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Abstract

The paper deals with homogenisation problems for high-contrast symmetric convolution-type operators
with integrable kernels in media with a periodic microstructure. We adapt the two-scale convergence method
to nonlocal convolution-type operators and obtain the homogenisation result both for problems stated in the
whole space and in bounded domains with the homogeneous Dirichlet boundary condition.

Our main focus is on spectral analysis. We describe the spectrum of the limit two-scale operator and
characterise the limit behaviour of the spectrum of the original problem as the microstructure period tends
to zero. It is shown that the spectrum of the limit operator is a subset of the limit of the spectrum of the
original operator, and that they need not coincide.
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1. Introduction

This work is devoted to the homogenisation of high-contrast symmetric convolution-type op-
erators with integrable kernels in periodic media. In the first part of the paper, we show that
the two-scale convergence method (see [1]) applies to the class of operators under consideration
and present several technical results that help us to homogenise this family of operators. We
then analyse the corresponding spectral problems in two settings: problems posed in the whole
space, and boundary value problems in bounded Lipschitz domains. In the latter case, we impose
homogeneous Dirichlet boundary conditions in the complement of the domain.

The spectrum of the limit homogenised operator is non-trivial. Following the ideas of [31],
we introduce an auxiliary Zhikov’s B-function and describe the spectrum of the limit two-scale
operator in terms of this function.

Next we study the limit behaviour of the spectrum of the original operator in the whole space
setting and characterise the Hausdorff limit of this spectrum as the microstructure period tends to
zero. In particular, we show that the spectrum of the limit operator is always a subset of the said
limit, and that the opposite inclusion need not hold, neither in the whole space nor in a bounded
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domain. We show that the additional limit spectrum is associated with the quasiperiodic quasi-
modes supported on the soft component. Remarkably, the soft component need not be infinite
for this to happen (cf. the discussion below). Indeed, in the case of disconnected soft inclusions
it is enough for the convolution kernel to have sufficiently large support in order that inclusions
“communicate” with their neighbours.

For the generic Lipschitz domain the usual difficulty in the periodic homogenisation theory is
the disagreement between the periodic microstructure and the domain boundary. In particular, the
Hausdorff limit of the spectra does not exist in general in the presence of the boundary. However,
the Hausdorff limit of the spectra may exist for domains of particular shape. To illustrate this, we
study a special case when the domain is rectangular and assume that the small parameter € goes
to zero along a discrete subsequence so that the geometry of the microstructure in the boundary
layer is self-congruent along this subsequence. We show that in this case the limit of the spectra
exists in the Hausdorff sense and provide its characterisation.

Finally, in the whole space setting, adapting approach of [16], we establish norm-resolvent
convergence result with explicit bounds via scaled Gelfand transform, and, as a consequence,
obtain bounds on the rate of spectral convergence.

Various processes in the models of mathematical biology and population dynamics, porous
media and chemistry of polymers are often described in terms of evolution equations of the
form d;,u = Au with a non-local convolution type operator A and the corresponding stationary
equations. The non-locality of A reflects the non-local nature of the interaction in these models.
One of the models of this type, the so-called contact model in RY, has been actively studied in the
existing literature, see [21], [22], [23]. This model is a particular case of birth and death processes
in continuum, it deals with locally finite configurations of particles (points) in R? and describes
the evolution of the so-called correlation functions, in particular, the density of the population
(the first correlation function). Each particle produces offsprings at random times independently
of other particles. The kernel of the corresponding integral operators characterises the intensity
of appearance of the offsprings at a point y for a given location x of the parent. In homogeneous
media the kernel depends only on the difference (y — x), while in non-homogeneous media it
also includes a function which represents the local properties of the media.

In a typical case the kernel of the operator A is a product of a convolution kernel a(x — y)
and a coefficient A(x, y). The kernel a(x — y) specifies the intensity of interaction in the model
depending on the distance. It determines the localization properties of A. The coefficient A (x, y)
represents the local characteristics of the environment. Raising the question of the long-time
behaviour of these processes and of the macroscopic description of models with a microstructure,
we arrive at the upscaling or homogenisation problems for non-local convolution-type operators.

Rigorous homogenisation results for moderate-contrast zero order convolution type operators
in periodic environments have been obtained in [27], [25]. In [27] it was shown that under natural
moment and coerciveness conditions a family of symmetric operators with periodic coefficients
admits homogenisation, the effective operator being a second order elliptic differential operator
with constant coefficients. For a non-symmetric operators, the homogenisation takes place in
moving coordinates, see [25]. Sharp in order estimates for the rate of convergence in the operator
norms have been obtained in [28]. Homogenisation problems for symmetric convolution-type
operators with random statistically homogeneous coefficients have been considered in [26]. It
was proved that under the same moment and coerciveness conditions as in the periodic case the
almost sure homogenisation result holds, and the limit operator is a second order elliptic differ-
ential operator with constant coefficients. In the ergodic media the limit operator is deterministic.
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Non-local operators and functionals of convolution type in perforated domains have been in-
vestigated by the variational methods in [6]-[7] and, in the case of more complicated geometry,
in [8]. Homogenization result for a high-contrast convolution type evolution equation was ob-
tained in the recent work [29], where the correctors and semigroup approximation techniques
were used.

High-contrast differential equations with rapidly oscillating coefficients have been widely
studied in the existing literature starting from [4]. At present there are many works devoted to this
topic. However, it turned out that the asymptotic behaviour of the spectrum of these operators is
a rather delicate problem. It was addressed successfully in [31].

The approach developed in this article relies on the two-scale convergence technique. How-
ever, the two-scale resolvent convergence result we obtain implies only “half” of the Hausdorff
convergence of the spectra, namely, that the limiting spectrum contains the spectrum of the limit
operator. The inverse inclusion (let us focus on the whole space setting at the moment, to avoid
boundary layer effects) requires additional assumptions on the operator and / or geometry of the
soft component, and is not true in general. For example, in the periodic setting of [31], [32] the
Hausdorff convergence of the spectra holds provided that the soft component is a collection of
disconnected finite size inclusions. When such assumptions are not satisfied, it may happen that
the limiting spectrum is strictly larger than that of the limit operator. In high-contrast problem
this situation was first rigorously analysed in [14], see also [16], which provides deeper insight
in the setting of [14], where the “additional” spectrum is attributed to the quasiperiodic quasi-
modes supported on the infinite soft component, which are not captured by the two-scale limit.
For other approaches to norm resolvent estimates for high-contrast PDEs we refer to [15,13,5].

A similar picture can be observed in other settings. In [9] the authors investigate the limit
resolvent equation, limit spectrum and limit evolution for high contrast thin elastic plates. It
turns out that in one of the regimes the limit spectrum is strictly larger than the spectrum of
two-scale limit operator. The limit behaviour of the spectrum of high-contrast elliptic differential
operators in random statistically homogeneous environments was studied in [11]. There, the
additional limiting spectrum not accounted for by the two-scale limit operator is of a different
nature and is due to stochastic fluctuations in the arrangement of inclusions from the ergodic
average. However, in case of a bounded domain this extra spectrum is not present in the limit
[12]. We also mention [3] for results on semigroup convergence and the spectrum of the limit
operator.

In the context of boundary layer spectrum we mention [2], which focuses on the high fre-
quency spectrum for moderate-contrast elliptic PDEs in a bounded domain. Making use of the
Floquet-Bloch transform the authors characterise the limit spectrum; they also characterise the
limit boundary spectrum for a rectangular domain and a discrete subsequence of the microscopic
parameter.

