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Abstract

The paper deals with homogenisation problems for high-contrast symmetric convolution-type operators 
with integrable kernels in media with a periodic microstructure. We adapt the two-scale convergence method 
to nonlocal convolution-type operators and obtain the homogenisation result both for problems stated in the 
whole space and in bounded domains with the homogeneous Dirichlet boundary condition.

Our main focus is on spectral analysis. We describe the spectrum of the limit two-scale operator and 
characterise the limit behaviour of the spectrum of the original problem as the microstructure period tends 
to zero. It is shown that the spectrum of the limit operator is a subset of the limit of the spectrum of the 
original operator, and that they need not coincide.
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1. Introduction

This work is devoted to the homogenisation of high-contrast symmetric convolution-type op
erators with integrable kernels in periodic media. In the first part of the paper, we show that 
the two-scale convergence method (see [1]) applies to the class of operators under consideration 
and present several technical results that help us to homogenise this family of operators. We 
then analyse the corresponding spectral problems in two settings: problems posed in the whole 
space, and boundary value problems in bounded Lipschitz domains. In the latter case, we impose 
homogeneous Dirichlet boundary conditions in the complement of the domain.

The spectrum of the limit homogenised operator is non-trivial. Following the ideas of [31], 
we introduce an auxiliary Zhikov’s β-function and describe the spectrum of the limit two-scale 
operator in terms of this function.

Next we study the limit behaviour of the spectrum of the original operator in the whole space 
setting and characterise the Hausdorff limit of this spectrum as the microstructure period tends to 
zero. In particular, we show that the spectrum of the limit operator is always a subset of the said 
limit, and that the opposite inclusion need not hold, neither in the whole space nor in a bounded 
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domain. We show that the additional limit spectrum is associated with the quasiperiodic quasi
modes supported on the soft component. Remarkably, the soft component need not be infinite 
for this to happen (cf. the discussion below). Indeed, in the case of disconnected soft inclusions 
it is enough for the convolution kernel to have sufficiently large support in order that inclusions 
“communicate'' with their neighbours.

For the generic Lipschitz domain the usual difficulty in the periodic homogenisation theory is 
the disagreement between the periodic microstructure and the domain boundary. In particular, the 
Hausdorff limit of the spectra does not exist in general in the presence of the boundary. However, 
the Hausdorff limit of the spectra may exist for domains of particular shape. To illustrate this, we 
study a special case when the domain is rectangular and assume that the small parameter ε goes 
to zero along a discrete subsequence so that the geometry of the microstructure in the boundary 
layer is self-congruent along this subsequence. We show that in this case the limit of the spectra 
exists in the Hausdorff sense and provide its characterisation.

Finally, in the whole space setting, adapting approach of [16], we establish norm-resolvent 
convergence result with explicit bounds via scaled Gelfand transform, and, as a consequence, 
obtain bounds on the rate of spectral convergence.

Various processes in the models of mathematical biology and population dynamics, porous 
media and chemistry of polymers are often described in terms of evolution equations of the 
form ∂tu = Au with a non-local convolution type operator A and the corresponding stationary 
equations. The non-locality of A reflects the non-local nature of the interaction in these models. 
One of the models of this type, the so-called contact model in Rd , has been actively studied in the 
existing literature, see [21], [22], [23]. This model is a particular case of birth and death processes 
in continuum, it deals with locally finite configurations of particles (points) in Rd and describes 
the evolution of the so-called correlation functions, in particular, the density of the population 
(the first correlation function). Each particle produces offsprings at random times independently 
of other particles. The kernel of the corresponding integral operators characterises the intensity 
of appearance of the offsprings at a point y for a given location x of the parent. In homogeneous 
media the kernel depends only on the difference (y − x), while in non-homogeneous media it 
also includes a function which represents the local properties of the media.

In a typical case the kernel of the operator A is a product of a convolution kernel a(x − y)

and a coefficient Λ(x,y). The kernel a(x − y) specifies the intensity of interaction in the model 
depending on the distance. It determines the localization properties of A. The coefficient Λ(x,y)
represents the local characteristics of the environment. Raising the question of the long-time 
behaviour of these processes and of the macroscopic description of models with a microstructure, 
we arrive at the upscaling or homogenisation problems for non-local convolution-type operators.

Rigorous homogenisation results for moderate-contrast zero order convolution type operators 
in periodic environments have been obtained in [27], [25]. In [27] it was shown that under natural 
moment and coerciveness conditions a family of symmetric operators with periodic coefficients 
admits homogenisation, the effective operator being a second order elliptic differential operator 
with constant coefficients. For a non-symmetric operators, the homogenisation takes place in 
moving coordinates, see [25]. Sharp in order estimates for the rate of convergence in the operator 
norms have been obtained in [28]. Homogenisation problems for symmetric convolution-type 
operators with random statistically homogeneous coefficients have been considered in [26]. It 
was proved that under the same moment and coerciveness conditions as in the periodic case the 
almost sure homogenisation result holds, and the limit operator is a second order elliptic differ
ential operator with constant coefficients. In the ergodic media the limit operator is deterministic.
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Non-local operators and functionals of convolution type in perforated domains have been in
vestigated by the variational methods in [6]--[7] and, in the case of more complicated geometry, 
in [8]. Homogenization result for a high-contrast convolution type evolution equation was ob
tained in the recent work [29], where the correctors and semigroup approximation techniques 
were used.

High-contrast differential equations with rapidly oscillating coefficients have been widely 
studied in the existing literature starting from [4]. At present there are many works devoted to this 
topic. However, it turned out that the asymptotic behaviour of the spectrum of these operators is 
a rather delicate problem. It was addressed successfully in [31].

The approach developed in this article relies on the two-scale convergence technique. How
ever, the two-scale resolvent convergence result we obtain implies only ``half'' of the Hausdorff 
convergence of the spectra, namely, that the limiting spectrum contains the spectrum of the limit 
operator. The inverse inclusion (let us focus on the whole space setting at the moment, to avoid 
boundary layer effects) requires additional assumptions on the operator and / or geometry of the 
soft component, and is not true in general. For example, in the periodic setting of [31], [32] the 
Hausdorff convergence of the spectra holds provided that the soft component is a collection of 
disconnected finite size inclusions. When such assumptions are not satisfied, it may happen that 
the limiting spectrum is strictly larger than that of the limit operator. In high-contrast problem 
this situation was first rigorously analysed in [14], see also [16], which provides deeper insight 
in the setting of [14], where the ``additional'' spectrum is attributed to the quasiperiodic quasi
modes supported on the infinite soft component, which are not captured by the two-scale limit. 
For other approaches to norm resolvent estimates for high-contrast PDEs we refer to [15,13,5].

A similar picture can be observed in other settings. In [9] the authors investigate the limit 
resolvent equation, limit spectrum and limit evolution for high contrast thin elastic plates. It 
turns out that in one of the regimes the limit spectrum is strictly larger than the spectrum of 
two-scale limit operator. The limit behaviour of the spectrum of high-contrast elliptic differential 
operators in random statistically homogeneous environments was studied in [11]. There, the 
additional limiting spectrum not accounted for by the two-scale limit operator is of a different 
nature and is due to stochastic fluctuations in the arrangement of inclusions from the ergodic 
average. However, in case of a bounded domain this extra spectrum is not present in the limit 
[12]. We also mention [3] for results on semigroup convergence and the spectrum of the limit 
operator.

In the context of boundary layer spectrum we mention [2], which focuses on the high fre
quency spectrum for moderate-contrast elliptic PDEs in a bounded domain. Making use of the 
Floquet-Bloch transform the authors characterise the limit spectrum; they also characterise the 
limit boundary spectrum for a rectangular domain and a discrete subsequence of the microscopic 
parameter.

Finally, we note that this work contains a new extension result, which is simpler and, in fact, 
more natural for the framework of integral operators, compared to the one used in previous works 
in the area. Moreover, the ‘minimal’ assumptions on the geometry of the soft / stiff components 
necessary for the extension result have been relaxed, in particular, they do not require any reg
ularity of the boundary of the sets. We also develop a regularisation technique for the ‘bounded 
energy’ sequences of functions allowing for H 1-bounds, which leads to an elegant proof of com
pactness results.

Structure of the paper
In the next section we set the problem, define the family of operators 𝒜ε, and state our main 

results: in Section 2.1 we describe the limit two-scale operator and its spectrum and state the 
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spectral inclusion result; in Section 2.2 we state spectral convergence results for the whole space 
setting and a rectangular domain; finally, in Section 2.2 we bound for the norm resolvent and 
spectral convergence for the whole space setting.

In Section 3 we establish well-posedness of the corrector problem (9) and prove the first main 
result of the paper Theorem 2.6.

Section 4 is devoted to the analysis of the spectrum of the limit operator 𝒜. There we study 
properties of function β , prove Theorem 2.10 and provide a number of example for possible 
structure of the spectrum of the operator 𝒜soft.

In Section 5 we address the question of spectral convergence and prove Theorems 2.11, 2.12
and 2.13.

Finally, in Section 6 we prove our norm-resolvent and spectral convergence bounds �- Theo
rem 2.14 for the case S = Rd .

In Appendix A we provide a new simplified (compared to previous works in the area) ex
tension theorem; Appendix B provides regularisation and compactness for ‘bounded energy’ 
functions; finally, in Appendix C we establish two-scale convergence properties for convolution 
energies.

2. Problem setting and main results

We begin with the description of the geometry of the medium. We work with the periodicity 
cell Y = [0,1)d and denote by Y # = Rd/Zd the corresponding flat torus with quotient topology. 
We will use # in the subscript or superscript to denote periodic sets, spaces of periodic functions 
and associated operators. Let Y #

stiff and Y #
soft be open disjoint periodic sets such that Y #

stiff ∪ Y #
soft =

Rd . They represent ``stiff'' and ``soft'' components of the medium respectively. Denote Ystiff :=
Y #

stiff ∩ Y and Ysoft := Y #
soft ∩ Y .

By L2
#(Y )we denote the space of L2(Y ) functions extended by periodicity to Rd . By L2(Ysoft)

and L2(Ystiff) we denote the subspaces of L2(Y ) whose elements vanish on Ystiff and Ysoft respec
tively; L2

#(Ysoft) and L2
#(Ystiff) denote the spaces of their periodic extensions. For a measurable set 

S ∈ Rd we denote L2
#(S × Ysoft) := L2(S;L2

#(Ysoft)), i.e. the space of functions from L2(S × Y)

which vanish for y ∈ Ystiff and periodically extended in y variable.
For A ⊂ Rd , 1A denotes the characteristic function of the set A, and |A| stands for its 

Lebesgue measure. For r > 0 we denote Ar := {x ∈ Rd : dist(x,A) < r} and Ar := {x ∈ A :
dist(x, ∂A) > r}. By Ck(A) we denote the set of k times continuously differentiable functions 
on A, and by Ck0(A) we denote the set of k times continuously differentiable functions which are 
compactly supported in A. Hk

0 (A) denotes the closure of Ck0(A) with respect to Hk norm. By 
Hk

# (Y ) we denote the Sobolev space of periodic functions on the torus. For x ∈ Rd and m> 0, 
□m
x denotes the cube [x −m,x +m]d . We also set □m := □m

0 and □x := □1
x . Br(x) denotes the 

open ball of radius r centred at x, and Br := Br(0). We define

Dr := {(x, y) ∈ Rd × Rd : |x − y|< r}.
Next we describe the operator. Let S denote either Rd or its open bounded Lipschitz subset. 

We consider a bounded operator 𝒜ε : L2(S) → L2(S) (as above, we identify L2(S) with the 
subspace of L2(Rd) whose elements vanish on the complement of S) defined according to

𝒜εu(x)= 2 
εd+2 1S(x)

ˆ

Rd

a
(︂x − y

ε

)︂
Λε(x, y)(u(x)− u(y))dy.

5 
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We make the following assumptions on the integral kernel.

Assumption 2.1. 

a ≥ 0, a is even, i.e. a(x)= a(−x) ∀x ∈ Rd;
there exists an ellipticity radius ra > 0 such that a(x)≥ ca > 0, for |x|< ra; (1)

x ↦→ a(x)(1 + |x|2) ∈ L1(Rd).

The function Λε encodes the periodicity and high-contrast of the medium. We put

Λε(x, y)=Λ0

(︂x
ε
,
y

ε

)︂
+ ε2p

(︂x
ε
,
y

ε

)︂
,

where Λ0, p are symmetric Y -periodic functions in each argument such that

Λ0(x, y)= 0 outside Ystiff × Ystiff,

p(x, y)=w(x,y)(1 − 1Ystiff(x)1Ystiff(y)),

0< α1 <w, Λ0|Ystiff×Ystiff < α2 <∞
for some α1, α2 > 0.

In terms of the geometry of the sets Ystiff and Ysoft, we require a very simple property, which 
in plain language can be expressed as ``the stiff component Y #

stiff must be ``connected'' via the 
convolution kernel a''. No other conditions, such as regularity of the boundary, are needed.

First, observe that for any open (non-empty) periodic set Y #
stiff the following holds: there exist 

r0, κ0 > 0 such that

|Y #
stiff ∩Br0(x)|

|Br0 | 
≥ κ0 ∀ x ∈ Ystiff. (2)

Furthermore, there exist r1 > 0, k,N ∈ N such that for any two points η′, η′′ ∈ Y #
stiff ∩ □ there 

exists a discrete path from η′ to η′′ contained in Y #
stiff ∩□k , i.e. a set of points

{η0 = η′, η1, . . . , ηN ,ηN+1 = η′′} ⊂ Y #
stiff ∩□k, (3)

such that N ≤N and |ηj+1 − ηj | ≤ r1, for j = 0,1, . . . ,N .
In general, there is no guarantee that the radii r0 and r1, for which (2) and (3) hold, are small. 

Our assumption on the geometry of Ystiff and Ysoft is that the radii r0 and r1 are controlled by the 
ellipticity radius ra . Namely:

Assumption 2.2. The following inequality holds:

ra ≥ 2r0 + r1,

where ra is the ellipticity radius introduced in Assumption 2.1, and r0, κ0, r1, k,N , are the num
bers for which (2) and (3) hold.

6 
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One can choose r0 to be any number greater than

inf
{︂
r > 0 : inf 

x∈Ystiff

|Y #
stiff ∩Br(x)|

|Br | > 0
}︂
.

Note that the infimum above may be equal to zero. In this case any r0 > 0 is admissible. We can 
choose r1 in a similar way. Both r0 and r1 encode geometrical properties of the set Ystiff.

Since the integral kernel is symmetric, the operator 𝒜ε is self-adjoint. The associated bilinear 
form is given by

aε(u, v)= 1 
εd+2

ˆ

Rd

ˆ

Rd

a
(︂x − η

ε

)︂
Λε(x,η)(u(x)− u(η))(v(x)− v(η))dxdη, u,v ∈ L2(S).

It is convenient to work with the weak formulation of the resolvent problem for 𝒜ε: for fε ∈
L2(S) and λ < 0 find uε ∈ L2(S) such that

aε(uε, v)− λ

ˆ

S

uεv =
ˆ

S

fεv for all v ∈ L2(S). (4)

In case of a bounded domain S, the assumption that uε vanishes outside S represents homoge
neous Dirichlet boundary condition.

Remark 2.3. We do not assume any regularity of the sets representing the stiff and the soft 
components beyond them being open. While not surprising, this is in a stark contrast with the 
PDEs case, where some boundary regularity is required to guarantee existence of extension from 
the stiff into the soft components with the control of H 1-norm. In the present setting, we only 
need to control the convolution energy, cf. (147). It turns out that a simple piecewise constant 
extension by local averages does the job! The only regularity we require in Assumption 2.2
is that the stiff component is ``connected'' through the convolution kernel a �- no geometrical 
connectedness of the stiff component is required.

In the case of high-contrast PDEs (−∇ · aε∇), it is important for the structure of the limit 
spectrum whether the soft component comprises infinite connected sets or a collection of discon
nected inclusions. In particular, the limit spectrum is strictly larger than the spectrum of the limit 
two-scale operator in the case of the former. In the present setting even if the soft component 
consists of disconnected inclusions they still may ``communicate'' with each other if the support 
of the convolution kernel a is sufficiently large, cf. operators 𝒜#

soft and 𝒜soft below.

Remark 2.4. In the case of a bounded domain S, one can also study the problem with homoge
nous Neumann boundary condition. In this case, the integration in the bilinear form aε is taken 
over the set S × S rather than Rd × Rd :

aε(u, v)= 1 
εd+2

ˆ

S

ˆ

S

a
(︂x − η

ε

)︂
Λε(x,η)(u(x)− u(η))(v(x)− v(η))dxdη, u,v ∈ L2(S).

The analysis and results for the Neumann problem would be analogous to the ones obtained 
in the case of the Dirichlet condition, including the analysis of the boundary spectrum, see the 
discussion below.

7 
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2.1. Two-scale limit operator and its spectrum

Our first result is concerned with the two-scale resolvent limit for the operator 𝒜ε. We de
note by 𝒜 the unbounded self-adjoint operator acting in the space L2(S) + L2

#(S × Ysoft) and 
associated with the bilinear form

a(u+ z, v + b) := ahom(u, v)+
ˆ

S

a#
soft(z(x, ·), b(x, ·))dx,

u+ z, v + b ∈H :=H 1
0 (S)+L2

#(S × Ysoft), (5)

where

ahom(u, v) :=
ˆ

S

Ahom∇u · ∇v dx, u,v ∈H 1
0 (S), (6)

and

a#
soft(z, b) :=

ˆ

Rd

ˆ

Y

a(ξ)p(y, y+ ξ)(z(y+ ξ)− z(y))(b(y+ ξ)−b(y)) dy dξ, z, b ∈ L2
#(Ysoft).

(7)
Here Ahom is the homogenised matrix of the stiff component,

Ahom
ij :=

ˆ

Y

ˆ

Rd

a(ξ)Λ0(y, y + ξ)
(︂
ξi + χi(y + ξ)− χi(y)

)︂
ξj dξ dy, (8)

where χi ∈ L2
#(Ystiff), i = 1, . . . , d , are the corresponding homogenisation correctors defined as 

the unique up to a constant (cf. Lemma 3.1 below) solutions of the corrector problem

ˆ

Y

ˆ

Rd

a(ξ)Λ0(y, y + ξ)
(︂
ξi + χi(y + ξ)− χi(y)

)︂
(b(y + ξ)− b(y)) dξ dy = 0 ∀b ∈ L2

#(Y ).

(9)
We denote by 𝒜hom and 𝒜#

soft the self-adjoint operators associated with the forms (6) and (7)
respectively.

The resolvent problem for the operator 𝒜 associated with the form (5) reads

a(u+ z, v + b)− λ

ˆ

S

ˆ

Y

(u+ z)(v + b)=
ˆ

S

ˆ

Y

f (v+ b) ∀v+ b ∈H. (10)

This equation can be equivalently written as the following coupled system:

ˆ

Rd

Ahom∇u(x) · ∇v(x) dx − λ

ˆ

Rd

⎛⎝u(x)+ ˆ

Y

z(x, y) dy

⎞⎠v(x) dx
8 
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=
ˆ

Rd

ˆ

Y

f (x, y) dy v(x) dx ∀v ∈H 1
0 (S), (11)

ˆ

Rd

ˆ

Y

a(ξ)p(y, y + ξ)(z(x, y + ξ)− z(x, y))(b(y + ξ)− b(y)) dy dξ 

−λ
ˆ

Y

(u(x)+ z(x, y))b(y)dy =
ˆ

Y

f (x, y)b(y)dy ∀b ∈ L2
#(Ysoft) for a.e. x ∈ S. (12)

Before stating the next theorem we recall the definition of the two-scale convergence (for basic 
properties of the two-scale convergence see [1]).

Definition 2.5. Let A⊂ Rd be an open set and let (uε)ε>0 be a bounded sequence in L2(A). We 
say that uε weakly two-scale rescaled converges to u ∈ L2(A× Y) if

ˆ

A 

uε(x)ϕ(x, x/ε) dx →
ˆ

A 

ˆ

Y

u(x, y)ϕ(x, y) dy dx ∀ϕ ∈ L2(A;C#(𝒴)). (13)

We write uε
2−⇀ u(x,y). Furthermore, we say that (uε)ε>0 strongly two-scale converges to u ∈

L2(A× Y) if uε
2−⇀u(x,y) and ∥uε∥L2 → ∥u∥L2(A×Y). We denote this by uε

2−→ u(x, y).

It is well known that any bounded in L2(A) sequence has a subsequence that converges weakly 
two-scale. Moreover, it is sufficient to verify the convergence in (13) for the test functions of the 
form ϕ(x, y)= φ(x)b(y), where φ ∈ C∞

0 (A) and b ∈ C∞
# (Y ).

Theorem 2.6. Let (fε)ε>0 be a bounded sequence in L2(S) such that fε
2−⇀ (

2−→)f (x, y) ∈
L2(S × Y). Then for the solution uε of problem (4) with λ < 0 we have

uε
2−⇀(

2−→) u+ z, u+ z ∈H,

where u+ z is the solution to (10).

In what follows we will often use the notation ⟨f ⟩ = ´
Y
f dy.

