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ABSTRACT

A significant fraction of compact-object mergers in galactic nuclei are expected to be eccentric in the Laser Interferometer Space
Antenna (LISA) frequency sensitivity range, 107* — 10~! Hz. Several compact binaries detected by the/LIGO-Virgo-KAGRA
Collaboration may retain hints of residual eccentricity at ~ 10 Hz, suggesting dynamical or tripl€ origins/for a significant
fraction of the gravitational-wave-observable population. In triple systems, von-Zeipel-Lidov-Kozai oscillations perturb both the
eccentricity and the argument of pericentre, w, of the inner black hole binary. The latter could be fully circulating, where w
cycles through 27, or may librate, with w ranges about a fixed value with small or large variation. We.use TSUNAMI, a regularised
N-body code with up to 3.5 post-Newtonian (PN) term corrections, to identify four different-families of orbits: (i) circulating,
(i1) small and (iii) large amplitude librating, and (iv) merging orbits. We develop and demonstrate a new method to construct
gravitational waveforms using the quadrupole formula utilising the instantaneous total acceleration of each binary component in
TSUNAMI. We show that the four orbital families have distinct waveform phenomenologies, enabling them to be distinguished if
observed in LISA. The orbits are also distinguishable from an isolated binary-orfrom a binary perturbed by a different tertiary
orbit, even if the secular timescale is the same. Future burst timing medels will be able to distinguish the different orbital
configurations. For efficient binary formation, about ~ 1000 binaries-€an haye highly eccentric, librating orbits in the Galactic
Centre.
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1 INTRODUCTION along with other GW events such as extreme mass-ratio inspirals (see

Amaro-S t al. 2023 and ref therein).
Since the discovery of GW150914 (Abbott et al. 2016), deteCtions fmaromseoane et a and references therein)

of binary compact objects via their gravitational=wave.(GW) emis-
sion have revolutionised modern-day astronomy. Over two hundred
stellar-mass binary black hole (BBH) mergess have'been detected and
announced by the LIGO-Virgo-KAGRA (LVK) collaboration so far
(The LIGO Scientific Collaborationdet al. 2025), with several other
collaborations finding evidence for additional mergers in the data
(Venumadhav et al. 2020; Olsen etyal. 2022; Wadekar et al. 2024).
While the LVK detectors are\sensitive'to the ~ 10 Hz—2000 Hz band

The astrophysical origins of gravitational-wave (GW) mergers are
generally divided into two broad categories: isolated (Belczynski
et al. 2016; Neijssel et al. 2019) and dynamical. In the isolated
channel, binaries evolve without significant external perturbations
throughout their lifetimes. This scenario is expected to produce merg-
ers with small, aligned spins and nearly circular orbits at 10 Hz GW
frequency, and with component masses limited by pair instability
(Heger & Woosley 2002; Heger et al. 2003).

and capture the final few.seconds of a BBH inspiral and merger, the
sensitivity of the Laser Interferometer Space Antenna (LISA) is in
the range ~ 107#"Hz to.~10~1 Hz. Planned to launch in 2035,
LISA will detect GWSs, from stellar-mass (and higher-mass) com-
pact binaries yeats.to-decades before they merge (Klein et al. 2022),

* (E-mail; evgeni.grishin@monash.edu
T {E-mail:romero-shawi @cardiff.ac.uk

In contrast, dynamical formation occurs through gravitational in-
teractions in densely-populated stellar environments. These interac-
tions can assemble binaries with eccentric orbits, large or misaligned
spins, and component masses exceeding the pair-instability limit
through hierarchical mergers (see Mandel & Broekgaarden 2022,
for details). Dynamical channels include a range of environments,
such as open clusters (Kumamoto et al. 2019; Trani et al. 2021),
globular clusters (Rodriguez et al. 2016; Samsing 2018), and nuclear
star clusters (Antonini & Perets 2012; Grishin et al. 2018; Hoang et al.
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2018). Black holes embedded in the dense accretion discs of active
galactic nuclei (AGN) may also merge at significant rates (Stone et al.
2017; Tagawa et al. 2020; Samsing et al. 2022; Trani et al. 2024),
although the relevant physical processes remain uncertain (Gilbaum
& Stone 2022; Grishin et al. 2024; Gilbaum et al. 2025; Moncrieff
et al. 2026).

Recent analyses of the masses and/or spins of observed stellar-
mass BBHs suggest that some fraction of the observed population
are hierarchical in origin, containing one or more remnants of pre-
vious mergers (Antonini et al. 2024; Tong et al. 2025; Antonini
et al. 2025); such mergers may only occur in densely-populated en-
vironments. Several BBH events also show tentative evidence for
measurable BBH eccentricity at detection (e.g., Romero-Shaw et al.
2022; Gupte et al. 2024; de Lluc Planas et al. 2025). However, con-
fident measurements of eccentricity remain elusive, given the lack
of complete inspiral-merger—ringdown waveform models incorpo-
rating both the effects of spin-induced precession and eccentricity
(Romero-Shaw et al. 2023b; Divyajyoti et al. 2024). Detecting or-
bital eccentricity in LVK detectors is considered “smoking gun”
evidence that the binary did not evolve in complete isolation (e.g.
Rodriguez et al. 2018; Fragione et al. 2019; Samsing et al. 2022): it
may have evolved in one of the dynamical environments previously
introduced, or in a field triple.

Hierarchical field triples, in which a distant tertiary perturbs the
inner binary (Antonini et al. 2017; Liu & Lai 2018; Grishin & Perets
2022; Ginat et al. 2025), represent a middle ground between the
isolated and dynamical evolution channels for BBH mergers. These
systems are generally long-lived; however, their evolution is influ-
enced by complex dynamics, similar to dynamically-formed bina-
ries. The inner binary merger may be accelerated by mass transfer
and encouraged by common-envelope or chemically homogeneous
evolution, important evolutionary mechanisms in the isolated channel
that facilitate observable BBH mergers (Dorozsmai et al. 2024; Kum-
mer et al. 2024). The merger time may also be accelerated through
triple dynamics, which can heighten eccentricity through von-Zeipel-
Lidov-Kozai (ZLK) oscillations (e.g., Vigna-Gémez et al. 2025). GW
merger followed by a natal kick and stellar merger could lead to EM
counterparts (Naoz et al. 2025). Therefore, mergers that form through
isolated triples bear characteristics of both isolated and dynamical
binaries: limited masses, but a wider distribution of spins than iso-
lated binaries, and the potential for detectable eccentricity.at 10 Hz
(e.g., Rodriguez & Antonini 2018; Trani et al. 2022b; Martinez et al.
2022; Dorozsmai et al. 2025; Stegmann & Klencki 2025).

