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A B S T R A C T 

Stellar-mass binary black holes may have circumbinary discs if formed through common-envelope evolution or within gaseous 
environments. Discs can drive binaries into wider and more eccentric orbits, while gravitational waves harden and circularize 
them. We combine cutting-edge evolution prescriptions for disc-driven binaries with well-known equations for gravitational- 
wav e-driv en evolution, and study the evolution of stellar-mass binary black holes. We find that binaries are driven by their disc to 

an equilibrium eccentricity, 0 . 2 � e eq � 0 . 5, that dominates their evolution. Once they transition to the GW-dominated regime 
their eccentricity decreases rapidly; we find that stellar-mass binary black holes with long-lived discs will likely be observed in 

LISA with detectable eccentricities ∼10 

−2 at 0.01 Hz, with the precise value closely correlating with the binary’s initial mass 
ratio. This may lead stellar-mass binary black holes with CBDs observed in LISA to be confused with dynamically-formed 

binary black holes. 

Key w ords: gravitational w aves – stars: black holes – black hole mergers – accretion, accretion discs. 
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 I N T RO D U C T I O N  

inary black holes (BBHs) evolving within circumbinary discs
CBDs) can be driven to long-lasting equilibrium eccentricities
D’Orazio & Duffell 2021 ; Zrake et al. 2021 ; Siwek, Weinberger &
ernquist 2023b ). Merging stellar-mass BBHs form via several
athways that may involve CBDs: for example, an isolated binary
ay go through common env elope (CE) evolution (P aczynski 1976 ;
ivio & Soker 1988 ; Bethe & Brown 1998 ; Dominik et al. 2012 ;

v anov a et al. 2013 ; Krucko w et al. 2016 ; Ste venson et al. 2017 ),
hile a dynamically-assembled binary may evolve while embedded

n an active galactic nuclei (AGN) disc (Bartos et al. 2017 ; McKernan
t al. 2018 ; Yang et al. 2019 ; Gr ̈obner et al. 2020 ; McKernan et al.
020 ; Ford & McKernan 2022 ; Samsing et al. 2022 ; Calcino et al.
023 ), and binaries evolving in field triples may also gain CBDs
Liu & Lai 2017 ; Silsbee & Tremaine 2017 ; Antonini, Toonen &
amers 2017; Liu, Lai & Wang 2019 ; Vigna-G ́omez et al. 2021 ;
orozsmai et al. 2024 ). Dynamical assembly in dense star clusters is
ot thought to produce BBHs with CBDs, since frequent BH partner-
wappings and interactions likely disrupt disc formation (Wen 2003 ;
ntonini & Rasio 2016 ; Askar et al. 2017 ; Hoang et al. 2018 ;
amsing 2018 ; Rodriguez et al. 2018a , b ; Fragione & Bromberg
019 ; Chattopadhyay et al. 2023 ). Identifying the influence of a CBD
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n the orbit of a BBH can therefore distinguish between different
ormation environments. 

For BBHs detected with the current generation of ground-based
etectors, measurable eccentricity is considered a robust indicator of
ynamical formation (Lower et al. 2018 ; Zevin et al. 2021 ). Isolated
BHs are expected to have negligible eccentricities in ground-
ased detectors, but close-to-merger eccentricities in dynamically-
ormed or tertiary-driven BBH can be higher, with different pathways
ielding distinct eccentricity distributions (e.g. Antonini, Toonen &
amers 2017 ; Samsing 2018 ; Rodriguez et al. 2018a ; Arca Sedda,
i & Kocsis 2021 ; Tagawa et al. 2021 ; Samsing et al. 2022 ). For
xample, BBHs forming in globular clusters (GCs) have 10 −8 �
 10 � 10 −3 if ejected from the cluster, 10 −7 � e 10 � 10 −2 if they
erge between dynamical interactions, and 10 −3 � e 10 � 1 if they
erge through GW capture (Zevin et al. 2021 ). The limited eccen-

ricity sensitivity of Advanced LIGO–Virgo–KAGRA (LVK; Abbott
t al. 2018 ) detectors permits a narrow window onto eccentricity
istributions: we are sensitive to only e 10 � 0 . 05 at GW frequencies
f 10 Hz (Lower et al. 2018 ). Just a small fraction of the multipeaked
istribution predicted for BBHs in GCs, which differs from those
rising in other environments like AGN discs and field triples, can be
sed to distinguish a population of GC mergers from other channels
n current detectors (Romero-Shaw, Lasky & Thrane 2022 ). 

