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Abstract

Skeletons are commonly known as internal frameworks of humans and animals, but a

similar concept is widely used in shape analysis. In this context, a skeleton represents

a compact, centred abstraction of an object’s shape, capturing its topological structure.

The process of extracting such a representation is known as skeletonisation. As a

useful tool in shape analysis, skeletonisation has been extensively studied; however,

key challenges remain–particularly in reducing computational overhead, establishing

robust evaluation metrics, and applying skeletons to surface generalisation.

This thesis addresses these gaps through three major contributions. First, to mitigate

the high computational cost of existing skeletonisation methods, we analyse their in-

efficiencies and propose a novel geometry-based skeletonisation framework. By elim-

inating redundant computations inherent in prior techniques, our method significantly

accelerates the skeletonisation process, outperforming a well-established baseline in

terms of speed.

Second, the development and comparison of skeletonisation techniques have been

hindered by the absence of comprehensive quantitative evaluation tools. To address

this, we systematically investigate the fundamental properties of skeletonisation and in-

troduce a suite of evaluation metrics, along with practical numerical techniques. These

metrics are validated for their effectiveness and demonstrated in robotics-related scen-

arios.

Finally, the thesis explores a novel application of skeletons as priors for modelling
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rolling contact kinematics. By extracting skeletons from point clouds, we reconstruct

the topological structure of arbitrary surfaces, enabling rolling contact analysis for

complex, irregular, and even discontinuous object shapes.
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Chapter 1

Introduction

Skeletons are usually associated with vertebrates as real and important components,

while they can also be a functional shape representation assisting high-level shape

analysis. It is said that the skeletal information plays a critical role when humans

distinguish various shapes. For a shape, the skeleton of that shape is the effective and

intuitive abstraction of that shape, preserving the topological path of the shape and

representing the main feature that makes the shape distinguishable from others [156,

123].

The skeleton of a shape provides information about abstracted topology that makes it

easier for shape analysis. For example, it might be utilised for applications includ-

ing shape manipulation and shape reconstruction [34], image processing [40], anim-

ation [156, 40]. Recently, the achievement of skeletonisation algorithm research also

demonstrates the potential for robotic applications, such as grasp planning, navigation,

SLAM, and rolling contact systems [40, 166, 165, 75, 109]. Despite the promising

application potential of shape skeletonisation, several critical issues remain largely un-

addressed. For example, most existing point cloud skeletonisation methods are compu-

tationally inefficient [34, 155]; however, point clouds are actually the most accessible

3D data in practice [22]. Besides, there are no common-agreed metrics that com-

prehensively evaluate the skeletonisation results, especially for curve skeletons of 3D

shapes [155]. As for application in robotics, previous studies dominantly focus on

grasping planning and navigation [165, 166, 109], while the skeleton of shapes also

provides the link between geometric properties and rolling kinematics.
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In the field of skeletonisation, two primary skeletal representations are commonly used:

the medial axis surface and the curve skeleton. Among them, the curve skeleton has

emerged as a particularly prominent descriptor of shape, often compared to its coun-

terpart, the medial axis surface [23, 40]. Owing to their simpler topology and reduced

computational complexity, curve skeletons are generally preferred in practical applic-

ations [123, 165].

Thus, this thesis comprehensively investigates curve skeletonisation methods for shapes

represented by point clouds, including the computational efficiency, quantitative eval-

uation, and application in rolling contact kinematics.

1.1 Motivation

As a powerful tool for shape analysis, skeletonisation has found wide applications

across diverse domains, including computer vision, medical imaging, robotics, and

agriculture [127, 40, 155]. As an efficient shape representation, skeletons have been

applied to tasks such as shape matching, retrieval, decomposition, reconstruction, and

segmentation [162, 12, 8, 149, 11, 88, 21]. In the field of medical imaging, skelet-

ons serve as useful tools for vessel analysis and morphological assessment [159, 36].

Additionally, skeleton-based approaches have recently shown promise in agricultural

phenotyping [69, 99].

Skeleton representations have shown promise across various robotic domains, includ-

ing manipulation, path planning, navigation, and SLAM [40, 109, 151, 178, 165, 75].

By capturing the topological and geometric structure of objects, skeletons provide a

compact and expressive framework for reasoning about shapes and motion. However,

despite their potential, skeletonisation techniques have not yet achieved widespread

adoption in practical robotic systems.

Several factors contribute to this gap. In navigation and path planning, for instance,

skeletons provide a natural representation of traversable routes [40, 109]; however, the
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high computational cost of extracting skeletons limits their use in real-time applica-

tions [32]. In manipulation, skeleton-based grasp planning can yield more intuitive and

natural grasp candidates [165], yet the lack of unified metrics for quantifying skeleton

quality prevents consistent and comparable performance evaluation. Moreover, under-

standing continuous surface geometry is crucial for rolling contact kinematics [103],

but this remains a fundamental challenge because robots typically operate on discrete

representations of shapes. In this context, skeleton representations can simplify 3D

shape analysis and support geometric reasoning [34]. Specifically, skeletons may serve

as a bridge between discrete shape representations and continuous kinematic equations

by reducing 3D shape analysis to local 2D cross-sectional shapes, which are intrinsic-

ally linked to the underlying skeleton.

Motivated by these challenges, this thesis addresses three critical gaps that currently

hinder the broader application of skeleton-based methods in robotics: (1) the high

computational cost of skeletonisation, (2) the lack of standardised evaluation metrics,

and (3) the limited exploration of skeleton-based approaches in specific robotic tasks.

First, the computational expense of skeletonisation, particularly for 3D shapes, poses

a significant challenge for real-world robotic applications. Since most real-world ob-

jects are inherently 3D, efficient analysis of 3D shapes is essential in robotics [166,

165, 119]. Point clouds, being one of the most accessible forms of 3D data, are fre-

quently used for shape representation. However, skeleton extraction from point clouds

is typically resource-intensive [180]. Therefore, one key goal is to enhance the compu-

tational efficiency of skeletonisation methods, especially those targeting robot-friendly

applications.

Second, despite extensive research on skeletonisation, there is no universally accep-

ted definition of a skeleton, and thus no standardised method for evaluating skeleton

quality [155]. Prior studies have often relied on visual inspection [34, 123, 66] or com-

parison against manually annotated ground-truth skeletons [101, 49], both of which

can be subjective and inconsistent. Although certain performance metrics like recon-
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structibility, memory usage, and runtime efficiency have been used [158, 68, 79], a

comprehensive and robotics-oriented quantitative evaluation framework for 3D curve

skeletonisation is still lacking.

Third, while skeleton-based techniques have been applied in tasks like grasping and

navigation, their potential for bridging the gap between discrete shape representations

(e.g., point clouds) and continuous kinematic models remains largely unexplored. This

is particularly relevant for understanding rolling contact kinematics–a common phe-

nomenon in robotics [150]. Traditional studies often describe rolling motion based on

continuous surface models [103, 150]. However, real-world robotic perception often

deals with discrete data formats, such as point clouds [22]. Thus, exploring how skelet-

ons can serve as an intermediary between discrete observations and continuous motion

models could offer novel insights and practical value for robotics research.

1.2 Aim and Objectives

The object skeletons look promising in application in robotics; however, they face some

serious fundamental and practical problems. Thus, this thesis aims to investigate a

faster point cloud skeletonisation method, define metrics that numerically evaluate the

skeletonisation performance, and bridge the gap between rolling contact kinematics

and arbitrary surface geometries with skeleton information. The objectives of this

thesis are as follows:

• To conduct a comprehensive and structured literature review on object skeletons,

point cloud skeletonisation techniques, and their robotics applications, with a

focus on identifying existing limitations and gaps in computational performance

and evaluation.

• To design and implement an improved framework for point cloud skeletonisation

that enhances computational efficiency while preserving or improving skeleton
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quality relative to existing methods.

• To formulate formal, quantitative, and reproducible evaluation metrics that en-

able comprehensive assessment of skeletonisation quality.

• To develop a modelling approach for rolling-contact kinematics that integrates

skeleton information extracted from point cloud data, enabling the approxima-

tion of continuous surface interactions from discrete shape representations.

• To develop, document, and release open-source toolboxes that implement the

proposed methods and provide accessible resources for the broader research

community.

1.3 Contributions

With respect to the objectives, multiple contributions are achieved and summarised in

this section.

Addressing the computational efficiency problem of the skeletonisation approaches,

work in this thesis makes contributions as follows,

• Local Geometry-Based Point Reduction (LPR): Introduced a strategy that ac-

celerates Laplacian-based contraction (LBC) by eliminating redundant points

while preserving geometry features, improving robustness against noise and non-

uniform point distributions.

• Novel Global Terminating Condition: Proposed a new condition, using global

features rather than local geometrical properties, for Laplacian-contraction with

in-loop reduction, enhancing robustness to local changes.

• Comprehensive Computational Efficiency Evaluation: Conducted an evalu-

ation of the geometric method’s computational performance using a real-world
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dataset, demonstrating its effectiveness in accelerating the skeletonisation pro-

cess while preserving the quality of the resulting skeletons.

Addressing the skeletonisation evaluation problem, work in this thesis makes the fol-

lowing contribution,

• Desirable Geometrical Properties: Investigates the desirable geometrical prop-

erties of contraction-based skeletonisation and the quality of the resultant skel-

eton.

• Formal and Numerical Evaluation Metrics: Introduce formal qualitative criteria–

such as topological similarity, boundedness, centeredness, and smoothness–and

develop numerical and representative metrics to enable comprehensive evalu-

ation of point cloud surfaces and their skeletons.

• Validation and Application-based Evaluation: Analyse the performance, ro-

bustness, and sensitivity of the proposed metrics, and validate them across di-

verse point cloud datasets relevant to robotics applications.

As for extending the skeleton application in bridging gaps between the existing con-

tinuous rolling contact kinematics theory and discrete object surfaces, the correspond-

ing contributions are:

• Skeleton-Guided Point Cloud Slicer: Present an innovative technique for seg-

menting point cloud data, utilising skeletal structures and curvature-based geo-

metric features to guide the slicing process.

• Fourier-based Surface Reconstruction: Design of an effective surface recon-

struction framework that transforms point cloud data into smooth and continuous

surfaces via Fourier-based curve approximation.
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• Geometry-based Kinematic Model: Develop two differential geometry-inspired

kinematic frameworks tailored for general semi-convex surfaces, formulated within

two coordinate systems to ensure adaptability across various object forms. One

coordinate system is locally constructed while another one is globally construc-

ted.

• Simulation and Evaluation: Assess the performance of the proposed meth-

ods through rigorous experiments involving both synthetic and real-world object

datasets.

Besides, all toolboxes123 developed as part of this thesis have been released as open-

source resources for the research community.

1.4 Outline of the Thesis

This outline gives brief summaries of each chapter in this thesis, which is organised as

6 chapters in total. The overview of each chapter is as follows.

Chapter 2 introduces relevant literature of skeletonisation theory, including multiple

skeletonisation approaches, existing skeletonisation evaluation methods, various skel-

etonisation applications, and the rolling contact theory.

Chapter 3 introduces a geometric Laplacian-based skeletonisation framework for ob-

ject point clouds, which increases the computational efficiency by removing redundant

computation from LBC. The results showed that our methods are remarkably more

efficient than the baseline with a trivial sacrifice in skeletonisation quality.

Chapter 4 demonstrates our findings in characteristics of desirable skeletonisation pat-

terns when doing Laplacian-based curve skeletonisation from point cloud data, fol-

1GLSkeleton Toolbox: https://github.com/weiqimeng1/GLSkeleton
2Skeletonisation Evaluation Toolbox: https://github.com/weiqimeng1/PointCloud_Skeletonization_Metrics
3Skeleton-based RCK Toolbox: https://github.com/weiqimeng1/Geometric_RCK

https://github.com/weiqimeng1/GLSkeleton
https://github.com/weiqimeng1/PointCloud_Skeletonization_Metrics
https://github.com/weiqimeng1/Geometric_RCK
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lowed by numerically defined metrics that comprehensively evaluate the skeletonisa-

tion qualities from various aspects, with discussion in robotic applications. The results

indicate that our proposed metric effectively provides quality scores from different per-

spectives.

Chapter 5 introduces our work in rolling contact kinematics modelling approach with

the information provided by point cloud skeletonisation results, bridging the gaps

between rolling contact kinematics and geometrical properties of arbitrary shape. The

simulation results of rolling contact motion show that the skeleton information suc-

cessfully guides the rolling states update, enabling the simulation of rolling trajectories

with given motion settings.

Chapter 6 concludes all the contributions of this thesis. Besides, the remained limita-

tions and challenges are summarised, followed by future research directions.



9

Chapter 2

Literature Review

Over the past decades, researchers have extensively investigated the field of skeleton-

isation. This chapter presents a literature review from the perspective of both skeleton-

isation research and its relevant progress in robotics. Specifically, it includes an intro-

duction of object skeletons (Section 2.1), existing methods and evaluation approaches

(Section 2.2), and rolling contact kinematics research with its application background

(Section 2.3).

2.1 Introduction of Object Skeletons

2.1.1 Definition of Skeleton

Skeleton normally refers to the frame of bones that support the body of vertebrates.

However, in this thesis, we refer to “skeleton” as an abstraction of a shape that pre-

serves the topological and geometric properties of the shape. Object skeletons, as a

useful shape descriptor, have been extensively researched [155]. However, the defin-

ition of skeletons may vary. The common skeleton types are known as medial axis

transform (MAT) and curve skeleton. Curve skeletons are gaining wide acceptance for

3D shape representations due to their simplicity, while MATs are still too complex for

analysis [123, 34, 165].
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Medial Axis Transform

The first formal definition of skeletonisation was proposed by Blum [23], who defined

the skeleton as “the locus of an object shape in Rn.” More specifically, this definition

corresponds to the concept of the medial axis (MA). The MA is a set of centre points

lying within the object, each of which is equidistant to at least two points on the object’s

boundary. To enable shape reconstruction, the medial axis transform (MAT) is defined

as the set of MA points together with their associated radii of maximal inscribed circles

(in 2D) or balls (in 3D).

To provide an intuitive understanding of the MA, Blum introduced the well-known

grassfire transform. In this analogy, imagine a planar object (like dry grass) whose

boundary is set on fire. As the fire fronts propagate inward at a constant speed, they

eventually meet and extinguish at specific points within the shape. These meeting

points collectively form the MA, representing the loci where fronts originating from

different parts of the boundary collide [24]. Assuming a unit propagation speed, the

distance from the boundary to each meeting point–equivalently, the radius of the max-

imal inscribed circle or ball–indicates how far the fire fronts have travelled before meet-

ing. In this sense, the radius in the MAT reflects the local geometric thickness or scale

of the shape rather than a temporal quantity.

Generally, as illustrated in Fig. 2.1, the MA of a two dimensional (2D) shape is a

collection of one dimensional (1D) manifolds (curve segments), whereas the MA of a

three dimensional (3D) shape is a collection of 2D manifolds that may intersect along

curves or at singular points. In the context of object skeletons,“1D” indicates that

the elemental components of the skeleton are 1D manifolds. According to previous

research, the MA can be approximately obtained through three main approaches: by

constructing a Voronoi diagram, by iterative thinning or erosion, or by computing a

distance transform field [31, 105, 77, 163, 27].

The MAT provides abundant abstract information for shape analysis and is ideal for
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maximal circleradius

medial axis

boundary

(a) 2D object

medial axis

(b) 3D object

Figure 2.1: Medial axis of a 2D and 3D object respectively [83, 138].

(a) From mesh [11] (b) From point cloud [34]

Figure 2.2: Curve skeleton generated from the object’s mesh and point cloud,

respectively.

scenarios with only 2D shapes. However, MAT of 3D shapes is usually composed of

multiple intersected sheets with a 2D structure, making it difficult for modelling and

manipulation of the represented shape, while 3D models are common in application

scenarios. It is worth mentioning that one may refer to the MA and its approximations

as surface skeleton due to its surface structure [144]. Besides, MAT always retains too

many unnecessary details, obstructing the acquisition of useful information [40, 123].
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Curve Skeleton

Due to the demand for handling 3D shapes, the curve skeleton is a new powerful tool

for 3D shape analysis due to its simpler and more abstracted structure [156, 34]. This

thesis mainly focuses on curve skeleton due to its advantages in applications. As shown

in Fig. 2.2. Curve skeleton is typically of a simple 1D structure (a collection of 1D

manifolds) and can be obtained from common 3D shape input, such as a mesh and

point cloud. However, unlike MATs, curve skeletons do not have a strict mathematical

definition. Instead, various definitions of curve skeletons are constantly proposed in the

literature, stopping from being used in practice[40]. One possible definition proposed

by Dey and Sun states that the curve skeleton is a subset of the medial surface, obtained

by a non-trivial elimination process [3, 45]. However, as argued by Cornea et al. [40],

this definition is rather too strict in practice. Instead, they define the curve skeleton

as simply as a 1D representation abstracted from a 3D shape and provide multiple

definitions of skeleton properties, depicting expected skeletons. One related shape

representation is bone-skeleton, with application in character animation [14, 184] and

mesh deformation [139, 174]. The bone skeleton is a structure that is further simpler

than the curve skeleton and can be considered as a subset of the curve skeleton.

The various definitions of curve skeleton make it hard to evaluate the desirable skel-

eton in the skeletonisation field, while quantifying the skeleton quality is useful for

judging the effectiveness of the skeletons in application. To help the reader gain an in-

tuitive understanding of curve skeleton, the author would like to give the curve skeleton

definition as follows:

A curve skeleton of a shape is a collection of 1D manifolds embedded in R3, composed

of one or multiple branches aligned with the object’s geometry, where each point ap-

proximately lies at the cross-sectional centre of the shape.
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2.1.2 Skeleton Properties

In prior research, the definition of a shape’s skeleton differs across studies. Without

a common definition, skeletons become intangible concepts, especially for the curve

skeleton. To address this issue, researchers investigated multiple desirable proper-

ties and several of these proposed properties are widely accepted, including homotopy

equivalence, thinness, centredness, reconstructibility, and smoothness [155, 40, 144].

Homotopy Equivalence. A primary purpose of a skeleton is to abstract the topology

of the original shape; thus, preserving topological structure is essential. Two shapes

are considered homotopy equivalent if they share the same topological invariants, such

as connected components, tunnels, and cavities [82, 129]. For medial axes (MA), this

property is well established: Lieutier [82] proved that the MA preserves the topology

of the input under mild assumptions. Owing to its rigorous mathematical definition,

the topology preservation of the MA is relatively straightforward to analyse.

In contrast, curve skeletons are 1D structures without cavities and lack a universally

accepted ground-truth definition, making strict homotopy equivalence difficult to char-

acterise. To address this, Cornea et al. [40] proposed a relaxed notion of topological

preservation: a curve skeleton S preserves the topology of an object O if it maintains

the same number of connected components and includes at least one loop correspond-

ing to each tunnel or cavity in O. Although this practical criterion is widely adopted,

quantitative evaluation remains challenging. Point clouds are unordered and unconnec-

ted with non-uniform sampling, whereas curve skeletons are ordered, connected, and

one-dimensional, making direct topological comparison difficult. As a result, skeleton

quality assessment often relies on visual inspection [143].

Many point cloud skeletonisation methods naturally generate intermediate contracted

point sets (often referred to as skeletal points) during the extraction process. Since

both the original point cloud and these intermediate point sets share the same rep-

resentation type, their topological properties can be compared directly, making the
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analysis substantially more tractable than attempting to compare a point cloud with a

one-dimensional curve skeleton.

Because homotopy equivalence cannot be reliably determined directly from discrete

point sets, persistent homology is widely adopted as a more feasible alternative for

topological analysis. Niyogi et al. [108] demonstrated that the topological invariants

of a manifold can be recovered from sufficiently dense point samples. Persistent ho-

mology has since been applied to various shape-analysis frameworks, including size

functions [167, 56, 168], stability analyses in machine-learning contexts [17], and ro-

botics applications such as caging grasps using nontrivial H1 features [166].

Thinness: The skeleton is an abstracted representation of a shape. Thus, it should be

as thin as it is allowed by the space [40, 155].

Generally, the thinness reflects the degree of abstraction in a skeletal representation,

with the ideal skeleton occupying minimal space. While both the MA and curve skel-

eton are inherently thin, the curve skeleton is superior, as it embodies a more abstracted

structure..

Centredness: Each skeleton point of a shape is desired to be located at the centre of

the shape. By definition, the MA is defined to be the centre of the shape as a point of

MA has equal distance to at least two separate points of the shape boundary. However,

the centredness of the curve skeleton is ambiguous. Some researchers suggest that the

curve skeleton is defined as a subset of the MA, so each curve skeleton point should

satisfy the same distance property as the MA [45, 156]. However, this strict definition

may be unnecessary in most applications. For instance, in navigation, a planned route

does not need to strictly follow the central line. Moreover, enforcing a strict distance

property can make the skeleton highly sensitive to minor perturbations [40]. Further-

more, strictly following the distance property may lead to a sacrifice in smoothness,

which may be unexpected in scenarios such as navigation. In fact, the approximate

centredness is enough for most known application scenarios. The scenarios may in-

clude skeleton as a path for navigation [40], skeleton-assisted analysis in agricultural
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or robotic manipulation [147, 165, 75], and agricultural plant phonemics [179, 99].

Reconstructibility: Since a skeleton is one of the shape representation forms, previous

researcher argues that a good skeleton should have good reconstructibility [40, 155].

It is the critical property of a skeleton indicating the preserved information of a shape.

Thus, researchers in previous work might evaluate their work by demonstrating the

capability of their curve skeletonisation method in reconstructing a shape [11, 34].

Good shape reconstructibility may be essential for 3D reconstruction [2], while it is

less critical for other applications such as grasping planning (deriving grasping can-

didates) [166, 165] and navigation (curve skeleton used as a navigation path) [109].

In fact, this property is typically discussed with curve skeletons, while the process of

generating MAT generally is invertible.

Smoothness: As a shape representation, the skeleton is not necessarily required to

have a smooth structure, since smoothness does not directly affect its capability to en-

code the shape. However, smoothness becomes a critical criterion in many practical

applications [154, 40], particularly in navigation tasks such as camera motion planning

or robot path generation. In these scenarios, the skeleton often serves as a reference

trajectory for movement, where abrupt changes in direction are undesirable and may

lead to unstable or infeasible motion. As argued by Cornea et al. [40], a curve skeleton

can be effectively used as a camera translation path only if it is sufficiently smooth.

Specifically, the tangent variation along the skeleton should be minimal, ideally en-

suring at least C2 continuity [141, 144]. Such smoothness guarantees that the derived

navigation paths are feasible, stable, and physically realisable.

For MA, its smoothness strictly depends on the original shape, potentially leading to

abrupt changes in the skeleton path. As for curve skeleton, its structure is more flexible

and can be smooth with smoothness constraints while obtaining a curve skeleton [154].

To summarise, an object’s skeleton is usually of a lower dimension and simpler than
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the object’s shape according to the definition. Thus, it is a useful tool in shape analysis,

such as shape description, manipulation, matching and retrieval, registration, recogni-

tion, and compression [127], and has shown the application potential in various fields,

such as image processing, computer vision and graphics, scientific data analysis, and

robotics [40, 127, 175]. The typical skeleton forms are MA/MAT and the curve skel-

eton. The MAT has better shape representation performance, as there is no information

loss in transformation between the MAT and the original shape, while the curve skel-

eton has information loss but of simpler structure when representing a 3D shape. As a

powerful tool in real-world applications, the curve skeleton is a more accepted skeletal

representation. However, more efforts need to be made on detailing skeleton qual-

ity evaluation and improving the skeleton quality, before the curve skeleton becomes

reliable to be used in practice.

