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A modified semi-empirical formula to calculate the maximum positron range
affected by different magnetic field strengths for PET/MRI scanner
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ABSTRACT
A modified semi-empirical formula that relates the maximum range of the positron to the
strength of different magnetic field strengths is developed via Monte Carlo simulation. The
formula is derived as an extension to the existing formula of no magnetic field. COMSOL
Multiphysics is used to simulate the different physics, including electromagnetic physics and
charged particle tracking physics. TheMonte Carlo simulation technique by COMSOL is employed
to study the effect of magnetic field strength on the positron range PET/MRI scan of the head’s
tumor. The magnetic field varies in the range 1–10 Tesla. The simulation code using positron
emission is conducted by the Monte Carlo method. Simulation results show that changing the
magnetic field affects the particle trajectory and hence the maximum positron range. The elliptic
trajectory causes a reduction in displacement between the original location of emission and the
location of annihilation, which permits an increased photon emission per unit volume of the
tumor and hence a better image resolution. Themain contribution of the paper is the formulation
of a new semi-empirical relation taking into account the presence of a magnetic field by
simulating different particle trajectories for the different magnetic field strengths.
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1. Introduction

Nuclear medicine is based on the administration of
radiopharmaceuticals to the patients for diagnostic or
treatment purposes. In diagnostic procedures, the
patient is usually scanned using one of the two mod-
alities: Single Photon Emission Computed Tomography
‘SPECT’ or Positron Emission Tomography ‘PET.’ Each
modality has features and limitations that play a vital
role in the produced image quality and thereby affect
the assessment of patient condition and treatment.

SPECT and PET rely on the detection of photons to
produce images illustrating the distribution of radio-
nuclides in patients (Powsner & Powsner, 2006). One of
the major differences between the two is the type of
decay of the nuclide administered to the patient.
SPECT utilizes gamma-emitting nuclides, whereas PET
uses positron-emitting nuclides. Gamma photons
emitted from the patient are directly detected by
a gamma camera after passing a collimator that pre-
serves resolution to some extent.

In PET, a positron travels some distance before
combining with an electron producing pair of annihila-
tion photons. When paired annihilation photons are
detected, it is possible to identify the site from which
they originated. Locating the point of origin for anni-
hilation events serves as the foundation in producing
tomographic images in PET (Bushberg et al., 2012).

The distance traveled by a positron before under-
going annihilation poses a limitation to resolution. The

positron shift from the point of emission to the point of
annihilation production causes some blurring that hin-
ders image resolution. This blurring is affected by posi-
tron energy and tissue composition (Cho et al., 1975;
Levin & Hoffman, 1999; Sánchez-Crespo et al., 2004).
Cal-González et al. used the PeneloPET simulation
toolkit to determine the positron range in different
materials and for different radioisotopes and proposed
a scaling method to estimate the positron range for
any isotope/material combination (Cal-González et al.,
2013).

Several studies have been carried out to evaluate
the resolution loss due to the positron range. Matthew
et al. developed a model predicting positron range
distributions and the consequent imaging system
resolution loss. The study suggested a possibility of
blurring correction during iterative reconstruction
(Palmer & Brownell, 1992; Palmer et al., 2005).
Nowadays, almost all PET systems are coupled either
to computed tomography (CT) or magnetic resonance
imaging system (MRI) (Huang et al., 2016; Zaidi & Del
Guerra, 2011). Each of those complementary systems
adds a distinct feature to PET while there is a limitation
(Burgos et al., 2014; Bushberg et al., 2012; Huang et al.,
2016; Zaidi & Del Guerra, 2011).

