aπ < 0

with the plus sign for the case η → ∞ and the minus sign for η → −∞. So the integrals along C↑
and C↓ vanishes for η → ±∞ if

∣arg z∣ < (1 −
a

2
)π

or
Re z > 0
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for 0 < a < 1.
Now we consider the integral along C ′ for η →∞. Let us denote it by J (δ), i.e.,

J (δ) = −
1

2πi

G(φ + aτ ; τ)

G(φ; τ) ∫

δ+i∞

δ−i∞

Γ(s)Γ(1 − s)G(φ − s; τ)

G(φ + aτ − s; τ)
z−s ds,

where we recall that δ ∈ (1,3/2]. Taking s = δ + iη and changing the integration variable to η we
can write

∣J (δ)∣ ≤
∣z∣−δ

2π

∣G(φ + aτ ; τ)∣

∣G(φ; τ)∣ ∫
∞

−∞

π

∣ sinπ(δ + iη)∣

∣G(φ − δ − iη; τ)∣

∣G(φ + aτ − δ − iη; τ)∣
dη,

where we used Euler's re�ection formula. Since

∣ sinπ(δ + iη)∣ ≥ ∣ sinπδ∣ coshπη

we can write

∣J (δ)∣ ≤
∣z∣−δ

2∣ sinπδ∣

∣G(φ + aτ ; τ)∣

∣G(φ; τ)∣ ∫
∞

−∞

1

coshπη

∣G(φ − δ − iη; τ)∣

∣G(φ + aτ − δ − iη; τ)∣
dη. (17)

Next we need an expression for the quotient of the double gamma functions in (17). Using (A.1)
we obtain

∣G(x + iy; τ)∣ = ∣G(x; τ)∣ e
[− b̃(τ)y2

2τ2
]
Θ0(x, y)

∞
∏
m=1

Θm(x, y) e
[− y2

2
ψ′(mτ)]

, (18)

where we de�ned

Θm(x, y) =

¿
Á
ÁÀ

∞
∏
k=0
[1 +

y2

(x +mτ + k)2
],

and we have used

∣Γ(x + iy)∣ =
∣Γ(x)∣

Θ0(x, y)
,

which follows from Weierstrass' de�nition of the gamma function. Using (18) we have

∣G(φ − δ − iη; τ)∣

∣G(φ + aτ − δ − iη; τ)∣
=
∣G(φ − δ; τ)∣

∣G(φ + aτ − δ; τ)∣

⋅
∞
∏
m=0

Θm(φ − δ, η)

Θm(φ + aτ − δ, η)
.

Recalling that a < 1 we have

Θm(φ + aτ − δ, η) =

¿
Á
ÁÀ

∞
∏
k=0
[1 +

η2

(φ − δ + aτ +mτ + k)2
]

≥

¿
Á
ÁÀ

∞
∏
k=0
[1 +

η2

(φ − δ + (m + 1)τ + k)2
]

= Θm+1(φ − δ, η)

9



So we can write

∞
∏
m=0

Θm(φ − δ, η)

Θm(φ + aτ − δ, η)
= lim
N→∞

Θ0(φ − δ, η)Θ1(φ − δ, η)⋯ΘN(φ − δ, η)

Θ0(φ + aτ − δ, η)Θ1(φ + aτ − δ, η)⋯ΘN(φ + aτ − δ, η)

≤ lim
N→∞

Θ0(φ − δ; η)

ΘN(φ − δ; η)
= Θ0(φ − δ; η).

Thus we have
∣G(φ − δ − iη; τ)∣

∣G(φ + aτ − δ − iη; τ)∣
≤
∣G(φ − δ; τ)∣

∣G(φ + aτ − δ; τ)∣
Θ0(φ − δ, η).

Returning to (17), we have

∣J (δ)∣ ≤
∣z∣−δ

2∣ sinπδ∣

∣G(φ + aτ ; τ)∣

∣G(φ; τ)∣

∣G(φ − δ; τ)∣

∣G(φ + aτ − δ; τ)∣ ∫
∞

−∞

1

coshπη
Θ0(φ − δ, η)dη. (19)

Since δ ≤ 3/2 and φ > 0 (recall that l > −1/a and τ > 0), we have

φ − δ ≥ −
3

2
.

So we have

Θ0(φ − δ, η) ≤

¿
Á
ÁÀ

∞
∏
k=0
[1 +

η2

(−3/2 + k)2
] =
√
(1 + 4η2/9) (1 + 4η2) coshπη,

where we have used the Euler's hyperbolic product formula [29]

∞
∏
k=0
[1 +

η2

(1/2 + k)2
] = coshπη.

So from (19) we have
∣J (δ)∣ ≤Kδ ∣z∣

−δ,

where

Kδ =
1.96976

∣ sinπδ∣

∣G(φ + aτ ; τ)∣

∣G(φ; τ)∣

∣G(φ − δ; τ)∣

∣G(φ + aτ − δ; τ)∣

where the improper integral has been numerically evaluated using Mathematica 14,

∫

∞

−∞

√
(1 + 4η2/9) (1 + 4η2)

coshπη
dη = 3.93953.

Finally from (16) we conclude that

Ea,m,l(−z) =
Γ(1 + a(l −m + 1))

Γ(1 + a(l −m))
z−1 +O(∣z∣−δ)

for Re z > 0 and with δ ∈ (1,3/2] given by (14).

Therefore, asymptotic formula (7) is still valid for complex numbers, as long as its real part is
strictly positive.
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In next two subsections we explore the connection between newly de�ned fractional derivative
and KS function. In fact, we show that KS function is eigenfunction for this operator.

Remark 2.4. Notice that the borderline case l = m − 1/α is not included in the statement of
the last theorem. In fact, this case results in di�erent asymptotic behaviour. In order to see
this, notice that the residue given by (16) in this case equals zero, necessitating an examination
of the contribution from the next pole, which is min(φ + ατ,2). For l = m − 1/α, it reduces to
min(1 + 1/m,2). Therefore, the asymptotic behaviour in this case is of the form Kz−min(1+1/m,2),
where the constant K depends on the parameters α and m. We also observe in this case that when
m = 1 the poles at s = 1+1/m and s = 2 coincide, which suggests that s = 2 might be a pole of order
2, and therefore it would be necessary to recalculate the residue. However, s = 2 is a zero of the
function G(φ − s; τ) = G(1 − s; τ) in the numerator, and so s = 2 is a simple pole.

2.1. A �rst-order equation involving D(α,γ)
t

and the KS function

Consider the fractional di�erential equation

D
(α,γ)
t f(t) + κf(t) = 0. (20)

This equation can be used as a model for anomalous relaxation [13, 12]. We will look for solutions
of (20) of the form

f(t) =
∞
∑
n=0

fnt
(α+γ)n. (21)

Let us introduce the compact notation

[n]βα =
Γ(βn + 1)

Γ(βn − α + 1)

with
[n1 × n2 ×⋯ × nk]

β
α = [n1]

β
α[n2]

β
α⋯[nk]

β
α

and
[n!]βα = [n × (n − 1) ×⋯ × 1]

β
α.

Thus we have

(D
(α,γ)
t ) f(t) =

∞
∑
n=0

fn+1[n + 1]
α+γ
α t(α+γ)n (22)

and from (20),
fn+1[n + 1]

α+γ
α + κfn = 0, n = 0,1,2, . . .