Theoretical modelling suggests that a fraction‘ef'events from var-
ious dynamical channels retain non-negligible eccentricity at detec-
tion in LVK instruments (e.g. Rodriguez etial. 2018; Fragione et al.
2019; Samsing et al. 2022). If this fraction is small, as it is predicted
to be at least in the case of dense elusters (~ 5%) and field triples
(~ 10%) (see Dorozsmai et al. 2025, and réferences therein), it may
take LVK detectors a long time, torebserve a number of eccentric
events that allows us to map'cleanly from observed BBH eccentric-
ity distribution to formation.mechanism. Romero-Shaw et al. (2022)
predicts > 80 eccentric events are needed to identify a dominant ec-
centric merger formation,mechanism with LVK detectors; currently
there are tentative claims of < 5 (e.g., Romero-Shaw et al. 2022;
Gupte et al."20245:de-Lluc Planas et al. 2025).

Meanwhile, going to lower, LISA-like frequencies allows these
populations to” be separated cleanly. While dynamically-formed
mergers thattetain detectable eccentricity at 10 Hz will either become
bound athigher frequencies than LISA can access or strictly lose ec-
centricity via GW emission while in the LISA band (D’Orazio &
Samsing 2018), tertiary-driven BBHs undergoing ZLK oscillations

may oscillate from high to low frequencies for years in LISA (e.g.,
Hoang et al. 2019; Randall & Xianyu 2019; Knee et al. 2024), lead-
ing to distinctly different signal morphologies. These signals from
triples can be further characterised into different families, which we
explore in this paper.

For galactic nuclei, the perturbation of stellar BHs by the su-
permassive BH (SMBH) induces periodic ZLK oscillations of the
eccentricity e of the inner orbit and the mutual inclination ¢y be-
tween the two orbits (von Zeipel 1910; Lidov 1962; Kozai 1962).
The corresponding angle of the oscillation is the inner argument of
pericenter w, which could either librate around an equilibrium value
or complete a full circulation (e.g. Naoz et al. 2013). A hallmark of
ZLK oscillations is that the peak eccentricity depends only on the
initial inclination via epax = V1 -5 €052 iyt /3 for an initially al-
most circular orbit. However, this is true only when w is circulating,
while a librating solution will have somewhat limited ecceftricity
oscillations (e.g. Grishin 2024a).

The gravitational-wave (GW) signatures of a BBHin,the Galac-
tic Centre being perturbed by Sagittarius A* were Tecently, studied
by Knee et al. (2024), where the secular approximation was utilised
for an individual orbit, followed by a wavelet-like,transform for the
burst-like time evolution of the strain polarisations. Several addi-
tional orbital families are possible, including orbits with small li-
bration around a fixed point in e~ space: Moreover, the secular
approximation often breaks down for highly eccentric orbits, where
the GW strain frequency is maximal.

In this paper, we identify different orbital families undergoing
ZLK oscillations, which have unique characteristics in their dynam-
ical evolution. We uSexdirectyN-body integrations using the regu-
larised N-body code TSUNAMI (Trani & Spera 2023) with 3.5 post-
Newtonian corrections, and calculate the GW strains using the direct
acceleration from the’quadrupole formula (Maggiore 2007). We find
that the strain amplitudes are generally bursty, and advocate for de-
veloping minimally-modelled burst searches (e.g., Knee et al. 2024)
and analyses (e.g., Romero-Shaw et al. 2023a) in the future.

This pdper is organised as follows: In sec. 2 we review the condi-
tions and dynamics of binaries in galactic nuclei and, in particular,
near Sgr A*. In sec. 3 we identify the different orbital families. In
sec. 4 we discuss the observability and astrophysical implications.
Finally, in sec. 5 we summarise our main finding and discuss future
prospects. We find that ~ 1000 BBHs can be librating in the Galactic
Centre; the GW signal is generally bursty, due to the highly eccentric
orbits; the secular approximation is insufficient to accurately de-
scribe the waveforms; and that different orbital configurations have
waveform phenomenologies and characteristics that are likely to be
distinguishable from each other in LISA observations.

2 BINARY DYNAMICS IN GALACTIC NUCLEI

Here we discuss the motivation for our choice of parameters and
overview the general triple dynamics.

2.1 Initial conditions
2.1.1 Location of the outer binary orbit

Observations of the Galactic Centre reveal multiple stellar popula-
tions: a warped, clockwise disk of young, massive O/WR stars on
moderately eccentric orbits (e.g. Paumard et al. 2006; Bartko et al.
2009, 2010; Yelda et al. 2014; von Fellenberg et al. 2022) and an
isotropic population of B-type (called S-stars) on high-eccentricity
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Figure 1. Sketch of the hierarchical triple system (not to scale). The inner
binary orbit (orange) is inclined with inclination ¢y to the SMBH orbital
plane. The argument of pericentre w is measured from the line of nodes (red)
to the pericentre in the inner binary plane. The nodal angle Q is measured
from the tertiary SMBH to the line of nodes in the outer binary plane.

orbits in the central ~0.04 pc (e.g. Levin & Beloborodov 2003; Lu
et al. 2013; Do et al. 2013). Many of the young stars may reside
in binaries (Pfuhl et al. 2014; Naoz et al. 2018). For the clockwise
disk specifically, the leading interpretation is in-situ star formation
following the capture and circularisation of an infalling gas cloud
and fragmentation of a transient, dense accretion disk (e.g. Mapelli
& Trani 2016; Trani et al. 2018). By contrast, the S-star population
likely requires subsequent dynamical processes (e.g. binary disrup-
tion, resonant relaxation, secular torques) to explain their orbital
properties (e.g. Perets et al. 2009; Trani et al. 2019; Perna & Grishin
2022).

The sphere of influence of Sgr A* could contain up to 2 X 10* BHs
(Miralda-Escudé & Gould 2000; Freitag et al. 2006; Hailey et al.
2018; Rose et al. 2022). The general distribution of stars near Sgr A*
is expected to follow a power-law Bahcall-Wolf cusp of p o« Fo7/4
(Bahcall & Wolf 1976, 1977). The closest luminous stars are located
in the S-star cluster around a > 0.12” =~ 103 au (von Fellenberg et al:
2022). On the other hand, the heavier BH population is expected to be
more centrally concentrated due to mass segregation in nuclear star
clusters (e.g. Alexander & Hopman 2009; Zhang & Amharo.Seoane
2024), thus BH can reside in an inner cluster with-agy < 10° au.
Recent analysis of the Gravity collaboration has excluded IMBH with
M < 2 x 10 Mg within the orbit of S2 (Gravity Collaboration et al.
2023), thus the BH population is expected to be in\the form of stellar
mass BHs.

