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Abstract
Turing patterns have been extensively studied on simple geometries such as lines, squares,
rectangles, and circles. Consequently, many biological and physical applications of Turing’s
theory approximate their domains to have simple geometries. In particular, thin domains are
often approximated as one-dimensional lines or rectangles, whereas the actual geometry may
be curved and closer to a stretched ellipse. Thus, we investigate Turing patterns on ellipses
and show that they exhibit two distinct limiting behaviours: (i) they tend to those on the
circular domain as the ellipse’s aspect ratio approaches unity; (ii) they do not converge to the
behaviour of a one-dimensional line as the ellipse becomes thin. This contrasts with rectan-
gular domains, where the bifurcation structure smoothly tends to that of a one-dimensional
line as the rectangle’s height is reduced. Using a combination of analytical methods involving
Mathieu equations and numerical bifurcation tracking, we demonstrate that the bifurcation
modes in an elliptical domain are intrinsically coupled in both radial and angular direc-
tions, preventing simple interpolation between circular and linear limits. The results provide
insights into the role of domain geometry in governing Turing instabilities and pattern selec-
tion, highlighting the distinctive behaviour of ellipses compared to other commonly studied
geometries.

Keywords Turing patterns · Reaction-diffusion systems · Elliptical domains · Mathieu
equations · Bifurcation analysis · Domain geometry

Introduction

Turing patterns [1] mechanistically describe the production of spatially periodic structures
from the destabilisation of a homogeneous state, due to the interplay of reaction and diffu-
sion processes. These patterns provide a mechanism for understanding a variety of natural
phenomena, including animal coat markings, cellular organisation, and chemical reactions
[2]. The mathematical foundations of Turing patterns have been widely studied in reaction–
diffusion systems. In such systems, small perturbations of an initially uniform state can grow
into stable spatial structures when conditions on diffusion rates and reaction kinetics are
satisfied [3]. Critically, the emergence and stability of these patterns depend not only on the
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reaction terms but also on the geometry and boundary conditions of the domain in which
they occur [4, 5].

It is well known that the appearance of Turing patterns depends on the size of the domain
on which they are simulated [3]. Namely, the domain must be larger than a critical size for
a pattern to emerge [6]. In this work, we will be using the horizontal width of our domains
as a bifurcation parameter and referring to the width at which the homogeneous steady state
destabilises as the critical length.

Notably, the two-dimensional Turing analysis of the rectangle reveals that the initial pat-
terning bifurcation arises from a superposition of perpendicular one-dimensional patterns [7,
8]. Consequently, the critical length of a rectangle is equivalent to that of a one-dimensional
line, meaning that a rectangle can be arbitrarily thin in the vertical direction without influenc-
ing its critical horizontal length. This alignswith classical predictions of separable eigenmode
solutions in rectangular domains [3]. Such results can be compared to derivations involving
circular domains, where it has been observed that the critical length, or radius, is larger than
that of a square domain [4].

In applications, complicated curved domains are often simplified to squares and rectangles
[9]. Moreover thin domains are frequently modelled by reducing a two-dimensional problem
to one dimension [10]. Such simplifications and dimensional reductions implicitly assume
that the instability threshold and leading unstable modes are governed only by the longest
length scale, so that curvature and transverse structure can be ignored. We aim to test how
far such simplifications can be trusted.

Since the vertical and horizontal scales of an ellipse can be independently varied (similar
to a rectangle), we may hypothesise that an arbitrarily thin ellipse would behave similarly
to a thin rectangle. However, we show that this is not the case. Moreover, one might expect
the relationship between the critical length and vertical height of an ellipse to interpolate
smoothly between the flat line and the circle. Although the bifurcation structure tends to that
of the circle as the aspect ratio approaches one, it does not converge to the one-dimensional
limit as the ellipse becomes thin.

The results we aim to understand are illustrated in Fig. 1, where a Turing system (see
equations (21) and (22)) is simulated on circular, thin rectangular, and thin elliptical domains
(top to bottom, respectively) with increasing horizontal widths, left to right. For small widths
we observe that no pattern forms on any domain. As the width increases, the pattern appears
first on the thin rectangle, then on the circle, and finally on the ellipse.

