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COLLAPSING REGULAR RIEMANNIAN FOLIATIONS WITH FLAT
LEAVES

DIEGO CORRO∗

Abstract. In this manuscript we present how to collapse a manifold equipped with a
closed flat regular Riemannian foliation with leaves of positive dimension, while keeping
the sectional curvature uniformly bounded from above and below. From this deforma-
tion, we show that in the case when the manifold is compact and simply connected the
foliation is given by torus actions. This gives a geometric characterization of aspherical
regular Riemannian foliations given by torus actions.

1. Introduction

Effective actions by compact Lie groups are a classical example of symmetry in differ-
ential topology and differential geometry. In particular a lot of consideration has been
given to torus actions since they correspond to the abelian part of a Lie group. Recently
singular Riemannian foliations have been considered as a generalized form of symmetry.
These are smooth foliations with a Riemannian metric that is “bundle like”. The justifi-
cation for considering singular Riemannian foliations as a notion of symmetry comes from
the fact that Lie group actions by isometries and Riemannian submersions are examples
of such foliations.

In the setting of singular Riemannian foliations, Galaz-Garćıa and Radeschi in [22]
introduced an analogous concept to torus actions via isometries by considering singular
Riemannian foliations whose leaves are closed and aspherical manifolds. These foliations
are called A-foliations and examples of such foliations include effective torus actions by
isometries. In general due to [22] and [8], on a simply-connected manifold the leaves of an
A-foliation are finitely covered by tori, and moreover, the leaves of highest dimension are
all homeomorphic to a torus. Thus in this way, A-foliations resemble torus actions. But
in [16] examples are given of A-foliations, on closed manifolds with a non-trivial finite
fundamental group, which are not given by torus actions. From this discussion, it follows
that it is natural to ask if we may characterize those A-foliations given by a torus action.

In [22] the authors also introduced the notion of a B-foliation. These are A-foliations
such that the leaves are homeomorphic to manifolds that admit a flat metric, i.e. they
are homeomorphic to Bieberbach manifolds. In [8, Theorem C] it was proven that for a
simply-connected manifold the leaves of any A-foliation are homeomorphic to Bieberbach
manifolds, except possibly for the singular leaves of dimension 4. Due to this observation,
it was proposed in [8] to redefine B-foliations as those A-foliations (M,F , g) such that for
any leaf L ∈ F we have that the leaf (L, g|L) with the induced metric is a flat manifold
(in particular the leaves are Bieberbach manifolds).
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2 D. CORRO

In this work we show that on a simply-connected manifold under the updated definition,
such B-foliations with leaves of positive constant dimension are given by torus actions.

Theorem A. Consider (M,F , g) a regular B-foliation on a compact simply-connected
Riemannian manifold. Then the foliation F is induced by an isometric torus action.

To prove Theorem A we compare regular B-foliations to the so called F-structures
and N-structures introduced by Cheeger, Gromov and Fukaya in [6] and [5]. These are
other types of foliations, and were introduced when studying the notion of “collapse with
bounded curvature” onto metric spaces. We present now the definition of F-structures
(for the definition of N-structures see Section 2.7). We recall that an F-structure is given
by an open cover {Ui}i∈I of M , together with a T ki-action on a finite normal (or Galois)
cover πi : Ũi → Ui for each index, such that the torus actions satisfy certain compatibility
conditions when passing from one neighborhood to another, and they are compatible
with the action of the deck-transformation group of πi (see for example [20, Definition
19.2]). An F-structure induces a partition of M into submanifolds called the orbits of
the F-structure. We say that a sequence of Riemannian metrics {gn}n∈N on a compact
manifold M collapses with bounded curvature if there exist constants λ ≤ Λ ∈ R such
that

λ ≤ Sec(gn) ≤ Λ,

and for any p ∈M the injectivity radius of gn at p goes to 0 as n→ ∞ (see for example
[41, p. 69]). By [6] and [7] we have that F-structures characterize collapse with bounded
curvature: A compact manifold collapses with bounded curvature if and only if it admits
an F-structure whose orbits have positive dimension.

For the proof of Theorem A, we prove that given a regular B-foliation (M,F , g) on
a compact manifold with leaves of positive dimension we may always collapse M with
bounded curvature and bounded diameter.

Theorem B. Consider (M,F , g) a regular non-trivial A-foliation on a compact Rie-
mannian manifold, such that each leaf L ∈ F with the induced Riemannian metric g|L
is flat, i.e. a B-foliation. Then by shrinking the directions tangent to the leaves of F
we may collapse with bounded curvature and uniformly bounded diameter the manifold
(M, g).In particular we show there exists a family of Riemannian metrics {gδ}1≥δ>0 on
M such that λ ≤ Sec(gδ) ≤ Λ, Diam(gδ) ≤ D and Injrad(gδ) → 0 as δ → 0.

We recall that in the study of collapse with bounded curvature in [5], given such a
collapsing sequence the authors construct N-structures and highly symmetric N-invariant
Riemannian metrics which are bounded by the collapsing sequence (see Theorem 2.20).
When the manifold M has finite fundamental group an N-structure is given by an F-
structure (see Theorem 2.16). In the case when M has finite fundamental group we use
the relationship between N-structures and F-structures, the invariant metrics and the
explicit collapsing sequence given in the proof of Theorem B to show that the geometry
of (M,F , g) where F is a regular B-foliation with leaves of positive dimension is approx-
imated by geometries invariant under F-structures. We can also point to a relationship
between the tangent spaces of the leaves of the foliations and the tangent spaces of the
orbits of the F-structure.

Theorem C. Consider (M,F , g) a regular non trivial A-foliation on a compact m-
dimensional Riemannian manifold with finite fundamental group and m > 2, such that
each leaf L ∈ F with the induced Riemannian metric g|L is flat, i.e. a B-foliation. Then
there exists a sequence of Riemannian metrics {ḡεN(ε)}1≥ε>0 with each metric invariant
under an F-structure, and such that as ε → 0, we have that (M, ḡεN(ε)) converges in the
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Gromov-Hausdorff sense to (M, g) as ε → 0. Moreover, given p ∈ M fixed and taking
x ∈ TeT

k fixed in the Lie algebra of the torus tracing the leaves of the F-structure around
p, we have that the action field X∗(p) converges to a direction tangent to the leaf Lp.

Remark 1.1. By Lemma 3.3 we also have that the Riemannian tensors ḡεN(ε) converge
uniformly to g.

We remark that by Theorem B, given a regular B-foliation on a compact manifold M
with leaves of positive dimension we have a continuous family gδ of Riemannian metrics
collapsing with bounded curvature to the leaf space. Combining this with [44, Theorem
0.4] we conclude that we have an upper bound for the minimum of the sectional curvature
of a compact manifold equipped with a B-foliation whose leaves have positive dimension.

Corollary D. Let (M,F , g) be a regular B-foliation on a compact manifold with leaves of
positive dimension. Then we have for λ equal to the minimum of the sectional curvature
of g, that λ ≤ 0.

We recall that an F-structure is pure, if for any point p ∈M in the intersection of two
neighborhoods Ui ∩ Uj given in definition of the F-structure, the images containing p of
the orbits of the torus actions under πi and πj coincide (see [20, p. 228]). By [6], pure
F-structures are examples of B-foliations as defined in this work. This fact motivated the
following question in [22]:

Question 1. How do the concepts of A-foliations and F-structures relate to each other?

Theorem A sheds some light on this question: Regular flat A-foliations (i.e. B-
foliations) on simply-connected manifolds are given by torus actions, and thus are F-
structures.

We highlight that on a simply-connected manifold, an F-structure is induced by a torus
action (see for example [47, Proposition 3.1, Lemma 3.2 and Lemma 4.1]). Thus it is a
pure F-structure, and therefore a B-foliation. Still such B-foliations may have singular
leaves. For example torus actions of cohomogeneity 2 can have singular leaves [40], [8].
Nonetheless, when M has finite fundamental group a regular A-foliation with flat leaves
is the limit of F-structures by Theorem C.

We point out that not all regular A-foliations admit a Riemannian metric making it a
B-foliation. In [16] the authors construct manifolds of dimension m ≥ 9 with non-trivial
finite fundamental group and each equipped with a regular A-foliation whose leaves are
homeomorphic to the (m − 4)-dimensional torus but not diffeomorphic to the (m − 4)-
dimensional torus. These foliations do not admit any Riemannian metric making them
into a B-foliation, since by [3] a flat manifold is homeomorphic to the torus if and only
if it is diffeomorphic to the torus.

It would be interesting to know if there exists an example of an A-foliation on a compact
simply-connected manifold whose leaves are exotic tori. Since torus actions induce B-
foliations, a more general question is if an A-foliation on a simply-connected manifold
can be made into a B-foliation by a change of the metric.

Question 2. Is there an A-foliation on a simply-connected manifold which is not given
by a torus action?

From our results, this is related to the following weaker question for foliations with
leaves of positive dimension: Given any A-foliation on a simply-connected manifold, is
there an other foliated Riemannian metric ḡ on M making it into a B-foliation?

In [8, Theorem A] a negative answer to Question 2 is given for A-foliations of codi-
mension 2. Namely in [8], the author explored the problem of whether we can compare
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the diffeomorphism type of two compact simply-connected manifolds with A-foliations
via their leaf spaces equipped with local information of the foliation, focusing on the
case of A-foliations of codimension 2. The positive answer given in [8, Theorem C and
Lemma 5.11] to this comparison problem together with the classification of tours actions
of cohomogeneity 2 in [40], allows us to conclude that an A-foliation of codimension 2
on a compact simply-connected manifold is given up to a foliated homeomorphism by a
torus action. Then, by analyzing the local information of the foliation we are able to
improve the conclusion to a foliated diffeomorphism.