Future space-based detector LISA (Amaro-Seoane et al. 2022 )
ill unlock a lower-frequency stretch of the GW spectrum: 10 −4 �
 GW 

� 0 . 1 Hz. LISA will be most sensitive to chirping stellar-
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ass BBHs approximately 10 yr before they merge, at frequencies 
0 . 01 Hz (Gerosa et al. 2019 ). While LISA’s observable volume

or chirping stellar-mass BBHs is small, we do expect to capture 
everal tens of inspiralling systems within redshifts z � 0 . 1 (Gerosa
t al. 2019 ; Wang et al. 2021 ; Klein et al. 2022 ). Within the Milky
ay, LISA may see ∼5 BBHs at lower frequencies, ≈10 −4 –10 −3 Hz,
here their slow evolution will give them quasi-monochromatic 
W emission (Strokov & Berti 2024 ); a key challenge will be
istinguishing more exotic sources like this from the dominant white 
warf binary background (Moore et al. 2023 . 
Since GW frequency increases as the binary separation shrinks, 

ISA will observe earlier stages of a stellar-mass BBH’s life 
ompared to ground-based detectors. Since GWs circularize orbits, 
ounger systems are also likely to have higher eccentricities (Peters 
964 ). With LISA sensitivity, eccentricities � 10 −3 can be measured 
or stellar-mass BBHs inspiralling through the LISA band at a GW 

requency of 0.01 Hz (Klein et al. 2022 ; Garg et al. 2023 ; Wang
t al. 2024 ). Binaries evolving in isolation are expected to have
0 −5 � e 0 . 01 � 10 −3 at 0.01 Hz, those merging after ejection from
heir host cluster have 10 −4 � e 0 . 01 � 10 −2 , and in-cluster mergers
ill have e 0 . 01 � 10 −2 (Wang et al. 2024 ). Eccentricity is therefore

ikely to be a common feature of stellar-mass BBHs in LISA. 
Interactions of a BBH with a CBD can cause distinct observables, 

hich may facilitate the identification of CBD-driven BBH mergers. 
uch observables include electromagnetic counterparts (e.g. M ̈osta 
t al. 2010 ; Martin et al. 2018 ), and mass ratios closer to unity due to
referential accretion onto the less massive component (e.g. Farris 
t al. 2014 ; Gerosa et al. 2015 ; Duffell et al. 2020 ; Siwek et al. 2023a ).
s we show in this work, another feature that could distinguish

tellar-mass BBHs with CBDs is distinct and measurable eccentricity 
alues at 0.01 Hz, 0 . 2 � e 0 . 01 � 0 . 5. We find that the value of e 0 . 01 

orrelates with the binary’s initial mass ratio q i , meaning that it may
lso correlate with the final mass ratio q f if the BBH torques the CBD
ufficiently to prevent accretion (Martin et al. 2018 ). Alternatively, a 
opulation of q f ≈ 1 BBHs may have their initial distribution of q i 
apped by their detected e 0 . 01 . 
Torques from a CBD can act to contrast or amplify the effects of

W emission. GW emission can only remo v e energy from a binary,
hereby al w ays reducing its separation and eccentricity (Peters 
964 ). Analytical and early numerical simulations (e.g. Pringle 1991 ; 
ould & Rix 2000 ; Armitage & Natarajan 2002 ; Haiman, Kocsis &
enou 2009 ) showed that the presence of a CBD would also facilitate

nspiral. More recent hydrodynamic simulations, ho we ver, which 
esolve the gas dynamics within the central cavity of the CBD, show
hat CBDs can cause binary inspiral or outspiral, (e.g. Miranda, 

u ̃ noz & Lai 2016 ; Mu ̃ noz, Miranda & Lai 2019 ; D’Orazio &
uffell 2021 ) depending on many factors [e.g. disc thickness (Tiede 

t al. 2020 ), viscosity (Heath & Nixon 2020 ), binary mass ratio and
ccentricity (Siwek et al. 2023b )], if the disc mass is comparable
o the mass of the binary (Valli et al. 2024 ). Hydrodynamical
imulations also show that resonant disc-binary interactions typically 
ncrease the eccentricity of binaries that start close to circular 
Goldreich & Tremaine 1979 ). The eccentricity saturates at a limiting 
 alue (Lubo w & Artymo wicz 1992 ; D’Orazio & Duf fell 2021 ; Zrake
t al. 2021 ), the ‘equilibrium eccentricity’ e eq , that depends on the
inary mass ratio (Siwek et al. 2023b ), if the mass of the CBD is at
east a few per cent of the binary’s mass (Valli et al. 2024 ). 