These findings have implications for biological morphogenesis, where tissue and organ
structures often approximate elongated domains rather than idealised geometric shapes [11].

Fig. 1 A simulation of equations (21) and (22) on three domains. In each column, the top domain is a circle,
the middle domain is a rectangle, and the bottom domain is an ellipse. The horizontal width of each domain
is [−A, A] and increases left to right, with A denoted above each figure. Only the concentration variable φ is
visualised in each case. The ψ variable would provide a similar, but out of phase pattern. The heights of the
rectangle and the semi-major axis length of the ellipse are both 1/2
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Equally, our bifurcation results can be applied to material science, where reaction-diffusion
mechanisms govern the self-assembly of nanostructures [12]. Equally, in the development
of synthetic materials, it is crucial to understand how shape influences pattern since specific
patterning properties are being designed [13].

In this paper we use radial and angular Mathieu equations to characterise how the critical
length depends on the ellipse aspect ratio. This reveals why elliptical domains are funda-
mentally different from circular and rectangular domains from the point of view of a Turing
bifurcation. These analytical results are then supported by simulations and numerical con-
tinuation of the bifurcation structure.

Geometry

Before we define the reaction-diffusion framework which will produce the Turing patterns
we first define the elliptical domain and coordinate system used in our analysis. We define
a domain � ∈ R

2 to be the interior of the ellipse with foci at (−a, 0) and (a, 0) defined by
� = {(x, y)|x = a cosh(u) cos(v), y = a sinh(u) sin(v) where u ∈ [0, uc), v ∈ [0, 2π)}
[14, 15]. The boundary is then given by ∂� = {(x, y)|x = a cosh(uc) cos(v), y =
a sinh(uc) sin(v) where v ∈ [0, 2π)}. The length of the u interval, uc, and the foci posi-
tion, a, will be defined by the lengths of the semi-major axis length, A and the semi-minor
axis length, B (see Fig. 2). Explicitly, we assume A ≥ B and, thus,

a =
√
A2 − B2, (1)

tanh (uc) = B

A
. (2)

This choice of elliptic coordinates means that the unit directions, û and v̂, are orthogonal
and, for fixed u ∈ [0, uc], the (x(v), y(v)) curves parametrically describe ellipses with the
same foci but the eccentricity decreases from 1 (the one-dimensional line of length 2a) to√
1 − B2/A2. Equally, for fixed v, (x(u), y(u)) curves parametrically describe hyperbolae

[16].
Through taking different limits of the aspect ratio, the ellipse is able to geometrically

interpolate between the one-dimensional line (B → 0) and the circle (B → A). Thus, we
will be comparing the elliptic geometry with the circle, radius A, and the one-dimensional
line of length [−A, A]. Through these definitions we will be using the horizontal half widths
of the domains, A, as a means of comparing the domains.

Instability Theory

Let φ(x, t) and ψ(x, t) be two interacting morphogen populations that exist for all x ∈ �

and for all time t > 0. The evolution of φ and ψ is defined by interaction equations f
and g combined with spatial diffusion at rates Dφ and Dψ , respectively, through the partial
differential equations (PDEs)

∂φ

∂t
= Dφ∇2φ + f (φ, ψ), (3)

∂ψ

∂t
= Dψ∇2ψ + g(φ, ψ), (4)
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Fig. 2 Schematic diagram of an ellipse relating the Cartesian coordinates and the elliptical coordinates through
(x, y) = (a cosh(u) cos(v), a sinh(u) sin(v)), where a is a positive constant, u ∈ [0, uc] and v ∈ [0, 2π ]

where ∇2 is the Laplacian on �. Under the coordinate transformation defined in Sect. 2 the
Laplacian is [16, 17]

∇2 = ∂2

∂x2
+ ∂2

∂ y2
= 2

a2(cosh(2u) − cos(2v))