Thus the solution is

f(t) =
∞
∑
n=0

(−κtα+γ)n

[n!]α+γα
f0,

where we de�ned [0!]α+γα = 1. This corresponds to a KS function with

a = α, m = 1 +
γ

α
, l =

γ

α
,

that is,
f(t) = f0 Eα,1+γ/α,γ/α (−κt

α+γ) , (23)

where f0 is arbitrary. For simplicity we will assume f0 = 1.
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Remark 2.5. When γ = 0 we have D
(α,γ)
t = CD

(α)
t and

[n]α+γα = [n]αα =
Γ(αn + 1)

Γ(α(n − 1) + 1)
,

so that

[n!]αα =
Γ(αn + 1)

Γ(1)
.

Thus

Eα,1,0 (−κt
α) =

∞
∑
n=0

(−κtα)n

Γ(αn + 1)
= Eα(−κt

α),

where Eα(⋅) is the Mittag-Le�er function (see [8]).

Remark 2.6. These observations show that KS function Eα,1+γ/α,γ/α (−κtα+γ) is an eigenfunction

for the non-local di�erential operator D
(α,γ)
t . This is in accordance with the fact that Mittag-Le�er

function Eα(−κtα) is an eigenfunction for Caputo fractional derivative CD
(α)
t and exponential

function exp(−κt) is eigenfunction for standard �rst-order di�erential operator d
dt .

Therefore, KS function and the operator D
(α,γ)
t provide the right tool for generalising results

regarding fractional processes involving Caputo fractional derivative.
In fact, results from [19] can be fully extended with this approach, by replacing Caputo frac-

tional derivative with the proposed operator D
(α,γ)
t . This leads to more general fractional Pearson

di�usions with more general time change model. We will refer to this new model as stretched
non-local Pearson di�usion. By this we emphasize the role of the new stretching parameter γ. By
setting γ = 0 we recover results from [19].

2.2. A second-order equation involving D(α,γ)
t

and the KS function

Consider the fractional di�erential equation

(D
(α,γ)
t )

2
f(t) + a (D

(α,γ)
t ) f(t) + bf(t) = 0, (24)

where a and b are constants. The case γ = 0 and α = 1 is related to the usual time part of telegraph
equation (for details see [18]).
We will seek solutions to equation (24) using the form described in equation (21). The term

(D
(α,γ)
t ) f(t) is given by (22) and

(D
(α,γ)
t )

2
f(t) =

∞
∑
n=0

fn+2[(n + 2) × (n + 1)]
α+γ
α t(α+γ)n,

which in (24) gives the recurrence relation

fn+2 =
(−a)

[n + 2]α+γα
fn+1 +

(−b)

[(n + 2) × (n + 1)]α+γα
fn.

Using this recurrence relation we obtain

fn =
Un(−a,−b)

[n!]α+γα
[1]α+γα f1 +

(−b)Un−1(−a,−b)

[n!]α+γα
f0, n = 2,3, . . . (25)

12



where Un(−a,−b) is given by

Un(−a,−b) =
⌊(n−1)/2⌋

∑
j=0

(
n − 1 − j

j
)(−a)n−1−2j(−b)j,

and ⌊⋅⌋ denotes the �oor function and n = 1,2,3, . . .. Note that (25) also holds for n = 1 if we
de�ne U0(−a,−b) = 0.
According to [25], bivariate Fibonacci polynomial Un(x, y) can be expressed as

Un(−a,−b) =
(a∗)n − (b∗)n

a∗ − b∗
, (26)

where

a∗ =
−a

2
+

√

(
−a

2
)
2

− b, b∗ =
−a

2
−

√

(
−a

2
)
2

− b. (27)

Notice if b > (−a2 )
2 then a∗ and b∗ are complex conjugate numbers so that Un(−a,−b) is still real

number for all pairs a and b. Now, from (25) we have

fn =
−a ⋅ Un(−a,−b) − b ⋅ Un−1(−a,−b)

[n!]α+γα
=
Un+2(−a,−b)

[n!]α+γα
, n = 2,3, . . .

Taking this into account together with formula (26) for general solution we have

f(t) = f0 +
[1]α+γα a∗f1 − bf0
a∗(a∗ − b∗)

∞
∑
n=1

(a∗tα+γ)
n

[n!]α+γα
+
bf0 − [1]

α+γ
α b∗f1

b∗(a∗ − b∗)

∞
∑
n=1

(b∗tα+γ)
n

[n!]α+γα
.

Let

K1 =
[1]α+γα a∗f1 − bf0
a∗(a∗ − b∗)

, K2 =
bf0 − [1]

α+γ
α b∗f1

b∗(a∗ − b∗)
. (28)

Notice that K1 +K2 = f0. Therefore

f(t) =K1

∞
∑
n=0

(a∗tα+γ)
n

[n!]α+γα
+K2

∞
∑
n=0

(b∗tα+γ)
n

[n!]α+γα
.

Finally, taking into account de�nition of KS function we obtain solution in the form

f(t) =K1Eα,1+γ/α,γ/α (a
∗tα+γ) +K2Eα,1+γ/α,γ/α (b

∗tα+γ) ,

where f0 and f1 are arbitrary. For the rest of the paper we assume f0 = 1 and f1 =
1

[1]α+γα
, which

simpli�es constants K1 and K2 to

K1 =
a∗ − b

a∗(a∗ − b∗)
, K2 =

b − b∗

b∗(a∗ − b∗)

with K1 +K2 = 1.

Remark 2.7. Taking into account that a∗ and b∗ are complex conjugate numbers, it is not hard
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to see that K1 and K2 are also conjugates, which implies

f(t) =K1Eα,1+γ/α,γ/α (a
∗tα+γ) +K2Eα,1+γ/α,γ/α (b

∗tα+γ)

=K1Eα,1+γ/α,γ/α (a
∗tα+γ) +K1Eα,1+γ/α,γ/α (a∗tα+γ)

= 2Re (K1Eα,1+γ/α,γ/α (a
∗tα+γ)) .

Therefore, the solution of (24) is a real-valued function.

Remark 2.8. When γ = 0 we have

f(t) =K1 Eα (a
∗tα) +K2 Eα (b

∗tα) ,

where Eα(⋅) is the Mittag-Le�er function.

3. Pearson di�usions and their classi�cation

For completeness, we will brie�y summarize the discussion of [19] concerning the classi�cation
of Pearson di�usions. The stationary density of a di�usion process m(x) (if exists) satis�es the
time-independent Fokker-Planck equation, which for Pearson di�usions reduces to

m′(x)

m(x)
=
µ(x) −D′(x)

D(x)
=
(a0 − d1) + (a1 − 2d2)x

d0 + d1x + d2x2
.