Remark 2.7. Notice that while the limit operator 𝒜 acts in the space L2(S)+L2
#(S × Ysoft), the 

weak equation (10) ((11)-(12)) makes sense for any right hand side f ∈ L2(S×Y). The problem 
(10) may be written in the operator form with the help of projection operator 𝒫 : L2(S × Y)→
L2(S)+L2(S × Ysoft). It is not difficult to see that for an element f ∈ L2(S × Y) one has

𝒫f = |Ystiff|−1⟨f 1Ystiff⟩ + 1Ysoft(f − |Ystiff|−1⟨f 1Ystiff⟩).

Thus (10) reads (𝒜− λI)(u+ z)= 𝒫f . In particular, Theorem 2.6 can be rephrased as follows:

9 
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If fε
2−⇀(

2−→)f (x, y), then for λ < 0 we have

(𝒜ε − λI)−1fε
2−⇀(

2−→)(𝒜− λI)−1𝒫f (x, y).

This property is commonly known as the weak (strong) two-scale resolvent convergence.
It is well known that the strong (two-scale) resolvent convergence entails ``spectral inclusion''. 

In particular, for the operators 𝒜ε one has

Sp(𝒜)⊂ lim 
ε→0

Sp(𝒜ε). (14)

The argument is classical and rather straightforward. In the two-scale convergence context we 
refer to e.g. [19], and to [24] in a more general setting.

In (14) and in what follows the limit notation for a sequence of sets is understood in the sense 
of the following

Definition 2.8. For a family of sets 𝒮ε ⊂ R the notation limε→0 𝒮ε stands for the set of all limit 
points of 𝒮ε in the sense that for any λ ∈ limε→0 𝒮ε there exists a subsequence εk → 0 and 
λεk ∈ 𝒮εk such that λεk → λ, and vice versa, for any converging subsequence λεk ∈ 𝒮εk the limit 
is in limε→0 𝒮ε .

In case if a sequence 𝒮ε has a limit in the sense of Hausdorff, we will write H- limε→0 𝒮ε . We 
recall that a set 𝒮 ⊂ R is the Hausdorff limit of a family of sets 𝒮ε if

a. for any λ ∈ 𝒮 there exists a sequence (λε)ε>0 such that λε ∈ 𝒮ε and lim 
ε→0

λε = λ;

b. if λε ∈ 𝒮ε is such that limε→0 λε = λ, then λ ∈ 𝒮 .

Remark 2.9. It is not difficult to see that the operator 𝒜#
soft : L2

#(Ysoft)→ L2(Ysoft) is given by

𝒜#
softz(y)= 2

ˆ

Rd

a(ξ − y)p(y, ξ)dξ z(y)− 2
ˆ

Rd

a(ξ − y)p(y, ξ)1Y #
soft
(ξ)1Ysoft(y)z(ξ)dξ. (15)

We emphasise that the operator 𝒜#
soft acts on the space of periodic functions defined on Rd . The 

target space, however, is defined only over the single cell Y . The same is true for other operators 
acting on spaces of periodic functions.

In the operator form the equations (11)-(12) read

𝒜homu− λ (u+ ⟨z⟩)= ⟨f ⟩,
𝒜#

softz(x, ·)− λ(u(x)1Ysoft(·)+ z(x, ·))= f (x, ·)1Ysoft(·), u ∈H 1
0 (S), z ∈ L2(S × Y #

soft).

In order to characterise the spectrum of 𝒜 we introduce the function β : R \ Sp(𝒜#
soft)→ R:

β(λ) := λ+ λ2
⟨︂
(𝒜#

soft − λI)−11Ysoft

⟩︂
= λ+ λ2⟨bλ⟩, λ ∈ R+

0 \Sp(𝒜#
soft), (16)

where we denote bλ := (𝒜#
soft − λI)−11Ysoft . The spectrum of the limit two-scale operator can be 

fully characterised by the spectrum of 𝒜hom, function β and the spectrum of 𝒜#
soft:

10 
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Theorem 2.10. 

Sp(𝒜)= {β(λ) ∈ Sp(𝒜hom)} ∪ Sp(𝒜#
soft). (17)

Here and in what follows, when we write β(λ) we tacitly assume that λ belongs to the domain 
of β , i.e. λ ∈ R \ Sp(𝒜#

soft).

2.2. Spectral convergence

The spectral inclusion inverse to (14) is not always the case. For it to hold for high-contrast 
problems one needs some sort of locality property for the soft component. For example, in the 
case of periodic elliptic PDEs, the inverse to (14) inclusion holds only if the soft component 
consists of disconnected inclusions, see [32]. In the present setting the inverse to (14) does not 
hold in general even under the mentioned geometric assumption. Indeed, if the support of the 
convolution kernel a is sufficiently large to guarantee the nearby inclusions to ``communicate'', 
the limiting spectrum is strictly larger than Sp(𝒜). In other words, the two-scale resolvent con
vergence is too restrictive and does not fully recover the asymptotic behaviour of 𝒜ε. More 
specifically, instead of the ‘periodic’ operator 𝒜#

soft one needs to consider its whole space coun
terpart 𝒜soft defined below. Moreover, in the case when S is a bounded domain, the spectrum 
arising from the interaction of the soft component with the boundary of S persists in the limit, 
but is not accounted for by the operator 𝒜. It is, however, seems impossible to characterise the 
part of the limiting spectrum arising from the boundary for a general domain S. In what follows, 
we define relevant objects and summarise our main results concerning spectral convergence.

We define the operator 𝒜soft : L2(Y #
soft) → L2(Y #

soft) as the symmetric operator associated 
with the bilinear form

asoft(z, b)=
ˆ

Rn

ˆ

Rn

a(ξ)p(y, y + ξ)(z(y + ξ)− z(y))(b(y + ξ)− b(y)) dy dξ, z, b ∈ L2(Y #
soft).

This operator has important role in characterisation of the limiting spectrum in both cases: when 
S is bounded or S = Rd . Note that in contrast to the operator 𝒜#

soft, which acts in the space of 
periodic functions L2

#(Ysoft), the operator 𝒜soft acts in the space L2(Y #
soft).

It is not difficult to see that

Sp(𝒜#
soft)⊂ Sp(𝒜soft).

Indeed, if λ ∈ Sp(𝒜#
soft) the one can use a corresponding (approximate) periodic eigenfunction 

and the cut off function technique analogous to the one in the proof of Theorem 5.5 below, in 
order to construct an approximate L2 eigenfunction for 𝒜soft. Alternatively, one can employ 
Gelfand transform resulting in Sp(𝒜soft) = ∪θ Sp(𝒜θ

soft), see Section 6 for the definition of the 
quasi-periodic operators 𝒜θ

soft. Then the claim follows directly from the observation that 𝒜#
soft =

𝒜0
soft.
Further, we define the operator 𝒜ε,soft : L2(εY #

soft ∩ S) → L2(εY #
soft ∩ S) via the associated 

bilinear form

11 
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aε,soft(z, b)=
ˆ

Rd

ˆ

Rd

a(ξ)p
(︂x
ε
,
x + εξ

ε

)︂
(z(x + εξ)− z(x)) (b(x + εξ)− b(x)) dx dξ,

z, b ∈ L2(εY #
soft ∩ S). (18)

(Note that in the case when S = Rd the operator 𝒜ε,soft is unitarily equivalent to 𝒜soft via the 
rescaling, hence they have identical spectra.)

The following two assertions hold.

Theorem 2.11. 

{β(λ) ∈ Sp(𝒜hom)} ∪ Sp(𝒜soft)⊂ lim 
ε→0

Sp(𝒜ε). (19)

Theorem 2.12. 

lim 
ε→0

Sp(𝒜ε)⊂ {β(λ) ∈ Sp(𝒜hom)} ∪ lim 
ε→0

Sp(𝒜ε,soft).

In the case when S = Rd , the inclusion (19) becomes equality, see Theorem 2.14 below. On 
the other hand, for a general domain S the ``boundary layer'' spectrum may behave unpredictably. 
In general, the task of characterising the boundary layer and the associated spectrum is extremely 
challenging. In Section 5 we provide its analysis for a special case when the set S is a rectangular 
box with vertices in Zd , see (52), and the sequence ε= 1 

N
,N ∈ N, so that the geometry of the soft 

component in the boundary layer is congruent for all ε = 1 
N

. In this case the limiting spectrum 
exists in the sense of Hausdorff, and we have the following

Theorem 2.13. 

H- lim 
N→∞ Sp(𝒜1/N )= {β(λ) ∈ Sp(𝒜hom)} ∪ (︁∪i=1,...,2d Sp(𝒜vi

soft)
)︁
.

Here 𝒜vi
soft denotes the operator on the part of soft component associated with the i-th vertex 

of Rd , see Section 5 and (57) below for the precise definition. Notice that Sp(𝒜soft)⊂ Sp(𝒜vi
soft)

for all i.

2.3. Norm resolvent and spectral convergence bounds for the case S = Rd

Periodic problems in the whole space are a standard premise for the Floquet-Bloch theory. Ap
plying the scaled version of the Gelfand transform Gε : L2(Rd)→ L2(Y ∗ ×Y),Y ∗ := [−π,π]d ,

(Gεf )(θ, y) :=
(︃
ε2

2π

)︃d/2 ∑︂
n∈Zd

f (ε(y + n))e−iεθ ·(y+n),

we obtain the decomposition

12 
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Gε𝒜ε(Gε)
−1 =

⊕ ˆ

Y ∗
𝒜θ
ε , (20)

where the self-adjoint operators 𝒜θ
ε , θ ∈ Y ∗, are associated with the sesquilinear form

ˆ

Y

ˆ

Rd

a(ξ − y)
(︂
ε−2Λ(y, ξ)+ p(y, ξ)

)︂
(eiθ ·(ξ−y)u(ξ)− u(y))(eiθ ·(ξ−y)v(ξ)− v(y))dξdy,

∀u,v ∈ L2
#(Y ).

The relation (20) implies that

Sp(𝒜ε)= ∪θ∈Y ∗ Sp(𝒜θ
ε ).

Thus, in order to understand the limit behaviour of 𝒜ε and its spectrum one can analyse the 
family of operators 𝒜θ

ε instead.
Following a new approach, recently developed in [16], we show that 𝒜θ

ε can be approximated 
in the norm resolvent sense uniformly in θ ∈ Y ∗ by a homogenised operator 𝒜h,θ

ε , associated 
with the sesquilinear form

ε−2Ahomθ · θ z˜︁z
+
ˆ

Y

ˆ

Rd

a(ξ−y)p(y, ξ)(eiθ ·(ξ−y)(z+v(ξ))−(z+v(y)))(eiθ ·(ξ−y)(˜︁z+ ṽ(ξ))− (˜︁z+ ṽ(y)))dξdy,

∀z+ v,˜︁z+ ṽ ∈ C +L2
#(Ysoft). (21)

Our results are as follows.

Theorem 2.14. There exists a positive function h satisfying h(t)→ 0 as t → 0, limt→0 h(t)/t >

0, such that

∥(𝒜θ
ε + 1)−1 − (𝒜h,θ

ε + 1)−1∥L2(Y )→L2(Y ) ≤ Ch(ε) (22)

uniformly in θ ∈ Y ∗. Moreover,

lim 
ε→0

Sp(𝒜ε)= 𝒢 := {β(λ)≥ 0} ∪ Sp(𝒜soft),

and, for any Λ> 0, one has

dH,[0,Λ]
(︂

Sp(𝒜ε),𝒢
)︂

≤ C(Λ)max{h(ε), ε2/3},

where

dH,[0,Λ](A1,A2) := max
(︁

dist(A1 ∩ [0,Λ],A2), dist(A1,A2 ∩ [0,Λ]))︁.
13 
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The function h depends essentially on the decay properties of the convolution kernel a at 
infinity, cf. (101), (105), (122) and (123) below. In case a has a finite third moment, i.e. a(ξ)|ξ |3 ∈
L1(Rd), then we can set h(t)= t , see Remark 6.6 (cf. also [16, Theorem 5.6]).

Remark 2.15. It is not difficult to generalize the results of the paper to the case of d-dimensional 
periodicity lattice (see [20])

Ξ= {ℓ=
d∑︂
j=1 

kjbj : (k1, . . . , kd) ∈ Zd},

where {b1, . . . , bd} is an arbitrary basis for Rd . The associated unit cell is

Y = {y =
d∑︂
j=1 

γjbj : γj ∈ [0,1), j = 1, . . . , d}},

such that Rd is the disjoint union of the translated cells ℓ+Y , if ℓ ranges over Ξ. Y # can be then 
defined as Y # = Rd/Ξ with the quotient topology. For the case Ξ= Zd , Y = [0,1)d we obtain 
the case discussed here.

3. The limit two-scale operator via two-scale convergence

In this section we analyse the corrector problem (9) and the homogenised matrix of the stiff 
component and prove Theorem 2.6.

Lemma 3.1. 

a. The corrector problem (9) has a unique up to an additive constant solution.
b. For χ := (χ1, . . . , χd) and η ∈ Rd the function χη := χ · η ∈ L2

#(Ystiff) is the unique up to 
an additive constant solution to the problem

ˆ

Y

ˆ

Rd

a(ξ)Λ0(y, y + ξ)
(︁
ξ · η+ χη(y + ξ)− χη(y)

)︁
(b(y + ξ)− b(y)) dξ dy = 0

∀b ∈ L2
#(Y ). (23)

c. The homogenised matrix of the stiff component Ahom, cf. (8), is symmetric and positive defi
nite:

α̃1|η|2 ≤Ahomη · η,

for some α̃1 > 0.

Proof. Claim a. follows from the Lax-Milgram theorem upon establishing the coercivity of the 
form

14 
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astiff(ψ1,ψ2) :=
ˆ

Y

ˆ

Rd

a(ξ)Λ0(y, y + ξ) (ψ1(y + ξ)−ψ1(y)) (ψ2(y + ξ)−ψ2(y)) dξ dy

ψ1,ψ2 ∈ L2
#(Ystiff) 

for functions with zero mean on Ystiff. Applying Lemma A.5 with ℳ = Y #
stiff, and using the 

periodicity of ψ , we have

astiff(ψ,ψ)≥ α1ca

(2k)d

ˆ

(2kYstiff)
2∩Dra

(ψ(y)−ψ(ξ))2 dy dξ

≥ C

ˆ

(Ystiff)
2

(ψ(y)−ψ(ξ))2 dydξ = C

⎛⎜⎝∥ψ∥2
L2(Ystiff)

−
⎛⎜⎝ ˆ

Ystiff

ψ

⎞⎟⎠
2⎞⎟⎠ , (24)

which proves the first claim.
Claim b. is a straightforward consequence of the linearity of problem (9).
Now we address part c. From (8) and (9) one has

Ahom
ij =

ˆ

Y

ˆ

Rd

a(ξ)Λ0(y, y + ξ)
(︂
ξi + χi(y + ξ)− χi(y)

)︂(︂
ξj + χj (y + ξ)− χj (y)

)︂
dξ dy,

which yields the symmetry of Ahom.
Similarly, from (23) we have

Ahomη · η=
ˆ

Y

ˆ

Rd

a(ξ)Λ0(y, y + ξ)
(︁
ξ · η+ χη(y + ξ)− χη(y)

)︁2
dξ dy

for every η ∈ Rd . Suppose that Ahomη · η= 0 for some η ≠ 0. Choose y0 ∈ Rd such that

ˆ

y0+Ystiff

y · ηdy = 0.

Note that one then has 
´
y0+(Y #

stiff∩□m/2)
y · ηdy = 0 for any odd m ∈ N. Let χη be zero-mean on 

Ystiff and set ψ(y)= y · η+ χη . Then arguing as in (24) via Lemma A.5, for m ∈ N, we obtain

0 =Ahomη · η ≥ C∥ψ∥2
L2(y0+(Y #

stiff∩□m/2))
for some C = C(m) > 0.

We arrive at a contradiction due to the periodicity of χη, which completes the proof. □
Proof of Theorem 2.6. We give the proof for the case S = Rd . The case of bounded S can be 
dealt with in an analogous way, see also Remark B.2.

15 
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Assume first that fε
2−⇀f ∈ L2(S × Y) and consider the corresponding sequence of solutions 

uε to (4). Applying Corollary B.3 we consider the decomposition

uε = ūε + εûε + zε, (25)

with ūε ∈H 1(Rd)∩C∞(Rd), ûε ∈ L2(Rd) and zε ∈ L2(εY #
soft) satisfying

∥ūε∥H 1(Rd ) ≤ C, ∥ûε∥L2(Rd ) ≤ C, ∥zε∥L2(εY #
soft)

≤ C. (26)

By the basic properties of two-scale convergence, we have, up to a subsequence,

ūε
2−⇀u0(x), ∇ūε 2−⇀∇u0(x)+ ∇yū1(x, y), ûε

2−⇀ û1(x, y), zε
2−⇀z(x,y), (27)

for some u0 ∈H 1(Rd), ū1 ∈ L2(Rd ;H 1
# (Y )), û1, z,∈ L2(Rd;L2(Y#)). In particular, one has

uε
2−⇀u0(x)+ z(x, y).

Note that

ūε ⇀ u0 weakly in H 1(Rd).

Using a change of variables we rewrite the equation (4) in the form

ˆ

Rd

ˆ

Rd

a(ξ)Λε(x, x + εξ)

(︃
uε(x + εξ)− uε(x)

ε

)︃(︃
v(x + εξ)− v(x)

ε

)︃
dξ dx

− λ

ˆ

Rd

uε(x)v(x)dx =
ˆ

Rd

fε(x)v(x)dx. (28)

In order to recover the structure of the two-scale limits ū1 and û0, we pass to the limit as ε→ 0
in (28) with the test functions of the form εφ(x)b(x/ε), φ ∈ C∞

0 (Rd), b ∈ C#(Y ). Note that by 
the fundamental theorem of calculus we have (recall that ūε is smooth)

ūε(x + εξ)− ūε(x)

ε
=

1 ˆ

0 

ξ · ∇ūε(x + εtξ) dt. (29)

Then taking into account the decomposition (25), it is easy to see that

lim 
ε→0

ˆ

Rd

ˆ

Rd

a(ξ)Λ0(x/ε, x/ε+ ξ)
[︂ 1 ˆ

0 

∇ūε(x + εtξ) · ξ dt + ûε(x + εξ)− ûε(x)
]︂

(︂
φ(x + εξ)b(x/ε+ ξ)− φ(x)b(x/ε)

)︂
dξ dx = 0 (30)

16 
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Passing to the limit in (30) via Lemma C.1 and Corollary C.2, and taking into account (27), yields

ˆ

Rd

ˆ

Rd

ˆ

Y

Λ0(y, y + ξ)a(ξ)
(︁∇u0(x) · ξ + (ū1 + û1)(x, y + ξ)− (ū1 + û1)(x, y)

)︁
φ(x) (b(y + ξ)− b(y)) dy dξ dx = 0 ∀φ ∈ C∞

0 (Rd), b ∈ C#(Y ). (31)

By the density argument, it follows that for a.e. x the function (ū1 + û1)(x, ·) solves the corrector 
equation (23) with η= ∇u0(x). In particular,

u1 := ū1 + û1 = ∇u0 · χ.
Furthermore, by direct inspection, cf. (8), for any v ∈H 1(Rd), one has

Ahom∇u0(x) · ∇v(x)

=
ˆ

Y

ˆ

Rd

a(ξ)Λ0(y, y + ξ) (∇u0(x) · ξ + u1(x, y + ξ)− u1(x, y))∇v(x) · ξdξdy (32)

for a.e. x ∈ Rd .
We next show the validity of (11). To this end we pass to the limit in (28) via two-scale 

convergence with a test function v ∈ C∞
0 (Rd). Note that the term containing p(x, x + εξ) on 

the left-hand side of (28) vanishes in the limit, since v(x + εξ)− v(x)= ε
´ 1

0 ∇v(x + εtξ) · ξ dt
(compare with (29)). Then resorting to Lemma C.1 and Corollary C.2, we infer, similarly to 
(28)--(31), that the first integral on the left-hand side of (28) converges to the right-hand side of 
(32). The convergence of the remaining two integrals is straightforward. Thus, we obtain (11)
with the test functions from C∞

0 (Rd), and by density argument it holds for all v ∈H 1(Rd).
In the last step of the proof we derive (12). Taking in (28) test functions of the form 

φ(x)b(x/ε), φ ∈ L2(Rd), b ∈ C#(Ysoft), yields

ˆ

Rd

ˆ

Rd

a(ξ)p(x/ε, x/ε+ ξ) (uε(x + εξ)− uε(x)) (φ(x + εξ)b(x/ε+ ξ)− φ(x)b(x/ε)) dξ dx

− λ

ˆ

Rd

uε(x)φ(x)b(x/ε)dx =
ˆ

Rd

fε(x)φ(x)b(x/ε)dx. (33)

Passing once again to the limit via Lemma C.1 and Corollary C.2, while taking into account 
(25)--(27) and (29), we arrive at

ˆ

Rd

φ(x)

ˆ

Rn

ˆ

Y

a(ξ)p(y, y + ξ)(z(x, y + ξ)− z(x, y))(b(y + ξ)− b(y)) dy dξ dx

− λ

ˆ

Rd

φ(x)

ˆ

Y

(u0(x)+ z(x, y))b(y)=
ˆ

Rd

φ(x)

ˆ

Y

f (x, y)b(y). (34)

17 
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Then (12) follows by the density argument.
To complete the proof we invoke the following classical result whose proof can be found in 

e.g. [24]. (Recall the definition of the projector 𝒫 in Remark 2.7.)