A crucial point in the proof of [8, Theorem A] is that for an A-foliation of codimension
2 on a compact simply-connected manifold the stratification of the leaf space is simple
and can be explicitly described. In general, even for singular Riemannian foliations on
vector spaces with finite dimension, it is not clear how to compare the foliations via their
leaf spaces (see [23, Question 1.2]). We point out that the proof presented in [8] is of
a topological nature and only uses the fact that the presence of a foliated Riemannian
metric guarantees a nice local structure of the foliation on tubular neighborhoods of
leaves (see [35]). Moreover, to be able to extend the ideas in [8] to higher dimensions, we
would require to impose extra topological conditions on M and on the leaf space of the
foliation. Thus, to the best of our knowledge, the approach presented in this manuscript
is a different approach for comparing foliated structures to what exists in the literature.

The present work was motivated by the need to give geometric conditions on A-
foliations that force them to be given by torus actions. Due to [5] and [47] it follows
that on simply-connected manifolds, torus actions with orbits of positive dimension are
characterized by the phenomenon of collapse with bounded curvature (see Theorem 2.20).
Thus, a natural approach to finding sufficient geometric conditions for an A-foliation to
be induced by a group action, is to find sufficient geometric conditions which let us col-
lapse with bounded curvature the manifold by shrinking the leaves of a given A-foliation
on a simply-connected manifold.

We highlight that to the best of our knowledge in the literature there are few references
on the subject of deforming foliations. In [14] the authors show that for a particular
class of 1-dimensional regular foliations, a portion of the manifold has a cover into “long
and thin” submanifolds extending the notions in [5] to the foliated setting. In [9] the
authors consider a parametrized family of Lie groupoids and give rigidity results for such
“deformations” of Lie groupoids. Lie groupoids are closely related to regular foliations
(see [37]), and also singular Riemannian foliations (see [2]). Applying these rigidity results
for Lie groupoids, the authors in [11] consider on a compact manifold a family of regular
foliations Ft parametrized by a real parameter t ∈ [0, 1], each having compact leaves and
Hausdorff leaf space, and show that at t = 0 the existence of a leaf L with H1(L,R) = 0 is
a sufficient condition for such a parametrization to be rigid, i.e. Ft = F0 for all t ∈ [0, 1].
This is an analogous result to the conclusions presented in [13] and in [29]: Consider
two regular foliations F1, and F2 with compact leaves on a fixed manifold M without
boundary, such that they are close to each other in an appropriate sense, and such that
the leaf spaces of the foliations are Hausdorff spaces. In the case that there exists a
leaf L in one of the foliations with H1(L,R) = 0, there exists a foliated diffeomorphism
between the foliated manifolds. For group actions there is a general rigidity result by
Grove and Karcher [26]: Given a compact Lie group G, a compact manifold M , and two
group actions µ1 : G → Diff(M) and µ2 : G → Diff(M), if the images µ1(G) and µ2(G)
are C1 close enough in Diff(M), then the images are conjugated in Diff(M).

We point out that the proof of Theorem A is also a rigidity result for a deformation
procedure, since the proof consist of approximating our foliation by torus actions using
Theorem C, and showing that there exists a limit torus action whose orbits agree with
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the leaves of the foliation. Nonetheless, we point out that to the best of our knowledge
there are no general rigidity results for singular Riemannian foliations as those presented
in [11], [13], and [29]. Moreover, the rigidity result presented in Theorem A agree with
the conclusions in [26]. One can also compare Theorem A with [44, Proposition 0.8] and
comments after. In our work we also point to the existence of a fixed torus action on
M , but we do show that we can take our foliated metric as the limit of the perturbed
collapsing sequence.

Our article is organized as follows: In Section 2 we review the necessary preliminaries on
singular Riemannian foliations, as well as the concepts of A-foliations, B-foliations, and
N-structures. We also review Alexandrov spaces and equivariant convergence of metric
spaces. At the end of Section 2, we present the relevant theorems of collapse theory
used in our proofs. In Section 3 we give the proofs of our main theorems. We begin by
presenting the proof of Theorem B, and then proceed with the proof of Theorem C. We
use then these results and their proofs to prove Theorem A.
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2. Preliminaries

In this section we present the preliminaries necessary for our results. We begin by
presenting the definition of a singular Riemannian foliation, then present the notion of
the infinitesimal foliation and the holonomy of a leaf. We then present the notions of A-
and B-foliations. We also present the necessary results from the theories of convergence of
Riemannian manifolds with curvature bounds, equivariant convergence of metric spaces,
and metric spaces with a lower curvature bound.

2.1. Singular Riemannian foliations. A singular Riemannian foliation (M,F , g) on
a Riemannian manifold (M, g) is a partition F of M into connected injectively immersed
submanifolds L ∈ F called leaves, such that the following hold:

(i) There exists a family of smooth vector fields {Xα}α∈I ⊂ X(M) on M , such that
for each point p ∈ M the vector fields span the tangent space at p of the leaf Lp
containing p.

(ii) Given γ : [0, 1] → M a geodesic perpendicular to Lγ(0), then γ is perpendicular to
Lγ(t), for all t ∈ [0, 1].

The first condition insures that the singular distribution ∆ in TM given by ∆(p) =
TpLp is smooth. The second condition is equivalent to the leaves of F being locally
equidistant. When the leaves of the foliation are closed submanifolds, we say that the
foliation is closed. We point out that in this case the leaves are embedded submanifolds.

We define the leaves of maximal dimension to be regular leaves, and the ones that
do not have maximal dimension to be singular leaves. The codimension of the foliation
codim(F) is equal to the codimension of any regular leaf in M , and the dimension of F ,
denoted as dim(F), to be the dimension of the regular leaves.
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For a closed singular Riemannian foliation (M, g,F) and 0 ≤ ℓ ≤ dim(F) we define
the ℓ-dimensional stratum as

Σℓ = {p ∈M | dim(Lp) = ℓ},

and point out that each connected component C of Σℓ is an embedded submanifold of
M (see [45]). We denote by Σp the connected component of Σℓ containing p, where
ℓ = dim(Lp). The collection {Σp | p ∈ M} give the canonical stratification of M by F .
For the top dimension dim(F), the set Σdim(F) is open, dense and connected. We refer to
it as the regular stratum, and denote it by Mreg = Σdim(F). In the case when Mreg = M
we say that the foliation F is regular. We also remark that all other strata Σℓ have
codimension at least 2 ([22, Section 2.3]).

We equip the quotient space M/F with the quotient topology, making the quotient
map π : M → M/F continuous. We refer to M/F equipped with the quotient topology
as the leaf space of F . When the foliation is closed and M is complete, the Riemannian
distance on M induces an inner metric, called the quotient metric on the leaf space, and
it induces the quotient topology. Moreover as pointed out in [27, p. 2943], for a closed
foliation on a complete manifold, the leaf space equipped with the quotient metric is
locally an Alexandrov space (see Section 2.5 for a definition of an Alexandrov space).

Given a singular Riemannian foliation F on a vector space V equipped with an inner
product g, we say that (V,F , g) is an infinitesimal foliation if for the origin 0̄ ∈ V we
have L0̄ = {0̄}.

We now consider (M,F , g) a singular Riemannian foliation on a complete Riemann-
ian manifold, and fix p ∈ M . We denote by νp(M,Lp) = {v ∈ TpM | g(p)(v, x) =
0 for any x ∈ TpLp} the set of normal space to the leaf at p. Given ε > 0 we consider
the closed normal disk of radius ε defined as νεp(M,Lp) = {v ∈ νp(M,Lp) | ∥v∥2g ≤ ε}.
Then by fixing ε > 0 small enough (for example ε smaller than the injectivity radius at
p), we may assume that expp : ν

ε
p(M,Lp) → Sp = expp(ν

ε
p(M,Lp)) ⊂ M is a diffeomor-

phism. For v ∈ νεp(M,Lp) we define Lv ⊂ νεp(M,Lp) to be the connected component of

exp−1
p (Lexpp(v) ∩ Sp) containing v. In this way, we obtain a partition Fp(ε) on ν

ε
p(M,Lp).

By [38, Lemma 6.2] the foliation Fp(ε) is invariant under homotheties hλ : ν
ε
p(M,Lp) →

νλεp (M,Lp), with hλ(v) = λv. From this we see that F(ε) is independent of ε, and
thus we can extend Fp(ε) to a partition Fp on νp(M,Lp) in a unique way. Moreover,
[38, Proposition 6.5] states that (νp(M,Lp),Fp, g

⊥
p ) is an infinitesimal foliation, where

g⊥p = g(p)|νp(M,Lp). We refer to (νp(M,Lp),Fp, g
⊥
p ) as the infinitesimal foliation of F at

p.
The following local description of the foliation is going to be of use later on:

Proposition 2.1 (Proposition 2.17 in [46]). Let (M,F , g) be a singular Riemannian
foliation on an m-dimensional manifold, and for any p ∈M we write kp = dim(Lp). Then
for p ∈ M fixed there exists a coordinate system (W,ϕ), with W ⊂ M and ϕ : W → Rm

such that:

(1) p ∈ W , ϕ(W ) = U×V , where U ⊂ Rkp and V ⊂ Rm−kp are open and bounded subsets
containing the origin with smooth boundary.

(2) ϕ(p) = (0̄, 0̄) ∈ U × V .
(3) ϕ−1(U × {0̄}) = W ∩ Lp.
(4) For any q ∈ W , U × proj2(ϕ(q)) ⊂ ϕ(Lq ∩W ).
(5) For fixed (u0, v0) ∈ U × V the curve ϕ(u0, tv0) is a geodesic of M perpendicular to

the leaves of F .
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2.2. Holonomy. In this section we present for (M,F , g) a singular Riemannian foliation
the notion of the holonomy of a closed leaf Lp ∈ F which we simply denote by L. We
denote by ν(L) → L the normal bundle to L, and we have the following construction:

Theorem 2.2 (Corollary 1.5 in [35]). Let L be a closed leaf of (M,F , g) a singular
Riemannian foliation, and let γ : [0, 1] → L a piecewise smooth curve with γ(0) = p.
Then there exists a map G : [0, 1]× νp(M,L) → ν(L) such that:

(i) G(t, v) ∈ νγ(t)(M,L) for every (t, v) ∈ [0, 1]× νp(M,L).
(ii) For every t ∈ [0, 1], the restriction Gt : {t} × νp(M,L) → νγ(t)(M,L) is a linear

map; moreover with respect to the infinitesimal foliations the map

Gt : (νp(M,L),Fp, g
⊥
p ) → (νγ(t)(M,L),Fγ(t), g

⊥
γ(t))

is a foliated isometry.