2.1.3 Object Skeleton Applications in Robotics Research

Since this thesis investigates object skeletons, emphasising their crucial role in robot-

ics, and proposes a novel approach in skeleton-guided rolling contact kinematics, it is

important to situate this new perspective within the broader context of skeleton-based

applications in robotics, which motivates the following review.

Skeleton-based representations of objects capture essential topological features, which

have led to their adoption across a range of application domains, particularly in ro-

botics. Early work by Cornea et al. [40] highlighted the utility of curve skeletons for

virtual navigation, noting that their centredness helps to avoid collisions in constrained

environments. In robotic navigation, topology-preserving skeletons have been em-

ployed to construct free-space bubble graphs that support efficient path planning [109].

More recent research has extended their applicability to challenging scenarios such as

autonomous cave exploration, where environments are typically dark, unstructured,

and partially observable [151, 185].
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Curve skeletons have also been leveraged for dense surface reconstruction in SLAM

frameworks [178], as well as for robotic grasping tasks. Their topological properties

make them particularly useful for grasping objects with holes or complex geometries,

as demonstrated in the works of Pokorny et al. and Stork et al. [119, 147]. Varava et

al. [166] further utilised skeletal structures to identify critical features such as forks

and necks, enabling caging grasps. Both curve skeletons and MATs have been incor-

porated into various grasping planning strategies [120, 121, 165]. Moreover, skeleton-

isation techniques have shown promise in modelling complex rolling contact phenom-

ena [152].

Beyond these applications, skeleton-based representations have demonstrated benefits

in agricultural robotics as well. In particular, they have been used to support semantic

understanding and manipulation of plants and fruits in unstructured agricultural envir-

onments [186, 132, 75].

2.1.4 Object Skeleton Applications in Other Fields

Apart from the robotics research, the object skeleton has been widely utilised in many

other areas, which may include computer vision, shape analysis, medical image ana-

lysis, animation, and agricultural phenotyping.

As an efficient shape descriptor, skeletons are naturally applied in shape analysis, in-

cluding shape recognition, matching, decomposition, reconstruction, segmentation,

and compression [40, 127, 155]. For example, a skeleton-based shape model is de-

signed by Trinh and Kimia [162], used for object detection on real images. A graph

matching algorithm is developed by Bai and Latecki [12], used as part of a shape

recognition algorithm. One of the most well-known skeleton applications in shape

recognition/matching is the use in OCR, where skeletons might be used in both hand-

written characters and characters on contaminated documents [8, 78, 67]. An approach

for matching and retrieving shapes is proposed by Sundar et al. [149] based on skel-
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eton information. The object shape can be decomposed into several parts with the

information of skeleton branches by the methods introduced by Serio et al. [134]. Tree

structures might be automatically reconstructed with guidance by the skeleton inform-

ation extracted from point clouds of the trees [88]. A shape semantic segmentation

example might be given by Au et al. [11], who demonstrated the capability of shape

segmentation by skeleton along with thickness information. The application in data

compression is mentioned as the skeleton is originally defined by Blum [23]. For a

more specific example, one may find skeletons useful in image compression [21].

Another important application area of the skeletonisation is medical image analysis.

Firstly, centreline skeletons can be applied in vessel image analysis since the skeletal

approaches are quite suitable in analysing multi-branch structures. For example, a

series of binary skeleton images can be applied to approximate the artery motions [159].

Blood vessel trees can be extracted from the MR images using skeletonisation meth-

ods [55]. The extracted centreline skeletons can also be applied to stenosis assess-

ments, such as the work introduced by Nystrom and Smedby [110], where the centreline

skeleton is used to enhance the view of stenoses. Besides, finding a reliable path

for virtual endoscopy may also benefit from the extracted skeleton information [63].

Secondly, application in medical image analysis can be a numerical assessment of

anatomical morphology. For instance, spicules on mammograms can be detected by

identifying characterised structures of the extracted skeletons. Bone strength can be

analysed by in vivo imaging with skeleton topology analysis [36].

In fact, the applications of the skeleton are not limited to shape and medical analysis.

The skeleton may be used in animation where 3D characters’ surfaces are linked to the

skeleton, utilising skeletal motion data for animation [14]. In agricultural research, the

skeleton information may also be useful in plant phenotyping [69, 99]. As for robotics

applications, it will be detailed in the next subsection.

Although the author has found skeleton applications in many previous studies, there

might be applications beneficial from the object skeleton’s power that are not covered
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by this thesis. Thus, it is clear that the object skeleton is a quite critical shape repres-

entation worth further study.

2.2 Skeletonisation Methods and Evaluation

While the skeleton is a representation of a shape, the process of generating it is known

as skeletonisation. Since Blum introduced the concept of the skeleton through the

original medial axis (MA) formulation [23], a substantial body of research has focused

on developing skeletonisation methods. However, for many practical applications such

as navigation, the exact MA remains overly complex, as it retains an excessive level of

detail [40, 34]. Consequently, most prior work has concentrated on approximating the

MA rather than deriving it exactly [46, 34].

In this section, we first introduce existing skeletonisation methods, categorised into

four groups: boundary-based methods, region field methods, topological thinning meth-

ods, and, more recently, learning-based methods, as discussed in Subsections 2.2.1

to 2.2.4, respectively. The highly related approach investigated by the thesis is Laplacian-

based topological thinning methods, covered in Subsection 2.2.3. Secondly, we com-

prehensively review the evaluation approaches for skeletonisation methods in Subsec-

tion 2.2.5, including a discussion of desirable skeleton properties and current evalu-

ation approaches.

2.2.1 Boundary-based Methods

Since the skeleton is closely related to the boundary of a shape, early researchers nat-

urally proposed skeletonisation methods that rely directly on boundary information. A

small number of approaches aim to compute the exact MA as originally defined, al-

though most focus on approximating the MA from finite samples of the shape bound-

ary, which tends to offer greater stability [46].
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Extracting the Exact Medial Axis: The exact MA, defined as the set of centres of

maximal inscribed discs or spheres, is rarely computed directly due to its instability

and complexity. Hoffmann [64] introduced a MA generation method for constructive

solid geometry (CSG), constructing the skeleton via an increasing distance approach.

Culver et al. [43] designed an algorithm and data structure for accurately computing

the MA of polyhedra by iteratively identifying neighbouring junctions guided by seam

curves. Similarly, Sherbrooke [138] proposed an algorithm for 3D polyhedral solids

that classifies different types of MA points, allowing for the construction of a graph of

skeletal elements. While these methods may compute the exact MA, it is often argued

that exact computation is unnecessary in many applications and that the associated

instability limits practical utility [111, 40].

Extracting the Median Line: Rather than computing the exact skeleton, many meth-

ods focus on approximating the MA, thereby reducing computational complexity and

improving applicability [46, 34]. One common approach is to extract a “median”

line from the shape contour as an alternative to the exact skeleton. Bookstein [25]

used boundary information, including boundary points and tangents, to discretely ex-

tract segments of the symmetry axis as a MA approximation. Shapiro [135] extrac-

ted skeletons from sequential boundary data for “ribbon-like” shapes. However, these

methods have been criticised for their limited applicability to shapes with multiple

branches [31]. For discrete point sets, Tagliasacchi [156] proposed the ROSA method,

which extracts a complete one-dimensional curve skeleton, defined as the rotational

symmetry axis, and is applicable even to incomplete point clouds.

Voronoi Diagram-Based Approaches: As illustrated by Fig. 2.3, the Voronoi diagram

(VD) partitions a 2D plane or 3D space into regions based on proximity to a given

set of objects, such that every point within a region is closer to one particular object

than to any other. Each resulting region is referred to as a Voronoi cell. Since the

MA is defined based on proximity to the shape boundary, the Voronoi diagram, which

encodes such proximity information, serves as a natural and effective geometric tool
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VDSkeleton

Figure 2.3: Voronoi digram (VD) based skeleton [100]. (a) Voronoi diagram; (b)

Extracted skeleton; (c) Bounded Voronoi diagram.

for approximating the MA.

This relationship was first observed by Kirkpatrick [76], who proposed a method for

constructing the skeleton of a polygon as a subgraph of the Voronoi diagram. Brandt

and Algazi [31] introduced a continuous Voronoi-based MA approximation for bin-

ary images, with guaranteed accuracy based on a proposed criterion. Ogniewicz and

Ilg [111] proposed a skeletonisation method based on computing the Voronoi diagram

of boundary points, yielding a simplification-friendly hierarchical structure referred to

as the “Voronoi skeleton”.

While skeletonisation methods were initially researched with a preference for 2D ob-

jects, studies have gradually extended to 3D objects. Naf et al. [105] studied 3D Voro-

noi skeletonisation from shapes represented by large point sets, with applications in

the feature extraction and identification of organ shapes. Both 2D and 3D Voronoi

diagram-based skeletonisation approaches were investigated by Attali and Montan-

vert [10] for continuous shapes, introducing an efficient skeleton simplification ap-

proach and the formation of a union of balls. For regular 3D shapes such as polyhedra,

Voronoi diagrams also provide a solution for generating skeletons as the “proximity

skeleton”, introduced by Etzion and Rappoport [52] using octree-assisted space subdi-

vision. In the work by Amenta et al. [3], the “power crust” was introduced as a new
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construction of 3D skeletons generated from Voronoi diagrams, which is robust to noise

and independent of the boundary sampling quality. Extended by Wang et al. [170], a

restricted power diagram is utilised for approximating the MAT. To address the in-

stability of Voronoi diagram-based skeletonisation convergence, a sampling scale- and

density-independent Voronoi diagram-based MA approximation method with guaran-

teed convergence was proposed [46]. More recently, Guo et al. [61] applied a restricted

Voronoi diagram for “remeshing” the MA of object point sets.

Overall, boundary-based methods start from the MA definition, working with boundary

information to obtain a skeleton representation. Typically, boundary-based approaches,

whether approximating or computing the exact skeleton, result in skeletons containing

many unnecessary details and therefore require refinement before deriving the final

skeleton [138, 10, 46], as illustrated in Fig. 2.3. Among these methods, some derive

skeletons from continuous shapes, while others work on discrete boundary shapes,

such as the extensively researched Voronoi-based skeletons. Since objects described by

discrete samples are very common in practice, Voronoi-based algorithms operating on

discrete boundary samples tend to be sensitive to the sampling process [3, 43]. Despite

advances in boundary-based approaches, a robust skeletonisation method capable of

handling discrete object inputs remains in demand.

2.2.2 Region Field Methods

As the shape skeleton is defined as a structure bounded by the shape’s surface, charac-

terising the interior space of a shape to identify likely skeletal elements can be a viable

strategy for skeleton extraction. Accordingly, field-based skeletonisation methods have

been developed, particularly for digitised object shapes, with distance field-based ap-

proaches being among the most popular.

Distance Transform Approach: As illustrated by Fig. 2.4, the distance transform

(also known as the distance map or distance field) is a shape descriptor typically com-
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puted from digitised shapes, such as 2D images or 3D voxelised models. As such, it

is often classified as a digital skeletonisation approach [127], and in some cases even

regarded as a form of skeleton itself [161].

Distance transforms are widely employed for thinning and simplifying shapes repres-

ented by binary images, and were initially used to generate 1D skeletons of 2D shapes.

Due to the prevalence of early studies and the intertwined development of skeleton and

distance transform concepts, Toriwaki and Yokoi [161] provided a systematic analysis

that unified the related notions. They defined the distance transform as a transformation

of a binary shape where each foreground (1-valued) pixel is assigned the distance to the

nearest background (0-valued) pixel, assuming binary shapes composed of rectangu-

lar pixels. Importantly, distance transforms are generalisable to arbitrary dimensions,

as discussed by Borgefors [26], who later proposed implementations in both 3D and

4D [28, 29].

Toriwaki and Mori [160] further explored Euclidean distance transforms as a means of

skeletonising 3D binary images, addressing concerns around topological preservation.

Pudney [122] introduced a method using chamfer distances to construct distance fields,

which then guided the order of point removal in the skeletonisation process. Similarly,

Arcelli et al. [7] employed a weighted distance transform with ⟨3, 4, 5⟩ weights for

robust target point detection and topology-preserving point removal.

Although distance transforms are widely recognised and accepted for skeletonisation,

their high computational cost poses a significant challenge. Consequently, substan-

tial research has been devoted to improving computational efficiency. Early methods,

such as [4], were criticised for being time-consuming due to their iterative nature. In

response, Arcelli and Baja [5] proposed a more efficient method that directly identi-

fies pixels with maximum distance values and exploits shape symmetry for accelerated

skeleton extraction. Computational efficiency has also been improved by replacing

global distance computation with locally optimised distance transformations [27].

Beyond sequential improvements, researchers have also explored parallel implement-
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（a） （b） （c）

Figure 2.4: Distance field based skeletonisation [100]. (a) Binary shape;

(b)Distance field; (c) Extracted skeleton by mean curvature map.

ations of distance transform computation. For example, Lotufo and Zampirolli [93]

interpreted the distance transform as a morphological erosion process, which can be

computed in parallel with straightforward implementations. Arcelli et al. [6] proposed

a parallel two-subiteration algorithm for generating distance transforms of 3D digital

objects.

Other Field Based Approach: Apart from distance transforms, skeletonisation may

also be achieved using other types of spatial fields. Ahuja and Chuang [1] presented a

method that derives a MA skeleton from a generalised potential field, constructed based

on shape boundary segments. Siddiqi et al. [140] utilised the average outward flux

within a Hamiltonian system to implement a topological thinning process, resulting

in a robust and computationally efficient skeletonisation approach. Cornea et al. [41]

applied a repulsive force field to extract curve skeletons from various 3D shape rep-

resentations, including point sets, polygonal meshes, and volumetric objects. Gradient

vector flows have also been employed for skeleton extraction; for example, Hassouna

and Farag [62] proposed a robust variational framework for 1D curve skeletonisation of

volumetric shapes based on such a flow field. Furthermore, Ma et al. [98] approximated

3D medial axes from point set inputs using a normal field combined with neighbour-

hood information. Their method was shown to be well-suited for parallel computing

and efficient in both runtime and memory usage.
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In summary, field-based methods focus on analysing interior spatial features of digit-

ised objects to identify medial structures. However, a major challenge for these meth-

ods is their considerable computational cost. Moreover, the digitisation of continuous

shapes often results in a loss of geometric detail, which may degrade the accuracy of

the resulting skeleton.

2.2.3 Topological Thinning Methods

Generally, the topological thinning methods are an iterative process that continuously

shrinks the shape till meeting a terminating condition, in which the resultant shape

preserves the shape topology and a thin skeleton structure is ensured at the same time.

Thinning by Deletion: One well-known class of thinning methods operates by iterat-

ively deleting boundary elements of a shape, thereby shrinking the shape body until a

desirable skeleton is obtained [77]. These methods typically take as input a digitised

representation of an object.

The core principle of deletion-based thinning lies in the proper definition of deletion

criteria and termination conditions. Arcelli and Gabriella [5] defined deletable ele-

ments based on the contours of the shape. Ronse [124] characterised deletable pixels

in a figure through a concept known as k-deletability. Lee and Kashyap [80] pro-

posed a criterion for identifying border points suitable for further deletion, based on

6-connected neighbours. Ronse [125] further introduced a set of minimal test patterns

to characterise deletable sets while ensuring the connectivity of the resulting skeleton.

A particularly influential concept in defining deletable elements is the notion of a

simple point. As described by Gong and Bertrand [59], a point is deemed simple

if its removal from the shape does not alter the topological properties of the shape.

This theory was later extended to P-simple points, enabling topology-preserving par-

allel skeletonisation [18]. Building upon this idea, Palagyi and Kuba [114] proposed

a 3D “12-subiteration” thinning algorithm, which Lohou and Bertrand [91] extended
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Figure 2.5: Deletion-based thinning for binary images [30].

by incorporating P-simple point deletion to ensure topology preservation throughout

the thinning process. Additional work on P-simple point-based thinning can be found

in [89, 92]. A similar concept, termed simple cell, has also been applied to cell com-

plexes in order to preserve topological structures during thinning [86, 48].

In addition to defining a deletion strategy, similar to the other approach, the compu-

tational complexity is another major concern as heavy computation loads are applied

to each iteration of deletion [5, 183, 112]. Thus, work on improving the computa-

tional cost is extensively conducted. By tracing contours of the shape, it is argued by

Arcelli [4] that the thinning computational time can be reduced and the contour ana-

lysis is enabled at the same time, followed by a collaborative work [5] presenting a

“fast thinning” algorithm acquiring skeleton after cleaning and characterising the input

pictures. In the thinning method proposed by Sadleir and Whelan [126], the computa-

tional cost of thinning is reduced via lookup tables, applied to computing the centreline

skeleton. Boudaoud et al. [30] developed a hybrid method combining a direction ap-

proach and a subfield approach to achieve higher computational efficiency for binary

image thinning, as illustrated by Fig. 2.5.

Since deletion of the boundary elements is a repeating and simple process, the compu-

tation of deletion-based methods can be easily paralleled [163, 19, 97]. Thus, parallel

computing may be utilised to speed up the thinning process for acquiring a skeleton

with criteria particularly defined for avoiding unexpected deletion led by parallelisa-
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tion [163]. In the work by Bertrand [19], the border points are classified for char-

acterised deletion to ensure precise parallel thinning. Saha et al. [130] presented a

method using two versions of input images in paralleled thinning with a discussion

of its necessity, demonstrating robustness in synthetic noises. A study by Ma and

Sonka [96] discusses the sufficient conditions for topology preservation used in their

parallel computing with proof. The approach designed by Nemeth et al. [107] embed-

ded smoothing algorithms in thinning iterations to remove unexpected extremities. In

order to precisely delete a specific type of boundary points in parallel thinning, one

may separate the thinning iterations into multiple subiterations. For example, Ma [95]

developed a 6-subiteration thinning method with a discussion on connectivity preser-

vation conditions. For more subiteration thinning algorithm-related work, please refer

to [113, 114, 90, 112, 97, 183]. More recently, Wagner [169], leveraging GPU-based

parallel computing in the design of a thinning algorithm approaching a real-time thin-

ning speed of both 2D and 3D binary image skeletonisation.

Thinning by Optimisation: Apart from deletion-based thinning methods, iterative

thinning of a shape can be achieved by minimising well-defined energy terms. Ex-

isting optimisation-based methods are capable of performing skeletonisation on both

mesh models and discrete point sets that represent object boundaries. Unlike other

approaches, skeletons generated through optimisation are typically not defined in a

precise or canonical form. Nevertheless, their principal function is to approximate the

MA and provide a skeletal representation of the shape.

A well-known optimisation-based thinning method is Laplacian-based contraction (LBC) [34],

which contracts the input shape by minimising a quadratic energy composed of a point

attraction term and a contraction term. For mesh inputs, this method contracts the

shape to a thin structure, from which a skeleton can be extracted through connectiv-

ity processing, as described by Au et al. [11]. Recognising that noisy and incomplete

point clouds are more common in real-world scenarios, Cao et al. [34] extended LBC

to handle point cloud inputs. Their algorithm incorporates neighbourhood information
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Figure 2.6: Laplacian-based point cloud contraction and skeletonization [34].

(a)-(b) illustrate the progressive Laplacian-based contraction of the input horse

point cloud; (c) shows the extracted curve skeleton obtained from the contracted

(thinned) point cloud; and (d) presents the final refined skeleton.

into the contraction process to better support curve skeletonisation (see Fig.2.6).

Wang et al. [171] argued that existing curve skeletonisation methods often lack robust-

ness and simplicity. To address this, they proposed a more resilient branch-handling

technique for skeleton meshes derived via contraction, followed by a “growing” pro-

cedure to construct the curve skeleton. Additionally, Yu et al. [187] improved mesh

skeletonisation in terms of homotopy preservation and centredness by applying a pre-

processing step that closes open surfaces and introduces a weighting scheme based on

one-ring area sequences. The mesh-based skeletonisation method of Au et al. [11] was

further extended by Tagliasacchi et al. [154], who proposed the mean curvature skel-

eton, incorporating a medial energy term to better approximate the MA. More recently,

Meyer [101] suggested that Cao’s point cloud-based skeletonisation method could be

improved by introducing semantic weighting, resulting in a Laplacian-based semantic

skeletonisation approach.

In addition to LBC, other optimisation-based thinning algorithms have also contributed

to the shape analysis community. For example, Wang et al. [173] employed an iterative

least-squares optimisation technique to generate smooth and robust curve skeletons

from volumetric inputs. Jiang et al. [71] combined the Voronoi diagram concept with

their optimisation framework, resulting in a graph-contraction-based skeletonisation
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Figure 2.7: Learning-based direct skeletonisation from images [116].

algorithm. This was later extended by incorporating surface clustering procedures for

contraction regularization [72]. Huang et al. [66] proposed the L1-medial skeleton, in

which a 1D skeletal structure is iteratively derived by locally applying the L1-median,

a defined centre of a set of points, to point cloud data.

Deletion-based thinning methods are generally developed for digitised objects and tend

to require high-performance computing due to their significant computational cost.

Optimisation-based approaches, on the other hand, are more suitable for scattered

point cloud data and often require fewer iterations to extract skeletons. Despite their

advantages, these methods remain computationally intensive, and few studies have ex-

plored parallel or accelerated implementations [127, 155]. Improving computational

efficiency remains an important direction for the development of optimisation-based

thinning algorithms.

2.2.4 Learning-Based Methods

Recently, with the booming development of machine learning, skeletonisation may be

done directly via end-to-end neural networks.

Learning-based methods have been increasingly applied to address traditional skelet-

onisation problems. Sironi et al. [142] proposed an algorithm for detecting multi-scale

centrelines by learning a specialised distance transform. This approach reformulates
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centreline detection as a regression problem, thereby overcoming challenges in skelet-

onising irregular 2D and 3D shapes.

To provide benchmark datasets for geometry understanding in learning-based research,

Demir et al. [44] introduced the SkelNetOn 2019 challenge. The challenge includes

three skeletonisation tasks–from images, from point clouds, and from parametric shape

representations–each with a corresponding dataset, with a focus on 2D space only.

Addressing these challenges, Panichev and Voloshyna [116] adopted a modified end-

to-end U-Net architecture (see Fig. 2.7) for direct skeleton extraction from images. Ji-

ang et al. [70] employed a fully convolutional network, specifically, a feature hourglass

network, to detect skeletons in both images and point clouds. Tang et al. [157] intro-

duced additional modules, including “smooth distance estimation” and “edge trans-

formation”, to enhance skeleton learning beyond standard end-to-end networks, evalu-

ating performance on both point clouds and images. Nathan and Kansal [106] proposed

SkeletonNet, featuring a newly designed decoder aimed at reconnecting broken skel-

eton structures. Lin et al. [83] redefined skeletonisation as a MAT approximation and

used a skeletal mesh as the target representation for point cloud inputs. Recognising

the importance of implicit fields in shape analysis, Clemot and Digne[39] incorporated

them into a neural network to acquire medial complexes from point clouds. Building

on this, Petrov et al. [118] proposed a generative model that uses a set of neural implicit

functions with local geometric awareness to extract medial abstractions, a collection of

medial points.

