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ABSTRACT
Data-driven approaches offer great potential for accelerating ab initio electronic structure calculations of molecules and materials, but their
transferability is often limited due to the vast amount of data needed for training, including the need to fine-tune universal models for each
specific system to be studied. Here, we demonstrate how contributions from system-specific electronic structure machine learning (ESML)
models may be combined (“stitched”) to deliver density matrices of entire systems of interest, improving the initial guess for the self-consistent
field cycle and delivering gains in computational efficiency. The “stitching” of density matrices is demonstrated for sequential calculations,
such as geometry optimization and molecular dynamics, and we show that the synergistic use of ESML models and density matrix extrapola-
tion algorithms can accelerate standard computational calculations. The algorithms are demonstrated for test cases relating to water clusters
and a methane clathrate cage, with the benefits discussed. The future opportunities for hybrid quantum mechanical and ML (QM/ML), and
also ML/ML paradigms, are broad-ranging with significant computational speed-up attainable.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0302234

I. INTRODUCTION
The central algorithm of most electronic structure software

applications is the self-consistent solution of the Roothaan–Hall
equations,1,2

H(C, ϵ)C = SCϵ, (1)

where H is a matrix that provides a finite basis representation of the
Hamiltonian operator, C is a matrix of wavefunction coefficients, ϵ

is a vector of eigenvalues of the corresponding wavefunctions, and
S is the basis overlap matrix, which can be the identity matrix in
the case of an orthogonal basis. The equation resembles a general-
ized eigenproblem, but there is a non-linear functional dependence
of the Hamiltonian matrix H on eigenvectors C and eigenvalues ϵ.
Therefore, Eq. (1) has to be solved with a self-consistent field (SCF)
method starting with some initial guess of the matrix H or C (Fig. 1).

Generally, the SCF cycle will converge more quickly when the
initial guess of H is closer to the converged solution (noting that the
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FIG. 1. A schematic of the algorithmic
flow of the SCF cycle in a standard
electronic structure calculation, embed-
ded within the self-consistent geom-
etry optimization cycle, and the pre-
sented approach to augment the work-
flow with ML predictions for ρ. H, C,
ϵ, and S are as defined in the text;
ρ is a matrix representation of the
electronic density. Orange boxes, black
lines: standard workflow in established
monolithic electronic structure software
packages. Purple boxes, purple lines:
electronic structure machine learning
(ESML)-augmented workflow aided by
ASI API for interoperability between the
electronic structure calculation and the
external model.

choice of parameters for the SCF cycle is crucial for actual efficiency
gains). For density functional theory (DFT), which is a workhorse of
modern electronic structure modeling, the SCF cycle is commonly
initialized with an educated guess of H that is produced from the
superposition of the electron density of the individual free atoms of
the simulated system (Fig. 1).3 Obviously, the ground state electron
density of any molecule or material differs from the electron density
of the constituent atoms in vacuum, but this does usually provide a
good starting point for the SCF cycle when compared to a random
guess.

Recognizing the limitations of the superposition of free atom
densities (SAD), many electronic structure software packages pro-
vide users with a method to customize the initial guess for the
electronic structure of a system by loading data from files, which
may originate from some prior calculations (e.g., from previous
steps of dynamics simulation or from another level of theory). Such
functionalities include loading the Kohn–Sham wavefunction coef-
ficients (e.g., Quantum Espresso4 or VASP5), the density matrix
(e.g., SIESTA6 or FHI-aims,7 via ELSI8), or the charge density (also
supported by SIESTA6 and VASP,5 as well as others).

In the era of data workflows, in-memory data transfer is
increasingly desirable, and new approaches such as the Atomic Sim-
ulation Interface (ASI), as implemented in FHI-aims and DFTB+,9,10

can provide elevated computational efficiency compared to tra-
ditional file input/output (I/O) paradigms. ASI is an application
programming interface (API) that includes functions for efficient
import and export of electronic structure descriptors, such as Hamil-
tonians and density matrices; the provision of a deep and overhead-
free interface allows the exchange of core electronic structure data
between (extensive) monolithic codes and external packages, pro-
viding new opportunities for the application of electronic structure
machine learning (ESML) models, which can provide predictions of
electronic structure or related properties for any given input sys-
tem. A Python language wrapper for ASI (asi4py), available from
the Python Package Index (PyPI) repository, enables exploration of
robust and user-friendly approaches for ML-based SCF acceleration.
Figure 1 demonstrates a workflow for the ASI paradigm working in
conjunction with an ESML model, enabling accelerated SCF con-
vergence through an improved initial guess of H that leads to a
reduction in the number of SCF cycles.
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A. Improving the SCF initial guess via extrapolation
The popularity of ab initio electronic structure calculations,

specifically DFT, means that there has been a persistent effort to
improve algorithms for SCF initialization, including representations
of the density and/or orbital coefficients. A set of SCF initialization
methods were benchmarked by Lethola11 that included superpo-
sition of free atom densities (SAD), superposition of free atom
potentials (SAP), and extended Hückel methods. More recently,
Ballesteros and Lao have proposed to use many-body expansion
to yield density matrices for SCF initialization12 and tested this
approach against the adjustable density matrix assembler (ADMA)
method extensively studied earlier by Mezey et al.13,14 When SCF
calculations are converged sequentially for geometrically related
systems, for example geometry optimization or molecular dynam-
ics simulations, the converged electronic structures of previous
geometries can be used to improve the initial guess for the next
SCF calculation. The most widely adopted approach is simply
using the electronic structure from the immediately previous SCF
calculation to initialize the next, although more elaborate meth-
ods exist, such as Fock matrix dynamics,15 extended Lagrangian
Born–Oppenheimer (XLBO) dynamics,16 Grassmann extrapolation
of density matrices,17,18 and interpolation of density matrices.19,20

The accuracy of the electronic structure produced by these
methods depends on many factors, including the size and composi-
tion of the system, sampling density (e.g., time step for extrapolation
along dynamics trajectory17 or geometric density for interpolating
cases20), and also the complexity of the approximation model.15,17

However, the actual performance gain depends also on the quan-
titative aim of the calculation (i.e., relaxed geometry, trajectory,
and vibrations), as well as the target accuracy for each standalone
SCF cycle. The advanced extrapolation techniques noted have a
similarity with active learning procedures in ML, where sequential
structures are used (typically) to re-train the ML model through the
course of a simulation “on-the-fly.”21–23 Indeed, one can consider
the active learning approach as an extreme case of extrapolation,
with the assumption of an infinite history and high complexity of
the approximation model; however, it is desirable to also find sim-
pler extrapolation models that perform well with a few data points,
as these can be re-trained quickly on each step, using a small set
of near data points rather than a large exhaustive dataset. In the
current work, we include the assessment of the benefits and chal-
lenges of combining electronic structure machine learning models
with advanced extrapolation techniques for the initialization of the
SCF cycle to aid SCF acceleration.