Let O(νp(M,Lp),Fp) denote the group of foliated isometries of the infinitesimal fo-
liation. That is, a map f ∈ O(νp(M,Lp),Fp) is an isometry f : (νp(M,Lp), g

⊥
p ) →

(νp(M,Lp), g
⊥
p ) such that for any leaf L ∈ Fp we have f(L) ∈ Fp. We denote by

O(Fp) ⊂ O(ν⊥p (M,Lp),Fp) the subgroup of foliated isometries that leave the infinitesimal
foliation invariant, i.e. f ∈ O(Fp) if and only if f(L) ⊂ L for all L ∈ Fp. Observe that
for a closed piecewise loop γ : [0, 1] → Lp with start point p we have by Theorem 2.2
a map Gγ : νp(M,Lp) → νp(M,Lp) with Gγ ∈ O(νp(M,Lp),Fp). Moreover, from [8,
Proposition 2.5] it follows that the coset GγO(Fp) ∈ O(νp(M,Lp),Fp)/O(Fp) depends
only on the homotopy class of γ. Thus, we have a well defined map ρ : π1(Lp, p) →
O(νp(M,Lp),Fp)/O(Fp).
We define the holonomy of the leaf Lp at p as the image

Hol(Lp) = ρ(π1(Lp, p)) ⊂ O(νp(M,Lp),Fp)/O(Fp).

Observe that if q ∈ Lp is another point in Lp and we fix α : I → Lp a path from q to p, then
we have that GαO(νq(M,Lp),Fq)G

−1
α = O(νp(M,Lp),Fp) and GαO(Fq)G

−1
α = O(Fp).

Thus, the holonomy is defined up to conjugation in the group of isometries O(νp(M,Lp))
of the normal space to the leaf.

A leaf Lp is called principal if and only if it is regular and has trivial holonomy. Given
a closed singular Riemannian foliation (M,F , g), the collection of all principal leaves is
called the principal stratum of F and denoted by Mprin. We point out that Mprin ⊂M is
an open and dense subset by [8, Proposition 2.8].

2.3. A- and B-foliations. We now consider closed singular Riemannian foliations whose
leaves are aspherical manifolds, i.e. such that for L ∈ F we have πk(L) = 0, for k ̸= 1.
These foliations are called A-foliations, and where introduced in [22] as a generalization
of torus actions by isometries. The authors showed that on a compact simply-connected
manifold M , the regular leaves of an A-foliation are homeomorphic to tori.

Theorem 2.3 (Theorem B in [22]). Let (M,F , g) be an A-foliation on a compact simply-
connected manifold, and let L ∈ F be a regular leaf. Then L is homeomorphic to a torus.

Remark 2.4. We recall that for n ≥ 5 by [33], there exists n-manifolds which are
homeomorphic to the n-torus, but not diffeomorphic. These manifolds are known as
exotic tori. We recall that there are examples of A-foliations (M,F , g) on compact
manifolds whose leaves are exotic tori, but M is not simply connected (see [16]).

In [22] the authors also introduced the concept of B-foliations, which are A-foliations
whose leaves are homeomorphic to Bieberbach manifolds. Recall that an n-dimensional
Bieberbach manifold L is an aspherical manifold such that π1(L) is isomorphic to a
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discrete subgroup G of Rn ⋊ O(n) ⊂ Aff(n) which is torsion free, and such that Rn/G
is compact. Such a group G is called a Bieberbach group. We recall that Bieberbach
manifolds are those homeomorphic to smooth manifolds that admit a flat Riemannian
metric, i.e. a Riemannian metric whose sectional curvature is equal to 0 for any 2-plane
in the tangent space at any point. By the following result, we conclude that the leaves of
A-foliations on compact simply-connected manifolds have fundamental group isomorphic
to a Bieberbach group, and except for leaves of dimension 4, they are homeomorphic to
Bieberbach manifolds.

Theorem 2.5 (Corollary 3.2 and Proposition 3.3 in [8]). Let (M,F , g) be an A-foliation
on a compact simply-connected manifold. Then the leaves with trivial holonomy are home-
omorphic to tori. Moreover, for any leaf L ∈ F with non-trivial holonomy the funda-
mental group π1(L, p), at p ∈ L, is a Bieberbach group, and for dim(L) ̸= 4 the leaf L is
homeomorphic to a Bieberbach manifold.

This implies that, except for the leaves of dimension 4, from a topological viewpoint A-
foliations and the B-foliations as defined in [22] are indistinguishable on compact simply-
connected manifolds. Thus in [8, Remark 3.4] the author proposed to define B-foliations
as those A-foliations (M,F , g) such that for any L ∈ F we have that (L, g|L) is flat.
This definition immediately introduces some rigidity to the diffeomorphism type of the
foliation: Combining Theorem 2.3 with the work of Bieberbach [3] (and more generally
by [15, Theorem 3]) we obtain that for simply-connected manifolds the regular leaves
of an A-foliation (M,F , g) such that (L, g|L) is flat, i.e. B-foliation as defined in this
paragraph, are diffeomorphic to the standard torus.

Remark 2.6. We point out that a singular Riemannian foliation (M,F , g) induced by
an effective smooth torus action µ : T k ×M → M by isometries is a B-foliation, in the
sense that the orbits with the induced Riemannian metric are flat. We sketch briefly the
proof of this fact. Fix p ∈ M such that T k(p) is a principal orbit. Then for the isotropy
group at p we have T kp = {e}, where e ∈ T k is the identity element (see [48, Example

3.4.3]). This implies that the orbit T k(p) is equivariantly diffeomorphic to T k via the
map µp : T

k → T k(p) given by µp(ξ) = µ(ξ, p). Via this diffeomorphism the T k-invariant
induced metric g|Tk(p) induces a left-invariant metric ḡp on T k. Since T k is abelian, by
[36, Corollary 1.3] we have that the sectional curvature of ḡp is non-negative. If it is
positive at some point (and thus positive anywhere), then by the Bonnet-Myers Theorem
([12, Chapter 9, 3.1 Theorem]) we have that T k has finite fundamental group, which
is a contradiction. Thus, ḡp is flat, and consequently (T k(p), g|Tk(p)) is a flat manifold.
Consider now q ∈M not in a principal orbit. We point out that a connected component
(T kq )

0 of the identity element of the isotropy subgroup at q is homeomorphic to a subtorus

of T k. Then there exists a finite cover T k(q) of T k(q) which is homeomorphic to a torus
of dimension equal to k − dim((T kq )

0) (see [22, Example 2.4]). The metric g|Tk(q) lifts to

a T k/(T kq )
0-invariant metric g̃q on T k(q). Observing that the metric g̃q induces a left-

invariant metric on the torus T k/(T kq )
0, then by applying the same reasoning as for the

principal orbit case we conclude that the metric g̃q is flat. Since T k(q) is a finite cover
we conclude that g|Tk(q) is flat.

2.4. Compact flat metric spaces. For the sake of completeness, we give a short review
of the geometry of flat manifolds. We consider (M, g) to be a compact smooth Riemannian
m-dimensional manifold, such that at every point p ∈ M and any 2-dimensional plane
in TpM we have the sectional curvature equal to 0, i.e. a flat manifold. By the Cartan-

Hadamard theorem (see [12, Theorem 3.1]) it follows that the universal cover M̃ of M is
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diffeomorphic to Rm. We consider g̃ = π∗(g) the pull back metric of g under the covering

map π : M̃ → M . Observe that by construction π : (M̃, g̃) → (M, g) is a local isometry,

and thus (M̃, g̃) is a flat manifold diffeomorphic to Rm. By [12, Theorem 4.1] it follows

that (M̃, g̃) is isometric to (Rm, σ) where σ denotes the Euclidean Riemannian metric.
Thus we have that there exists a covering map π̄ : (Rm, σ) → (M, g) which is a local
isometry, i.e. π̄∗(g) = σ. By letting B be the group of deck transformations of π̄, it
follows that B is a subgroup of the isometry group Isom(Rm, σ) which is torsion free, i.e.
B is a Bieberbach group. Thus (M, g) is isometric to the homogeneous Riemannian space
(Rm/B, σ̄), where σ̄ is the Riemannian metric induced by the Riemannian submersion
p : Rm → Rm/B (see [25, Theorem 1.2.1]).

2.5. Alexandrov spaces. We now recall the definition of an Alexandrov space. Let
(X, dX) be a locally compact and locally complete inner metric space. A point x ∈
X is said to have curvature at least κ, for some κ ∈ R, if there exist Ux ⊂ X an
open neighborhood of x such that the following holds: Given any geodesic triangle ∆ ⊂
Ux there exists a geodesic triangle △̃ in the 2-dimensional surface of constant sectional
curvature κ denoted by S2

κ, with edges having the same lengths as the edges of △, and
such that given y ∈ △ a vertex and w any point in the opposing edge to y in △, for ỹ

and w̃ the unique corresponding points in △̃ to y and w respectively, then we have

d(y, w) ≥ dS2
κ
(ỹ, w̃).

A local Alexandrov space (X, dX) is a locally compact and locally complete inner metric
space such that for each point x ∈ X there exist κx ∈ R so that x has curvature at least
κx.
In the case when there exists κ ∈ R such that any point ofX is a point with curvature at

least κ, we say that (X, dX) is an Alexandrov space of curvature at least κ, and we denote
it by curv(X) ≥ κ. We denote the collection of all Alexandrov spaces with curvature at
least κ ∈ R by Alex(κ).
With respect to the Gromov-Hausdorff topology (see Section 2.6) we have the following

stability result for Alexandrov spaces:

Theorem 2.7 (Perelman’s stability Theorem in [43], [34]). Let (X, dX) be a compact
n-dimensional Alexandrov space of curv(X) ≥ κ. Then there exists an ϵ = ϵ(X) > 0 such
that for any n-dimensional Alexandrov space (Y, dY ) of curv(Y ) ≥ κ with dGH(X, Y ) < ϵ,
Y is homeomorphic to X.