Ishibashi & Gr ̈obner ( 2020 ) developed an analytic model to
ombine the driving factors of gas torques and GW emission on 
BH embedded in AGN discs, with disc properties dependent on the 
ass and proximity of the central supermassive BH. They estimate 

he eccentricities of equal-mass BBH with M = 50 M � in LISA to
e in the range 0.01–0.1. Ishibashi & Gr ̈obner ( 2024 ) updated the
implified analytic model to include the effects of accretion, studying 
hree different total masses and five different mass ratios. Zrake et al.
 2021 ) combine hydrodynamical simulations with equations for GW- 
ri ven e volution from Peters ( 1964 ) to evolve equal-mass BBHs
f masses ranging from stellar to supermassive, finding all equal- 
ass BBHs have e eq ∼ 0 . 45 as a result of gas driving, and that an
 = 147 M � binary at redshift z = 1 has e ∼ 5 × 10 −3 at ∼0 . 01 Hz.

or other classes of LISA sources, such as the much heavier and
ouder supermassive BBH mergers, eccentricities can be measured 
t lower frequencies; for example, Armitage & Natarajan ( 2005 );
oedig et al. ( 2011 ); Siwek, Kelley & Hernquist ( 2024 ) all predict

hat 10 6 M � BBHs retain e � 10 −3 in LISA. 
Here, we combine cutting-edge detailed hydrodynamical simula- 

ions of BBHs with CBD (Siwek et al. 2023b ) with the formulae
f Peters ( 1964 ) for the evolution of orbital parameters under GW
mission. We study a range of binary total masses M ∈ (33 , 60) M �
nd initial eccentricities e i ∈ (0 , 0 . 8), finding that these binaries have
quilibrium eccentricities between 0 . 2 � e eq � 0 . 5, depending on
nitial mass ratio. As they evolve to higher frequencies and smaller
eparations, GW-dri ven e volution takes o v er, and the eccentricity
egins to decay rapidly. The earlier CBD-dri ven e v olution lea ves its
ark on the binary, leading to eccentricities e 0 . 01 ∼ 10 −2 at 0.01 Hz.
In Section 2 , we describe our procedure for ev olving stellar -mass

BH with CBDs; in Section 3 , we report our results; and in Section 4 ,
e summarize the implications of these results and discuss follow-up 

tudies. 

 M E T H O D  

he gas-driven evolution of BBHs is encapsulated by incremental 
hanges in semimajor axis, ȧ gas , and eccentricity, ė gas . Rates of 
hange are derived in Siwek et al. ( 2023b ) for systems with different
nitial mass ratios, q i , and initial eccentricities, e i . The evolution rates
re scaled by the initial separation, a i , and initial total mass of the
inary, M i . We use the orbital evolution prescriptions published in
iwek et al. ( 2023b ), computed using a grid of hydrodynamical
imulations created using the Navier Stokes version of moving- 
esh code Arepo (Springel 2010 ; Pakmor et al. 2016 ). The disc

iscosity, v = α( h/r ) 2 r 2 
√ 

GM /r 3 , is parametrized by a constant
= 0 . 1 (Shakura & Sunyaev 1973 ), and the disc aspect ratio is fixed

t h/r = 0 . 1. The results of these simulations are in good agreement
ith the results of simulations using other codes that employ similar
ethods, e.g. Mu ̃ noz et al. ( 2019 ), D’Orazio & Duffell ( 2021 ), Zrake

t al. ( 2021 ). 
The evolution rates calculated in Siwek et al. ( 2023b ) are valid for