Note that this is the equation for the weight functions of the hypergeometric equation [3]

D(x)g′′(x) + µ(x)g′(x) + λg(x) = 0. (29)

There are six di�erent types of Pearson di�usions corresponding to six di�erent classes of solu-
tions of the equation (29). These classes depend on the degree of D(x), which can be zero, one,
or two, and if D(x) has a degree of two, on the sign of the discriminant of D(x). When D(x) is
constant, linear, or quadratic with a positive discriminant, the spectrum of G is purely discrete,
and the eigenfunctions are the well-known classical orthogonal polynomials, and the eigenvalues
are of the form

λn = −n[a1 + d2(n − 1)], n = 0,1,2, . . . . (30)

For the remaining cases, we have a mixed spectrum. We will restrict ourselves to the purely
discrete case, which can be classi�ed as follows [19, 23]:

(i) The Ornstein-Uhlenbeck (OU) process corresponds to a constant di�usion coe�cient. Denoting
D(x) = θσ2 and µ(x) = −θ(x−µ), where µ ∈ R, σ2 > 0 and θ > 0 is a correlation function parameter,
we obtain

m(x) =
1

√
2πσ2

exp(−
(x − µ)2

2σ2
) ,

with x ∈ R, i.e. stationary distribution is normal with parameters µ and σ2. The eigenvalues of
(31) are λn = θn (n = 0,1,2, . . .) and the corresponding eigenfunctions are the Hermite polynomials
Hn(x), which can be de�ned in terms of the Rodrigues formula

Hn(x) =
(−1)n

m(x)

dn

dxn
m(x), n = 0,1,2, . . . .
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(ii) The Cox-Ingersoll-Ross (CIR) process corresponds to D(x) = d0+d1x. The usual parametriza-
tion of the CIR process is D(x) = θx/a and µ(x) = −θ(x − b/a) with θ, a, b > 0. In this case

m(x) =
ab

Γ(b)
xb−1 e−ax,

with x > 0, which corresponds to gamma stationary distribution with parameters b and a. The
eigenvalues of (31) are λn = θn (n = 0,1,2, . . .) the corresponding eigenfunctions are the Laguerre
polynomials Lνn(ax) (ν = b − 1), which can be de�ned in terms of the Rodrigues formula

Lνn(x) =
x−ν ex

n!

dn

dxn
(xν+n e−x) , n = 0,1,2, . . . .

(iii) The Jacobi process corresponds to the case when D(x) is a second-order polynomial with
positive discriminant. Thus D(x) can be written as D(x) = d2(x − x1)(x − x2) with x1 ≠ x2. The
usual parametrization is D(x) = 1 − x2 and µ(x) = −(a + b + 2)x + b − a with a, b > −1. We have

m(x) =
(1 − x)a(1 + x)b

B(a + 1, b + 1)2a+b+1
,

for x ∈ (−1,1) and B(⋅, ⋅) is the beta function. This is beta stationary distribution with param-
eters a and b. The eigenvalues are λn = n(n + a + b + 1) (n = 0,1,2, . . .) and the corresponding

eigenfunctions are the Jacobi polynomials P
(a,b)
n (x) given by

P
(a,b)
n (x) =

(−1)n(1 − x)−a(1 + x)−b

2nn!

dn

dxn
[(1 − x)a+n(1 + x)b+n] .

Let us observe the Cauchy problem (2) with solution of the form g(y, t) = T (t)φ(y). Then we
have

G[φ] = −λφ, (31)

which is the hypergeometric equation (29), where λ was introduced as a separation constant. It
is well known that there are polynomial solutions Qn(x) of the hypergeometric equation corre-
sponding to eigenvalues λn, and that they form an orthogonal system with weight function m(x),
i.e.

∫ Qn(x)Qm(x)m(x)dx = δmnc
2
n. (32)

If Tn(t) is the corresponding time solution, we can write the general solution as

g(y, t) =
∞
∑
n=0

anTn(t)Qn(y), (33)

where an are arbitrary constants. Using the initial condition g(y,0) = g(y) we have

g(y) =
∞
∑
n=0

anTn(0)Qn(y),

and using (32),

anTn(0) =
1

c2n
∫ Qn(x)g(x)m(x)dx.

Using this in (33) and recalling (1) we can write the transition density for the Pearson di�usion
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as

p(x, t; y) =m(x)
∞
∑
n=0

Tn(t)

Tn(0)c2n
Qn(x)Qn(y). (34)

Note that for (2) we have Tn(t) = e−λnt (for details on spectral representation of Pearson di�usion
with discrete spectrum see e.g. [17]).

Remark 3.1. Normalizing constants cn for orthonormal polynomials in the previous discussion
are

� cn =
σn
√
n!

for Hermite polynomial Hn(x),

� cn =
1√

B(b,n)
for Laguerre polynomial Lb−1n (x),

� cn =
√

2a+b+1
2n+a+b+1

Γ(n+a+1)Γ(n+b+1)
Γ(n+1)Γ(n+a+b+1) for Jacobi polynomial P

(a,b)
n (x) .

In the rest of the paper we assume we are using normalized orthogonal polynomials. Instead of
writing Qn(x)/cn we will simply write Qn(x) for corresponding normalized polynomial.

4. Stretched non-local Pearson di�usions

In this section we provide generalization of analytical results obtained in [19]. Instead of Caputo
fractional derivative of order 0 < α < 1 we use its modi�cation (4) with positive parameters α and
γ such that 0 < α + γ ≤ 1.
Our model for a new type of non-local fractional Pearson di�usion is based on the fractional

Cauchy problem
D
(α,γ)
t g(y, t) = G[g], g(y,0) = g(y). (35)

Taking spectral separation of variables approach as in [19] we seek solution g(y, t) = Y (y)T (t) of
(35), where T (t) is solution of equation

D
(α,γ)
t T (t) = −λT (t)

and Y (y) is solution of equation
GY (y) = −λY (y).

Taking into account (23) (see Section 2.1)) we have temporal solution T (t) = Eα,1+γ/α,γ/α (−λtα+γ),
while solution of space part equation is provided by corresponding eigenfunctions of Pearson dif-
fusion (see Section 3).
Therefore, the only di�erence from [19] is in temporal part, where we have solution T (t) =

Eα,1+γ/α,γ/α (−λtα+γ) (Kilbas-Saigo function) instead of T (t) = Eα (−λtα) (Mittag-Le�er function).
Furthermore, KS function is generalization of Mittag-Le�er function since for γ = 0 we have
Eα,1,0 (−λtα) = Eα (−λtα). Finally, we have proved that KS function has analogous bounds and
asymptotic behaviour as Mittag-Le�er function (see (6), (7), (9)), therefore we can recover all
analytical results as in [19], which we state as follows.

Theorem 4.1. For the three classes of Pearson di�usions (OU, CIR and Jacobi) whose stationary
density m and orthogonal polynomials (Qn, n ∈ N0) are given in Section 3, for any 0 < α + γ ≤ 1,
the series

pα,γ(x, t; y) =m(x)
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(x)Qn(y) (36)

converges for �xed t > 0 and x, y in the state space of the corresponding di�usion (OU, CIR or
Jacobi).
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Proof. The proof mimics the method in [[19], Lemma 3.1.] with Mittag-Le�er function being
replaced with Kilbas-Saigo function. Since Kilbas-Saigo function is extension of Mittag-Le�er
function and has analogous bounds and asymptotics (see (6),(7), (9)) we can just repeat the steps
in [[19], Lemma 3.1.] and therefore the proof is �nished.

Theorem 4.2. Let h ∈ L2(m(x)dx) be such a function that ∑n anQn, where

an = ∫
S
h(x)Qn(x)m(x)dx,

converges to function h uniformly on �nite intervals (subsets of state space S of corresponding
di�usion). Then the fractional Cauchy problem

D
(α,γ)
t g(t, y) = Gg(t, y), g(0, y) = h(y) (37)

has a strong solution given by

gα,γ(t, y) =
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(y)an. (38)

The series in (38) converges absolutely for each �xed t > 0, y ∈ S, and (37) holds pointwise.

Proof. The proof is similar to that in [[19], Theorem 3.2.] with two major di�erences. Firstly,

we are using Caputo-type fractional derivative D
(α,γ)
t instead of Caputo fractional derivative and

secondly, analytical solution has Kilbas-Saigo function in place of Mittag-Le�er function. Recall
that Kilbas-Saigo function is an eigenfunction of D

(α,γ)
t just like Mittag-Le�er function is an

eigenfunction for Caputo fractional derivative. Since the two functions have analogous bounds and
asymptotics (see (6),(7), (9)) we can just repeat the steps in [[19], Theorem 3.2.] and therefore
the proof is �nished.