Active galactic nuclei (AGN) with significant luminosity pos-
sess massive accretion discs which extend to about 105Rg, where
Ry = GMsypn/c? = 0.04(M /4%:10°Mo) au is the gravitational
radius. BHs can form either‘in-sitd from massive star evolution after
supernova explosion within AGN discs (Moranchel-Basurto et al.
2021; Grishin et al 2021, or be captured by the AGN discs after
the BH forms (Trani & Bi Cintio 2025). BHs tend to accumulate at
migration traps) whichiare located around < 103Rg (Bellovary et al.
2016). However, Grishin et al. (2024) has recently revised the trap
locations'to)be between ~ 700Rg and 10° Rg, depending on the mass
and accretion‘rate of the SMBH.

To summarise, stellar-mass BHs tend to lie at a range of 10° —
104Rg for both quiescent and active galactic nuclei. We focus on the
range of 50 — 100 au for a Sgr A*-like SMBH of mass 4 X 10°Mg
(which corresponds to (1.25 — 2.5) x 103Rg).

GWs from ZLK triples 3

2.1.2 Inner binary orbits

Consider a binary of masses m| and m (or total mass my;, = m +
my) with semi-major axis a| and initial eccentricity e;. The centre
of mass revolves around a central SMBH of mass m3 > m| + my
on semi-major axis ap and eccentricity e;. The mutual inclination
between the two orbital planes is tmy. Figure 1 sketches the orbital
elements of the hierarchical triple system. If the tertiary is too close,
the binary is dynamically unstable. Many studies have been devoted
to stability of triple systems (e.g., Mardling & Aarseth 2001; Grishin
et al. 2017; He & Petrovich 2018; Tory et al. 2022; Lalande & Trani
2022; Vynatheya et al. 2022; Hayashi et al. 2022, 2023). In our case,
the measure of stability is encapsulated in the Hill radius,

13
i = as(1 - es) (?Tbl;) = 0.9am,*m; ' au, (1
where e, is assumed to be 0 and the other values are nermalisedto
ar = an /60 au, My, = myin/40Me, and m3 = 4 X 106M®.

Relativistic corrections induce extra precessionson the argument
of pericentre w, which may quench effects of‘the/tertiary SMBH.
The relative strength of GR precession is enCapsulated in

WGR

3
_ _ Bmyip (ax\"Tg
€GR = |- =—|=
w7LK

4 2 __13
—= =0.005x a; ‘mg. m5as, 2
ms aj a 1 bin""3 “2 ( )

where @y = a1/0.15 au and 7z = Gmbm/c2 is the mutual gravita-
tional radius. Generally, systems with egr > 1 (or a; < 0.04 au)
have tertiary effects quenhched;"and evolve as isolated binaries, ef-
fectively decoupled from the _influence of the tertiary. Meanwhile
eGrR < 1 could exhibit largeeccentricity variations. The actual max-
imal eccentricity in,the presence of GR corrections has been derived
in several studies (e.gy Grishin et al. 2018; Mangipudi et al. 2022).

To summarise, the range of inner binary orbits where the SMBH
is able’to perturb the orbit but still keep it stable spans around one
orderiof magnitude, 0.04 au < a; < 0.4 au. The upper limit is due
to the Hill'stability a; < 0.5rg (Eq. 1), while the lower limit is due
to'transition to 1PN-GR dominated precession (Eq. 2), where the
binary will effectively evolve in isolation.

2.2 Properties of highly inclined triple systems

For a dynamically stable binary dominated by the SMBH over GR
(egr < 1), quasi-periodic ZLK oscillations occur if the mutual incli-
nation t¢my; is large enough. For almost co-planar orbits, w is always
circulating and completes a full revolution in a secular timescale.
Beyond a critical inclination, a bifurcation in the phase portrait leads
to a fixed point in e|-w space and orbits can either circulate (where
w completes a full revolution) or librate (where w is limited in range,
see e.g., Naoz 2016). This is somewhat analogous to the pendulum
model (see Basha et al. 2025, for a detailed analysis)1 . There is a crit-
ical curve that lies on the unstable fixed point (where the pendulum is
balanced on the top) that separates between circulating and librating
orbits, which is called the separatrix. Hansen & Naoz (2020) studied
the structure of fixed and saddle points of the hierarchical three body
problem to octupole order where the additional dependence on the

1 The “angle’ in Basha et al. (2025) is not w, but defined via a combination
of the eccentricity and angular momentum vectors (see their Eq. 25). The
’momentum’ is proportional to the z component of the eccentricity vector,
while the potential energy (i.e. the "height’ of the pendulum) is related to the
eccentricity ej. Moreover, circulation of «w corresponds to a libration in the
pendulum model, and vice versa (see their Figure 1 and 2).
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outer eccentricity and the nodal angle lead to a diverse orrery of
families of fixed and saddle points. Here we focus on circular outer
orbit with equal mass inner binaries, thus the octupole term is absent,
but we take into account the corrections due to mild hierarchies, as
explained below:

Mild hierarchies where the inner binary spans a significant fraction
of the Hill sphere have extra corrections proportional to the period
ratio ega in the form of the Brown Hamiltonian (Tremaine 2023)

3/2
_ ( aj ) (MSMBH )1/2 ot 3)

ESA = .
a(1-e€3) mo + nmy Py

The main effect is shifting the locations of the bifurcation points
and the extent of the maximal eccentricity, but adding the Brown
Hamiltonian does not change the morphology of the phase space.
The analytical expression for the fixed points are given by Grishin
(2024a):

5(1+ 3esasz)

7zl 4
3(1 - gesasz)

1 COS tmut is a constant of motion and egp ~

P /P;. At the fixed point, we always have w = /2,371 /2.