eneric binary-plus-disc systems. Their scaling to physical quanti- 
ies, e.g. the absolute accretion rate and electromagnetic luminosity, 
epends on the ratio of accretion efficiency in Eddington units, f e ,
o the radiative efficiency parameter ε. The latter may take a value
etween 0 and 1, and represents the fraction of the rest mass energy
f the object lost as radiation during the accretion process. The
ravitational potential energy of a particle in the disc can be lost due
o friction-induced gas heating. For single BHs, ε ranges between 
bout 0.06 for Schwarzchild BHs and 0.32 for maximally-spinning 
Hs (Laor & Netzer 1989 ). Interactions of BHs with each other
nd with their CBD, as well as poorly-constrained mechanisms of 
adiative feedback, make ε uncertain for BBH evolution. We use a 
onserv ati ve estimate of ε = 0 . 1. We note that f e /ε = 0 . 1 (when
 e = 0 . 01 , ε = 0 . 1) could equally be achieved with, for example,
 e = 0 . 1 , ε = 1. 
MNRASL 534, L58–L64 (2024) 
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Each simulated grid of BBHs comprises 90 systems with ten initial
ass ratios uniformly distributed in the range 0 . 1 ≤ q i ≤ 1 . 0 and

ine initial eccentricities uniformly distributed in the range 0 . 0 ≤
 i ≤ 0 . 8, matching the grid of parameters co v ered in Siwek et al.
 2023b ). We evolve these binaries o v er a grid of ten f e values in
he range 0 . 01 ≤ f e ≤ 0 . 1. Our main results are shown for binaries
f initial primary mass m 1 , i = 30 M �. Our lowest initial secondary
ass is therefore 3 M �, a rather low BH mass that can arise through
E e volution (Ze vin et al. 2020 ) if the instability growth time-scale

n supernovae is assumed to be ∼200 ms (the ‘Delayed’ prescription
f Fryer et al. 2012 ). We also run otherwise-identical simulations
ith initial total mass M i = 60 M �. 
We initialize each binary with a small semimajor axis of 0.2 au to

robe the regime where GWs may compete with the CBD, since
W emission only starts to influence the evolution significantly

t separations on this scale. This is also a reasonable distance to
nitiate BBHs immediately post-CE; indeed, separations immediately
ollowing CE can be much smaller (e.g. Stevenson et al. 2017 ;
elczynski 2020 ). We compare results with and without including

he effects of accretion; details of the implementation are given in
ection 2.1 . 
The GW-driven evolution of BBHs is described by the equations of

eters ( 1964 ): 

˙ GW 

= 

−64 

5 

( 

G 

3 M 

3 

c 5 a 3 (1 − e 2 ) 
7 
2 

) (
1 + 

73 

24 
e 2 + 

37 

96 
e 4 

)
, (1) 

˙ GW 

= 

−304 

15 
e 

( 

G 

3 M 

3 

c 5 a 4 (1 − e 2 ) 
5 
2 

) (
1 + 

121 

304 
e 2 

)
, (2) 

here ̇a GW 

and ̇e GW 

are the evolution rates of the semimajor axis a and
ccentricity e due to GW emission, G is the gravitational constant, c is
he speed of light, and the chirp mass M = ( m 1 m 2 ) 3 / 5 / ( m 1 + m 2 ) 1 / 5 .

To calculate the combined effects of gas and GWs on the binary
volution, we calculate at each timestep the net change in a and e, 

˙ net = ȧ gas + ȧ GW 

, 

ė net = ė gas + ė GW 

. (3) 

We estimate f GW 

as simply double the Keplerian orbital frequency
f a circular binary with separation a, which corresponds to the fre-
uency of the dominant harmonic for moderately-eccentric binaries.

.1 Accretion of gas 

hile f e represents the fraction of the Eddington accretion rate that
 single BH of mass M = m 1 + m 2 would accrete at, the individual
Hs likely accrete asymmetrically at different rates (Siwek et al.
023a ). This parameter can be considered a proxy for the surface
ensity of the disc, providing a measure of how much gas is available
o torque the binary: the denser the disc, the stronger the torque
n the binary from the gas parcels that are distributed in the disc.
he actual efficiency of mass accretion onto stellar-mass BBH from
iscs formed in post-CE systems is influenced by multiple uncertain
actors, e.g. magnetic fields in gas discs of this type, which affect the
ate of viscous transport. 

We consider three accretion paradigms in this work. The first is
nlimited accretion , representing a binary in an infinite gas reservoir
hat continually accretes mass. The second is no accretion (‘none’ in
ig. 2 ), representing a binary in an infinite gas disc that continually

nteracts with the disc but does not accrete any matter at all.
egligible accretion may be the norm for post-CE BBHs with discs:

typical’ binary-disc parameters for post-CE stellar-mass BBH are
ound to converge towards the zero-accretion case due to the torques
NRASL 534, L58–L64 (2024) 
hat the binary e x erts on the disc (Martin et al. 2018 ). The third case
s limited accretion , in which the disc mass is 10 per cent of M i , and
he binary accretes until the disc runs out. 