B. Recent advances of machine learning models
for electronic structure

The discipline of ESML is rapidly growing, and so are the
opportunities for accelerated chemical discovery. Over the past
decade, ESML models of small molecules and crystals have emerged;
these new methods have a great potential for accelerated SCF con-
vergence and perhaps eventually replacing it. Examples of the emer-
gence and applicability of ESML models are broad. In 2018, an
artificial neural network (ANN) model of tight-binding Hamilto-
nian matrix was trained on a small hydrocarbon dataset,24 and then,
subsequently, a SchNOrb ANN model was designed and trained to
predict wavefunction coefficients for a few small molecules (water,

ethanol, malondialdehyde, and uracil) by Schütt et al.,25 already
demonstrating the potential of using ML-predicted Hamiltonians or
density matrices for SCF acceleration. More recently, density pre-
dictions have been realized via a Gaussian process regression (GPR)
model for the real-space electronic density of small hydrocarbons;26

the symmetry-adapted learning of three-dimensional electron den-
sities (SALTED) method to predict real-space electron density of
bulk ice, Al, and Si,27 as well as of liquid water and of molecules
from the QM9 dataset;28 an ANN model trained to predict real-
space electronic density of polyethylene and Al slabs;29 and the linear
Jacobi–Legendre expansion of real-space electronic density for a
benzene molecule as well as Al, Mo, and MoS2 bulk.30

In 2022, an atomic cluster expansion (ACE) ESML model
was demonstrated for constructing the Hamiltonian and overlap
matrices of face-centered cubic (FCC) and body-centered cubic
(BCC) bulk aluminum;31 complementary approaches using ANN
models (HamGNN,32 DeepH-E3,33 and DeepH34) with physically
correct intrinsic symmetries were developed and trained to pre-
dict the Hamiltonian matrices of a diverse set of systems, including
molecules from the QM9 dataset, C and Si allotropes, SiO2 and
BixSey bulk crystals, Moiré twisted bilayer graphene, bismuthene,
MoS2 nanotubes, and dislocation defects in Si. The ML-DFT ANN
model was able to predict the real-space electronic density of organic
molecules, polymer chains, and polymer crystals in Slater-type and
Gaussian-type orbital bases.35 For a few important molecules (H2O,
CO2, NH3, CH3OH, C6H6, 1-propanol, and 2-propanol), a combi-
nation of kernel ridge and linear regressions has been demonstrated
for density matrix prediction;36 and an ANN model has been trained
to predict density matrices from atomic coordinates of H2O and
S2O molecules and a [Fe(H2O)6]2+ cation.37 Most recently, an
ML-predicted Hamiltonian was used as an intermediate for the pre-
diction of electronic energy levels, dipole moments, polarizability,
and other functions of electronic structure for molecules from QM7
and QM9 datasets and for bulk structures from a graphene dataset,38

which builds on previous efforts,39 and also a graph neural network
approach (MACE-H) has been demonstrated as high accuracy for
Hamiltonian matrix elements and eigenvalues.40

A brief summary of recent studies shows that many ESML
models have emerged, capable of predicting electronic structure in
the form of the density matrix, the Hamiltonian, or coefficients
of wavefunctions for specific systems, which raises questions about
whether the extension of models to new systems can be achieved
by combining ESML models. In the present work, we investigate
the prediction and manipulation of single-electron reduced den-
sity matrices of Kohn–Sham systems as a key descriptor for elec-
tronic structure, given the ability to readily compute this quantity
from Hamiltonians or wavefunction expansions, and we consider
approaches to studying systems beyond the training environment.

C. SCF mixers and preconditioners
The convergence of an iterative algorithm, such as the

Kohn–Sham SCF cycle, can often require additional efforts to sup-
press solution oscillation between iterations. The oscillations are
known as “charge sloshing” in DFT,41 and the challenge is com-
monly addressed by “mixing” the electronic structure from several
previous SCF steps to prevent sudden system changes. Popular mix-
ing approaches include the Pulay42 and Broyden43 schemes that
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follow a quasi-Newton method of approximating an inverse Jaco-
bian from several previous iterations; for systems with long-range
density changes, such as metals, a special Kerker preconditioner has
been additionally shown as beneficial.41,44

The optimal parameters for mixing schemes vary for differ-
ent systems, making the predefinition of defaults challenging; for
example, molecular systems with a large gap between occupied and
unoccupied electronic states may be efficiently converged with a
simple linear mixing approach, whereas systems without an elec-
tronic gap can require much gentler mixing, with multiple previous
SCF solutions, to achieve convergence. To improve default behav-
ior in electronic structure software, such heuristics can be used
to automatically select mixing schema and parameters after initial
SCF iterations.45 However, we note that these mixing and precon-
ditioning algorithms rely on a sequence of solutions from previous
SCF iterations, which itself may be compromised by changes to the
density definition during SCF initialization, and there are open chal-
lenges in optimizing such approaches to efficiently converge SCF
calculations with an improved ESML initial guess.

D. The practical challenges of applying ESML models
Significant quantities of proof-of-principle work have been

published, but currently, there is no established ab initio software
package that routinely uses ML-based SCF initialization. The limited
opportunity for application is partially due to insufficient general-
ity of existing ESML models; currently, models are limited to the
complex chemistry on which they are developed, e.g., adsorption
monolayers, solid–liquid interfaces, and molecules in porous mate-
rials, and a general-purpose ESML model (similar to the recent
results of the efforts of the force field community46) does not exist.
Given the effort invested in training individual models, and the
intractably large datasets that may be needed to realize a “general”
model, a valuable consideration is to combine ESML models only
for parts of any system of interest, or to use several separately
trained ESML models in combination to simulate a single complex
system. For classical force fields, mixing rules can be applied that
define parameters for unfitted combinations of chemical elements;
for ESML models, we propose and test here an equivalent approach
that combines density matrices to model unfitted systems.