Proposition 3.2. Weak two-scale resolvent convergence is equivalent to the strong two-scale 
resolvent convergence, i.e. the following properties are equivalent:

a. If fε
2−⇀f , then for every λ > 0, (𝒜ε + λI)−1fε

2−⇀(𝒜+ λI)−1𝒫f ;

b. If fε
2−→ f , and f ∈ L2(S)+L2(S × Ysoft), then (𝒜ε + λI)−1fε

2−→ (𝒜+ λI)−1f .

4. Spectrum of the limit operator

In this section we characterise the spectrum of the limit two-scale operator. We begin with the 
analysis of the spectrum of 𝒜#

soft and its relation to the spectrum of 𝒜.

Proposition 4.1. 

Sp(𝒜#
soft)⊂ Sp(𝒜).

Proof. We adapt the argument from [11, Proposition 4.1]. Suppose that λ ∈ R is in the resolvent 
set of 𝒜, so that (11) and (12) has a solution u0 + z for any f ∈ L2(S × Y). First we take a 
non-trivial f ∈ L2(S) \H 1(S) (i.e. we assume that f is constant in variable y). Note that in this 
case λu0 + f does not vanish. Then the equation on the soft component reads (see Remark 2.9)

𝒜#
softz− λz= (λu0 + f )1Ysoft .

Note that for two arbitrary functions w ∈ L2(S×Ysoft) and h ∈ L2(S) one has ́
S
wh ∈ L2(Ysoft). 

Therefore, multiplying the above identity by (λu0 + f )∥λu0 + f ∥−2
L2(S)

and integrating over S, 
we conclude that the function

ϕ :=
´
S
z(λu0 + f )dx

∥λu0 + f ∥2
L2(S)

∈ L2
#(Ysoft)

solves the equation

𝒜#
softϕ − λϕ = 1Ysoft .

Next, we take f = gψ with arbitrary non-trivial g ∈ L2(S) and ψ ∈ L2(Ysoft). Then for the cor
responding solution of (11)-(12), which we denote by ˜︁u0 +˜︁z, the problem on the soft component 
reads

𝒜#
soft˜︁z− λ˜︁z= λ˜︁u01Ysoft + gψ.

The difference between ˜︁z and ẑ := λ˜︁u0ϕ satisfies

𝒜#
soft(˜︁z− ẑ)− λ(˜︁z− ẑ)= gψ.

18 
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Multiplying the last equation by g∥g∥−2
L2(S)

and integrating the resulting identity over S, we see 
that the function

z̆ :=
´
S
(˜︁z− ẑ )gdx

∥g∥2
L2(S)

is a solution of

𝒜#
softz̆− λz̆=ψ.

Since ψ ∈ L2(Ysoft) is arbitrary, the operator 𝒜#
soft − λI acts onto, therefore, by the bounded 

inverse theorem one concludes that (𝒜#
soft − λI)−1 is bounded. Indeed, since 𝒜#

soft − λI is onto 
and self-adjoint, the kernel of 𝒜#

soft − λI is trivial, hence the operator is injective. □
In order to characterise the structure of the spectrum of 𝒜#

soft, it is natural to consider the 
following decomposition:

𝒜#
soft = 𝒜#,1

soft −𝒜#,2
soft, (35)

where the operators 𝒜#,1
soft and 𝒜#,2

soft on L2
#(Ysoft) are defined by (cf. (15))

𝒜#,1
softz(x)=m(x)z(x), 𝒜#,2

softz(x)=
ˆ

Y

K(x, y)z(y) dy, z ∈ L2
#(Ysoft),

with

m(x) := 2
ˆ

Y

ã(y − x)p(x, y) dy, K(x,y) := 2ã(y − x)p(x, y)1Y #
soft
(x)1Y #

soft
(y), (36)

and

ã(x) :=
∑︂
j∈Zd

a(x + j). (37)

Since a is even, ã is also an even function. Moreover, it is Y -periodic by construction.
The spectrum of 𝒜#,1

soft is purely essential and coincides with the essential range of the function 
m ∈ L∞

# (Y ). We next argue that 𝒜#,2
soft is compact. Recall the Schur test, see e.g. [17, Theorem 

6.18]:

Theorem 4.2. Let (X,ℳ,μ) and (Y,𝒩 , ν) be σ finite measurable space and let K be ℳ⊗𝒩
measurable function on X×Y . Suppose that there exists C > 0 such that ́

X
|K(x,y)| dμ(x)≤ C

for almost every y ∈ Y and ́
Y

|K(x,y)| dν(y)≤ C for almost every x ∈X, and that 1 ≤ p ≤ ∞. 
If f ∈ Lp(Y ), the integral
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𝒯 f (x)=
ˆ

Y

K(x, y)f (y) dν(y)

is finite for almost every x ∈ X, the function 𝒯 f belongs to Lp(X), and ∥𝒯 f ∥Lp(X) ≤
C∥f ∥Lp(Y ).

The following result is also well known, see e.g. [18].

Theorem 4.3. Let (X,ℳ,μ) be σ finite measurable space and let ℳ be countably generated. 
Let K be ℳ⊗ℳ measurable function on X×X such that ́

X

´
X

|K(x,y)|2 dμ(x) dμ(y) <∞. 
Then the operator 𝒯 : L2(X)→ L2(X) defined by

𝒯 f (x)=
ˆ

Y

K(x, y)f (y) dν(y)

is of Hilbert-Schmidt class and thus compact.

Proposition 4.4. The operator 𝒜#,2
soft is compact.

Proof. It is easily seen that

ess sup
y

ˆ

Y

|K(x,y)| dx = ess sup
x

ˆ

Y

|K(x,y)| dy ≤ 2∥p∥L∞∥ã∥L1(Y ) = 2∥p∥L∞∥a∥L1(Rd ).

Hence, by Theorem 4.2 the operator 𝒜#,2
soft is bounded:

∥𝒜#,2
soft∥L2(Ysoft)→L2(Ysoft)

≤ 2∥p∥L∞∥a∥L1(Rd ).

For each n ∈ N we define

ãn := ã1{ã≤n}, Kn(x, y) := ãn(y − x)p(x, y)1Y #
soft
(x)1Y #

soft
(y),

𝒜#,2,n
soft z(x) :=

ˆ

Y

Kn(x, y)z(y) dy, ∀z ∈ L2
#(Ysoft).

By Theorem 4.3 the operators 𝒜#,2,n
soft are compact. Moreover,

∥ãn − ã∥L1(Y )

n→∞ −−−→ 0, 
ˆ

Y

|Kn(x, y)−K(x,y)| dx ≤ C∥ãn − ã∥L1(Y ), ∀y ∈ Y. (38)

Then Theorem 4.2 and (38) imply

∥𝒜#,2,n
soft −𝒜#,2

soft∥L2→L2 → 0.

Hence 𝒜#,2
soft is compact. □
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Thus, the operator 𝒜#
soft is a compact perturbation of the multiplication operator 𝒜#,1

soft, which 
implies the following characterisation of the spectrum.

Sp(𝒜#
soft)= EssRan m∪ {μ1,μ2 . . . },

where {μ1,μ2, . . . } is the discrete set (possibly empty or finite) that may have accumulation 
points only in ∂(EssRan m). If {μ′

1,μ
′
2, . . . } ⊂ {μ1,μ2, . . . } is the set of all eigenvalues such 

that sup{μ′
1,μ

′
2, . . . } ≤ inf EssRan m, then we can enumerate the set {μ′

1,μ
′
2, . . . } in a non

decreasing order (accounting for multiplicity). In this case μ′
k can be characterised by the 

Rayleigh quotients:

μ′
k = min 

V⊂L2(Ysoft), dimV=k
max
z∈V 

a#
soft(z, z) 

∥z∥2
L2(Ysoft)

. (39)

Similarly, for the set {μ′′
1,μ

′′
2, . . . } ⊂ {μ1,μ2, . . . } of all eigenvalues such that inf{μ′′

1,μ
′′
2, . . . } ≥

sup EssRan m, enumerated in the non-increasing order (accounting for multiplicity) one has

μ′′
k = max 

V⊂L2(Ysoft), dimV=k
min
z∈V 

a#
soft(z, z) 

∥z∥2
L2(Ysoft)

. (40)

We next study the properties of the function β (see (16)), which is an essential element of 
the characterisation of the spectrum of 𝒜. Denote by L⊂ Sp(𝒜#

soft) the support of the measure 
μ := (Es1Y #

soft
,1Y #

soft
), where Es is the resolution of the identity associated with the operator 𝒜#

soft
(cf. Remark 2.9).

We recall the definition of the resolution of identity, see e.g. [30]. Since the operator 𝒜#
soft

acting on L2
#(Ysoft) is self-adjoint, it generates a one parameter family {Es}s∈R of orthogonal 

projections on L2
#(Ysoft) such that

1. Es1 ≤Es2 , if s1 < s2;
2. Es is strongly right continuous (i.e. right continuous in the strong operator topology);
3. Es → 0 strongly as s → −∞, Es → I strongly as s → ∞, where I is the identity operator 

on L2
#(Ysoft).

4. For every f ∈ L2
#(Ysoft), s ↦→ (Esf,f ) is a distribution function that defines a bounded 

measure on R, which we denote by (dEsf,f ), whose support is a subset of Sp(𝒜#
soft). It 

holds that (𝒜#
softf,f )= ´

R s(dEsf,f )= ´
Sp(𝒜#

soft)
s(dEsf,f ).

Moreover, for every bounded Borel function g : Sp(𝒜#
soft)→ R, the relation

(g(𝒜#
soft)f,f )=

ˆ

Sp(𝒜#
soft)

g(s)(dEsf,f ) (41)

defines a self-adjoint operator g(𝒜#
soft) on L2

#(Ysoft). The mapping g(·)→ g(𝒜#
soft) is a ho

momorphism from the Banach algebra of bounded functions on Sp(𝒜#
soft) to the Banach 

algebra of bounded operators on L2
#(Ysoft).
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Proposition 4.5. The function β can be naturally extended to Lc. It is differentiable on its domain 
and its derivative is always positive: more precisely, β ′(λ) ≥ 1 − |Ysoft|. Moreover, if λ0 ∈ L is 
such that μ({λ0}) > 0 and there exists δ > 0 with (λ0 − δ,λ0) ∩ L= ∅ (respectively, (λ0, λ0 +
δ)∩L= ∅), then limλ→λ−

0
β(λ)= +∞ (respectively, limλ→λ+

0
β(λ)= −∞).

Proof. From the definition (16), using the resolution of identity as in (41), we obtain

β(λ)= λ+ λ2
ˆ

Sp(𝒜#
soft)

1 
s − λ

(dEs1Y #
soft
,1Y #

soft
)= λ+ λ2

ˆ

L 

1 
s − λ

dμ(s). (42)

This formula naturally extends β onto Lc. Differentiating with respect to λ the expression on the 
right-hand side of (42) yields

β ′(λ)= 1 + 2λ
ˆ

L 

1 
s − λ

dμ(s)+ λ2
ˆ

L 

1 
(s − λ)2

dμ(s)

= 1 −
ˆ

L 

dμ(s)+
ˆ

L 

s2

(s − λ)2
dμ(s)

≥ 1 − |Ysoft|.

In order to prove the second claim, assume that (λ0 − δ,λ0) ∩ L= ∅ for some δ > 0 (the other 
case is treated analogously) and consider the decomposition

β(λ)= λ+ λ2
ˆ

{λ0}

1 
s − λ

dμ(s)+ λ2
ˆ

(−∞,λ0)

1 
s − λ

dμ(s)+ λ2
ˆ

(λ0,+∞)

1 
s − λ

dμ(s).

Clearly, as λ → λ−
0 , the integral 

´
(−∞,λ0)

(s − λ)−1dμ(s) remains bounded, 
´
(λ0,+∞)

(s −
λ)−1dμ(s) is non-negative (possibly tends to +∞), and 

´
{λ0}(s − λ)−1dμ(s) tends to +∞. □

We are ready to prove Theorem 2.10, which characterises the spectrum of the limit two-scale 
operator.

4.1. Proof of Theorem 2.10

Assume first that λ ∈ (Sp(𝒜))c , and let u + z ∈ H 1
0 (S) + L2

#(S × Ysoft) be the solution 
to the coupled problem (11)-(12) for some f ∈ L2(S). By Proposition 4.1 we have that λ ∈
(Sp(𝒜#

soft))
c , and by Remark 2.9 we have

z(x, ·)= (λu+ f )(𝒜#
soft − λI)−11Ysoft = (λu+ f )bλ.

Plugging this into (11) yields

(−∇ ·Ahom∇ − β(λ)I)u= (1 + λ⟨bλ⟩)f. (43)
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Note that 1+λ⟨bλ⟩ ≠ 0. Indeed, otherwise (11)-(12) would have infinitely many solutions. Then, 
since problem (43) is uniquely solvable for any f ∈ L2(S), we conclude that β(λ) / ∈ Sp(𝒜hom).1

Now assume that λ is in the complement to the set Sp(𝒜#
soft) ∪ {β(λ) ∈ Sp(𝒜hom)}. For an 

arbitrary f ∈ L2
#(S × Y), define u ∈H 1

0 (S) and z ∈ L2
#(S × Ysoft) to be the (unique) solutions to 

the problems

−∇ ·Ahom∇u− β(λ)u=
ˆ

Y

(︂
f (·, y)+ λ(𝒜#

soft − λI)−1f (·, y)1Ysoft(y)
)︂
dy,

and

𝒜#
softz(x, ·)− λz(x, ·)= λu(x)1Ysoft + f (x, ·)1Ysoft ,

respectively. By direct inspection we see that u+ z is the unique solution to the coupled problem 
(11)-(12), hence λ ∈ (Sp(𝒜))c .

Remark 4.6. Note that in the case S = Rd we have Sp(𝒜hom)= [0,+∞), while in the case of a 
bounded Lipschitz domain S the spectrum of 𝒜hom is discrete with the only accumulation point 
at +∞.

4.2. Examples

The spectrum of the limit operator 𝒜 crucially depends on the spectrum of 𝒜#
soft via the 

function β . In particular, Sp(𝒜) is guaranteed to have gaps in the case S = Rd if Sp(𝒜#
soft)

has non-empty discrete spectrum, cf. Proposition 4.5. Therefore, it is important to know what 
Sp(𝒜#

soft) may look like. In the remainder of the section we provide several examples illustrating 
various possibilities for the structure of the spectrum of the microscopic operator 𝒜#

soft.

4.2.1. Example of 𝒜#
soft with purely essential spectrum

In this section we construct a 1-dimensional example of an operator 𝒜#
soft that has an empty 

discrete spectrum. To simplify the notation, we will work with a shifted periodicity cell Y =
[− 1

2 ,
1
2 ) in this example and take Ysoft = (− 1

4 ,
1
4 ). Define

a(y)=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1
2

(︁ y
2 + 3

4

)︁
, if y ∈ [− 3

2 ,− 1
2 ],

1
4 , if y ∈ [− 1

2 ,
1
2 ],

1
2

(︁− y
2 + 3

4

)︁
, if y ∈ [ 1

2 ,
3
2 ],

0, otherwise.

Clearly, ã(y)= 1
2 for all y (cf. (37)). We also set

p(y, ξ)=w(y)w(ξ)
(︁
1 − 1Y #

stiff
(y)1Y #

stiff
(ξ)
)︁
, (44)

1 Here we again appeal to the bounded inverse theorem, applying it to the operator 𝒜hom : dom(𝒜hom) → L2(S), 
where dom(𝒜hom) is equipped with the graph norm.
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where w is a continuous, positive, 1-periodic function such that

ˆ

Y

w(y)dy = 1. (45)

Then, see (35), (36),

𝒜#
softz(y)=w(y)z(y)−w(y)

ˆ

Ysoft

w(ξ)z(ξ)dξ, y ∈ Ysoft,

and the quadratic form associated with 𝒜#
soft reads

a#
soft(z, z)=

ˆ

Ysoft

w(y)z2(y)dy −
(︃ ˆ
Ysoft

w(y)z(y)dy

)︃2

.

Denote

δ := min
Ysoft

w, w+ := max
Ysoft

w.

Then the essential spectrum of 𝒜#
soft is given by EssRanw = [δ,w+].

Clearly,

a#
soft(z, z)⩽w+∥z∥2

L2(Ysoft)
, ∀z ∈ L2

#(Ysoft). (46)

Next we will make a specific choice of the function w in such a way that

δ∥z∥2
L2(Ysoft)

⩽ a#
soft(z, z), ∀z ∈ L2

#(Ysoft). (47)

Together with (46) this will imply that the discrete spectrum of 𝒜#
soft is empty for the choice of 

w.
Let γ < 1

3 be a small positive number. We introduce a sequence

b0 = 1

4
, b1 = 1

2

γ

1 − γ
= 1

2

∞ ∑︂
k=1 

γ k, bj = γ j−1b1 = 1

2

∞ ∑︂
k=j 

γ k for j ⩾ 2,

and consider the intervals Jj = [bj+1, bj ], for j ∈ N0. Observe that bj → 0 as j → ∞ and 
|Jj | = 1

2γ
j for j ⩾ 1. We define w as follows. On the interval [b1,

1
2 ] we set w ≡ w0, where 

w0 is a constant to be defined later, at each bj , j ≥ 2, we set w(bj )= wj := 1 
j

+ δ and require 
w to be a�ine on each interval Jj , j ≥ 1. Moreover, we define w1 = w0 for consistency of the 
notation. Finally, we set w( 1

2 ) = δ, extend w by symmetry to [− 1
2 ,0], i.e. w(−y) = w(y), and 

choose the constant w0 so that (45) holds.
One can easily check that 1<w0 < 1 + 2γ , for γ < 1

4 , δ < 1
2 . By construction, the function 

w is continuous, minw = δ, maxw =w0.
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Clearly, (47) is equivalent to the inequality

(︃ ˆ
Ysoft

w(y)z(y)dx

)︃2

⩽
ˆ

Ysoft

(w(y)− δ)z2(y)dy. (48)

Since

(︃ ˆ
Ysoft

w(y)z(y)dy

)︃2

⩽
(︃ ˆ
Ysoft

w(y)|z(y)|dy
)︃2

,

it is sufficient to prove (48) for non-negative z ∈ L2
#(Ysoft) only. Denote

zj := 1 
2|Jj |

ˆ

−Jj∪Jj
z(y)dy.

Taking into account the inequality wj+1 ⩽w(y)⩽wj for y ∈ −Jj ∪ Jj , we have

ˆ

Ysoft

w(y)z(y)dx ⩽
∞ ∑︂
j=0 

2|Jj |wjzj and
ˆ

Ysoft

(w(y)− δ)z2(y)dy ⩾
∞ ∑︂
j=0 

2|Jj |(wj+1 − δ)z2
j ,

where we have used the positivity of z and wj − δ, j ∈ N. Therefore, it is sufficient to prove that

(︂ ∞ ∑︂
j=0 

2|Jj |wjzj
)︂2

⩽
∞ ∑︂
j=0 

2|Jj |(wj+1 − δ)z2
j . (49)

For sufficiently small γ and δ condition (45) implies the bounds

2|J0|w0 < 0.55, 2|J0|(w1 − δ)= 2|J0|(w0 − δ) > 0.45.

Then, using the inequality (α+ β)2 ⩽ 10
9 α

2 + 10β2 we obtain

(︂ ∞ ∑︂
j=0 

2|Jj |wjzj
)︂2

⩽ 10

9 

(︁
2|J0|w0z0

)︁2 + 10
(︂ ∞ ∑︂
j=1 

2|Jj |wjzj
)︂2

⩽ 10

9 
0.552z2

0 + 10
(︂ ∞ ∑︂
j=1 

2|Jj |wjzj
)︂2

⩽ 0.45z2
0 + 10

(︂ ∞ ∑︂
j=1 

2|Jj |wjzj
)︂2

⩽ 2|J0|(w0 − δ)z2
0 + 10

(︂ ∞ ∑︂
j=1 

2|Jj |wjzj
)︂2
.
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Fig. 1. Function p defined on (0,1)2. 

It remains to show that for sufficiently small γ the inequality

10
(︂ ∞ ∑︂
j=1 

2|Jj |wjzj
)︂2

⩽
∞ ∑︂
j=1 

2|Jj |(wj+1 − δ)z2
j =

∞ ∑︂
j=1 

γ j

j + 1
z2
j (50)

holds (cf. (49)). This can be done as follows:

(︂ ∞ ∑︂
j=1 

2|Jj |wjzj
)︂2 =
(︂ ∞ ∑︂
j=1 

γ j
wj

(wj+1 − δ)
1
2

(wj+1 − δ)
1
2 zj

)︂2

⩽
(︂ ∞ ∑︂
j=1 

γ j/2
1 
j

+ δ 
1 

(j+1)
1
2

γ j/2
1 

(j + 1)
1
2

zj

)︂2
⩽
(︂ ∞ ∑︂
j=1 

γ j (j + 1)
(︁1 
j

+ δ
)︁2)︂(︂ ∞ ∑︂

j=1 
γ j

1 
j + 1

z2
j

)︂

For small enough γ we have

(︂ ∞ ∑︂
j=1 

γ j
[︁
(j + 1)

(︁1 
j

+ δ
)︁]︁2)︂

<
1 

10
,

and inequality (50) follows.