Theorem 4.3. Let h/m(x) ∈ L2(m(x)dx) be such a function that ∑n anQn, where

an = ∫
S
h(y)Qn(y)dy,

converges to function h/m uniformly on �nite intervals (subsets of state space S of corresponding
di�usion). Then the fractional Cauchy problem

D
(α,γ)
t g(t, x) = Lg(t, x), g(0, x) = h(x) (39)

has a strong solution given by

gα,γ(t, x) =m(x)
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(x)an. (40)

The series in (40) converges absolutely for each �xed t > 0, x ∈ S, and (39) holds pointwise.

Proof. The proof is similar to that in [[19], Theorem 3.3.] and the reasoning is the same as in the
last theorem, therefore we skip it.
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5. Fractional hyperbolic Pearson di�usion

In this section we provide model for a fractional hyperbolic Pearson di�usion which is based on
the following fractional Cauchy problem with stretching:

A (D
(α,γ)
t )

2
g(y, t) +B (D

(α,γ)
t ) g(y, t) = G[g], g(y,0) = g(y), (41)

where we assume A ≥ 0 and B ≥ 0. Note that (3) corresponds to the particular case of (41) with
A = 0 and γ = 0. This model combines elements of telegraph equation (in time) and Pearson
di�usion equation (in space). We will assume 0 < α + γ ≤ 1.
Let us look for solutions of (41). Writing g(y, t) = Y (y)T (t), we obtain

A (D
(α,γ)
t )

2
T (t) +B (D

(α,γ)
t )T (t) + λT (t) = 0 (42)

and
G[Y ] = −λY.

We have Y (y) = Qn(y), where Qn(y) denotes the classical orthogonal polynomials discussed in
the previous section, and eigenvalue λ = λn is given by (30). As mentioned before we assume that
the polynomials are properly normalized in order to have

∫ Qn(x)Qm(x)m(x)dx = δmn.

Notice that the equation (42) takes the form (24) with parameters a = B/A and b = λn/A.
Therefore, we have temporal solution

Tn(t;α, γ) =K1(n) Eα,1+γ/α,γ/α (a
∗
nt
α+γ) +K2(n) Eα,1+γ/α,γ/α (b

∗
nt
α+γ) , (43)

where

a∗n =
−B

2A
+

√

(
−B

2A
)

2

−
λn
A
, b∗n =

−B

2A
−

√

(
−B

2A
)

2

−
λn
A

and

K1(n) =
a∗n −A

−1λn
a∗n(a

∗
n − b

∗
n)
, K2(n) =

A−1λn − b∗n
b∗n(a

∗
n − b

∗
n)

(compare with (28) and (27), where dependence on n is through eigenvalues λn). Recall that
K1(n) +K2(n) = 1. Sequence (λn, n ∈ N0) is increasing sequence of eigenvalues with λn → ∞ as
n → ∞ for each considered Pearson di�usion. Therefore constants a∗n and b∗n become complex
conjugate numbers after certain threshold (B2/(4A2) − λn/A < 0). Finally, heuristic arguments
analogous to previous section lead to the solution of (41)

g(y, t) =
∞
∑
n=0

anTn(t;α, γ)Qn(y), (44)

where
anTn(0;α, γ) = an = ∫ Qn(x)g(x)m(x)dx, g(y) = g(y,0).

Next step is to formally prove that the strong solution of Cauchy problem corresponding to (41)
is given by (44). Techniques used are similar to those in [19]. However, due to appearance of
complex numbers through constants K1(n) and K2(n), as well as through KS function (via a∗

and b∗) we will need certain adaptions from techniques used for Mittag-Le�er function in [19].
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On the other hand, the space part of the equation (due to generator of Pearson di�usion) remains
unchanged.
Taking this into account, �rst step is the following theorem.

Theorem 5.1. For the three classes of Pearson di�usions (OU, CIR and Jacobi) whose stationary
density m and orthogonal polynomials (Qn, n ∈ N0) are given in Section 3, for any 0 < α + γ ≤ 1,
the series

pHα,γ(x, t; y) =m(x)
∞
∑
n=0

Tn(t;α, γ)Qn(x)Qn(y)

with Tn(⋅;α, γ) de�ned via (43) converges for �xed t > 0 and x, y in the state space of the corre-
sponding di�usion (OU, CIR or Jacobi).

Proof. Taking into account Theorem 2.3 for parameters a = α ∈ ⟨0,1⟩,m = 1 + γ/α, l = γ/α and
z = −a∗nt

α+γ we obtain

Eα,1+γ/α,γ/α (a
∗
nt
α+γ) = −

1

Γ(1 − α)a∗nt
α+γ +O (∣a

∗
nt
α+γ ∣−δ) , as n→∞,

where 1 < δ ≤ 3/2. In particular, we have

Eα,1+γ/α,γ/α (a
∗
nt
α+γ) ∼ −

1

Γ(1 − α)a∗nt
α+γ , as n→∞. (45)

Conditions of the abovementioned theorem are ful�lled since

0 < α < 1, α + γ ≤ 1

and

Re(a∗nt
α+γ) = −

B

2A
tα+γ < 0, Im(a∗nt

α+γ) = tα+γ

√
λn
A
− (−

B

2A
)

2

→∞, as n→∞.

Similarly,

Eα,1+γ/α,γ/α (b
∗
nt
α+γ) ∼ −

1

Γ(1 − α)b∗nt
α+γ , as n→∞. (46)

since for n large enough, a∗n and b∗n are complex conjugate numbers. It is not hard to see that

K1(n) ∼K2(n) ∼
1

2
, n→∞. (47)

Taking this into account together with (45) and (46) we have

Tn(t;α, γ) ∼
1

2
(−

1

Γ(1 − α)a∗nt
α+γ −

1

Γ(1 − α)b∗nt
α+γ )

∼ −
1

2Γ(1 − α)tα+γ
(
1

a∗n
+

1

b∗n
)

∼
B

2Γ(1 − α)λntα+γ
, n→∞. (48)
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Rewriting

pHα,γ(x, t; y) =m(x)(
n0−1
∑
n=0

Tn(t;α, γ)Qn(x)Qn(y) +
∞
∑
n=n0

Tn(t;α, γ)Qn(x)Qn(y)) , (49)

we simply need to prove convergence of the tail series (after n0). Since the space part of the
equation (41) involves generator of OU, CIR and Jacobi di�usion in the same manner as in [19]
we can simply use bounds for corresponding eigenfunctions (orthonormal polynomials - Hermitte,
Laguerre and Jacobi) obtained there:

� OU case: λn = θn, Qn(x) ≤K exp(x2/4)n−1/4 (1 + ∣x/
√
2∣5/2),

� CIR case: λn = θn, Qn(x) = O (
exp(x/2)
x(2b−1)/4n

−1/4),

� Jacobi case: λn = θn(n+ a+ b+ 1)/(a+ b+ 2), Qn(x) = C(x, a, b) cos(Nθ + c) +O(n−1), where
x = cos θ,N = n + 1/2(a + b + 1), c = −(a + 1/2)π/2

(for details, see [[19], p. 536-537]).
Combining these bounds with (48) we have for OU and CIR case

∣Tn(t;α, γ)Qn(x)Qn(y)∣ ≤
C(x, y,α, γ, t, n0)

n3/2 , n ≥ n0 (50)

and for Jacobi case

∣Tn(t;α, γ)Qn(x)Qn(y)∣ ≤
C(x, y,α, γ, t, n0) cos(Nθ + c)

n2
, n ≥ n0, (51)

where the constants C(x, y,α, γ, t, n0) are not necessarily the same for each di�usion and might
also depend on corresponding in�nitesimal parameters µ(x) and σ(x) of the di�usion generator
G. Finally, inequalities (50) and (51) show that the series (49) is convergent for corresponding
OU, CIR and Jacobi case, which completes the proof.