E. Key questions
The work herein has been realized by combining ESML models

with the ASI API9 to improve density matrix (DM) initial configu-
rations, which has then been applied to accelerate the convergence
of the SCF cycle within FHI-aims. The ASI API has been imple-
mented in the FHI-aims software package to consider the following
questions: (1) How does the accuracy of an initial guess for the
DM affect convergence of the SCF cycle? (2) How do ESML mod-
els trained only for a part of a system perform if used to accelerate
SCF convergence? (3) How can the ESML predictions be combined
for sequential calculations with extrapolation techniques?

II. METHODOLOGY
A. Molecular models

Clusters of water molecules of various sizes (6, 12, 21, and 101
molecules) and a methane clathrate cage (one CH4 molecule and 20

H2O molecules) were used to test how predictions of the DM impact
the convergence of electronic structure calculations. The geome-
try of the small water clusters (6, 12, and 21 molecules) was taken
from the Cambridge Cluster Database,47,48 and the geometry of a
101-molecule cluster was taken from the website of the ErgoSCF
software package.49,50 The geometry dataset of water clusters was
diversified by performing 1 ps of molecular dynamics (MD) at 300 K
using DFTB+,51,52 with a time step of 1 fs (i.e., 1000 steps). A single
methane clathrate structure was also considered, with the geome-
try taken from the work of Modrzejewski et al.53 In all cases, the
converged ground-state DMs were stored for each considered struc-
ture (i.e., all ground state structures and each structure in the MD
trajectories), and the true DMs were used to assess the accuracy of
subsequent DM predictions.

B. DFT calculations
DFT calculations have been conducted using the FHI-aims

software package7 (version: 20241126) built as a shared library
with the ASI API enabled. All calculations used the PBE
exchange–correlation density functional,54 with the zeroth-
order regular approximation (ZORA) for relativistic corrections.55

FHI-aims specific integration grids and basis sets were applied,
with the “tight” integration grids (i.e., numerically converged),
a tier 2 basis set for hydrogen atoms and a tier 1 basis set for all
other elements (equivalent to TZP and DZP, respectively).7 The
Kohn–Sham occupancy numbers were smeared using a Gaussian
method with a smearing parameter of 0.01 eV. The smearing
produced no actual effect on the considered systems but ensured
alignment with previous work from which our ESML model for
water is developed.25

With default settings, FHI-aims automatically adjusts the SCF
mixing parameters “based on a simple estimate of the system charac-
ter according to its approximate HOMO–LUMO gap or bandgap,”45

which can be a valuable heuristic in cases when optimal mixing para-
meters are unknown a priori as it tangibly reduces the number of
SCF steps. However, for benchmarking, such adjustments can also
add randomness to the number of SCF steps. Therefore, two SCF
mixing settings were considered: (1) the default settings with auto-
matic adjustment and (2) fixed settings using the Pulay method and
a charge mixing parameter of 0.1. The use of automatic adjustment
is explicitly noted in the text where applied, and in all other cases,
the fixed settings were used.

Calculations were performed using the asi4py Python pack-
age, which is a Python wrapper for the ASI API that provides access
to underlying electronic structure data objects, such as the DM,
as well as integration to the functionality of the Atomic Simula-
tion Environment (ASE) Python package.56 The electronic structure
(DM) for initializing each SCF cycle was provided through the ASI
API. The ground-state DM, as well as intermediate density matrices
after each loop of the SCF cycle, was extracted from FHI-aims via
the ASI API for further analysis and reuse.

C. Manipulation of the density matrix
Practical approaches of how machine learning models of the

density matrix can be integrated into ab initio workflows require
definitions of various implementation options, which we discuss
herein.
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1. Approaches to SCF initialization with
the density matrix

We have benchmarked the convergence of the SCF cycle within
our DFT calculations using a range of initialization methods, as
follows:

1. A superposition of atomic electron densities (SAD), which is a
common default method for single-point calculations.

2. An electron density from a previously converged SCF cycle,
which is a common default method for sequential calcula-
tions (e.g., geometry optimization, molecular dynamics, and
vibrations).

3. A converged ground-state DM with artificially added noise of
controlled magnitude; this method is used for tests to quan-
tify the impact of the inaccuracies in the initial DM on SCF
convergence.

4. A prediction of the DM by the SchNOrb ESML model.
5. An algorithm for “stitching” DMs, proposed herein, which is

applicable to all forms of separated DMs.
6. An extrapolated prediction of the DM based on previous DMs

in a sequential geometry calculation.
7. A combination of ESML predictive models and extrapolative

methods.

In order to apply these approaches, we have extended the
asi4py Python package with classes and subroutines that enable
advanced methods of initializing the SCF cycle as outlined in Sub-
section 1 of the Appendix. Furthermore, technical details relating
to the implementation of the approach for calculating the SAD are
presented in Subsection 2 of the Appendix.

2. The structure of the density matrix
For clarity of further discussion, we introduce the notion of

intra- and inter-molecule blocks of a DM. In electronic structure
software packages with localized basis sets (e.g., FHI-aims, Siesta,
GAUSSIAN, DMol3, Orca, and DFTB+), each basis function is local-
ized on a basis center, which is typically an atom.7 Therefore,
the rows and columns of a DM can be grouped by atoms, or by
molecules, or by any other arbitrary grouping of atoms (e.g., func-
tional groups). The DM elements with row and column indices that
correspond to basis functions of the same atom are called herein
intra-atomic elements; and the DM elements for which row and col-
umn indices correspond to basis function pairs of different atoms
are called inter-atomic elements.

In the same way, we can define intra-molecule and inter-
molecule entries in the DM, grouping basis functions by molecules
on which they are localized. In FHI-aims, basis functions localized
on the same atoms are indexed continuously, forming continuous
blocks of basis functions for each atom; and the order of atoms cor-
responds to the input geometry data. Thus, atoms can be ordered
in our geometry input so that atoms of each molecule are also
indexed continuously, and therefore, the basis functions of sepa-
rate molecules form continuously indexed DM blocks. Due to the
continuity of groups of basis functions, the DM entries are also
grouped into continuous intra- and inter-molecule blocks (analo-
gous to intra- and inter-atomic blocks). The symmetry of the DM
means that intra-molecule blocks are located on the diagonal, and

inter-molecule blocks are off-diagonal. For example, Fig. 2(b) shows
the ground-state DM of a four-molecule water cluster [Fig. 2(a)].
Figures 2(c) and 2(d) show DMs based on the density of free atoms
and free molecules, respectively; the DM constructed from DMs of
free molecules [Fig. 2(d)] is a noticeably better approximation to the
DM of the whole system compared with the DM constructed from
the free atoms [Fig. 2(c)].