(
∂2

∂u2
+ ∂2

∂v2

)
. (5)

Additionally, we assume that � has reflective, or zero-flux boundary conditions, which, due
to the definition of the coordinate system, have the simple form

∂φ

∂u
= 0 = ∂ψ

∂u
on ∂�. (6)

To finalise the system’s description we need to provide an initial condition. By definition
a PDE system has a Turing instability if there is a uniform spatial steady state that is stable in
the absence of diffusion, which can be driven unstable by the inclusion of diffusion. Defining
the spatially uniform state to be (φs, ψs) means we can define the initial condition to be a
small random perturbation about this point,

(φ(x, 0), ψ(x, 0)) = ∣∣(φs, ψs) + (
ηφ(x), ηψ(x)

)∣∣ , (7)

where ηφ(x) and ηψ(x) are samples drawn from a uniform randomdistribution on the interval
[−0.1, 0.1]. The absolute value is to ensure that the initial condition is never negative.

Linear Analysis

Assuming that we can turn the Laplacian into a linear functional [18, 19],

∇2h = −k2h, (8)
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for some function, h, and some values, k, under the given boundary and initial conditions,
thenwe can use standard linear analysis to derive the Turing inequalities that must be satisfied
to ensure a Turing instability [3, 20, 21],

fφ + gψ < 0, (9)

fφgψ − fψgφ > 0, (10)

Dψ fφ + Dφgψ > 0, (11)
(
Dψ fφ + Dφgψ

)2 − 4DφDψ

(
fφgψ − gφ fψ

)
> 0, (12)

k2− < k2 < k2+ where

k2± = Dψ fφ + Dφgψ ±
√(

Dψ fφ + Dφgψ

)2 − 4DφDψ

(
fφgψ − gφ fψ

)

2DφDψ

, (13)

where the subscripts on the f and g functions represent partial derivatives with respect
to the subscript and all of the derivatives are evaluated at the homogeneous steady state.
Inequalities (9)–(12) are conditions that purely concern the values of the reaction anddiffusion
components and are independent of the domain. The inequalities ensure that the steady state
is stable in the absence of diffusion and that diffusion can drive the steady state to instability,
as required.

Inequality (13) links the population’s kinetics and diffusion values to the domain’s prop-
erties through k. Essentially, inequality (13) ensures that the space is big enough to allow a
pattern to form. Theoretically, making a domain large enough is usually not a huge restric-
tion on the ability for Turing patterns to form, as we can always ensure to simulate large
domains, however inequality (13) allows us to derive the critical horizontal length, Ac (or
equivalently uc), at which the Turing bifurcation occurs. More specifically, we will define
Acircle and Aline to be the critical widths of the circle and line, respectively. Additionally, we
will define Aellipse(B) to be the critical width of the ellipse, where the dependence of Ac on
B is highlighted. Since we are considering A to be the bifurcation parameter and increasing
the domain size is equivalent to reducing k then the Turing bifurcation will happen when the
first nonzero eigenvalue is k = k+.

Eigenvalues of the Laplacian on an Ellipse

Solving equation (8) on elliptical domains has a long history [15, 22], going back to 1868with
work on vibrations of elastic membranes by Mathieu [23]. We approach solving equation (8)
by looking for a separable solution of the form h(u, v) = hr (u)ha(v), where hr and ha are
termed the radial and angular components, respectively, as u and v act like radial and angular
coordinates (see Fig. 2). Substituting this solution form into equation (8) we derive that hr
and ha must satisfy

h′′
a + (p − 2q cos(2v)) ha = 0, (14)

h′′
r − (p − 2q cosh(2u)) hr = 0, (15)

where 2q = k2a2/2 and p is a coupling constant to be defined. Additionally, we have the
constraints that ha is periodic, with period 2π and

dhr
du

∣∣∣∣
uc

= 0. (16)
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Equations (14) and (15) are known as the angular and radial (or modified)Mathieu equations,
respectively. Periodic solutions to equation (14) exist for an infinite set of values of p. These
values are separated into two families, pcn and psn , and indexed by the positive integers,
n = 1, 2, . . . . The corresponding two families of ‘Mathieu functions of the first kind’ are
denoted cen(x, q) and sen(x, q) [24], which are sometimes referred to as cosine-elliptic and
sine-elliptic, respectively.