In the next two theorems we provide strong solutions for the corresponding fractional Cauchy
problems. The proofs are based on ideas in [19], while the form of solutions can be foreseen from
the heuristic argument in the last section.

Theorem 5.2. Let h ∈ L2(m(x)dx) be such a function that ∑n anQn, where

an = ∫
S
h(x)Qn(x)m(x)dx,

converges to function h uniformly on �nite intervals (subsets of state space S of corresponding
di�usion). Then the fractional Cauchy problem

A ⋅ (D
(α,γ)
t )

2
g(t, y) +B ⋅ D

(α,γ)
t g(t, y) = Gg(t, y), g(0, y) = h(y) (52)

has a strong solution given by

gHα,γ(t, y) =
∞
∑
n=0

Tn(t;α, γ)Qn(y)an. (53)

The series in (53) converges absolutely for each �xed t > 0, y ∈ S, and (52) holds pointwise.
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Proof. First, recall that Qn(y) is eigenfunction of the in�nitesimal generator G with corresponding
eigenvalue λn. Second, recall Tn(t, α, γ) is a temporal solution of the fractional equation (24) with
a = B/A and b = λn/A. Therefore

G [Tn(t;α, γ)Qn(y)an] = Tn(t;α, γ)an [GQn(y)]

= Tn(t;α, γ)an [−λnQn(y)]

= Qn(y)an [−λnTn(t;α, γ)]

= [A ⋅ (D
(α,γ)
t )

2
+B ⋅ D

(α,γ)
t ]Tn(t;α, γ)Qn(y)an.

Therefore, each term of the series (53) satis�es (52). At last, we need to check that we can
di�erentiate series (53) term by term. Taking into account classical results on this matter (e.g
[28], Theorems 7.16. and 7.17.) we need to check absolute and uniform convergence on �nite
intervals of the following series

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞
∑
n=0
D
(α,γ)
t Tn(t;α, γ)Qn(y)an

∞
∑
n=0
(D
(α,γ)
t )

2
Tn(t;α, γ)Qn(y)an

∞
∑
n=0

Tn(t;α, γ)Q
′
n(y)an

∞
∑
n=0

Tn(t;α, γ)Q
′′
n(y)an

∞
∑
n=0

Qn(y)an.

Last series is convergent due to the assumption. Regarding the series involving operator (4) D
(α,γ)
t

�rst notice that

D
(α,γ)
t Tn(t;α, γ) = D

(α,γ)
t (K1(n) Eα,1+γ/α,γ/α (a

∗
nt
α+γ) +K2(n) Eα,1+γ/α,γ/α (b

∗
nt
α+γ))

=K1(n) (−a
∗
n)Eα,1+γ/α,γ/α (a

∗
nt
α+γ) +K2(n) (−b

∗
n)Eα,1+γ/α,γ/α (b

∗
nt
α+γ) ,

and

(D
(α,γ)
t )

2
Tn(t;α, γ) =K1(n) (a

∗
n)

2Eα,1+γ/α,γ/α (a
∗
nt
α+γ) +K2(n) (b

∗
n)

2Eα,1+γ/α,γ/α (b
∗
nt
α+γ) ,

where we have used the fact Eα,1+γ/α,γ/α (−κtα+γ) is the solution of eigenvalue problem (20).
Recalling asymptotic formulas (45) and (47) it follows

D
(α,γ)
t Tn(t;α, γ) ∼

1

Γ(1 − α)tα+γ
, n→∞

and

(D
(α,γ)
t )

2
Tn(t;α, γ) ∼ −

B

2A
⋅

1

Γ(1 − α)tα+γ
, n→∞.

Therefore, both series
∞
∑
n=0
(D
(α,γ)
t )

2
Tn(t;α, γ)Qn(y)an and

∞
∑
n=0
D
(α,γ)
t Tn(t;α, γ)Qn(y)an are conver-

gent due to convergence assumption of the series
∞
∑
n=0

Qn(y)an. For the series involving �rst and
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second order derivatives of eigenfunctions the proof is analogous as in the proof of [Theorem 3.2,
[19]] since temporal solution Tn(t;α, γ) is of order O(λ−1n t

−α+γ). Therefore, we conclude that we
can di�erentiate series (53) term by term for all three di�usions and it satis�es corresponding
fractional equation given in (52). Lastly, the initial condition is ful�lled since

gHα,γ(0, y) =
∞
∑
n=0

Tn(0;α, γ)Qn(y)an

=
∞
∑
n=0
(K1(n) +K2(n))Qn(y)an

=
∞
∑
n=0

Qn(y)an

= h(y).

Theorem 5.3. Let h/m(x) ∈ L2(m(x)dx) be such a function that ∑n anQn, where

an = ∫
S
h(y)Qn(y)dy,

converges to function h/m uniformly on �nite intervals (subsets of state space S of corresponding
di�usion). Then the fractional Cauchy problem

A ⋅ (D
(α,γ)
t )

2
g(t, x) +B ⋅ D

(α,γ)
t g(t, x) = Lg(t, x), g(0, x) = h(x) (54)

has a strong solution given by

gHα,γ(t, x) =m(x)
∞
∑
n=0

Tn(t;α, γ)Qn(x)an. (55)

The series in (55) converges absolutely for each �xed t > 0, x ∈ S, and (54) holds pointwise.

Proof. First notice

L(m(x)Tn(t;α, γ)Qn(x)an) = Tn(t;α, γ)an [−
d

dx
(µ(x)m(x)Qn(x)) +

d

dx2
(σ2(x)m(x)Qn(x)/2)]

= Tn(t;α, γ) ⋅ an ⋅m(x) ⋅ GQn(x)

= −λnTn(t;α, γ) ⋅ an ⋅m(x) ⋅Qn(x)

= [A ⋅ (D
(α,γ)
t )

2
g(t, y) +B ⋅ D

(α,γ)
t ]m(x)Tn(t;α, γ)Qn(x)an.

We conclude that each term of the series (55) satis�es equation (54). Next, we need to prove
that we can di�erentiate the series term by term, i.e. we need to check absolute and uniform
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convergence of the following series:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∞
∑
n=0
D
(α,γ)
t Tn(t;α, γ)Qn(x)an

∞
∑
n=0
(D
(α,γ)
t )

2
Tn(t;α, γ)Qn(x)an

∞
∑
n=0

Tn(t;α, γ)Q
′
n(x)an

∞
∑
n=0

Tn(t;α, γ)Q
′′
n(x)an

∞
∑
n=0

Qn(x)an.

The proof follows similarly to that of the previous theorem, and as such, we omit its details.
Finally, the initial condition is ful�lled since

gHα,γ(0, y) =m(x)
∞
∑
n=0

Tn(0;α, γ)Qn(x)an

=m(x)
∞
∑
n=0
(K1(n) +K2(n))Qn(x)an

=m(x)
∞
∑
n=0

Qn(x)an

=m(x) (h(x)/m(x))

= h(x).

Remark 5.4. It should be noted that the solutions of the last two theorems are unique. Indeed,
let g1 and g2 be di�erent solutions of the corresponding fractional Cauchy problem. Then by the
initial condition g1(0, z) = g2(0, z) = h(z). Since g = g1 − g2 is also a solution with initial point
condition g(0, z) = g1(0, z) − g2(0, z) = h(z) − h(z) = 0 this implies every an = 0 and so g ≡ 0,
providing desired conclusion.