An extremal subset E of an Alexandrov space (X, dX) is a closed subset subset which
is preserved under the gradient flow of dX(p, ·) for all p ∈ X (see [32]).

Example 2.8. Let H act effectively smoothly by isometries on a compact Riemannian
manifold (M, g), consider π : M → M/H and equip M/H with the induced metric d∗.
Then (M/H, d∗) is an Alexandrov space. Let Γ ⊂ H be a closed subgroup, and FΓ be
the set of points fixed by Γ. Then by [42, 4.2 Proposition] π(FΓ) is an extremal subset
of (M/H, d∗).

Remark 2.9. The homeomorphism in Theorem 2.7 can be taken so that it preserves the
stratification of X and Y by extremal subsets (see [34],[31, Theorem 4.3]).

2.6. Equivariant convergence. We denote by M the set of all isometry classes of
pointed metric spaces (X, dX , x) such that for each r > 0 the open ball Br(x) is relatively
compact. We define the following notion of convergence on M:

We begin by considering first (X, dX) and (Y, dY ) metric spaces. We define the Gromov-
Hausdorff distance between (X, dX) and (Y, dY ), denoted by dGH((X, dX), (Y, dY )), to be
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the infimum of all Hausdorff distances dH(f(X), g(Y )) for all metric spaces (Z, dZ) and
all isometric embeddings f : X → Z and g : Y → Z (see [4, Section 7.3]).
We say that a a pointed sequence {(Xi, dXi

, xi)}i∈N ⊂ M converges to (Y, dY , y) ∈ M
if for each r > 0 and each ε > 0 there exists N ∈ N, such that for n ≥ N there exists a
map fn : Br(xn) → X for which the following hold:

(i) f(xn) = y,
(ii) the ε-neighborhood of fn(Br(xn)) ⊂ Y contains the ball Br−ε(y),
(iii) disfn = sup{|dY (fn(z1), fn(z2))− dXn(z1, z2)| | z1, z2 ∈ Br(xn)} < ε.

We call this notion of convergence on M, convergence in the pointed Gromov-Hausdorff
sense.

Remark 2.10. When (Xi, dXi
) and (Y, dY ) are locally compact metric spaces, we have

that (Xi, dXi
, xi) converges to (Y, dY , y) in the pointed Gromov-Hausdorff sense if and

only if for any R > 0 the open balls (BR(xi), dXi
) converge to (BR(y), dY ) in the Gromov-

Hausdorff sense.

Remark 2.11. When we consider a sequence of compact spaces (Xi, dXi
) and (Y, dY ),

then convergence with respect to the Gromov-Hausdorff distance is equivalent to conver-
gence in the pointed Gromov-Hausdorff sense, in the following sense: in the case when
(Xi, dXi

) converges in the Gromov-Hausdorff sense to (Y, dY ), given y ∈ Y there exists
a sequence {xi | xi ∈ Xi}i∈N such that (Xi, dXi

, xi) converges in the pointed-Gromov-
Hausdorff sense to (Y, dY , y) (see [4, Exercise 8.12]).

Moreover, for compact spaces we have a nice characterization of convergence in the
Gromov-Hausdorff sense. Recall that given ε > 0, a subset S ⊂ X of a metric space is
an ε-net if we have that dX(x, S) = inf{dX(x, s) | s ∈ S} ≤ ε. Given X, Y two compact
metric spaces, and ε, δ > 0, we say that X and Y are (ε, δ)-approximations of each other
if there exists {xi}Ni=1 ⊂ X, {yi}Ni=1 ⊂ Y such that

(1) The sets {xi}Ni=1, {yi}Ni=1 are ε-nets,
(2) |dX(xi, xj)− dY (yi, yj)| < δ for all i, j ∈ {1, . . . , N}.

When ε = δ, we say that X and Y are ε-approximations of each other. With this we
can write the characterization of convergence in the Gromov-Hausdorff sense for compact
spaces.

Proposition 2.12 (Proposition 7.4.11 in [4]). Let X and Y be compact metric spaces.
Then we have

(1) If Y is an (ε, δ) approximation of X, then dGH(X, Y ) < 2ε+ δ.
(2) If dGH(X, Y ) < ε, then Y is a 5ε-approximation of X.

We also consider tuples (X, dX , H, x), where (X, dX , x) ∈ M and H ⊂ Isom(X, dX)
is a closed subgroup acting effectively on X. We say that (X, dX , H, x) is equivalent to
(Y, dY , H

′, y) if there exists f : (X, dX , x) → (Y, dY , y) an isometry with f(x) = y, and
ϕ : H → H ′ a group isomorphism such that for any h ∈ H and x′ ∈ X we have f(h ·x′) =
ϕ(h) · f(x′). We denote by Meq the collection of all equivalent tuples (X, dX , H, x). For
(X, dX , H, x) ∈ Meq and r > 0 we set H(r) = {h ∈ H | h · x ∈ Br(x)}.

We define the following topology on Meq: Given (X, dX , H, x), (Y, dY , H
′, y) in Meq

and ε > 0, we define an ε-equivariant pointed Gromov-Hausdorff approximation between
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X and Y to be a triple of functions (f, ϕ, ψ),

f : B1/ε(x) → Y,

ϕ : H(1/ε) → H ′(1/ε),

ψ : H ′(1/ε) → H(1/ε),

such that

(1) we have f(x) = y.

(2) The ε-neighborhood of f(B1/ε(x)) contains B1/ε(y).

(3) For p, q ∈ B1/ε(x) we have |dY (f(p), f(p′))− dX(p, p
′)| < ε.

(4) Given h ∈ H(1/ε), p ∈ B1/ε(x) with h · p ∈ B1/ε(x) we have

dY (f(h · p), ϕ(h) · f(p)) < ε.

(5) For h′ ∈ H ′(1/ε), p ∈ B1/ε(x) with ψ(h
′) · p ∈ B1/ε(x), then

dY (f(ψ(h
′) · p), h′ · f(p)) < ε.

For (X, dX , H, x), (Y, dY , H
′, y) ∈ Meq we define the equivariant pointed Gromov-Haus-

dorff distance, deqGH

(
(X, dX , H, x), (Y, dY , H

′, y)
)
, to be the infimum of all numbers ε > 0

such that there exists an ε-equivariant pointed Gromov-Hausdorff approximation from
(X, dX , H, x) to (Y, dY , H

′, y) and from (Y, dY , H
′, y) to (X, dX , H, x). This induces on

Meq the equivariant pointed Gromov-Hausdorff topology.
Given a sequence {(Xi, dXi

, Hi, xi)}i∈N and (Y, dY , H
′, y) ∈ Meq, we have the following

relation between convergence with respect to the equivariant pointed Gromov-Hausdorff
distance, and convergence in the pointed Gromov-Hausdorff sense of the pointed quotient
spaces, (X/H, d∗X , x

∗) and (Y/H ′, d∗Y , y
∗).

Theorem 2.13 (Theorem 2.1 in [17]). Let {(Xi, dXi
, Hi, xi)}i∈N ⊂ Meq have limit

(Y, dY , H
′, y) ∈ Meq with respect to the equivariant pointed Gromov-Hausdorff distance.

Then we have that (Y/H ′, d∗Y , y
∗) is the limit of the sequence {(Xi/Hi, d

∗
Xi
, x∗i )}i∈N in the

sense of pointed Gromov-Hausdorff convergence.

Moreover, we have then the following information on the limit of sequences in Meq

with respect to the pointed Gromov-Hausdorff convergence:

Theorem 2.14 (Proposition 3.6 in [21]). Assume that for a sequence {(Xi, dXi
, Hi, xi)}i∈N

in Meq we have that (Y, dY , y) ∈ M is the limit of (Xi, dXi
, xi) in the pointed Gromov-

Hausdorff sense. Then there exist H ′ ⊂ Isom(Y, dY ) a closed subgroup acting effectively
on Y , and a subsequence {(Xik , dXik

, Hik , xik)}k∈N converging to (Y, dY , H
′, y) with respect

to the pointed equivariant Gromov-Hausdorff topology.

Moreover in the case of Alexandrov spaces of constant dimension we have the following
result:

Theorem 2.15 (Proposition 4.1 in [30]). Let

Ωn
κ = {(X, dX , H, p) ∈ Meq | (X, dX) ∈ Alex(κ), dim(X) = n, H is compact} ⊂ Alex(κ).

Let {(Xi, dXi
, Hi, xi)}i∈N ⊂ Ωn

κ be a sequence, converging in the equivariant pointed
Gromov-Hausdorff topology to (Y, dY , H

′, y). Then for a sufficiently large index i ∈ N,
the group H ′ contains an isomorphic image of Hi.
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2.7. N- and F-structures. The concept of an F-structure (already defined in Section 1)
was introduced by Cheeger and Gromov in [6] generalizing the notion of torus actions on
manifolds. Moreover they proved that for given F-structure whose orbits have positive
dimension on a compact manifold we can find a family of Riemannian metrics {gt | 1 ≥
t > 0} on the manifold such that the manifold collapses with bounded curvature. That
is, the injectivity radius of (M, gt) goes to 0 as t → 0, and there exist λ ≤ Λ such that
λ ≤ Sec(gt) ≤ Λ for all 0 < t ≤ 1.

In [18, 19] Fukaya studied the phenomena of collapse when the sequence {(M, gt)}
converges in the Gromov-Hausdorff sense to a Riemannian manifold, and then in [5] it
was proven that collapse is controlled by so called Nilpotent structures, or N-structures.
We now recall the definition of such a structure.

Given a Riemannian manifold (M, g) of dimension m we consider π : F (M) → M to
be the O(m)-principal frame bundle of M . A pure N-structure on (M, g) is given by a
fibration η̃ : F (M) → B such that:

(i) The fiber is a nilmanifold isometric to (N/Γ,∇can), where N is a simply-connected
nilpotent group and ∇can is the canonical connection on N making all left-invariant
vector fields parallel.