Several types of research were interested in studying
the effect of a magnetic field on the positron range. Iida
et al., showed positrons annihilation probability to
increase from 0.13 to 0.23 in a 1 mm diameter cylinder
when a magnetic field 5 Tesla is applied. The probability

CONTACT Essam M. Banoqitah ebanoqitah@kau.edu.sa

JOURNAL OF RADIATION RESEARCH AND APPLIED SCIENCES
2020, VOL. 13, NO. 1, 507–514
https://doi.org/10.1080/16878507.2020.1756108

© 2020 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/), which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

http://orcid.org/0000-0002-9127-6322
http://orcid.org/0000-0002-4831-9251
http://orcid.org/0000-0002-1867-4703
http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/16878507.2020.1756108&domain=pdf&date_stamp=2021-02-09


is further increased to 0.50 with 10 Tesla (Iida et al.,
1986). In another Monte-Carlo study, Raylman et al.,
showed an approximate 27% improvement in PET reso-
lution when a magnetic field of 10 Tesla is incorporated
(Raylman et al., 1996). In these research efforts, the
magnetic field was constant up to 10 Tesla, and it’s
assumed to be uniform all over the geometry and not
affected by the presence of the head.

The use of the magnetic flux density from MRI to
reduce the maximum positron range in PET scan will
be investigated in work herein. In the present research,
the Monte Carlo simulation method is employed to
study the effect of a different magnetic field on the
positron range in tumors. The head and the tumor
model are constructed using COMSOL Multiphysics,
where the finite element method used for magnetic
field calculations and the Monte Carlo method for
particle transport. The construction of a 3D magnetic
field that varies with the position and affected by the
presence of the patient head will give an accurate
simulation of its effect on the positrons trajectories.

2. Model description and calculation
methodology

The finite element method is employed using COMSOL
Multiphysics software to construct the geometry of
a patient’s head model. The head model consists of
episodes that represent the skin, skull, and soft brain
tissue, each with different magnetic properties due to
the difference in electric conductivity and relative per-
meability, see Figure 1. The head model was located
30 cm away from the coil center. A static magnetic field
was constructed using a coil to generate a magnetic

field inside the model of the patient head, which
includes a tumor at its center, see Figure 2.

Ampere’s law is used to drive the magnetostatic
equation for a 3D static magnetic field surrounding
the coil, as stated in Equation (1).

�� μ�1
o μ�1

r B
� �� σv � B ¼ Je;

B ¼ �XA (1)

Where;
σ is the electric conductivity
μo is the permeability constant
μr is the relative permeability
A is the magnetic vector potential and u� A ¼ 0 for

the insulators, and u is a unit vector normal to the
surface of the insulator (a tangential component of
the magnetic potential is zero)

Je is an externally generated current density
v is the velocity
B is the magnetic flux density in Tesla (T)
For a circular coil of current Icoil in Amperes (A), the

number of turns N, the coil current flow ecoil, and the
cross-section area S, the current density is calculated
using Equation (2).

Je ¼ NIcoil
S

ecoil (2)

Positrons are allowed to be emitted from the center of
the tumor and subjected to magnetic force, as shown
in Equation (3).

Ft ¼ Ze v � Bð Þ ¼ d mpv
� �
dt

(3)

Where;
Z is the charge number (z = 1 for positron)

Figure 1. Patient’ head model.
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e is the electron charge
mp is the positron mass
v is positron velocity
Ft total magnetic force
COMSOL Multiphysics charged particle tracking mod-

ule is used to simulate the charged particle histories.
Monte Carlo codes are based on averaging the particle
behavior by generating many histories to simulate the
particle tracks inside the material. The tallying by aver-
aging the counting statistics may cause the loss of track
information. In our case, different tracks are very sensitive
to the presence of the magnetic field, which may deflect
the trajectories of the particles in space. Furthermore,
most of the commercial Monte Carlo codes don’t permit
a description of the detailed magnetic flux distribution

Monte Carlo algorithm was constructed to investigate
the effect of the magnetic field on the positron range.
This algorithm is based on creating just one history to
represent one positron at a time. This positron is allowed
to move a complete range by adjusting the total cross
section of the medium and time cut off for the problem.
The angle dependence of the magnetic field causes
charged particles to move perpendicular to themagnetic
field lines in a circular or helical motion, which causes
a reduction in displacement between the original loca-
tion of emission and the location of annihilation. The
number of photons emitted per unit volume of the
tumor will be increased due to this reduction in the
displacement and permits a better image resolution.