Finally, we note that this work contains a new extension result, which is simpler and, in fact,
more natural for the framework of integral operators, compared to the one used in previous works
in the area. Moreover, the ‘minimal’ assumptions on the geometry of the soft / stiff components
necessary for the extension result have been relaxed, in particular, they do not require any reg-
ularity of the boundary of the sets. We also develop a regularisation technique for the ‘bounded
energy’ sequences of functions allowing for H'-bounds, which leads to an elegant proof of com-
pactness results.

Structure of the paper

In the next section we set the problem, define the family of operators A, and state our main
results: in Section 2.1 we describe the limit two-scale operator and its spectrum and state the
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spectral inclusion result; in Section 2.2 we state spectral convergence results for the whole space
setting and a rectangular domain; finally, in Section 2.2 we bound for the norm resolvent and
spectral convergence for the whole space setting.

In Section 3 we establish well-posedness of the corrector problem (9) and prove the first main
result of the paper Theorem 2.6.

Section 4 is devoted to the analysis of the spectrum of the limit operator 4. There we study
properties of function g8, prove Theorem 2.10 and provide a number of example for possible
structure of the spectrum of the operator Agof.

In Section 5 we address the question of spectral convergence and prove Theorems 2.11, 2.12
and 2.13.

Finally, in Section 6 we prove our norm-resolvent and spectral convergence bounds — Theo-
rem 2.14 for the case S = RY.

In Appendix A we provide a new simplified (compared to previous works in the area) ex-
tension theorem; Appendix B provides regularisation and compactness for ‘bounded energy’
functions; finally, in Appendix C we establish two-scale convergence properties for convolution
energies.

2. Problem setting and main results

We begin with the description of the geometry of the medium. We work with the periodicity
cell Y =[0, 1)? and denote by Y* = R¢/Z¢ the corresponding flat torus with quotient topology.
We will use # in the subscript or superscript to denote periodic sets, spaces of periodic functions

and associated operators. Let Y:fiﬂ» and Yf:)ft be open disjoint periodic sets such that Y, ::iff Uy, :Eft =
R¢. They represent “stiff” and “soft” components of the medium respectively. Denote Yifs :=
YieNY and Yoo := Y2 NY.

By L% (Y) we denote the space of L?(Y) functions extended by periodicity to R?. By L2 (Ysof)
and L2(Ystiff) we denote the subspaces of L2(Y ) whose elements vanish on Yfr and Yo respec-
tively; Lﬁ(Ysoﬂ) and Lﬁ(Ysﬁff) denote the spaces of their periodic extensions. For a measurable set
S € R? we denote Lﬁ(S X Ysoft) := L2(S; Lﬁ(Ysoﬁ)), i.e. the space of functions from L2(S xY)
which vanish for y € Y and periodically extended in y variable.

For AC R%, 1 A denotes the characteristic function of the set A, and |A| stands for its
Lebesgue measure. For r > 0 we denote A" := {x € RY :dist(x,A) <r}and A, :={x € A :
dist(x, dA) > r}. By CK(A) we denote the set of k times continuously differentiable functions
on A, and by Cé‘ (A) we denote the set of k times continuously differentiable functions which are
compactly supported in A. Hé‘ (A) denotes the closure of Cé‘ (A) with respect to H* norm. By
Hé‘ (Y) we denote the Sobolev space of periodic functions on the torus. For x € R? and m > 0,
% denotes the cube [x —m, x + m]?. We also set (" := Dg’ and O, := D}C. B, (x) denotes the
open ball of radius r centred at x, and B, := B, (0). We define

Dy :={(x,y) eRI xR : |x — y| <r}.

Next we describe the operator. Let S denote either R? or its open bounded Lipschitz subset.
We consider a bounded operator A4, : L2(S) — L%(S) (as above, we identify L2(S) with the
subspace of L*(R?) whose elements vanish on the complement of S) defined according to

2 —
A = 51500 [ a(*Z2) At ) ~ utray.
R4
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We make the following assumptions on the integral kernel.
Assumption 2.1.

a>0, aiseven,ie. a(x)=a(—x) VxeR%
there exists an ellipticity radius r, > 0 such that a(x) > ¢, > 0, for |x| < ry; H

x> a(x)(1+ x> e L'(RY).

The function A, encodes the periodicity and high-contrast of the medium. We put
Xy Xy
Ae(x,y) = Ao (—, —) +&%p (—, —) ,
e ¢ g €

where Ag, p are symmetric Y -periodic functions in each argument such that

Ao(x,y) =0 outside Ysifr X Ysif,

p(-x’ )’) = LU()C, y)(l - lysli[[(x)lysliﬂ'(y))5

0 <o <w, Aolygpx Yy < o2 <00
for some a1, ap > 0.

In terms of the geometry of the sets Yisr and Ysofr, We require a very simple property, which
in plain language can be expressed as “the stiff component Yiiff must be “connected” via the
convolution kernel a”. No other conditions, such as regularity of the boundary, are needed.

First, observe that for any open (non-empty) periodic set Y:fiff the following holds: there exist

ro, ko > 0 such that

Vi O Bro @I

> ko Vx € Yyitr. ()
EN ™

Furthermore, there exist 7| > 0, k, N € N such that for any two points 1’, n” € Y* . N [ there

Stiff
exists a discrete path from 1’ to n” contained in Y. .. N O, i.e. a set of points

{770=77/7’71»-~~777N777N+1ZU//}CY:;HQD](, (3)

such that N < N and |n;+1 —nj| <ry,for j=0,1,...,N.
In general, there is no guarantee that the radii rog and rq, for which (2) and (3) hold, are small.

Our assumption on the geometry of Yfr and Yof is that the radii ro and r; are controlled by the
ellipticity radius r,. Namely:

Assumption 2.2. The following inequality holds:
ra = 2ro+r1,

where r, is the ellipticity radius introduced in Assumption 2.1, and rg, g, 11, k, N, are the num-
bers for which (2) and (3) hold.
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One can choose ry to be any number greater than

Y N B, (x
inf{r>0: inf Wi 0 By (0] }
X €Yiff |Br|

Note that the infimum above may be equal to zero. In this case any ro > 0 is admissible. We can
choose r in a similar way. Both ry and r| encode geometrical properties of the set Ygir.

Since the integral kernel is symmetric, the operator A, is self-adjoint. The associated bilinear
form is given by

ae (1, v) = —5 / / )Ae G @) = um)©E) = ve)dxdn,  u,ve LX(S),

R4 R

It is convenient to work with the weak formulation of the resolvent problem for A,: for f; €
L%(S) and A < O find u, € L2(S) such that

ag(ue,v)—)»/ugvz/fsv forallveLz(S). @)

S

In case of a bounded domain S, the assumption that u, vanishes outside S represents homoge-
neous Dirichlet boundary condition.

Remark 2.3. We do not assume any regularity of the sets representing the stiff and the soft
components beyond them being open. While not surprising, this is in a stark contrast with the
PDEs case, where some boundary regularity is required to guarantee existence of extension from
the stiff into the soft components with the control of H'-norm. In the present setting, we only
need to control the convolution energy, cf. (147). It turns out that a simple piecewise constant
extension by local averages does the job! The only regularity we require in Assumption 2.2
is that the stiff component is “connected” through the convolution kernel @ — no geometrical
connectedness of the stiff component is required.

In the case of high-contrast PDEs (—V - a,V), it is important for the structure of the limit
spectrum whether the soft component comprises infinite connected sets or a collection of discon-
nected inclusions. In particular, the limit spectrum is strictly larger than the spectrum of the limit
two-scale operator in the case of the former. In the present setting even if the soft component
consists of disconnected inclusions they still may “communicate” with each other if the support
of the convolution kernel « is sufficiently large, cf. operators ,Afoﬂ and Agof below.