Solutions of Eq. (15) can be related to the solutions of Eq. (14) by mapping x → ±I x ,
where I is the imaginary unit. Thus, the solutions of Eq. (15) are denoted Cen(x, q) and
Sen(x, q), where [25]

Cen(x, q) = cen(I x, q), (17)

Sen(x, q) = −I sen(I x, q). (18)

In addition to periodicity of ha we also impose the physical assumptions that h and its u
derivative are continuous across the u = 0 line (see Fig. 2). These restrict the possible forms
of h to be either Cen(u, q)cen(v, q), or Sen(u, q)sen(v, q) [24].

Satisfying Eq. (16) requires us to define uc and, thus, define the critical length of the ellipse
at which the Turing patterning bifurcation can occur. Rewriting equation (16) in terms of A
and B we have to satisfy

dCen
du

(
arctanh

(
B

A

)
, k2+

(
A2 − B2) /4

)
= 0, or

dSen
du

(
arctanh

(
B

A

)
, k2+

(
A2 − B2) /4

)
= 0. (19)

For general A and B this must be solved numerically, which will be done in the next section.
However, there are two limits that we are interested in; B → 0 and B → A.

For B → 0 we might expect that system would begin to act like the solution on a
one-dimensional domain. Deriving the bifurcation conditions on a one-dimensional domain
is very common [26, 27] and it is known [4] that the critical length of the line satisfies
k+ = π/(2Aline) (2Aline being the length of the line), or k+Aline = π/2 ≈ 1.57. By doing a
series expansion of dCen/ du about B = 0 we find that the derivative is zero when

(
k+Aellipse(0)

)2

2
= pc1

((
k+Aellipse(0)

)2

4

)

, (20)

where pc1(q) is the characteristic value for ce1(x, q) [28]. The smallest value satisfying
equation (20) can be found numerically to be k+Aellipse(0) ≈ 1.89, which is bigger than
the values for the one dimensional domain. Since k+ depends only on kinetic and diffusion
parameters, which would be the same on both domains, this means that the critical horizontal
width of a thin ellipse, Aellipse(0), does not converge to the one-dimensional line limit Aline.

For B → A, we might expect the system would begin to act like the solution on a
circular domain. For a circular domain the critical horizontal width (or radius), has to sat-
isfy B ′

1(k+Acircle) = 0, where Bn(x) is the Bessel function of the first kind, order n. The
numerical solution of which is known to be k+Acircle ≈ 1.84 [4]. Following the techniques
shown in [29] equation (15) can be converted into a modified Bessel’s equations, which
converges to a standard Bessel equations as q = k2(A2 − B2)/4 → 0, with a cosh(uc) =√
A2 − B2 cosh(arctanh(B/A)) → A and a sinh(uc) = √

A2 − B2 sinh(arctanh(B/A)) →
A. Thus, the solution to the elliptical problem tends to the solution of the circular domain as
B → A, as expected.
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Investigating Aellipse(B) beyond these two limits is difficult. In the next section we turn to
simulation to illustrate that the critical widths on the three domains satisfy Aline < Acircle ≤
Aellipse(B) for all B (producing the result seen in Fig. 1). Thus, although the bifurcation
structure on the ellipse may tend to that of a circle, the elliptical domain cannot be thought
to act as a means of interpolating between the line and circle, in terms of Turing patterns.

Results

To demonstrate our results we will be using a specific form of the Schnakenberg kinetics [30]

∂φ

∂t
= ∇2φ + 1

10
− φ + φ2ψ, (21)

∂ψ

∂t
= 10∇2ψ + 9

10
− φ2ψ, (22)

with zero-flux boundary conditions. Substituting these kinetics and parameter values into
inequality (13) we find that k2+ = 1/2 and, thus, Aline ≈ 2.22 and Acircle ≈ 2.60.