4.2.2. Example of 𝒜#
soft with infinitely many points of discrete spectrum

In this example the periodicity cell is Y = [0,1) and the soft component is Ysoft = (0, 1
2 ). 

Choosing a(·) as in the previous example we have ã = 1
2 . Next we define the function p(y, ξ), see 
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Fig. 1 for a graphical representation. Consider a sequence of points b0 := 0, bj := 1
4

∑︁j

i=1(1/2)
i , 

j ∈ N, and associated intervals Jj = (bj−1, bj ), j ∈ N. Note that the union of these intervals fills 
(0, 1

4 ) and |Jj | = 1 
2j+2 . For positive δ and s, which will be specified later, we define a function p

in the following way (see Fig. 1):

• p(y, ξ)= 1 + δ on the set S := ∪∞
j=1Jj × Jj ;

• p(y, ξ)= δ on the set (0, 1
2 )× ( 1

2 ,1)∪ ( 1
2 ,1)× (0, 1

2 )∪
(︁
(0, 1

4 )
2\S)︁;

• p(y, ξ)= s on ( 1
4 ,

1
2 )

2;
• p(y, ξ) = vj on Jj × ( 1

4 ,
1
2 ), j ∈ N, where vj is a constant chosen in such a way that ´ 1

0 p(y, ξ) dξ = 1 for each y ∈ Jj . It is easy to see that vj should satisfy the relation

(1 + δ)|Jj | + δ

2
+ δ(

1

4
− |Jj |)+ vj

4 
= 1.

We assume δ to be sufficiently small so that vj > 0 for all j ∈ N.
• Finally, we extend p by symmetry, p(y, ξ)= p(ξ, y), onto ( 1

4 ,
1
2 )× (0, 1

4 ).

By construction 
´ 1

0 p(y, ξ) dξ = 1 for all y ∈ (0, 1
4 ), and 

´ 1
0 p(y, ξ) dξ =∑︁j∈N vj |Jj | + s

4 +
δ
2 = 7

8 − δ
4 + s

4 =: ν for all y ∈ ( 1
4 ,

1
2 ). We choose δ and s so that ν > 1. Appealing to the 

representation (35), (36) for 𝒜#
soft, we have that m(y)= 1 for y ∈ (0, 1

4 ), m(y)= ν for y ∈ ( 1
4 ,

1
2 ), 

and K(y, ξ)= p(y, ξ)1Y #
soft
(y)1Y #

soft
(l). Then Spess(𝒜#

soft)= {1, ν}.
We next show that the operator 𝒜#

soft has infinitely many points of discrete spectrum. To this 
end it is sufficient to find a sequence uj ∈ L2(Ysoft), j ∈ N, such that

a. the elements of the sequence are mutually orthogonal;
b. for any n ∈ N and (αj )nj=1 ⊂ Rn\{0} we have a#

soft(
∑︁n

j=1 αjuj ,
∑︁n

j=1 αjuj ) < 

∥∑︁n
j=1 αjuj∥2

L2(Rd )
.

For each j ∈ N we set uj = 1Jj (y). Obviously, the sequence (uj )j∈N satisfies a. To check b. 
we use (35) and the representation:

K(y, ξ)|
(0, 1

4 )×(0, 1
4 )

=
∞ ∑︂
j=1 

1Jj×Jj (y, ξ)+ δ,

from which we deduce that, for any (αj )nj=1 ⊂ Rn\{0},

a#
soft(

n ∑︂
j=1 

αjuj ,

n ∑︂
j=1 

αjuj )= ∥
n ∑︂
j=1 

αjuj∥2
L2(Rd )

−
n ∑︂
j=1 

α2
j |Jj |2 − δ(

n ∑︂
j=1 

αj |Jj |)2

< ∥
n ∑︂
j=1 

αjuj∥2
L2(Rd )

.
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This implies that there exists an infinite increasing sequence (μ′
j )j∈N such that μ′

j < 1 for all 
j ∈ N, lim 

j→∞μ′
j = 1, and

{μ′
1,μ

′
2, . . . } ∪ {1, ν} ⊆ Sp(𝒜#

soft).

Remark 4.7. In the above example one can modify p on the square ( 1
4 ,

1
2 )

2 so that Spess(𝒜#
soft)

will contain an interval.

4.2.3. Example of 𝒜#
soft that has discrete spectrum above and below its essential spectrum

For sufficiently small δ > 0 and ϰ > 0 we define:

• Ysoft = (δ,1 − δ);

•

a(ξ)= 
{︃

1 
16ϰ

−1, if ξ ∈ − 3
4 + Iϰ ∪ − 1

4 + Iϰ ∪ 1
4 + Iϰ ∪ 3

4 + Iϰ,

0, otherwise,
(51)

where Iϰ := (−ϰ,ϰ);
• p(y, ξ) via (44) with w(y, ξ)= 1.

Observe that

ã(y)= 
{︃ 1

8ϰ
−1, if y ∈ 1

4 + Iϰ ∪ 3
4 + Iϰ,

0, Y \ ( 1
4 + Iϰ ∪ 3

4 + Iϰ).

Recall that ã is even and periodic. Consequently m(y)= 1 (cf. (36)). Thus we have

𝒜#
softz= z−

ˆ

Ysoft

ã(ξ − ·)z(ξ) dξ z ∈ L2
#(Ysoft).

The essential spectrum of this operator consists of just one point: Spess(𝒜#
soft)= {1}.

Substituting z1(y)= (1−2δ)− 1
2 1Y #

soft
(y) into the quadratic form associated with 𝒜#

soft we have

a#
soft(z1, z1)= 1 −

ˆ

Ysoft

ˆ

Ysoft

ã(ξ − y)z1(y)z1(ξ) dydξ < 1.

Since ∥z1∥L2(Y #
soft)

= 1, this implies that there exists a discrete eigenvalue λ′ such that λ′ < 1
(recall (39)).

Now we choose the following test function:

z2(y)=

⎧⎪⎨⎪⎩
ϰ− 1

2 , if |y − 1
8 |< 1

4ϰ,

−ϰ− 1
2 , if |y − 3

8 |< 1
4ϰ,

0, otherwise

for y ∈ Y,
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extended by periodicity. By construction, ∥z2∥L2(Ysoft)
= 1. Denoting I−

ϰ = (︁ 18 − 1
4ϰ,

1
8 + 1

4ϰ
)︁

and I+
ϰ = (︁ 38 − 1

4ϰ,
3
8 + 1

4ϰ
)︁
, we notice that

z2(y)z2(ξ)=
⎧⎨⎩
ϰ−1 if (y, ξ) ∈ (I+

ϰ × I+
ϰ )∪ (I−

ϰ × I−
ϰ ),

−ϰ−1 if (y, ξ) ∈ (I−
ϰ × I+

ϰ )∪ (I+
ϰ × I−

ϰ ),

0 otherwise.

Since ã(ξ−y)= 0 for (y, ξ) ∈ (I+
ϰ ×I+

ϰ )∪ (I−
ϰ ×I−

ϰ ) for χ small enough, and ã(ξ−y)= 1
8ϰ

−1

for (y, ξ) ∈ (I+
ϰ × I−

ϰ )∪ (I−
ϰ × I+

ϰ ), we obtain

(𝒜#
softz2, z2)L2(Y #

soft)
= 1 −

ˆ

Ysoft

ˆ

Ysoft

ã(ξ − y)z2(y)z2(ξ) dydξ

= 1 + 1 
16

> 1.

Therefore, there exists a discrete eigenvalue λ′′ such that λ′′ > 1 (recall (40)).

The convolution kernel defined in (51) does not satisfy (1), therefore we must modify a(ξ)
to make it comply with this assumption. To this end we choose a non-negative even C∞

0 (R)
function φ such that φ(0) > 0, and define aγ (ξ) = a(ξ) + γ φ(ξ). Clearly, for any γ > 0 the 
kernel aγ satisfies condition (1). By simple perturbation theory arguments, for sufficiently small 
γ > 0, the operator 𝒜#

soft with the convolution kernel aγ still has a non-trivial discrete spectrum 
above and below the essential spectrum.

5. Analysis of the limiting spectrum

In this section we analyse the structure of the limiting spectrum. In particular, it is shown that 
the limit spectrum is in general strictly larger than the spectrum of the limit operator. In the case 
of a bounded domain S, the limit spectrum depends on the geometry of the soft component in 
the vicinity of the domain boundary. In general, the boundary spectrum behaves ``erratically'' as 
ε → 0. Yet, it may be possible to describe it in special cases and for specific subsequences of 
ε. We consider an example when S is a rectangular box with integer dimensions. Namely, in 
Theorem 2.13 we assume that

S =Π := (0, l1)× · · · × (0, ld ), l1, . . . , ld ∈ N, (52)

and ε = 1/N , N ∈ N. For future reference we denote l := min{l1, . . . , ld}. We work with this 
specific choice of S in Subsections 5.2 and 5.3.

We begin with the proof of Theorem 2.12, which is formulated for a generic set S �- i.e. either 
a bounded open Lipschitz set or the whole space.

5.1. Proof of Theorem 2.12

Recall the definition of the operator 𝒜ε,soft, see (18). We will need the following simple result.
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Proposition 5.1. 

Sp(𝒜#
soft)⊂ lim 

ε→0
Sp(𝒜ε,soft). (53)

Proof. For zε, fε ∈ L2(εY #
soft ∩ S), λ < 0, the equation

aε,soft(zε, v)− λ

ˆ

Rd

zεv = λ

ˆ

Rd

fεv, ∀v ∈ L2(εY #
soft ∩ S),

is a particular case of equation (4). Choosing a sequence fε
2−⇀ (

2−→)f (y)1S(x) for some f ∈
L2(Ysoft), we have that zε

2−⇀ z ∈ L2
#(S × Ysoft) up to a subsequence. Passing to the limit as in 

(33), (34) with the test functions of the form φ(x)b(x/ε), φ ∈ L2(Rd), b ∈ C#(Ysoft), and then 
setting φ = 1S we conclude that u0 = 0 and z is independent of x. In this case (34) reads

ˆ

Rn

ˆ

Y

a(ξ)p(y, y + ξ)(z(y + ξ)− z(y))(b(y + ξ)− b(y)) dy dξ 

− λ

ˆ

Y

z(y)b(y)dy =
ˆ

Y

f (y)b(y)dy. 

This establishes a weak (and, hence, strong, cf. Proposition 3.2) two-scale resolvent convergence 
of 𝒜ε,soft to 𝒜#

soft. In turn, this implies spectral inclusion (53) as per Remark 2.7. □
Below we only provide an argument for the case of a bounded domain S. Although the ar

gument can be adapted also for the case S = Rd , we do not present it here, since Theorem 2.14
provides a stronger result.

Let λε ∈ Sp(𝒜ε) be a converging sequence, λε → λ, with λ / ∈ limε→0 Sp(𝒜ε,soft). Then for 
sufficiently small ε we have that dist(λε,Sp(𝒜ε,soft))≥ C > 0. (This will be important later on, 
when we will resort to Proposition 5.1.) There exist uε,fε ∈ L2(S), such that ∥uε∥L2(Rd ) = 1, 
∥fε∥L2(Rd ) := δε → 0 as ε→ 0, and

ˆ

Rd

ˆ

Rd

a(ξ)Λε(x, x + εξ)

(︃
uε(x + εξ)− uε(x)

ε

)︃(︃
v(x + εξ)− v(x)

ε

)︃
dξ dx =

λε

ˆ

Rd

uε(x)v(x) dx +
ˆ

Rd

fε(x)v(x) dx, ∀v ∈ L2(S). (54)

By Corollary B.3, uε admits the decomposition

uε =˜︁uε + zε = ūε + εû+ zε,

with
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∥ūε∥H 1(Rd ) ≤ C, ∥û∥L2(Rd ) ≤ C, ∥zε∥L2(Rd ) ≤ C, zε = 0 on Y #
stiff ∪ Sc.

Notice that supp ūε ⊂ Sεk (recall that Sεk denoted εk neighbourhood of the set S). Then up to a 
subsequence we have that

ūε
H 1 −−⇀u0, ∇ūε 2−⇀∇u0(x)+ ∇yū1(x, y), ûε

2−⇀ û0(x, y), zε
2−⇀z(x,y).

Here u0 ∈ H 1
0 (S), ū1 ∈ L2(Rd ;H 1

# (Y )), û1, z,∈ L2
#(R

d × Y). Moreover, ū1(x, ·) = û0(x, ·) =
z(x, ·)= 0, for x / ∈ S, and z(x, y)= 0 for y ∈ Y #

stiff.
First we argue that ∥u0∥L2(S) > 0. Assume the opposite. Then one necessarily has that ˜︁uε → 0

strongly in L2(Rd). Substituting in (54) test functions of the form vε(x) = v1(x)v2(
x
ε
), where 

v1 ∈ L2(S), v2 ∈ L2
#(Ysoft) yields

ˆ

Rd

ˆ

Rd

a(ξ)p(
x

ε
,
x + εξ

ε
) (zε(x + εξ)− zε(x)) (vε(x + εξ)− vε(x)) dξ dx

+
ˆ

Rd

ˆ

Rd

a(ξ)p(
x

ε
,
x + εξ

ε
) (˜︁uε(x + εξ)−˜︁uε(x)) (vε(x + εξ)− vε(x)) dξ dx

−λε
ˆ

Rn

zε(x)vε(x) dx

= λε

ˆ

Rd

˜︁uε(x)vε(x)dx +
ˆ

Rd

fε(x)vε(x) dx. (55)

Since the integrals containing ˜︁uε define a bounded linear functional acting on the space of test 
functions L2(S), the above identity can be rewritten in the form

aε,soft(zε, vε)− λε

ˆ

Rn

zε(x)vε(x) dx =
ˆ

Rd

(fε(x)+ f̃ε(x))vε(x) dx,

for some f̃ε satisfying

∥f̃ε∥L2(S) ≤ C∥˜︁uε∥L2(Rd ) → 0 as ε→ 0.

Now, since by assumption λε are bounded away from the spectrum of 𝒜ε,soft for sufficiently 
small ε, we immediately conclude that zε → 0 strongly in L2(S), and hence uε = (˜︁uε + zε)→ 0
in L2. This relation contradicts the fact that ∥uε∥L2(Rd ) = 1, hence u0 ≠ 0.

Passing to the limit in (55) via Corollary C.2, in the same way as in Section 3 (cf. (34)), we 
arrive at

ˆ

Rd

v1(x)

ˆ

Y

ˆ

Rd

a(ξ)p(y, y + ξ) (z(x, y + ξ)− z(x, y)) (v2(y + ξ)− v2(y)) dξ dy dx
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−λ
ˆ

Rd

v1(x)

ˆ

Y

z(x, y)v2(y) dy dx = λ

ˆ

Rd

u0(x)v1(x)

ˆ

Y

v2(y) dy dx.

Note that v1 is arbitrary, x plays role of a parameter in the above equation. Recall also that z is 
periodic in y. Since by Proposition 5.1 the resolvent of 𝒜#

soft is well defined, it follows that

z(x, ·)= u0(x)λ(𝒜#
soft − λI)−11Ysoft, for a.e. x ∈ S. (56)

Passing to the limit in (54) exactly as in the proof of (11), cf. (30) and the subsequent argument 
in Section 3, we arrive at

ˆ

S

Ahom∇u0(x) · ∇v(x)dx − λ

ˆ

S

⎛⎝u0(x)+
ˆ

Y

z(x, y) dy

⎞⎠v(x) dx = 0.

Then combining (16) and (56) we obtain

ˆ

S

Ahom∇u0(x) · ∇v(x) dx − β(λ)

ˆ

S

u0v = 0,

and since u0 ≠ 0, we conclude that

β(λ) ∈ Sp(𝒜hom). □
Remark 5.2. The claim of Theorem 2.12 remains valid if we replace 𝒜ε with 𝒜1/N and 𝒜ε,soft
with 𝒜1/N,soft.

5.2. Characterisation of H- limN→∞ Sp(𝒜1/N,soft) for the case S =Π

As we already noted at the beginning of this section, the boundary spectrum, which comes 
essentially from the geometry of the soft component in the boundary layer, is difficult, if not 
impossible, to characterise in general. Moreover, one cannot get rid of the boundary spectrum 
by replacing the soft component near the boundary with the stiff one (as one could do in PDEs 
setting with dispersed/disconnected soft inclusions), even if the convolution kernel has finite 
support. In fact, this strategy will work only if the diameter of the support is smaller that the 
minimal distance between soft inclusions.

Yet, it should be possible to characterise the limit boundary spectrum in case for specific ge
ometries of S. In what follows we show that in the case when S = Π, cf. (52), the Hausdorff 
limit H- limN→∞ Sp(𝒜1/N ) exists and provide a detailed description of this limit. To this end 
we first characterise the limit of Sp(𝒜1/N,soft) and then show that H- limN→∞ Sp(𝒜1/N,soft) ⊂
H- limN→∞ Sp(𝒜1/N ). A particular feature of this setting is that the geometry of the microstruc
ture in the boundary layer remains congruent to itself (under appropriate scaling) for each N ∈ N, 
thus rendering the boundary layer spectrum to be stable as N → ∞.

Our technique can be easily adapted to a more general case when S is a polytope, provided 
that there exists a subsequence of ε such that the geometry of the soft component in the boundary 
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layer in the vicinity of each vertex of the polytope is self-similar for all elements of the subse
quence of ε. In this case, similarly to (17) below, the limiting spectrum of the soft component 
can be characterised as the union of spectra of the soft component in each vertex of the polytope.

The main result of this subsection is formulated in Theorem 5.5 below. We begin by introduc
ing some notation and preparing auxiliary statements.

We denote by ΠN :=NΠ the scaled box and denote its vertices by vi , i = 1,2, . . . ,2d , start
ing with v1 = (0, . . . ,0). The order of enumeration is not important. For brevity we do not reflect 
the dependence of coordinates of vi on N . To each vertex vi we assign an orthant (or hyperoctant) 
of the space

Rd
vi

= {(x1, . . . , xd) : ∀j = 1, . . . , d, ±xj ≥ 0} (57)

so that after an appropriate translation, i.e. Rd
vi

+vi , it coincides with ΠN in the vicinity of vi . We 
consider the operators 𝒜N

soft : L2(ΠN ∩ Y #
soft)→ L2(ΠN ∩ Y #

soft) and 𝒜vi
soft : L2(Rd

vi
∩ Y #

soft)→
L2(Rd

vi
∩ Y #

soft), i = 1,2, . . . ,2d :

𝒜N
softz(y) :=m(y)z(y)− 1ΠN∩Y #

soft
(y)

ˆ

Rd

a(ξ)p(y, y + ξ)z(y + ξ) dξ,

𝒜vi
softz(y)=m(y)z(y)− 1Rd

vi
∩Y #

soft
(y)

ˆ

Rd

a(ξ)p(y, y + ξ)z(y + ξ) dξ,

m(y) := 2
ˆ

Rd

a(ξ)p(y, y + ξ) dξ,

alongside with their ``truncated'' counterparts

𝒜N
soft,Lz(y) :=mL(y)z(y)− 1ΠN∩Y #

soft
(y)

ˆ

Rd

aL(ξ)p(y, y + ξ)z(y + ξ) dξ,

𝒜vi
soft,Lz(y)=mL(y)z(y)− 1Rd

vi
∩Y #

soft
(y)

ˆ

Rd

aL(ξ)p(y, y + ξ)z(y + ξ) dξ,

where

aL(ξ) := 1□L(ξ) a(ξ),

mL(y) := 2
ˆ

Rd

aL(ξ)p(y, y + ξ) dξ. (58)

Then by Theorem 4.2 we have

∥mL −m∥L∞ → 0, ρ(L) := max
i

∥𝒜vi
soft −𝒜vi

soft,L∥L2→L2 → 0,

ρ̃(L) := sup 
N∈N

∥𝒜N
soft −𝒜N

soft,L∥L2→L2 → 0 as L→ ∞.
(59)
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Note that the operator 𝒜N
soft is unitary equivalent to 𝒜1/N,soft via rescaling. In particular, we 

have

Sp(𝒜N
soft)= Sp(𝒜1/N,soft).

Thus, in order to characterise H- limN→∞ Sp(𝒜1/N,soft) it is sufficient to analyse Sp(𝒜N
soft).

First we need a couple of technical results.

Proposition 5.3. Let u,f ∈ L2(Rd), be different from zero. Then for each L > 0 there exists 
ζ ∈ LZd such that

∥u∥L2(□4L
ζ ) ≤
√︁

4d + 2d∥u∥L2(□L
ζ )
,

∥f ∥L2(□2L
ζ )

∥f ∥L2(Rd )

≤
√︁

4d + 2d
∥u∥L2(□L

ζ )

∥u∥L2(Rd )

,

(60)

∥u∥L2(□L
ζ )

≠ 0.

Proof. Clearly, one has∑︂
ζ∈LZd

∥u∥2
L2(□4L

ζ )
= 4d∥u∥2

L2(Rd )
, 
∑︂
ζ∈LZd

∥f ∥2
L2(□2L

ζ )
= 2d∥f ∥2

L2(Rd )
.