3. Combining (“stitching”) DMs
Our testing in this work shows that an ESML model that pre-

dicts only intra-molecule DM blocks is insufficient to substantially
speed up the convergence of the SCF cycle, and inter-molecule
blocks are necessary (Sec. III B). To predict inter-molecule DM
blocks for water, a SchNOrb25 model was adapted for training dif-
ferently sized molecular systems at the same time and was trained
here for pairs of water molecules (Sec. II C 4). To extrapolate the
two-molecule model to water clusters of arbitrary size, a simple DM
stitching algorithm is proposed and implemented in Python in the
asi4py package. The general premise of the algorithm is to split the
simulated system into spatially localized pieces, e.g., molecules, clus-
ters, and slabs. The DM elements for these pieces are then computed
or predicted; intra-molecule DM blocks transfer trivially to the total
DM, and the off-diagonal (inter-molecule) DM blocks of each pair
transfer to the corresponding off-diagonal (inter-molecule) blocks of
the total DM. In the common scenario where a molecule is included
in several neighboring pairs, an average of intra-molecule DM blocks
over different pairs is placed into the total DM. The key steps of the
proposed algorithm are as follows:

1. Make a list of all ordered pairs of molecules with an
inter-molecule distance below a cutoff threshold,

rcut : P ::={(i, j) : 1 ≤ i < j ≤M, rij < rcut},

where M is the number of molecules in the system, i and j
correspond to the ith and jth molecules, and rij is the distance
between these molecules. In our implementation herein, the
inter-molecule distance for water molecules has been defined
as the distance between oxygen atoms, and the optimal cutoff
distance for water was found to be rcut = 3 Å. Details of the
fitting procedure and results are given in Sec. III C.

2. Predict a DM for each pair (i, j) in P,

(Yij Xij

Xji Yji
) ::=ρ̃({i, j}),

where Xij and Y ij are the inter- and intra-molecule blocks,
respectively, of the ith molecule in the predicted DM of a
molecular pair (i, j) or ( j, i). The shape of the X and Y
matrices is N ×N, where N is the number of basis func-
tions localized on the atoms of a single molecule. ρ̃(S) is the
resulting predicted DM for a given subset S of molecules,
with shape SN × SN; ρ̃({i, j}) is thus the predicted DM of
the pair of molecules with indices i and j and has a shape of
2N × 2N.

J. Chem. Phys. 164, 064123 (2026); doi: 10.1063/5.0302234 164, 064123-5

© Author(s) 2026

 25 February 2026 11:06:37

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

FIG. 2. Density matrix (DM) of four water
molecules. Matrix elements (x) have
been scaled using the arctan(100∣x∣)
function for visual clarity. Red lines
delimit the groups of basis functions cen-
tered on different molecules. (a) Geome-
try of four water molecules. Image made
with the OVITO software.57 (b) Ground-
state DM. (c) Initial DM based on the free
atom electronic structure. (d) Initial DM
based on the electronic structure of free
water molecules.

3. Build the full DM,
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where ρ̃ is the predicted DM of the entire system, with shape
MN ×MN, and Yi is an average of Y ij for all j such that (i, j) or
( j, i) is in P (see step 1). If neither (i, j) nor ( j, i) is in P, then
Xij is defined as 0.

4. Construction of a density matrix with a SchNOrb
ESML model

In this work, a SchNOrb ESML model is used to learn the
relationship between molecular structures and the DM. As the
rate of the SCF convergence for water clusters has been found to
depend on both the intra- and inter-molecule DM blocks, train-
ing of SchNOrb ESML models has been investigated considering
intra-molecule interactions (i.e., a single water molecule) and inter-
molecule interactions (i.e., pairs of water molecules), both separately
(i.e., as independent models) and together (i.e., as a combined
model).

To perform training of the DM, 5000 molecular structures were
taken from the dataset of Schütt et al.25 with the respective DMs

recomputed with FHI-aims using the same level of theory and basis
set as defined in Sec. II B. The data were recomputed as additional
data were needed for water dimers; these structures were sampled in
a canonical (NVT) ensemble at 300 and 500 K with a time step of
1 fs, using FHI-aims and DFTB+.7,51

Different approaches for training the ESML model were tested:
training for single water molecules (monomers) and pairs of water
molecules (dimers) simultaneously (at 300 and 500 K, separately
and together); training for the water monomers and water dimers
separately; and training for the intra- and inter-molecule blocks
separately. The best results were obtained when training for intra-
and inter-molecule blocks on water dimer data sampled at 300 and
500 K. Mean absolute errors (MAEs) and root mean-squared errors
(RMSEs) for the DM were ∼ 1 × 10−4 and 2 × 10−4 a.u., respectively.
The models were trained on 3500 data points, validated with 500
data points, and tested with the remaining 1000 points. The data
were split randomly as implemented in SchNetPack.58 The cutoff
for representing atoms in their chemical and structural environment
was chosen to be 2.5 Å. The models were configured with three inter-
action layers and trained for a maximum of 500 000 epochs with a
starting learning rate of 10−4; the learning rate was decreased by 50%
after 50 epochs when no improvement in training was visible, down
to 10−6. The batch size was set to 32.