(ii) The structure group of η̃ : F (M) → B is contained in the group of affine automor-
phisms of the fiber.

(iii) The action of O(m) preserves the fibers and the structure group of the fibration η̃.

A pure N-structure induces a partition Oη̃ ofM into submanifolds called orbits which are
the images of the η̃-fibers under the projection π : F (M) →M (observe that the “orbits”
of O are not orbits of a group action, but they are defined by orbits of the action of
N on F (M)). We refer to this decomposition of M as a pure N-structure on M . An
N-structure has positive rank if the orbits have positive dimension.

We observe that the centers of the fibers of a pure N-structure on F (M) determine a
torus bundle on the nilpotent group N . This gives rise to a second O(m)-invariant fiber

bundle f̃ : F (M) → Bf̃ whose fiber is a torus, and has affine structure group. We call

f̃ the canonical torus bundle of η̃. We have the following relationship between η̃ and f̃
when the fundamental group of M is finite.

Theorem 2.16 (Lemma 4.1 and Lemma 3.2 in [47]). An N-structure η̃ : F (M) → Bη̃

on M a manifold with finite fundamental group coincides with its canonical torus bundle
f̃ : F (M) → Bf̃ . That is, Bη̃ = Bf̃ and η̃ = f̃ . Moreover, when M is simply connected
then an N-structure on M is given by a torus action on M .

By [5], given an N-structure η̃ : F (M) → Bη̃ there exists a sheaf of Lie algebras on
F (M) whose local sections restrict to local right invariant vector fields on the fibers of
η̃. We say that a Riemannian metric g on M is N-invariant with respect to η̃ if these
local sections project under π to local Killing fields for the metric g. In particular, given
V ⊂ (M, g) a tubular neighborhood of an orbit of the N-structure there exists a normal

covering Ṽ → V admitting an isometric N -action.
In [5] the authors showed that a sufficiently collapsed manifold (M, g) admits an N-

structure. And moreover there exists an N-invariant Riemannian metric on M related to
g.

Theorem 2.17 (Theorems 1.3 and 1.7 in [5]). For m > 2 and D > 0 we denote by
M(m,D) the class of m-dimensional compact connected Riemannian manifolds (M, g)
with |Sec(g)| ≤ 1, and Diam(M, g) ≤ D.
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Given ε > 0, there exists a constant v = v(m,D, ε) > 0 such that given (M, g) ∈
M(m,D) with Vol(g) < v, then M admits a pure N-structure η̃ε : F (M) → B of positive
rank. Moreover,

(a) there is a smooth metric gε on M , which is N-invariant for the N-structure η̃ε,
(b) the fibers of η̃ε have diameter less than ε with respect to gε,
(c) and

e−εg < gε < eεg.

Moreover, the metric gε can be chosen so that the sectional curvatures are close to the
ones of g by the following theorem.

Theorem 2.18 (Theorem 2.1 in [47]). Let the assumptions be as in Theorem 2.17. Then
the nearby metric gε can be chosen to satisfy in addition

min Sec(g)− ε ≤ Sec(gε) ≤ maxSec(g) + ε.

In particular the metric gε in Theorem 2.17 induces an inner metric d∗gε on the quotient
spaces M/Oη̃ε of the N-structures making them into Alexandrov spaces of curvature at
least min Sec(g)− ε.

Example 2.19. Given an effective smooth T k-action by isometries on a Riemannian
manifold (M, g), let Γ ⊂ T k be an isotropy group of some point p ∈ M . The orbit type
stratum Σ∗

Γ ⊂M/T k correspond to all the orbits in M/T k that have isotropy Γ. Observe
that the closure of Σ∗

Γ corresponds to the set of all orbits whose isotropy group contains
Γ (See Example 2.8).

Combining Example 2.19, Theorems 2.7, 2.16, 2.17, and 2.18 we obtain the following
result:

Theorem 2.20 (Theorem 1.3 in [44]). Assume that (Mn, gn) is a sequence of simply-
connected compact Riemannian m-manifolds with sectional curvature bounds
λ ≤ Sec(gn) ≤ Λ and diameters Diam(gn) ≤ D which collapses with bounded curva-
ture. Then, given any ε > 0, for n sufficiently large the following holds:

(a) There exists a smooth global effective T k action on Mn with empty fixed-point set, all
of whose orbits have diameter less than ε with respect to gn.

(b) There exists on Mn a T k invariant metric gεn which satisfies

e−εgn < gεn < eεgn, λ− ε ≤ Sec(gεn) ≤ Λ + ε.

(c) Moreover assume that (Mn, gn) converges to an Alexandrov space X of dimension
(m− k) in the Gromov-Hausdorff topology. Then for the orbit space Mn/T

k equipped
with the metric induced by gεn, we have that the Gromov-Hausdorff distance between
X and Mn/T

k is less than ε.
(d) The orbit space Mn/T

k is homeomorphic to X, and moreover, this homeomorphism
preserves the stratification of Mn/T

k by orbit type.

3. Proofs of Main Theorems

In this section we give the proofs of some of our main results. We first present the
proof of Theorem B. We then present the proof of Theorem C. With this we are able to
give the proof of Theorem A.
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3.1. Proof of Theorem B. We start by giving a proof of Theorem B. The strategy of
the proof is to explicitly define the sequence of collapsing metrics, and then verify that
they collapse with bounded curvature and diameter.

Proof of Theorem B. Consider (M,F , g) a regular B-foliation with leaves of positive di-
mension on a compact Riemannian manifold.

We denote bym the dimension ofM , and we observe that since the leaves have positive
dimension for any q ∈M , we can write g(q) = g(q)⊤+g(q)⊥ where g(q)⊤ is the metric g(q)
restricted to TqLq ⊂ TqM , and g(q)⊥ is the metric g(q) restricted to νq(M,Lq) ⊂ TqM .
For δ > 0 we consider the Riemannian metric gδ defined at q as:

gδ(q) = δ2g(q)⊤ + g(q)⊥. (3.1)

We claim that the family gδ is the desired collapsing sequence.
We fix p ∈ M and set k = dim(F). We consider the chart (W,ϕ) given by Proposi-

tion 2.1 around p. For p ∈ Lp ∩W observe that

ϕ(p) = (u1(p), . . . , uk(p), v1(p), . . . , vm−k(p)) = (u1(p), . . . , uk(p), 0, . . . , 0).

Observe that by construction we have that ϕ−1(U × {(0, . . . , 0)}) = Lp ∩W .
By assuming that W is small enough so that the normal bundle ν(M,Lp) → Lp is

trivial over W ∩ Lp, and thus we can consider a basis E1, . . . , Em−k ∈ ν(M,Lp)|W∩Lp of
smooth vector fields on Lp ∩W = ϕ(U × {0̄}) normal to Lp, such that for p ∈ Lp ∩W
we have g(p)(Ei, Ej) = δi,j. We take r > 0 small enough so that expν : ν

r(M,Lp) → M
is a diffeomorphism onto the open tubular neighborhood Tubr(Lp) and set W = W ∩
Tubr(Lp). For p ∈ Lp ∩W we set u(p) = (u1(p), . . . , uk(p), 0, . . . , 0) as a local chart, and
observe that for q ∈ W there exists a unique p ∈ W ∩ Lp and unique t1, . . . , tm−k ∈ R
such that

q = expp

(
m−k∑
j=1

tjEj(p)

)
.

With these observations we define the Fermi-coordinates ψ = (x, y) : W → U × V ⊂
Rk × Rm−k with x(q) = (ψ1(q), . . . , ψk(q)) and y(q) = (ψk+1(q), . . . , ψm(q)) given as
follows:

xa

(
expp

(
m−k∑
j=1

tjEj(p)

))
= ψa

(
expp

(
m−k∑
j=1

tjEj(p)

))
= ua(p) for a = 1, . . . , k,

yi

(
expp

(
m−k∑
j=1

tjEj(p)

))
= ψi

(
expp

(
m−k∑
j=1

tjEj(p)

))
= ti for i = k + 1, . . . ,m.

By [24, Lemma 2.4] we have that the restriction of ∂
∂yk+1

= ∂
∂ψk+1

, . . . , ∂
∂ym

= ∂
∂ψm

to

Lp∩W are orthonormal. Also we observe that ∂
∂xa

(q) = ∂
∂ψa

(q) = ∂
∂ua

(q), for a = 1, . . . , k

by construction.
For (x, y) = q ∈ W we have the unique g-orthogonal decomposition ∂

∂yi
= Xi + Vi

where Xi ∈ TqLq and Vi ∈ νq(M,Lq). We define matrices A(x, y), B(x, y), C(x, y), and
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D(x, y) as follows:

Aa,b(x, y) = g(x, y)

(
∂

∂xa
,
∂

∂xb

)
, 1 ≤ a, b ≤ k,

Ba,i(x, y) = g(x, y)

(
∂

∂xa
,
∂

∂yi

)
= g(x, y)

(
∂

∂xa
, Xi

)
, 1 ≤ a ≤ k, k + 1 ≤ i ≤ m,

Ci,j(x, y) = g(x, y)(Xi, Xj), k + 1 ≤ i, j ≤ m,

Di,j(x, y) = g(x, y)(Vi, Vj), k + 1 ≤ i, j ≤ m.

Then we have the following local description of g in the (x, y)-coordinates:

g(x, y) =

(
A(x, y) B(x, y)
B(x, y) C(x, y) +D(x, y)

)
.

Observe that A(x, y), B(x, y), C(x, y) correspond to the components of the metric
g|L(x,y)

, which is a homogeneous flat metric on L(x,y) (see Section 2.4). From this it follows

that g|L(x,y)
does not depend on base point on L(x,y), and in particular it is independent

of the x-coordinate. To see this, observe that for q = (x, y) we can lift metric g|Lq to
the Euclidean Riemannian metric on the universal cover Rkq of Lq, where kq = dim(Lq).
Thus locally the lifted metric does not depend on the base point, and thus the same holds
for g|Lq .