Denote 𝒩 = {ζ ∈ LZd : u = 0 in □L
ζ }. Assuming that for all ζ ∈ LZd \ 𝒩 at least one of the 

inequalities in (60) does not hold, we arrive at a contradiction:

4d + 2d = 1 

∥u∥2
L2(Rd )

∑︂
ζ∈LZd\𝒩

∥u∥2
L2(□4L

ζ )
+ 1 

∥f ∥2
L2(Rd )

∑︂
ζ∈LZd\𝒩

∥f ∥2
L2(□2L

ζ )
>

(4d + 2d)
1 

∥u∥2
L2(Rd )

∑︂
ζ∈LZd\𝒩

∥u∥2
L2(□L

ζ )
= 4d + 2d . □

Proposition 5.4. Let aL be given by (58), |K(y, ξ)| ≤ C, (y, ξ) ∈ R2d , and ηL be a cut-off func
tion such that ηL ∈ C∞

0 (□2L
ζ ), ηL|□L

ζ
= 1, ∥ηL∥L∞(Rd ) ≤ 1, ∥∇ηL∥L∞(Rd ) ≤ C/L. Then for the 

operator 𝒦 : L2(Rd)→ L2(Rd)

𝒦u(y)=
ˆ

Rd

aL(ξ − y)K(y, ξ)u(ξ)dξ

we have

∥𝒦(ηLu)− ηL𝒦u∥L2(Rd ) ≤ C

L 
∥u∥L2(□4L

ζ ),

where the constant C is independent of L.

34 
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Proof.

𝒦(ηLu)− ηL𝒦u=
ˆ

Rd

aL(ξ)K(y, y + ξ)(ηL(y + ξ)− ηL(y))u(y + ξ) dξ.

Since suppηL ⊂ □2L
ζ and suppaL ⊂ □L the expression aL(ξ)(ηL(y + ξ)− ηL(y)) vanishes for 

y ∈ Rd \□3L
ζ and every ξ ∈ Rd . Therefore,

aL(ξ)|K(y,y + ξ)||ηL(y + ξ)− ηL(y)| ≤ aL(ξ)
C|ξ |
L 

1□3L
ζ
(y).

Then using the Cauchy–Schwarz inequality we have

ˆ

Rd

⃓⃓⃓⃓
⃓⃓⃓ˆ
Rd

aL(ξ)K(y, y + ξ)(ηL(y)− ηL(y + ξ))u(y + ξ) dξ

⃓⃓⃓⃓
⃓⃓⃓
2

dy

≤ C

L2

ˆ

Rd

aL(ξ)|ξ |2dξ
¨

R2d

aL(ξ) 1□3L
ζ
(y)|u(y + ξ)|2dξdy

≤ C

L2

ˆ

Rd

a(ξ)|ξ |2dξ ∥u∥2
L2(□4L

ζ )
. □

Now we are in position to prove the following result.

Theorem 5.5. 

H- lim 
N→∞ Sp(𝒜1/N,soft)=

⋃︂
j=1,...2d

Sp(𝒜vj
soft). (61)

Proof. First we prove the inclusion ⊇ in (61). We only show that Sp(𝒜v1
soft) ⊂ 

H- limN→∞ Sp(𝒜1/N,soft), for other i = 2,3, . . . ,2d , the proof is completely analogous. For 
any λ ∈ Sp(𝒜v1

soft) there exists a sequence (uk)k ⊂ L2(Rd
v1

∩ Y #
soft) such that

∥uk∥L2(Rd ) = 1, 𝒜v1
softuk − λuk = fk ∈ L2(Rd

v1
∩ Y #

soft), ∥fk∥L2(Rd ) =: δk → 0. (62)

From (59) and (62) we also have that

𝒜v1
soft,Luk − λuk = fk,L ∈ L2(Rd

v1
∩ Y #

soft), ∥fk,L∥L2(Rd ) ≤ δk + ρ(L)=: δk,L.

By using Proposition 5.3 we find that for each k,L there exists ζk,L ∈ LZd such that
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∥uk∥L2(□4L
ζk,L

) ≤
√︁

4d + 2d ∥uk∥L2(□L
ζk,L

), (63)

∥fk,L∥L2(□2L
ζk,L

) ≤
√︁

4d + 2d δk,L∥uk∥L2(□L
ζk,L

), (64)

∥uk∥L2(□L
ζk,L

) ≠ 0. (65)

We consider a cut-off function

ηL ∈ C∞
0 (□2L

ζk,L
) such that ηL|□L

ζk,L

= 1, |ηL| ≤ 1, |∇ηL| ≤ C/L, (66)

for some C > 0, and define

uk,L = ηLuk

∥uk∥L2(□L
ζk,L

)

. (67)

From (63) we have

1 ≤ ∥uk,L∥L2(Rd ) ≤
√︁

4d + 2d . (68)

By direct computation

𝒜v1
soft,Luk,L − λuk,L = ηL(y)fk,L +𝒜v1

soft,L(ηLuk)− ηL𝒜v1
soft,Luk

∥uk∥L2(□L
ζk,L

)

.

Applying Proposition 5.4 to the terms on the right-hand side involving 𝒜v1
soft,L, and taking into 

account (63) and (64) we conclude that

∥𝒜v1
soft,Luk,L − λuk,L∥L2(Rd ) ≤ Cδk,L + C

L 
. (69)

For each L we choose sufficiently large N =N(L), namely such that

lN(L) > 3L+ |ζk,L| (70)

(recall that l denotes the length of the shortest edge of Π). Then, since the expression 
aL(ξ)uk,L(y + ξ) vanishes for y ∈ Rd \□3L

ζk,L
and every ξ ∈ Rd , we have that

(𝒜v1
soft,Luk,L −𝒜N(L)

soft,Luk,L)(y)= 1Rd
v1

\ΠN(L)
(y)

ˆ

Rd

aL(ξ)p(y, y + ξ)uk,L(y + ξ) dξ ≡ 0.

Then from (69), (59) and the latter we have

lim 
k→∞ lim sup

L→∞ 
∥𝒜N(L)

soft uk,L − λuk,L∥L2(Rd ) = 0. (71)

Since
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dist(λ,Sp(𝒜N
soft))≤ ∥𝒜N

softuk,L − λuk,L∥L2(Rd )

∥uk,L∥L2(Rd )

,

taking into account (68), we conclude that

lim 
N→∞ dist(λ,Sp(𝒜N

soft))= 0.

Next we prove the inclusion ⊆ in (61). The argument is analogous to the first part of the proof. 
Consider a sequence λN ∈ Sp(𝒜N

soft), and assume that λN → λ as N → ∞. Then there exists a 
sequence (uN)N∈N ⊂ L2(ΠN ∩ Y #

soft) such that

∥uN∥L2(Rd ) = 1, 𝒜N
softuN − λuN = fN ∈ L2(ΠN ∩ Y #

soft), ∥fN∥L2(Rd ) =: δN → 0.

Then from (59) for the operator with the truncated kernel (recall the notation in (59)) we have 
that

𝒜N
soft,LuN − λuN = fN,L, ∥fN,L∥L2(Rd ) ≤ δN + ρ̃(L)

By Proposition 5.3 for every pair L,N ∈ N we choose ζN,L ∈ LZd such that

∥uN∥L2(□4L
ζN,L

) ≤
√︁

4d + 2d ∥uN∥L2(□L
ζN,L

), (72)

∥fN,L∥L2(□2L
ζN,L

) ≤
√︁

4d + 2d (δN + ρ̃(L))∥uN∥L2(□L
ζN,L

), (73)

∥uN∥L2(□L
ζN,L

) ≠ 0.

We define

uN,L := ηLuN

∥uN∥L2(□L
ζN,L

)

,

where the cut-off function ηL is as in (66) with ζk,L replaced by ζN,L. Applying Proposition 5.4
while taking into account (72) and (73) we have

∥𝒜N
soft,LuN,L − λuN,L∥L2(Rd ) ≤ C(δN + ρ̃(L)+ 1 

L
). (74)

As before, we observe that the expression aL(ξ)uN,L(y + ξ) vanishes for y ∈ Rd \□3L
ζN,L

and 

every ξ ∈ Rd . It follows that for every N such that lN > 6L there exists (al least one) vi such 
that

1(Rd
vi

+vi )\ΠN
(y)

ˆ

Rd

aL(ξ)p(y, y + ξ)uN,L(y + ξ) dξ ≡ 0. (75)

Indeed, if the interior of the cube □3L
ζN,L

does not have common points with the boundary of ΠN

then (75) holds for every vi . If, however, the interior of □3L
ζN,L

intersects a face of ΠN , then it does 
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not have common points with the opposite face. In particular, if the interior of □3L
ζN,L

contains vi
for some i = 1, . . . ,2d , (75) holds only for this specific vi . A similar observation can be made 
for faces of larger co-dimensions, edges and vertices.

Combining (75), (74) and (59) we conclude that there exists vi such that for appropriately 
translated function uN,L (not relabelled) and lN > 6L it holds

∥𝒜vi
softuN,L − λuN,L∥L2(Rd ) ≤ C(δN + ρ(L)+ ρ̃(L)+ 1 

L
).

Finally, choosing a sequence L(N) → ∞ satisfying lN > 6L(N) and passing to the limit as 
N → ∞ we conclude that

λ ∈
⋃︂

j=1,...2d

Sp(𝒜vj
soft). □

Remark 5.6. If we cover S with cubes of size order 
√
ε consistent with the periodic microstruc

ture (i.e. so that their faces do not cut the periodicity cell in the middle), and replace soft 
component with stiff in the cubes located in the 

√
ε-neighbourhood of ∂S, then the boundary 

limit spectrum can be expressed as the union of the spectra of the soft component opera
tors analogous to the operators 𝒜vi

soft defined on the domains of appropriate unions of the sets 
{(x1, . . . , xd) : ∀i = 1, . . . , d, ±xi ≥ 0} which include all possible exterior and interior corners.

5.3. Proof of Theorem 2.13

In view of Theorems 2.12 and 5.5, and the fact that {β(λ) ∈ Sp(𝒜hom)} ⊂ limε→0 Sp(𝒜ε) (in 
fact, this is valid for any subsequence ε → 0), which follows from (14) and Theorem 2.10, in 
order to complete the proof of Theorem 2.13 it is enough to establish the following assertion.

Theorem 5.7. The following inclusion is valid for any subsequence (Ni)i∈N ⊂ N.⋃︂
j=1,...,2d

Sp(𝒜vj
soft)⊆ lim 

i→∞ Sp(𝒜1/Ni ).

Proof. To simplify the notation we will not relabel the subsequence N → ∞. We provide the 
argument for Sp(𝒜v1

soft)⊂ limN Sp(𝒜1/N ), for other vi it is completely analogous. As in the first 
part of the proof of Theorem 5.5 we assume λ ∈ Sp(𝒜v1

soft) and consider a corresponding Weyl 
sequence (uk)k∈N ⊂ L2(Rd

v1
∩ Y #

soft) as in (62). Further, let uk,L be defines by (67), and choose a 
subsequence N(L) satisfying L/N(L)→ 0 as L→ ∞, and (70). In particular we have that (71)
holds.

For the subsequence ε= ε(L) := 1/N(L) we define a rescaled family of functions

wk,ε(x) := ε−d/2uk,L(x/ε).

We drop the dependence of the functions wk,ε on L from the notation as it is now encoded 
through ε. Note that the support of wk,ε vanishes as ε→ 0:

| suppwk,ε| = |ε□2L
ζk,L

| → 0,
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while its norm is bounded on both sides:

1 ≤ ∥wk,ε∥L2(Rd ) ≤
√︁

4d + 2d . (76)

It follows directly from (71) that the rescaled family satisfies

𝒜ε,softwk,ε − λwk,ε := fk,ε ∈ L2(εY #
soft ∩Π)

with

lim 
k→∞ lim sup

ε→0 
∥fk,ε∥L2(Π) = 0.

For further reference we observe that

aε(wk,ε,wk,ε)= aε,soft(wk,ε,wk,ε)≤ C. (77)

The remaining argument relies on the following basic result [12, Lemma E.1].

Lemma 5.8. Let 𝒜 be a non-negative self-adjoint (not necessarily bounded) operator in a Hilbert 
space H and 𝔞 be the associated bilinear form. Assume that for some u ∈ Dom(𝔞)= Dom(𝒜1/2), 
∥u∥ = 1, λ ∈ R, and 0< ϵ < 1 we have

|𝔞(u, v)− λ(u, v)H | ≤ ϵ
√︁
𝔞(v, v)+ (u, v)H ∀v ∈ Dom(𝔞).

Then

dist(λ,Sp(𝒜))≤ |λ+ 1|(1 − ϵ)−1ϵ.

In view of the above lemma, in order to complete the proof, it is sufficient to establish that

⃓⃓
aε(wk,ε, v)− λ(wk,ε, v)L2(Rd )

⃓⃓≤Υk,ε

√︂
aε(v, v)+ ∥v∥2

L2(Rd )
∀v ∈ L2(Π), (78)

where

lim 
k→∞ lim sup

ε→0 
Υk,ε = 0.

Applying Corollary B.3 to v ∈ L2(Π) we have

v = v̄ε + εv̂ε + zε,

where v̄ε ∈H 1(Rd)∩C∞(Rd), v̂ε ∈ L2(Rd) and zε ∈ L2(εY #
soft ∩Π) and

∥v̄ε∥2
H 1(Rd )

+ ∥v̂ε∥2
L2(Rd )

+ ∥zε∥2
L2(Rd )

≤ C(aε(v, v)+ ∥v∥2
L2(Rd )

). (79)
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Note that since zε vanishes outside εY #
soft ∩Π we have that aε(wk,ε, zε) = aε,soft(wk,ε, zε), 

which infers

aε(wk,ε, zε)− λ(wk,ε, zε)L2(Rd ) = (fk,ε, zε)L2(Rd ).

Thus we have

aε(wk,ε, v)−λ(wk,ε, v)L2(Rd ) = (fk,ε, zε)L2(Rd )+ aε(wk,ε, v̄ε + εv̂ε)−λ(wk,ε, v̄ε + εv̂ε)L2(Rd ).

(80)
It remains to estimate the last two terms on the right hand side of (80).

In subsequent estimates we will be utilising the bounds (76), (77) and (79) without mention
ing. Using the formula v̄ε(x + εξ)− v̄ε(x)= ε

´ 1
0 ξ · ∇v̄ε(x + εtξ) dt and the Cauchy–Schwarz 

inequality we obtain

⃓⃓
aε(wk,ε, v̄ε)

⃓⃓
=
⃓⃓⃓ˆ
Rd

ˆ

Rd

a(ξ)p(x/ε, x + ξ/ε)
(︁
wk,ε(x + εξ)−wk,ε(x)

)︁
(v̄(x + εξ)− v̄(x)) dξ dx

⃓⃓⃓

≤ Cε
(︂
aε(wk,ε,wk,ε)

ˆ

Rd

a(ξ)|ξ |2dξ
)︂1/2∥∇v̄ε∥L2(Rd ) ≤ Cε

√︂
aε(v, v)+ ∥v∥2

L2(Rd )
. (81)

The next bound is trivial:

⃓⃓
aε(wk,ε, εv̂ε)

⃓⃓≤ Cε
√︂
aε(v, v)+ ∥v∥2

L2(Rd )
. (82)

Using the Hölder and Sobolev inequalities we obtain

⃓⃓
(wk,ε, v̄ε)L2(Rd )

⃓⃓= ⃓⃓(wk,ε, v̄ε)L2(ε□2L
ζk,L

)

⃓⃓≤ ∥wk,ε∥L2(ε□2L
ζk,L

)∥v̄ε∥L2(ε□2L
ζk,L

)

≤ C∥v̄ε∥L2∗(ε□2L
ζk,L

)

⃓⃓
ε□2L

ζk,L

⃓⃓1/d ≤ C∥v̄ε∥H 1(ε□2L
ζk,L

)

⃓⃓
ε□2L

ζk,L

⃓⃓1/d
≤ C
⃓⃓
ε□2L

ζk,L

⃓⃓1/d√︂
aε(v, v)+ ∥v∥2

L2(Rd )
. (83)

Finally, it is easy to see that

⃓⃓
(wk,ε, εv̂ε)L2(Rd )

⃓⃓≤ Cε
√︂
aε(v, v)+ ∥v∥2

L2(Rd )
. (84)

Combining (80)--(84) we arrive at (78) with Υk,ε = C
(︂
ε + ∥fk,ε∥L2(Π) + ⃓⃓ε□2L

ζk,L

⃓⃓1/d)︂, which 
completes the proof. □

40 
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5.4. Proof of Theorem 2.11

It is sufficient to establish the inclusion

Sp(𝒜soft)⊂ lim 
ε→0

Sp(𝒜ε). (85)

Regardless of whether S ⊂ Rd is a bounded Lipschitz set or S = Rd , the argument for (85)
follows almost verbatim the proof of Theorem 5.7, upon replacing 𝒜v1

soft with 𝒜soft. In fact, it is 
a bit easier, since one does not need to take care of the boundary of Rd

v1
. □

Remark 5.9. In a similar way as in the first part of the proof of Theorem 5.5 one can show that 
Sp(𝒜soft)⊂ limε→0 Sp(𝒜ε,soft) (here 𝒜ε,soft is defined on a generic set S).

6. Norm resolvent convergence for the whole space setting

Recently a new abstract scheme for the norm resolvent estimates that applies to a wide range 
of problems with small parameter was developed in [16]. Following [16] we use the scaled ver
sion of Gelfand transform Gε : L2(Rd)→ L2(Y ∗ × Y),Y ∗ := [−π,π]d ,

(Gεf )(θ, y) :=
(︃
ε2

2π

)︃d/2 ∑︂
n∈Zd

f (ε(y + n))e−iεθ ·(y+n).

Applying the transform to problem (4) and setting λ = 1 we obtain an equivalent family of 
problems for uεθ (·) := (Gεu

ε)(θ, ·): for a.e. θ ∈ Y ∗ the function uεθ ∈ L2
#(Y ) solves

ˆ

Y

ˆ

Rd

a(ξ − y)
(︂
ε−2Λ(y, ξ)+ p(y, ξ)

)︂
(eiθ ·(ξ−y)uεθ (ξ)− uεθ (y))(e

iθ ·(ξ−y)v(ξ)− v(y))dξdy

+
ˆ

Y

uεθ (y)v(y)dy =
ˆ

Y

f εθ (y)v(y)dy, ∀v ∈ L2
#(Y ),

where f εθ (·) := (Gεf )(θ, ·). Adopting the notation from [16] we can write the above problem in 
the form

ε−2aθ (u
ε
θ , v)+ bθ (u

ε
θ , v)= (f, v), ∀v ∈ L2(Y ), (86)

where

aθ (u, v) :=
ˆ

Y

ˆ

Rd

a(ξ − y)Λ0(y, ξ)(e
iθ ·(ξ−y)u(ξ)− u(y))(eiθ ·(ξ−y)v(ξ)− v(y))dξdy,

and
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bθ (u, v) :=
ˆ

Y

ˆ

Rd

a(ξ − y)p(y, ξ)(eiθ ·(ξ−y)u(ξ)− u(y))(eiθ ·(ξ−y)v(ξ)− v(y))dξdy

+
ˆ

Y

u(y)v(y)dy. (87)

(We drop for convenience the dependence of f on ε and θ in (86).)
For every θ ∈ Y ∗ denote by 𝒜θ

ε the bounded symmetric operator on L2(Y ) associated with 
problem (86):

𝒜θ
εu(y)= 2

ˆ

Rd

a(ξ − y)
(︂
ε−2Λ(y, ξ)+ p(y, ξ)

)︂
(eiθ ·(ξ−y)u(ξ)− u(y))dξ.

The approach presented in [16] works for a general class of problems of the form (86) and, 
upon verifying a number of abstract hypotheses, allows to approximate the original family of the 
operators by a more simple (homogenised) family in the norm-resolvent sense. When applying to 
a specific problem, like the one at hand, a lot of the argument can often be significantly simplified. 
In what follows we adapt some of the proofs from [16] to our setting while providing reference 
points to the original for reader’s convenience. We will verify hypotheses (H1)--(H4) from [16], 
although in our setting the hypothesis (H4) is weaker, which manifests in the loss in the rate of 
the norm-resolvent convergence.

6.1. Basic properties of aθ and bθ

We begin our analysis by verifying some basic properties of the sesquilinear forms in (86). 
Many bounds obtain in [16] are in terms of the family of the norms ∥ · ∥θ associated with the 
scalar product

(u, v)θ := aθ (u, v)+ bθ (u, v).

From the continuity of the integral operators involved we immediately conclude that these norms 
are equivalent to the standard L2-norm uniformly in θ :

∥ · ∥L2(Y ) ≤ ∥ · ∥θ ≤K∥ · ∥L2(Y )

for some K > 0. Henceforth we will only use the L2-norm in our bounds, rather than the whole 
family of norms ∥ · ∥θ , as in [16].

The following bounds are trivial:

aθ (u, v)+ bθ (u, v)≤ C∥u∥L2(Y )∥v∥L2(Y ), bθ [u] ≥ ∥u∥2
L2(Y )

, ∀θ ∈ Y ∗. (88)

Further, the forms are Lipschitz continuous in θ , i.e.

|aθ1(u, v)− aθ2(u, v)| ≤ C|θ1 − θ2|∥u∥L2(Y )∥v∥L2(Y ) ∀u,v ∈ L2(Y ), ∀θ1, θ2 ∈ Y ∗, (89)

|bθ1(u, v)− bθ2(u, v)| ≤ C|θ1 − θ2|∥u∥L2(Y )∥v∥L2(Y ) ∀u,v ∈ L2(Y ), ∀θ1, θ2 ∈ Y ∗. (90)
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Indeed, we have

aθ1(u, v)− aθ2(u, v)=
ˆ

Y

ˆ

Rd

a(ξ − y)Λ0(y, ξ)
[︂
(eiθ2·(ξ−y) − eiθ1·(ξ−y))u(ξ)v(y)

+(e−iθ2·(ξ−y) − e−iθ1·(ξ−y))u(y)v(ξ)
]︂
dξdy.