Beyond traditional tasks, researchers have also explored skeleton extraction from nat-

ural colour images. Tsogkas and Kokkinos [164] created a symmetry-axis skeleton

dataset and introduced a learning-based symmetry detection method for natural im-

ages. To improve computational efficiency in multi-scale feature extraction, Shen et

al. [137] proposed a fully convolutional network utilising scale-associated side outputs

for skeleton detection. Shen et al. [136] further advanced this line of work by em-

ploying a multi-task learning strategy, showing promising results (see Fig. 2.8). Ke
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Figure 2.8: Learning-based skeletonisation from natural images [136].

et al. [74] introduced symmetry-axis fitting using residual units, achieving effective

multi-scale symmetry representation.

Learning-based methods have gained considerable momentum in recent years, driven

by advances in high-performance computing platforms and machine learning research.

Nevertheless, most existing approaches concentrate on 2D shape skeletonisation and

still face several significant challenges. A major limitation is the substantial need for

labelled skeleton datasets, on which many of these methods depend. In addition, they

typically require powerful computing resources for deployment, which can be im-

practical in certain contexts, such as light-weight mobile robotic platforms. For the

learning-based skeletonisation methods that do target 3D shapes, limited generalisa-

tion remains a further concern. Moreover, explainability continues to be a critical issue

for contemporary learning-based approaches [102].

In summary, numerous skeletonisation methods have been developed for shape ana-

lysis and various applications. Early research concentrated on accurately extracting

the medial axis, while later work aimed to improve computational efficiency through

parallel processing and algorithmic optimisation. The curve skeleton, a more practical

representation for 3D shapes, has received particular attention. Despite these advances,

computational efficiency remains a major limitation. While learning-based skeleton-
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isation methods have advanced quickly, their reliance on large labelled datasets, heavy

computational demand, and limited generalisation, especially for 3D shapes, raises

concerns about their practical robustness. Traditional methods offer stronger stability

and interpretability but also have limitations in complex or noisy settings. A hybrid

approach may therefore provide a more balanced solution, improving generalisation,

explainability, efficiency, and overall performance. Overall, computational efficiency–

particularly for curve skeletons–remains the primary challenge at present.

2.2.5 Skeletonisation Evaluation

Since skeletonisation methods have been extensively studied, a unified quantitative

evaluation approach is needed for comparing various methods. In this subsection, we

begin by briefly introducing widely accepted skeletonisation properties. Additionally,

existing skeletonisation evaluation approaches are discussed.

Skeletonisation Properties

In this thesis, we classify the common expected skeletonisation properties into two

groups. The first property group is the resultant skeleton quality or accuracy. This

group of properties is preferred to be referred to as skeleton quality, as the criteria

for a good skeleton may vary in different application scenarios. Another group is the

computational performance of the skeletonisation process. The first group is result-

oriented, while another is process-oriented.

Firstly, the main goal of skeletonisation methods is to generate high-quality skelet-

ons from input object shapes. Generally, the properties of the produced skeleton of

skeletonisation methods can refer to the skeleton properties introduced in subsection

2.1.2, including homotopy equivalence, thinness, centredness, reconstructibility, and

smoothness. Additionally, the author would like to refer to robustness for the skeleton-

isation process [34, 155, 128]. The desired skeletonisation methods are also expected



Literature Review 33

to be robust to noise in the input shape. Although one can give a general definition

of skeleton properties, variation may exist when discussing specific skeletonisation al-

gorithms. For example, there are multiple types of shape input formats handled by

the existing skeletonisation algorithms, such as point clouds, mesh, binary 2D/3D im-

ages, and continuous shapes, leading to variance in quantitative comparison. These

shape input formats may vary in resolution and precision, leading to variance in judge-

ment of skeleton qualities [144]. In addition, the output of the existing skeletonisa-

tion algorithms also varies, obstructing unified skeleton comparisons [143]. Besides,

the skeleton quality requirement may vary in different scenarios. For curve skeletons

applied to navigation, smoothness and exact centredness are critical while reconstruct-

ibility is useless [40]. However, as a shape representation method, reconstructibility

and centredness are quite vital for shape analysis, while smoothness might be unneces-

sary [7].

Secondly, it is also important that the skeletonisation methods are computationally ef-

ficient, both in speed and memory usage. Dealing with shape skeletonisation may pose

a substantial computational burden to computing platforms, especially when dealing

with 3D shapes [191, 68, 155]. Thus, the computational performance is also import-

ant when discussing skeletonisation properties. Generally, the skeletonisation methods

are desired to be computationally efficient both in computational speed and memory

usage [143, 155].

Existing Evaluation Approach

As there are multiple definitions of skeletal representations according to the Literat-

ure, thus, existing skeleton evaluation studies may vary in skeletonisation inputs and

outputs.

skeletonisation for digitised objects is common in the early stage of skeletonisation

research, especially the thinning methods. Thus, early skeletonisation evaluations are

conducted for those methods. One of the systematic skeletonisation evaluation studies
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in the early stage was conducted by Lee and Suen [79], in which 20 skeletonisation

algorithms were evaluated with various types of binary image input in terms of re-

constructibility, computation speed, similarity extent to the human-labelled “reference

skeleton”, connectivity of the skeleton by visual ranking and parallelism. Arcelli and

Baja [5] discussed the computation costs of their fast thinning algorithm via a com-

putation complexity analysis. The noise-based robustness evaluation was discussed in

the work by Saha and Majumder [130]. The voxel shape skeletonisation methods were

evaluated by Sobiecki et al. [143], where the performance is discussed primarily via

visual judgement from perspectives such as centredness and smoothness. The data re-

duction and the removability of the skeletonisation methods may be demonstrated via

quantitatively comparing skeletonisation results of multiple voxel image inputs[7].

For mesh input, curve skeletonisation performance is discussed by Telea and Jalba [158]

upon computation time and visual judgement. Visual comparison of curve skeletonisa-

tion from mesh inputs might also be found in work by Sobiecki et al. [144] and Jalba

et al. [68], while the memory and computation time may be analysed as well.

As for point cloud input, existing methods may use an annotated dataset as ground truth

for comparison or defined metrics. Work by Dobbs et al. [49] generates synthetic skel-

eton datasets as a reference with the assistance of learning-based approaches. Meyer

et al. [101] compare their algorithm with the traditional Laplacian-based approach via

distance to ground truth skeletons. Comparison by ground truth can also be conduc-

ted by comparing the shape reconstructed from skeletal representation and the ground

truth reconstruction [84]. Quantitative analysis of skeletonisation performance may be

conducted by Bucksch and Lindenbergh [33] via a defined distance metric to depict

the relationship between skeletons and the corresponding point cloud inputs.

For skeletonisation from natural images, a common approach is dominantly by annot-

ating reference skeletons for comparison [74, 137].

The performance of skeletonisation algorithms may be discussed from application per-

spectives. For digitised objects, thinning performance evaluation may be conducted
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with emphasis on optical character recognition (OCR) application, evaluating thin-

ning algorithms by comparing the character recognition rate of generated skeletons.

Focused on the application of OCR, a study by Jaisimha et al. [67] tests thinning al-

gorithms with ribbon images contaminated by noises, with performance analysis con-

ducted by statistical methods. Greenspan et al. [60] evaluate two centre-line extraction

algorithms from a Quantitative Coronary Angiography (QCA) application perspect-

ive by taking one famous algorithm as reference. Evaluation of centreline extrac-

tion of medial images may be evaluated with manually annotated ground truth skel-

etons [131, 73].

Overall, the existing evaluation mainly relies on visual inspection, especially for mod-

ern 3D skeletonisation approaches [155]. Ground truth skeleton might be a solution,

while annotating a convincing reference skeleton is still challenging, as the definition

may vary in different methods. Although several skeletonisation properties are widely

accepted, it is still necessary to propose a systematic numerical skeletonisation evalu-

ation approach, which may address specific application scenarios.

2.3 Rolling Contact Kinematics

Rolling contact kinematics play a central role in this thesis, particularly in the devel-

opment of the proposed skeleton-guided framework. Understanding continuous sur-

face geometry is essential for formulating rolling contact interactions [103]. However,

this remains a fundamental challenge because robotic systems typically operate on dis-

crete shape representations, which limits the direct application of continuous kinematic

models. In this context, skeleton representations offer a promising bridge between dis-

crete geometry and continuous surface behaviour: by reducing 3D shape analysis to a

family of local 2D cross-sections intrinsically linked to the underlying skeleton [34],

they can simplify geometric reasoning and support the integration of continuous kin-

ematic equations.
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To provide a comprehensive background for the proposed method, this section is or-

ganised into two parts. First, we review the key concepts and application domains in

which rolling contact principles have been effectively employed. Then, we introduce

the theoretical foundations of rolling contact kinematics, which underpin the models

and methods developed in this thesis.

2.3.1 Application Background

The rolling contact motion refers to the relative movement between rigid bodies that

remain in continuous contact during motion [103]. This form of motion is intrinsically

omnidirectional, offering high flexibility and versatility. Consequently, rolling contact

has inspired various robotic designs that mirror principles observed in natural loco-

motion and have been successfully applied across multiple robotic domains [152]. One

of the earliest and most prominent application areas is robotic locomotion. Spherical

robots, in particular, exploit their symmetric geometries and rolling-based mobility to

enable autonomous inspection and exploration in unstructured or constrained environ-

ments [87, 47, 152]. Numerous spherical robot platforms have been developed in this

context. For example, ARIES employs cylindrical joints to achieve controllable rolling

trajectories (see Fig. 2.9(a)) [16], while Sugiyama and Hirai [148] demonstrated that a

deformable soft-bodied robot can crawl and jump, facilitating robust locomotion over

rough terrain. Another notable design, Omnicron, integrates three independently con-

trolled omnidirectional wheels within a spherical shell to realise fully omnidirectional

movement [38].

Beyond locomotion, rolling contact principles have also influenced robotic manipula-

tion. Notable examples include the rolling contact juggling framework introduced by

Woodruff and Lynch [177], and a three-fingered grasper capable of executing smooth

in-hand manipulation through controlled rolling(see Fig. 2.9(b)) [189]. Specian et

al. [146] further demonstrated the use of edge-rolling mechanisms to transport cyl-

indrical objects. Rolling-based joint designs have been noted for offering several ad-
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(a) (b)

Figure 2.9: Example of rolling-contact kinematics application background. (a)

An example spherical rolling robot [16]. (b) An example of a rolling-based ma-

nipulator [188].

vantages, including improved abrasion resistance, simplified control, and greater con-

figuration flexibility [192]. Given the prevalence and geometric convenience of rolling

motion, accurate modelling is essential for enabling effective motion planning and con-

trol [50, 13, 145, 153].

2.3.2 Theoretical Research

The theoretical foundations of rolling contact kinematics provide a formal description

of interactions between rolling bodies, typically governed by their local curvature and

relative orientation [104, 42, 20]. Montana’s foundational model [103] introduces mul-

tiple coordinate frames at the contact point to represent the relative motion between

rigid bodies. This underactuated framework, often characterised by five degrees of

freedom, two per body and one for their relative spin, has been widely utilised in

continuous-domain motion planning [152, 150, 153]. It serves as a basis for the design

and control of rolling systems such as disks, wheels, and omnidirectional robots [152].

However, despite the theoretical maturity of continuous surface contact models, a dis-

connect remains between these models and the discrete nature of sensory inputs used in

practice. Surface geometry captured through perception systems such as point clouds
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is inherently discrete, presenting a challenge for integrating continuous rolling contact

models into real-world planning and control pipelines.

2.4 Summary

In this chapter, the research background of this thesis was comprehensively introduced,

including the notion of object skeletons, skeletonisation methods and their evaluation,

and the application background of object skeletons. The insights and research gaps

derived from the discussed literature are as follows.

Firstly, the object skeleton is a useful shape representation that efficiently abstracts

the topological structures of the shapes. And the applications of the object skeletons

vary in many areas, including robotics, demonstrating the great application power of

the skeletons. However, the existing definition varies in different studies. Thus, defin-

ing properties of a “good skeleton” is not easy, in spite of some commonly accepted

characteristics.

Secondly, the skeletonisation algorithm has been extensively researched for decades,

from various perspectives. The common research objectives for the skeletonisation al-

gorithms are improving the computational efficiency and the quality of the generated

skeletons. In spite of the efforts in previous studies, computational load is a remaining

challenge for the skeletonisation methods for some types of defined skeletons, such

as curve skeletons derived from point clouds. As for skeleton quality improvement, a

good definition of desirable skeletons may be helpful in skeletonisation method com-

parison and evaluating skeleton quality improvements.

Thirdly, rolling motion is widespread in natural environments, making accurate model-

ling of rolling contact kinematics particularly valuable for robotics research. Although

several models have been proposed, a gap remains between the real-time, discrete

shape representations obtained from perception and the continuous models currently
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used in analysis. The curve skeleton, as a topological abstraction of shape, may serve

as a promising bridge to connect these two domains.

The work conducted in this thesis addresses some of these gaps. First, aiming for more

computationally efficient skeletonisation, a new skeletonisation framework is proposed

by diagnosing the computational redundancy of the existing Laplacian-based skeleton-

isation method [34]. Secondly, a numerical skeleton quality evaluation study is con-

ducted from a robotic application perspective, addressing a more solid skeletonisation

quality comparison. Thirdly, the object skeleton application in rolling contact kin-

ematics modelling is investigated, aiming to bridge the gap between discrete shape

representations and the traditional continuous kinematics model.
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Chapter 3

GLSkeleton: A Geometric

Laplacian-based Skeletonisation

Framework for Object Point Clouds

3.1 Introduction

Improving computational efficiency is a key challenge in 3D point cloud skeletonisa-

tion due to the high processing demands. This chapter addresses this issue by identify-

ing and reducing computational redundancies in the skeletonisation process.

The Laplacian-based contraction (LBC) method for curve skeletonisation, originally

developed for mesh skeletonisation [11], was later extended to point clouds by Cao et

al. [34]. This method is robust to incomplete data and well-suited for robotic applica-

tions such as grasping planning, as shown in Fig.3.1 [119, 166, 165].

However, the original LBC approach processes all points in each iteration, leading to

high computational cost. To improve efficiency, we propose a geometric Laplacian-

based skeletonisation framework (GLSkeleton) for object point clouds, a modified

framework that selectively retains feature-rich points using a local point reduction

(LPR) strategy, reducing computation time by about half when the input cloud point

number is 4096 according to the experimental results, and this reduction rate will be

greater when the input cloud point number increases. In this framework, a global
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(a) Grasp candidates (b) Grasping

Figure 3.1: Skeleton-assisted grasp planning. (a) The grasp candidate generated

from the object skeleton for a two-finger gripper. It is represented as a straight

line corresponding to the gripper opening, with short perpendicular markers at

both ends indicating the gripper’s orientation. (b) The robot executing a grasp

using the two-finger gripper.

feature-based termination criterion is also introduced for more reliable convergence.

In the experiments, GLSkeleton is evaluated against the baseline (Laplacian-based

point cloud skeletonisation [34]) using real-world, fully-scanned data from OmniOb-

ject3D [181], demonstrating significant improvements in speed with comparable skel-

eton quality. Besides, a toolbox for the implementation of GLSkeleton is open-sourced

for the community1.

This chapter is organised as follows. The GLSkeleton framework is introduced in Sec-

tion 3.2, where the proposed local point reduction (LPR) and global feature-based con-

traction terminating condition are explained. Then the skeletonisation experiments on

real-scanned object point clouds with comparison to the baseline methods are presen-

ted in Section 3.3, Finally, the work of this chapter is concluded in Section 3.4.

1https://github.com/weiqimeng1/GLSkeleton

https://github.com/weiqimeng1/GLSkeleton
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3.2 GLSkeleton Framework

The GLSkeleton framework provides an efficient method for extracting the curve skel-

eton of a shape whose surface is represented by a point cloud. Therefore, before intro-

ducing the framework, it is essential to clarify the notions of a point cloud and a curve

skeleton. Their formal definitions are provided in Definition 3.1 and Definition 3.2,

respectively.

Definition 3.1. An point cloud P of a shape Ω is defined as a set of points such that

P = [p1,p2, . . . ,pn]
T , where each point pi = [pix, piy, piz]

T ∈ R3.

Definition 3.2. A curve skeleton Gs corresponding to the shape Ω is represented as a

graph (V,E), where V ⊆ R3 is the set of skeletal vertices and E ⊆ V × V is the set of

edges. Each element ei ∈ E or vertex vi ∈ V is expected to be bounded by ∂Ω.

With these definitions established, we now outline the GLSkeleton framework. GL-

Skeleton is a novel geometric skeletonisation framework based on Laplacian contrac-

tion, derived from the classical Laplacian smoothing algorithm. The framework con-

sists of four main components, as illustrated in Fig. 3.2. Let Po denote the input object

point cloud, as defined in Definition 3.1. Prior to the contraction process, the local

neighbouring point ring (see Fig. 3.3(b)) of Po is computed. The curve skeleton Gs

(see Definition 3.2) is subsequently extracted through topological connection and re-

finement.

It is noteworthy that the computational cost of processing 3D point clouds scales lin-

early with the number of points. However, many points may become unnecessary or

redundant during the iterative contraction. Therefore, reducing the number of points

during the contraction process can effectively decrease the computational load of the

Laplacian-based skeletonisation. Building upon this observation, we introduce a local

point reduction (LPR) procedure within each contraction iteration to remove super-

fluous points from the local rings, as detailed in Section 3.2.2. Furthermore, given
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Figure 3.2: Block diagram of the GLSkeleton framework

the progressively reduced point set, a more robust contraction-termination condition is

proposed to ensure reliable convergence of the contraction loop.

3.2.1 Overview of Laplacian-based Skeletonisation

Before introducing the details of our proposed framework, we first explain the general

concept of Laplacian-based point cloud skeletonisation. Originally developed for mesh

data by Au et al. [11], this method was later adapted for point clouds by Cao et al. [34],

who introduced a local point ring strategy to establish neighbourhood relationships in

unstructured point cloud data.

For a point cloud shape P as defined by Definition 3.1. The local ring for an anchor

point pi is constructed by first identifying its k nearest neighbours. These neighbours

are projected onto the estimated tangent plane at pi, and a 2D Delaunay triangulation is

then applied to the projections. This process produces a circular (clockwise) ordering

of the neighbour indices, denoted as µi ⊆ 1, 2, . . . , n, which defines the local point

ring. This ordering plays a critical role in preserving local geometric structure during

skeletonisation.

The core of the Laplacian-based skeletonisation process is an optimisation framework

that balances two competing forces: contraction and attraction. The contraction term
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(a) Projected plane (b) Delaunay triangulation

Figure 3.3: Each anchor point (in red) and its neighbours (in yellow) are projected

onto a local tangent plane (a). The neighbour point ring is inferred from the

Delaunay triangulation of the projected points (b), although it is not explicitly

visualised.

encourages points to move inward toward a medial representation, while the attraction

term resists excessive displacement from the original shape.

To this end, cotangent-weighted Laplacian coordinates are computed as an approx-

imation of local curvature flow. For a point cloud P, the Laplacian coordinates δ =

[δ1, δ2, . . . , δn]
T are given by:

δ = LP, (3.1)

where L = [l1, l2, . . . , ln]
T denotes the Laplacian matrix defined by cotangent weights.

Each row li = [li1, li2, . . . , lin]
T is given by:

Lij =





ωij = cotαij + cot βij, if j ∈ µi;

−
∑

k∈µi
ωik, if i = j;

0, otherwise,

(3.2)

where αij and βij are the angles opposite to edge (i, j) in the local triangulation (see

Fig. 3.3(b)), and µi denotes the neighbour ring index set for point pi.

To moderate the contraction and prevent excessive structural distortion, an attraction

term is incorporated by penalising the deviation of each point from its previous posi-
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tion. The full contraction process is defined as solving:

 WLL

WH


Ps(k + 1) =


 0

WHPs(k)


 , (3.3)

where Ps(k) and Ps(k+1) denote the point cloud before and after the k-th contraction

iteration, respectively. The diagonal matrices WL and WH control the influence of

contraction and attraction forces.

Although the contraction process can be described by the general formulation in Eq. (3.3),

it cannot be solved directly. Instead, it is approached iteratively by minimising the fol-

lowing quadratic energy functional [11]:

∥WLLPs(k)∥2 +
∑

i

W2
H,i∥ps,i(k + 1)− ps,i(k)∥2, (3.4)

where the first term promotes local geometric contraction, and the second term penal-

ises large displacements to ensure smooth transitions across iterations.

The contraction proceeds iteratively. Initially, the weight matrices WL and WH are set

following the recommendations in [34]. After each iteration, these weights are updated

according to the following rule:

 WL(k + 1)

WH(k + 1)


 =


 sLWL(k)

WH(k) (S(0)/S(k))


 , (3.5)

where sL is a decay scalar, and the vectors S(0) and S(k) represent the average dis-

tances from each point to its neighbours in the original and current point clouds, re-

spectively.

Focus on our proposed GLSkeleton framework, illustrated in Fig. 3.2, we incorpor-

ate a LPR strategy–described in Section 3.2.2–directly into the contraction loop. This

strategy dynamically removes redundant points during optimisation, significantly re-

ducing computational cost.

To improve the reliability of termination, we introduce a global feature-based criterion

that robustly determines when the contraction has converged. This termination condi-

tion is detailed in Section 3.2.3.
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It is important to note that the Laplacian contraction step adjusts only the point po-

sitions and does not establish topological connectivity. Therefore, a post-processing

stage is required to infer and refine the skeletal graph from the contracted point cloud.

3.2.2 Geometric Local Point Reduction Strategy

To accelerate the Laplacian computation, we propose a geometric strategy termed LPR.

As illustrated in Algorithm 3.1 and Fig. 3.2, after each contraction cycle, the result-

ing point cloud Ps undergoes LPR. This process starts by evaluating and removing

points based on their point-wise contraction stage function values. Following removal,

the disrupted neighbour rings µ are reconstructed via a ring combination mechanism.

Meanwhile, the original point cloud Po is updated to preserve its one-to-one corres-

pondence with the contracted point cloud.

In LBC for skeletonisation, computational bottlenecks primarily arise from the size of

the point cloud. As contraction progresses, many points become redundant due to local

densification and increasing structural abstraction. Retaining all points throughout the

process is therefore unnecessary. LPR addresses this by removing points deemed re-

dundant after each iteration, thus improving efficiency.

The core idea behind LPR is to relieve local constraints that limit contraction speed by

selectively removing points within the ring neighbourhood. From Eqs. (3.4)-(3.5), the

contraction weights WL and attraction weights WH constrain the contraction dynam-

ics. These weights must be updated after each iteration, as the system reaches a local

equilibrium where the Laplacian term becomes minimal. In Eq. (3.4), the contraction

energy term diminishes while the attraction energy increases during contraction. For

convex point sets, this equilibrium satisfies

∥WLLPs(k)∥2 =
∑

i

W2
H,i∥ps,i(k + 1)− ps,i(k)∥2 (3.6)

To measure progress towards this balance, we introduce a point-wise stage function
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Algorithm 3.1 The computation of LPR of GLSkeleton.