The matrix D(x, y) corresponds to the geometry normal to Lq at q = (x, y) in M .
But since F is a closed regular Riemannian foliation, this geometry is independent of
the point in Lq. In particular for (x′, y) = q′ ∈ Lq close enough to q in Lq we have
D(x, y) = D(x′, y′). Thus the metric g in the local coordinates (x, y) is independent of
x. In this way for (x, y) = q ∈ W we can write

g(x, y) =

(
A(y) B(y)
B(y) C(y) +D(y)

)
.

In analogous fashion we have for the metric gδ and the indices a, b = 1, . . . , k, i, j =
k + 1, . . . ,m the following identities:

gδ(x, y)

(
∂

∂ua
,
∂

∂ub

)
= δ2g(x, y)

(
∂

∂ua
,
∂

∂ub

)
= δ2Aa,b(x, y),

gδ(x, y)

(
∂

∂ūa
,
∂

∂xi

)
= gδ(x, y)

(
∂

∂ua
, Xi

)
= δ2g(x, y)

(
∂

∂ua
, Xi

)
= δ2Ba,i(x, y),

gδ(x, y)(Xi, Xj) = δ2g(x, y)(Xi, Xj) = δ2Ci,j(x, y),

gδ(x, y)(Vi, Vj) = g(x, y)(Vi, Vj) = Di,j(x, y).

Thus we have locally around p in the (x, y)-coordinates that

gδ(x, y) =

(
δ2A(y) δ2B(y)
δ2B(y) δ2C(y) +D(y)

)
.

We now follow [6, Proof of Theorem 2.1], and consider the change of coordinates x̄a = δxa.
Thus we have ∂

∂x̄a
= 1

δ
∂
∂xa

, and we get the following local description of gδ in the (x̄, y)-
coordinates:

gδ(x̄, y) =

(
A(y) δB(y)
δB(y) δ2C(y) +D(y)

)
.
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Since this matrix does not depend on x̄, we can define gδ on Rk × V . As δ → 0, the
metric gδ converges smoothly on Rk × V to the metric(

A(y) 0
0 D(y)

)
.

Moreover, A(y) induces a flat metric on Rk. Observe that for r > 0 small enough so that
Br(0̄) ⊂ U , and for δ small enough we have that gδ(x, y) = gδ(y) restricted to Br(0̄)× V
is isometric to g(x̄, y) = g(y) restricted to Bδr(0̄)× V . Now by hypothesis

λ ≤ Sec
(
g(x, y)|Br(0̄)×V

)
≤ Λ,

and thus the same holds for g(x̄, y)|Bδr(0̄)×V . By the compactness of M we get that

λ ≤ Sec(gδ) ≤ Λ.

Moreover, observe that Diam(M, gδ) ≤ Diam(M, g), since we are “shrinking some tangent
directions” of M .

Given a leaf Lp, we observe that since we are not changing the norm of the tangent
directions in TM perpendicular to Lp, we have that for r > 0 the tubular neighborhood
Br(Lp, g) of Lp with respect to g is the tubular neighborhood Br(Lp, gδ) of Lp with respect
to gδ. Moreover we have that Br(p, gδ) ⊂ Br(Lp, gδ) = Br(Lp, g), where Br(p, gδ) is the
ball of radius δ > 0 centered at p with respect to gδ. But by construction we have that
Vol(Br(Lp, g), gδ) goes to 0 as δ → 0. Thus we conclude that

lim
δ→0

Vol(Br(p, gδ)) = 0.

We assume now that there exists r0 > 0 such that Injrad(gδ) ≥ r0. By [10, Proposition
14], taking r0/2 > r > 0 we have that there exists a constant C(m) > 0 depending only
on m the dimension of M such that for all δ

Vol(Br(p, gδ)) ≥ C(n)rm > 0.

But this is a contradiction to the fact that Vol(Br(p, gδ)) decreases to 0. Thus we have
that

lim
δ→0

Injrad(gδ) = 0.

Thus the metrics {gδ}δ>0 give a collapsing sequence of M with bounded curvature and
diameter. □

3.2. Proof of Theorem C. In this subsection we present the proof of Theorem C. The
idea of the proof consists in modifying the collapsing sequence from Theorem B to obtain
a new sequence of metrics converging to the original foliated metric g. Then we prove
that the g-perpendicular part of action fields to F vanishes.

Setup for the proof of Theorem C.
We give the necessary setup for the proof. We take (M,F , g) to be a regular B-foliation
on a compact m-dimensional manifold with finite fundamental group and m > 2.
We consider the collapsing sequence {gδ}δ>0 given in (3.1) for the proof of Theorem B.

Next we fix p ∈ M and we consider the (x̄, y)-coordinates on a small neighborhood W
around p as given in the proof of Theorem B. We recall that in these coordinates we
have that

gδ(x̄, y) =

(
A(y) δB(y)
δB(y) δ2C(y) +D(y)

)
.

Abusing notation, taking δ = 1/n we now consider the sequence of Riemannian metrics
gn = g1/n on M , and fix ε > 0. Then, by Theorem 2.17 exists an N-structure η̃ε on M
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with orbits of positive dimension, and there exists N(ε) ∈ N such that for n ≥ N(ε) we
have an η̃ε-invariant Riemannian metric gεn on M for which it holds:

e−εgn < gεn < eεgn and λ− ε ≤ Sec(gεn) ≤ Λ + ε. (3.2)

GivenX(p) ∈ TpM , we consider the projectionsX⊥(p) ∈ νp(M,Lp) andX
⊤(p) ∈ TpLp.

Observe that for a vector field X ∈ X(M) the vector fields X⊥ and X⊤ are smooth vector
fields on M , since F is a smooth foliation.

We define a Riemannian metric ḡεN(ε) on M as follows:

ḡεN(ε)(X, Y ) =gεN(ε)(X
⊥, Y ⊥) +N(ε)gεN(ε)(X

⊥, Y ⊤)

+N(ε)gεN(ε)(X
⊤, Y ⊥) +N(ε)2gεN(ε)(X

⊤, Y ⊤)
(3.3)

for X, Y ∈ X(M).
We prove the first part of Theorem C.

Lemma 3.1. For the metrics defined in (3.3) the spaces (M, ḡεN(ε)) converge to (M, g) in
the Gromov-Hausdorff sense as ε→ 0.

Proof. For a given Z ∈ X(M) we consider Zε = Z⊥ + N(ε)Z⊤. Then we have that by
definition gN(ε)(Zε, Zε) = g(Z,Z) and gεN(ε)(Zε, Zε) = ḡεN(ε)(Z,Z). Thus from (3.2) we
have

e−εg(Z,Z) = e−εgN(ε)(Zε, Zε) < gεN(ε)(Zε, Zε) < eεgN(ε)(Zε, Zε) = eεg(Z,Z).

Since gεN(ε)(Zε, Zε) = ḡεN(ε)(Z,Z), this implies that for Z ∈ TM fixed we have

e−εg(Z,Z) ≤ ḡεN(ε)(Z,Z) ≤ eεg(Z,Z). (3.4)

Fix p, q ∈ M and consider c : [0, 1] → M the minimizing geodesic from p to q with
respect to g. Then we have that

e−ε/2dḡε
N(ε)

(p, q) ≤ e−ε/2ℓ(ḡεN(ε))(c) ≤ ℓ(g)(c) = dg(p, q).

Now consider cε : [0, 1] → M the minimizing geodesic from p to q with respect to ḡεN(ε).
Then we have that

dḡε
N(ε)

(p, q) = ℓ(ḡεN(ε))(cε) ≥ e−ε/2ℓ(g)(cε) ≥ e−ε/2dg(p, q).

That is we have

e−ε/2dg(p, q) ≤ dḡε
N(ε)

(p, q) ≤ eε/2dg(p, q).

This implies that both IdM : (M,dg) → (M,dḡε
N(ε)

) and Id−1
M : (M,dḡε

N(ε)
) → (M,dg) are

eε/2-Lipschitz.
Recall that the dilatation of a Lipschitz function f : (X, dX) → (Y, dY ) is dil(f) =

sup{dY (f(x1), f(x2))/dX(x1, x2) | x1, x2 ∈ X}. Observe that given two different metrics
d1, d2 on the same space X such that IdX : (X, d1) → (X, d2) and Id−1

X : (X, d2) →
(X, d1) are Lipschitz, we have that dil(IdX) is not necessarily equal to dil(Id−1

X ) since this
quantities depend on the metrics. Then we have that

dil(IdM) ≤ eε/2, and dil(Id−1
M ) ≤ eε/2,

Thus we conclude that for the Lipschitz distance we have

dL((M,dg), (M,dḡε
N(ε)

)) ≤ ε/2.

This implies that (M,dḡε
N(ε)

) converges Gromov-Hausdorff to (M,dg) as ε goes to 0 (see

[4, Example 7.4.3]). □
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We recall from Theorem 2.16 that our N-structures η̃ε are given by torus fibrations
with fiber T k since M has finite fundamental group.

By assuming that the coordinate chart W is small enough, we may assume that for the
O(m)-principal bundle π : F (M) →M we have a trivalization ψ : π−1(W ) → W ×O(m).
With this trivialization, given q ∈ W we take q̃ = ψ−1(q, Id) to be a lift of q, i.e. π(q̃) = q.
We consider the fiber η̃−1

ε (η̃ε(p̃)) of the N-structure that contains q̃, and consider a fixed

vector x ∈ TeT
k. We now consider the action field X̃ε(q̃) at q̃ of x on the fiber η̃−1

ε (η̃ε(q̃)).

We set now Xε(q) = π∗(X̃ε(q̃)); this vector field is well defined, since the fibration η̃ε is
O(m)-invariant.
We now proof the second part of Theorem C.

Lemma 3.2. The vector field Xε(q) converges to a direction in Tq(Lq).

Proof. We denote by X⊤
ε the component tangent to F and by X⊥

ε the component per-
pendicular to Lp with respect to g. Thus we have that

e−ε(∥X⊥
ε ∥2gN(ε)

) ≤ e−ε(∥Xε∥2gN(ε)
) < ∥Xε∥2gε

N(ε)
.