Then (89) follows by the application of the identity

e±iθ2·(ξ−y) − e±iθ1·(ξ−y) = ±i(θ2 − θ1) · (ξ − y)

1 ˆ

0 

e±i(tθ2+(1−t)θ1)·(ξ−y)dt

together with the first moment assumption on a(ξ). The argument for (90) is analogous.

While bθ is coercive on L2
#(Y ), the form aθ is not and its kernel

Vθ := {v ∈ L2
#(Y ) | aθ [v] = 0},

plays an important role in this approach to homogenisation of high-contrast media. Notice that 
by the Cauchy-Schwartz inequality we have that

aθ (u, v)= aθ (v,u)= 0, ∀v ∈ Vθ ,∀u ∈ L2(Y ). (91)

We also define the orthogonal complement of the kernel Vθ with respect to the inner product 
(·, ·)θ :

Wθ := {w ∈ L2
#(Y ) |(w,v)θ = 0, ∀v ∈ Vθ }.

6.2. Verifying hypotheses

Next we verify hypotheses (H1)--(H4) from [16].

Proposition 6.1 ([16, Hypothesis (H2)]). 

Vθ =
{︄ {v ∈ L2

#(Y ) | v = 0 in Y #
stiff}, θ ≠ 0,

C + {v ∈ L2
#(Y ) | v = 0 in Y #

stiff}, θ = 0.
(92)

Proof. For u ∈ L2
#(Y ) the expression

ˆ

Rd

a(ξ − y)Λ0(y, ξ)|eiθ ·ξ u(ξ)− eiθ ·yu(y)|2dξ

is periodic with respect to y. Then, using assumption (1) one can easily see that
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aθ [u] ≥ C

ˆ

(Y #
stiff∩□2k)2∩Dr

|eiθ ·ξ u(ξ)− eiθ ·yu(y)|2dξdy,

where k is as in (3). Denote ϕ(y) := eiθ ·yu(y). Applying Lemma A.5 with ℳ = Y #
stiff and then 

the extension Lemma A.7, while taking into account the quasi-periodicity of ϕ, we obtain

aθ [u] ≥ C

ˆ

Ystiff×Ystiff

|ϕ(ξ)− ϕ(y)|2dξdy ≥ C

ˆ

Y×Y
|ϕ̃(y + ξ)− ϕ̃(y)|2dydξ,

where ϕ̃ is the quasi-periodic extension of ϕ into the soft component. Rewriting this for the 
corresponding (periodic) extension ˜︁u of u (i.e. ˜︁u := e−iθ ·yϕ̃(y)) we have

aθ [u] ≥ C

ˆ

Y×Y
|eiθ ·ξ˜︁u(y + ξ)−˜︁u(y)|2dydξ = C

ˆ

Y

∑︂
k∈Zd

|uk|2|ei(2πk+θ)·ξ − 1|2dξ,

where uk are the coefficients of the Fourier series for ˜︁u on Y . Then a direct calculation shows 
that for θ ≠ 0

aθ [u] ≥ C|θ |2
ˆ

Y

|˜︁u|2 ≥ C|θ |2
ˆ

Ystiff

|u|2. (93)

When θ = 0 we get that

a0[u] ≥ C

ˆ

Ystiff

⃓⃓
u−

 

Ystiff

u
⃓⃓2
. (94)

This implies that the elements of Vθ vanish on Ystiff for θ ≠ 0, and equal to a constant on Ystiff
when θ = 0. □
Remark 6.2. Hypothesis (H2) in [11] requires that the family of spaces Vθ has a removable 
singularity at θ = 0, in the sense that upon replacing the space V0 with another (suitable) space 
one gets a Lipschitz continuous in θ (in appropriate sense) family of spaces. This is clearly the 
case in our setting, cf. (92).

Henceforth, we denote by L2(Ysoft) the subspace of L2(Y ) whose elements vanish outside 
of Ysoft (and are extended periodically to the whole of Rd if necessary). Moreover, we identify 
C with the subspace of constant functions. Thus we may write Vθ = L2(Ysoft), θ ≠ 0, V0 =
C +L2(Ysoft).

Proposition 6.3 ([16, Hypotheses (H1) and (H3)]). There exists a positive constant C such that 
∀θ ∈ Y ∗ and ∀w ∈Wθ one has

aθ [w] ≥ νθ∥w∥2
L2(Y )

, (95)
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where

νθ =
{︄
C|θ |2, θ ≠ 0,

C, θ = 0.

Proof. Assume first that θ ≠ 0. Denoting

w =w0 +w1 := 1Ysoftw+ 1Ystiffw,

we rewrite (93) as

aθ [w] ≥ C|θ |2∥w1∥2
L2(Y )

.

Therefore, it is sufficient to show that

∥w0∥L2(Y ) ≤ C∥w1∥L2(Y ). (96)

According to the orthogonality condition, for every v ∈ Vθ we have (cf. (91))

0 = (w,v)θ = aθ (w,v)+ bθ (w,v)= bθ (w,v). (97)

Setting v =w0 we obtain (cf. (87))

ˆ

Y

ˆ

Rd

a(ξ − y)p(y, ξ)

⃓⃓⃓
eiθ ·(ξ−y)w0(ξ)−w0(y)

⃓⃓⃓2
dξdy +

ˆ

Y

|w0(y)|2dy

= −
ˆ

Y

ˆ

Rd

a(ξ − y)p(y, ξ)(eiθ ·(ξ−y)w1(ξ)−w1(y))(eiθ ·(ξ−y)w0(ξ)−w0(y))dξdy, 

which immediately implies (96).
Now we treat the case θ = 0. Decomposing w=w0 +w1, where

w0 := 1Ysoftw+ 1Ystiff

 

Ystiff

w, w1 := 1Ystiff

⎛⎜⎝w−
 

Ystiff

w

⎞⎟⎠ ,
we observe that (94) implies

a0[w1] ≥ C

ˆ

Ystiff

|w1|2,

and, by direct calculation, one has

ˆ

Y

w w0 =
ˆ

Y

|w0|2.
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Then, retracing the argument for the previous case we arrive at

a0[w] ≥ C∥w∥2
L2(Y )

. □
Next assertion is a straightforward consequence of the coercivity of the form a0 and the Lip

schitz property (89), see also [16, Proposition 4.1].

Corollary 6.4. There exist positive constants C and θa such that

C∥w0∥L2(Y ) ≤ aθ [w0], ∀w0 ∈W0, ∀θ ∈ Y ∗, |θ | ≤ θa.

Proposition 6.5 ([16, Hypothesis (H4)]). Let the sesquilinear maps a′
0 : V0 × L2(Y )→ Cn and 

a′′
0 : V0 × V0 → Cn×n be given by

a′
0(v,u) :=

ˆ

Y

ˆ

Rd

a(ξ)Λ0(x, x + ξ) iξ v (u(x + ξ)− u(x)) dξdx,

a′′
0 (v, v̂) :=

ˆ

Y

ˆ

Rd

a(ξ)Λ0(x, x + ξ) ξ ⊗ ξ v v̂ dξdx.

The following bounds hold

|aθ (v,u)− a′
0(v,u) · θ | ≤ C|θ |2∥v∥L2(Y )∥u∥L2(Y ), ∀v ∈ V0,∀u ∈ L2(Y ),∀θ ∈ Y ∗, (98)

|aθ (v, v̂)− a′′
0 (v, v̂)θ · θ | ≤ |θ |2h(|θ |)∥v∥L2(Y )∥v̂∥L2(Y ), ∀v, v̂ ∈ V0,∀θ ∈ Y ∗, (99)

where h(t) is a non-negative increasing function such that h(t)→ 0 as t → 0.

Proof. Recalling that elements of V0 are constant on Ystiff and taking into account the expansion

eiθ ·ξ = 1 + iθ · ξ + r(θ · ξ), where |r(θ · ξ)| ≤ C|θ |2|ξ |2,
and the bound

|eiθ ·ξ − 1|2 ≤ C|θ |2|ξ |2,
we can expand aθ(v,u), u ∈ L2(Y ), in terms of θ as follows,

aθ (v,u)= θ ·
ˆ

Y

ˆ

Rd

a(ξ)Λ0(x, x + ξ)(iξ v)(u(x + ξ)− u(x))dξdx+

ˆ

Y

ˆ

Rd

a(ξ)Λ0(x, x + ξ)r(θ · ξ) v (u(x + ξ)− u(x))dξdx+

ˆ

Y

ˆ

Rd

a(ξ)Λ0(x, x + ξ)|eiθ ·ξ − 1|2 v u(x + ξ).
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This readily implies (98).
Next we show the validity of (99). For v, v̂ ∈ V0 we have

aθ (v, v̂)=
ˆ

Y

ˆ

Rd

a(ξ)Λ0(x, x + ξ)|eiθ ·ξ − 1|2 v v̂ dξdx.

In case when the support of a is finite the assertion is trivial due to the Taylor expansion

|eiθ ·ξ − 1|2 = |θ · ξ |2(1 +ℛ(θ · ξ)), (100)

where the |ℛ(t)| ≤ |t |2. Moreover, (99) holds with h(|θ |)=O(|θ |4).
Assume now that the support of a is unbounded. In this case the function

g(r) :=
ˆ

|ξ |>r
a(ξ)|ξ |2dξ, (101)

is strictly positive, continuous, decreasing for all r > 0, and g(r)→ 0 as r → ∞ since a(ξ)|ξ |2
is summable.

Consider the decomposition

aθ (v, v̂)=
ˆ

Y

ˆ

|ξ |<r
a(ξ)Λ0(x, x + ξ)|eiθ ·ξ − 1|2 v v̂ dξdx+

ˆ

Y

ˆ

|ξ |>r
a(ξ)Λ0(x, x + ξ)|eiθ ·ξ − 1|2 v v̂ dξdx. (102)

We can estimate the second term on the right-hand side as follows,

⃓⃓⃓⃓
⃓⃓⃓ˆ
Y

ˆ

|ξ |>r
a(ξ)Λ0(x, x + ξ)|eiθ ·ξ − 1|2 v v̂dξdx

⃓⃓⃓⃓
⃓⃓⃓=

⃓⃓⃓⃓
⃓⃓⃓ˆ
Y

ˆ

|ξ |>r
a(ξ)|ξ |2Λ0(x, x + ξ)

|eiθ ·ξ − 1|2
|ξ |2 v v̂dξdx

⃓⃓⃓⃓
⃓⃓⃓≤ Cg(r)r−2∥v∥L2(Y )∥v̂∥L2(Y ). (103)

Next we deal with the first term on the right-hand side of (102) utilising (100):

⃓⃓⃓⃓
⃓⃓⃓ˆ
Y

ˆ

|ξ |<r
a(ξ)Λ0(x, x + ξ)|eiθ ·ξ − 1|2 v v̂ dξdx − a′′

0 (v, v̂)θ · θ

⃓⃓⃓⃓
⃓⃓⃓≤
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|θ |2
⃓⃓⃓⃓
⃓⃓⃓ˆ
Y

ˆ

|ξ |>r
a(ξ)Λ0(x, x + ξ)|ξ |2 v v̂ dξdx

⃓⃓⃓⃓
⃓⃓⃓+

C|θ |2
⃓⃓⃓⃓
⃓⃓⃓ˆ
Y

ˆ

|ξ |<r
a(ξ)Λ0(x, x + ξ)|ξ |2 ℛ(θ · ξ) v v̂ dξdx

⃓⃓⃓⃓
⃓⃓⃓≤

g(r)|θ |2∥v∥L2(Y )∥v̂∥L2(Y ) +C|θ |2ℛ(|θ |r)∥v∥L2(Y )∥v̂∥L2(Y ). (104)

For t > 0 we define a function r = r(t) via the relation

(g(r))1/4

r
= t.

Due to the properties of g(r), the function r(t) is well defined and tends to infinity as t → 0. 
Thus we have that

g(r(|θ |))|θ |2 + |θ |2ℛ(|θ |r(|θ |))+ g(r(|θ |))(r(|θ |))−2 ≤ C
√︁
g(r(|θ |)) |θ |2.

Setting

h(t) := C
√︁
g(r(t)) (105)

we get (99) (the monotonicity of h can be easily inferred from the monotonicity of g). □
Remark 6.6. In the case when the kernel a has finite third moment, i.e. 

´
Rd a(ξ)|ξ |3dξ <+∞, 

then it is easy to see that h(t)= t . Indeed, by setting r = 1/|θ | in (102) we immediately get that 
the right hand sides in (103) and (104) are of order |θ |3.

6.3. Correctors and the homogenised form

The hypotheses (H1)--(H4) entail a two-step approximation of the family of problems (86) by 
simplified ones. The first approximation is given in Proposition 6.7 below (see [16] for the proof), 
the second is formulated in Proposition 6.11. Its proof is an adaptation of the general argument 
from [16] to the situation of the weaker hypothesis (H4). In turn, Proposition 6.11 leads to the 
bounds on the rate of convergence of spectra of the operator 𝒜ε, formulated in Proposition 6.12.

For v0 ∈ V0 consider a ``corrector'' problem: find 𝒩θv0 ∈W0 satisfying

aθ (𝒩θ v0,w0)= −aθ (v0,w0), ∀w0 ∈W0.

This problem is well posed for |θ | ≤ θa due to the coercivity of the form aθ on the space W0, see 
Corollary 6.4. This defines 𝒩θ as a bounded linear operator from V0 to W0. Note that the values 
of v0 in Ysoft are of no importance since aθ(v0,w0)= 0 for every v0 ∈ L2(Ysoft).

Proposition 6.7 ([16, Theorem 5.3]). There exists θ1 > 0 (θ1 ≤ θa) such that for every θ ∈ Y ∗, 
|θ | ≤ θ1, there exists a unique solution z+ v ∈ V0 = C +L2(Ysoft) to
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Bε(z+v,˜︁z+ ṽ) := ε−2aθ (z+𝒩θ z,˜︁z+𝒩θ˜︁z)+bθ (z+v,˜︁z+ ṽ)= (f,˜︁z+ ṽ)L2(Y ), ∀˜︁z+ ṽ ∈ V0.

(106)
(We do not reflect the dependence of z+v on ε in the notation.) Furthermore, the following error 
bounds hold for the solution uεθ to (86):

ε−2aθ [uεθ − (z+𝒩θ z+ v)] + bθ [uεθ − (z+𝒩θ z+ v)] ≤ Cε2∥f ∥2
L2(Y )

, (107)

ε−2aθ [uεθ − (z+𝒩θ z+ v)] + bθ [uεθ − (z+ v)] ≤ Cε2∥f ∥2
L2(Y )

. (108)

Note that we use the usual L2(Y ) norm on the right-hand sides of (107), (108) rather than a 
θ -dependent dual norm used in [16] due to their equivalence in the present setting.

We define a linear operator Nθ : V0 →W0 so that Nθv is the unique solution to

a0(Nθv,w)= −a′
0(v,w) · θ, ∀w ∈W0. (109)

Clearly, this problem is well posed due to (95).
Next we define the homogenised form ahθ : V0 × V0 → C:

ahθ (v, ṽ) := a′′
0 (v, ṽ)θ · θ − a0(Nθv,Nθ ṽ).

Remark 6.8. The values of the arguments of the form ahθ (v, ṽ) in the soft component Ysoft are 
of no consequence since the integral kernel is zero in Ysoft. Moreover, the space of test functions 
W0 in (109) can be replaced with L2(Y ) as both sides of the equation vanish if we replace w
by an element of V0. Therefore, comparing the corrector problems (9) and (109), we see that for 
z ∈ C one has Nθz = iχ̃ · θz, where χ̃ is the vector whose components are the solutions to (9). 
Furthermore,

ahθ (z,˜︁z)=Ahomθ · θ z˜︁z, z,˜︁z ∈ C, (110)

cf. (8).

Proposition 6.9 ([16, Proposition 5.4]). Let |θ | ≤ θa , then

∥𝒩θ v −Nθv∥L2(Y ) ≤ C|θ |2∥v∥L2(Y ), ∀v ∈ V0. (111)

The proof follows verbatim the argument in [16] since it utilises only the bound (98) of hy
pothesis (H4). In order to simplify the notation without loss of generality we assume henceforth 
that

lim inf
t→0 

h(t)

t
> 0.

(In case lim inft→0
h(t)
t

= 0 we simply replace h(t) with max{h(t), t}.)
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Proposition 6.10 ([16, Proposition 5.5]). For any |θ | ≤ θa we have

|aθ (v+𝒩θ v, ṽ+𝒩θ ṽ)− ahθ (v, ṽ)| ≤ C|θ |2h(|θ |)∥v∥L2(Y )∥ṽ∥L2(Y ), ∀v, ṽ ∈ V0. (112)

ahθ [z] ≥ C|θ |2∥z∥2
L2(Y )

, ∀z ∈ C. (113)

Proof. The only difference in the argument for (112) compared to [16] is the use of the weaker 
bound (99), which manifests in the weaker result. The bound (113) is a direct consequence of 
(110). □
6.4. Proof of Theorem 2.14

Recall the operator 𝒜h,θ
ε associated with the form (21). Utilising notation of this section, the 

operator 𝒜h,θ
ε + 1 is associated with the form

Bhε (v + z, ṽ +˜︁z) := ε−2ahθ (z,˜︁z)+ bθ (v + z, ṽ +˜︁z), ∀v+ z, ṽ +˜︁z ∈ V0 = C +L2
#(Ysoft).

The following assertion establishes, in particular, the bound (22). Indeed, it follows directly from 
(116) below and the second inequality in (88).

Proposition 6.11 ([16, Theorem 5.6]). For every θ ∈ Y ∗ there exists a unique solution vh + zh ∈
C +L2

#(Ysoft) to

Bhε (v
h + zh, ṽ +˜︁z)= (f, ṽ+˜︁z)L2(Y ), ∀ṽ+˜︁z ∈ C +L2

#(Ysoft). (114)

Furthermore, vh + (I +Nθ)z
h and vh + zh approximate the solution uεθ to (86) in the sense that

ε−2aθ [uεθ − (vh + (I +Nθ)z
h)] + bθ [uεθ − (vh + (I +Nθ)z

h)] ≤ C(h(ε))2∥f ∥2
L2(Y )

, (115)

bθ [uεθ − (vh + zh)] ≤ C(h(ε))2∥f ∥2
L2(Y )

, (116)

for some positive function h such that h(t)→ 0 as t → 0, limt→0 h(t)/t > 0.

Proof. The first part of the argument up to formula (121) follows closely [16]. We present it here 
for the sake of completeness.

Problem (114) is clearly well posed. Testing (114) with vh + zh yields

Bhε [vh + zh] ≤ ∥f ∥L2(Y )∥vh + zh∥L2(Y ).

Since

∥vh + zh∥2
L2(Y )

≤ bθ [vh + zh],

we immediately conclude that

Bhε [vh + zh] ≤ ∥f ∥2
L2(Y )

.
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Furthermore,

ε−2ahθ [zh] ≤ ∥f ∥L2(Y )

√︁
bθ [vh + zh] − bθ [vh + zh] ≤ 1

4
∥f ∥2

L2(Y )
.

Next we obtain a stronger bound on zh. We denote by PVθ and PWθ the projectors onto the 
subspaces Vθ and Wθ respectively with respect to the scalar product (·, ·)θ . Recalling (97) we see 
that bθ (vh + zh,PWθ z

h)= bθ [PWθ z
h]. Then, testing (114) with ṽ +˜︁z= −PVθ zh + zh = PWθ z

h, 
we obtain

ε−2ahθ [zh] + bθ [PWθ z
h] ≤ ∥f ∥L2(Y )∥PWθ z

h∥L2(Y ) ≤ C∥f ∥L2(Y )∥zh∥L2(Y ).

Together with (110) this yields

ε−2|θ |2∥zh∥L2(Y ) ≤ C∥f ∥L2(Y ). (117)

Next we restrict our attention to the case |θ | ≤ θ1 and utilise the solution v+ z of (106) from 
Proposition 6.7 to write a two-way decomposition

uεθ − (vh + (I +Nθ)z
h)=[uεθ − (v + z+𝒩θ z)] + [(v − vh)+ (z− zh)+𝒩θ (z− zh)]

+ [𝒩θ z
h −Nθz

h]
= [uεθ − (v + z)] + [(v − vh)+ (z− zh)] −Nθz

h.

Substituting the first decomposition into aθ and the second into bθ we have that the left-hand 
side of (115) is bounded by

3
(︂
ε−2aθ [uεθ − (v+ z+𝒩θ z)] + bθ [uεθ − (v+ z)]

)︂
+ 3Bε[(v − vh)+ (z− zh)]+

3ε−2aθ [𝒩θ z
h −Nθz

h] + 3bθ [Nθzh] (118)

(recall the definition of the form Bε(·, ·) in (106)). By (108) the first term is bounded by 
Cε2∥f ∥2

L2(Y )
. The bounds (111) and (117) yield

ε−2aθ [𝒩θ z
h −Nθz

h] ≤ Cε−2∥𝒩θ z
h −Nθz

h∥2
L2(Y )

≤ Cε−2|θ |4∥zh∥2
L2(Y )

≤ Cε2∥f ∥2
L2(Y )

.