Remark 5.5. Last three theorems can bee seen as extension of the Theorems 3.1. - 3.3. in [19].
In order to see that set γ = 0,A = 0,B = 1 in (41).

Remark 5.6. We note that the asymptotic analysis required for handling the complex argument
of the KS function in Theorems 5.1, 5.2, and 5.3 pertains exclusively to the imaginary component
of the argument, as its real part remains constant. Consequently, one could alternatively employ a
stationary phase�type analysis in place of Theorem 2.3. Nevertheless, we chose to invoke Theorem
2.3 in order to highlight its broader applicability, namely its validity for all complex arguments z
with positive real part and ∣z∣ → ∞.

6. Stochastic representation

In this section we provide stochastic representations of analytical solutions of Cauchy problems
from last two sections.
From [[10], equation (3.1)], the following representation of the Kilbas-Saigo function holds, for

α ∈ (0,1), m > 0 and for any z ∈ C:
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Eα,m,m−1(z) = E [exp(z∫
∞

0
(1 − σαt )

α(m−1)
+ dt)] ,

where (σαt , t ≥ 0) is α-stable subordinator such that

E[exp(−λσαt )] = exp(−tλ
α), t ≥ 0.

Therefore, we can see Kilbas-Saigo function as Laplace transform of some nonnegative variable,
however not in the form of inverse subordinator as we might expect. Thus we can write, for
α ∈ (0,1) and γ > −α, that

Eα,1+γ/α,γ/α (−λt
α+γ) = E exp(−λtα+γ ∫

∞

0
(1 − σαs )

γ
+ds) = E exp (−λZ

(α,γ)
t ) , (56)

where the random process (Z
(α,γ)
t , t ≥ 0) is de�ned as Z

(α,γ)
t ∶= tα+γZ, t ≥ 0, for the r.v. Z ∶=

∫
∞
0 (1− σ

α
s )

γ
+ds. Moreover, the following equality in distribution is proved in [9] for Z, in terms of

in�nite independent product of Beta r.v.'s B(a, b):

Z
d
=

Γ(γ + 1)

Γ(α + γ + 1)

∞
∏
n=0

γ + n + 1

α + γ + n
B (1 +

n

α + γ
,
1 − α

α + γ
) ,

which, for γ = 0 and α ∈ (0,1), reduces to the following equality in distribution: Z
d
= Lα1 , where

(Lαt , t ≥ 0) is the inverse of σ
α
t .

De�nition 2. Let us denote by (Xt, t ≥ 0) the standard Pearson di�usion with transition density
p(x, t; y) given in (34), for x, y ∈ R and t ≥ 0. Then we de�ne the stretched non-local Pearson

di�usion (X
(α,γ)
t , t ≥ 0) as

X
(α,γ)
t ∶=X

Z
(α,γ)
t

, t ≥ 0, (57)

under the assumption that Xt and Z are independent for every t.

The process (X
(α,γ)
t , t ≥ 0) is well-de�ned according to Def. 2, since (Z

(α,γ)
t , t ≥ 0) is, by de�ni-

tion, non-decreasing almost surely and such that Z
(α,γ)
0

a.s.
= 0. Since the process de�ned in (57) is

non-Markovian, we say that it has transition density pα,γ(x, t; y) if

P (X
(α,γ)
t ∈ B∣X

(α,γ)
0 = y) = ∫

B
pα,γ(x, t; y)dx,

for any Borel set B. Note that we have denoted by Xt the process X
(1,0)
t , for brevity.

Now, interesting particular cases of our model

A (D
(α,γ)
t )

2
g(y, t) +B (D

(α,γ)
t ) g(y, t) = G[g]

are

� A = 0,B = 1, γ = 0 leading to fractional (Pearson) di�usion model (see [19])

� A = 0,B = 1, γ > 0 leading to new time changed di�usion model via Kilbas-Saigo function
(see Section 4 for analytical solution)

� A = 1,B = 2h > 0 leading to results based on spectral theory of in�nitesimal generator of
the corresponding di�usion, where time-part of the equation resembles (fractional) telegraph
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equation, while space-part of the equation is governed by Pearson di�usion (see Section 5
for analytical solution). This should be compared to the d'Alembert formula for fractional
telegraph equation (see [20] and [21]).

The next step is to provide stochastic representation of the obtained analytical solutions of the
proposed model.

6.1. Stochastic representation for stretched non-local Pearson di�usion

Theorem 6.1. The transition density of the stretched non-local Pearson di�usion (X
(α,γ)
t , t ≥ 0)

coincides with pα,γ(x, t; y) given in (36).

Proof. Let us denote by ft(⋅) the density of Z
(α,γ)
t , for any t ≥ 0, then, by considering (57) and by

the Fubini theorem, we can write that

P (X
(α,γ)
t ∈ B∣X

(α,γ)
0 = y) = ∫

∞

0
P (Xτ ∈ B∣X0 = y) ft(τ)dτ (58)

= ∫

∞

0
∫
B
p(x, τ ; y)ft(τ)dxdτ

= ∫
B
m(x)

∞
∑
n=0

Qn(x)Qn(y)∫
∞

0
exp(−λnτ)ft(τ)dτdx,

= ∫
B
m(x)

∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(x)Qn(y)dx,

= ∫
B
pα,γ(x, t; y)dx,

where in the third equality we have used the spectral representation of transition density of Pearson
di�usion (34), while in fourth equality we have used Laplace transform (56). The interchange of
integral and sum in (58) can be justi�ed by Fubini argument by taking into account Theorem
4.1.

Next two theorems provide stochastic representation results for Theorem 4.2 and Theorem 4.3,
i.e. for fractional Cauchy problems (37) and (39).

Theorem 6.2. For any function h that satis�es conditions of Theorem 4.2, the function

gHα,γ(t, y) = E [h (X
(α,γ)
t ) ∣X

(α,γ)
0 = y]

solves the fractional Cauchy problem (37).

Proof. Taking into account last theorem together with (36) we can rewrite the expectation as:

gHα,γ(t, y) = E [h (X
(α,γ)
t ) ∣X

(α,γ)
0 = y]

= ∫ h(x)pα,γ(x, t; y)dx

= ∫ h(x)m(x)
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(x)Qn(y)dx

=
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(y) (∫ Qn(x)h(x)m(x)dx) . (59)
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In the �nal equality, the interchange of the order of integration and summation is justi�ed by an
application of Fubini's theorem. Speci�cally, we consider

∫

∞
∑
n=0
∣h(x)∣m(x)Eα,1+γ/α,γ/α (−λnt

α+γ) ∣Qn(x)∣∣Qn(y)∣dx

=
∞
∑
n=0
∫ ∣h(x)∣m(x)Eα,1+γ/α,γ/α (−λnt

α+γ) ∣Qn(x)∣∣Qn(y)∣dx

=
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ) ∣Qn(y)∣ (∫ ∣Qn(x)∣∣h(x)∣m(x)dx)

< ∞.

To justify the �nal step and ensure convergence of the series, observe that by the Cauchy�Schwarz
inequality and the fact that the orthogonal polynomials Qn are normalized in L2(m(x)dx), we
have

∫ ∣Qn(x)∣∣h(x)∣m(x)dx ≤

√

∫ ∣Qn(x)∣2m(x)dx ⋅

√

∫ ∣h(x)∣
2m(x)dx

≤

√

∫ ∣h(x)∣
2m(x)dx

< ∞,

since h ∈ L2(m(x)dx) by assumption. Finally, the asymptotic behavior of Hermite, Laguerre and
Jacobi polynomials [see [19], pp. 536�537], together with the bounds for Kilbas-Saigo function
provided in (6), ensures the absolute convergence of the series, thereby completing the Fubini
argument.
The obtained form (59) is exactly the solution (38) of fractional Cauchy problem (37) provided

in Theorem 4.2.