If the CBD contains less mass than the binary itself, accretion
ill deplete the disc before it has time to significantly influence its

eparation, although the steady-state eccentricity can be reached if
he disc contains only 10 per cent of the binary’s mass (Valli et al.
024 ). If the binary components accrete, the mass and mass ratio of
he binary are time-dependent and alter the eccentricity evolution.

ass accretion proceeds asymmetrically for unequal-mass binaries,
ith preferential accretion onto the lower-mass object; we implement

his by interpolating the grid of λ( q, e) values presented in fig. 4 of
iwek et al. ( 2023a ). In our limited accretion model, the disc mass
 d = 0 . 1 M and the system reverts to GW-only evolution once this

s depleted. The influence of the disc likely decreases gradually
s it loses mass to the binary and its surface density is reduced.
e approximate this behaviour by multiplying ȧ gas and ė gas by the

raction of the disc mass remaining at that timestep, 1 − δM/M d .
n our unlimited-accretion model, the binary accretes at f e times its
ime-evolving Eddington limit throughout its evolution. 

 RESULTS  

e compare examples of CBD-plus-GW-driven evolution to GW-
nly in Fig. 1 for initial eccentricities e i = 0 . 1 , 0 . 8, initial mass
atios q i = 0 . 1 , 0 . 5 , 1 . 0, and a range of f e . Consistent with Siwek
t al. ( 2023b ), we find that a binary is driven by its CBD towards
n eccentricity that remains near-constant for a large fraction of
ts lifetime. For stellar-mass BBHs with CBDs, the equilibrium
ccentricity e eq generally persists for O( Gyr ). 

The CBD heavily influences the BBH merger time-scale. While the
W-only merger time-scale is a strong function of e i , the GW-plus-
as time-scale varies less with e i and more with q i . As the regulating
nfluence of the disc is strongest when f e = 0 . 1, in this case there is
lmost no difference in the merger time-scales of binaries with the
ame q i and but different e i . For low q i , the merger time-scales are
lmost identical regardless of f e . 

As reported in Table 1 , e eq is set by q i for all initial eccentricities
 i > e i , min . The values we find are consistent with those reported in
alli et al. ( 2024 ). These eccentricities may not be observed in BBHs
ith e i � 0 . 05, which rapidly circularize in all cases except equal-
ass, and those with f e = 0 . 01, e i � 0 . 6, and q i ≈ 1, which only

riefly occupy the equilibrium eccentricity before recommencing
heir predominantly GW-driven decay (see the lower right panel of
ig. 1 ). 
Stellar-mass BBHs with CBDs are candidates for multiband

bservations and archival searches in LISA data. Fig. 2 shows
he expected eccentricity at 0.01 Hz, e 0 . 01 . We find e 0 . 01 ∼ 10 −2 ,
ithin the range of detectability for such searches, and of the

ame magnitude as expected eccentricities from dynamically-formed
ergers (Wang et al. 2024 ). The e 0 . 01 values remain set primarily by
 i , although for the unlimited-accretion case we expect q f ≈ 1. For
he negligible-accretion case, in which q f = q i , this correlation a
otential smoking-gun of BBHs with CBDs. We note that all e 0 . 01 

alues are given in the source frame, without considering the effects
f the redshifting of the reference frequency. Using Peters ( 1964 ), we
stimate that an eccentricity of e = 3 × 10 −2 at 0.01 Hz is redshifted
o e = 2 × 10 −2 if z = 0 . 2 (10 −3 if z = 1); see also section 4.1.1 of
omero-Shaw et al. ( 2022 ). Redshifting therefore likely accounts for

he much lower predicted e 0 . 01 ∼ 2 × 10 −3 for the q i = 1 BBH with
 i = 147 M � highlighted in Zrake et al. ( 2021 ), although higher-
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Figure 1. The eccentricity evolution of BBHs with e i = 0 . 1 , 0 . 8 (left and right columns, respectively, of each set of plots) and q i = 0 . 1 , 0 . 5 , 1 . 0 (top to bottom 

rows) with initial m 1 , i = 30 M �, assuming unlimited accretion (see Section 2.1 ). The left set of plots shows the eccentricity evolution with peak GW frequency, 
while the right set of plots shows eccentricity evolution with time. The assumed f e is indicated by the opacity of the curve. Because the CBD forces binaries 
with high e i to smaller eccentricities much more rapidly than it shrinks their separation, these binaries evolve from higher to lower peak GW frequency before 
reaching their steady-state. The steady-state eccentricity decays abo v e 10 −4 Hz. 
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ass BBHs also circulate at lower frequencies than lower-mass 
BHs. 
The history of the binary is obscured by its interaction with the