1: function LPR(Po(k), Ps(k), µ(k))

2: for each point ps,i in Ps(k) and µi in µ(k) do

3: Compute stage function value F (ps,i) by Eq. (3.10)

4: if the stage function value meets the inequality (3.11) then

5: m← argmin
j∈{1,...,ki}

∥ps,i − pc,µi(j)
∥

6: Remove pµi(m) and pc,µi(m) from point clouds Po(k) and Ps(k) re-

spectively

7: Compute new µi by combining rings µi and µm with estimated surface

normals (3.1)

8: Remove ring µm from µ(k)

9: Update all rings in µ(k)

10: end if

11: end for

12: {Po(k + 1),Ps(k + 1),µ(k + 1)} ← {Po(k),Ps(k),µ(k)}

13: return Po(k + 1),Ps(k + 1),µ(k + 1)

14: end function

based on the quadratic contraction and attraction energies:

V (ps,i, k + 1) = w2
l (k + 1)∥δi(k + 1)∥2 − wh,i(k + 1)2∥∆ps,i(k + 1)∥2

= sk+2
L w2

l (0)∥δi(k + 1)∥2 −
(

si(0)

si(k + 1)
wh,0

)2

∥∆ps,i(k + 1)∥2, (3.7)

where ∆ps,i(k + 1) = ps,i(k + 1) − ps,i(k), and wh,i(k) and wl(k) are point-wise

weights derived from WH(k) and WL(k), respectively.

This function evaluates whether a point has reached the contraction equilibrium in the

next iteration. A value of zero implies equilibrium; a positive value indicates over-

contraction, while a negative value indicates under-contraction. Let ψ ∈ [0, 1] denote

the average ring size reduction rate in the k-th iteration. Assuming a predicted reduc-
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tion ψ′ = εψ, we write:

si(k + 1) = si(k)− ψ′si(0), (3.8)

and derive:

δi(k + 1) =
si(k + 1)

si(0)
δi(k) =

si(k)− ψ′si(0)

si(0)
δi(k),

∆ps,i(k + 1) =
[
ps,i(0)− ps,i(k)

]
− si(0)− si(k + 1)

si(0)− si(k)
·
[
ps,i(0)− ps,i(k)

]

=
ψ′si(0)

si(0)− si(k)
(ps,i(k)− ps,i(0)). (3.9)

Using the above relations and including a curvature preservation term U(k) to protect

sharp features (i.e., significant local curvature deviations), the final point evaluation

function becomes:

F (ps,i(k + 1)) = ω1V1(k + 1) + ω2V2(k + 1) + ω3U(k)

V1(k + 1) = sk+2
L w2

l (0)∥ηδi(k)∥2

V2(k + 1) =

(
wh,i(k)

η

)2

∥ ψ′si(0)

si(0)− si(k)
(ps,i(k)− ps,i(0))∥2

U(k) = ∥δi(k)−
1

ni

∑

j∈µi

δj(k)∥2 (3.10)

where η = [si(k)−ψ′si(0)]/si(0), and δi(k) denotes the Laplacian coordinates, serving

as an estimate of kn,i · n. The weights are empirically set to ω1 = 1, ω2 = −1,

and ω3 = 3, ensuring stable convergence of contraction (as required by Eq. 3.6) and

retention of sharp features.

As summarised in Algorithm 3.1, after each contraction iteration, the point ps,i and its

closest neighbours are removed if:

F (ps,i, k + 1) < ϕs2i (k) (3.11)

where ϕ is a user-defined scaling factor that governs the reduction aggressiveness.
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3.2.3 Terminating Condition for Contraction Iterations

In addition to the computational cost, defining an appropriate termination criterion for

the contraction iterations becomes more challenging when point reduction is applied.

In the method proposed by Cao et al. [34], the contraction process is terminated once

the change in ring size–defined as the minimum distance between each point and its

neighbouring ring points–falls below a predefined threshold. However, this metric

becomes unreliable under point reduction, as ring sizes are directly affected by the

removal of points. Therefore, in this work, we introduce a termination strategy based

on the proposed explained score (Eq. (3.13)). This score reflects the overall progress

of the contraction process and remains robust against decreases in the distance-defined

ring size caused by point number reduction.

We employ principal component analysis (PCA) to compute the explained score of the

contracted point cloud since it is capable of analysing the data globally. For a point set

X = {xk}, where xk ∈ R3, let m denote its centroid. The 3 × 3 covariance matrix is

calculated as

CX =
∑

k

(xk −m)⊗ (xk −m), (3.12)

where ⊗ denotes the outer product.

Considering the entire contracted model Ps = {ps,i} as a single point set, we compute

the global covariance matrix CPs . The explained score e, representing the percentage

of the whole shape information captured on projected planes, is then defined as:

e =
[
e1 e2 e3

]T
=

1

2(λ1 + λ2 + λ3)

[
λ1 + λ2 λ1 + λ3 λ2 + λ3

]T
, (3.13)

where λ1, λ2, λ3 are the eigenvalues of CVPs , sorted in descending order. In the three

projected planes, we assume that the shape information is gradually abstracted into two

of them. Building on this, to quantify the overall contraction stage, we compute the

mean of the two components with the highest explained score, given by

e =
1

2
(e1 + e2) =

2λ1 + λ2 + λ3
2(λ1 + λ2 + λ3)

, (3.14)
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where e ∈ [0, 1]. As the contraction progresses, this score generally increases.

To determine the convergence of the contraction process, we evaluate the difference in

explained scores between iterations:

∆e(k) =
|e(k + 1)− e(k)|

1− (n(k)− n(k + 1))/n(0)
, (3.15)

where n(k) and n(k + 1) are the numbers of points at iterations k and k + 1, re-

spectively. The denominator accounts for point reduction effects, ensuring the stability

of the score change measurement. When ∆e(k) falls below a predefined threshold

θ ∈ [0, 1], the contraction loop is terminated. In practice, θ is set to a small value close

to zero, under the assumption that the contraction process exhibits no large variance

once convergence is reached. The threshold is determined empirically from experi-

mental observations and is fixed across all objects; it is selected as the maximum value

that still ensures convergence for most models.

3.3 Results and Discussion

In this section, we evaluate the performance of GLSkeleton using the OmniObject3D

dataset [181]. This dataset comprises real-scanned 3D objects from a wide range of

categories, characterised by substantial variation in shape and appearance. The point

clouds are often noisy and unevenly distributed, which reflects the challenges of real-

world data. One limitation of using this dataset is that it is collected offline rather than

on a real robotic system. All experiments in this section were conducted in MATLAB

on a PC with an Intel(R) Core(TM) i7-3770K CPU.

3.3.1 Contraction Speed Comparison

To assess contraction speed, we compare GLSkeleton with the baseline method pro-

posed by Cao et al. [34]. The primary enhancement introduced by GLSkeleton is the
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Figure 3.4: Illustration of LPR. (a) Original egg model. (b) Result after one

contraction iteration; yellow circles indicate improved regions, red points are re-

moved, and blue points remain. (c) Reduction in point number and contraction

cost. (d) Evolution of ∆e over iterations.

Table 3.1: Parameter settings for GLSkeleton
Parameter Value Description

ε 1.2 ψ′/ψ

ϕ 1× 105 Parameter in Eq. (3.11)

θ 0.02 Termination threshold of ∆e in Eq. (3.15)

in-loop LPR, which accelerates contraction iterations. Values of the constant paramet-

ers and thresholds are summarised in Table 3.1.

A total of 216 point cloud models, each sampled at three different resolutions, were

selected from the dataset without bias towards object type. Throughout the contraction
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process, redundant points that hinder progress were effectively removed, as shown in

Fig. 3.4(a). Given that the contraction system in Eq. (3.4) has linear time complexity

O(n), the LPR provides a proportional speed-up, verified in Fig. 3.4(c). Furthermore,

the proposed explained-score difference ∆e increases during the initial iterations and

subsequently decreases (Fig. 3.4(d)), reflecting its alignment with the global contrac-

tion rate. This behaviour is consistent across the objects we evaluated and is not re-

stricted to the egg object alone. These observations confirm that ∆e serves as a reliable

indicator for contraction convergence and termination.
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Figure 3.5: Contraction time comparison between GLSkeleton (blue) and the

baseline (red). Top: Contraction times for 216 models with 1024, 4096, and 16384

points. Bottom: Remaining points after contraction.

As shown in Fig. 3.5, GLSkeleton performs similarly to the baseline on low-resolution

models (1024 points). This is because solving the point cloud reduction also introduces

additional computational cost, and this cost is relatively high compared with sparse

point cloud contraction. However, as model size increases, GLSkeleton increasingly

outperforms the baseline due to significant cloud point number reduction. For mod-

els with 4096 and 16384 points, the contraction time is significantly reduced. While
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differences are minimal for smaller models (Fig. 3.5(a)), GLSkeleton exhibits lower

variance in runtime across different objects (standard deviations of 1.2996 vs. 0.3205),

indicating better controllability of contraction speed.

3.3.2 Skeletonisation Results

To assess skeletonisation quality, we selected 77 models (4096 points) from the full

set of 216 objects, choosing those that exhibit representative 3D structures. For many

of the remaining objects, valid curve skeletons could not be further extracted, either

because the Laplacian-based contraction produced unsatisfactory point cloud results

or because, for shapes such as spheres or planar surfaces, the expected curve skeleton

is inherently ambiguous. Consequently, only the subset of objects with meaningful

skeletons was retained for comparison.
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Figure 3.6: Curve computation cost from contracted point cloud (a) and overall

computation cost (b).

LPR also accelerates the curve construction stage (Fig. 3.6(a)), as the farthest-point

sampling relies on kd-tree range queries with time complexity O(n2/3). Therefore,

skeletonisation via GLSkeleton is faster than the baseline (Fig. 3.6(b)). It is worth

noting that the smaller performance gain here (compared to Fig. 3.5(b)) is due to both

methods sharing the same initial neighbour ring computation stage (see Fig. 3.2).
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As seen in Fig. 3.7, GLSkeleton successfully preserves topological features in most

cases, including models with missing data (e.g., Figs. 3.7(e), (k)). However, removing

points during contraction may result in minor geometric distortion or the appearance of

non-medial branches, especially in sparse regions with joints or loops (Figs. 3.7(g), (h),

(i), (l)). These effects are generally negligible in practical applications. For example,

small changes in the skeleton used for generating grasp candidates have little impact

unless they alter the local topological direction or the local centeredness.

Fig. 3.8 presents results under varying levels of Gaussian noise. GLSkeleton maintains

robustness even with severe noise, occasionally outperforming the baseline, while re-

quiring less computational effort.

The skeletons produced by GLSkeleton provide meaningful vertex structures with clear

topological connections, supporting applications such as grasping planning, which may

use the topological information to propose grasp candidates [119, 165]. They are also

suitable for segmentation and curvature estimation, aiding local geometry analysis.

However, real-time use may be hindered by non-medial branches and challenges in

segmenting strictly convex shapes like spheres.

3.4 Conclusion

This chapter presents GLSkeleton, a geometric Laplacian-based framework for point

cloud skeletonisation that achieves comparable results to existing methods with sig-

nificantly reduced computational cost. The proposed in-loop local point reduction

strategy identifies and removes redundant points that impede contraction, enhancing

computational efficiency. Additionally, a robust contraction-convergence indicator, in-

dependent of local point density, is introduced to guide termination during iteration.

Extensive evaluation using real-scanned data demonstrates the method’s effectiveness

and robustness. However, challenges remain, including the intrinsic limitations of
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Laplacian-based methods, such as failing in topology preservation when handling spe-

cific structures and the sensitivity to the constant update factor sL in Eq. (3.5) [34].

Furthermore, the lack of standardised evaluation metrics for skeletonisation limits its

practical deployment.

Future work will focus on improving skeleton robustness, publishing a curated dataset,

and exploring motion-planning-based skeleton inference instead of purely topological

approaches. We will also investigate grasping planning using GLSkeleton, including

the relationship between skeleton quality, contact points, and local surface geometry.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Figure 3.7: Skeletonisation comparison for selected models. (a)-(f) Results using

the baseline; (g)-(l) results using GLSkeleton.
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(a) Baseline (b) Baseline (c) Baseline

(d) GLSkeleton (e) GLSkeleton (f) GLSkeleton

Figure 3.8: Skeletonisation results for noisy point clouds. Gaussian noise with

standard deviations of 5%, 10%, and 15% (relative to half the diagonal of the

object’s bounding box) is added to each point.
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Chapter 4

Desirable Skeletonisation Properties

and Skeletonisation Quality

Evaluation

4.1 Introduction

Defining high-quality skeletonisation is a critical problem in evaluating skeletonisation

approaches [155]. Despite the importance of quantifying the quality of skeletonisation

methods, research on quantifying skeletonisation quality is limited, largely due to the

algorithmic complexity of existing approaches and the lack of clearly defined skeleton

properties [144]. Much of the existing research still highly relies on visual inspec-

tions [34, 143, 66], or ground truth-based evaluation [101, 49]. It is challenging to

quantify skeletonisation quality or skeletonisation comparison, due to reasons such as

no commonly accepted skeleton definition, difficulty in obtaining “ground truth” skel-

etons [155].

Addressing this challenge, this chapter firstly investigated the implicit skeletonisa-

tion patterns of the desired skeletonisation process. The statistical properties of the

contraction-based skeletonisation results are systematically studied with a given cri-

terion for deriving the desired Laplacian-based contraction, followed by the desired

skeletonisation.
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Apart from the statistical studies, a quantitative skeletonisation quality evaluation method

via four critical criteria is investigated, aiming to numerically quantify the quality of

the resultant skeletons. The critical skeleton properties, including topology similarity,

centredness, boundedness and smoothness, are defined both theoretically and numeric-

ally. The effectiveness of the numerically defined evaluation approach is comprehens-

ively discussed via experiments on skeletonisation results of various qualities, with an

application background of robotics. The numerical skeletonisation analysis is available

for the research community 1.

In this chapter, the remaining is organised as follows. The study of desirable character-

istics of stable contraction-based skeletonisation is introduced in Section 4.2. Then the

theoretical and numerical definition of four critical skeletonisation evaluation metrics

corresponding to skeletonisation properties are introduced in Section 4.3. All the skel-

etonisation evaluation experiments and discussions are present in Section 4.4. Finally,

the work of this chapter is concluded in Section 4.5.

4.2 Characteristics of Stable Contraction-Based Skel-

etonisation

This section delves into the significant statistical pattern of geometrical attributes of

stable contraction-based skeletonisation, with a focus on addressing the inherent dif-

ficulties in assessing skeletonisation outcomes. The contraction-based skeletonisation

methodology is exemplified through the Laplacian-based approach [34], which is also

introduced in Subsection 3.2.1. The contracted set of points Ps is herein referred to as

the surface skeleton, as it serves as an approximation of the MA; the ultimate skeleton

derived from the process is designated as the curve skeleton.

Although the LBC is capable of producing both the surface skeleton and the resultant

1https://github.com/weiqimeng1/PointCloud_Skeletonization_Metrics

https://github.com/weiqimeng1/PointCloud_Skeletonization_Metrics
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curve skeleton, the task of evaluating the quality of the generated skeleton remains sub-

stantially challenging. To elucidate the statistical characteristics of stable contraction,

this study investigates the deformation and distortion effects induced by the Laplacian

contraction by analysing variations in surface normal vectors and curvature.

To quantify distances between surface normal vectors, the cosine similarity metric is

employed due to its superior ability to capture directional relationships compared to

alternative measures [182]. For general m-dimensional vectors nx and ny, the cosine

similarity is formally defined as

SC(nx,ny) = cos(θ) =
nx · ny
∥nx∥∥ny∥

=

∑m
i=1 nx,iny,i√∑m

i=1 n
2
x,i

√∑m
i=1 n

2
y,i

, (4.1)

where θ denotes the angle subtended between nx and ny. Given the nonlinear relation-

ship between the cosine value and the angle, the cosine distance is normalised via

Dθ =
arccos(SC)

π
, (4.2)

such that Dθ represents the normalised angular distance bounded by 0 < Dθ < 1. For

each point pi, the distance between the normal vectors of the original and contracted

point clouds is computed as

Dθ,k,i =
arccos (SC(nk,i,n0,i))

π
, (4.3)

where ni(k) and ni(0) correspond to the normal vectors at the original and post-k-th

contraction iteration positions, respectively. As presented in Eq. (4.3), it is requisite to

obtain the normal vectors prior to distance computation. Analogous to the determina-

tion of local neighbour rings, a subset of nearest neighbouring points surrounding each

point in the cloud is utilised to estimate the normal vectors. This estimation is real-

ised through the calculation of the covariance matrix Cn of the k-nearest neighbouring

points, as expressed by Eq. ( 3.12). Upon computing the eigenvectors v1,v2,v3 of Cn

alongside their associated eigenvalues λ1, λ2, λ3 arranged such that λ1 < λ2 < λ3, the

normal vector at the point is identified as v1.
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To quantify the differences in curvature between the contracted results and the original

point cloud, we herein define the curvature difference metric. Utilising the covariance

matrix C described previously, the curvature at a given point is estimated and normal-

ised as

κn =
λ1∑3
i=1 λi

. (4.4)

Since the curvatures are represented as scalar values, the curvature difference between

the input point cloud and its contracted counterpart can be readily computed by

∆κn,k = κn,k − κn,0, (4.5)

where κn(k) and κn(0) denote the curvature at the point position after the k-th contrac-

tion iteration and at the original point position, respectively. Here k denotes the point

cloud contraction iteration number, with k = 0 representing the original point cloud.

In this context, we propose a hypothesis concerning the stable convergence behaviour

of the contraction process and describe a qualitative evaluation method based on the

convergence characteristics of the contracted surface. It is noteworthy that, to the best

of our knowledge, there exists no prior research explicitly addressing the desirabil-

ity or stability of contraction convergence. Consequently, Propositions 4.1–4.2 have

been formulated as abstractions of the convergence patterns consistently observed in

the contraction results presented in Subsection 4.2, where the characteristics of the

Laplacian-based skeletonisation are experimentally examined. These experimental ob-

servations provide the empirical foundation upon which the propositions are estab-

lished.

The first proposition concerns the stability of the contraction process. As illustrated by

the iterative contraction process in Fig. 2.6, we empirically observe that, for a stable

contraction, every point in the point cloud moves progressively inwards over successive

iterations, with the contracted surface remaining well contained within the original

shape. Building on these recurrent observations, we derive Proposition 4.1.

Proposition 4.1. Let us consider the original point set of the object, denoted as Po =

{po,i}, and the contracted point cloud obtained after the k-th contraction iteration,
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denoted as Ps(k) = {ps,i(k)}. Here, the index i refers to the i-th point within the

point set. The surfaces represented by the point clouds Po and Ps(k) are designated

as Uo and Us,k, respectively. The stability of the contraction is assessed locally with

respect to the boundary region of the subset Xo ⊂ Po. If the iterative contraction

results, denoted as Xs,k ⊂ Ps(k), satisfy the condition

Xs,k+1 < Xs,k ≪ Xo,

with the contracted surfaces constrained by

Us,k+1 < Us,k ≪ Uo,

we define this criterion as contraction boundedness, which serves as a measure to

evaluate the stability of the contraction process.

Furthermore, since geometric properties are vital to a meaningful shape representation,

we examine the stable convergence of the contraction via the analysis of geometric

property variances, including the curvature differences ∆κn,k and the angular differ-

ences of the normal vectors Dθ,k,i within local surface regions. Empirically, as shown

in the experimental results of Section 4.2, stable contraction convergence patterns ex-

hibit characteristic distributions of these quantities.

Proposition 4.2. For a point cloud contraction process exhibiting stable convergence,

the empirical distributions of Dθ,k,i and ∆κn,k are anticipated to be approximately

symmetric and unimodal, resembling a “bell-shaped” profile. Moreover, the means

of Dθ,k,i and ∆κn,k are expected to converge towards values of 0.5 and 0, respectively.

Beyond these shared characteristics, distinct patterns in the distributions may reveal

particular geometrical structures inherent to different shape categories or indicate an-

omalies in shape processing.

Given that the contracted results approximate the surface skeleton, these distributional

patterns provide an effective means of evaluating the quality of the resulting surface
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skeleton. Additionally, as the Laplacian-based curve skeletonisation relies fundament-

ally on the stability of contraction results, a stable and convergent contraction pattern

is instrumental in producing curve skeletons of superior quality.

4.3 Skeletonisation Evaluation Metrics

Beyond the statistical examination of contraction-based skeletonisation, this section

aims to provide a comprehensive theoretical and numerical characterisation of skelet-

onisation properties that influence the quality of the resultant skeleton. These proper-

ties include topological similarity, boundedness, centredness, and smoothness.

4.3.1 Topological Similarity

This subsection addresses a quantitative analysis of the preservation of topology through-

out the skeletonisation process. While distances between point cloud datasets may be

evaluated using various metrics–such as the Hausdorff or Chamfer distances–disentangling

purely shape-related metrics from those based on distance measurements remains a

challenging endeavour. Herein, the focus is placed on topological similarity as a funda-

mental attribute of skeletonisation outcomes. Two shapes are considered topologically

similar if they exhibit comparable topological structures. To assess point cloud skel-

etonisation with respect to topological similarity, it is necessary to develop a method

that compares two topological shapes represented by point sets and produces a score

quantifying the degree of their topological congruence.

Problem Statement & Preliminaries

An ideal skeleton is expected to preserve the topology of the original shape [40]. To

evaluate the extent of topology preservation during skeletonisation, a metric that ef-

fectively captures topological shape similarity is required. In this part, we examine the
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topological alterations that arise throughout the point cloud skeletonisation process.

We assume the existence of an intermediate skeletal point set, point-wise related to the

original point cloud, generated as part of the skeletonisation pipeline. As an overview,

we approximate topological similarity by analysing the evolution of nontrivial H0 fea-

tures, which indicate the emergence or disappearance of connected components during

the contraction process.

The problem is formulated with object point clouds as defined by Definition 3.1. Sim-

ilarly, we define two point cloud shapes relevant to this problem as: Po, denoting the

original point cloud, and Ps, representing the skeletal point set, which approximates

the number of points in Po.

Local geometric features of P are frequently modelled using simple geometrical con-

structs known as simplices. Generally, a simplex is the convex hull of its vertices,

formalised as follows:

Definition 4.1. A k-simplex σ is the convex hull of its k + 1 affinely independent

vertices, denoted by

σ := convh{v0, . . . ,vk},

where v0, . . . ,vk ∈ R3 are the vertices of σ.

Remark 4.1. The term “affinely independent vertices” signifies that given the vertices

v0, . . . ,vk, the vectors v1−v0, . . . ,vk−v0 are linearly independent. As illustrated in

Fig. 4.1, simplices in dimensions 0, 1, 2, and 3 correspond respectively to a point, a line

segment, a triangle, and a tetrahedron. The convex hull of any subset of the vertices of

a simplex constitutes a face of that simplex.

For more intricate structures, simplicial complexes are defined as unions of simplices.

We adopt this framework to describe sets of point clouds (including skeletal point sets)

as follows:

Definition 4.2. A simplicial complex K is a finite collection of simplices such that for
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0-simplex 1-simplex 2-simplex 3-simplex

Figure 4.1: Examples of simplices in various dimensions.

any σ, σ′ ∈ K, their intersection σ∩σ′ is either empty or a face common to both σ and

σ′.