For the highly inclined orbits we consider here, the attained ec-
centricities are high, and the secular approximation breaks down
(Antonini & Perets 2012; Grishin et al. 2017, 2018). Fragione et al.
(2019) shown that direct N-body integrations produce 5 — 10 times
more mergers (and many eccentric ones) over the secular approach
of Hoang et al. (2018) for the same initial conditions. Mangipudi
et al. (2022) have studied the modified expression for the maximal
eccentricities and compared the results with TSUNAMI and found that
for the types of orbits considered here where egy =~ 0.05, the’Secu-
lar approach would fail to capture the highly eccentric bursts, Thus,
the direct approach of computing the strain from the aCcelerations
greatly improves upon existing tools of inferring the<train from the
secular theory alone (e.g., Knee et al. 2024).

where j; = 1/1—(32

2.3 Numerical integrations and methods

In all the following integrations, we<use the post-Newtonian N-body
code TSUNAMI (Trani & Spera_2023)"to€volve a three-body sys-
tem. TSUNAMI combines Bulirsch—Steer extrapolation (Bulirsch &
Stoer 1966), a regularized leapfrog algorithm (Mikkola & Tanikawa
1999), and chain coordinates.(Mikkola & Aarseth 1993) to achieve
high accuracy and computational efficiency. The extrapolation algo-
rithms uses an adaptive timestep based on convergence rejection with
a relative tolerance of 1013 (Press, Flannery, & Teukolsky 1986).
The code implements post-Newtonian acceleration corrections up
to order3.5 in w/c, formulated in the modified harmonic coordi-
nate system (Blanchet 2024). Gravitational waveforms are computed
from the positions, velocities, and accelerations using the quadrupole
formula (e.g. Maggiore 2007), where the accelerations consistently
account for the total forces acting on the binary components.

When estimating the observed GW frequency, we use the Wen

circ.  largelib. small lib. merge
e 0.5 0.5 0.987 0.99877
ay [au] 60 60 60 70
tmut [deg]  82.85 82.85 82.85 87.7443
w [deg] 30 90 90 100
Jz 0.1 0.1 0.02 0.002
Lend [yr] 5 2 2 50

Table 1. Initial conditions and final integration times for the four orbital
families. The BH masses are always equal to mj = my = 20M. The inner
semi-major axis is always a; = 0.15 au.

(2003) formula for peak frequency,

G(m1 +m2) (1 +€])1‘1954
= . 6
fow = | e (1= 2P (6)

We also calculate the GW strain directly from the'total acceleration
on each of the binary components using the quadrupole formula (e.g.
Maggiore 2007),

2G ..
W (t) = WQZE(@)- @)

Here, TT denotes the transverse-traceless gauge, Q,p, = M ab _
dab Mkk/3 is the quadrupole moment (the k£ index is summed over),
tret = t — D /c is the retarded time, and D is the distance from the GW
source to the detector. The “TT’ superscript stands for the projection
onto the line-of-sight via the Lambda Tensor (Maggiore 2007, Eq.
1.36 and 3.59).*The mass quadrupole moment is given by

M = mlxlaxlb + mzxgxé’. (8)

For the different polarisations and for a given propagation vec-
tor/described by the angles 6, ¢, the polarisations are generically
deseribed by

he(1;0,¢) = M""(t)A“(a )

hy (16, ¢) = Mk (1) AR (0, 9), )

®|Q ®|Q

3.3
3 3
where the coefficients Aljfx (0, ¢) are given by Eq. 3.72 in Maggiore

(2007). For the second derivative of the mass quadrupole, we have
from Eq. 8:

2
Mab:Zm] (xjx]+2x]xj +xjax§’) (10)
j=1

where the time-derivatives are the instantaneous velocities and ac-
celerations between particles as calculated as in TSUNAMI 2,

2 1In principle, this term may also include additional accelerations arising
from interactions with gas, such as in AGN discs (Samsing et al. 2022;
Gangardt et al. 2024) or during inspiral within a stellar envelope (Ginat et al.
2020; Trani et al. 2022a), where torque prescriptions are calibrated against
hydrodynamical simulations. However, such effects are not relevant for the
systems considered in this work.
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Figure 2. fgw-w phase portrait for the different orbital families.

3 ORBITAL FAMILIES

Before going to the detailed dynamics of each orbital family, we
provide a brief overview and the key characteristic of each family.
The different families represent the possible ZLK dynamics. The
initial conditions for each family and the parameter space are studies
in detail in Grishin (2024a).

In Figure 2, we plot the correlation between w and the GW fre-
quency fgw (Eq. 6) for the different families. Small libratien,occurs
when the orbit is initialised with initial conditions at the fixed point
(the small libration due to higher order effects, blue(dots). For ini-
tial conditions further from the fixed point, but still ones that allow
libration in w, the libration amplitude of w and censequently of e
and fgw is larger (black triangles). For an orbit outside the sepa-
ratrix, w completes a full circulation. The GW frequency becomes
LISA-observable around 0.01 Hz for some limited values of w (red
dots). For an initially librating orbit with sufficiently large eccentric-
ity, GW dissipation at the pericentre significantly shifts the curves to
a new energy curve. Eventually the orbit is tight enough and begins
to decouple from the tertiary. At some point w starts to circulate and
eventually is dominatéd\by GR"1PN precession without changing
the eccentricity (greenitriangles). This orbit regularly achieves GW
frequency above’0.1 Hz.

In the following.we explore each orbital family in more detail
and later discussytheir observability, rates and future prospects for
distinguishing between the different orbits. The initial conditions for
all'the orbits’are a; = 0.15au, e5 = 0.0l, w = 71/2, W) = QL =Qy =
0,Qy =/, vi = m, vp = /4. The masses are m; = my = 20Mg
and m3 = 4 X 10°Mg. Table 1 shows the other parameters that vary
between different simulations. We also specify the initial value of

Jz = 4/l = e:{‘ cos\tmut» and the final time of the simulation. Each

initial condition.is a representative of a typical family of orbits.

3.1 )Circulating orbits

Theponly example of a population of highly inclined hierarchical
triples with extreme mass ratios is the population of irregular satel-
lites around giant planets in the Solar System. Out of the 228 irregular
satellites>, only 13 are found in ZLK libration, the rest are circulating
(Grishin 2024b). Theoretically, the area in e-w phase space is larger
for circulating orbit, with the actual ratio depending on j. Thus, the
circulating family of orbits is the most common. Figure 3 depicts the
orbital evolution of a representative orbit. The orbit starts from a rel-
atively low/moderate eccentricity (in this case | = 0.5, top left) and
grows to large values. The mutual inclination is sharply decreasing
in a correlated manner that preserves j, (on average; middle left).
The argument of pericentre w is circulating and completes a full
revolution (bottom left).