Remark 2.4. In the case of a bounded domain S, one can also study the problem with homoge-
nous Neumann boundary condition. In this case, the integration in the bilinear form a; is taken
over the set § x S rather than RY x R:

ag(u,v) = d+2//

The analysis and results for the Neumann problem would be analogous to the ones obtained
in the case of the Dirichlet condition, including the analysis of the boundary spectrum, see the
discussion below.

—u(m)) —v())dxdy, u,veL(S).
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2.1. Two-scale limit operator and its spectrum
Our first result is concerned with the two-scale resolvent limit for the operator .4,. We de-

note by A the unbounded self-adjoint operator acting in the space L>(S) + Li(S X Ysoft) and
associated with the bilinear form

a(u+z,v+b) :ZahOm(u7v)+/afoft(z(-xv')ab(-xv'))dxv
S

u+z,v+beH:=Hy(S) + Ly(S x Yeor), (5)

where

Ahom (U, V) 1= /AhomVu -Vvdx, u,ve Hd (S, 6)
S

and

at (2 b) = / / aE)p(y. y+ 6y +8) — NGOG +E) — b)) dyds.  2.b e LiFsop).

Re Y
@)
Here AP™ is the homogenised matrix of the stiff component,
Apem = //a(é)Ao(y, y 49 (84X 0+6 - X 1)) & ds dy, ®)
Y Rd
where x' € Lﬁ(YSﬁff), i=1,...,d, are the corresponding homogenisation correctors defined as

the unique up to a constant (cf. Lemma 3.1 below) solutions of the corrector problem

[ [a@noty+8) (54 X' 0+6 — ') 00+ ~ b didy =0 Ve L),
Y Rd
)
We denote by Apom and Afoﬁ the self-adjoint operators associated with the forms (6) and (7)
respectively.
The resolvent problem for the operator .4 associated with the form (5) reads

a(u+z,v+b)—A//(u+z)(v+b)=//f(v+b) Yv+beH. (10)
S Y S Y

This equation can be equivalently written as the following coupled system:

/AhomVu(x)-Vv(x)dx—A/ u(x)+/z(x,y)dy v(x)dx

R4 R4 Y
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://f(x,y)dyv(x)dx Vv € HL(S), (11)

RS Y

//a(é)p(y, Y+, y+8) —z(x, y)(b(y +§) —b(y)dyd§

Re Y
—A/(u(x) +z(x, y)b(y)dy = / fx,y)b(y)dy Vbe L%(Ysoﬁ) forae.xeS. (12)
Y Y
Before stating the next theorem we recall the definition of the two-scale convergence (for basic
properties of the two-scale convergence see [1]).

Definition 2.5. Let A C RY be an open set and let (u#.).~0 be a bounded sequence in LQ(A). We
say that u, weakly two-scale rescaled converges to u € L*>(A x Y) if

/u8<x)¢<x,x/s>dx+//u(x,yw(x,y)dydx Vo e L2A G, (13)
AY

A

. 2
We write u, — u(x, y). Furthermore, we say that (1)~ strongly two-scale converges to u €

. 2 . 2
L*(A x Y)if uy = u(x, y) and luellz2 = llullp2(axy)- We denote this by ue — u(x, y).

It is well known that any bounded in L?(A) sequence has a subsequence that converges weakly
two-scale. Moreover, it is sufficient to verify the convergence in (13) for the test functions of the
form ¢ (x, y) = ¢(x)b(y), where ¢ € Cg°(A) and b € C°(Y).

2
Theorem 2.6. Let (f:)s~0 be a bounded sequence in L%(S) such that f, = (i)f(x,y) €
L2(S x Y). Then for the solution u, of problem (4) with .. < 0 we have

2 2
ug =~ (=>)u+z, u+zeH,
where u + 7 is the solution to (10).
In what follows we will often use the notation () = || y fdy.

Remark 2.7. Notice that while the limit operator A acts in the space L2(S) + Lﬁ(S X Ysoft), the
weak equation (10) ((11)-(12)) makes sense for any right hand side f € L%(S x Y). The problem
(10) may be written in the operator form with the help of projection operator P : L>(S x ¥) —
LZ(S) + L2(S X Ysoft). It is not difficult to see that for an element f € L%(S x Y) one has

P f =Wt~ (f Trgar) + Lvgn (F = Wattrl ™ (f Tyge))-
Thus (10) reads (A — AI)(u + z) = P f. In particular, Theorem 2.6 can be rephrased as follows:

9
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If f; A (i)f(x, y), then for A < 0 we have

(Ae — 2D 2 (B)YA- 2D PF (. y).

This property is commonly known as the weak (strong) two-scale resolvent convergence.
It is well known that the strong (two-scale) resolvent convergence entails “spectral inclusion”.
In particular, for the operators A, one has

Sp(A) C lin% Sp(Ay). (14)

The argument is classical and rather straightforward. In the two-scale convergence context we
refer to e.g. [19], and to [24] in a more general setting.

In (14) and in what follows the limit notation for a sequence of sets is understood in the sense
of the following

Definition 2.8. For a family of sets S; C R the notation lim,_,¢ S, stands for the set of all limit
points of S, in the sense that for any A € lim,_,o S, there exists a subsequence ¢ — 0 and
Ag, € Sg, such that 1., — A, and vice versa, for any converging subsequence A,, € S, the limit
is in limg_, ¢ S;.

In case if a sequence S has a limit in the sense of Hausdorff, we will write H-1im,_, o S;. We
recall that a set S C R is the Hausdorff limit of a family of sets S; if

a. for any A € S there exists a sequence (Ag)¢~0 such that A, € S; and lin}))\g =X
&e—
b. if A, € S, is such that lim,_,gA, = A, then A € S.

Remark 2.9. It is not difficult to see that the operator Afoﬁ : Li(Ysoft) — L2(Ysoft) is given by

gz =2 [ e = 01200 =2 [ ale = )P0 Oy, Ol ). (15)
R4 R4

We emphasise that the operator Afoﬂ acts on the space of periodic functions defined on R?. The
target space, however, is defined only over the single cell Y. The same is true for other operators
acting on spaces of periodic functions.

In the operator form the equations (11)-(12) read
Ahom#t — A (u+{2) = <f>7
Al 2, ) = Mu) Ly () 4 2(x, ) = My (), ue€ Hy(S), z€ L*(S x Yip).

In order to characterise the spectrum of .4 we introduce the function 8 : R\ Sp(Afoﬂ) — R

B(L) = A+ )\2<(A’j0ft —an~! 1Ysoft> =A+A%by), reRF\Sp(AL ), (16)

where we denote b), := (Afoft — D! 1y, .- The spectrum of the limit two-scale operator can be

fully characterised by the spectrum of Apon, function 8 and the spectrum of Afoft:

10
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Theorem 2.10.

SP(A) = {B(%) € Sp(Anom)} U Sp(A” ). (17)

Here and in what follows, when we write B8(A) we tacitly assume that A belongs to the domain
of B,i.e. L € R\ Sp(A” ).