5. Density matrix extrapolation
A sequence of gradually changing atomic geometries intuitively

has an electronic structure that also changes gradually and should be
predictable. In sequential DFT calculations, the ground state elec-
tronic structure of a previous geometry step is often used for SCF
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initialization as this substantially improves on the free-atom approx-
imation and accelerates SCF convergence. Extrapolation techniques
for DMs, as reviewed above, generalize this concept using DMs
of multiple previous geometries to provide a refined DM predic-
tion.17 Using straightforward predictions of an ESML model for
SCF initialization would discard the valuable electronic structure
information from the similar geometries of previous geometry steps,
but straightforward usage of extrapolation techniques also leaves no
place for exploitation of ESML predictions. Fortunately, the differ-
ence between the predicted and ground state electronic structures
is also similar for similar geometries. Therefore, DM extrapolation
can be used synergistically with ESML predictions if the differ-
ence between a baseline DM (e.g., ESML-predicted or free-atom
guess) and a ground-state DM is extrapolated, instead of the actual
DM itself. This algorithm has been implemented in the asi4py
package in the asi.dm.PredictSeqDM class. We used kernel ridge
regression with the radial basis function kernel (squared-exponential
kernel) to extrapolate the errors of DM predictors (e.g., ESML or
free-atom guess). To make the regression invariant with respect to
translations of atoms, the matrix of inverse inter-atomic distances
has been used as the regression argument, following recent work by
Polack et al.17

D. Assessment of algorithms
1. Accuracy of density matrices

To quantitatively measure the accuracy of an ESML model at
predicting the initial DM, as well as DM convergence over SCF
iterations, the 2-norm of deviation of the DM elements from their
ground-state values (the Frobenius norm) has been used. To com-
pare this quantity between molecular clusters of different sizes, nor-
malization was performed with respect to the number of molecules
(nmol),

ε̃ρ =

√
∑ij (ρij − ρ̃ ij)2

√
nmol

, (2)

where ρ is the ground-state DM, ρ̃ is an approximate DM, and i and
j are row and column indices, respectively. In some discussion, the
error is separately computed for diagonal intra-molecule DM blocks
and for off-diagonal inter-molecule blocks.

2. Calculation performance
The benchmarking performance of the outlined methods was

measured in SCF iterations. The wall time of calculations is of
practical interest, but measurement and comparison are compli-
cated by variations in hardware, systems, and applied libraries, as
well as parallelization features, system size, basis set size, etc. A
comparison of the number of SCF iterations for different initial
DMs with all other factors considered equal provides a convenient
indication of SCF speed-up. The computational cost of the ESML
(SchNOrb) model predictions, and DM stitching and extrapolation
procedures, is noted as negligible compared to the eigenproblem
solution in a single SCF iteration. For scalability, these algorithms
must exploit the sparsity of the DMs, be implemented in a linearly
scaling way, and be trivially parallelized; these attributes are attain-
able but beyond the scope of this study. Performance gains are also
available by using GPU accelerators, which are compatible with the

SchNOrb model and many other ESML approaches but also beyond
the scope of this study. For these reasons, performance is discussed
herein in terms of the number of SCF steps only.

III. RESULTS
A. Convergence of the density matrix during
the SCF cycle

The error in the DM has been measured as a function of
the number of SCF cycles, relative to the ground state, for the
highlighted water clusters. The initial DM in the SCF was first con-
structed from free-atom DMs, with Fig. 3 demonstrating that the
average error of the DM (ερ) decreases logarithmically from this
initial state during the SCF cycle. The log-linear convergence of
the DM residual has been observed previously by Cancès et al.
as part of a detailed analysis for bulk Si59 and by Woods et al.

FIG. 3. Top: A logarithmic plot comparing the average error of DM values rela-
tive to the ground-state DM, ε̃ρ, as defined in Eq. (2), as a function of SCF step,
iSCF . The plots are averaged for water clusters with 6, 12, 21, and 101 molecules
across 1000 electronic structure calculations with FHI-aims, with the geometries
obtained from a DFTB+ molecular dynamics simulation. Error bars are included to
show minimum and maximum values. Shading is used to show standard devia-
tions. The black solid line shows a linear best fit for all the data [Eq. (3)]. Bottom:
A histogram of the observed probability of convergence of a calculation at the iSCF
SCF step.
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when demonstrating SCF convergence for Si and Al;60 examples of
log-linear convergence behavior can also be found for bench-
marks of notoriously slowly converging surface slabs with adsorbed
species.61

The probability that a calculation will converge in a given num-
ber of SCF steps is also presented, with SCF convergence tending
to have a greater variety in the number of SCF cycles as the clus-
ter sizes increase. The variation in convergence is likely related to
the variance in DM accuracy at the final SCF steps for larger sys-
tems. By averaging over all considered water clusters, the following
approximation is identified when starting from the default free-atom
guess for the number of SCF steps necessary to reach a specific DM
accuracy,

iSCF =
0.28 − log10(ε̃ρ)

0.39
, (3)

where iSCF is the convergence step for a given input DM, ρ̃, to an
error threshold of ε̃ρ. This baseline allows us to quantify how many
steps can be saved from a SCF cycle if the initial DM prediction gives
an accuracy improvement in Δε̃ρ, e.g., one order of magnitude would
save 2.56 SCF steps. Equation (3) is specific to the water clusters con-
sidered in this work and is used herein to show how the accuracy of
the DM prediction transforms into performance gains. The possible
performance gains, with regard to a reduction in SCF steps, may be
greater for systems where the gradient in Fig. 3 may be shallower
(i.e., slowly convergent systems).

B. Importance of inter-molecule DM contributions
To understand the potential performance gains from improved

estimates of the initial DM based on a single-molecule ESML model,
tests were performed where the initial DM contained the intra-
molecule (diagonal) blocks from the ground-state (i.e., converged)
DM of the whole molecular cluster, effectively simulating an error-
free single-molecule ESML model. For the inter-molecule blocks
(off-diagonal), two initialization methods have been considered: (1)
zeros (i.e., no guess) and (2) the ground-state DM with added ran-
dom noise. The first method tests the performance of a hypothetical
ESML model capable of predicting only a single water molecule with
perfect accuracy, e.g., a single-molecule SchNOrb model,25 and the
second method simulates a hypothetical ESML model able to pre-
dict inter-molecule blocks with varying accuracy. Figure 4 illustrates
how SCF convergence varies for these different approaches rela-
tive to the default free-atom guess and shows that the errors of
intra-molecule and inter-molecule DM blocks closely follow each
other as a function of SCF steps. The graphs indicate that even an
exact prediction of intra-molecule blocks gives just modest acceler-
ation of the SCF cycle. There is a noticeable increase in the error
in intra-molecular blocks, from an initial value of zero to levels that
correspond to the errors in inter-molecular blocks at the second SCF
step. The error increase occurs because a single eigenproblem solu-
tion spreads inaccuracies from the off-diagonal blocks and spoils
the whole DM, making the errors in both inter- and intra-molecule
blocks large. In the considered sample, the “model” single-molecule
DM initialization reduced the number of SCF steps by ∼15%; in con-
trast, a “coarse” improvement in the inter-molecule blocks gives a
significant boost to the SCF (∼50%). The results demonstrate that