An abstract simplicial complex K̂ is a collection of sets formed from the geometric

elements of simplicial complex K.

Remark 4.2. In an abstract simplicial complex, every non-empty subset of a set con-

tained in K̂ is also an element of K̂. Effectively, this abstraction disregards certain

geometric attributes of the simplicial complex, preserving only the combinatorial rela-

tionships among the elements.

The Vietoris-Rips complex provides a natural method for constructing an abstract sim-

plicial complex from a finite metric space and can be used to extract topological fea-

tures through complex filtration [9]. The given finite metric space serves as a guide for

combinations of geometrical elements.

Definition 4.3. A finite metric space (X, ∂X) of the discrete space of the point set X

is a metric space such that the distance between a pair of points xi and xj (xi,xj ∈ X)

is given by ∂X(xi,xj).

Definition 4.4. Given a finite metric space (X, dX) and a fixed radius ϵ, the Vietoris-

Rips complex VRϵ,P(X, dX) of point cloud shape P is an abstract simplicial complex

where the vertices are the points in P, and each k-simplex σ = convh{v0, . . . ,vk} ∈

VRϵ,P(X, dX) satisfies

dX(vi,vj) < ϵ, for all 0 ≤ i < j ≤ k.
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Homology in a topological space is characterised by its homology groups, defined

using the boundary homomorphism [15]. It serves as a topological invariant, allowing

the comparison of point cloud shapes based on their topological properties.

Figure 4.2: An example of a Vietoris-Rips complex [15].

Definition 4.5. A boundary operator (or homomorphism) ∂d is a homomorphism con-

necting the chain complexes in dimension d and d− 1, expressed as

∂d : Cd(K)→ Cd−1(K),

where for i < 0, Ci ≡ 0.

Definition 4.6. Let the d-th boundaries and cycles of P constructed in point space be

denoted as

Bd(P) := im(∂d+1), Zd(P) := ker(∂d),

respectively. The d-th homology group of the topological space relative to the point

cloud P is defined by

Hd(K) :=
ker ∂d
im ∂d+1

=
Zd(P)

Bd(P)
.

Remark 4.3. The d-th homology group Hd(K) of a point cloud shape represents the

number of d-dimensional holes in the corresponding simplicial complex, thereby de-

scribing its topological structure.

Definitions 4.4–4.6 provide the mathematical foundation for the homology groups of

point cloud shapes. As a topological invariant, the homology group enables the ab-

straction and comparison of topological properties between shapes. For point clouds,

this is practically achieved using persistent homology.
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Methodology

Persistent homology constitutes a robust framework for analysing topological vari-

ations in point clouds. Conventional skeletonisation techniques characterise a “good”

skeleton as one that preserves topology by remaining homotopic to the original shape [40,

143], although formal quantification of this property is non-trivial. Motivated by Edels-

brunner et al. [51], we apply persistent homology to extract topological features from

both the skeleton and the original point cloud, enabling quantification of their dissim-

ilarity via topological distances.

Let ϵ denote the radius parameter defining ϵ-neighbourhoods used to construct com-

plexes. Persistent homology tracks the emergence and disappearance of topological

features as ϵ increases. At ϵ = 0, each point is isolated, representing anH0 feature. As ϵ

increases, points connect to form higher-dimensional simplices, generating loops (H1)

and cavities (H2). These features appear and vanish at different scales: minor features

vanish rapidly, while significant ones endure longer. We model complex growth using

the Vietoris-Rips complex (Definition 4.4). The persistence of features is encoded by

their birth and death times and can be visualised via persistence barcodes [35]. As

depicted in Fig. 4.4, the start and end points of each bar represent the birth and death

of an H0 feature, respectively.

Within barcode space, bottleneck and Wasserstein distances serve as standard met-

rics for quantifying dissimilarity between two barcodes. For skeletonisation, the two

barcodes are assumed to originate from the original point cloud and its skeletal repres-

entation. Given two persistence intervals [a1, b1) and [a2, b2), the∞-distance between

them is defined as:

d∞([a1, b1), [a2, b2)) = max(|a1 − a2|, |b1 − b2|).

Since preservation typically concerns only major topological features exhibiting high

persistence, it is essential to filter out minor local features prior to comparison. Let
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Po and Ps denote the original point cloud and the skeletal point set, respectively. The

maximal nearest-neighbour distance for any point pi ∈ Po is defined as ϵ∗:

ϵ∗ = sup
po,i∈Po

∥pi − ψ(pi)∥ , (4.6)

where ψ maps each point pi to its nearest neighbour in Po. We assume that minor

local features, such as small connected components, disappear once each point is con-

nected to at least one neighbour. For example, a point forming the smallest connected

component is born at ϵ = 0 and dies when linked to its nearest neighbour. Hence, bars

corresponding to minor features in persistence barcodes are eliminated by discarding

those with persistence below ϵ∗.

Let Bo and Bs denote the filtered barcodes of Po and Ps, respectively. The point sets

Po and Ps are normalised to fit within a standard cubic bounding box to facilitate

comparison. The bottleneck distance between the filtered barcodes is defined by:

dB(Bo, Bs) = inf
ϕ

sup
Z∈Bo

d∞(Z, ϕ(Z)), (4.7)

where ϕ ranges over all bijections between Bo and Bs. The normalised p-Wasserstein

distance is given by:

dWp(Bo, Bs) =
1

nb

(
inf
ϕ

∑

Z∈Bo

d∞(Z, ϕ(Z))p

) 1
p

, (4.8)

where nb is the number of selected bars.

Proposition 4.3. Consider two normalised point clouds Po and Ps enclosed within

a bounding box of diagonal length ϵmax. Their topological similarity is characterised

by the distance between their most persistent homology features, computed via the

Vietoris-Rips complex filtration (Definition 4.4). Persistence patterns are represented

in barcode space and filtered using the threshold ϵ∗ defined in Equation (4.6). Let

Bo and Bs be the filtered persistence barcodes corresponding to Po and Ps, respect-

ively, with bars representing the birth and death of H0 features. The dissimilarity do,s

between Bo and Bs is quantified by distance metrics such as the bottleneck distance

(Equation (4.7)) or the Wasserstein distance (Equation (4.8)) [35].



70 4.3. Skeletonisation Evaluation Metrics

Let No be the number of points in Po. The topological similarity between Po and Ps

is then expressed as:




High similarity, if do,s < d∗ with 0 < d∗ ≤ ϵmax,

Low similarity, if do,s ≥ d∗.

As d∗ → 0 when No → ∞, this criterion yields an increasingly accurate measure of

topological similarity.

It has been established by Niyogi et al. [108] that the homology of a shape can be

reliably recovered from sufficiently dense discrete samples. As a topological invariant,

the homology group serves as a fundamental tool for shape analysis [167, 168, 56].

Proof. Consider a discrete point set Po composed of No points sampled uniformly

from the surface Uo of a shape o. Define ϵ∗ as the largest nearest-neighbour distance

among all points pi ∈ Po, as specified in Eq. 4.6. Assuming that Po represents valid

samples of Uo, the surface Uo may be approximated by connecting each point pi to its

neighbours within radius ϵ, forming a reconstructed surface Ur.

As the number of points increases without bound, No → ∞, the maximum neighbour

distance shrinks, ϵ∗ → 0, and the reconstructed surface converges, Ur → Uo. This

convergence implies that the homology features computed from the point samples ap-

proach those of the original shape. Additionally, as ϵ∗ → 0, the persistence associ-

ated with minor H0 features–commonly noise–rapidly decreases. Since ϵ∗ measures

local proximity, it predominantly affects small-scale connectivity and not the global

topology. Thus, constructing the ϵ-Vietoris-Rips complex for sufficiently small ϵ ef-

fectively filters out these insignificant local features while preserving key global topo-

logical characteristics. This phenomenon is demonstrated in Figs. 4.3(b), (e), (h), and

(j).

Remark 4.4. The examination of simple geometric shapes reveals a direct correlation

between topological alterations and persistence barcodes of homology. As depicted
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Figure 4.3: Persistent homology analysis of simple geometries using H0 features.

Shapes in (a), (b), (c), and (g) contain 200 points, and (h) contains 2000 points. The

corresponding barcode diagrams are shown below each shape. The horizontal

axis indicates birth and death scales, while the vertical axis simply indexes the

bars for visual clarity.
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in Fig. 4.3, topological changes affecting connectivity (e.g. Figs. 4.3(b), (g)) pro-

duce notable variations in the lengths of the longest barcode intervals. In contrast,

topology-preserving deformations (e.g. Figs. 4.3(a), (c)) maintain consistent patterns

in these dominant bars. Quantitative measures such as the Wasserstein and bottleneck

distances effectively capture these effects. In particular, the bottleneck distance exhib-

its enhanced robustness against non-topological variations, confirming its reliability as

a metric for topological dissimilarity.

Remark 4.5. The proposed topological similarity metric is applicable solely to point-

wise deformations of point cloud shapes. Furthermore, it is sensitive to variations

in point density, as the dominant bars are filtered according to the largest nearest-

neighbour distance in the original point cloud.

Fig. 4.4 presents the persistence barcodes of homological features for both the ori-

ginal and skeletal point sets of the hammer and biscuit shapes. In Fig. 4.4(a), inward

displacement of the skeletal points reduces neighbour distances, causing connected

components to merge earlier and thus shortening the persistence of H0 features. This

reflects quicker local connections forming while global topological features remain in-

tact. The displacement is primarily radial, reducing distances more significantly in

the radial than the axial (medial) direction. Effective skeletonisation preserves these

medial-axis topological features.

In the hammer shape (Fig. 4.4(a)), longer-persisting homology features signal limited

topological alteration compared to the biscuit shape (Fig. 4.4(b)), where the topology

is considerably disrupted, indicated by irregular spikes. The extent of topological pre-

servation through skeletonisation is quantitatively captured by the distances between

barcode patterns: the hammer shape contraction yields smaller bottleneck and Wasser-

stein distances than the biscuit shape, as reported in the figure captions.

In summary, persistent homology enables quantification of topological similarity by

comparing the persistence intervals of homology features between original and skeletal

point sets, using metrics such as bottleneck and Wasserstein distances.
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Figure 4.4: The barcode of persistent homology (H0 features). The input point

clouds are scaled to fit within a cubic bounding box whose diagonal is 1.6 and

only the top 5% and bottom 5% of persistence bars are shown for clarity)

4.3.2 Boundedness

The skeleton of a shape represented by a point cloud is expected to lie within the shape,

or equivalently, to be bounded by the original shape surface [144, 40], before consid-

erations of other properties, such as centredness, can be made. However, the principal

challenge is that the surface defined by point cloud data is implicit and not explicitly

given. This subsection addresses the boundedness of skeletal points or vertices. Given

any point in the point cloud space, our method assigns a score reflecting the bounding

status of that point relative to the shape’s surface. Aggregating these results enables an

assessment of the overall boundedness of the derived skeletal shape.

Problem statement

As exemplified by the skeletonisation result at the bottom-right of Fig. 4.4(b), skeletal

points or vertices extending beyond the shape’s surface boundary are generally undesir-

able and represent incorrect convergence or transformation. Boundedness denotes the

property whereby all skeletal elements lie within the original shape. For point cloud

shapes, this is challenging because the surface is ambiguously represented by discrete
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points.

Here, boundedness is defined at the point level. Let Ps ⊂ Rm×3 denote the skeletal

point set, where each skeletal point ps,i ∈ R3 corresponds to an original point cloud

Po ⊂ Rn×3. A example skeletal point set is the contracted point cloud as shown in

Fig. 3.2. The shape represented by Po is denoted as Ω. Each skeletal point ps,i ∈ Ps

is expected to lie within the shape boundary ∂Ω.

A curve skeleton Gs is as the definition given by Definition 3.1. Each element ei ∈ E

or vertex vi ∈ V is expected to be bounded by ∂Ω.

Methodology

Let P be an n-point cloud within the discrete space X ⊆ Rm×3, and xi ∈ X be an

arbitrary point. We define the direction vector from xi to pi as

d(xi,pi) :=
pi − xi
∥pi − xi∥

, (4.9)

where pi ∈ P is any point in P. Interpreting these normalised vectors from all pi ∈

P relative to xi as coordinates yields points projected onto a unit sphere. If xi is

fully enclosed by the shape defined by P, this projection produces a nearly complete

spherical surface, as illustrated in Fig. 4.5. Conversely, if xi is only partially enclosed,

-0.5
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0.5

0.5

0.50
0

-0.5 -0.5

Figure 4.5: Projection of directional vectors onto a spherical surface.
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regions of the sphere remain empty, manifesting as holes on the sphere’s surface. This

observation motivates the following definitions for boundedness metrics:

Definition 4.7. Assuming the shape represented by P is convex, the boundedness of xi

relative to the point cloud P can be evaluated by the proportion of the sphere’s surface

area occupied by the projected points. Let pxi,pi
= d(xi,pi) (from Eq. 4.9) denote the

projection of pi with respect to xi, and Pxi,P be the corresponding set of points on the

sphere. The boundedness metric of xi with respect to P is defined by

βxi◦P :=
Sxi,P

4πr2
, (4.10)

where r = 1 for the unit sphere and Sxi,P denotes the total area covered by points

pxi,pi
∈ Pxi,P.

Definition 4.8. Given a curve skeleton Gs = (V,E), an edge ei = (vj,vk) ∈ E can

be parametrised by

ei(t) = tvj + (1− t)vk, t ∈ [0, 1].

A point pg on the skeleton is given by pg = ei(t), for some t ∈ [0, 1] and edge ei ∈ E.

Definition 4.9. Let Po,Ps ⊆ X be the original and skeletal point sets in the discrete

space X. Denote by Ns the total number of skeletal points, and by Ns,b the number of

skeletal points bounded by Po (see Proposition 4.4). The boundedness of Ps relative

to Po is

BPs◦Po
:=

Ns,b

Ns

. (4.11)

For a curve skeleton Gs, sample Nsp points evenly according to Definition 4.8, with

Nsp,b bounded points. Then the curve skeleton boundedness is defined as

BGs◦Po
:=

Nsp,b

Nsp

. (4.12)

Exact computation of the area covered by points on the sphere’s surface is difficult. To

simplify, we project the sphere points onto a 2D plane to perform Delaunay triangula-

tion efficiently.
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For an arbitrary point on the unit sphere with coordinates [xs, ys, zs]
T , its planar co-

ordinates [xp, yp] under the sinusoidal projection [133] are given by




xp =
√
x2s + y2s · tan−1

(
ys
xs

)
,

yp = r · tan−1

(
zs√
x2s+y

2
s

)
,

where r = 1 is the sphere radius.

After projecting onto the plane, Delaunay triangulation is applied. The triangulation is

then mapped back to the sphere to approximate the covered area Sxi,P in Eq. (4.10) by

summing the areas of all triangles, as illustrated in Fig. 4.6.

Proposition 4.4. Suppose the shape Ω ⊂ R3 with boundary ∂Ω is convex and rep-

resented by the point cloud Po containing No points. Let S△ denote the approximate

covered area computed by summing the areas of all triangulated regions (Fig. 4.6).

Then the approximated boundedness

β̂x′◦Po =
S△

4πr2

serves as an estimate of the true boundedness βx′◦Po (Eq. (4.10)). A point x′ ∈ X is

considered bounded by ∂Ω if β̂x′◦Po ≥ β∗, where the threshold 0 < β∗ ≤ 1 depends on

the point density of Po. As No →∞, β∗ → 1 and the approximation becomes exact.

Proof. Referring to Fig. 4.6, let ai denote the area of each triangulated patch on the

sphere generated by points projected from Po relative to x′. Define a∗ = supi ai as

the largest triangle area. As No → ∞, the triangulation becomes finer and a∗ → 0.

Consequently, the approximate area Ŝx′,Po =
∑

i ai converges to the true area Sx′,Po .

If x′ is fully enclosed by ∂Ω, then Sx′,Po = 4πr2, the total area of the unit sphere.

Hence, β̂x′◦Po → 1 as No →∞, completing the proof.

In practical applications, as illustrated in Fig. 4.7, the point density of point clouds is

typically lower than the theoretical ideal. Consequently, the boundedness threshold β∗



Desirable Skeletonisation Properties and Skeletonisation Quality Evaluation 77

(a) Bounded (b) Unbounded

Figure 4.6: Triangulated projections of points on the unit sphere for (a) a bounded

skeletal point and (b) an unbounded skeletal point, based on a horse-shaped point

cloud.
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Figure 4.7: Boundedness assessment of contracted skeletal points derived from

a horse point cloud. Points exterior to the shape boundary demonstrate lower

boundedness metrics, whereas points interior to the boundary exhibit values ap-

proaching unity.

is generally observed to be less than one. Moreover, skeletal points situated beyond

the shape boundary consistently present markedly reduced boundedness values, while

those contained within the boundary maintain boundedness values close to unity.
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4.3.3 Centeredness

Centeredness is widely regarded as one of the most fundamental properties in point

cloud skeletonisation, serving as a key attribute across numerous applications. How-

ever, its quantitative assessment remains challenging. This difficulty arises not only

because the object’s surface represented by a point cloud is inherently uncertain, but

also because skeletal structures have been defined in markedly different ways through-

out the literature. To address these challenges, this subsection introduces a metric that

evaluates the centredness of skeletonisation outcomes by integrating medial-axis-based

principles from both surface and curve skeleton frameworks.

Problem Statement & Preliminaries

Multiple interpretations of skeletonisation have resulted in a diverse set of definitions

for what constitutes an ideal skeleton. Although there is broad conceptual agreement

that centredness is a desirable and often essential property, the field lacks a unified

quantitative formulation of centredness [40, 143]. As noted in recent surveys, no con-

sensus mathematical definition is currently established [155]. Existing works typic-

ally express centredness only implicitly, most commonly through the expectation that

a well-formed skeleton should approximate the medial axis (MA) of the underlying

shape [115, 58, 143, 158]. This medial-axis perspective, therefore, provides the found-

ational basis from which centredness is understood.

Building on the conceptual descriptions found in prior work [40, 143], a rigorous

centredness definition for both the skeletal point set Ps and the curve skeleton Gs

of a shape Ω can be stated as follows. The skeletal point set Ps = {ps,i | ps,i ∈ R3}

corresponding to shape Ω should have every skeletal point ps,i located on the MAMΩ

defined in Eq. 4.13. Similarly, the curve skeleton Gs, represented as a graph (V,E),

must satisfy that all vertices vi ∈ V and every point ei(t) ∈ E along its edges lie on

the MAMΩ of the shape, where t parametrises the edges.



Desirable Skeletonisation Properties and Skeletonisation Quality Evaluation 79

It is important to note that exact centredness is not always obligatory; some dimensions

may be well-centred while others are not, and the level of centredness required varies

depending on the application. For instance, approximate centredness is often sufficient

for virtual navigation tasks, as the MA can contain overly detailed and unnecessary

features [40]. Furthermore, the preceding definition presupposes knowledge of the

shape’s surface, which is typically unavailable for point cloud data. Therefore, before

proposing our metric, we reiterate the formal definitions of the MA for known surfaces

and subsequently extend these to a numerical approximation suitable for point cloud

shapes.

Definition 4.10. For a shape Ω ⊂ R3 with boundary ∂Ω, the distance transform DT∂Ω :

R3 → R>0 is defined as

DT∂Ω(px ∈ Ω) = min
py∈∂Ω

∥px − py∥.

Definition 4.11. The MAMΩ (or medial surface SΩ) of shape Ω is the locus within

the shape satisfying

MΩ = {px ∈ Ω |∃m1,m2 ∈ ∂Ω,m1 ̸= m2,

such that ∥px −m1∥ = ∥px −m2∥}.
(4.13)

Methodology

Given that the surface of a real-scanned point cloud is typically uncertain and subject

to noise, directly quantifying centredness as per Definition 4.11 is infeasible. However,

under the assumption that opposite points within a cross-section of the shape cluster

together due to the nature of skeletonisation, it is possible to estimate the proximity of

the skeleton to the medial surface.

For skeletal point sets, centredness can be assessed by assuming each skeletal point

ps,i ∈ Ps corresponds to a matching point po,i in the original point cloud Po. If

a direct one-to-one correspondence is not available, it may be approximated through
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reverse projection or by associating the skeleton points with neighbourhoods in the

object point cloud.

Definition 4.12. Let ps,i ∈ Ps be a skeletal point. Its k nearest neighbours are found

via the K-Nearest Neighbours (KNN) algorithm and denoted by {ps,i⊙j}, where j =

1, . . . , k. Define φ as the mapping from a skeletal point ps,i to its corresponding point

po,i ∈ Po. The centredness c(ps,i) of ps,i, quantifying how centrally located it is within

the shape, is expressed as

c(ps,i) := 1−

∥∥∥
∑k

j=1 φ(ps,i⊙j)−
∑k

j=1 ps,i⊙j

∥∥∥
∑k

j=1

∥∥∥φ(ps,i⊙j)− 1
k

∑k
j=1 ps,i⊙j

∥∥∥
. (4.14)

Remark 4.6. As demonstrated in Fig. 4.8, the centredness of skeletal points computed

via Eq. (4.14) for the Laplacian-based skeletonisation method [34] reveals that points

shifting towards the shape’s centre exhibit higher centredness scores. Nevertheless, this

approach inadequately handles points corresponding to skeletal joints and endpoints.

Moreover, the centredness metric becomes invalid for points that lie outside the shape’s

boundary, such as the skeletal points representing the horse’s ears shown in Fig. 4.8(a).

(a) Skeletal points (b) Points on the curve

Figure 4.8: Centredness of skeletal points (a) and points sampled from the curve

skeleton (b), respectively.
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Considering the distinct physical and geometric properties of curve skeletons–where

the curve is represented by a continuous sequence of connected vertices rather than

discrete points–the centredness of a point on a curve skeleton Gs = (V,E) is defined

relative to its associated original cloud points, which are those points from the original

point cloud in the vicinity of the curve point. As illustrated in Fig. 4.9, the original

cloud points can be partitioned by two parallel cutting planes M1 and M2, which share

the same normal vector aligned with the curve’s local direction.

Ellipse fitted centre
Ellipse
Average centre
Skeleton point/vertex
Neighbor points

Cuttting plane

Skeleton point/vertex

Figure 4.9: Points (orange) separated by two parallel cutting planes.

Definition 4.13. Consider two adjacent edges e1 = (v0,v1) and e2 = (v1,v2) in the

graph Gs, where e1, e2 ∈ E and v0,v1,v2 ∈ V .

Let pg,1 = e1(t1) be a point on edge e1 with parameter t1 ∈ [0, 1] (Definition 4.8). The

curve direction vector at pg,1, denoted u1, is defined as:

1. For t1 ∈ (0, 1):

u1 =
v1 − v0

∥v1 − v0∥
.

2. For t1 = 1: u1 is approximated by the tangent vector at vertex v1, computed as

the tangent to the circle passing through v0, v1, and v2.

The associated point set Q1 ⊂ Po corresponding to pg,1 comprises all points enclosed

between two parallel cutting planes, oriented by u1 and separated by an interval ϵp,

with the planes positioned relative to pg,1.
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Given the curve direction at the point and the plane separation ϵp, these cutting planes

segment the original point cloud into associated point sets as illustrated in Fig. 4.9. The

interval ϵp is set as ϵp = α inf ∥vi−vj∥, where α ∈ (0, 1), dependent on the minimum

distance between adjacent vertices in Gs.