2.2. Spectral convergence

The spectral inclusion inverse to (14) is not always the case. For it to hold for high-contrast
problems one needs some sort of locality property for the soft component. For example, in the
case of periodic elliptic PDEs, the inverse to (14) inclusion holds only if the soft component
consists of disconnected inclusions, see [32]. In the present setting the inverse to (14) does not
hold in general even under the mentioned geometric assumption. Indeed, if the support of the
convolution kernel a is sufficiently large to guarantee the nearby inclusions to “communicate”,
the limiting spectrum is strictly larger than Sp(.A). In other words, the two-scale resolvent con-
vergence is too restrictive and does not fully recover the asymptotic behaviour of A,. More
specifically, instead of the ‘periodic’ operator Afoﬂ one needs to consider its whole space coun-
terpart Agof defined below. Moreover, in the case when S is a bounded domain, the spectrum
arising from the interaction of the soft component with the boundary of S persists in the limit,
but is not accounted for by the operator A. It is, however, seems impossible to characterise the
part of the limiting spectrum arising from the boundary for a general domain S. In what follows,
we define relevant objects and summarise our main results concerning spectral convergence.

We define the operator Agofi : L2(Y ) — L?(Y¥ ) as the symmetric operator associated
with the bilinear form

asoft(z,b)Z//a(S)P(y»y+‘§)(Z(y+§)—Z(y))(b(y+§)—b(y))dydé, 2 be L2(YEy).
R" R

This operator has important role in characterisation of the limiting spectrum in both cases: when

S is bounded or S = R?. Note that in contrast to the operator .Afoﬁ, which acts in the space of

periodic functions Lﬁ(YSOft), the operator Asof acts in the space L2(Y :f)ﬂ).
It is not difficult to see that

Sp(A* ;) € Sp(Asoft)-

Indeed, if A Sp(AfOﬁ) the one can use a corresponding (approximate) periodic eigenfunction
and the cut off function technique analogous to the one in the proof of Theorem 5.5 below, in
order to construct an approximate L> eigenfunction for Agf. Alternatively, one can employ
Gelfand transform resulting in Sp(Asoft) = Ug Sp(Afoﬂ), see Section 6 for the definition of the
quasi-periodic operators .Afoft. Then the claim follows directly from the observation that Afoft =
‘A(s)oft'

Further, we define the operator A, sofi : L2(eY* . N S) — L?(eY* . N S) via the associated

bilinear form

11
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x x+¢&&

ausone ) = [ [a@p(E ) ko) = 20) (b + 68) — bl d
R? RY

be LYt . NS). (18)

(Note that in the case when S = R? the operator A, soft is unitarily equivalent to Agef via the

rescaling, hence they have identical spectra.)
The following two assertions hold.

Theorem 2.11.

{B() € Sp(Anom)} U Sp(Asof) C lim Sp(Ae). 19)

Theorem 2.12.
glg% Sp(Ag) C {B() € Sp(Anom)} U elER) Sp(Ag,soft) -

In the case when S = R, the inclusion (19) becomes equality, see Theorem 2.14 below. On
the other hand, for a general domain S the “boundary layer” spectrum may behave unpredictably.
In general, the task of characterising the boundary layer and the associated spectrum is extremely
challenging. In Section 5 we provide its analysis for a special case when the set § is a rectangular
box with vertices in Z4, see (52), and the sequence ¢ = %, N € N, so that the geometry of the soft
component in the boundary layer is congruent for all ¢ = % In this case the limiting spectrum
exists in the sense of Hausdorff, and we have the following

Theorem 2.13.

.....

Here A:éﬁ denotes the operator on the part of soft component associated with the i-th vertex

of R, see Section 5 and (57) below for the precise definition. Notice that Sp(Asof) C Sp(A:éft)
for all i.

2.3. Norm resolvent and spectral convergence bounds for the case S = R?¢

Periodic problems in the whole space are a standard premise for the Floquet-Bloch theory. Ap-
plying the scaled version of the Gelfand transform G, : L2RY) = L2(Y*x Y),Y*:=[-7, 7],

2

dj2 '
§> D fley+nye O,

neZd

(Gef)O.y) 2=<

we obtain the decomposition

12
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(<)
Gede(Go) ! = / A, (20)
Y*

where the self-adjoint operators .A‘z, 6 € Y*, are associated with the sesquilinear form

/ / a€ =) (60,6 + p(.©)) @ u(E) — () EI0(E) —v(y)dsdy,

Y Rd

Vu,v e Li(Y).

The relation (20) implies that

Sp(Ae) = Upey= Sp(AY).

Thus, in order to understand the limit behaviour of A, and its spectrum one can analyse the
family of operators .A? instead.

Following a new approach, recently developed in [16], we show that Ag can be approximated
in the norm resolvent sense uniformly in 6 € Y* by a homogenised operator Agﬂ, associated
with the sesquilinear form

8—2Ah0m9 A 9 Z?

+//ﬂl(§ (. E)EE 2+ vE) — @+ (EENE +5(E)) — G + D(y))dEdy,

Y R4

Vz4 0,740 € CH LiYsr). (1)
Our results are as follows.

Theorem 2.14. There exists a positive function h satisfying h(t) > 0ast— 0, lim,_0h(t) /t >
0, such that

AT + D7 = (AL + D7 2y 12v) < Chie) (22)
uniformly in 6 € Y*. Moreover,
lim Sp(Ag) =G :={B(1) = 0} U Sp(Asoro),
and, for any A > 0, one has
di.0.81( SP(A), ) = C(A) max(h(e), £},
where
dp,j0,a1(A1, A2) == max (dist(A; N[0, A], Ao), dist(A1, A2 N[0, A])).

13



M. Cherdantsev, A. Piatnitski and 1. Velci¢ Journal of Differential Equations 465 (2026) 114247

The function & depends essentially on the decay properties of the convolution kernel a at
infinity, cf. (101), (105), (l22) and (123) below. In case a has a finite third moment, i.e. a(§)|& |3 €
L'(R?), then we can set h(¢) = 7, see Remark 6.6 (cf. also [16, Theorem 5.6]).

Remark 2.15. It is not difficult to generalize the results of the paper to the case of d-dimensional
periodicity lattice (see [20])

d
E={t=) kjbj:(ki,....kas) € Z%},
j=1
where {b, ..., by} is an arbitrary basis for R?. The associated unit cell is

d
Y={y=) yjbj:yj€l0.1),j=1,....d},
j=1

such that R? is the disjoint union of the translated cells £ 4 Y, if £ ranges over E. Y* can be then
defined as Y* = R?/E with the quotient topology. For the case & = Z%, ¥ = [0, 1)¢ we obtain
the case discussed here.

3. The limit two-scale operator via two-scale convergence

In this section we analyse the corrector problem (9) and the homogenised matrix of the stiff
component and prove Theorem 2.6.

Lemma 3.1.

a. The corrector problem (9) has a unique up to an additive constant solution.
b. For x :=(x',..., x%) and n € R the function x" =y -n € Lﬁ(Ygtiff) is the unique up to
an additive constant solution to the problem

//a(E)Ao(y, VHE(E 1+ X0+ E) — X0)) (b(y +E) — b(y)) dEdy =0

Y R4

Vbe Li(Y). (23)

c. The homogenised matrix of the stiff component APo™

nite:

, cf. (8), is symmetric and positive defi-

alnl> < A"y,
for some &1 > 0.