FIG. 4. Plot comparing the convergence of the DM during single-point calculations
of a six-molecule water cluster with different methods for estimating the initial DM.
A legend is provided, with the solid lines indicating the ε̃ρ values [Eq. (2)], and pale
dashed and dotted lines correspondingly show the deviations of intra-molecule
and inter-molecule DM blocks taken with respect to the ground-state DM. Ran-
dom noise has been added to inter-molecule blocks corresponding to a coarse
uniform distribution of “large” intervals (−5 × 10−4, 5 × 10−4, green) and an accu-
rate uniform distribution of “small” intervals (−5 × 10−6, 5 × 10−6, red). The top
x-axis shows the percentage reduction in SCF steps for each method relative to
the default free-atom initialization.

an accurate estimate of inter-molecule blocks is essential for any
significant boost in the SCF convergence.

C. DM “stitching” benchmark
The efficiency of the DM stitching algorithm (Sec. II C 3),

including the parameterization of the important cutoff radius rcut,
has been performed for water clusters. To predict the DMs of pairs
of water molecules, the SchNOrb ESML model was used (Sec. II C 4).
The errors in the DM prediction for various water clusters with dif-
ferent rcut values are shown in Fig. 5. The optimal transferable rcut is
identified as 3 Å, which is slightly greater than the distance between
the oxygen atoms in an isolated water dimer (2.9 Å) and indicates
that only the first neighbor molecules contribute strongly to the DM
accuracy in this case.

D. Combining ESML prediction with extrapolation
ESML models can be combined with extrapolation algorithms,

as reviewed in Sec. I A, to perform SCF cycle initialization. The algo-
rithm proposed in Sec. II C 5 combines these approaches, exploiting
the predictive power of advanced ESML models alongside the local
adaptability of extrapolation. To assess the potential benefits of such
synergy, the DM extrapolation algorithm from Sec. II C 5 has been
benchmarked in combination with default free-atom SCF initializa-
tion and with DM prediction using the SchNOrb ESML model and
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FIG. 5. Graph of log (ε̃ρ) when using the two-molecule SchNOrb model to create
a complete DM for larger H2O clusters by the DM “stitching” algorithm. The tests
are performed as a function of the cutoff radius (Å) for on-diagonal averaging, rcut,
to determine if a two-molecule interaction is effective. The black dashed line shows
the accuracy of the default free-atom DM. The right y-axis shows the approximate
number of SCF steps saved by the DM prediction, as calculated using Eq. (3). For
the water dimer (red), no DM “stitching” is necessary, and therefore, the results
are demonstrated as independent of rcut. The shaded areas and error bars are as
defined for Fig. 3.

DM “stitching” (Sec. II C 3). The crucial parameter for the extrap-
olation algorithm is the number of considered previous geometry
steps (ngeom), and the effect of this parameter on the extrapolation
accuracy is also assessed. For different systems and trajectories, the
optimal ngeom is presumed to vary, and understanding the impact
and reasonable initial values is critical before further exploitation.
The results in Fig. 6 (top) show that including a history of up to 6
geometry steps significantly aids DM extrapolation, and including
further steps, up to the 10th geometry, continues to return tangi-
ble accuracy improvements. For this combined ESML/extrapolation
model, the most accurate DM predictions reduce the number of SCF
iterations by up to 7 or 8 steps (∼50%).

For a system with no ESML model applied (Fig. 6, top left),
the 0th geometry step corresponds to a single point calculation with
the default FHI-aims initialization; and the second calculation (i.e.,
first geometry step) corresponds to the usage of the converged elec-
tronic structure from the previous step only, which is the default
behavior for dynamics and geometry optimizations in FHI-aims
and many other software packages. For the considered systems,
this simple transfer of the previously converged DM saves about
4 SCF steps (∼25%). A kernel-ridge extrapolation of the difference
between the ground-state DM and the free-atom guess for further

FIG. 6. Graphs of the error in the DM prediction as a function of the number of geometry steps from which DMs are extrapolated (ngeom), considering various baseline DM
initialization methods and various water cluster sizes. “SchNOrb baseline” refers to the SchNOrb ESML model combined with the DM “stitching” algorithm. A black dashed
line shows the accuracy of the default free-atom initial SCF guess. The right y-axis shows the approximate number of SCF steps saved by the DM prediction [Eq. (3)]; these
values should be compared to the average number of steps for SCF convergence with the default free-atom initialization (Fig. 3), which are 15 and 14 SCF steps for 6- and
21-molecule H2O water clusters, respectively (i.e., savings of up to ∼50% are demonstrated). The shaded areas and error bars are as defined for Fig. 3.
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SCF steps, with no ESML model, saves an additional 2–3 SCF steps
(∼12.5%–18.75%).

For a calculation initialized with the SchNOrb ESML model and
DM stitching, without any extrapolation, Fig. 6 (top right) shows
that ∼2 SCF steps (∼12.5%) are saved. The savings with an increas-
ing DM history are comparable to the free-atom initialization when
approaching a converged value of ngeom = 10, with a maximum sav-
ing of ∼3 SCF steps (18.75%). The extrapolation of corrections for an
ESML model baseline (Fig. 6, bottom) unequivocally shows that the
more accurate predictions save between 0.5 and 1 additional SCF
steps for any cluster size, relative to the extrapolation for a default
free-atom guess. Such gains could be significantly improved by a
better ESML model, as demonstrated in Sec. III B where more accu-
rate prediction of intra- and inter-molecular DM blocks results in a
greater reduction in the number of SCF steps.

In summary, the highest accuracy initial guess for the SCF is
provided from the joint usage of the stitched SchNOrb ESML model
with an extrapolated error correction. The total saving is 6–8 SCF
steps (up to 50%) for the benchmarked H2O systems relative to the
free-atom initialization with no extrapolation and 2–4 SCF steps
(∼12.5%–25%) relative to extrapolation from the previous geome-
try step only (ngeom = 1), as applied in most sequential calculations
in electronic software packages.