BD. The worst concealment occurs for q i = 1, where e eq ≈ 0 . 47
or e i > 0 and e eq ≈ 0 . 4 for e i = 0; further, we find that e 0 . 01 ≈ 10 −2 

or all e i . Equilibrium eccentricities found in D’Orazio & Duffell 
 2021 ); Zrake et al. ( 2021 ) for q i = 1 are also e eq ≈ 0 . 47, although
hese studies see q i = 1 , e i ≈ 0 further circularize. Our results are
onsistent with those of Siwek et al. ( 2023b ), so we chalk this up
o the use of different hydrodynamical simulations rather than the 
nclusion of GW emission. In the final column Table 1 , we show
 eq for BBHs with M i = 60 M �. Higher-mass systems reach slightly
ower steady-state eccentricities; see also Zrake et al. ( 2021 ); Siwek
t al. ( 2024 ). 

All of our simulated binaries inspiral and merge, in contrast with 
revious studies (e.g. D’Orazio & Duffell 2021 ; Siwek et al. 2023b ;
alli et al. 2024 ), which found expanding orbits for some e i = 0
r low mass ratio binaries. This is a consequence of including GW
mission: in areas of the e i , q i plane where ȧ gas is positive in fig. 1 of
alli et al. ( 2024 ), ȧ GW 

is ne gativ e and much higher in magnitude.
aking e i = 0 . 4 , q i = 0 . 1 , f e = 0 . 1 as an example, ȧ GW 

is negative
nd ∼10 7 times higher in magnitude than ȧ gas at a = 0 . 2 au, driving
he binary quickly to smaller separations. At around a = 0 . 1 au,
he sign of ȧ gas also becomes ne gativ e; howev er, by now the GW
mission dominates even more, and ȧ GW 

/ ̇a gas ∼ 10 14 . The rapidity 
f eccentricity evolution for BBHs with CBDs is also explained 
y inspecting ė gas and ė GW 

; for the same example system, both are
e gativ e, but ̇e gas / ̇e GW 

∼ 6000 at a = 0 . 2 au. This ratio becomes ∼ 1
round a = 0 . 1998 au. 

The GW frequency range within which a binary inhabits e eq 

epends on f e for two reasons. Firstly, since f e represents the
vailability of gas that can torque the binary, a high f e causes the
inary evolution to be more strongly disc-driven and for longer. 
econdly, if we allow ṁ 1 , ṁ 2 ≥ 0, the binary evolves more rapidly;

n this case the mass in the disc can also be depleted rapidly, so
he disc-driven epoch may be much shorter than the negligible- 
ccretion case. The negligible-accretion case with f e = 0 . 1 produces
he highest-frequency transitions into the GW-dominated regime, 
eading to slightly higher eccentricities at 0.01 Hz, as shown in Fig. 2 .

By the time the f GW 

reaches 1 Hz, the optimistic minimum
requency of the future ground-based detector Einstein Telescope 
ET; Maggiore et al. 2020 ), BBHs with CBDs have eccentricities
MNRASL 534, L58–L64 (2024) 
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M

Figure 2. Eccentricities at 0.01 Hz for all binaries with e i > 0 . 05. Square 
and circular scatter points correspond to f e = 0 . 01 and 0.1, respectively. 
Colours correspond to the cases of unlimited acccretion (black markers) 
and no accretion (‘none’, red markers), both with long-lived discs; binaries 
without discs have e 0 . 01 < 10 −3 . The initial eccentricity corresponds to the 
alpha value of the scatter marker (higher e i , higher opacity). For the negligible 
accretion case, e i minimally affects e 0 . 01 , while for unlimited accretion lower 
e i can lead to slightly lower e 0 . 01 . All values are detectable with LISA (Klein 
et al. 2022 ; Wang et al. 2024 ). 