Figure3a illustrates the values of the derivatives of the sine- and cosine-elliptic functions,
with the zero values being highlighted as black lines. These lines define Aellipse(B) and
we observe that the smallest values of A are given when we set n = 1 in the cosine-elliptic
function. The n = 1 cosine-elliptic solutions correspond to solutions that vary along themajor
axis of the ellipse (see Fig. 3b), whereas the sine-elliptic solutions correspond to solutions
that vary along the minor axis (see Fig. 3c). As A and B become larger (with A > B), we see
that there would be many overlapping solution regions between the two elliptical solutions
and for multiple values of n demonstrating the common occurrence in Turing systems that
the patterns become more complex as the two-dimensional space grows.

Note that all the solutions of dSen/ du = 0 are approximately parallel to the A-axis,
meaning that the existence of solutions is very sensitive to changes in B. This contrasts
with the solutions to dCen/ du = 0, where we observe that there is a solution for all
0 < B < Acircle. Thus, for a fixed B, as we increase the size of the major axis, the pattern
will tend to find solutions defined by dCen/ du = 0 because they are the first to appear for
all B. Meaning that for long, thin ellipses, B 
 A, the solutions would look like Fig. 3b,
where stripes would align parallel to the minor axis and vary along the major axis, similar to
long, thin rectangles (this is confirmed in Fig. 1).

Figure4a shows a magnified region of dCe1/ du = 0, where we compare the critical
patterning radius of the circle (circle marker at (2.60, 2.60)) and critical length of the one-
dimensional line (squaremarker at (2.22, 0))with the criticalwidths of the ellipse (thick black
line). Figure4a evidences the results of Sect. 3.2 that Aellipse(B) → Acircle as B → Acircle

and that Asquare < Aellipse(0). Moreover, we see that Acircle < Aellipse(B) for all B. Thus, an
elliptical domain cannot be considered to act as a means interpolating patterning dynamics
between the one-dimensional line and the circle.

We further confirm the theoretical solutions using pde2path, a numerical continuation
software package that allows us to derive and track bifurcation structures of PDE systems
[31, 32]. Specifically, with zero-flux boundary conditions, the steady state values of (φ, ψ) of
equations (21) and (22) undergo a supercritical pitchfork Turing bifurcation as the solution
domain gets larger. For domains smaller than the critical length the homogeneous steady
state is stable. As the domain gets larger the homogeneous solution destabilises and the
heterogeneous pattern solution stabilises. Themaximum andminimumof the stable solutions
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Fig. 3 a Plotting the values of dCen/du and dSen/du, for n = 1 and 2 over (A, B) ∈ [0, 15] × [0, 15]. The
colour axes are truncated at 1 (yellow) and –1 (blue). The black lines are contours where the surface is zero,
i.e. solutions of equation (19). The black circles in the dCe1/du and dSe1/du images are the parameter values
used to plot (b, c), respectively. b Plot of (x(u, v), y(u, v),Ce1(u, q)ce1(v1, q)), where (A, B) = (2.66, 1).
c Plot of (x(u, v), y(u, v), Se1(u, q)se1(v, q)), where (A, B) = (4, 2.54)
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Fig. 4 a Zoomed image of dCen/du = 0 (thick black line) illustrating the critical radius, Acircle, for Turing
patterns on the circle (circle marker at (2.60,2.60)) and the critical length of the one-dimensional line, Aline,
(square marker at (2.22,0)). We also illustrate the numerically extracted values of Aellipse for several values
of B (diamond markers). The thin dashed line represents the line A = B. b Numerically extracted bifurcation
plots of equations (21) and (22) for the line, circle and ellipses of different semi-minor axis lengths, B,
see legend for details. The square, circle and coloured diamond markers illustrate the numerically derived
bifurcation points and match between the (a, b) figures. Figures (c–e) illustrate the Turing pattern of φ formed
by solving equations (21) and (22) on a line, circle and ellipse with A = 2.7, respectively. For the ellipse
B = 0.5. The maximum and minimum of the colour bars match the maximum and minimum of φ on the,
respective, domains

are seen as thick solid lines in Fig. 4b, where we observe the standard pitchfork shape of the
patterned states bifurcating smoothly from the homogeneous solution.