Themagnetic field doesn’t cause a gain in energy, and
it just decreases with the angle between the normal
magnetic flux density and the velocity vector because
the magnetic force changes the velocity vector by chan-
ging its direction without affecting its magnitude. Many
histories are generated to represent an isotropic source of
positrons, and the particle trajectories are investigated.

The maximum positron range, according to the
semi-empirical relationship of Evans (EVANS, 1972), is
given by Equation (4) for a given maximum positron
energy Emax

β and for a given medium of density ρ.

Rmax cmð Þ ’ 412 Emax
β

MeVð Þ
� �n
ρ mgcm�3ð Þ ; 0:01 � Emax

β � 2:5MeV;

n ¼ 1:255� 0:0954ln Emax
β MeVð Þ

h i
(4)

The total positron interaction mean free path is given
by Equation (5), where σ is the total cross section, ND is
the atom density, Am is the mixture atomic weight, λ is
the mean free path and NA is Avogadro’s number.

λ ¼ 1
NDσ

¼ Am

ρ g=cm3ð Þ:NAσ
(5)

Assuming that all positrons are emitted isotopically
with a mean free path equal the maximum range, the
semi-empirical formula (4) could be deduced from
Equations (5), (6) and (7).

λe � Rmax (6)

σ ¼ 10�3:Am

412:NA: Emax
β MeVð Þ

h in (7)

A Monte Carlo simulation was done to permit the crea-
tion of isotropic positrons histories in the tumor center of
an interaction cross section corresponds to Equation (7).
Time cut off is used to simulate the furthest distance by
these positrons and to simulate the maximum particle
range. The time cut off is defined as the time required by
one history to cross a distance equal to the maximum
positron range, as shown in Equation (8). If all the posi-
trons are monoenergetic, they will cross a distance of
Rmax within time Tmax.

Figure 2. Model layout.
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Tmax � Rmax cmð Þffiffiffiffiffiffiffiffi
2Emax

β

mp

r (8)

The main idea behind creating the histories that way is
to simulate the maximum particle range for different
particle trajectories and material compositions. If any
material of Am is simulated for any positron energy, the
maximum range of this material will have the same
value as predicted by Evans relation (4).

3. Results and discussions

The finite element method is used to create
a stationary magnetic field for the whole geometry,
including the coil, head, tumor, and the surrounding
air, as shown in Figure 3. The magnetic flux density is
calculated in the entire geometry for various coil cur-
rents. Figure 4 shows the magnetic flux density at for
current value of 1.5 A. As the coil current change, the
magnetic flux density at the tumor and the surround-
ing will change. Themagnetic flux density as a function

of the coil current at the tumor center is shown in
Figure 5. It is clear that the magnetic flux density at
the tumor center is directly proportional to the coil
current. It’s expected that varying the head position
along the coil axis will decrease or increase the mag-
netic flux density, and no further studies are needed
for different head positions since changing the posi-
tion will require adjusting the current to get the same
magnetic flux density at the tumor center. Magnetic
field lines through the 3D geometry are shown in
Figure 6, and the magnetic flux density at the
x-y plane is shown in Figure 7. The magnetic flux
density B for a current of 950 A, inside the model
head of the patient, was around 9.5 T, according to
the model geometry, see Figure 8.

Simulations were done for magnetic flux densi-
ties (B) from 0 to 10 T. A unit vector s, in
r direction, is taken to allow the calculation of
range in different directions relative to normal
B. The magnetic field will affect the trajectories of
the particles, which will alter the Rmax according to

Figure 3. Extra fine mesh structure.