E. Applied examples
1. Water clusters

As mentioned in Sec. II B, the default FHI-aims settings auto-
matically adjust the density mixing parameter during the SCF cycle.
Furthermore, the benchmark tests show that improvements in the
accuracy of the DM prediction do not necessarily transform into
SCF acceleration, as per Eq. (3), and that there can be a depen-
dency of the accuracy of the DM predictions on system sizes. All
these factors may significantly affect the practical gains from the
advanced SCF initialization methods discussed if applied in standard
calculations. Therefore, the actual reduction in the number of SCF
steps achievable when applying the considered ESML model and
extrapolation algorithm in practical conditions is considered using
the calculations of water cluster trajectories described in Sec. II A.
Unlike the prior benchmarks in Secs. III A–III D, the default
FHI-aims DFT settings were used, including automatic adjustment
of the density mixing parameter (see Sec. II B for details). Both
sequential and single point scenarios were tested with default and
advanced initialization methods. The tested ESML model was the
same as the parameterized model described in Sec. III D, i.e., a two-
molecule SchNOrb model, using DM “stitching” with rcut = 3 Å. For
sequential calculations, the extrapolation algorithm (Sec. II C 5) used
ngeom = 10.

The average number of SCF steps for convergence is plotted
as a function of water cluster size in Fig. 7. The relative perfor-
mance gains due to using the ESML model predictions and DM
extrapolation are summarized in Table I. The performance gains
from the ESML model predictions are larger for small clusters and
then reduced significantly for larger systems (up to 101 molecules),
where a larger number of SCF steps are observed for larger clusters.
The slower convergence of the SCF cycle for larger systems is typi-
cally associated with energetically competitive degenerate electronic
states, which lead to a well-known charge sloshing phenomenon;41

FIG. 7. Performance comparison of the initial DMs, considering default free-atom
initialization and a “stitched” two-molecule SchNOrb model prediction, for single-
point and sequential calculations over a range of H2O cluster sizes (nmol). The
number of SCF steps necessary to reach convergence (nSCF) is plotted on the
y-axis. The shaded areas and error bars are as defined in Fig. 3.

TABLE I. Relative performance gains (% reduction in SCF steps) due to the “stitched”
two-molecule SchNOrb model prediction of initial DM for water clusters, compared to
standard free-atom approaches. “Single-point” refers to SCF calculations that start
with no prior information on the DM, and “sequential” refers to calculations where
prior information on the DM is used in the DM extrapolation.

Cluster size (molecules) Single-point (%) Sequential (%)

6 16 25
12 14 15
21 8 15
101 6 3

however, we hypothesize also that the “stitching” algorithm and the
two-molecule SchNOrb model work better in our tests for predict-
ing the DM of molecules with fewer neighbors, e.g., on the cluster
surface, rather than for molecules with more neighbors, e.g., in the
cluster. As a consequence, the accuracy of the DM guess for the
H2O systems with this approach is better for smaller clusters, where
the surface-to-bulk ratio is higher, and this impacts the rate of SCF
convergence in a proportional manner. The results demonstrate the
potential of the proposed DM “stitching” approach to produce more
accurate predictions when used with more recent ESML models
trained on larger chemical systems, such as ACE31 or DeepH-E3.33

Figure 7 also shows a greater range in the number of SCF steps
when the SchNOrb-predicted initialization is applied, compared to
the free-atom initialization. This range is not observed in controlled
testing with static density mixing parameters (Fig. 6), and therefore,
we conclude that the improved guess for the initial DM unfavorably
impacts the internal heuristics that control on-the-fly adjustment
of density mixer parameters in FHI-aims. Thus, the results also
demonstrate a need for improvements to mixer configurations for
widespread uptake of such paradigms.
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2. Methane clathrate
To assess the applicability of the “stitching” algorithm in cases

when an ESML model is available for only parts of the simulated
system, calculations of a methane clathrate cage (i.e., a hydrated
methane cluster) have been performed. For the CH4 molecule, the
default free-atom initialization approach has been applied, and the
“stitched” approach has been used to build the DM of the water
cage using the two-molecule SchNOrb model. Three variants of SCF
initialization have been tested, demonstrating the versatility of the
“stitching” algorithm: (1) a default free-atom guess for the whole
system; (2) the “stitched” SchNOrb DM prediction for water shell
and free-atom guess for the CH4 molecule; and (3) the “stitched”
SchNOrb DM prediction for water shell and a ground-state DM of a
free CH4 molecule (with the same geometry as in the clathrate com-
plex). The inter-molecule (off-diagonal) DM blocks that correspond
to overlap between the CH4 and water cage basis functions were set
to zero in all cases.

FIG. 8. Top: A methane clathrate cluster made using the structure from Modrzejew-
ski et al.53 and visualized with the OVITO software.57 Bottom: DM errors plotted
as a function of SCF step for the clathrate cluster. Blue: The default free-atom
initialization. Orange: The stitched two-molecule SchNOrb model for water com-
bined with the default free-atom method for the CH4 DM block. Green: The stitched
two-molecule SchNOrb model for water combined with the ground-state DM of a
gas-phase CH4 molecule.

The error in the DM as a function of SCF step is shown in
Fig. 8 for each initialization approach. The best initialization method
is identified as (3), using the pre-converged CH4 molecule with
the ESML water model. The rate of SCF convergence is approxi-
mately equal for all approaches. The results inform that, despite the
difference between the various initial guesses being less than a sin-
gle decimal order, using the two-molecule SchNOrb water model
with the free-atom and free-molecule DM blocks for the methane
molecule saves 1 and 2 SCF steps (∼13.4%), respectively.

IV. CONCLUSIONS AND FUTURE PERSPECTIVES
The ability to augment and accelerate SCF convergence in

electronic structure calculations has been considered via a combi-
nation of ESML and data extrapolation techniques. Several key out-
comes have been observed that relate directly to the initial research
questions proposed in Sec. I E, as follows:

1. Advanced techniques for the initialization of the SCF cycle,
with more accurate electronic structure, are capable of reduc-
ing the number of SCF iterations and accelerating calculations.
Generally, higher accuracy predictions of the DM lead to
a proportional reduction in the number of SCF steps, but
nuances exist. In particular, if the accuracy of the DM predic-
tion is not uniform over its elements, the performance gain is
limited by the least accurate part of the DM (Sec. III B).