Proof. Claim a. follows from the Lax-Milgram theorem upon establishing the coercivity of the
form

14
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asiff (Y1, ¥2) := / /a(S)Ao(y, y+E W1y +8) —yvi(y) W2 (y +8) —¥a(y) dédy

Y R4

U1, V2 € L3(Yeitr)

for functions with zero mean on Ygifr. Applying Lemma A.5 with M = Y:fiff, and using the
periodicity of ¥, we have

s 1) = 2t | ww-verde
(2kYyir) >N Dy,
2
>C / W) =¥ E)dyds =C [ V172, ) — / 8 I )

(Ysiifr)? Ystif

which proves the first claim.
Claim b. is a straightforward consequence of the linearity of problem (9).
Now we address part c. From (8) and (9) one has

At = [ [a@n00y+8 (540045 =X 0) (5 + X 0 +6) - 1) ds ay.
Y Rd

which yields the symmetry of APo™,
Similarly, from (23) we have

2
Aoy = //a(if)Ao(y, yH+E (E -+ 1"y +8E) —x"() dEdy
Y R4
for every n € R%. Suppose that AP™y . =0 for some 1 # 0. Choose yo € R? such that
/ y-ndy=0.
Yo+Yitr

Note that one then has [\ v+
st
Yyifr and set ¥ (y) =y - 1+ x". Then arguing as in (24) via Lemma A.5, for m € N, we obtain

o2y Y ndy = 0 for any odd m € N. Let x" be zero-mean on

_ shom 2 _
0=A""n.n> C||1//||L2(y0+(Y¢:ifmem/2)) for some C = C(m) > 0.

S

We arrive at a contradiction due to the periodicity of x”, which completes the proof. O

Proof of Theorem 2.6. We give the proof for the case S = R?. The case of bounded S can be
dealt with in an analogous way, see also Remark B.2.

15
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2
Assume first that f, — f € L*>(S x Y) and consider the corresponding sequence of solutions
ug to (4). Applying Corollary B.3 we consider the decomposition

Ue =ity + elig + 2, (25)
with it; € H'(RY) NC®(RY), ii, € L*(RY) and z, € L?(eY? ;) satisfying

el g1 ray < C, ||’28||L2(Rd) <C, ||Zs||L2(gy§m) <C. (26)

By the basic properties of two-scale convergence, we have, up to a subsequence,
Be > ug(),  Vitg = Vuo() + Vyli(ry), e =1y, e —20ey). @)
for some ug € H! (Rd), up € LZ(Rd; H# Y)), 1,2z, € L2(Rd; L2(Y#)). In particular, one has
e 2> o) +2(x, ).
Note that
ues — ug weakly in H! (Rd).
Using a change of variables we rewrite the equation (4) in the form

//a(éj)Ag(x,x+£§)<u£(x+8§)_u£(x)) <v(x+s$8)—v(x))d$dx

&
R4 R4

—A / us(x)v(x)dx = / fe()v(x)dx. (28)
R4 R4
In order to recover the structure of the two-scale limits i; and g, we pass to the limit as ¢ — 0

in (28) with the test functions of the form ep(x)b(x/¢), ¢ € C° (RY), b € C4(Y). Note that by
the fundamental theorem of calculus we have (recall that i, is smooth)

] ) 1
ug(x+8§‘8)—ue(x) z/g_vﬁg(x_,_gtg)d;_ (29)

0

Then taking into account the decomposition (25), it is easy to see that

1

sli_I)I})//G(E)Ao(X/S, x/e+ 5)[/ Vil (x + 618) - £ di +iie(x + 08) — e (x)

R4 R4 0

((p(x FeE)b(x/e +£) — fﬂ(x)b(x/e)) dEdx =0 (30)

16
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Passing to the limit in (30) via Lemma C.1 and Corollary C.2, and taking into account (27), yields

///Ao<y,y+s)a(é>(wo<x>~$+(ﬁ1+ﬁ1><x,y+5)—<ﬁ1+ﬁ1)<x,y>)
RIRE Y
o) (b(y +£) — b(y) dydédx =0 Vg € CERY), be Co(Y). (1)

By the density argument, it follows that for a.e. x the function (it| + 1) (x, -) solves the corrector
equation (23) with n = Vug(x). In particular,

Ui ::ﬁ1+ﬁ1:Vu0-X.

Furthermore, by direct inspection, cf. (8), for any v € H 1 (Rd ), one has

AP0 (x) - V(x)

=//a(é)Ao<y,y+s)<wo<x>-s+u1<x,y+s>—u1<x,y>)w<x>-sdsdy (32)

Y R4

for a.e. x € RY.
We next show the validity of (11). To this end we pass to the limit in (28) via two-scale
convergence with a test function v € C§° (R?). Note that the term containing p(x,x + €£) on

the left-hand side of (28) vanishes in the limit, since v(x +e£§) —v(x) = ¢ fol Vu(x +et§)-Edt
(compare with (29)). Then resorting to Lemma C.1 and Corollary C.2, we infer, similarly to
(28)—(31), that the first integral on the left-hand side of (28) converges to the right-hand side of
(32). The convergence of the remaining two integrals is straightforward. Thus, we obtain (11)
with the test functions from Cgo (Rd), and by density argument it holds for all v e H ! (Rd ).

In the last step of the proof we derive (12). Taking in (28) test functions of the form
9()b(x/e), ¢ € L*(RY), b € Cy(Yson), yields

//a(é)p(x/&x/«? + &) (ue(x +8) —ue(0)) (p(x +8)b(x/e +§) — @(x)b(x/e)) d§ dx

R4 R4
—k/us(X)w(X)b(X/e)dX=/fs(X)w(X)b(X/E)dX- (33)
R4 R4

Passing once again to the limit via Lemma C.1 and Corollary C.2, while taking into account
(25)—(27) and (29), we arrive at

/w(X)//a($)p(y,y+E)(Z(x,y+€)—Z(x,y))(b(y+€)—b(y))dyd$dx

RY R" Y

—k/¢(X)/(uo(X)+Z(x,y))b(y)=/¢(X)/f(x,y)b(y)- (34)
Y Y

R4 R4

17
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Then (12) follows by the density argument.
To complete the proof we invoke the following classical result whose proof can be found in
e.g. [24]. (Recall the definition of the projector P in Remark 2.7.)

Proposition 3.2. Weak two-scale resolvent convergence is equivalent to the strong two-scale
resolvent convergence, i.e. the following properties are equivalent:

a. If fe 2 f, then for every A > 0, (As + A1)~ £, 2 (A+1D7IPf;
b If fo = f, and f € L2(S) + L2(S x Ysoft), then (Ae + D7 fu > (A+ 2D f.

4. Spectrum of the limit operator

In this section we characterise the spectrum of the limit two-scale operator. We begin with the

analysis of the spectrum of Afoﬁ and its relation to the spectrum of .A.

Proposition 4.1.

SP(Afyg) C Sp(A).
Proof. We adapt the argument from [11, Proposition 4.1]. Suppose that A € R is in the resolvent
set of A, so that (11) and (12) has a solution ug + z for any f € L>(S x Y). First we take a

non-trivial f € L*(S)\ H'(S) (i.e. we assume that f is constant in variable y). Note that in this
case Aug + f does not vanish. Then the equation on the soft component reads (see Remark 2.9)

"élf()lctZ —Az= ()\.M() + f)lysefl'

Note that for two arbitrary functions w € L?(S x Ysoit) and i € L%(S) one has f qwhe L?(Ysoft)-
Therefore, multiplying the above identity by (Aug + f)||Aug + f||
we conclude that the function

222( 5) and integrating over S,
_ JezQuo + f)dx

||)\,I/t0 + f”iZ(S)

€ L%ﬁ(Ysoft)

solves the equation

Afoftql) - )\'¢ = leoft'
Next, we take f = gy with arbitrary non-trivial g € L>(S) and v € L?>(Ysof). Then for the cor-

responding solution of (11)-(12), which we denote by i +Z, the problem on the soft component
reads