The top middle panel shows the instantaneous separation dr and
the pericentre a (1 — e1) which also changes by almost three orders
of magnitude. The central panels show the evolution of the peak
frequency fgw with time. The peak frequency grows by almost three
orders of magnitude for the circulating family. The middle bottom
panel shows both strain polarisations A4 and hyx for D = 8 kpc,
0, ¢ = 0 (head-on GW propagation). We see that the strain is highly
bursty and peaks to strain magnitudes of about 10~!° for a short
duration during the highly eccentric phase.

3 By irregular we mean satellites with orbit beyond the Laplace radius
(Tremaine 2023), which are believed to be formed by capture.
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Figure 4. Representative of the large amplitude libration orbital family. Similar to Figure 3, but with different initial conditions (see table 1).

The right‘panels show the correlation between different parame- This is a generic feature of binaries of high mutual inclination in hi-
ters. The phase portrait which is typical for ZLK orbits, where w erarchical triple systems (Hamers 2021). The peak frequency is not
quickly erosses z/2,3x/2 at high eccentricity. This is because the identical and depends on the exact value of e at the peak, which is

secular eyolution is proportional to fsec/+/1 — e%. The peak of fgw

(which_oeccurs at the same time as the peak of emax) is associated
with the time at which w is hovering around integer multiples of 7/2.

stochastic in nature when the orbit-averaging solution breaks down
(see e.g., Grishin et al. 2018; Mangipudi et al. 2022). Finally, the
bottom right panels shows the correlation between the two strain
polarisations.
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Figure 7. Evolution of the librating and colliding orbit. Each cycle slightly decrease the separation until the binagy is captured and decoupled from the tertiary.
The right panel shows a zoom-in version on the last ZLK cycle, capture and inspiral.

3.2 Large amplitude librating orbits

Figure 4 shows an example of an orbit that librates with a large
amplitude w between ~ 0.75 and 2.25 rad, a range of almost /2
radians (or 90 degrees) (top right). The only difference between this
orbit and the circulating orbit is a different starting point of w. The
peak frequency fgw also changes by over two orders of magnitude;
and the maximum peak is again achieved at w ~ m/2. The phase
portrait of e-w is now on a closed loop, but the behaviour.is similar
to the circulating orbit where w sweeps quickly in the e}, ~w phdse
space. This is associated with the greatest loss of"GW radiation,
which is also indicated in the peak of the strain polarisations. Overall
the large libration orbital family is similar to thé.circulating one. This
is because these orbits are relatively close 16 the separatrix, which is
the critical curve that separates circulating and librating orbits and
crosses the unstable (hyperbolic) fixed pointof e = 0, w = 0, similar
to the pendulum. (see details e.g., in Grishin 2024a).

3.3 Small amplitude librating orbits

Figure 5 shows the otbital.evolution of a small amplitude librating
orbit. We see that the orbital elements vary little, and the variation
in fgw varies by 0.4 dex. The argument of pericentre is confined
to a small fange‘of-< 7.5 degrees. The system stays at relatively
high eceentricitypand the waveform has relatively regular bursts on
the inner period timescale Py ~ 0.0092 yr, which is different from
the other systems that experience quiescent phases over the secular
timescale of ~ 1-2 yr. The phase portrait shows clear motion of small
librations around a fixed point. We will examine the small amplitude
libration orbit, the different timescales involved (inner orbit P; <

outer orbit Py <<.secular time #gec and the comparison to an isolated
binary evolution in sec. 4.4.

3.4 'Merging orbits

Figure 6 shows the orbital evolution of the merging orbit, which
is the most varied of the orbital evolution families and has several
phases. Initially, the orbit is in libration. However, due to the initial
large eccentricity, each pericentre passage increases the libration
amplitude: the energy decay changes the locations of the fixed point
and detunes the system, making the libration amplitude larger. The
decreasing semi-major axis causes the secular period to increase, and
eventually, after ~ 6 cycles and about ~ 30 years of orbital evolution,
w escapes and starts to circulate. After another cycle, GW capture
occurs and the GW dissipation is strong enough to reduce the semi-
major axis such that the inner binary is essentially decoupled from
the central BH.

Finally, the inner binary merges. Using Peters (1964) to evolve the
binary from its final recorded state at 0.26 Hz, we estimate that the
eccentricity of this binary at 10 Hz 22-mode GW frequency is 0.016.
This may be slightly below the current threshold of LVK detectors
(0.05 at 10 Hz for GW150914-like systems detected with third ob-
serving run sensitivity; Lower et al. 2018), however, lighter systems
detected with increasingly sensitive detectors may have a lower min-
imum detectable eccentricity. Future third-generation detectors with
improved sensitivity and lower minimum frequencies, expected in
the mid-2030s and coinciding with LISA, will improve eccentricity
measurement sensitivity significantly (Saini 2024). At 1 Hz (5 Hz)
22-mode GW frequency this binary retains an eccentricity of 0.172
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Figure 8. Dimensionless strain polarisations for the four orbital families initialised as in table 1 for a distance of 8kpe. The time between the evaluations is
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(0.033). The rapid variations of w observed in Figure 6 are due to
fast GR precession from the 1PN term, which is associated with the
increase of the GW frequency, and potentially observable in ground-
based GW detectors. We also note that the final inclination with
respect to the outer orbit is retrograde, exceeding 100 deg.

Figure 7 shows the evolution of the merging orbit in the a — e
parameter space (top panels) and in fgw — €1 space (bottom panels),
colour coded by the time before merger fmerge —t. We see that initially,
the binary is at fixed a and emits a burst of GW radiation every time
it becomes highly eccentric, near 1 —e ~ 1073 x (0.6 — 2), causing,it
to experience a step-like decrease in separation. After about,O(10)
cycles, the binary eventually decouples from the tertiary’SMBH.

The decoupling occurs where relativistic effects take over theZLK
oscillations: The first instance occurs at a; = 0.075 and ef = 1 —
0.0015, where GW dissipation timescale for/an,eccentric binary
tgw (a1, e1) is comparable to the timescale of eccentrieity oscillation

tsecrll — e%, which is faster than the secular ZLK timescale #5e¢ in the
highly eccentric phase (e.g. Grishin etal. 2018). In the next oscillation
ay decreases a; ~ 0.056 au and eccentricity 1 — e; ~ 0.0018, after
this point the 1PN term, egr = 0'4y(Eq.2), dominates and the 1PN
precession begins to quench'ZLKoscillations.