2. An ESML model trained for only a subset of an entire sys-
tem is demonstrated as useful for accelerating SCF conver-
gence. A simple “stitching” algorithm to combine DM ele-
ments (Sec. II C 3) can be used to build the DM of the
bigger system using DMs of overlapping subsystems, substan-
tially improving SCF initial guess accuracy compared with the
default free-atom guess. For the water clusters considered in
Sec. III C, the use of the SchNOrb ESML model reduced cal-
culations by ∼2 SCF iterations for single-point calculations
(Fig. 5). Even when there are no ESML models for some
parts of the system, the DM stitching approach can be used
beneficially to combine ESML and non-ESML data as demon-
strated for a methane molecule in a water cage (Sec. III E 2).
While the improved initial guess of the DM does demonstrate
value for accelerating SCF convergence, it does not address
more general challenges with convergence, such as charge
sloshing.

3. DM extrapolation techniques can be used synergistically with
ESML predictions if the difference between the predicted and
ground-state DMs is extrapolated and used as a correction for
the ESML prediction (Sec. II C 5). With this approach, we
managed to save up to 8 SCF steps for the water cluster calcula-
tions, when compared with the default free-atom initialization
(Fig. 6).

The performance benefits from applying an ESML model in
this study are overall modest, with benefits reduced as the system
size increases; indeed, the cost of training the ESML water model
applied in this work (5000 single-point calculations) is justified only
once ∼25 000 electronic structure calculations have been performed
for systems containing water. However, the ability to transfer the
ESML water model and “stitching” algorithm to any calculation that
involves water, which covers many fields of chemistry, provides the
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necessary breadth of value beyond the immediate study. Further-
more, this work demonstrates the potential of these methods, and
further advancement of ESML models offers great opportunities for
performance improvements in ab initio electronic structure codes
in the near future. In particular, we envisage that ESML models
trained on larger molecular clusters (or periodic systems) would bet-
ter account for the molecular environment, providing more accurate
inter-molecule DM blocks that are pivotal for success. ESML mod-
els of small molecules, clusters, surfaces, or adsorption complexes
can be developed and combined for the simulation of a wider set
of systems, using the algorithms presented to combine DMs and to
perform quicker chemical investigations.

We also note persistent challenges with respect to the default
density mixers, preconditioners, and SCF heuristics that can be con-
fused by an accurate initial DM prediction (Secs. III B and III E).
When the SCF cycle starts in the quadratic region, with no infor-
mation about the inverse Hessian, several wasteful iterations are
spent far from the converged solution. In this case, other SCF solvers
may be preferred, e.g., Newton–Raphson or conjugate gradient.
The development of ESML models that are able to provide use-
ful information about the accuracy of different parts of the initial
guess would be highly valuable for this endeavor. Thus, there is an
opportunity to rethink algorithmic strategies for SCF convergence
in future software developments.

We also see value in platforms to combine ESML models that
use different basis sets for electronic structure representation; the
incompatibility complicates the practical usage of multiple mod-
els currently. A uniform API for the high-performance interaction
of DFT codes with ESML models (such as ASI9) is also necessary
for adoption by software packages, facilitating the development of
automated interoperability ESML-augmented workflows.
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DATA AVAILABILITY
The training dataset from which the SchNOrb model

was derived (water dimers at 300 and 500 K) can be accessed
at https://www.doi.org/10.5281/zenodo.15125083. The testing
dataset on which the model was applied (6-, 12-, 21-, and
101-molecule water clusters and the clathrate cage) and the
scripts with which DMs have been calculated can be accessed
at https://www.doi.org/10.5281/zenodo.15460932. The SchNOrb
ESML model can be accessed at https://www.doi.org/10.5281/
zenodo.15045586. The SchNOrb codebase for DM predictions can
be accessed at https://github.com/juliawestermayr/schnorb_dm.
The benchmarking was performed using sample scripts from the
asi4py.dm documentation that are freely available at the GitLab
website (https://pvst.gitlab.io/asi/ml_dm.html) and are the part of
the open ASI repository (https://gitlab.com/pvst/asi).

APPENDIX: IMPLEMENTATION DETAILS
1. Classes introduced to asi4py.dm

The following classes were added to the asi4py.dm subpackage
to enable the presented work:

● PredictFreeAtoms initializes the DM using electron den-
sity of free atoms, corresponding to the default behavior of
FHI-aims in case of single-point calculations. We used this
class for benchmarking purposes and for parts of simulated
systems with no available ESML models (e.g., CH4 molecule
in a clathrate).

● PredictConstAtoms initializes the DM using the DM
result(s) of earlier calculation(s), i.e., sequential calculations.

● PredictDMByAtoms initializes the DM using ESML mod-
els, such as SchNOrb,25 that predict electronic structure by
atomic coordinates.

● PredictFrankensteinDM initializes the DM of the whole
system by combining (“stitching”) multiple density matri-
ces, for different parts of the simulated system, into a single
matrix.

● PredictSeqDM introduces corrections to the DM pre-
dictor by extrapolating any error arising from sequential
geometries (as discussed further in Sec. II C 5).

2. Construction of a free-atom density matrix
FHI-aims uses an atomic solver to initialize the SCF cycle,

which means that the first DM is produced only from wavefunction
coefficients after the first solution of the eigenproblem in Eq. (1).
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FIG. 9. Errors calculated at the second SCF step when using default initialization
(εdef) and initialization using free-atom density matrices (εfadm), sampled across
1000 different geometries of a six-molecule water cluster. The red line shows a
near exact match for εdef = εfadm. The error values are defined by Eq. (2).

Therefore, to estimate the accuracy of the default initial guess on
equal footing with other methods, the PredictFreeAtoms class
was implemented to construct the initial DM from precomputed
DMs of free atoms [i.e., Fig. 2(c)]. The validity of the method was
tested by comparing SCF convergence for 1000 different geometry
configurations of the six-molecule water cluster, using the default
initialization method within FHI-aims and DMs constructed from
free atom DMs; and 99.9% (999/1000) calculations converged with
the same number of SCF steps (15), with the other calculation differ-
ing by one SCF step. We also compared DM errors before the second
SCF step (i.e., after the first eigenproblem solution), and a near per-
fect match is observed (Fig. 9), with mean absolute error (MAE)
less than 1.4 × 10−4. These results demonstrate that any discrepan-
cies in our approach are very small, and the use of the free-atom
DMs is considered equivalent to the default initialization scheme in
FHI-aims herein.
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