Theorem 6.3. For any function h that satis�es conditions of Theorem 4.3, the function

pα,γ(t, x) = ∫ pα,γ(x, t; y)f(y)dy (60)

solves the fractional Cauchy problem (39).

Proof. Taking into account series representation of the transition density (36) with Fubini argu-
ment yields

pα,γ(t, x) = ∫ pα,γ(x, t; y)f(y)dy

= ∫ f(y)m(x)
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(x)Qn(y)dy

=
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(x)m(x) (∫ Qn(y)f(y)dy) ,

which is exactly the solution (40) of fractional Cauchy problem (39) provided in Theorem 4.3.
The last equality can be justi�ed in the same manner as in the last theorem, so we skip this part
of the proof.

In order to provide clear stochastic representation of the last theorem we need speci�c choice
for initial function. In particular, if f is initial density function of the process, i.e. probability
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density function of X
(α,γ)
0 , then the solution (60) of the fractional Fokker-Planck Cauchy problem

is in fact probability density function of X
(α,γ)
t . For instance, we can choose f =m, but even then

the process will not be stationary due to random time change (the process is non-Markovian).
However, stretched non-local Pearson di�usion have the same limiting distribution as its no-time-
change counterpart.

Theorem 6.4. Let (Xt, t ≥ 0) be Ornstein-Uhlenbeck process, i.e. di�usion process with in�nites-
imal mean and variance

µ(x) = −θ(x − µ), σ2(x) = 2θσ2,

where θ > 0, µ ∈ R, σ2 > 0. Then, the stretched non-local Ornstein-Uhlenbeck process (X
(α,γ)
t , t ≥ 0)

de�ned via (57) with initial density f(x) satisfying conditions of Theorem 4.3 has density pα,γ(t, x)
such that

pα,γ(t, x) →
1

√
2πσ2

exp(−
(x − µ)2

2σ2
), as t→∞.

Proof. According to Theorem 4.3, solution of fractional Fokker-Planck Cauchy problem

D
(α,γ)
t g(t, x) = Lg(t, x) =

∂

∂x
(θ(x − µ)g(t, x)) +

∂2

∂x2
(σ2θg(t, x)) , g(0, x) = f(x)

is given by the series

m(x)
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(x)an,

where

m(x) =
1

√
2πσ2

exp(−
(x − µ)2

2σ2
) , Qn(x) =

(−1)n

cn

σn
√
n!

exp(
(x − µ)2

2σ2
)
dn

dxn
(exp(

−(x − µ)2

2σ2
)) ,

λn = θn, an = ∫ f(y)Qn(y)dy.

On the other hand, since f(x) is initial density of X
(α,γ)
0 , the density pα,γ(t, x) of X

(α,γ)
t is exactly

the given series, i.e.

pα,γ(t, x) =m(x)
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(x)an

=m(x) +
∞
∑
n=1

m(x)Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(x)an. (61)

Second equality follows from the fact that λ0 = 0, Q0(x) = 1 and

Eα,1+γ/α,γ/α (−λ0t
α+γ) = 1, a0 = ∫ f(y)Q0(y)dy = ∫ f(y)dy = 1.

Next, let t→∞ in (61) so that

lim
t→∞

pα,γ(t, x) =m(x) + lim
t→∞

∞
∑
n=1

m(x)Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(x)an

=m(x) +
∞
∑
n=1

m(x) (lim
t→∞

Eα,1+γ/α,γ/α (−λnt
α+γ))Qn(x)an

=m(x),
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where second equality follows from dominated convergence argument, while last equality follows
from Kilbas-Saigo function asymptotics (see (7)). To justify the use of dominated convergence
theorem, observe that from (6) and [[19], (3.9)] we have

∣Eα,1+γ/α,γ/α (−λnt
α+γ)Qn(x)an∣ ≤

Γ(1 + α + γ)

Γ(1 + γ)
⋅

1

λn ⋅ tα+γ
⋅K exp(x2/4)n−1/4 (1 + ∣x/

√
2∣5/2) ⋅ ∣an∣

≤
K

θ
⋅
Γ(1 + α + γ)

Γ(1 + γ)
⋅ exp(x2/4) (1 + ∣x/

√
2∣5/2) ⋅

∣an∣

n5/4 ⋅
1

tα+γ
.

Notice that
∞
∑
n=1

∣an∣

n5/4 ≤
∞
∑
n=0
∣an∣

2 ⋅
∞
∑
n=1

1

n5/2 < ∞

since by Parseval's theorem

∞
∑
n=0
∣an∣

2 = ∫ ∣f(y)/m(y)∣
2m(y)dy < ∞.

Therefore, dominated convergence argument is valid and the proof is �nished.

Theorem 6.5. Let (Xt, t ≥ 0) be Cox-Ingersoll-Ross process, i.e. di�usion process with in�nites-
imal mean and variance

µ(x) = −θ (x −
b

a
) , σ2(x) =

2θx

a
,

where θ > 0, a > 0 and b > 0. Then, the stretched non-local Cox-Ingersoll-Ross process (X
(α,γ)
t , t ≥ 0)

de�ned via (57) with initial density f(x) satisfying conditions of Theorem 4.3 has density pα,γ(t, x)
such that

pα,γ(t, x) →
ab

Γ(b)
xb−1 exp(−ax), as t→∞.

Proof. According to Theorem 4.3, solution of fractional Fokker-Planck Cauchy problem

D
(α,γ)
t g(t, x) = Lg(t, x) =

∂

∂x
(θ (x −

b

a
) g(t, x)) +

∂2

∂x2
(θ
x

a
g(t, x)) , g(0, x) = f(x)

is given by the series

m(x)
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)Lb−1n (x)an,

where

m(x) =
ab

Γ(b)
xb−1 exp(−ax), Lb−1n (x) =

x−b+1 ex

cn ⋅ n!

dn

dxn
(xb+n−1 e−x) , λn = θn, an = ∫ f(y)Lb−1n (y)dy.

On the other hand, since f(x) is initial density of X
(α,γ)
0 , the density pα,γ(t, x) of X

(α,γ)
t is exactly

the given series, i.e.

pα,γ(t, x) =m(x)
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)Lb−1n (x)an.

Taking into account Laguerre polynomial bound (see [[30], p. 348] ) the rest of the proof is
analogous to the last theorem.

Theorem 6.6. Let (Xt, t ≥ 0) be Jacobi process, i.e. di�usion process with in�nitesimal mean and
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variance

µ(x) = −θ (x −
b − a

a + b + 2
) , σ2(x) =

2θ

a + b + 2
(1 − x2) ,

where θ > 0, a > 0 and b > 0. Then, the stretched non-local Jacobi process (X
(α,γ)
t , t ≥ 0) de�ned

via (57) with initial density f(x) satisfying conditions of Theorem 4.3 has density pα,γ(t, x) such
that

pα,γ(t, x) →
(1 − x)a(1 + x)b

B(a + 1, b + 1)2a+b+1
, as t→∞.