After extracting the associated points Qi for a point pg,i ∈ Gs, the centre of these

points is needed to estimate the centredness of pg,i.

Definition 4.14. Let Qi ⊂ Po ⊂ Rn×3 be the associated points (Definition 4.13) of

pg,i, a sampled point on curve skeleton Gs (Definition 4.8). Let gi and hi be two

orthonormal vectors perpendicular to the curve direction ui at pg,i. The projected 2D

points are

Q̂i = Qi · [gi,hi],

and similarly,

p̂g,i = pg,i · [gi,hi].

Let q̂c denote the centre of the ellipse fitted to the projected points Q̂i. The centredness

c(pg,i) of point pg,i is then defined as

c(pg,i) := 1− ∥p̂g,i − q̂c∥
0.5 · (la + lb)

, (4.15)

where la and lb are the lengths of the semi-major and semi-minor axes of the fitted

ellipse, respectively. If c(pg,i) < 0, it is reassigned to zero to ensure non-negativity.

Remark 4.7. Following Fitzgibbon et al. [54], ellipse fitting offers a robust estimate

of the centre q̂c of the projected points Q̂i. As shown in Fig. 4.9, ellipse-fitting centres

align more closely with human visual assessment compared to barycentres computed

as simple averages of all points. This robustness is further confirmed by experiments

on simple geometries illustrated in Fig. 4.10, which depict the geometric centres of 2D

point sets from various shapes.

As visualised in Fig. 4.8(b), points are uniformly sampled along the curve skeleton,

with centredness values colour-coded. Not all curve points possess valid centredness
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Figure 4.10: Ellipse fitting applied to point sets sampled from simple geometries,

demonstrating robust centre estimation.

values; those without are marked in magenta. This set includes points coinciding with

joint vertices–defined as vertices connected to more than two edges–and points with

fewer than three associated points.

Definition 4.15. The overall quantified centredness of a set of skeletal points or a curve

skeleton is defined as the proportion of points that are sufficiently centred. A skeletal

point ps,i ∈ Ps is deemed sufficiently centred if its centredness value c(ps,i), as given

in Eq. (4.14), satisfies c(ps,i) > c∗. Similarly, a sampled point qe on the curve skeleton

Gs is sufficiently centred if its centredness value c(qe), as defined in Eq. (4.15), satisfies

c(qe) > c∗.

The threshold values c∗ and c∗ depend on the application-specific centredness require-

ments, as discussed in Section 4.4.3. LetNs,c denote the number of sufficiently centred

points in Ps or sufficiently centred sampled points in Gs, and Ns the total number of

considered points. The overall centredness is then defined as

Cs :=
Ns,c

Ns

. (4.16)
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Remark 4.8. The centredness definition for curve skeleton points may also be applic-

able to a skeletal point set if the skeleton forms a thin, line-like structure. In such cases,

the principal direction at each skeletal point can be estimated via Principal Component

Analysis (PCA) on its neighbouring points, as detailed in Proposition 4.5.

4.3.4 Smoothness

The smoothness of a curve skeleton is characterised by the variation in the tangent

direction along the curve [40], a feature which plays a crucial role in applications such

as navigation and motion planning. As highlighted by Sobiecki et al. [143], both the

skeletal point set manifold and the curve skeleton should ideally possess at least C2

continuity, ensuring desirable curvature continuity.

Building upon the conceptual description of curve-skeleton smoothness introduced by

Cornea et al. [40], we convert their qualitative notion into a quantitatively defined

smoothness metric that enables explicit numerical assessment. This quantitative for-

mulation, which is not provided in [40], offers a concrete means of evaluating curve-

skeleton smoothness. This metric is particularly relevant for path-planning applica-

tions, which will be further discussed in Section 4.4.3.

Problem Statement

Given that smoothness significantly influences navigation and motion planning, where

directional changes are critical, the focus is on assessing variations in tangent direc-

tions along the skeleton’s curved branches. We assume that skeletonisation, whether

producing a curve skeleton Gs = (V,E) or a skeletal point set Ps, yields a geometric-

ally slender, line-like structure that approximates the medial axes of the object.
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Methodology

The smoothness metric is developed by analysing the tangent vectors along the skel-

eton. The approach involves three key steps:

1. Estimation of tangent vectors at skeletal points or vertices.

2. Quantification of directional changes between successive tangent vectors.

3. Assignment of a smoothness score based on these directional variations.

Estimation of Tangent Vectors For a curve skeletonGs = (V,E), directional changes

occur exclusively at vertices. The tangent vectors at points on the skeleton are estim-

ated according to Definition 4.13.

In the case of skeletal point sets forming curve-like structures, the tangent vector at

any point can be estimated by applying Principal Component Analysis (PCA) to its

local neighbourhood, as depicted in Fig. 4.11(a). This procedure is formalised in the

following proposition.

Proposition 4.5. Consider a skeletal point set Ps ⊂ Rn×3. For a given point ps,i =

[xs,i, ys,i, zs,i]
⊤ ∈ R3, denote its k nearest neighbours as {ps,i⊙j}, with ps,i,ps,i⊙j ∈

Ps, for j = 1, . . . , k. The covariance matrix of these neighbours is computed by [75]:

Ci =
1

k

k∑

j=1

(ps,i⊙j − ps,i)(ps,i⊙j − ps,i)
⊤.

The tangent vector at ps,i, denoted tps,i
, is identified as the eigenvector corresponding

to the largest eigenvalue of Ci.

Proof. The local neighbourhood of k points approximates a short linear segment. The

covariance matrix Ci captures this local structure, and the eigenvector with the greatest

eigenvalue aligns with the direction of maximal variance, which corresponds to the

tangent direction when the points approximate a line.



86 4.3. Skeletonisation Evaluation Metrics

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

A B

(a) SA = 0.981, SB = 0.988

0.5

0.6

0.7

0.8

0.9

1

BA

(b) SA = 0.941, SB = 0.943

Figure 4.11: Smoothness of 2D skeletal points (a) and 2D curve skeleton (b) in dif-

ferent smoothness. The vertices in (b) without valid smoothness value are marked

in magenta.

Measurement of Tangent Direction Variation To quantify the difference between

two tangent vectors t1 and t2, a normalised cosine distance metric is utilised (sim-

ilar usage can be found in computation of surface normal difference explained by

Eqs. (4.1)-(4.3)), following [182]:

Dn(t1, t2) =
1

π
arccos

(
t1 · t2
∥t1∥ ∥t2∥

)
. (4.17)

Here, Dn provides a normalised measure of angular disparity between the two tangent

vectors, with values ranging from 0 (identical directions) to 1 (opposite directions).

Definition 4.16. For a point ps,i ∈ Ps with m neighbouring points {ps,i⊙j}, the local

smoothness is defined as

s(ps,i) := min
j=1,...,m

∣∣1− 2 ·Dn

(
tps,i

, tps,i⊙j

)∣∣ , (4.18)

where s(ps,i) ∈ [0, 1] and tangent vectors are computed as per Proposition 4.5.

For a vertex vi ∈ V in the curve skeleton Gs = (V,E), let Ne(vi) denote the number

of edges connected to vi. If Ne(vi) ̸= 2, vi is an endpoint, junction, or isolated vertex,
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and smoothness is assigned the maximum value 1. Otherwise, if Ne(vi) = 2, the

smoothness at vi is

s(vi) := |1− 2 ·Dn (vi−1 − vi,vi+1 − vi)| , (4.19)

with s(vi) ∈ [0, 1].

The overall smoothness metrics for the skeletal point set and the curve skeleton are

defined as follows:

Definition 4.17. Let Ps = {ps,i}Ns
i=1 be a skeletal point set. Its overall smoothness is

S(Ps) =
1

Ns

Ns∑

i=1

s(ps,i). (4.20)

For the curve skeleton Gs = (V,E), define the set of vertices with degree two as

{v̂i}N̂v
i=1. The overall smoothness is the weighted average

S(Gs) = 1− 1

W

N̂v∑

i=1

wi ·
(
1− s(v̂i)

)
, (4.21)

wherewi is the total length of the two half-edges incident on v̂i, andW =
∑

ei∈E length(ei)

denotes the total length of all edges.

Remark 4.9. The overall smoothness of the skeletal point set is computed as the arith-

metic mean of local smoothness values at all points. For the curve skeleton, smooth-

ness is aggregated as an edge-length weighted mean of local smoothness at vertices

with degree two.

Fig. 4.11 demonstrates that the local smoothness measures, as defined in Eqs. (4.18)

and (4.19), effectively capture abrupt directional changes. Points or vertices exhibiting

sharp bends correspond to higher smoothness values, whereas gently curving regions

produce lower values.

Although the global smoothness metrics (Definition 4.17) provide a holistic measure of

skeletal quality, the local smoothness characteristics are often more critical. In robotic
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navigation [109] or grasping planning [165], local directional smoothness directly in-

fluences trajectory feasibility and manipulator alignment. Poor local smoothness may

lead to infeasible trajectories or singularities, thereby compromising the continuity and

reliability of motion planners and control algorithms.

4.4 Results & Discussion

This section covers two parts of the results with their corresponding discussion. Firstly,

the statistically stable contraction findings are experimented and discussed with con-

traction patterns corresponding to the skeletonisation quality of different levels (Sub-

section 4.4.1). The second part presents a thorough evaluation and discussion of skel-

etonisation outcomes based on the metrics proposed in Subsection 4.4.2, followed by

a discourse on the desirable properties for robotic applications in Subsection 4.4.3.

4.4.1 Results of the Laplacian-based Skeletonisation Characterist-

ics

Here, we examine patterns in normal vector and curvature differences, alongside res-

ults from various object skeletonisation methods. The point cloud models used ori-

ginate from the OmniObject3D dataset [181], which consists of real-world scanned

data. Consequently, the point clouds exhibit inherent noise and imperfections. The

default skeletonisation method applied is the baseline Laplacian-based approach [34].

Additionally, to validate our observations, we tested GLSkeleton (see Chapter 3), a

skeletonisation technique introduced in our prior work. Multiple object point clouds

from the dataset were evaluated, revealing consistent patterns; therefore, only topolo-

gically distinct objects are selected for presentation as representative examples.

To investigate geometric property variations across contraction iterations, histograms

of curvature and normal vector differences were computed between each iterative con-
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Figure 4.12: Evolution of normal vector and curvature difference distributions

throughout the contraction process. The selected object is a chilli point cloud.

traction output and the original point cloud. As shown in Fig. 4.12, the evolving histo-

gram patterns indicate the geometric convergence behaviour during contraction.

As the object’s shape deforms inward, both curvature and normal vector difference

distributions evolve accordingly. Overall, these different distributions progressively

become more symmetric over iterations, signalling stable convergence. Specifically,

the curvature differences (first row of Fig. 4.12) remain minimal throughout, retain-

ing a bell-shaped distribution whose normality increases steadily. This suggests that

curvature converges smoothly and reliably during the entire contraction process.

In contrast, the normal vector differences (second row of Fig. 4.12) exhibit a distinct

progression. Initially, the distribution is left-skewed, indicating instability in the early

contraction stages. However, as contraction and attraction weights (cf. Equation 3.3)

are adaptively updated, the distribution gradually becomes symmetric and unimodal,

reflecting increasing stability.
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These statistical changes correlate with the geometric evolution illustrated in the third

row of Fig. 4.12: the contracted surface initially deviates from the original surface and

extends beyond its boundaries, but is progressively pushed inward, culminating in the

formation of the surface skeleton.
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Figure 4.13: Curvature differences between the input and point cloud after final

contraction. The original point cloud (grey) with the contraction results (red) is

put at the top right corner of each histogram.

The evaluation of final contraction results is conducted through a comparative ana-

lysis of curvature and normal vector differences between the contracted and original

point clouds, as depicted in Figs. 4.13–4.14. Notably, contraction outcomes for certain

objects–such as the cabinet, egg tart, and watermelon–exhibit topological deviations

from the original shapes, reflecting lower quality. Conversely, other objects display

well-contracted forms with distributions more closely aligned to the stability criteria

outlined in Section 4.2.

Regarding curvature differences, the distributions for the cabinet, egg tart, and wa-

termelon show either skewed or sharply peaked profiles, with average curvature dif-

ferences significantly diverging from zero. In contrast, curvature distributions for the

remaining objects tend towards a bell-shaped curve centred around zero, indicating

superior preservation of the original geometry.
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Figure 4.14: Normal vector differences between the input and contracted point

clouds. Insets at the top right of each histogram show the original point cloud

(grey) alongside the contraction results (red).

For normal vector differences, objects exhibiting poorer contraction similarly display

less symmetric histogram patterns. The contraction process for the cabinet, for in-

stance, terminated prematurely, resulting in a left-skewed distribution. Likewise, the

left-skewed peak observed in the dumbbell’s histogram corresponds to incomplete con-

traction on the left side of the point cloud. Here, only frequency peaks that decline by

at least 2% on both sides are considered significant, accounting for potential errors

in surface normal estimation and data noise. The multiple spikes apparent in the egg

tart’s distribution reflect uneven contracted surfaces, manifesting as pronounced peaks.

In contrast, the skateboard, carrot, and horse exhibit histograms that are more sym-

metric and centred closer to 0.5 on average, consistent with their superior contraction

outcomes.

It is important to note that differences in normal vectors on the skeleton surfaces lead

to variations in the distributions, often producing multiple peaks within histograms.

These features may provide useful insights into the topology of the contracting surface,

indicating segments that have contracted improperly.

Given that the curve skeletons are extracted from the contraction results via the Laplacian-
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(a) cabinet (b) egg tart (c) watermelon (d) hammer
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Figure 4.15: Resulting curve skeletons.

based skeletonisation method, their quality heavily depends on the contraction out-

comes. Consequently, the geometric change patterns observed during contraction ef-

fectively indicate the performance of the resultant curve skeletons. As shown in Fig. 4.15,

curve skeletons generated for objects such as the hammer, skateboard, carrot, and horse

exhibit superior quality, consistent with their contraction results. Conversely, the skel-

etons for the cabinet, egg tart, and watermelon lack meaningful topological detail,

reflecting the shortcomings in their respective contraction processes. Moreover, the

dumbbell’s incomplete contraction is evident in its skeleton as a bifurcation occurring

at an unintended location.

Furthermore, we extended this analysis to the GLSkeleton approach [175], which

progressively reduces points during point cloud shrinking. Since points are iterat-

ively removed by this algorithm and differences are computed point-wise, only those

points consistently retained across iterations were used for contraction pattern ana-

lysis. Fig. 4.16 demonstrates similar contraction patterns with GLSkeleton, indicating

that the surface skeletons produced by this method exhibit comparable performance,
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thus corroborating our propositions.
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Figure 4.16: Curvature and normal vector differences between the input and con-

tracted point cloud obtained via the GLSkeleton method. Insets at the top right

of each histogram show the original point cloud (grey) alongside the contraction

results (yellow).

In summary, the stable convergence of contraction and Laplacian-based curve skelet-

onisation is characterised by the distribution and evolution of curvature and surface

normal vector differences throughout the contraction iterations. Moreover, with the

adaptive control of contraction and attraction weights in the Laplacian-based method,

these distribution patterns can be regulated and improved during the contraction pro-

cess.

4.4.2 Quantitative Evaluation Experiments on Skeletonisation Res-

ults

The initial evaluation focused on skeletonisation results produced via the LBC method [34].

Importantly, the proposed evaluation metric is designed to be versatile and applicable

to a range of skeletonisation techniques by importing the skeletal surface–whether rep-

resented as a point set or curve–into the open-access toolbox provided.

To broaden the generality and applicability of our metrics, controlled degradations
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were applied to the input point clouds, including the addition of noise and increased

sparsity. These controlled variations aim to test the sensitivity of the evaluation method

and its capability to discriminate variations in skeletonisation quality. It is anticipated

that such degradations will lead to diminished skeletonisation performance.

All experiments were conducted using MATLAB on a system equipped with an In-

tel i5-13500H CPU and 16 GB of RAM. The threshold parameters c∗, c∗ (as defined

in Definition 4.15), and β∗ (from Proposition 4.4) were uniformly set to 0.75. Fur-

thermore, the spatial extent of each point cloud was normalised such that the diagonal

length of the bounding box, denoted ϵmax in Proposition 4.3, was fixed at 1.6.

It should be noted that certain metrics, such as centredness and smoothness, may be

unavailable for some point clouds under the applied computational methods. Values

for these incomputable cases are considered invalid and are highlighted in magenta in

Table 4.1.
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Table 4.1: Evaluation of skeletonisation results for normal, noise-induced, and sparse point cloud forms, assessed using the proposed

metrics. The colour indicates the local scoring along the skeleton.

Categories Skeletonisation Results Topological Similarity Boundedness Centeredness Smoothness
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Table 4.1 – Continued from previous page

Categories Skeletonisation Results Topological Similarity Boundedness Centeredness Smoothness
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Table 4.1 – Continued from previous page

Categories Skeletonisation Results Topological Similarity Boundedness Centeredness Smoothness
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The study was conducted on a variety of inanimate objects and animal shapes using

point cloud data sourced from multiple datasets [181, 49, 176]. Selected examples,

encompassing both well-formed skeletons and those exhibiting structural deficiencies,

are presented in Table 4.1 and Table 4.2. These cases are analysed to highlight the

differences, illustrating how the proposed metrics facilitate their identification.

Topology preservation of the skeletal shape is quantified via a topological distance

score, computed by comparing the barcodes of the persistent homology features of

the original shape and the skeleton. The procedure for generating these barcodes and

computing their distances is described in Proposition 4.3. As shown in Table 4.1,

inferior topological alignment corresponds to higher topological distance scores, as

measured by the bottleneck distance (4.7) and Wasserstein distance (4.8). Under the

current normalisation, these distance values are capped by the diagonal length of the

shape’s bounding box, set at 1.6. Lower distance values indicate greater topological

similarity. The bottleneck distance is sensitive to significant topological changes, while

the Wasserstein distance captures average topological variations.

For skeletal point sets derived from inputs of 4096 points, topology preservation is

considered satisfactory if both distance measures fall below 0.02 (d∗ < 0.02 as defined

in Proposition 4.3). For instance, the skeletal point set resulting from the hammer

input with 4096 points (first row of Table 4.1) demonstrates good topological preser-

vation. Introducing 5% Gaussian noise to the hammer point cloud of 4096 points or

reducing the input density to 1024 points approximately doubles both topological dis-

tances between the skeletal output and the input (rows 1-3 of Table 4.1). In the skeletal

point set of the bear toy (last row), larger structural deviations under identical input

conditions yield more than twice the topological distances compared to the hammer

example.

In the case of the biscuit shape (fifth row), significant shape alterations along edge

regions produce a notably large bottleneck distance (0.0561), whereas the Wasser-

stein distance remains comparatively lower (0.0203), reflecting that the majority of
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the skeletal planar structure remains aligned with the input shape. Since topological

similarity is based on H0 features (connected components), the spatial neighbourhood

relations influence the scores, which can cause the difference in topological distances

between sparse and dense inputs (third versus first row) to be larger than might be

anticipated.

Table 4.2 further corroborates that sparse and noisy inputs deteriorate topology preser-

vation, resulting in increased topological distance scores.
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Table 4.2: Quantitative results of skeletonisation evaluation. The input cave point cloud is sectioned and capped from the original

data to ensure a closed shape for skeletonisation. Different resolutions of cave and synthetic tree point clouds are acquired by

grid-averaged sampling.

Shapes dB(4.7)/dWp(4.8) ↓ BPs◦Po(4.11)/BGs◦Po(4.12) ↑ Cs(Ps)/Cs(Gs)(4.16) ↑ S(Ps)(4.20)/SGs(4.21) ↑

Dumbbell (4096

pts)[181]
0.0218/0.0179 1.0/1.0 0.146/0.803 0.592/0.766

Dumbbell (5% noise) 0.0347/0.0239 0.994/1.0 0.060/0.295 0.559/0.914

Dumbbell (1024 pts) 0.0418/0.0379 0.967/0.939 0.021/0.364 0.601/0.974

Steamed Bun (4096 pts) 0.0309/0.0290 0.993/0.910 0.001/0.000 0.464/0.953

Steamed Bun (5% noise) 0.0439/0.0349 0.981/0.804 0.0/0.0 0.368/1.0

Steamed Bun (1024 pts) 0.0987/0.0340 0.979/0.983 0.008/0.023 0.347/0.854

Toy Plant (4096 pts) 0.0230/0.0214 0.993/0.965 0.277/0.358 0.583/0.755

Toy Plant (5% noise) 0.0350/0.0246 0.998/1.0 0.076/0.177 0.542/0.898

Toy Plant (1024 pts) 0.0535/0.0444 0.970/0.891 0.044/0.288 0.654/0.962

Skateboard (4096 pts) 0.0157/0.0144 1.0/1.0 0.223/0.636 0.734/0.918

Skateboard (5% noise) 0.0473/0.0173 0.999/0.995 0.185/0.509 0.687/0.953

Skateboard (1024 pts) 0.0247/0.0241 0.831/0.588 0.051/0.140 0.787/0.957

Continued on next page
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Table 4.2 – continued from previous page

Shapes dB(4.7)/dWp(4.8) ↓ BPs◦Po(4.11)/BGs◦Po(4.12) ↑ Cs(Ps)/Cs(Gs)(4.16) ↑ S(Ps)(4.20)/SGs(4.21) ↑

Banana (4096 pts) 0.0218/0.0154 1.0/1.0 0.788/0.969 0.704/0.828

Banana (5% noise) 0.1033/0.0188 0.992/0.855 0.157/0.136 0.557/0.934

Banana (1024 pts) 0.0321/0.0322 0.982/0.895 0.165/0.147 0.559/0.844

Knife (4096 pts) 0.0170/0.0112 0.986/0.980 0.255/0.629 0.705/0.880

Knife (5% noise) 0.0209/0.0125 0.968/0.980 0.248/0.311 0.680/0.846

Knife (1024 pts) 0.0212/0.0219 0.851/0.813 0.124/0.337 0.716/0.940

Synthetic tree (8936

pts) [49]
0.0046/0.0048 0.830/0.721 0.284/0.102 0.904/0.922

Synthetic tree (5% noise) 0.0272/0.0158 0.996/1.0 0.233/0.163 0.628/0.867

Synthetic tree (1730 pts) 0.0077/0.0060 0.653/0.503 0.124/0.045 0.921/0.946

Cave (9769 pts) [176] 0.0297/0.0136 1.0/1.0 0.029/0.147 0.567/0.937

Cave (5% noise) 0.0745/0.0183 0.986/0.905 0.010/0.031 0.415/0.934

Cave (1730 pts) 0.261/0.0287 0.993/0.920 0.035/0.390 0.660/0.890
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As discussed in the preceding section, local performance constitutes the most signi-

ficant aspect of skeletonisation evaluation. Table 4.1 further visualises the quality of

local skeletal components through colour intensity mapping based on multiple metrics.

For instance, in the hammer and scissor models, all skeletal components remain well

bounded, whereas in the biscuit and animal bear models, certain skeletal components

extend beyond the surface boundary, as indicated by the darker colouration. Regarding

sensitivity, boundedness effectively responds to distortions or deformations in the skel-

eton caused by sparse point clouds, thereby reflecting such perturbations with clarity.