Table 1. Value of the steady-state eccentricity reached in the CDB-dominated 
phase of the evolution for initial eccentricities abo v e e i , min when the binary 
has a i = 0 . 2 au for varying initial mass ratios q i . Below e i , min , the eccentricity 
reduces to � 10 −7 . The values in this table are defined as the first eccentricity 
when f GW 

≥ 10 −4 and ḟ GW 

≥ 0. Our main results are presented for initial 
m 1 , i = 30 M �. The e eq reached for initial total mass M i = 60 M � is also 
shown in the rightmost column. There is slightly more variation for a higher 
M i because higher-mass binaries have stronger GW emission than lower- 
mass binaries at the same GW frequency, so begin to become GW-dominated 
earlier. Where there is a range, higher values of e eq occur for higher e i . 

q i e i , min e eq , m 1 , i = 30 M � e eq , M i = 60 M �

0.1 0.10 0.224 0.224 
0.2 0.05 0.298 0.297–0.298 
0.3 0.05 0.302 0.301 
0.4 0.05 0.401 0.401 
0.5 0.05 0.437 0.437 
0.6 0.05 0.489 0.488–0.489 
0.7 0.05 0.504 0.503–0.504 
0.8 0.05 0.470 0.470 
0.9 0.05 0.470 0.470 
1.0 0.00 0.469 0.469 
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Figure 3. Frequency- (left) and time-domain (right) evolution of eccentricity 
for a binary with q i = 0 . 5 , e i = 0 . 5 within different accretion paradigms. 
Darker and lighter colours indicate f e = 0 . 1 and 0.01, respectively, and the 
accretion assumption is indicated by the linestyle. Evolution with unlimited 
accretion is tracked with solid curves, while results using limited accretion 
have dotted curves, and those assuming no accretion have dashes. 
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 1 ≈ 10 −4 if f e = 0 . 1, equi v alent to e 10 ≈ 10 −5 , belo w the expected
ensitivity for ET (Lower et al. 2018 ; Saini 2024 ). 

.1 Accretion paradigms 

sing the interpolated λ( q, e) relationship from Siwek et al. ( 2023a )
o split accreted mass unevenly between binary components, there is
referential accretion onto the lower-mass object, causing the binary
o e volve to wards q f = 1. In Fig. 3 , we compare the frequency- and
ime-domain eccentricity evolution of binaries with negligible, lim-
ted and unlimited accretion for q i = 0 . 5 , e i = 0 . 5. Like Ishibashi &
r ̈obner ( 2024 ), we find that unlimited accretion causes the binary

o merge faster than if no accretion takes place, due to its increased
NRASL 534, L58–L64 (2024) 
ass and mass ratio. On the other hand, because a finite disc exists
or long enough to push the binary to the equilibrium eccentricity
ut negligibly influences the separation (Valli et al. 2024 ), limited
ccretion leads to a longer circularization and merger time-scale. 

.1.1 Unlimited accretion 

n reality, this scenario requires a plentiful gas reservoir that is long-
ived and allows infinite accretion, like an AGN disc. We note that
a) AGN lifetimes may be much shorter than the Gyr time-scales
onsidered here and that (b) we are not considering the additional
idal force of an SMBH. When accretion is unlimited, binary masses
qualise and the total binary mass grows substantially o v er its
ifetime. Binaries finish their evolution with q f ≈ 1 and can multiply
heir total mass several times; the system illustrated in Fig. 3 goes
rom M i = 45 M � to M f = 164 (81) M � and q f = 0 . 99 (0.80) when
 e = 0 . 1 (0.01). 
As the binary continues to accrete, its mass ratio tends towards

nity, pushing the turno v er to GW-driv en evolution to slightly
ower frequencies. Despite the mass increasing significantly during
nlimited accretion, the evolution of eccentricity with frequency
emains similar to the negligible-accretion case, but causes a softer
ransition to the GW-dominated regime. Because binaries with higher
asses and mass ratios evolve faster, the accreting binary circularizes

nd merges several Gyr earlier than the GW -only , negligible- or
imited-accretion cases. 

.1.2 Limited accretion 

he initial CBD mass, M d , is set to 10 per cent of the binary’s total
ass, an appropriate estimate for the mass contained in the CBD

or post-CE systems (e.g. Heath & Nixon 2020 ; Valli et al. 2024 ).
he evolution of f e = 0 . 1 and f e = 0 . 01 systems are very similar
hen the disc mass is limited because it is depleted within only
0 . 04 Gyr, and the binary then evolves under the influence of GWs

nly. As shown in Fig. 3 , the eccentricity evolution proceeds at
lightly lower frequencies than the GW-only case because the disc
auses eccentricity to be driven down faster than separation. This
inary merges ≈ 1 Gyr faster when it has a limited CBD because of
his initial rapid circularization. As in Valli et al. ( 2024 ), a depleting
isc with M d = 0 . 1 M exists for long enough to drive the BBH to
he equilibrium eccentricity, but not to significantly influence its
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eparation or mass ratio; in this example, the mass ratio grows by
.06 and the mass grows by ∼ 4 . 5 M �. 