Figure 4. 3D magnetic flux density surrounding the coil for coil current 1.5 A.
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Figure 5. Relation between magnetic flux density at tumor center and coil current.

Figure 6. Magnetic field lines.

Figure 7. Normal magnetic flux density at the x-y plane.
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the 3D distribution of the magnetic flux density. If
the magnetic flux density changes the particle tra-
jectory, the history will be terminated before
reaching Rmax for the same cut off time. Figure 9
shows the positrons’ histories in the absence of
a magnetic field, and it is noticed that all the
particles reach Rmax, as defined by Evans. Figure
10 shows the particles 3D Rmax distributions in the
presence of a magnetic flux density of
9.65 T. A remarkable contraction of the maximum
range in the tumor planes parallel to the coil
plane. Due to the presence of a magnetic field,
the 3D profile changes from spherical shape to an
ellipsoid shape with contraction in x and
y directions.

The effect of the magnetic field is used to
deduce a modified semi-empirical relation taking
into account the presence of a magnetic field by
simulating different particle energies and varying
magnetic field strengths, Equation (9). Data from
the simulations are used to add another term to
the Evans equation, and this term represents the
effect of the presence of the magnetic field on the
3D positron range. The Rmax contraction according
to the simulations and the deduced semi-empirical
formula in a plane parallel to the coil plane. Figure
11 shows the variation of Rmax for different mag-
netic flux and positron sources. The plane parallel to
the coil plane has the maximum contraction
because the velocity vectors are normal to the
magnetic flux density norm.

Rmax cmð Þ ’ 412 Emax
β

MeVð Þ
� �n
ρ mgcm�3ð Þ 1:068e�0:2771 ~B�~rj j � 0:068e�106 ~B�~rj jn o

;

n ¼ 1:255� 0:0954ln Emax
β MeVð Þ

h i
;

0:01 � Emax
β � 2:5MeV

(9)

Where~risa unit vector in the positron direction.
The modified semi-empirical formula shows that

the maximum positron range decreases with

Figure 8. Normal magnetic flux density for coil current of 950 Ampere.

Figure 9. Particles trajectories (B = 0 T).
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increasing the magnetic flux density at the
patient’s head for different positron-emitting iso-
topes. A significant reduction in Rmax is observed
by increasing the magnetic field density. Table 1
shows the required magnetic field intensity
required to reduce Rmax below 1 mm for different
positron emitters sources. F-18 shows the mini-
mum required magnetic flux density at the tumor

to reduce Rmax below 1 mm because its initial Rmax

with the absence of the magnetic field is the low-
est among the other isotopes. The lower magnetic
flux density required with F-18 means less cooling
for the coil and high image resolution at the same
time.

4. Conclusion

Coupling of electromagnetics and particle tracking
using COMSOL Multiphysics enables updating
a semi-empirical formula to calculate the maximum
positron range under the influence of different
magnetic field strengths. A significant reduction in
the maximum positron range with increasing the
magnetic flux density for different positron-
emitting isotopes.F-18 shows the minimum required
magnetic flux density of about 3 T to reduce Rmax

below 1 mm by a percentage reduction of 108%.
Other positron-emitting isotopes such as C-11, N-13,
O-15, G-68, and Rb-82 require a magnetic flux inten-
sity ranges between 5 to 10 T to reduce Rmax

below 1 mm.

Figure 10. Particles trajectories (B = 9.65 T).
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Figure 11. Rmax for different magnetic flux densities at a plane parallel to the coil plane for different positron sources.

Table 1. Required magnetic field to reduce Rmax below 1 mm.

Isotope
Rmax at
T = 0

Required magnetic field den-
sity for Rmax < 1 mm

Percentage reduc-
tion of Rmax

F-18 2.08 3 108
C-11 3.53 5 253
N-13 4.69 6 370
O-15 7.63 8 663
Ga-68 8.72 9 771
Rb-82 15.89 10 1449
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