In terms of centeredness, the hammerhead exhibits decreased centredness as the in-

put point cloud becomes sparser, demonstrated by cooler colour tones. Moreover,

when noise is introduced into the input point cloud, contraction is impaired, result-

ing in some points within the resultant skeletal point set being less centred relative to

the noisy input. The proposed metric also captures variations in centredness across

distinct regions, exemplified by the scissor model. The visualisation confirms that

Laplacian-based skeletonisation is highly sensitive to point cloud density, with sparse

data exerting a more detrimental effect than noise, corroborating findings from prior

studies. Importantly, these metrics consistently reflect such changes, thereby validating

their sensitivity and utility for quality assessment and convergence stability analysis.

One limitation of the centredness metric lies in the differential sensitivity observed

between the centredness evaluations of the skeletal point set and the curve skeleton,

attributable to the approximation methods employed for these distinct shape represent-

ations. Centredness for skeletal points is computed based on all neighbouring points,

whereas for the curve skeleton, it is derived solely from radial neighbours. As demon-

strated in Table 4.1–notably in the third row–the centredness values of the skeletal

point set exhibit greater variation among components and tend to be lower than those

of the curve skeleton, especially near the skeleton termini. Two types of points yield

invalid centredness values: firstly, curve points coincident with curve joint vertices, for

which centredness is inherently ambiguous; secondly, points corresponding to skeletal
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components whose input shape points are extremely sparse, resulting in ambiguous

surface representation and uncertain locus determination.

Similarly, the smoothness metric effectively captures local rates of curvature change.

Skeletal components characterised by abrupt directional changes–such as the legs of

the animal bear (last row)–display lower smoothness values, whereas smoother re-

gions, including the body, manifest higher values. As shown in Table 4.2 and Table 4.1,

sparse and noisy inputs generally reduce boundedness and centredness scores, albeit

with minor exceptions. In contrast, smoothness depends more strongly on the intrinsic

skeleton structure than on input data quality, exhibiting weaker correlations with input

variations, as evidenced in both tables. The smoothness metric is undefined at curve

skeleton endpoints and joint vertices, where such calculations lack meaningful inter-

pretation.

Regarding the overall evaluation, skeletonisation results exhibiting consistently strong

performance across all four metrics are deemed good skeletons, though specific ap-

plications may impose further detailed requirements. While our approach effectively

distinguishes skeletonisation quality in terms of shape representation, limitations per-

sist, including sensitivity to point cloud density for topological similarity and bounded-

ness, as well as the inability to compute local centredness in regions of extreme input

sparsity, which leads to ambiguous surface representations and corresponding skeletal

loci.

4.4.3 Desired Properties in Robotic Applications

Although a well-bounded skeleton is generally a fundamental requirement, the import-

ance of other skeletonisation metrics differs depending on the specific robotic applica-

tion. Topological similarity is especially vital for robotic manipulation tasks that rely

on skeleton information [166, 165]. As demonstrated in Table 4.1, skeletons extrac-

ted from objects such as the hammer and scissors maintain the original topological
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Figure 4.17: Skeleton-guided surface reconstruction [178].

characteristics and yield low topological distance scores based on persistent homology

analyses. These results indicate that, under full object scans, the extracted skeletons

preserve topology well and are therefore promising for manipulation. Since real-world

robotic perception often yields partial scans, the robustness of skeletonisation under

occlusions warrants further investigation. It is worth noting that the Laplacian-based

skeletonisation method tends to preserve topology better for objects with predomin-

antly cylindrical shapes.

Centeredness is another critical metric, particularly in grasping planning, where local

grasp candidate generation depends on accurately centred skeletal structures [165]. For

instance, in the hammer model (refer to the first row of Table 4.1), the handle and parts

of the hammerhead demonstrate higher centredness values, correlating with regions

of increased grasping reliability. Conversely, skeletal endpoints and joint areas exhibit

reduced centredness, which may complicate grasp analysis. Thus, skeletal components

with higher centredness are generally more favourable for grasp generation.

In agricultural robotics, semantic information encompassing both semantic labelling

and topological structure is of paramount importance [186]. Our evaluation of a syn-

thetic tree model (see Table 4.2) reveals that noise substantially undermines topology

preservation, an effect exacerbated by the delicate, thin structure of tree branches. This

sensitivity aligns with practical challenges encountered in agricultural sensing envir-

onments.

For surface reconstruction applications, prior studies such as Wu et al. [178] emphas-
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Figure 4.18: Skeleton-based catheter navigation [57].

ise the role of skeleton topology in guiding the exploration of the underlying point

cloud (see Fig. 4.17). In robotic navigation, however, centredness plays a compar-

atively minor role, while smoothness and topological similarity become more relev-

ant [40, 57], as shown by Fig. 4.18. As shown in Table 4.2, the resolution of the input

point cloud has a marked effect on topology preservation. Although higher resolutions

lead to increased computational cost, excessively sparse point sets substantially reduce

skeleton quality. These observations highlight the importance of the proposed metrics

for evaluating the robustness of skeleton extraction across varying data conditions.

Smoothness plays a crucial role in navigation, as the number of vertices along a curve

skeleton directly influences the path’s continuity and smoothness. This often necessit-

ates additional smoothing operations to enable effective path planning. For real-time

applications, including both manipulation and navigation, computational efficiency is

also essential. Our experiments show that evaluating skeleton quality for point clouds

containing 4096 points requires approximately 34 seconds on average, with topolo-

gical similarity and boundedness computations accounting for about 76% and 23% of

the total processing time, respectively. Although the current computational speed is re-

latively slow for real-time application, we believe that the proposed evaluation method

remains valuable for offline comparisons of skeletonisation techniques. Moreover, the

computation time may be further reduced in the future through parallelisation.

In summary, firstly, the investigated stable contraction analysis provides a statistical
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criterion for a stable contraction-based skeletonisation. Secondly, the proposed evalu-

ation framework provides a comprehensive assessment of skeletal point sets and curve

skeletons from multiple perspectives. However, sensitivity to point cloud density im-

pacts the boundedness and topological similarity metrics, and limitations persist for

centredness evaluation in scenarios of extreme sparsity. Furthermore, the relative sig-

nificance of each metric varies by application, suggesting that skeletonisation methods

may perform differently depending on the task. Overall, this work lays the foundation

for further research into quantifying skeleton quality to improve robotic performance

across domains such as grasping and navigation.

4.5 Conclusion

This chapter presents two main contributions:

Firstly, we investigate the stability of skeletonisation using contraction-based meth-

ods, particularly the Laplacian-based approach, by statistically analysing changes in

curvature and surface normals during stable contraction phases. The proposed metrics,

focusing on surface normal and curvature variations, serve as indicators of contraction

stability. Although the observed distribution patterns remain theoretical at this stage,

the subsequent quantitative evaluation in this chapter establishes a preliminary basis

for defining criteria for high-quality skeletons.

Secondly, we introduce a novel, formal geometric evaluation metric for skeletonisation

assessment, drawing inspiration from existing metrics but extending them into a com-

prehensive numerical framework. Unlike conventional subjective visual assessments,

this method quantifies skeleton performance across multiple geometric facets. Eval-

uations conducted on real scanned point clouds under varying resolutions and noise

conditions demonstrate that the proposed metric effectively captures aspects including

topology preservation, boundedness, centredness, and smoothness. Additionally, we

examine skeletonisation performance across diverse robotic application scenarios and
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discuss the relative importance of different metrics within these contexts.

To the best of our knowledge, this work is the first to provide a quantitative framework

for skeleton quality evaluation supported by application-driven analysis. Nevertheless,

several limitations remain. The metrics exhibit sensitivity to point cloud resolution,

centredness estimation becomes unreliable for extremely sparse data, and the current

computational speed is insufficient for real-time scenarios. Moreover, some metrics

rely on specific modelling assumptions, which may limit their applicability across all

skeletonisation methods. These limitations indicate that further refinement is required

to broaden the robustness and generality of the framework.

Future work will focus on improving computational efficiency for robotic applications

such as grasp planning, enhancing robustness to variations in point cloud density, and

extending the evaluation framework to accommodate a wider range of skeleton defini-

tions. An additional direction is the development of more rigorous validation method-

ologies for the proposed metrics.
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Chapter 5

Comprehensive Analysis of

Skeleton-guided Rolling Contact

Kinematics from Arbitrary Point

Clouds

5.1 Introduction

The skeleton is a powerful tool in shape analysis and has consequently found wide

applicability across geometry processing, robotics, and computer vision. Its ability to

capture the intrinsic structure of a shape in a compact and topologically meaningful

form makes it particularly valuable when working with irregular or discrete data. This

capability is especially relevant for rolling contact kinematics, an area in which exist-

ing formulations rely heavily on continuous surface representations. Classical rolling-

contact models [103] assume smooth, differentiable surfaces, whereas real-world ob-

jects are often available only as noisy, irregular point clouds. By abstracting a point

cloud into a low-dimensional structural representation, the skeleton provides a bridge

between discrete sensing data and the geometric requirements of rolling-contact for-

mulation. Moreover, the structural abstraction offered by the skeleton facilitates the

surface parametrisation of irregular rigid bodies, a task that is otherwise challenging
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when working directly with raw point clouds. This motivates our objective: to develop

a rolling-contact kinematics model that incorporates skeleton information extracted

from point cloud data, enabling continuous surface interactions to be approximated

from discrete representations.

Rolling contact is a fundamental motion primitive in robotics, with applications ran-

ging from spherical mobile robots to dexterous in-hand manipulation [94, 152]. Montana’s

model [103] remains the most influential framework for describing rolling interactions,

yet its reliance on continuous surfaces and precise contact localisation limits its ap-

plicability in point-cloud-based perception. This disconnect highlights the need for

rolling-contact formulations capable of operating on irregular, non-differentiable rigid

bodies reconstructed from discrete data.

To address this gap and challenge, this chapter combines advances in point cloud skel-

etonisation [34, 175], differential geometry, and Fourier-based surface reconstruction

to develop a geometry-driven kinematic framework that is robust to sparse and in-

complete data. With the surface reconstruction, we provide two approaches, local and

global reparametrisation, to solve surface coordinate mapping. Rolling contact kin-

ematics models based on both formulations are derived and simulated using physical

object shapes and scanned environments for reliable validation. Our method bridges

discrete perception and continuous control, enabling effective rolling contact model-

ling even without explicit contact information.

In this chapter, we first address the challenge of modelling discrete point cloud sur-

faces through curve-skeleton-guided surface sectioning and reconstruction using Four-

ier series-based curve fitting, as detailed in Section 5.2. We then present both local and

global generalised surface formulations, along with the corresponding rolling contact

kinematics models in Section 5.3. The proposed method is further validated through

simulations of a rolling sphere interacting with objects and environments represented

by real-world point clouds, discussed in Section 5.4. Finally, we summarise our find-

ings and contributions in Section 5.5.
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5.2 Skeletonisation, Slicing and Curve Fitting

Point cloud data is widely utilised as a practical approach to capture the real-time geo-

metry of physical objects, enabling robotic systems to perceive their surroundings for

tasks such as manipulation and navigation. Typically, 3D sensing devices, including

RGB-D cameras, acquire only surface information, representing an object’s shape as

a discrete collection of points, known as a point cloud. Although point clouds are

inherently discrete, modelling continuous rolling contact motions requires a continu-

ous representation. To address this, we employ the curve skeleton of the object as

an intermediate abstraction that connects the discrete point cloud data to continuous

rolling contact kinematics. This curve skeleton acts as a skeleton frame within robotic

applications, offering a structured foundation for motion modelling.

This section begins by introducing the fundamental concepts of skeletonisation from

point cloud data, followed by a description of our curve-fitting approach based on the

skeleton, and concludes with an overview of the complete computational procedure.

5.2.1 Point Cloud Skeletonisation

A shape’s skeleton provides an abstract topological summary that encapsulates its fun-

damental structure [127]. In rolling contact systems, it is essential to define a differen-

tiable manifold to facilitate dynamic analysis. Curve skeletonisation fulfils this role by

representing the shape’s intrinsic topological pathways within 3D space, thus enabling

sectional examination of point cloud models [165]. Typically, a curve skeleton con-

sists of a connected set of medial points that capture the shape’s topology, as defined

by Definition 3.2

On the basis of the curve skeleton definition and assuming the skeleton of convex

shapes can be accurately extracted from their point cloud representations, we utilise

a Laplacian-based skeletonisation method to derive curve skeletons from object point

clouds (please refer to [34, 175] and Chapter 3). In this framework, the curve skeleton
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serves two primary functions. Firstly, it provides a reference structure that facilitates

the tracking of rolling motion along the skeleton’s trajectory. Secondly, it supports

sectional analysis by enabling slicing orthogonal to the local tangent vector of the

skeleton curve. Each resulting slice produces a set of points approximating a closed

curve on the object surface, which is subsequently approximated using a Fourier series

to yield a continuous mathematical description of the cross-sectional geometry.

5.2.2 Slicing and Curve Fitting

Although existing methods allow straightforward extraction of curve skeletons, the

skeleton obtained is typically a discrete set of vertices connected by straight line seg-

ments, resulting in a non-differentiable representation, as shown in Fig. 5.1(a). To

facilitate continuous and differentiable modelling necessary for subsequent paramet-

risation, we apply a curve fitting procedure. This process is illustrated in Fig. 5.2,

which will be described in detail subsequently.

Under the assumption that the curve skeleton either contains no branching points or

can be segmented into separate branches, each branch is modelled independently. We

employ a Fourier series fitting approach, adaptively selecting the order of the series

to minimise the mean squared error (MSE) between the fitted curve and the original

discrete skeleton points. The fitted curve for a branch is represented as

θg(vo) = (x, y, z) = (px(t), py(t), pz(t)),

where the spatial coordinates (x, y, z) are parameterised by the variable t.

The fitting process uses the original skeleton vertices as input data. For locally gen-

eralised surfaces (see Subsection 5.3.1), the parameter t corresponds to the arc length

scaled by a factor α, i.e., t = αvo. For globally generalised surfaces (see Subsec-

tion 5.3.2), t = vg = vo, and θg(vo) = fg(vo) defines the skeletal mapping function.

To reduce computational redundancy and improve fitting quality, the parameter t is

chosen to coincide with one of the Cartesian coordinates of the point cloud vertices.
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Figure 5.1: Illustration of point cloud slicing and curve fitting. (a) shows the

extracted section points from the point cloud. (b) and (c) demonstrate the corres-

ponding fitted curves in the transformed 2D coordinate system and in Cartesian

coordinates, respectively.

This choice streamlines the slicing operation and supports the parametrisation of the

shape by associating each slice curve with a position along the skeleton.

Fig. 5.1(a) exemplifies this approach by sectioning a carrot-shaped point cloud along

the fitted skeleton at fixed intervals. Each section is formed by slicing the point cloud

orthogonally to the local tangent of the skeleton curve.

Following curve fitting, the point cloud branch can be sliced continuously along the

skeleton curve, enabling the extraction of sectional point sets. These points, high-

lighted in red in Fig. 5.1(a), approximate the surface contour at each slice. Provided

the section thickness is sufficiently small, the local surface can be approximated as a
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two-dimensional closed curve. The points are projected onto a plane perpendicular to

the skeleton tangent at the slice location.

Since directly modelling closed curves from discrete points is challenging, the pro-

jected points are subsequently fitted using a Fourier series representation, yielding a

smooth and continuous description of the sectional shape, as shown in Figs. 5.1(b) and

5.1(c).
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=
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Figure 5.2: Block diagram illustrating the slicing procedure and Fourier-based

curve fitting method.

We proceed to approximate the closed curve formed by the two-dimensional sectional

points extracted from the point cloud. Following the approach of [117], a Fourier series

representation is employed relative to the skeleton reference frame Cg, as depicted in

Fig. 5.2 and illustrated in Fig. 5.3, where the section points are expressed in polar

coordinates. The radius of the section, denoted Ro, at the slice angle indexed by vo is

modelled as

Ro = a0 +
n∑

i=1

(ai sin(iηuo) + bi cos(iηuo)) , (5.1)

where uo is the angular coordinate in the polar system relative to the centre of the

section. The Fourier coefficients {a0, ai, bi} are obtained through curve fitting, with
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n representing the number of harmonics included and η the fundamental frequency.

The order n is selected adaptively to optimise fitting accuracy by minimising the loss

function defined as

L(Ro) = w1ERMS + w2 ∥ps − pe∥, (5.2)

where ERMS denotes the root mean square error between the fitted model Ro(uo) and

the data points, and ps, pe are the start and end points of the closed contour in po-

lar coordinates. The terms correspond to the fitting error and the closure constraint,

weighted by factors w1 and w2, respectively. The fitting process is considered to have

converged when L(Ro(uo)) falls below a threshold ϵ. In practice, the polar coordinate

data are duplicated to reinforce periodicity and enhance fitting precision.

CgObject skeleton
Go

Sphere surface
∑

S

Crs

Cro

Ccs , Cls(t)

Cco , Clo(t)

Geometrically fitted
object point cloud
surface

∑
O

Figure 5.3: Parametrisation and frame definitions for rolling contact kinematics

between a rolling sphere and a geometrically fitted surface.

This Fourier fitting of the projected section points successfully captures intricate curvature

features of the surface represented by the point cloud, whilst mitigating noise to pro-

duce a smooth, continuous curve.
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5.3 Kinematics Model with Generalised Semi-Convex

Surface

5.3.1 Modelling by Locally Generalised Semi-Convex Surface

This subsection presents a continuous local two-dimensional manifold coordinate sys-

tem designed to facilitate the derivation of rolling contact kinematics from a curve-

fitted point cloud representation. To simplify the analysis, the rolling object is mod-

elled as a sphere interacting with a locally defined semi-convex 2D manifold. This

simplification reduces the complexity of the rolling-contact analysis by enabling local

surface interactions to be treated using well-defined curvature and normal properties.

In practice, it assumes that the shape does not contain highly folded, self-intersecting,

or tightly curved regions that would violate local semi-convexity. While this assump-

tion supports a tractable formulation, it also limits the generalisation of the model to

more complex or strongly non-convex geometries.

Consider a spin-rolling sphere ΣS moving over a geometrically fitted surface ΣO, as

illustrated in Fig. 5.3. The object is associated with two fixed frames: a global frame

Cro and a local frame Clo(t), as well as two moving frames: a skeleton frame Cg mov-

ing along the skeleton curve and a contact frame Cco moving along the contact path.

Notably, Cco coincides with Clo(t) at time t. Similarly, the sphere has corresponding

frames Crs , Cls , Ccs , where Cls and Ccs are Gauss frames as defined by Montana et

al. [103], whereas Clo and Cco are not.

The rolling contact is characterised by the sphere’s angular velocity u̇s and the geo-

metric surface’s angular velocity u̇o, along with a relative spin angle ψ between their

respective contact coordinate frames. The contact points on both surfaces, denoted ΣCS

and ΣCO, coincide precisely. By treating the sphere radius as a generalised coordinate
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for a symmetric surface, the parametric mappings are defined as:

fo : UO → R3, uo(uo, vo) 7→
[
Ro(uo) cosuo, Ro(uo) sinuo, αvo

]T
,

fs : US → R3, us(us, vs) 7→
[
Rs cosus cos vs, −Rs cosus sin vs, Rs sinus

]T
,

(5.3)

where the domains are UG = {(uo, vo) | −π < uo < π, 0 < vo < π} and US =

{(us, vs) | −π
2
< us <

π
2
, −π < vs < π}, and α = Ls/π with Ls representing the

total length of the skeleton. The function Ro is the fitted radius profile from Eq. (5.1),

and vo indexes the local slice for fo.

We adopt the Gauss frame formalism [103] to describe rolling kinematics. The Gauss

frame basis vectors at parameter u are given by

x(u) =
fu(u)

∥fu(u)∥
, y(u) =

fv(u)

∥fv(u)∥
, z(u) = x(u)× y(u), (5.4)

where fu and fv denote partial derivatives of f with respect to u and v. Due to the

irregularity of the object surface ΣG, no explicit outward normal function g exists;

hence, zo is computed via the cross product xo × yo.

Explicitly, the orthonormal Gauss frame on ΣG is

xo(uo) =
1√

R2
o +R2

g,u




Ro,u cosuo −Ro sinuo

Ro,u sinuo +Ro cosuo

0


 ,

yo(uo) =




0

0

1


 ,

zo(uo) =
1√

R2
o +R2

o,u




Ro,u sinuo +Ro cosuo

Ro sinuo −Ro,u cosuo

0


 . (5.5)

Introducing the metric tensor Mo = diag
(
∥fo,u∥, ∥fo,v∥

)
, curvature matrix Ko, and
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torsion vector To as

Mo = diag
(√

R2
o +R2

o,u, α
)
, (5.6)

Ko =


k

g
nu τ gnu

τ gnv kgnv


 , To =

[
kgou, kgov

]
, (5.7)

where the nonzero curvature term is

kgnu =
R2
o −RoRo,uu + 2R2

o,u(
R2
o +R2

o,u

)3/2 ,

and all torsion and other curvature terms are zero: τ gnu = τ gnv = kgnv = kgou = kgov = 0.

Analogously, for the sphere surface ΣS , the metric, curvature and torsion matrices are

Ms =


Rs 0

0 Rs cosus


 , Ks =




1
Rs

0

0 1
Rs


 , Ts =

[
0, − tanus

Rs

]
. (5.8)

Following [103], the rolling contact kinematics equations are expressed as

u̇o = M−1
o (Ko + K̃s)

−1




−ωy
ωx


− K̃s


vx
vy




 ,

u̇s = M−1
s Rψ(Ko + K̃s)

−1




−ωy
ωx


+Ko


vx
vy




 ,

ψ̇ = ωz +ToMou̇o +TsMsu̇s, vz = 0, (5.9)

where ωrel = [ωx, ωy, ωz]
T and Vrel = [vx, vy, vz]

T denote the relative angular and

linear velocities in the orthonormal Gauss frame at the contact point.

Substituting Eqs. (5.7) and (5.8) into Eq. (5.9), the final kinematic equations for a

sphere rolling on a rigid object surface are derived as

u̇o =




RsS1

S
3/2
1 +RsS2

0

0 Rs

α






−ωy
ωx


−




1
Rs

0

0 1
Rs




vx
vy




 ,

u̇s =




cosψ S
3/2
1

S
3/2
1 +RsS2

− sinψ

− sinψ S
3/2
1

cosus(S
3/2
1 +RsS2)

− cosψ
cosus







−ωy
ωx


+


S

−3/2
1 S2 0

0 0




vx
vy




 ,

ψ̇ = ωz +
[
0 0

]
u̇o +

[
0 − sinus

]
u̇s, (5.10)
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where

S1 = R2
o +R2

o,u, S2 = R2
o −RoRo,uu + 2R2

o,u.

For the spin-rolling motion, define the state vector as x = [uo, vo, us, vs, ψ]
T . Under

the no-slip condition, where the relative linear velocity satisfies Vrel = 0, the kinematic

equations can be expressed in the form

ẋ = o1ωx + o2ωy + g3ωz, (5.11)

with the vector fields given by

g1 =
[
0, Rs

α
, − sinψ, − cosψ

cosus
, tanus cosψ

]T
,

g2 =
1

RsS2 + S
3/2
1

[
−RsS1, 0, −S3/2

1 cosψ,
S
3/2
1 sinψ

cosus
,

S
3/2
1 sinψ

cosus

]T
,

g3 =
[
0, 0, 0, 0, 1

]T
,

where singularities arise only if the denominator satisfies RsS2 + S
3/2
1 = 0.