 DISCUSSION  

he LISA-band eccentricity evolution of a stellar-mass BBH is 
arkedly different when it has a CBD, as the CBD drives the binary

o a characteristic equilibrium eccentricity determined by its initial 
ass ratio. We find that both e eq and e 0 . 01 directly correspond to q i ,

nsensitively to assumptions about accretion efficiency. As long as 
he disc endures, the eccentricity at f GW 

= 0 . 01 Hz is e 0 . 01 ∼ 10 −2 ,
etectable for LISA and in the range usually expected for discless
ynamically-formed in-cluster mergers (Klein et al. 2022 ; Garg et al. 
023 ; DePorzio, Randall & Xianyu 2024 ; Wang et al. 2024 ). Since
 0 . 01 is a strong function of q i , a population of BBHs observed with an
ccentricity-mass ratio correlation would indicate contributions from 

on-accreting BBHs with CBDs, while a population of q = 1 stellar-
ass BBHs with eccentricities e 0 . 01 ∼ 2 × (10 −3 –10 −2 ) would more 

ikely come from accreting BBHs with CBDs. The values of e 0 . 01 

hat we predict for stellar-mass BBHs with CBDs are similar to those
redicted for more massive BBHs with CBDs when they enter the 
ISA band (Armitage & Natarajan 2005 ; Roedig et al. 2011 ; Zrake
t al. 2021 ; Siwek et al. 2024 ); across all mass scales, BBHs with
BDs may be characterized by distinct mass ratios and eccentricities 

n LISA, once redshifting is corrected for. 
BBHs with CBDs are candidates for multiband detections, and 
ay be unco v ered in LISA data through archi v al searches (Wang

t al. 2024 ). CBDs may lead to eccentricities O(10 −5 ) at 10 Hz
n ET, higher than expected from isolated binaries but below the 
etectable threshold for GW150914-like BBHs (Lower et al. 2018 ). 
he detection threshold is likely lower for lower-mass binaries 

Romero-Shaw et al. 2021 ), but a full population injection-reco v ery
tudy is required to establish if any binaries with CBD-driven 
ccentricity could be identified with 3G detectors like ET. 

The eccentricity evolution of stellar-mass BBHs with CBDs is 
imilar to that of the supermassive BBHs evolved in Siwek et al.
 2024 ), but proceeds at higher frequencies and slightly higher eccen-
ricities due to the lower mass. Our results using limited accretion 
gree with those of Valli et al. ( 2024 ): discs with M d = 0 . 1 M i do
ot drastically influence the separation of the BBH, but do drive 
he binary eccentricity to its equilibrium value. The e eq values 
e find for stellar-mass BBHs are in good agreement with the 

quilibrium eccentricity values found in Valli et al. ( 2024 ), with
he maximum equilibrium eccentricity of e eq ≈ 0 . 5 occurring for
 i = 0 . 7. Ho we ver, in contrast to previous work including Siwek et al.
 2023a , 2023b ); Valli et al. ( 2024 ), none of our binaries undergoes
rbital expansion, since ȧ GW 

� ȧ gas when a i = 0 . 2 au. 
CBD-dri ven e volution obscures the history of the binary by driving

t to higher or lower eccentricity than it started with, possibly causing
ery different evolution pathways (e.g. CE versus dynamical forma- 
ion in an AGN disc) to produce BBHs with the same characteristic
ccentricities and quasi-monochromatic appearance in LISA. CBDs 
an also induce large changes in merger time, leading to skewed rate
stimates. Ho we ver, the dif ferent expected distributions of M i , q i ,
nd disc parameters for different formation channels could still lead 
o different population-level eccentricity distributions. Adjusting our 
imulation parameters to account for these differences will be a 
rucial step in identifying BBHs with CBDs of alternate origin with 
ISA, and will be implemented in follow-up studies. Further work is
lso needed to predict e eq and e 0 . 01 o v er an astrophysically-moti v ated
 i and q i distributions for these stellar-mass BBHs, and to establish

xactly how detectable these populations may be. 
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