Now we observe that ∥X⊥
ε ∥2g = ∥X⊥

ε ∥2gN(ε)
. Since the orbits of η̃ε-structure have diameter

less than ε and x is fixed, the norm ∥Xε∥2gε
N(ε)

goes to 0 as we make ε tend to 0. From this

together with the facts that ∥X⊥
ε ∥2g ≥ 0 and ∥X⊤

ε ∥2gN(ε)
≥ 0, we conclude that ∥X⊥

ε ∥2g → 0
as ε→ 0.

In the case when ∥X⊤
ε ∥2g → 0, we conclude that Xε converges to the origin Ō ∈ TpLp.

Thus in this case the tangent space of the η̃ε-orbits converge to a subspace of the tangent
space to the orbits. □

We finish this section by proving that we have also uniform convergence of the Rie-
mannian metrics ḡεN(ε) to g.

Lemma 3.3. The Riemannian metrics ḡεN(ε) defined in (3.3) converge uniformly to g.

Proof. As pointed out in the proof of Lemma 3.1, given Z ∈ X(M) we have by (3.4) that
the norms ∥Z∥2ḡε

N(ε)
converge to ∥Z∥2g as ε→ 0.

For X, Y ∈ TM , we use the polarization identities

ḡεN(ε)(X, Y ) =
1

4

(
∥X + Y ∥2ḡε

N(ε)
− ∥X − Y ∥2ḡε

N(ε)

)
,

to obtain
1

4

(
e−ε∥X + Y ∥2g − eε∥X − Y ∥2g

)
< ḡεN(ε)(X, Y ) <

1

4

(
eε∥X + Y ∥2g − e−ε∥X − Y ∥2g

)
.

Since

lim
ε→0

1

4

(
e−ε∥X + Y ∥2g − eε∥X − Y ∥2g

)
=

1

4

(
∥X + Y ∥2g − ∥X − Y ∥2g

)
= g(X, Y )

and

lim
ε→0

1

4

(
eε∥X + Y ∥2g − e−ε∥X − Y ∥2g

)
=

1

4

(
∥X + Y ∥2g − ∥X − Y ∥2g

)
= g(X, Y ),

we conclude that ḡεN(ε)(X, Y ) → g(X, Y ) as ε→ 0 at the same rate, independently of the
base point p ∈M .
Consider now a local coordinate system (x1, . . . , xm). Then we have that the coefficients

(ḡεN(ε))ij(p) converge to gij(p) with the same rate given by the rate of convergence of eε,

and e−ε to 1 as ε → 0, and thus it is independent of the choice of a base point p. Thus
(M, ḡεN(ε)) converges with respect to the C0-topology to (M, g). □
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3.3. Proof of Theorem A. We finish the manuscript by presenting the proof of Theo-
rem A. For manifolds of dimension bigger than 2, the proof consists of showing first that
the orbit spaces of the T k-actions induced by the N-structures converge in the Gromov-
Hausdorff sense to the quotient space M/F . Then by equivariant Gromov-Hausdorff
convergence theory for the T k-actions there exists a limit action by isometries by a Lie
group G. Then we prove that the tangent distribution to the G-principal orbits agrees
with the tangent distribution of F . Lastly, we prove that the orbits of the G-action agree
with the orbits of the foliation and that G is a torus. The lower dimensional cases are
treated separately using existing classification results.

Setup for the Proof of Theorem A for dimensions > 2.
We present the necessary set up to prove Theorem A for the case when the dimension of
the manifold is > 2.
Let (M,F , g) be a compact simply-connected Riemannian manifold of dimension > 2

with a regular B-foliation.
In this case the hypothesis of Theorem B are satisfied, and thus there exists a collapsing

sequence of Riemannian metrics gδ with bounded curvature defined in (3.1). Given ε > 0,
we consider the N-structure η̃ε given by Theorem 2.17. By Theorem 2.16 it follows that
the N-structure η̃ε is given by an effective torus actions µε : T

k×M →M , and we denote
by T kε ⊂ Diff(M) the image of T k under the map T k ∋ ξ 7→ µε(ξ, ·) ∈ Diff(M).

Moreover, by Theorem 2.17 for each ε > 0 we have a Riemannian metric (M, gεN(ε))
which is µε-invariant. In the proof of Theorem C we modified these metrics gεN(ε) to

define in (3.3) a sequence of Riemannian metrics ḡεN(ε), which by Lemma 3.3 they converge
uniformly to the Riemannian metric g. We also highlight that by construction, the metrics
ḡεN(ε) are µε-invariant.

We have the following lemma:

Lemma 3.4. The sequence (M/T kε , d
∗
ḡε
N(ε)

) converges to (M/F , d∗g) in the Gromov-Haus-

dorff sense as ε→ 0.

Proof. Let λ ∈ R be the lower sectional curvature bound of (M, g). Given ε > 0, we have
by construction that (M, gεN(ε)) has Sec(gεN(ε)) ≥ λ − ε. Thus the space (M/T kε , d

∗
gε
N(ε)

)

is an Alexandrov space with curv ≥ λ − ε. Therefore, given ε0 > 0, for 0 < ε ≤ ε0
we have that (M/F , d∗g) and (M/T kε , d

∗
gε
N(ε)

) are compact Alexandrov spaces with curv ≥
λ−ε0. Moreover, they both have the same dimension, and by construction (M/T kε , d

∗
gε
N(ε)

)

converges to (M/F , d∗g) in the Gromov-Hausdorff sense.
We fix p∗ ∈ M/F , and consider q∗ ∈ M/F close enough to p∗ in M/F , such that

there is a unique geodesic γ∗ in M/F joining p∗ to q∗. By [28, Lemma 2.2] we can find
geodesics γ∗ε in (M/T kε , d

∗
gε
N(ε)

) starting at p∗ which converge uniformly to γ∗. We denote

by q∗ε the other endpoint of the geodesic γ∗ε . Observe that by construction the sequence
q∗ε converges to q∗ as ε→ 0.
We now consider lifts qε and q̄ε in M of q∗ε for the projection map πε : M → M/T kε

such that dgε
N(ε)

(p, qε) = d∗gε
N(ε)

(p∗, q∗ε) and dḡεN(ε)
(p, q̄ε) = d∗ḡε

N(ε)
(p∗, q∗ε). Thus, there exists

Vε ∈ ν
gε
N(ε)
p (M,T kε ) and V̄ε ∈ ν

ḡε
N(ε)
p (M,T kε ) such that exp

gε
N(ε)
p (Vε) = qε and exp

ḡε
N(ε)
p (V̄ε) =

q̄ε. By construction there exists ξε ∈ T kε such that ξεqε = q̄ε. We point out that ξε can

be factored as ξε = ξ̄ε · ξ̃ε, where ξ̄ε ∈ (T kε )p and ξ̃ε ̸∈ (T kε )p. In particular since T k is

abelian, we have that there exists an action field X∗
ε ∈ TpT

k
ε (p) (determined by ξ̃ε) such

that Vε = Dpξ̄ε(V̄ε) +X∗
ε . Since T

k is compact, and the element X∗
ε is determined by the

exponential map of T k, we conclude that X∗
ε converges in TpM , up to a subsequence, to
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a vector X. Moreover, by Theorem C the tangent spaces of the T kε -orbits converge to the
tangent space of the leaves of F , and thus we have that X is tangent to the leaf Lp.
We also have that dgε

N(ε)
(p, qε) = d∗gε

N(ε)
(p∗, q∗ε), which converges to d∗g(p

∗, q∗) as ε goes

to 0. This implies that the sequence {qε} ⊂ M is eventually contained in a tubular
neighborhood of Lp with respect to g. In particular the sequence {qε} is eventually
bounded with respect to g. This implies that there exists q0 ∈ M such that, up to a
subsequence, qε converges to q0 with respect to g.
We consider V0 ∈ TpM to be the vector such that expgp(V0) = q0. We observe that since

Vε = Dpξ̄ε(V̄ε) +X∗
ε , and both Vε and X

∗
ε converge, up to a subsequence, then Dpξε(V̄ε)

also converges, up to a subsequence, to some element V̄ ∈ TpM . Moreover we have that
V = V̄ +X by construction.

Since exp
gε
N(ε)
p (tVε) projects to the geodesic γ∗ε , we conclude that q

∗
ε converges to q

∗
0 and

thus we have q∗0 = q∗. Given that for any t ∈ [0, 1] we have that exp
gε
N(ε)
p (tVε) converges to

expgp(tV ) with respect to g, the same argument as before shows that (expgp(tV ))∗ converges
to γ∗(t). This implies that the geodesic expgp(tV ) is a lift of γ∗. From this it follows that

dg(p, q0) = d∗g(p
∗, q∗), and that ∥V ∥2g = d∗g(p

∗, q∗).
Since V realizes the distance between Lp and Lq0 , then V is g-orthogonal to Lp. But

we also have that V = V̄ +X with X tangent to the leaf Lp, possibly equal to 0̄. This
implies that X = 0̄, and thus V̄ = V .
Moreover, by construction we have that ∥V̄ε∥2ḡε

N(ε)
= ∥Dpξε(V̄ε)∥2ḡε

N(ε)
converges to

∥V̄ ∥2g = ∥V ∥2g. But since ∥V̄ε∥2ḡε
N(ε)

= d∗ḡε
N(ε)

(p∗, q∗ε), we conclude that d∗ḡε
N(ε)

(p∗, q∗ε) con-

verges to d∗g(p
∗, q∗).

Since q∗ is arbitrary, we conclude that for sufficiently small balls around p∗, the same
holds. I.e. the function d∗ḡε

N(ε)
(p∗,−) approximates the function d∗g(p

∗,−). By the triangle

inequality, and the fact that the points q∗ε converge to q with respect to d∗ḡε
N(ε)

and d∗g
we have that the metrics d∗ḡε

N(ε)
converge uniformly to d∗g over the sufficiently small balls

around p∗ in M/F . Since M/F is compact, we conclude that the metrics d∗ḡε
N(ε)

converge

uniformly to d∗g. Thus, we conclude that (M/T kε , d
∗
ḡε
N(ε)

) converges to (M/F , d∗g) in the

Gromov-Hausdorff sense. □

We now use results from Section 2.6 to proof the following lemma.