We observe in Fig. 4b that as predicted Aline < Acircle < Aellipse(2) < Aellipse(1.5) <

Aellipse(1) < Aellipse(0.5). Moreover, the numerically derived critical lengths match their
theoretical values as illustrated by the square, circular and diamond markers in Fig. 4a, b.
Critically, the diamond markers lie on the black curve of Fig. 4a meaning that the bifurcation
points, as found numerically by pde2path, match the solutions of dCe1/ du = 0.

The bifurcation diagrams in Fig. 4b also suggest a systematic ordering of pattern ampli-
tudes on domains of equal width. The peak-to-trough range is largest on the one-dimensional
line, smaller on the circle, and smallest on the ellipse. This ordering is confirmed by the solu-
tion visualisations in Fig. 4c–e, where the colour bars match the maximum and minimum
values of φ on each domain.

123



   25 Page 10 of 12 Int. J. Appl. Comput. Math            (2026) 12:25 

Conclusions

For a pattern to form Turing systems require that the geometry they are simulated on be
large enough to support a symmetry-breaking bifurcation. We have demonstrated that when
simulating a Turing pattern on an ellipse, the patterning bifurcation properties of the ellipse
tend to the bifurcation properties on a circle as the aspect ratio of the ellipse approaches
unity. However, as the height of the ellipse is reduced, the bifurcation properties of the thin
ellipse do not tend to those of the one-dimensional line. This result can be compared to
that of a rectangular domain, where the bifurcation structure on a thin rectangle tends to a
one-dimensional line. We have shown that this is because in the case of the ellipse, radial
and angular aspects of the elliptic patterning modes (see Eqs. (14) and (15)) are intrinsically
coupled, whereas the patterning modes decouple in the Cartesian directions on the rectangle,
meaning that the one-dimensional limits of the ellipse and square are different.

Moreover, even if the critical lengths of the one-dimensional limits of the square and
ellipse are different, we may have expected the bifurcation width of the ellipse, Aellipse(B),
to lie somewhere between the bifurcation widths of the line and the circle since its geometry
interpolates between the two shapes. However, we have also shown that the critical semi-
major axis width of the ellipse is actually larger than the circle’s critical radius for semi-minor
axis lengths smaller than the circle’s critical patterning radius, namely, Acircle < Aellipse(B)

for all B < Acircle.
These results have implications that need to be considered if the theory of Turing patterns

is to be applied to physical geometries. For example, no biological or physical domain is
truly one-dimensional. Thus, as we have seen here, we must be careful to extract the correct
geometry; otherwise, although the patterns will form, they will require larger shapes than we
might expect. This observation is particularly relevant in morphogenesis, where tissues and
organ structures often approximate elongated domains rather than perfect circles or rectangles
[11, 33]. Our results indicate that while approximating thin domains as one-dimensional is
convenient, care must be taken to correctly interpret the role of curvature and aspect ratio in
governing pattern formation.

Similarly, in materials science and soft matter physics, self-assembled nanostructures and
reaction-diffusion systems often form in constrained geometries [12]. Our findings could
guide how to engineer structures to optimise stability and predict bifurcation thresholds [6].

Of course, no physical object is two-dimensional either. Future work should explore how
these findings extend to three-dimensional analogues, such as transitions from an ellipsoid to
a cylinder, as well as how boundary conditions impact bifurcation structures [5]. Addition-
ally, experimental validation using chemical, or physical, Turing systems could be used to
verify the physical limits to which ellipses tend, rather than just the theoretical ones. These
considerations will enhance our understanding of how domain geometry influences pattern
formation in both theoretical and applied contexts.

Numerical Codes

All numerical codes and plotted data can be found at https://github.com/ThomasEWoolley/
Turing_ellipse/.
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