The two effects start to.dominate over the ZLK oscillations roughly
at the same time. Using, the Peters (1964) formula for the GW
timescale at the 2.5PN leyel and the timescale for the 1PN precession,
the timescale ratio is

3/2

f1pt 647 rg

a; \3/2 2.5/2
i 1- .
0.08 au) (I —ey)

For our points of interest aj/au =

:4><106(

{0.075,0.056} and 1 — e; =

{0.0015,0.0018} \we get that the ratio is tGw/t1pn ~ {0.96, 1.8},
respectively, so both,effects are comparable for a highly eccentric
orbit. As the binary, inspirals further and becomes more circular, the
1PN effects willybecome faster, so w is expected to complete many
revolutions before the BBH merges.

Inspiralling stellar-mass BBHs sweep through the LISA band sev-
eral years before they merge, entering at detectable amplitudes at
~0.01 Hz (e.g., Klein et al. 2022). These binaries, if within the LISA
observational distance volume, would exhibit bursts of GW emis-
sion at its highest-eccentricity phases throughout its life. If observed
during its inspiral phase, either in real-time or through an archival
search, it would be observed with initially near-maximal eccentric-
ity as a burst-like source. It would be identifiable using methods
like the ones outlined in Knee et al. (2024), and the parameters of
the system could be identified using burst timing inference methods
(Romero-Shaw et al. 2023a). Implementing extraction of burst time
information from TSUNAMI, and creation of an approximate model
from this (since full waveform generation takes ~O(1) s currently
and is thus unsuitable for performing inference), is intended for future
work.

4 DETECTABILITY AND ASTROPHYSICAL
IMPLICATIONS

4.1 Distinguishing between the orbits

By slightly varying the initial conditions, we identity four families of
orbits. The rich parameter space, the chaotic nature of the problem,
and the time that waveform generation takes mean that, at this stage,
full parameter estimation of these sources is not feasible. However,
given the future LISA mission, we are able to draw some preliminary
conclusions.
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Figure 9. Characteristic strain k. = 2f|h(f)| of the four orbital families overlaid with the LISA’s sensitivi
curtailed artificially suddenly at the highest-frequency point in the simulation output.

The merging orbit is the most probable observable GW source.
This orbit starts on a low value of j, which leads to a high eccen-
tricity and corresponding fgw. In the first few cycles of the GW
capture, w rapidly circulates due to the 1PN term; this occurs at
fow = 0.3 Hz. The simulation stops at fgw =~ 0.48 Hz at ag and
eq, as in Figure 7. The merging orbit may be observed in LISA first
as a high-eccentricity burst source, before being captured inspiralin
through LISA and into ground-based GW detectors. This source mé

with ground-based detectors before being searched for i
LISA data.

We compare the different strains obtained for our resenta-
tive orbits in Figure 8. We use the same sampli ~4 Hz
and the same time of integration of 10 year at for the

lies except small libration—the strain has sharp bursts and
reaches strain amplitude magnitudes up to = ~19 and higher for
the merging binary (for the Galac@ce of 8 kpc). The time
difference between the peaks i secular time, which is slightly

different between the orbits.(The mérging orbit has a varying secular
timescale due to the changing libration amplitude (the capture phase

is not shown). The s orbit does not exhibit strong bursts
and is more sinus '% hout the evolution.

Figure 9 shows th acteristic strain of the four families over-

laid with t nsitivity curve. The characteristic strain is
he(f |2 (f)); where 2(f) =1U~1§C(f)+l~13_(f) is the sum of the
Fou ents of the two strain polarisations. For the Fourier
use the fast Fourier Transform implemented within the
[LBY package (Ashton et al. 2019), where scipy.interpolate’s

interpolator was used to construct a uniform time series from the
simulated strains. The strain signals are artificially abruptly stopped

o— | [SA SN
small-lib

large-lib.

— merge

1074 1073 1072 107!
[ [Hz]
~
ick black line). The signals are here

e the simulation data runs out. LISA’s sensi-
lack line) was generated using Robson, Cornish,
yter notebook.

1g the characteristic strain in log-log space, we can get
e SNR of each signal. Since our signals are artificially
high frequencies, we do not compute the SNRs, but can

at high frequenci
tivity curve

ital families have a distinctive detectable features where the peak
strain exceeds the LISA sensitivity curve by about two orders of
magnitude near the minimum of the sensitivity curve around fgw =~
3 —-5x 1073 Hz. The merging orbit remains high throughout the
LISA frequency band. These preliminary high SNRs make future
detections potentially feasible.

These waveforms are generated numerically using the new func-
tionality we have added to the TSUNAMI code. If the time between out-
put snapshots is At, then each waveform takes O (1) x (1+At/5000s) s
to generate, which makes Bayesian inference studies infeasible. In
future work, we will extract burst time information from TSUNAMI
and create an approximate surrogate model to enable the parameters
of the systems to be inferred (e.g., Romero-Shaw et al. 2023a).

4.2 Total number of librating BBH

The rates of the systems we investigate in this paper are uncertain.
Although about 10* BHs are expected to reside within a distance of
103 au from Sgr A* (Miralda-Escudé & Gould 2000; Freitag et al.
2006; Rose et al. 2022), it is unclear how many of them are in binaries
or in librating configuration. The only large statistical sample of well
resolved orbits of similar configurations of small-mass binaries orbits
amuch more massive object is the sample of irregular satellites in the
Solar system, where 228 irregular satellites around giant planets are
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Czix J-

Figure 10. Parameter space of Czik-j, that distinguishes circulating
(Czix > 0) and librating (Czrx < 0) orbits from our fiducial sample.
About 37% of the orbits are librating (top panel CDF). Another ~ 20% has
low j (bottom panel CDF).

known, and only 13/228 ~ 5.7% are found to be librating (Grishin
2024b). However, these orbits are markedly different with relative
low inclinations with |j;| > 0.4, so they do not experience high
eccentricities. There is also a distinct void in the range of mutual
inclinations 60 — 120°, attributed to the loss of the satellite during
ZLK cycles (Grishin et al. 2017).

The conditions for libration to be possible is given by the dimen-
sionless quantities egp (Eq. 3) and j, (see Figure 7 of Grishin 2024a
for the ‘optimal’ libration zone where the initial w = 7/2 and Fig-
ure 1 of Grishin 2024b for the sample of known irregular satellites),
however they are inaccurate since they neglect the dependence of w.

Recently, a high-order analytical theory was developed to classify
librating orbits with the extent of the Brown Hamiltonian (accounting
for mild hierarchies, Lei & Grishin 2025a,b). In particular, the orbit
will be librating if the modified ‘Kozai constant’

1+ geSAjz _3 (1 + QESAJ'Z) sin” w sin? L} (12)
2 2 8

is negative (Eq. 20 in Lei & Grishin 2025b, see‘alsortheir Figure 2

for parameter space exploration). For egp = 0,'Cz k reduces to the

classical ZLK constant.