Lemma 3.5. There exists a Lie group G acting by isometries on (M, g) such that
(M/G, d∗g) is isometric to (M/F , d∗g).

Proof. Since by Lemma 3.1 (M,dḡε
N(ε)

) converges in the Gromov-Hausdorff sense to

(M,dg), then we have by Remark 2.11 and Theorem 2.14 that there exists a closed
group G acting effectively on (M,dg) by distance preserving isometries. By the work of
Myers and Steenrod [39] it follows that G is a closed subgroup of Isom(M, g), the Lie
group of isometries of g. In particular G is a Lie group.
Moreover by Theorem 2.13 we have that (M/T kε , d

∗
ḡε
N(ε)

) converges to (M/G, d∗g) in the

Gromov-Hausdorff sense. By Lemma 3.4, we have by the uniqueness of the limit that
(M/G, d∗g) is isometric to (M/F , d∗g). □

For the group action from Lemma 3.5 we obtain the following conclusion.

Lemma 3.6. Over the set of G-principal orbits, we have TpG(p) = TpLp.
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Proof. Since (M/F , d∗g) is an Alexandrov space with curv ≥ λ, then (M/G, d∗g) is an
Alexandrov space with the same lower curvature bound. Thus given ε0 > 0, for ε0 ≥ ε > 0
we have that (M/T kgε

N(ε)
) and (M/G, d∗g) are Alexandrov spaces with curv ≥ λ− ε0.

We consider G(p) a principal orbit. Then there exists a sufficiently small ball around
G(p) in (M/T kgε

N(ε)
) consisting of only G-principal orbits. Let G(q) be an orbit sufficiently

close to G(p), and let γ∗G be the minimizing geodesic in the principal stratum of (M/G, d∗g)
joining G(p) to G(q). Then by [28, Lemma 2.2] there exists minimizing geodesics γ̃∗ε in
the principal stratums of (M/T kε , d

∗
gε
N(ε)

) converging uniformly to γ∗G.

Take δ > 0 small enough so that the δ-ball around p in (M, g) consists of only principal
orbits, and consider B⊥

δ (p) ⊂ (M, g) the set of all points x in M with dg(p, x) < δ such
that there exists a unique minimizing geodesic γ : [0, 1] → (M, g) with γ(0) = p, γ(1) = x,
and γ′(0) perpendicular to TpG(p) with respect to g (for example we can take δ smaller
than the injectivity radius of g at p). Observe that by the Slice Theorem for group
actions and how the metric d∗g is defined on M/G, the open ball Bδ(G(p)) ⊂ (M/G, d∗g)

is isometric to B⊥
δ (p) under the quotient map πG : (M,dg) → (M/G, d∗g). Under this

identification, the lift γG in B⊥
δ of γ∗G is completely determined by the lift p of G(p).

We also point out that since (M/T kε , d
∗
gε
N(ε)

) converges in the Gromov-Hausdorff sense

to (M/G, d∗g), by Remark 2.9 we may assume that p is contained in a T kε -principal orbit.

Thus via the quotient map πε : (M,dgε
N(ε)

) → (M/T kε , d
∗
gε
N(ε)

), the open ball Bε
δ(p

∗) is iso-

metric to Bε⊥
δ (p) ⊂ (M,dgε

N(ε)
), the collection of all points in Bε

δ(p) ⊂M such that there

exist a minimizing geodesic αε : [0, 1] → (M, g) starting at p, and α′
ε(0) perpendicular to

TpT
k
ε (p) with respect to gεN(ε). We also point out that the lift γ̃ε to B⊥

δ,ε of γ̃
∗
ε is completely

determined by the lift p of p∗.
Thus we have that for each geodesic γG : [0, 1] → M contained in B⊥

δ (p) ⊂ (M,dg)
there exist geodesics γ̃ε contained in Bε⊥

δ (p) ⊂ (M,dgε
N(ε)

) converging uniformly to γG.

As stated in the proof of Lemma 3.4, the sequence of vectors γ′ε(0) converges to a vector
V that is perpendicular to Lp with respect to g. But V is the tangent vector of a lift of
the geodesic γ∗ starting at p. Thus we have that γ′(0) is a scalar multiple of V and thus
perpendicular to Lp. In other words, we have that νgp(M,G(p)) ⊂ νgp(M,Lp).
Since M/G is homeomorphic to M/F , we conclude that

dim(νgp(M,G(p)) = dim(M/G) = dim(M/F) = dim(νgp(M,Lp)).

From this we conclude that νgp(M,G(p)) = νgp(M,Lp), and thus TpG(p) = TpLp. □

We now prove the following auxiliary lemma.

Lemma 3.7. Let M be a smooth manifold, and let F ′ and F be smooth regular foliations
of dimension k on M . Assume that F and F ′ agree on D ⊂ M a dense subset of M ,
i.e. for p ∈ D we have that Lp = L′

p where Lp ∈ F and L′
p ∈ F ′ are the respective leaves

through p of F and F ′. Then F = F ′, that is the foliations agree everywhere.

Proof. We assume that m = dim(M) and for k = dim(F) = dim(F ′) we consider
Gr(k,m) → M to be the fiber bundle over M whose fiber at q ∈ M is the Grass-
mannian Gr(k, TqM) of k-dimensional subspaces in TqM . Observe that the total space
Gr(k,m) is a Hausdorff space.

We recall that the foliations F and F ′ induce smooth distributions ∆ and ∆′ respec-
tively, by setting ∆(q) = TqLq and ∆′(q) = TqL

′
q. We point out that we can consider

these distributions as continuous functions ∆, ∆′ : M → Gr(k,m). By hypothesis these
functions agree on a dense subset, and are continuous.
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We now show by contradiction that ∆ and ∆′ agree everywhere. Assume that they
do not agree on some point q ∈ M , i.e. ∆(q) ̸= ∆′(q). Since X is Hausdorff, there
exists open disjoint subsets U, V ⊂ X with ∆(q) ∈ U and ∆′(q) ∈ V . Now we consider
W = ∆−1(U) ∩ (∆′)−1(V ) which is open and non-empty, since q ∈ W . We observe that
there exists p ∈ D ∩W , by the fact that D is dense. Thus we have that ∆(p) = ∆′(p).
But this contradicts the fact that U and V are disjoint. Thus ∆(q) = ∆′(q) for all q ∈M .
This in turn implies that for all q ∈ M we have TqLq = TqL

′
q. But observe that

by construction we have that Lq is an integral submanifold of ∆, and L′
q is an integral

submanifold of ∆′. By the uniqueness of such integral submanifolds it follows that Lq =
L′
q. □

Lemma 3.8. For the group action of G on (M, g) given by Lemma 3.5, we have that
Lx = G(x) and G is a torus.

Proof. We begin by pointing out that since F is a regular Riemannian foliation, we have
that M/F is an orbifold. Given that M/G is isometric to M/F by Lemma 3.5, we
conclude that M/G is an orbifold. Now by the Slice Theorem (see [1, Theorem 3.57]), a
sufficiently small ball of G(x) ∈ M/G in (M/G, d∗G) is homeomorphic to Rm/Gp. From
this and the fact that M/G is an orbifold, we conclude that Gp is a finite subgroup. This
implies that the Riemannian foliation on M induced by the partition into the G-orbits
is a regular Riemannian foliation. Moreover by Lemma 3.6 the distributions TpLp and
TpG(p) agree over the open dense set of principal G-orbits. Then by Lemma 3.7 we have
G(x) = Lx for an arbitrary x ∈M .
To finish the proof we consider a fixed x ∈ M . Since we have that G(x) is homeo-

morphic to G/Gx, and Gx is finite, then G is a covering space of G(x). But G(x) is also
homeomorphic to Lx, which is a torus. This implies that G is a finite cover of a torus
and thus G it is aspherical with fundamental group isomorphic to π1(Lx). Thus G is a
torus. □

From the discussion above, we have proven the following lemma.

Lemma 3.9. Let (M,F , g) be a regular B-foliation on a compact-simply connected Rie-
mannian manifold of dimension > 2. Then F is given by a torus action by isometries on
(M, g).

Proof of Theorem A. We consider (M,F , g) to be a compact simply-connected m-dimen-
sional manifold equipped with a closed non-trivial regular Riemannian foliation such that
for L ∈ F we have that (L, g|L) is flat; i.e. F is a regular B-foliation.
By Lemma 3.9 we have proven Theorem A in the case when m > 2. We now prove the

missing lower dimensional cases.
In the case when m = 1 there are no such foliations: Assume that (M,F , g) is a regular

B-foliation on a compact simply-connected 1-dimensional manifold. Since the leaves have
positive dimension, we conclude that the foliation consists of only one leaf, i.e. F = {M},
which is a contradiction to F being non-trivial.

In the case of m = 2, we have several cases based on the codimension of the foliation.
In the case when the foliation has codimension 0, this implies that the foliation consists
of only one leaf, i.e. F = {M}, which is a contradiction to the non-triviality of F .
The case of codimension 2 is excluded, because this implies that a leaf has dimension 0,
contradicting the assumption that the leaves of F have positive dimension. In the case
when F has codimension 1, from [22, Theorem D] it follows that given an A-foliation of
codimension 1 on a 2-dimensional simply-connected manifoldM , thenM is diffeomorphic
to S2 and F is given by a circle action. This is a foliation with singular leaves and
contradicts our assumption of regularity. □
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[37] I. Moerdijk and J. Mrčun, Introduction to foliations and Lie groupoids, vol. 91
of Cambridge Studies in Advanced Mathematics, Cambridge University Press, Cam-
bridge, 2003.

[38] P. Molino, Riemannian foliations, vol. 73 of Progress in Mathematics, Birkhäuser
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