‘Af()ﬂN - )\"Z = )\‘leOleofl + gw
The difference between 7 and Z := Alip¢ satisfies
At G—5—AE-2) =gy

18
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Multiplying the last equation by g||g||
that the function

L2(5) and integrating the resulting identity over S, we see

_ fS(Z—E)gdx

8172,
is a solution of
‘Asoft )“Z - w
Since ¢ € L? (Ysoft) is arbitrary, the operator A#

inverse theorem one concludes that (A*
and self-adjoint, the kernel of A%

Soﬁ — Al acts onto, therefore, by the bounded
woft — M )~! is bounded. Indeed, since Asoﬁ Al is onto

toft — A s trivial, hence the operator is injective. O

In order to characterise the structure of the spectrum of A’:Oﬁ, it is natural to consider the
following decomposition:

Asoft ‘Asoft ‘Asoft ’ (35)

where the operators A%l and A*2 on Lﬁ(Ysoft) are defined by (cf. (15))

soft soft

Atz =m@)z(), Al = / K(x,y)z(0dy, ze€Li(Yion).
Y
with
m(x) :=2/&(y —x)p(x,y)dy, K(x,y):= 2&(y—x)p(x,y)lxift(x)lxift(y), (36)
Y

and

alx) = Z a(x + j). (37)

jezd

Since a is even, a is also an even function. Moreover, it is Y -periodic by construction.

The spectrum of Asott is purely essential and coincides with the essential range of the function
me LOO(Y) We next argue that ASOft is compact. Recall the Schur test, see e.g. [17, Theorem
6.18]:

Theorem 4.2. Let (X, M, ) and (Y, N, v) be o -finite measurable space and let K be M @ N’
measurable function on X x Y. Suppose that there exists C > 0 such that fX |[K(x,y)|du(x) <C
for almost every y € Y and fY |K (x,y)|dv(y) < C for almost every x € X, and that 1 < p < oo.
If f € LP(Y), the integral
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Tf(X)Z/K(x,y)f(y)dV(y)

Y

is finite for almost every x € X, the function T f belongs to LP(X), and ||T fllLrx) <
Cll fllr(y)-

The following result is also well known, see e.g. [18].

Theorem 4.3. Let (X, M, ) be o-finite measurable space and let M be countably generated.
Let K be M @ M measurable function on X x X such that fX fX |K (x, y)l2 dux)dpu(y) < oo.
Then the operator T : L*(X) — L*(X) defined by

Tr() = / K(x.9) £ dv(y)
Y

is of Hilbert-Schmidt class and thus compact.

#2

Proposition 4.4. The operator A is compact.

Proof. It is easily seen that
€SSSUP/|K(x,y)|dx=eSSSHP/|K(x,y)|dy§2||P||L00|I5I|L1(y)=2||p||L°°||a|ILI(Rd)-
y X
Y Y

Hence, by Theorem 4.2 the operator Af(’)%t is bounded:

#,2
Mo 22 (Vo) L2 vy = 2l P NILox llall 1 ey

For each n € N we define
ap = Zll{din}s Kn(x,y) :=an(y —x)p(x, y)lyﬁ)ﬁ(x)l)/:iﬂ(y)’

AL 2(x) ¢=/Kn(x,y)1(y)dy, Vz € Li(Ysoft)-
Y

#2.n

By Theorem 4.3 the operators AZ

are compact. Moreover,

lén — all 1y —> 0, /|Kn(x,y)—K(x,y)|dx§C||Zz,,—5l||L1(Y), VyeY. (38)
Y

Then Theorem 4.2 and (38) imply

#,2,n #,2
”'Asoft - ‘Asoft”LzﬁLz — 0.

Hence A™2

soft 18 compact. O
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Thus, the operator Afoﬁ is a compact perturbation of the multiplication operator A*L which

implies the following characterisation of the spectrum.

soft>

Sp(A* ;) =EssRan m U {u1, it2... },

where {u1, na, ...} is the discrete set (possibly empty or finite) that may have accumulation
points only in d(EssRan m). If {u), i), ...} C {1, n2, ...} is the set of all eigenvalues such
that sup{u/, u}, ...} < infEssRan m, then we can enumerate the set {}, i, ...} in a non-
decreasing order (accounting for multiplicity). In this case u; can be characterised by the
Rayleigh quotients:

Wy = min max M (39)

VCL (Ysoft), dimV =k eV “Z”Lz(Yson)

Similarly, for the set {u/, 13, ...} C {i1, 2, ...} of all eigenvalues such that inf{u7, u5, ...} >
sup EssRan m, enumerated in the non-increasing order (accounting for multiplicity) one has

Wl = ma min M (40)

VCL2(Ysoft), dlmV =k z€V ”Z”LZ(yson)

We next study the properties of the function g (see (16)), which is an essential element of
the characterisation of the spectrum of 4. Denote by L C Sp(ASOﬁ) the support of the measure
w = (Eg IY# o Y# ) where E; is the resolution of the identity associated with the operator .A*
(cf. Remark 2 9).

We recall the definition of the resolution of identity, see e.g. [30]. Since the operator Asoﬂ
acting on L%(Ysoﬁ) is self-adjoint, it generates a one parameter family {E}s;cr of orthogonal
projections on Lﬁ(YSOft) such that

soft

1. Eg, < E,, if 51 <s2;

2. Ej is strongly right continuous (i.e. right continuous in the strong operator topology);

3. Eg — 0O strongly as s — —oo, E; — I strongly as s — oo, where [ is the identity operator
on Lﬁ(Ysoft)-

4. For every f € L#(Ysoft) s — (Esf, f) is a distribution function that defines a bounded

measure on R, which we denote by (dEs f, ), whose support is a subset of Sp(ASOft) It
holds that (Asoftf f)=[gSWEf, f)_fSp(.A# )s(dE .
Moreover, for every bounded Borel function g : Sp(ASOﬁ) — R, the relation

s = [ sOWEL S (41

Sp ('Afofl)

defines a self-adjoint operator g(.ASOﬂ) on Lﬁ(Ysoft). The mapping g(-) — g(Afoﬂ) is a ho-
momorphism from the Banach algebra of bounded functions on Sp(AfOft) to the Banach
algebra of bounded operators on L%(Ysoﬁ).
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Proposition 4.5. The function B can be naturally extended to L€. It is differentiable on its domain
and its derivative is always positive: more precisely, B'(A) > 1 — |Ysoft|. Moreover; if Ay € L is
such that w({Ao}) > 0 and there exists § > 0 with (Ao — §, Ag) N L = & (respectively, (Ao, Ao +
) NL=y) then limx—n\g B (L) = +o00 (respectively, lim)»_))tar B() = —o00).

Proof. From the definition (16), using the resolution of identity as in (41), we obtain
) =142 @B ey =2 [ 42
B =1+ s—k( slys 1yr )=2+ Py u(s). (42)
Sp(ALg) L

This formula naturally extends § onto L¢. Differentiating with respect to A the expression on the
right-hand side of (42) yields

oy 1 5 1
ﬂ()»)_1+2)»/s_kd,u(s)+)» /(s_k)zdu(s)
L L

52
=1—/d,u(s)—|—/mdu(s)
L L
>1- |Ysoft|-

In order to prove the second claim, assume that (Ag — 8, A9) N L = @ for some § > O (the other
case is treated analogously) and consider the decomposition

1 1 1
B(L) = A+ A2 / ——du(s) + A2 / ——du(s) + A2 / ——duls).
s —A s —A s—A
{*o} (—00,A0) (*0,+00)

Clearly, as A — A, the integral f(_oo AO)(S — M)~ 1du(s) remains bounded, f(ko +o0) (s —
A)~'du(s) is non-negative (possibly tends to +o0), and f{ko}(s — M)~ ldu(s) tends to +00. O

We are ready to prove Theorem 2.10, which characterises the spectrum of the limit two-scale
operator.