BBHs, of course, have very different formationand evolution chan-
nels. If the BBH binary fraction is f;,, and the mutual inclination is
uniform in cosine, we may expect ~ 104 Joinfhigh,lib Where fhign lib
is the number of librating binaries*with |j;| < 0.1 such that hte
eccentricity is large.

In order to explore.these.fractions, we take N = 10° random
samples of a triple system\with w ~ U|[0,2x] sampled from a uni-
form distribution; ¢ sampled from a thermal distribution (f(e) =
2e).cost ~ U[-1, 7 also uniform and logjesp ~ U[-3,-0.5]
is sampled from axogZuniform distribution corresponding to Opik’s
law.

Figure 10 shows the distribution of the orbits in j;-Cz; g space,
which is\very similar to the parameter space presented in Figure 2 of
Lei & Grishin (2025b). We see that 37% of the orbits are librating
(CzLk < 0), ~ 20% have |j;| > 0.1. The total number of highly-
eccentric librating orbits (both Czix < 0 and |j;| < 0.1) is about

2
Czik =e

GWs from ZLK triples 11

10%. For the irregular satellite population, about 7% of the orbits are
librating with |j,| > 0.4, compatible with the observations. Fixing
esa = 10703 only raises the fraction of librating orbit to ~ 42% but
the fraction of highly-eccentric librating orbits remains similar, thus
we conclude that our studies sample does not strongly depend on the
prior of €ga.

To summarise, fhigh,1ip ~ 0.1 and we expect about 103 fi,in highly
eccentric librating binaries. The same estimate for low eccentricity
librating binaries is about 7%, compatible with the 5.7% of the
librating irregular satellite sample. The binary fraction is unknown,
but BHs do tend to pair up efficiently in nuclear star clusters (e.g.,
Kritos et al. 2023; Chattopadhyay et al. 2023; Dall’Amico et al. 2024).

4.3 Generalisation to arbitrary tertiary mass

The inner binary is perturbed by a massive distant tertiary)of mass
Moyt at separation aqyt. The typical timescale of this‘perturbation is
the secular timescale (e.g., Grishin 2024a),

4my +my) 2ad(1 - 3P d]

13)

Isec = .
3G1/2m0utai’/2 Mout

For a given scalar y > 0, scaling the mass by m3 — y3m3, and the
separation by a, — yas keeps the secular time, and thus the strength
of the perturbation intact.

The secular approximation)yields the orbital evolution on secular
times, after averaging\over short term oscillations. Recent studies
have used the secular approximation to study the detectability of
eccentric BBHuin\ galactic nuclei (Hoang et al. 2019; Randall &
Xianyu 2019; Knee et al. 2024). Another approximation is the test
particle limit, where the ratio of the inner to outer angular momentum,
isssmall, i.e.

X /Jin[

Mpind | 172

1n

=, —2] , (14)
out esu)

meota (1 —

where i, = myma/myin and plour = mpinm3/(m3 + myiy) are the
reduced masses of the inner and outer binaries, respectively. For the
small libration case, 779 = 3.95x 107> The angular momentum ratio
scales as 7 — y~2n. Even within the framework of the double-
averaging (secular) approximation, values of the angular-momentum
ratioas low asn = 10~ could yield significant changes in the secular
evolution (Naoz et al. 2013).

Figure 11 shows the evolution of the small libration orbit for differ-
ent values of y. We see that the equal mass case (y = 0.0171; moyt =
3 x4 %100 % 20 Mo) is evolving significantly differently, as seen
in the orbital elements in the top panels. The difference between the
burst timing (bottom middle panel) is about 3 hours. The other orbits
(y = 0.8,0.99) evolve similarly to the fiducial orbit, and the orbital
element evolution is indistinguishable after 1 year. However, since
the width of each burst is narrow, the GW strain signature is still
different. The bottom right panel shows that the offset between the
v = 0.8 orbit and the fiducial orbit is about 4 — 5 min, while the
typical width of the burst is about 2 mins, so the bursts are largely
separate from each other. Only the y = 0.99 orbit significantly over-
laps with the fiducial orbit, with an offset of about 20 s. However, one
year of data contains over 100 peaks (since the inner orbital period
is slightly less than 0.01 yr). Even orbits with small differences in y
are therefore expected to be distinguishable.
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Figure 11. Time evolution of the small libration orbit for different values of y, where the tertiary mass and separation are scaled as mgy — v3moy and
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strain polarisation is shown in the bottom panels. Bottom middle and right panels are zoomed in version on timescales of hours and minutes, respectively.
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Figure 12. Comparison for the small libration orbit (red) to the isolated orbits without the SMBH with the same initial condition on e at the fixed point (dashed
blue), or with a lower eccentricity close to the average of the oscillations (dashed green). Left to right show zoomed in insets of time. Top to bottom: The
argumentiof‘pericentre w, eccentricity ey, the *+’ strain polarisation and the GW frequency.
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4.4 Comparison to an isolated binary

Figure 12 shows the evolution of the small libration orbit compared
to an isolated eccentric binary (without the SMBH). We also use the
isolated case as a benchmark for the strain calculation which show
a smooth modulation on top of the burst at each pericentre passage.
We test two initial values of the eccentricity: the same as in the small
libration case (at the fixed point; dashed blue) and at a lower value
closer to the mean around the secular oscillations (dashed green). We
see that in the isolated cases w precesses due to the 1PN term, and
a larger eccentricity leads to faster precession, due to the (1 — e%)_1
term in the 1PN precession rate. The eccentricity in the isolated case
is almost fixed due to lack of perturbations, contrary to the small
oscillations in the SMBH case. Similar behaviour is evident in fgw
(bottom panels) where the GW frequency is varying mostly due to
the eccentricity oscillations but remains largely fixed for the iso-
lated binaries. The strain polarisation looks dense with characteristic
timescale of modulation either with the ZLK oscillations (SMBH
case) or due to the 1PN precession (isolated cases). We also note that
indeed the secular timescale is much faster than the 1PN precession,
which makes egr (Eq. 2) small, as expected.