(119)
From Remark 6.8 and (117) we get

bθ [Nθzh] ≤ C∥Nθzh∥2
L2(Y )

≤ Cε2∥f ∥2
L2(Y )

. (120)

It remains to analyse the second term in (118). By testing both (106) and (114) with ṽ +˜︁z =
(v − vh)+ (z− zh) and comparing the resulting identities one concludes that

Bε[(v−vh)+ (z−zh)] = ε−2ahθ (z
h, z−zh)−ε−2aθ (z

h+𝒩θ z
h, (z−zh)+𝒩θ (z−zh)). (121)

First we need to obtain a bound on Bε[(v − vh) + (z − zh)] from below. Estimates (112) and 
(113) imply that there exists r3 > 0 such that for all |θ | ≤ r3 (so that h(|θ |) is sufficiently small)
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aθ [(z− zh)+𝒩θ (z− zh)] ≥ C|θ |2∥z− zh∥2
L2(Y )

.

The bound

bθ [(v − vh)+ (z− zh)] ≥ C∥z− zh∥2
L2(Y )

is straightforward. Thus we have

Bε[(v − vh)+ (z− zh)] ≥ C
(︂
ε−2|θ |2 + 1

)︂
∥z− zh∥2

L2(Y )
.

Applying to the right-hand side of (121) successively (112), (117) and the last bound we arrive 
at

Bε[(v − vh)+ (z− zh)] ≤Cε−2|θ |2h(|θ |)∥zh∥L2(Y )∥z− zh∥L2(Y )

≤C h(|θ |)∥f ∥L2(Y )∥z− zh∥L2(Y )

≤C∥f ∥L2(Y )

h(|θ |) √︁
ε−2|θ |2 + 1

B1/2
ε [(v − vh)+ (z− zh)].

In order to show that the term containing ε and θ vanishes as ε→ 0 we introduce the function

ĥ(t) := t sup
s≥t 

h(s)

s
. (122)

Clearly,

ĥ(t)→ 0 as t → 0.

Moreover,

h(|θ |)
ĥ(ε) 

≤ |θ |
ε

whenever ε ≤ |θ |. In this case we have

h(|θ |) √︁
ε−2|θ |2 + 1

≤ ĥ(ε)
ε−1|θ | √︁
ε−2|θ |2 + 1

≤ ĥ(ε).

On the other hand, when ε > |θ |, recalling the monotonicity of h, we trivially have

h(|θ |) √︁
ε−2|θ |2 + 1

≤ h(ε).

Thus we conclude that

Bε[(v − vh)+ (z− zh)] ≤ C(h(ε))2∥f ∥2
L2(Y )

,
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with

h(t) := max{h(t), ĥ(t)}. (123)

Combining (118), (108), (119), and (120) yields (115). Then (116) follows by resorting to 
(120) once again.

It remains to consider the case |θ |> θ1. For such θ the basic argument is as follows: the part 
of the solution of each of problems (86) and (114) that is supported on the stiff component Ystiff
is of order ε2, while the remaining part solves a family of problems on the soft component Ysoft, 
see (124) below.

We proceed with the argument by considering the decomposition uεθ = vεθ +wεθ ∈ Vθ +Wθ . 
Using wεθ as a test function in (86) and recalling (95) we have

Cε−2θ2
1 ∥wεθ∥2

L2(Y )
≤ ε−2aθ [wεθ ] + bθ [wεθ ] ≤ ∥f ∥L2(Y )∥wεθ∥L2(Y ).

So we conclude that

∥wεθ∥L2(Y ) ≤ Cε2∥f ∥L2(Y ).

At the same time, by taking in (86) test functions from Vθ we see that vεθ is the solution to the 
following well posed problem

bθ (v
ε
θ , v)= (f, v)L2(Y ), ∀v ∈ Vθ . (124)

Next we address problem (114). We already know that ∥zh∥L2(Y ) ≤ Cε2∥f ∥L2(Y ), cf. (117). 
Setting ˜︁z= 0 we have that

bθ (v
h + zh, ṽ)= bθ (v

h + PVθ z
h, ṽ)= (f, ṽ)L2(Y ), ∀ṽ ∈ Vθ . (125)

Comparing (124) and (125) we conclude that vεθ = vh + PVθ z
h. Therefore,

∥uεθ − (vh + zh)∥L2(Y ) = ∥wεθ − PWθ z
h∥L2(Y ) ≤ Cε2∥f ∥L2(Y ),

and (115), (116) follow easily (with the error bound of order ε2). □
We define the self-adjoint operator 𝒜θ

soft so that 𝒜θ
soft + 1 is generated by the form bθ(·, ·).

Proposition 6.12. The limiting spectrum of the family of operators 𝒜ε is given by

lim 
ε→0

Sp(𝒜ε)= 𝒢 := Sp(𝒜)∪ (∪θ∈Y ∗ Sp(𝒜θ
soft)).

Moreover, for any Λ> 0 one has

dH,[0,Λ]
(︂

Sp(𝒜ε),𝒢
)︂

≤ C(Λ)max{h(ε), ε2/3}.
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Proof. By Proposition 6.11 the resolvents of the operators 𝒜θ
ε and 𝒜h,θ

ε are h(ε) close uniformly 
in θ . Thus, by classical argument, we have

dH,[0,Λ]
(︂

Sp(𝒜θ
ε ),Sp(𝒜h,θ

ε )
)︂

≤ (Λ+ 1)2 h(ε) uniformly in θ ∈ Y ∗.

The remainder of the proof is devoted to the analysis of the spectra of 𝒜h,θ
ε .

Step 1. Assume that λ ∈ Sp(𝒜h,θ
ε ) ∩ [0,Λ]. Then for any δ > 0 (we will assume it to be suffi

ciently small) there exists v+ z ∈ L2(Ysoft)∔ C, ∥v+ z∥L2(Y ) = 1, such that

ε−2ahθ (z,˜︁z)+ bθ (v+ z, ṽ +˜︁z)= (λ+ 1)(v + z, ṽ +˜︁z)L2(Y ) + (f, ṽ+˜︁z)L2(Y ),

∀ ṽ+˜︁z ∈ L2(Ysoft)∔ C, (126)

with some f satisfying ∥f ∥L2(Y ) ≤ δ.
Consider first θ ∈ Y ∗ such that |θ | ≥ ε2/3. By (117) we have that

∥z∥L2(Y ) ≤ Cε2|θ |−2∥(λ+ 1)(v + z)+ f ∥L2(Y ) ≤ Cε2/3.

Taking ˜︁z= 0 in (126) we have

bθ (v, ṽ)= (λ+ 1)(v, ṽ)L2(Ysoft)
− bθ (z, ṽ)+ ((λ+ 1)z+ f, ṽ)L2(Ysoft)

, ∀ ṽ ∈ L2(Ysoft). (127)

For a given z the form bθ (z, ṽ) is a bounded linear functional on L2(Ysoft), cf. (88), and, hence, 
can be represented as

bθ (z, ṽ)= (fz, ṽ)L2(Ysoft)

for some fz ∈ L2(Ysoft) with ∥fz∥L2(Ysoft)
≤ Cε2/3. Thus, we can rewrite (127) as follows,

bθ (v, ṽ)= (λ+ 1)(v, ṽ)L2(Ysoft)
+ ((λ+ 1)z+ fz + f, ṽ)L2(Ysoft)

, ∀ ṽ ∈ L2(Ysoft),

where

∥(λ+ 1)z+ fz + f ∥L2(Ysoft)
≤ Cε2/3 + δ.

Since δ is arbitrary, we conclude by Lemma 5.8 that

dist
(︁
λ,Sp(𝒜θ

soft)
)︁≤ Cε2/3. (128)

Next we consider the case |θ |< ε2/3. To this end we rewrite (126) in the form

ε−2ahθ (z,˜︁z)+ b0(v+ z, ṽ +˜︁z)= (λ+ 1)(v + z, ṽ +˜︁z)L2(Y )

+ [b0(v + z, ṽ +˜︁z)− bθ (v + z, ṽ +˜︁z)] + (f, ṽ +˜︁z)L2(Y ). (129)
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We use an argument similar to the above. By the Lipschitz continuity of the form bθ , see (90), 
we see that the expression in the square brackets is a bounded linear functional on L2(Y ), and, 
hence can be represented in the form

b0(v + z, ṽ +˜︁z)− bθ (v+ z, ṽ +˜︁z)= (fv+z, ṽ+˜︁z)L2(Y ), (130)

for some fv+z ∈ L2(Y ) with

∥fv+z∥L2(Y ) ≤ C|θ | ≤ Cε2/3. (131)

Thus we have

ε−2ahθ (z,˜︁z)+ b0(v + z, ṽ +˜︁z)= (λ+ 1)(v + z, ṽ +˜︁z)L2(Y ) + (fv+z + f, ṽ+˜︁z)L2(Y ). (132)

Next we make a simple observation about the operator in the above equation. By (110) we 
have that

ε−2ahθ (z,˜︁z)=Ahomξ · ξ z˜︁z, where ξ := ε−1θ.

It is a simple exercise (cf. [31]) to check that the spectrum of the self-adjoint operator 𝒜ξ asso
ciated with the form

Ahomξ · ξ z˜︁z+ b0(v + z, ṽ +˜︁z)− (v + z, ṽ +˜︁z)L2(Y ), ξ ∈ Rd,

satisfies the relation

{λ : β(λ)=Ahomξ · ξ} ⊂ Sp(𝒜ξ )⊂ Sp(𝒜0
soft)∪ {λ : β(λ)=Ahomξ · ξ}. (133)

In particular,

{λ : β(λ)≥ 0} ⊂ (︁∪ξ∈Rd Sp(𝒜ξ )
)︁⊂ Sp(𝒜0

soft)∪ {λ : β(λ)≥ 0} = Sp(𝒜),

cf. (17).
From (131) and (132), since δ is arbitrary, we conclude that λ is Cε2/3 close to the spectrum 

of 𝒜ξ for ξ = ε−1θ ∈ Bε−1/3 :

dist
(︂
λ,Sp(𝒜0

soft)∪ {β(λ) ∈ [0;R0ε
−2/3]}

)︂
≤ C(Λ)ε2/3,

where R0 is defined as R0 := max|ξ |≤1A
homξ · ξ . Combining this with (128) we arrive at

sup 
λ∈∪θ∈Y∗ Sp(𝒜h,θ

ε )∩[0;Λ]
dist(λ, 𝒢)≤ C(Λ)ε2/3.
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Step 2. The following bounds hold:

sup 
λ∈Sp(𝒜θ

soft),|θ |<ε2/3

dist
(︂
λ, 

⋃︂
θ∈Y ∗,|θ |≥ε2/3

Sp(𝒜θ
soft)
)︂

≤ Cε2/3, (134)

sup 
λ∈[0;Λ],β(λ)>R0ε

−2/3
dist(λ,Sp(𝒜0

soft))≤ Cε2/3. (135)

The first one follows by appealing to the Lipschitz continuity of the form bθ with respect to θ
and arguing similarly to (130)--(132). The second can be easily inferred from the estimate

R0ε
−2/3 < β(λ)= λ+ λ2

ˆ

Ysoft

(𝒜0
soft − λI)−11Y #

soft
dy ≤ λ+ λ2|Ysoft|∥(𝒜0

soft − λI)−1∥.

Step 3. It remains to prove the inverse bound. First we assume λ ∈ Sp(𝒜θ
soft), θ ∈ Y ∗. Due to the 

bound (134) we can further assume that |θ | ≥ ε2/3. Then for any δ > 0 there exists v ∈ L2(Ysoft), 
∥v∥L2(Y ) = 1, such that

bθ (v, ṽ)= (λ+ 1)(v, ṽ)L2(Ysoft)
+ (f, ṽ)L2(Ysoft)

, ∀ ṽ ∈ L2(Ysoft),

with some f satisfying ∥f ∥L2(Ysoft)
≤ δ. Consider z ∈ C defined by the identity

ε−2Ahomθ · θ z= (λ+ 1)(v,1)L2(Ysoft)
+ (f,1)L2(Ysoft)

− bθ (v,1).

Clearly, we have

|z| ≤ C
ε2

|θ |2 ≤ Cε2/3. (136)

By direct inspection we see that v+ z satisfies the identity

ε−2ahθ (z,˜︁z)+ bθ (v + z, ṽ +˜︁z)= (λ+ 1)(v + z, ṽ +˜︁z)L2(Y )

+ (f − (λ+ 1)z, ṽ +˜︁z)L2(Y ) + bθ (z, ṽ +˜︁z), ∀ ṽ+˜︁z ∈ L2(Ysoft)∔ C. 

Since δ is arbitrary and from (136) we conclude that

dist(λ,Sp(𝒜h,θ
ε ))≤ Cε2/3. (137)

Finally, we consider the case λ ∈ [0;Λ] \ Sp(𝒜0
soft), β(λ) ≥ 0. Due to (135) we can assume 

without loss of generality that β(λ) ∈ [0;R0ε
−2/3]. By (133) there exists θ , |θ | ≤ ε2/3, such that 

β(λ) is an eigenvalue of 𝒜ξ with ξ = ε−1θ . Then retracing the argument of Step 1 in the reverse 
direction, cf. (130), (131), and (129), we arrive at (137), which concludes the proof. □
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Remark 6.13. Since Sp(𝒜soft)= ∪θ∈Y ∗ Sp(𝒜θ
soft), understanding the structure of Sp(𝒜θ

soft) helps 
us to characterise the spectrum of 𝒜soft. Similarly to the decomposition of 𝒜#

soft, see (35), we have

𝒜soft = 𝒜1
soft −𝒜2

soft, 𝒜θ
soft = 𝒜θ,1

soft −𝒜θ,2
soft,

where for z ∈ L2(Y #
soft)

𝒜1
softz(x) :=m(x)z(x), 𝒜2

softz :=
ˆ

Rd

K(x, y)z(y) dy,

m(x) := 2
ˆ

Rd

a(ξ)p(x, x + ξ) dξ, K(x,y) := 2a(x − y)p(x, y) dy,

and for z ∈ L2
#(Ysoft)

𝒜θ,1
softz(x) :=m(x)z(x), 𝒜θ,2

softz :=
ˆ

Rd

Kθ (x, y)z(y) dy,

Kθ (x, y) := 2a(x − y)p(x, y)eiθ ·(x−y) dy.

Obviously m ∈ L∞
# (Y ) and 𝒜2,θ

soft is compact for every θ ∈ Y ∗. The essential spectrum of 𝒜θ
soft is 

the essential image of m. The remaining spectrum of 𝒜θ
soft is at most countable number of finite 

multiplicity eigenvalues. The spectrum of 𝒜θ
soft is continuous in θ with respect to the Hausdorff 

distance.

Acknowledgments

The work was partially supported by Pure Maths in Norway Foundation and UiT Aurora 
project MASCOT.

The work of Igor Velcic was supported by the Croatian Science Foundation under the project 
number HRZZ-IP-2022-10-518 and by the NextGenerationEU framework through the project 
"DEEPWAVE" at the University of Zagreb, Faculty of Electrical Engineering and Computing.

Appendix A. Extension operator

In what follows, for an integrable function u and a set A, the notation uA stands for the mean 
value of u over A. A variant of the following lemma for the case A = B can be found in [8, 
Lemma 2.4]. 

Lemma A.1. Let A,B ⊂ Rd have finite and positive Lebesgue measure. Then, for every u ∈
Lp(A∪B) with 1 ≤ p <∞,

ˆ

B

|uA − u(x)|pdx ≤ 1 
|A|

ˆ

A×B
|u(x)− u(y)|p dx dy,

57 
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|uA − uB |p ≤ 1 
|A||B|

ˆ

A×B
|u(x)− u(y)|p dx dy.

Proof. Let p > 1 and denote by p′ the conjugate exponent of p. By Hölder’s inequality:

ˆ

B

|uA − u(x)|p dx = 1 
|A|p

ˆ

B

⃓⃓⃓⃓
⃓⃓ˆ
A 

(u(y)− u(x)) dy

⃓⃓⃓⃓
⃓⃓
p

dx

≤ |A|p/p′

|A|p
ˆ

B

ˆ

A 

|u(y)− u(x)|p dy dx = 1 
|A|

ˆ

A×B
|u(y)− u(x)|p dx dy.

(138)

To prove the second inequality in the Lemma we proceed in a similar way utilising (138):

|uA − uB |p = 1 
|B|p

⃓⃓⃓⃓
⃓⃓ˆ
B

(uA − u(x)) dx

⃓⃓⃓⃓
⃓⃓
p

≤ |B|p/p′

|B|p
ˆ

B

|u(y)− u(x)|p dx

= 1 
|B|

ˆ

B

|uA − u(x)|p dx ≤ 1 
|A||B|

ˆ

A×B
|u(y)− u(x)|p dx dy.

The case p= 1 is straightforward. □
Lemma A.2. Let A,B be subsets of Rd such that |B|<∞ and |A∩B|> 0. Then, there exists a 
linear continuous extension operator Φ : Lp(A∩B)→ Lp(B) such that, for all u ∈ Lp(A),

Φ(u)= u in A∩B,
ˆ

B

|Φ(u)|p dx ≤ c1

ˆ

A∩B
|u|p dx,

ˆ

B2

|Φ(u)(x)−Φ(u)(y)|p dx dy ≤ c2

ˆ

(A∩B)2
|u(x)− u(y)|p dx dy, (139)

where c1 = 1 + |B\A| 
|A∩B| and c2 = 1 + 2 |B\A| 

|A∩B| .

Proof. We define

Φ(u)(x) :=
{︄
u(x), x ∈A∩B,
uA∩B, x ∈ B \A.

Using Jensen’s inequality we have:
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ˆ

B

|Φ(u)|p dx =
ˆ

A∩B
|Φ(u)|p dx +

ˆ

B\A
|Φ(u)|p dx =

ˆ

A∩B
|u|p dx + |B\A||uA∩B |p

≤
ˆ

A∩B
|u|p dx + |B\A| 

|A∩B|
ˆ

A∩B
|u|p dx =

(︃
1 + |B\A| 

|A∩B|
)︃ ˆ

A∩B
|u|p dx.

Next we prove (139). Observing that

B2 = (A∩B)2 ∪ ((A∩B)× (B\A))∪ ((B\A)× (A∩B))∪ (B\A)2,
we split the integral over B2 in four parts:

ˆ

(A∩B)2
|Φ(u)(x)−Φ(u)(y)|p dx dy =

ˆ

(A∩B)2
|u(x)− u(y)|p dx dy; (140)

ˆ

(B\A)2
|Φ(u)(x)−Φ(u)(y)|p dx dy = 0; (141)

Applying Lemma A.1 we conclude:

ˆ

(B\A)×(A∩B)
|Φ(u)(x)−Φ(u)(y)|p =

ˆ

(A∩B)×(B\A)
|Φ(u)(x)−Φ(u)(y)|p dx dy

= |B\A|
ˆ

A∩B
|u(x)− uA∩B |p dx ≤ |B\A| 

|A∩B|
ˆ

(A∩B)2
|u(x)− u(y)|p dx dy.

(142)

Now (139) follows immediately from (140)-(142). □
We now provide an extension result for a general open (not necessarily periodic) set ℳ⊂ Rd . 

We make the following geometric assumption, which in case of a periodic set Y #
stiff is equivalent 

to Assumption 2.2.

Assumption A.3. 

a. There exists a radius r0 > 0 and a constant κ0 > 0 such that

|ℳ∩Br0(x)|
|Br0 | 

≥ κ0 ∀x ∈ℳ;

b. there exists r1,m > 0 and k,N ∈ N, k ≥ r0 +m, such that for any x ∈ Rd the set ℳ ∩ □m
x

is not empty and for any two points η′, η′′ ∈ ℳ∩□m
x there exists a discrete path from η′ to 

η′′ contained in ℳ∩□k
x , i.e. a set of points

{η0 = η′, η1, . . . , ηN ,ηN+1 = η′′} ⊂ ℳ∩□k
x,

such that N ≤N and |ηj+1 − ηj | ≤ r1, for j = 0,1, . . . ,N .
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Remark A.4. Note that if Assumption A.3 b. holds for a given m then it also holds for any larger 
m, possibly at the cost of enlarging k and N .

Lemma A.5. If ℳ satisfies Assumption A.3, then for any r ≥ 2r0 + r1 there exists a constant 
c(r) > 0 such that the following inequality holds

ˆ

(ℳ∩□m
x )

2

|u(x)− u(y)|pdxdy ≤ c(r)

ˆ

(ℳ∩□2k
x )

2∩Dr

|u(x)− u(y)|pdxdy, ∀x ∈ Rd . (143)

(The constant c(r) also depends on the parameters from Assumption A.3.)