4.1. Proof of Theorem 2.10
Assume first that A € (Sp(A))¢, and let u + z € H& S + Lﬁ(S X Ysoft) be the solution

to the coupled problem (11)-(12) for some f € L%(S). By Proposition 4.1 we have that A €
(Sp(A* )¢, and by Remark 2.9 we have

2(x, ) = O+ AL =D 1y = + f)by.
Plugging this into (11) yields
(=V - APV — B Du = (1+ A(ba)) f- (43)
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Note that 1+ A (b,) # 0. Indeed, otherwise (11)-(12) would have infinitely many solutions. Then,
since problem (43) is uniquely solvable for any f € L2(S), we conclude that B(}) ¢ Sp(Anom).-"

Now assume that A is in the complement to the set Sp(Afoﬂ) U {BA) € Sp(Anom)}. For an
arbitrary f € Li(S x Y), define u € HO1 (S)and z € Lﬁ(S X Ysoft) to be the (unique) solutions to

the problems

= A= = [ (£60 A ALy = 2D S, 0)) d.
Y

and

Al (. ) = 22(x, ) = () Ly, + F () g

respectively. By direct inspection we see that u + z is the unique solution to the coupled problem
(11)-(12), hence 2 € (Sp(A))°.

Remark 4.6. Note that in the case S = R? we have Sp(Anom) = [0, +00), while in the case of a
bounded Lipschitz domain S the spectrum of Apo, is discrete with the only accumulation point
at +o0.

4.2. Examples

The spectrum of the limit operator A crucially depends on the spectrum of Afoﬁ
function 8. In particular, Sp(A) is guaranteed to have gaps in the case S = R? if Sp(AfOft)
has non-empty discrete spectrum, cf. Proposition 4.5. Therefore, it is important to know what
Sp(AfOft) may look like. In the remainder of the section we provide several examples illustrating

various possibilities for the structure of the spectrum of the microscopic operator Afoﬂ.

via the

4.2.1. Example of ‘Afoft with purely essential spectrum
In this section we construct a 1-dimensional example of an operator ,Afoﬂ that has an empty
discrete spectrum. To simplify the notation, we will work with a shifted periodicity cell Y =

[—%, %) in this example and take Yo = (—%, %)_ Define

HG+D. yel-dob
%a lfye[_%v%]v
a(y) = 1 vy ,3 . 13
2(=3+3). ifyelz sl
0, otherwise.
Clearly, a(y) = 1 forall v (cf. (37)). We also set
PO, &) =wMwE(1 =1y My ©), (44)

I Here we again appeal to the bounded inverse theorem, applying it to the operator Apom : dom(Apom) — L%(S),
where dom(Apon) is equipped with the graph norm.
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where w is a continuous, positive, 1-periodic function such that

/ w(y)dy = 1. (45)

Y

Then, see (35), (36),

Al Lz =w(z(y) — w(y) / w(é)z(§)dé, ¥ € Yeofts

Ysoft

#

and the quadratic form associated with A7 , reads

2
ak(z.2) = / w(y)zz(y)dy—</w(y)z(y)dy> :

Ysoft Ysoft
Denote
§:=minw, wt = maxw.
Ysoft Ysoft
Then the essential spectrum of .Afoﬁ is given by EssRanw = [§, w].
Clearly,

afor(z. ) Swhlzlfagy s V2 € Ly(Yof). (46)

Next we will make a specific choice of the function w in such a way that
SllzllZay, ) < @lore (2.2, V2 € Ly(Ysof). 47
Together with (46) this will imply that the discrete spectrum of .Afoﬁ is empty for the choice of

w.
Lety < % be a small positive number. We introduce a sequence

0 47 1 21_]/ 2k_1 ’ J 1 Zk_j ==

and consider the intervals J; = [bj11, bj], for j € No. Observe that b; — 0 as j — oo and
[Jil = %yj for j > 1. We define w as follows. On the interval [by, %] we set w = wg, where
wy is a constant to be defined later, at each b;, j > 2, we set w(b;) = w; := } + 8§ and require
w to be affine on each interval J;, j > 1. Moreover, we define w1 = wq for consistency of the
notation. Finally, we set w(%) =4, extend w by symmetry to [—%, 0], i.e. w(—y) = w(y), and
choose the constant wg so that (45) holds.

One can easily check that 1 < wg <142y, for y < zlp s < % By construction, the function
w is continuous, minw = §, max w = wy.
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Clearly, (47) is equivalent to the inequality

2
( / w(y)z(y)dx) < / (W) — 8> ()dy. (48)

Ysoﬂ Y, soft
Since

2

2
(/w(y)z(y)dy> <</w(y)|z(y)|dy) ,

Ysoft Ysoft

it is sufficient to prove (48) for non-negative z € Lﬁ(YSOft) only. Denote

z(y)dy.
—J;UlJ;

Taking into account the inequality w;1 < w(y) < w; for y € —J; U J;, we have

[ wozoix < szw,z, and [ w0 =92 0)dy > Y 21w - 92,
j=0

Ysoft Ysoft

where we have used the positivity of z and w; — 6, j € N. Therefore, it is sufficient to prove that

o 2 o
(D 215lwsz;)” < Yo 201w — 922 (49)
j=0 j=0
For sufficiently small y and § condition (45) implies the bounds

20Jolwo <0.55,  2|Jol(wy — 8) = 2|Jol(wo — 8) > 0.45.

Then, using the inequality (a + 8)* < 10 a? 4 1082 we obtain

(ZZ|J,|w,z,) < (2|J0|w0zo) +10(22|J]|sz]>2

j=1

10 2.2 2 2 - 2
< 5055z + 10<;2|Jj|wjzj) <0452 + 10(;2|J,-|w,-zj)

o

2

< 2ol (o = $)73 +10( Y- 217 w;z;)
j=1
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1 1
s | 0
£ R A A presmmrm e
%1 3172 s :
1 ‘ i
i el : §
8§ [ b :
1 1+ 6] 1}2 !
1468 6 § v
0 1 i 1
4 2
Fig. 1. Function p defined on (0, 1)2.
It remains to show that for sufficiently small y the inequality
2 2
10( X 2jhw2;)" < S 2w =9 = 3 L (50)
Jj=1 Jj=1 Jj=1

holds (cf. (49)). This can be done as follows:

éz”ﬂwm) S

N
(w1 —8)%z))
] 1 (w]+] - )2

ee]

<JZ;VJ ./2(]+1)2 ) < <Z”]U+” ))(;yjjilzg)
G+D? h

For small enough y we have
00 1 ) 1
Il - -
(j§=1y [+ +9)] ) <15

and inequality (50) follows.