Besides the 1PN precession timescale and secular ZLK timescale,
we also observe additional timescale in the time series. First, the
strain polarisation is bursty with typical time between burst being
the inner period of Py =~ 0.00918 yr = 3.36 days. Small ’sawtooth’
oscillations in the eccentricity and fgw are evident on this timescale.
The eccentricity also oscillates on a longer timescale of Py ~ 0.23 yr.
At every pericentre, the orbital elements change rapidly and the
strain increases by several orders of magnitude for a short duration
of ~ rp /vy, due to the large accelerations involved. Zooming in on
one peak, we see that the arrival times (and also strain amplitudes)
are well separated by about 2 hours from each other, which is about
~ 2.5% of the total orbital period. Thus, the different orbits can be
well separated from each other.

5 SUMMARY AND CONCLUSIONS

We have explored the complex behaviour of BBHs in galactic nuclet
influenced primarily by the tertiary SMBH, in the process adding to
the TSUNAMI code the capability to produce strain signals?*Ourimain
conclusions are as follows:

e Even for hierarchical systems, the secular approximation can
yield incorrect results due to short-term oscillations (e:g.; Luo et al.
2016; Grishin et al. 2018; Mangipudi et al. 2022) ‘especially when
the BBH is in the highly eccentric phase.

e In addition to the standard von Zeipel-Lidov*Kozai (ZLK) evo-
lution where the inner argument of péricentre w is circulating (Figure
3), w and the eccentricity e; can also librate with large (Figure 4)
or small (Figure 5) amplitude around,a fixed point in phase space,
which s given by Eq. (4) andw = 7t/2, 37 /2 (see also Grishin 2024a).
Moreover, for extremelyhigh.eccentricity (or low j,), GW emission
at pericentre can lead,to GW capture and merger even an initially
librating orbit (Eigure 6); which could potentially be observed both
by LISA and ground<based GW detectors. These four families have
unique signaturesiin« and GW strain (Figure 2).

o We added a method to calculate the strain polarisations within the
N-body code TSUNAMI (Trani & Spera 2023) by using the quadrupole
formula and accounting for the direct accelerations from the tertiary
and due to post-Newtonian effects up to 3.5PN. Using this method
we are able to compare the different GW signatures directly from
the simulations (Figure 8). We find that most of the strain signatures
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include high bursts separated by a quiescent phase on timescales of
years. The small-amplitude orbit maintains its high eccentricity and
has consistent burst on the order of its inner orbital period of a few
days.

e Due to the complexity of the dynamics, each orbit has almost
unique signature. Varying the SMBH mass by as little as 3% (y =
0.99 in Figure 11) will lead to an offset of the time-of-arrival of
the burst by about 20 s, which can still enable distinguishability,
based on the precision to which we are able to isolate the arrival
time of a single burst. Distinguishing BBH in galactic nuclei from
those formed in more equal-mass field triples is also possible due
to the breakdown of the test-particle limit and the backreaction on
the tertiary orbit (Figure 11). Moreover, the orbits of BBHs with a
SMBH perturber are markedly different from a binary in isolation
with the same initial conditions (Figure 12).

e The GW signature should be distinguishable in the LISA band
where the SNR is high enough (around 100 for peak frequeney, Figure
9). Semi-analytical population studies suggest that 10% 0f BBHs in
the Galactic Centre (or 1000 BBHs in total) will have‘highly‘eccentric
librating orbits (Figure 10).

The duration of a burst is about rj, /v ,-at periapse, which is
~ 1 minute, as in Figure 11. This occufs every < 3.4 days, or
> 4800 minutes. Generating 1 year of data takes ~ 0.5 seconds
for output snapshots above Az = 5, 000,se€, and linearly increases to
~ 4 minutes for the desired output of\Az.=/10 s in order to capture
the burst time derivative. Thus; full Bayesian parameter estimation is
not feasible using the waveform'model we have developed. However,
searches and inference methods that rely on bursts and burst timing,
rather than generatiomof full'\waveforms, can identify these sources
and potentially infer the properties of the system (Romero-Shaw et al.
2023a; Knee et al. 2024;-Saini et al. 2025).

ACKNOWLEDGEMENTS

We thank Roi Basha for pointing out the non-trivial analogy between
the ZLK oscillations and the pendulum model. We thank Alan Knee,
Smadar Naoz and Jess Mclver for useful discussions. EG acknowl-
edges support from the ARC Discovery Program DP240103174
(PI: Heger), the ARC OzGrav Centre of Excellence CE230100016,
and the ARC Discovery Early Career Research Award (DECRA)
DE260101802. IMR-S acknowledges support from the Herchel
Smith Fund, the Science and Technology Facilities Council grant
number ST/Y001990/1, and the Science and Technology Facili-
ties Council Ernest Rutherford Fellowship grant number UKRI2423.
AAT acknowledges support from the Horizon Europe research and
innovation programs under the Marie Sktodowska-Curie grant agree-
ment no. 101103134.

DATA AVAILABILITY

The data underlying this article will be provided by the corresponding
author upon reasonable request.

APPENDIX A: GRAVITATIONAL-WAVE STRAIN
CONSTRUCTION FROM THE QUADRUPOLE
PROJECTION

We compute the two polarizations of the gravitational-wave strain, /.
and hy, from the leading-order (mass) quadrupole formula, follow-
ing the tensorial notation and transverse—traceless (TT) projection
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conventions of Maggiore (2007). In the wave zone at distance R
from the source, the radiative metric perturbation is

2G .
high (1) = S Pijia () L (), (A1)
where I;; is the (trace-free) mass quadrupole moment of the source,
n is the unit vector pointing from the source to the observer, and
Pijki 1s the TT projector,

1
Pijki(m) = PPy — > PijPry,

2 Pij =6ij —ninj. (A2)

At leading order, one may write f,-j directly in terms of instanta-
neous (X, v, a) without finite differencing in time.

Given the sky location (6, ¢) of the observer in the source frame,
we define the propagation direction

n = (sinf sing, sinf cos ¢, cos ), (A3)

and construct an orthonormal triad (p, q, n) suchthatp-n=q-n=0
and p - q = 0. Operationally, we pick an arbitrary reference vector t
not (nearly) parallel to n, form

txXn nxp
p:—, q:—, (A4)
[t x n]| [[n x pl|

and then define the usual plus and cross polarization tensors

62} =piPj —4i4;, e;(j=Pi£Ij +4ipj- (AS)
These satisty e;.‘}.n/ =0and e{} = 0 and provide a basis for the TT
subspace.
Finally, we construct the (already trace-free) radiative tensor
2G .

Hij = <R lij, (A6)
and obtain the two polarizations by contraction with the polarization
tensors,

1 1

h+=§Hije?j, hXZEHije;(j. (A7)
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