Proof. The following argument is an adaptation of [8, Lemma 3.3].
Without loss of generality we set x = 0. Chose two arbitrary points η′, η′′ ∈ ℳ ∩ □m and 

let η0 = η′, η1, . . . , ηN ,ηN+1 = η′′ be a discrete path as in the Assumption A.3 b. Denote ℬi :=
ℳ ∩ Br0(ηi), i = 0, . . . ,N + 1, and let ξi stand for the integration variable in the set ℬi . Note 
that Br0(ηi)⊂ □2k . Thanks to the Jensen inequality we have

ˆ

ℬ0×ℬN+1

|u(ξ0)− u(ξN+1)|pdξ0dξN+1

=
N∏︂
i=1 

1 
|ℬi |

ˆ

ℬ0

· · ·
ˆ

ℬN+1

|u(ξ0)− u(ξ1)+ u(ξ1)− . . .

− u(ξN)+ u(ξN)− u(ξN+1)|pdξ0 . . . dξN+1

≤ (N + 1)p−1
N∏︂
i=1 

1 
|ℬi |

ˆ

ℬ0

· · ·
ˆ

ℬN+1

N+1∑︂
j=1 

|u(ξj )− u(ξj−1)|pdξ0 . . . dξN+1

= (N + 1)p−1

[︄
|ℬN+1|
|ℬ1| 

ˆ

ℬ0×ℬ1

|u(ξ0)− u(ξ1)|pdξ0dξ1

+
N−1∑︂
j=1 

|ℬ0||ℬN+1|
|ℬj ||ℬj+1| 

ˆ

ℬj×ℬj+1

|u(ξj )− u(ξj+1)|pdξjdξj+1

+ |ℬ0| 
|ℬN |

ˆ

ℬN×ℬN+1

|u(ξN)− u(ξN+1)|pdξNdξN+1

]︄

≤ (N + 1)p−1

κ2
0

N∑︂
j=0 

ˆ

ℬj×ℬj+1

|u(ξj )− u(ξj+1)|pdξjdξj+1. (144)

By construction, for ξi ∈ ℬi , i = 0, . . . ,N , we have
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|ξi − ξi+1| ≤ 2r0 + r1

which implies that ℬi × ℬi+1 ⊂ (ℳ ∩ □2k)2 ∩ Dr . Then from (144), in view of Assump
tion A.3 b., we get

ˆ

ℬ0×ℬN+1

|u(ξ0)− u(ξN+1)|pdξ0dξN+1 ≤ (N + 1)p

κ2
0

ˆ

(ℳ∩□2k)2∩Dr

|u(ξ)− u(η)|pdξdη.

Covering ℳ∩□m with a finite number of balls of radius r0 and summing up the last inequality 
over all pairs of these balls gives the desired estimate (143). □
Lemma A.6. Let ℳ satisfy Assumption A.3. Then there exists a continuous linear operator

˜︁· : Lp(ℳ)→ Lp(Rd)

such that for all r ≥ 2r0 + r1 and for all u ∈ Lp(ℳ) we have

˜︁u= u, a.e. in ℳ, (145)ˆ

Rd

|˜︁u|pdx ≤ c1

ˆ

ℳ

|u|pdx, (146)

ˆ

Dm+r0

|˜︁u(x)−˜︁u(y)|p dx dy ≤ c2

ˆ

ℳ2∩Dr

|u(x)− u(y)|p dx dy, (147)

where c1 = 1 + supx
|□m+r0

x \ℳ| 
|ℳ∩□m+r0

x | , and c2 = c2(c1, k,N,m, r).

Proof. According to Assumption A.3 for any x ∈ Rd the set ℳ ∩ □m+r0
x is non-empty. More

over, |ℳ ∩ □m+r0
x | ≥ κ0|Br0 |. In what follows we will assume without loss of generality that 

m+ r0 = 1. If it is not the case we simply can scale ℳ by (m+ r0)
−1.

For each i ∈ 2Zd we define the operator Φi : Lp(ℳ∩□i )→ Lp(□i ) as in Lemma A.2 with 
A= ℳ and B = □i :

Φi(u)(x) :=
{︄
u(x), x ∈ℳ∩□i ,

uℳ∩□i
, x ∈□i \ℳ.

(148)

By Lemma A.2

ˆ

□i

|Φi(u)|p dx ≤ c1

ˆ

ℳ∩□i

|u|p dx. (149)

For u ∈ Lp(ℳ) we define

˜︁u=
∑︂
i∈ℐ 

Φi(u|ℳ∩□i
)1□i

.
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Properties (145), (146) directly follow from (148), (149). It remains to check (147). First we 
prove that for any i, j ∈ Zd we have

ˆ

□i×□j

|˜︁u(x)−˜︁u(y)|p dx dy ≤ c2
1

ˆ

(ℳ∩□i )×(ℳ∩□j )

|u(x)− u(y)|p dx dy. (150)

Similarly to Lemma A.2, we decompose the set □i ×□j as follows:

□i ×□j = ((ℳ∩□i )× (ℳ∩□j ))∪ ((□i\ℳ)× (ℳ∩□j ))

∪ ((ℳ∩□i )× (□j\ℳ))∪ ((□i\ℳ)× (□j\ℳ)). 

We have:

ˆ

(ℳ∩□i )×(ℳ∩□j )

|˜︁u(x)−˜︁u(y)|p dx dy =
ˆ

(ℳ∩□i )×(ℳ∩□j )

|u(x)− u(y)|p dx dy. (151)

Applying Lemma A.1 we obtain

ˆ

(□i\ℳ)×(ℳ∩□j )

|˜︁u(x)−˜︁u(y)|p dx dy = |□i\ℳ|
ˆ

ℳ∩□j

|u(x)− uℳ∩□i
|p dx (152)

≤ c

ˆ

(ℳ∩□i )×(ℳ∩□j )

|u(x)− u(y)|p dx dy, (153)

where c := supx
|□m+r0

x \ℳ| 
|ℳ∩□m+r0

x | . Swapping the roles of i and j we get

ˆ

(ℳ∩□i )×(□j \ℳ)

|˜︁u(x)−˜︁u(y)|p dx dy ≤ c

ˆ

(ℳ∩□i )×(ℳ∩□j )

|u(x)− u(y)|p dx dy. (154)

Finally, resorting to Lemma A.1 once again we have

ˆ

(□i\ℳ)×(□j \ℳ)

|˜︁u(x)−˜︁u(y)|p dx dy = |□i\ℳ||□j\ℳ||uℳ∩□i
− uℳ∩□j

|p

≤ c2
ˆ

(ℳ∩□i )×(ℳ∩□j )

|u(x)− u(y)|p dx dy. (155)

Combining (151)-(155) we arrive at (150).
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We have from (150) and Lemma A.5 (with m= 3, cf. Remark A.4):

ˆ

D1

|˜︁u(x)−˜︁u(y)|p dx dy ≤
∑︂
i∈2Zd

ˆ

□i×□3
i

|˜︁u(x)−˜︁u(y)|p dx dy
≤ c2

1

∑︂
i∈2Zd

ˆ

(ℳ∩□i )×(ℳ∩□3
i )

|u(x)− u(y)|p dx dy ≤ c2
1

∑︂
i∈2Zd

ˆ

(ℳ∩□3
i )

2

. . .

≤ c(r)c2
1

∑︂
i∈2Zd

ˆ

(ℳ∩□2k
i )

2∩Dr

· · · ≤ c2

ˆ

ℳ2∩Dr

|u(x)− u(y)|p dx dy. 

In the last inequality we have used the fact that each x ∈ Rd is contained in at most (2k)d sets 
□2k
i , i ∈ 2Zd . □
In conclusion of this part of the Appendix we state the following straightforward result.

Lemma A.7. Let ℳ be a non-empty open Zd -periodic set and n ∈ N. If ϕ is a (quasi-)periodic 
function on ℳ∩ nY , then there exists a (quasi-)periodic extension ϕ̃ on nY that satisfies

ˆ

Y

|˜︁ϕ|p dy ≤ c

ˆ

ℳ∩Y
|ϕ(y)|p dy;

ˆ

(nY )2

|˜︁ϕ(x)−˜︁ϕ(y)|p dx dy ≤ c2
ˆ

(ℳ∩nY )2
|ϕ(x)− ϕ(y)|p dx dy,

where c= 1 + |Y\ℳ| 
|ℳ∩Y | .

Proof. The argument goes by applying the extension of Lemma A.2 on every cube i + Y ⊂ nY

for i ∈ Zd . □
Appendix B. Compactness result

In this section we revisit the compactness theorem of [6].

Theorem B.1. Let Ω be an open set with Lipschitz boundary, and assume that for a bounded in 
L2(Ω) family {uε} the estimate 

ˆ

Ωkε

ˆ

Br

⃓⃓⃓⃓
uε(x + εξ)− uε(x)

ε

⃓⃓⃓⃓2
dξdx ≤M (156)

is satisfied with some k ≥ r > 0. Then there exists a bounded in H 1(Ωkε) family {wε} ⊂
C∞(Ωkε) such that
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∥uε −wε∥L2(Ωkε)
≤ C

√
Mε, ∥wε∥H 1(Ωkε)

≤ C(
√
M + ∥uε∥L2(Rd )), (157)

where C doesn’t depend on ε and M . In particular, we have (up to a subsequence)

uε → u strongly in L2(Ω′),

wε → u strongly in L2(Ω′) and weakly in H 1(Ω′),

for some u ∈H 1(Ω). Here Ω′ is and arbitrary open set satisfying Ω′ ⋐Ω, i.e. Ω′ is bounded and 
compactly contained in Ω.

Proof. The following is a straightforward adaptation of the argument used in [10, Theorem 2] in 
a similar context.

Let φ be a radially symmetric mollifier, i.e. φ ≥ 0, φ ∈ C∞
0 (Br), 

´
Br
φ dx = 1. We define

wε(x) :=
ˆ

Br

uε(x + εξ)φ(ξ)dξ, (158)

where applying the Cauchy-Schwartz inequality and utilising (156) yields (157):

∥uε −wε∥2
L2(Ωkε)

=
ˆ

Ωkε

⎡⎢⎣ˆ
Br

φ(ξ)(uε(x + εξ)− uε(x))dξ

⎤⎥⎦
2

dx

≤
ˆ

Ωkε

⎡⎢⎣ˆ
Br

φ2(ξ)dξ

ˆ

Br

(uε(x + εξ)− uε(x))
2dξ

⎤⎥⎦dx ≤ CMε2.

This proves the first inequality in (157). Next we show that ∇wε is bounded. First we observe 
that since the mollifier is radially symmetric, its partial derivative ∂iφ(x) is an odd function of 
xi and is even with respect to all other variables (the second property is not essential, but will 
simplify the notation). Therefore we can write

∂iwε(x)=ε−1
ˆ

Br

∂ξi uε(x + εξ)φ(ξ)dξ = −ε−1
ˆ

Br

uε(x + εξ)∂ξi φ(ξ)dξ

= − ε−1
ˆ

Br∩{ξi>0}
(uε(x + εξ)− uε(x − εξ))∂ξi φ(ξ)dξ.

Using Minkowski’s integral inequality in step two, applying the triangle inequality to the term 
uε(x+εξ)−uε(x)+uε(x)−uε(x−εξ) in step three, and then the Cauchy-Schwartz inequality, 
we obtain:
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∥∂iwε∥L2(Ωkε)
= ε−1

⎡⎢⎣ˆ
Ωkε

⎡⎢⎣ ˆ

Br∩{ξi>0}
(uε(x + εξ)− uε(x − εξ))∂ξi φ(ξ)dξ

⎤⎥⎦
2

dx

⎤⎥⎦
1/2

≤ ε−1
ˆ

Br∩{ξi>0}
|∂ξi φ(ξ)|

⎛⎜⎝ˆ
Ωkε

(uε(x + εξ)− uε(x − εξ))2dx

⎞⎟⎠
1/2

dξ

≤ √
2ε−1∥|∇φ|∥L∞(Br )

ˆ

Br

⎛⎜⎝ˆ
Ωkε

(uε(x + εξ)− uε(x))
2dx

⎞⎟⎠
1/2

dξ

≤ √
2ε−1∥|∇φ|∥L∞(Br )|Br |1/2

⎛⎜⎝ˆ
Ωkε

ˆ

Br

(uε(x + εξ)− uε(x))
2dξdx

⎞⎟⎠
1/2

≤ CM.

(159)

As a consequence of (158), Young’s inequality and (159) we obtain the second inequality of 
(157). The convergence properties are the direct consequences of the boundedness of wε in 
H 1(Ωkε) and (157). □
Remark B.2. From the construction above we see that if uε = 0 outside some compact set K
then wε = 0 in Krε .

Combining Lemma A.6 and Theorem B.1 we arrive at the following corollary.

Corollary B.3. Let Y , Ystiff, Ysoft, aε be as in Section 2, and assume that u ∈ L2(Rd). Then for 
every ε > 0 the function u admits the following decomposition:

u= ūε + εûε + zε,

where ūε ∈ H 1(Rd) ∩ C∞(Rd), ûε ∈ L2(Rd) and zε ∈ L2(εY #
soft) and the following estimates 

are valid:

∥ūε∥2
H 1(Rd )

≤ C(aε(u,u)+ ∥u∥2
L2(Rd )

), ∥ûε∥2
L2(Rd )

≤ C(aε(u,u)+ ∥u∥2
L2(Rd )

),

∥zε∥2
L2(Rd )

≤ C(aε(u,u)+ ∥u∥2
L2(Rd )

),

where C > 0 is independent of ε > 0.
Furthermore, if suppu⊂ S, then suppzε ⊂ S ∩ εY #

soft, and supp ūε, supp ûε ⊂ Skε .

Proof. If u = 0, the statement is trivial. If u ≠ 0, we define uε := (aε(u,u)+ ∥u∥2
L2(Rd )

)− 1
2 u. 

From assumption (1) we immediately have that

ˆ

εY #
stiff×εY #

stiff∩{|x−η|≤εra}

(︃
uε(x)− uε(η)

ε

)︃2

dxdη≤ C.
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Applying Lemma A.6 to the restriction of uε(ε·) to Y #
stiff and rescaling back we obtain its exten

sion ˜︁uε with

ˆ

Rd×Rd∩{|x−η|≤εr ′}

(︃˜︁uε(x)−˜︁uε(η)
ε

)︃2

dxdη≤ C

for some r ′ > 0. Applying Theorem B.1 to ˜︁uε we have the following decomposition:

uε =˜︁uε + uε −˜︁uε =wε + (˜︁uε −wε)+ žε,

where the sequence wε is bounded in H 1(Rd), ∥˜︁uε−wε∥L2(Rd ) ≤ Cε, and žε := uε−˜︁uε vanishes 
on Y #

stiff by construction. Letting

ūε := (aε(u,u)+ ∥u∥2
L2(Rd )

)
1
2wε, ûε := (aε(u,u)+ ∥u∥2

L2(Rd )
)

1
2
˜︁uε −wε

ε
,

zε := (aε(u,u)+ ∥u∥2
L2(Rd )

)
1
2 žε,

we obtain the first claim of the Corollary.
The second claim follows by applying to u the extension Lemma A.6 with ℳ := (ε−1S ∩

Y #
stiff)∪ (Rd \ ε−1S) for which Assumption A.3 holds with the same parameters. In this way we 

have that supp˜︁uε ⊂ S by construction, thus suppzε ⊂ S ∩ εY #
soft, and supp ūε, supp ûε ⊂ Skε by 

Remark B.2. □
Appendix C. Two-scale convergence for convolution energies

In this section we provide technical statements on two-scale convergence that will be used in 
the derivation of the limit two-scale operator.

Lemma C.1. Let a ∈ L1(Rd), Γ ∈ L∞
# (Y × Y), Γε(·, ·) := Γ(·/ε, ·/ε), and μ be a bounded 

(signed) measure on [0,1]. Let (uε)ε>0 be a bounded sequence in L2(Rd) such that uε
2−⇀

u(x,y) ∈ L2(Rd × Y). Then 

ℐε :=
ˆ

Rd

ˆ

Rd

a(ξ)Γε(x, x + εξ)

1 ˆ

0 

uε(x + tεξ)dμ(t)φ(x)b(x/ε)dξ dx

→ ℐ :=
ˆ

Rd

ˆ

Y

ˆ

Rd

a(ξ)Γ(y, y + ξ)

1 ˆ

0 

u(x, y + tξ )dμ(t)φ(x)b(y)dξ dy dx, (160)

𝒥ε :=
ˆ

Rd

ˆ

Rd

a(ξ)Γε(x, x + εξ)

1 ˆ

0 

uε(x + tεξ)dμ(t)φ(x + εξ)b(x/ε+ ξ)dξ dx
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→
ˆ

Rd

ˆ

Y

ˆ

Rd

a(ξ)Γ(y, y + ξ)

1 ˆ

0 

u(x, y + tξ )dμ(t)φ(x)b(y + ξ)dξ dy dx (161)

as ε→ 0 for all φ ∈ C∞
0 (Rd), b ∈ C#(Y ).

Proof. Using a change of variables, we have

ℐε =
1 ˆ

0 

ˆ

Rd

a(ξ)

ˆ

Rn

uε(x)Γε(x − tεξ , x + (1 − t)εξ)φ(x)b(x/ε− tξ )dx dξ dμ(t)

+
1 ˆ

0 

ˆ

Rd

a(ξ)

ˆ

Rd

uε(x)Γε(x − tεξ, x + (1 − t)εξ)[φ(x − tεξ)− φ(x)]b(x/ε− tξ )dx dξ dμ(t).

(162)

Note that for every ξ ∈ Rd , t ∈ [0,1] one has

⃓⃓⃓⃓
⃓⃓⃓ˆ
Rd

uε(x)Γε(x − tεξ, x + (1 − t)εξ)[φ(x − tεξ)− φ(x)]b(x/ε− tξ )dx

⃓⃓⃓⃓
⃓⃓⃓
2

≤ 2∥Γ∥2
L∞∥uε∥2

L2∥φ∥2
L2∥b∥2

L∞ . (163)

Furthermore, the quantity on the left-hand side of (163) vanishes as ε → 0 for every ξ ∈ Rd , 
t ∈ [0,1]. Therefore, by the Lebesgue dominated convergence theorem, the second term on the 
right-hand side of (162) converges to zero. It remains to deal with the first term therein. Denoting

b̃(y) :=
1 ˆ

0 

ˆ

Rd

a(ξ)Γ(y − tξ, y + (1 − t)ξ)b(y − tξ ) dξ dμ(t),

we rewrite the first term on the right-hand side of (162) and pass to the limit as ε→ 0:

ˆ

Rd

uε(x)φ(x)b̃(x/ε) dx →
ˆ

Rd

ˆ

Y

u(x, y)φ(x)b̃(y) dy dx = ℐ. (164)

Using the same change of variables we write

𝒥ε =
ˆ

Rd

uε(x)φ(x)

1 ˆ

0 

ˆ

Rd

a(ξ)Γε(x − tεξ, x + (1 − t)εξ)b(x/ε+ (1 − t)ξ) dξ dμ(t) dx
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+
ˆ

Rd

a(ξ)

1 ˆ

0 

ˆ

Rd

Γε(x − tεξ, x + (1 − t)εξ)[φ(x + (1 − t)εξ)− φ(x)]

× uε(x)b(x/ε+ (1 − t)ξ)dxdμ(t)dξ. (165)

Arguing as before, we conclude that the second term on the right-hand side of (165) converges 
to zero. Furthermore, treating

b̂(y) :=
1 ˆ

0 

ˆ

Rd

a(ξ)Γ(y − tξ, y + (1 − t)ξ)b(y + (1 − t)ξ) dμ(t) dξ,

as a test function, we can pass to the limit similarly to (164) in the first term on the right-hand 
side of (165). This completes the proof. □

Taking μ to be the Dirac measure supported either at 0 or 1 in each of the convergence 
statements (160) and (161), yields the following

Corollary C.2. Under the assumptions of Lemma C.1 one has, as ε→ 0,

ˆ

Rd

ˆ

Rd

a(ξ)Γε(x, x + εξ)uε(x)φ(x)b(x/ε)dξ dx

→
ˆ

Rd

ˆ

Y

ˆ

Rd

a(ξ)Γ(y, y + ξ)u(x, y)φ(x)b(y)dξ dy dx, 

ˆ

Rd

ˆ

Rd

a(ξ)Γε(x, x + εξ)uε(x + εξ)φ(x)b(x/ε)dξ dx

→
ˆ

Rd

ˆ

Y

ˆ

Rd

a(ξ)Γ(y, y + ξ)u(x, y + ξ)φ(x)b(y)dξ dy dx, 

ˆ

Rd

ˆ

Rd

a(ξ)Γε(x, x + εξ)uε(x)φ(x + εξ)b(x/ε+ εξ)dξ dx

→
ˆ

Rd

ˆ

Y

ˆ

Rd

a(ξ)Γ(y, y + ξ)u(x, y)φ(x)b(y + ξ)dξ dy dx, 

ˆ

Rd

ˆ

Rd

a(ξ)Γε(x, x + εξ)uε(x + εξ)φ(x + εξ)b(x/ε+ εξ)dξ dx

→
ˆ

Rd

ˆ

Y

ˆ

Rd

a(ξ)Γ(y, y + ξ)u(x, y + ξ)φ(x)b(y + ξ)dξ dy dx. 
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[11] M. Cherdantsev, K. Cherednichenko, I. Velčić, High-contrast random composites: homogenisation framework and 

new spectral phenomena, arXiv:2110.00395, 2024.
[12] M. Cherdantsev, K. Cherednichenko, I. Velcic, Stochastic homogenisation of high-contrast media, Appl. Anal. 

98 (1--2) (2019) 91--117.
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