We introduce the distribution

Q(x) = {g1,g2,g3, [g1,g3], [g2,g3]} ,

where [·, ·] denotes the Lie bracket of vector fields. According to the controllability

criterion in [81], the system is locally controllable if the dimension of the distribution

Q satisfies dim(Q) = 5.

By evaluating the determinant of the matrix formed by these vector fields, the rank

condition is explicitly given by

det(Q) = − RsS
2
1

α cosus

(
S
3/2
1 +RsS2

)2 . (5.12)

Since det(Q) ̸= 0 holds in general, the distribution Q is full rank, implying that the

system is controllable under the prescribed spin-rolling kinematics with no slip.
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5.3.2 Modelling by a Globally Generalised Semi-Convex Surface

This section introduces a continuous two-dimensional manifold coordinate system that

facilitates the determination of rolling contact kinematics via a curve-fitted point cloud

model. To this end, a locally semi-convex two-dimensional manifold is constructed,

with the rolling object assumed to be a sphere.

The frame definition and geometric definitions are similar to the locally generalised

approach shown in Fig. 5.3.

Unlike the locally defined approach, the globally generalised surface considers the

parametrisation without simplifying the problem by considering the surface globally

with the coordinate mappings defined as:

fg : Ug → R3, vg 7→ [px(vg), py(vg), pz(vg)]
T ,

fo : Uo → R3, uo(uo, vo) 7→ fg(vo) +Rrog ·
[
0, Ro(uo, vo) cosuo, Ro(uo, vo) sinuo

]T
,

fs : Us → R3, us(us, vs) 7→
[
Rs cosus cos vs, −Rs cosus sin vs, Rs sinus

]T
,

(5.13)

where fg maps the parameter vg to points on the skeleton curve. The object surface

mapping fo is obtained by substituting vo = vg into fg(vg) and applying the fitted

curve model of the sectional object points, as illustrated in Fig. 5.2 and Fig. 5.1. The

sphere mapping fs follows Montana’s definition.

Since the sphere’s coordinate system in this global formulation closely resembles the

local coordinate system, the metric tensor Ms, curvature form Ks, and torsion form

remain as defined in Eqs. (5.8).

The coordinate system (fs, Us) is orthogonal, allowing direct computation of the cor-

responding form matrices. However, the object surface parametrised by the skeleton

curve is generally non-orthogonal, rendering direct calculation of the form matrices

infeasible. To overcome this, differential-geometric quantities are approximated via
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frame projections as follows:

M̃o =
[
xo(uo(t)) yo(uo(t))

]T
·
[
fo,u(uo) fo,v(uo)

]
,

K̃o =
[
xo(uo(t)) yo(uo(t))

]T
·
[
zo,u(uo) zo,v(uo)

]
,

T̃o = yo(uo(t))
T ·
[
zo,u(uo) zo,v(uo)

]
, (5.14)

where {xo,yo, zo} denote the axes of the moving contact frame Cco defined on the

object surface. Here, zo = no is the unit normal vector at the contact point, computed

via principal component analysis on the k-nearest neighbours and the contact point

itself within the object point cloud [65]. The vector xo is the tangent vector at the

contact point on the cross-sectional contour. Although xo could be derived from the

fitted Fourier curve in Eq. (5.1), the accuracy of such fitting is not guaranteed. Instead,

xo is obtained as the cross product of the unit tangent vector of the skeleton curve, xg,

and the normal vector zo, utilising the orthogonality condition xg ⊥ xo, ensured by the

slicing strategy depicted in Fig. 5.2. The vector yo is then defined as yo = zo × xo.

With reference to the gauss frame given by Eq. (5.4), the coordinate axes of the skeleton

frame Cg and the object contact frame Cco are thus given by

xg(vg) =
ṗg
∥ṗg∥

, yg(vg) =
xg ×mg

∥xg ×mg∥
, zg(vg) =

xg × yg
∥xg × yg∥

,

where mg ̸= xg, ∥mg∥ ̸= 0, (5.15)

xo(uo) =
xg × no
∥xg × no∥

, yo(uo) =
no × xo
∥no × xo∥

, zo(uo) = no. (5.16)

Here, mg is an arbitrary vector parallel to the cross-sectional plane. If mg is chosen

as the unit normal vector of the skeleton curve, then the frame Cg corresponds to the

classical Frenet-Serret frame.

With the alternative form matrices given by (5.14) and the sphere form matrices in



122 5.4. Results and Discussion

(5.8), the rolling kinematics between the two objects can be expressed as

u̇o =
(
RψKsRψM̃o + K̃o

)−1




−ωy
ωx


−RψKsRψ


vx
vy




 ,

u̇s = M−1
s

(
M̃−1

o Rψ + K̃−1
o RψKs

)−1
·


K̃−1

o


−ωy
ωx


+ M̃−1

o


vx
vy




 ,

ψ̇i = ωz + T̃ou̇o +TsMsu̇s, vz = 0, (5.17)

where ωlslo = [ωx, ωy, ωz]
T and Vlslo = [vx, vy, vz]

T denote the relative angular and

linear velocities between the rolling bodies, with Clo expressed relative to Cls in frame

Clo . The rotation matrix Rψ is given by

Rψ =


 cosψ − sinψ

− sinψ − cosψ


 .

An alternative form of Eq. (5.17) can be derived in terms of the sphere angular and

linear velocities by substituting ωlols = −Rψωlslo and Vlols = −RψVlslo into the

equation.

The contact point position on the object surface and the position of the corresponding

skeleton point relative to the fixed frame Cro are expressed as

prog = [px(vg), py(vg), pz(vg)]
T , proco = Rrog · pgco , (5.18)

where

pgco =
[
0, Ro(uo) cosuo, Ro(uo) sinuo

]T
, Rrog = [xg, yg, zg]. (5.19)

5.4 Results and Discussion

To assess the performance of the two proposed rolling contact kinematics models, sim-

ulations were carried out independently for each method, as demonstrated by Subsec-

tion 5.4.1 and 5.4.2 respectively. Besides, we made comparison simulations of them in

Subsection 5.4.3, followed by a discussion on applications.



Skeleton-Guided Rolling Contact Kinematics 123

All simulations were implemented in MATLAB, utilising the ODE45 solver on a 13th

Generation Intel(R) Core(TM) i5-13500H processor running at 2.60 GHz. The simu-

lation outcomes, which include the rolling trajectories on both the spherical and object

surfaces, are depicted in Figures 5.4, 5.5, 5.6, 5.8, 5.9, and 5.11. The objects examined

in the study comprised a carrot, a banana, and an egg. The rolling environment was

modelled after the Indian Tunnel dataset [176].

Input parameters for the simulations consisted of the relative angular velocity ωlslo =

[ωx, ωy, ωz]
T and relative linear velocity Vlslo = [vx, vy, vz]

T between the contacting

bodies. The state variables computed during the simulations were {uo,us, ψ}, as spe-

cified in Equation (5.17). The point cloud slicing interval I , introduced in Figure 5.2,

was set to 0.02 times the diagonal length of the object’s point cloud bounding box. Ad-

ditional simulation parameters are summarised in Table 5.1. The point cloud models

used for the objects were obtained from real-world scanned data [181].

Parameter Value

Initial states uo(0),vo(0), ψ(0) [0.1, π/2, 0.1, 0.1, π/2]T

Relative error tolerance (solver) 1× 10−3

Absolute error tolerance (solver) 1× 10−5

Fourier fitting error (Eq. 5.2) 1× 10−3

Fourier fitting order range [3, 8]

Vector mg (Eq. 5.15) [0, 0, 1]T

Neighbourhood size k for estimating no (Eq. 5.16) 20

Table 5.1: Summary of constant parameters used in the simulations.

5.4.1 Simulation Results Using the Locally Generalised Surface

Model

This section presents and analyses simulation results obtained using the rolling contact

kinematics model based on the locally generalised surface formulation introduced in
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Subsection 5.3.1. The simulations consider three objects rolling against a sphere, both

with and without slippage.
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Figure 5.4: Simulation trajectories for the carrot object and rolling sphere, under

(a) pure rolling and (b) rolling with slippage conditions.

The first case concerns the carrot, with the sphere initialised near vg = π
2
, correspond-

ing to the central region of the object. The results indicate that the sphere trajectories

are smooth and physically consistent under both pure rolling and rolling with sliding

conditions, as illustrated in Figure 5.4. The state variables evolve smoothly, demon-

strating stable behaviour without any irregularities or singularities, as shown in Fig-

ure 5.10(a). Introducing a small sliding velocity component produces longer traject-
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ories in the sliding direction compared to the pure rolling case, validating the model’s

ability to capture slip effects accurately.

Next, the banana object presents a more complex geometry characterised by a signi-

ficantly curved skeleton curve, as shown in Figure 5.5. The simulation explored the

effects of altering the sliding direction, demonstrating consistent changes in rolling

motion direction as expected, with extended trajectories along the skeleton curve un-

der sliding, confirming the model’s robustness.

Similarly, Figure 5.6 displays results for the egg object, which has a markedly dif-

ferent geometric structure. The simulations confirm that sliding in orthogonal direc-

tions induces longer displacements both along and perpendicular to the skeleton curve,

aligning well with physical intuition.

The variation of Rg, shown in Fig. 5.7(b), reflects the sphere’s motion along the object

surfaces and validates the effectiveness of the Fourier series-based closed curve fitting.

In the banana case (B-NS), Rg remains nearly constant as the sphere moves along a

short path with a stable radius. In contrast, the carrot case (C-NS) shows an increasing

Rg as the sphere moves toward a region with a larger radius. For the egg, Rg decreases

steadily as the contact point shifts from the middle toward the edge. Fluctuations in

Rg, particularly in the egg with slippage (E-S) and the carrot simulations (C-NS, C-S),

are due to the sensitivity of the fitted model to data quality, including noise and point

cloud density. In comparison, the banana’s dense and consistent point cloud results in

reduced fluctuations. This highlights the need for further study on the effects of noise

and sparsity.

5.4.2 Simulation Results of the Model with Globally Generalised

Surface

This subsection presents and analyses the proposed method for modelling globally gen-

eralised object point clouds, exemplified by a rolling sphere interacting with multiple
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Figure 5.5: Simulation trajectories for the banana object and rolling sphere, un-

der (a) pure rolling and (b) rolling with slippage conditions.

surfaces. The globally generalised surface formulation, detailed in Subsection 5.3.2, is

employed herein. Furthermore, the performance and capabilities of the resultant geo-

metric kinematic model are evaluated. To intuitively demonstrate the effectiveness of

our approach, comprehensive simulations were conducted on one of the three selected

objects, namely the carrot, under various angular and linear velocity settings. Addi-

tionally, point clouds of two other objects – a banana and a real-scanned cave – were

utilised to provide more general simulations and a broader discussion.

Simulation results in Fig. 5.8A show that applying relative angular velocity solely

about the y-axis produces a trajectory that follows the fitted curve. Conversely, when
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Figure 5.6: Simulation trajectories for the egg object and rolling sphere, under

(a) pure rolling and (b) rolling with slippage conditions.

the angular velocity is applied only about the x-axis, the trajectory remains perpen-

dicular to the cross-sectional contours and aligns with the skeleton path, as illustrated

in Fig. 5.8B. The choice of the vector mg in Eq. (5.15) influences the surface para-

meterisation and thus alters the computed path. When angular velocities are applied

about both the x- and y-axes simultaneously, the contact trajectory becomes helical

on the approximately cylindrical carrot surface, as shown in Fig. 5.8C and D. These

results confirm that the kinematics follow the control inputs accurately and demon-

strate the approach’s capability to bridge discrete point-cloud data with a continuous

rolling-contact model.
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Figure 5.7: (a) Time responses of states ug, us, and ψ for the carrot simulation

corresponding to Figure 5.4(b). (b) Variation of radius Rg for the simulations

shown in Figures 5.4–5.6.

Slippage, represented by relative linear velocity, affects the movement of the contact

point, resulting in longer or shorter paths along the direction of slippage on both the

sphere and the object surfaces, as depicted in Fig. 5.8C and D. According to differential

geometry, the trajectory on the sphere is expected to vary with different slippage rates,

depending on local surface curvature variations. However, the simulated trajectories on

the sphere in Fig. 5.8C-D do not exhibit the anticipated differences. This is attributed

to errors in the surface normal vector estimation method. As shown in the simulation

state response corresponding to Fig. 5.8D (see Fig. 5.10(a)), the rates of change of uo

and vs are faster than those of vo and us, which aligns with the initial spin angle ψ and

the specified angular and linear velocity inputs.

Simulations were also conducted on the point cloud data of the banana and egg ob-

jects, illustrated in Fig. 5.9A and B. Since the skeleton path of the banana exhibits

greater curvature than that of the carrot and egg, there are more pronounced surface

curvature variations along the y-axis of Cco . Consequently, the path on the sphere no

longer follows a fixed circle, unlike the carrot and egg cases, where trajectories remain

qualitatively similar.

Fig. 5.10(b) illustrates the response ofRo across all simulations. TheRo corresponding
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Figure 5.8: Simulated contact trajectories of rolling contact between a sphere and

the carrot, banana, and egg objects, respectively.
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Figure 5.9: Simulated contact trajectories of rolling contact between a sphere and

(A) the banana and (B) the egg objects.
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Figure 5.10: (a) Time responses of the states uo, us, and ψ for the example simu-

lation in Fig. 5.8D. (b) Response of the radius Ro for the example simulations in

Figs. 5.8A-D and 5.9A-B.

to Fig. 5.8A remains within a limited range throughout, whereas other Ro responses

either increase or decrease with minor fluctuations. This behaviour indicates that the
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Figure 5.11: Simulation of rolling in the Indian Tunnel environment [176].

geometric radius changes successfully reflect curvature or shape variations, since the

condition ωx = 0 ensures vo remains invariant. Minor fluctuations primarily arise

from errors in surface normal estimation and the inherent imprecision and non-uniform

distribution of the point-cloud data.

To demonstrate real-world feasibility, we simulated a sphere rolling within a natural

cave environment (Fig. 5.11). The initial contact states (uo, vo) were set to (π
2
, π

10
).

The Fourier model (Eq. (5.1)) accurately reconstructs the cross-sectional contour. Tra-

jectory fluctuations caused by the uneven cave floor are faithfully captured by our kin-

ematic model, while minor deviations stem from point-cloud resolution and surface-

normal estimation errors.
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5.4.3 Comparison

To compare the locally and globally generalised surface-based rolling contact kinemat-

ics models, we conducted simulations using both approaches under identical experi-

mental settings and object inputs, as illustrated in Fig. 5.12, Fig. 5.13, and Fig. 5.14.
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Figure 5.12: Rolling simulation without slippage of the locally (a) and globally (b)

generalised surface based rolling contact kinematics models.
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Figure 5.13: Rolling simulation with slippage of the locally (a) and globally (b)

generalised surface based rolling contact kinematics models.

All simulations were performed on the same computing platform (Intel(R) Core(TM)

i5-13500H processor, 2.60 GHz). The locally generalised surface-based method demon-

strated a significant computational advantage, achieving approximately 10 times faster

execution compared to the globally generalised surface-based approach. For instance,

the computation times for Fig. 5.13(a) and (b) were 7.527 seconds and 76.497 seconds,
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respectively.

Trajectory results shown in Fig. 5.12 and Fig. 5.13 reveal noticeable differences between

the two methods, particularly in simulations involving slippage. This can be attributed

to the underlying assumptions of the models: the locally generalised surface-based

approach treats each local section as a thin cylindrical segment with approximately

constant curvature along the skeleton path, whereas the globally generalised surface

model accounts for full geometric detail, resulting in higher computational complex-

ity. Since slippage dynamics are highly sensitive to local geometric variations, the

differences between the two approaches become more pronounced under slipping con-

ditions. This is further reflected in the time responses of the state variables shown in

Fig. 5.14, where the responses in Fig. 5.14(a) and (b), corresponding to Fig. 5.12, show

similar patterns, while the responses in Fig. 5.14(c) and (d), corresponding to Fig. 5.13,

diverge significantly.

Apart from their differences, the two approaches exhibit similar patterns in the sim-

ulation results. Both effectively capture the rolling contact motion in alignment with

the rolling velocities. Moreover, the accuracy and resolution of the simulations are

comparable, which serves as a form of mutual validation.

It is noteworthy that the controllability of locally generalised surface-based methods

can be verified, whereas for globally generalised surface-based methods, the com-

plexity makes such verification impractical. Additionally, we highlight that while the

globally generalised surface-based methods are slower, they tend to be relatively more

accurate compared to the locally generalised surface-based methods.

Results in this section illustrate the core behaviour of the proposed method, indicating

its potential relevance to applications such as dexterous manipulation and mobile robot

navigation. Although many existing robotic hands employ multiple fingers or complex

contact surfaces beyond a single sphere [189, 190, 37], our model provides a general

and extendable framework. It can serve as a foundation for modelling more complex

contact geometries and multi-contact kinematics [152], which we identify as an im-
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Figure 5.14: Time responses of the states uo, us, and ψ for the example simulation

corresponding to Fig. 5.12 ((a) and (b)), and Fig. 5.13 ((c) and (d)) respectively.

portant direction for future work. The residual errors observed in our evaluation are

primarily due to the resolution limitations of the input point clouds.

5.5 Conclusions

In this study, we proposed a novel method for geometrically fitting arbitrary point cloud

data by employing a skeleton-guided reference frame, combined with a semi-convex

spin-rolling-sliding kinematic model grounded in differential geometry. The surface

used to construct the kinematic model was generalised in two complementary ways:

globally and locally. We presented skeleton-based kinematic formulations for both

generalisation approaches and discussed their respective characteristics.



136 5.5. Conclusions

Our method was validated through simulations involving representative objects–including

a carrot, banana, and egg–using experimental data from real-scanned point clouds. Ad-

ditionally, a simulation of a sphere rolling through a real-scanned cave environment

further demonstrated the model’s applicability to irregular and naturalistic geometries.

The results showed that both pure rolling and rolling with slippage yield smooth and

physically plausible contact trajectories, supported by consistent state responses within

the proposed skeleton-guided framework.

Importantly, our findings highlight the critical role of point cloud density in determin-

ing accuracy and robustness. Denser point clouds enable more reliable slicing and lead

to more precise kinematic modelling, especially in scenarios involving slippage, where

trajectory sensitivity to local curvature becomes more pronounced.

Looking ahead, we plan to develop more robust slicing techniques that incorporate de-

tailed curvature analysis to better handle complex and multi-branch skeleton structures,

such as those found in trees or tunnels. This will broaden the scope of applications for

our approach. Additionally, we aim to implement and experimentally evaluate mo-

tion planning strategies, with a particular focus on assessing the proposed kinematic

model’s performance in rolling fingertip manipulation tasks.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

This thesis addresses three key challenges that limit the practical use of skeletonisation

techniques in robotics: computational efficiency, skeleton quality evaluation, and the

integration of skeletons into rolling-contact kinematics.

First, regarding the computational cost of curve skeletonisation, a Laplacian-based

method was adopted as the baseline. Through a series of algorithmic optimisations,

redundant computations were eliminated, leading to a more efficient skeletonisation

framework with negligible degradation in skeleton quality. Although these improve-

ments significantly reduce computational cost, further acceleration remains possible

through parallel computing or learning-based strategies.

Second, to address the challenge of skeleton evaluation, this thesis investigates the

statistical behaviour of a stable Laplacian contraction-based skeletonisation method.

Building on this analysis, a comprehensive quantitative evaluation framework was

proposed, encompassing four key skeleton quality properties defined both theoretic-

ally and numerically. To the best of our knowledge, this represents the first attempt

to formulate numerical definitions for these evaluation criteria, albeit with certain as-

sumptions such as treating the skeletal point set as an intermediate representation for

topological similarity assessment. The relevance of the framework was further demon-

strated through discussions of robotics applications, highlighting how different tasks
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impose varying levels of quality requirements. For example, using a skeleton as a

navigation path requires smoothness, whereas grasp planning does not.

Finally, to bridge the gap between continuous rolling-contact kinematics and the dis-

crete perception typical in robotics, this work explores the use of skeletons to guide

rolling-contact kinematic modelling. This contribution enables continuous kinematic

theory to be applied to discrete shape representations such as point clouds, providing a

valuable link between perception and action within robotic systems.

6.2 Future Work

Despite the progress made, several open questions and promising research directions

remain. In particular, integrating skeletonisation techniques into broader robotic perception-

action pipelines offers substantial opportunities for further development.

A primary challenge is real-time performance. For deployment in real-world robotic

systems, the computational cost of skeletonisation must be further reduced. Poten-

tial solutions include leveraging parallel computing architectures or adopting learning-

based approaches, where traditional methods may support data generation or labelling.

Another outstanding challenge concerns skeleton evaluation. While this thesis pro-

poses general quantitative criteria, the relevance of individual metrics can vary signi-

ficantly across robotic tasks. Future work should therefore aim to develop task-specific

evaluation frameworks tailored to domains such as manipulation, locomotion, or soft

robotics.

Additionally, the skeleton-guided rolling-contact kinematics model introduced in this

thesis has thus far been validated through theory and simulation only. Physical imple-

mentation on real robotic platforms–where rolling interactions may be more complex–

will be essential for assessing its robustness and practical applicability.
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A further challenge arises from imperfections in real-world perception, which com-

plicate reliable skeletonisation. Issues such as occlusion, non-uniform point distri-

bution, and measurement noise can severely degrade skeleton quality. Although the

Laplacian-based method exhibits robustness to mild imperfections, more severe forms

of degradation remain problematic. A promising direction is the combination of tradi-

tional skeletonisation algorithms with learning-based techniques for point cloud com-

pletion, denoising, and upsampling [53, 172, 85] prior to skeleton extraction.

(a) Rolling grasper [190] (b) Spherical rolling robots [145]

Figure 6.1: Promising potential robotic applications.

Looking ahead, skeleton-based methods hold promise for a wide range of robotic ap-

plications. In manipulation, skeletons may assist in generating grasp candidates, in-

cluding grasp poses and positions [165, 119]. They may also support future directions

such as object pose or shape estimation through the analysis of the skeleton path and

its orientation. In the context of grasp planning, a full scan of the object may not be

strictly necessary; however, only limited missing data can be tolerated, as long as the

overall topology is preserved. Moreover, skeleton-based grasp planning may be less

efficient and less robust than learning-based methods, although it benefits from im-

proved explainability and the lack of a need for labelled training data. A promising fu-

ture direction is to combine skeleton-based and learning-based approaches to leverage

the strengths of both. In motion planning and navigation, skeletal representations offer
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valuable structural cues for generating smooth, collision-free trajectories, particularly

within elongated or tunnel-like environments such as caves. In such settings, local

sectional scans of the surroundings are sufficient to derive feasible paths. However,

because the computation must be performed online, achieving real-time performance

is essential. Skeleton-based representations may also enhance object reconstruction

using visual SLAM data [178]. These directions underscore the broad potential of

skeletonisation as a foundational tool for future robotic systems.

In summary, this thesis lays the groundwork for a more robust, efficient, and application-

oriented approach to skeletonisation in robotics, while identifying several promising

avenues for continued research.
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