Proof. According to Theorem 4.3, solution of fractional Fokker-Planck Cauchy problem

D
(α,γ)
t g(t, x) = Lg(t, x) =

∂

∂x
(θ (x −

b − a

a + b + 2
) g(t, x)) +

∂2

∂x2
(
θ (1 − x2)

a + b + 2
g(t, x)) , g(0, x) = f(x)

is given by the series

m(x)
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)P

(a,b)
n (x)an,

where

m(x) =
ab

Γ(b)
xb−1 exp(−ax), P

(a,b)
n (x) =

(−1)n(1 − x)−a(1 + x)−b

cn ⋅ 2n ⋅ n!

dn

dxn
[(1 − x)a+n(1 + x)b+n] ,

λn = θn, an = ∫ f(y)P
(a,b)
n (y)dy.

On the other hand, since f(x) is initial density of X
(α,γ)
0 , the density pα,γ(t, x) of X

(α,γ)
t is exactly

the given series, i.e.

pα,γ(t, x) =m(x)
∞
∑
n=0

Eα,1+γ/α,γ/α (−λnt
α+γ)P

(a,b)
n (x)an.

Taking into account Jacobi polynomial bound (see [[19], (3.10)] ) the rest of the proof is analogous
to the OU case.

6.2. Stochastic representation for fractional hyperbolic Pearson di�usion

Next, we explore the probabilistic connection between fractional Cauchy problems (52), (54) and
their corresponding non-fractional counterparts (i.e. these Cauchy problems with α = 1, γ = 0).

Theorem 6.7. For any function h that satis�es conditions of Theorem 5.2, the function

gHα,γ(t, y) = E [gH1,0(Z
(α,γ)
t , y)]

solves the fractional Cauchy problem (52), where gHα,γ(t, y) is given by (53).

Proof. First, let us recall the temporal solution (see (43))

Tn(t;α, γ) =K1(n) Eα,1+γ/α,γ/α (a
∗
nt
α+γ) +K2(n) Eα,1+γ/α,γ/α (b

∗
nt
α+γ)

of

A (D
(α,γ)
t )

2
T (t) +B (D

(α,γ)
t )T (t) = −λT (t).
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On the other hand, taking into account stochastic representation of Kilbas-Saigo function (see
(56)) we have

Tn(t;α, γ) =K1(n)E exp (a∗nZ
(α,γ)
t ) +K2(n)E exp (b∗nZ

(α,γ)
t )

= E [K1(n) exp (a
∗
nZ
(α,γ)
t ) +K2(n) exp (b

∗
nZ
(α,γ)
t )]

= E [Tn(Z(α,γ)t ,1,0)] .

To see this, let α = 1 and γ = 0 so that Z
(α,γ)
t = t a.s. and

Tn(t,1,0) = E [K1(n) exp(a
∗
nt) +K2(n) exp(b

∗
nt)] ,

which is temporal solution of

A ⋅
d2

dt2
T (t) +B ⋅

d

dt
T (t) = −λT (t).

Now, solution of fractional Cauchy problem (52), i.e.

A ⋅ (D
(α,γ)
t )

2
g(t, y) +B ⋅ D

(α,γ)
t g(t, y) = Gg(t, y), g(0, y) = h(y)

can be written as

gHα,γ(t, y) =
∞
∑
n=0

Tn(t;α, γ)Qn(y)an.

=
∞
∑
n=0

E [Tn(Z(α,γ)t ,1,0)]Qn(y)an

= E [
∞
∑
n=0

Tn(Z
(α,γ)
t ,1,0)Qn(y)an]

= E [gH1,0(Z
(α,γ)
t , y)] ,

where the third line is guaranteed by Fubini argument similar to the previous theorems. In the
last equality gH1,0(t, y) is the solution of the non-fractional Cauchy problem

A ⋅
d2

dt2
g(t, y) +B ⋅

d

dt
g(t, y) = Gg(t, y), g(0, y) = h(y).

Therefore, the proof is �nished.

Theorem 6.8. For any function h that satis�es conditions of Theorem 5.3, the function

gHα,γ(t, x) = E [gH1,0(Z
(α,γ)
t , x)]

solves the fractional Cauchy problem (54), where gHα,γ(t, x) is given by (55).

Proof. The proof follows similar lines as the previous theorem and is therefore omitted.

Remark 6.9. Results such as last two theorems are typical for Cauchy problems involving Caputo
fractional derivative, where inverse of subordinators are the main tool for connecting analytical
solutions with their stochastic counterparts. However, given that our study employs a modi�ed
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form of the Caputo fractional derivative, these results warrant further attention. Moreover, our
approach can be seen as a generalization since γ = 0 in D

(α,γ)
t leads to recovering Caputo fractional

derivative. An intriguing open question is whether well-established results related to fractional
Cauchy problems�such as the subordination principle ([7]) and the time-changed semigroup prop-
erty ([5])�remain valid in our modi�ed framework.

Remark 6.10. To the best of our knowledge, the non-fractional Cauchy problem

A ⋅
d2

dt2
g(t, y) +B ⋅

d

dt
g(t, y) = Gg(t, y), g(0, y) = h(y)

does not admit a direct stochastic representation. This limits the interpretability of the last two
theorems in contrast to the case of stretched non-local Pearson di�usions.

A. Double gamma function

The double gamma function, denoted by G(z; τ), can be de�ned as [2]

G(z; τ) =
1

τΓ(z)
e
[ã(τ) z

τ
+b̃(τ) z2

2τ2
] ∞
∏
m=1

Γ(mτ)

Γ(z +mτ)
e
[zψ(mτ)+ z2

2
ψ′(mτ)]

, (A.1)

where z ∈ C, τ ∈ C ∖ (−∞,0] and

ã(τ) = a(τ) − γτ, b̃(τ) = b(τ) +
π2τ 2

6
,

with a(τ) and b(τ) given by

a(τ) = γτ +
τ

2
log (2πτ) +

1

2
log τ − τC(τ),

b(τ) = −
π2τ 2

6
− τ log τ − τ 2D(τ),

and

C(τ) = lim
m→∞

[
m−1
∑
k=1

ψ(kτ) +
1

2
ψ(mτ) −

1

τ
log(

Γ(mτ)
√
2π
)] ,

D(τ) = lim
m→∞

[
m−1
∑
k=1

ψ′(kτ) +
1

2
ψ′(mτ) −

1

τ
ψ(mτ)] .

Note that G(z; τ) is an entire function with zeros located at −(µτ + λ) with λ,µ = 0,1,2, . . ..
The double gamma function is such that [6]

G(1; τ) = 1.

It satis�es the functional relations

G(z + 1; τ) = Γ(z/τ)G(z; τ) (A.2)

and
G(z + τ ; τ) = (2π)

τ−1
2 τ−z+

1
2Γ(z)G(z; τ).
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A straightforward consequence of these properties is

G(1 + τ ; τ) = G(τ ; τ) = (2π)(τ−1)/2τ−1/2.

Moreover, using (A.2) recursively, we obtain

G(z + k; τ) = G(z, τ)
k−1
∏
j=0

Γ[(z + j)/τ]. (A.3)

The Stirling formula for G(z; τ) is (see [2])

logG(z; τ) = [a2(τ)z
2 + a1(τ)z + a0(τ)] log z + b2(τ)z

2 + b1(τ)z + b0(τ) + O(z
−1), (A.4)

where

a2(τ) =
1

2τ
,

a1(τ) = −
1

2
(1 +

1

τ
) ,

a0(τ) =
τ

12
+
1

4
+

1

12τ
,

and

b2(τ) = −
1

2τ
(
3

2
+ log τ) ,

b1(τ) =
1

2
((1 +

1

τ
) (1 + log τ) + log 2π) ,

b0(τ) =
1

3
{ log [G2(1/2; τ)G(τ ; 2τ)]

−
1 + τ

2
log 2π − a0(τ) log (τ

3/2) − log 2}.
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