4.2.2. Example of Ason with infinitely many points of discrete spectrum
In this example the periodicity cell is ¥ = [0, 1) and the soft component is Ysorr = (0, %).
Choosing a(-) as in the previous example we have a = 1. Next we define the function p(y, &), see
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Fig. 1 for a graphical representation. Consider a sequence of points by := 0, b; := % Z{: (1 2)i,
J €N, and associated intervals J; = (b;_1, b;), j € N. Note that the union of these intervals fills
(0, }T) and |J;| = zjlﬁ For positive § and s, which will be specified later, we define a function p
in the following way (see Fig. 1):

p(y,€)=1+8 ontheset S:= Uj”:le x Jj;

p(y,&) =8 ontheset (0, 1) x (3, DU (F, 1) x (0, H U ((0, H2\S);

p(y.&)=son (. H2%

p(y,&) =vj on J; x (%, %), J € N, where v; is a constant chosen in such a way that

fol p(y,&)dE =1 foreach y € J;. Itis easy to see that v; should satisfy the relation

A+ + 248 —10p+ % =1
T2 4 4

We assume § to be sufficiently small so that v; > 0 for all j € N.
Finally, we extend p by symmetry, p(y, &) = p(§, y), onto (}‘, %) x (0, %).

By construction [y p(y.&)dé =1 forall y € (0, ), and [) p(y.£)dé =Y ;onvjlJjl + 5 +

% = % - % +3=:vforall ye (%, %). We choose § and s so that v > 1. Appealing to the

representation (35), (36) for A* . we have that m(y) = 1 for y € (0, i), m(y)=vforye (i, %),

soft?

and K (y,§) = p(y, )1y (M 1y# (). Then Spegs (A% 1) = (1, v}.
soft soft
We next show that the operator Afoﬂ has infinitely many points of discrete spectrum. To this
end it is sufficient to find a sequence u; € L?(Ysoft), j €N, such that

a. the elements of the sequence are mutually orthogonal;
b. for any n € N and («;)}_; C R"\{0} we have afoft(Z;:lajMﬁZ?:lajuj) <

n 12
l Zj:laj“j”Lz(Rd)-

Foreach j e Nwesetu; =1 J; (). Obviously, the sequence (u;) jeN satisfies a. To check b.
we use (35) and the representation:

o0
K(ya€)|(()’%)x(0’%) = lejxjj(yaé) +34,
j=1

from which we deduce that, for any (« j);l':l C R™"\{0},

n n n n n
# 2 2 2 2
alore D ajuj Y aju)) =1 ajujlizs e — D eGP =8 ;1D
j=1 j=1 j=1 j=1 j=1

n
2
<D ejujlyaga
j=1
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This implies that there exists an infinite increasing sequence (/L/j) jeN such that /L/j < 1 for all
j€N, lim u’; =1, and
jooo J
(), hy . YU {1, v} € Sp(ALq).

Remark 4.7. In the above example one can modify p on the square (4—11, %)2 so that Spess(Afoft)
will contain an interval.

4.2.3. Example of A’:oﬁ that has discrete spectrum above and below its essential spectrum

For sufficiently small § > 0 and » > O we define:

o Yoort=(5,1—0);

[ ]
L1 3 1 1 3
a(%_): 6% > lfé:E_Z+I%U_Z+I){UZ+I;WUZ+I}U (51)
0, otherwise,
where I, := (—x, x);
e p(y,§) via (44) with w(y,§) = 1.
Observe that
i) = sl ifyeg+ LU+,
Y=o, YN+ LU+ 1),
Recall that a is even and periodic. Consequently m(y) = 1 (cf. (36)). Thus we have
‘AfoftZ == / a —)z(6)dé ze L%(Ysoft)
Ysoft
The essential spectrum of this operator consists of just one point: SpeSS(Afoﬂ) ={1}.
Substituting z1(y) = (1 — 28)_% 1 i (y) into the quadratic form associated with .Afoﬁ we have

a:i,ﬂ<zl,zl>:1—/ /a<s—y>zl<y>z1<§>dydé<1.

Ysoft Ysoft

Since ||z1]| Lty = 1, this implies that there exists a discrete eigenvalue A’ such that A/ < 1
soft

(recall (39)).
Now we choose the following test function:

1 .
%2, 1f|y—%|<%}f,
1
2= —x72, ifly-3l<ix, foryel,
0, otherwise
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extended by periodicity. By construction, [[z2|/72(y, ) = 1. Denoting 1,7 = (g — g%, 3+ g%

and 7 = (% — 1y, % + %}f), we notice that

Uiy, e xIHhud, xI)),
M@ =1 —»" f (. el x IHUUIT xI)),
0 otherwise.

Since a(& —y) =0for (y,&) € (I} x L) U(I; x I,;) for x small enough, and (¢ —y) = %)f_l
for (y,&) € (I} x I;)U (I, x L)), we obtain

(AL 22, Dyt y=1- / / a€ —y)za(y)z2(§) dyd§

Ysoft Ysoft

|
4 — 1
T

Therefore, there exists a discrete eigenvalue A” such that A” > 1 (recall (40)).

The convolution kernel defined in (51) does not satisfy (1), therefore we must modify a(§)
to make it comply with this assumption. To this end we choose a non-negative even C;°(R)
function ¢ such that ¢(0) > 0, and define a,, (§) = a(§) + y@(§). Clearly, for any y > 0 the
kernel a,, satisfies condition (1). By simple perturbation theory arguments, for sufficiently small
y > 0, the operator Afoﬂ with the convolution kernel a,, still has a non-trivial discrete spectrum
above and below the essential spectrum.

5. Analysis of the limiting spectrum

In this section we analyse the structure of the limiting spectrum. In particular, it is shown that
the limit spectrum is in general strictly larger than the spectrum of the limit operator. In the case
of a bounded domain S, the limit spectrum depends on the geometry of the soft component in
the vicinity of the domain boundary. In general, the boundary spectrum behaves “erratically” as
e — 0. Yet, it may be possible to describe it in special cases and for specific subsequences of
e. We consider an example when S is a rectangular box with integer dimensions. Namely, in
Theorem 2.13 we assume that

S=M:=(,01) x---x0,lz), l1,...,1g €N, (52)
and ¢ = 1/N, N € N. For future reference we denote [ := min{ly, ..., l;}. We work with this
specific choice of S in Subsections 5.2 and 5.3.

We begin with the proof of Theorem 2.12, which is formulated for a generic set S —i.e. either
a bounded open Lipschitz set or the whole space.
5.1. Proof of Theorem 2.12

Recall the definition of the operator A, ofi, see (18). We will need the following simple result.
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Proposition 5.1.
Sp(Af) € lim Sp(As sot)- (53)

Proof. For z., f; € LZ(SY::)ft N S), A <0, the equation

ae,soft(zasv)_)»/ZSU:A/faU, VUELZ(E)Y:;ﬁﬂS),
R4 R4

2
is a particular case of equation (4). Choosing a sequence f; — (i) f(»)1s(x) for some f €

2
L?(Ysoft), we have that z, — z € Lﬁ(S X Ysoft) Up to a subsequence. Passing to the limit as in
(33), (34) with the test functions of the form ¢(x)b(x/¢e), ¢ € L2(RY), b € C4(Ysoft), and then
setting ¢ = 15 we conclude that ug = 0 and z is independent of x. In this case (34) reads

L//Q@nx»y+sx4y+sy—awxwy+sy—mwMst

R" Y

—x/&@wowy=/f@w@My
Y

Y

This establishes a weak (and, hence, strong, cf. Proposition 3.2) two-scale resolvent convergence
of A sofi tO Afoﬂ. In turn, this implies spectral inclusion (53) as per Remark 2.7. O

Below we only provide an argument for the case of a bounded domain S. Although the ar-
gument can be adapted also for the case S = R?, we do not present it here, since Theorem 2.14
provides a stronger result.

Let A, € Sp(A,) be a converging sequence, A, — A, with A ¢ lim,_,0 Sp(As soft). Then for
sufficiently small ¢ we have that dist(A., Sp(Ae soft)) = C > 0. (This will be important later on,
when we will resort to Proposition 5.1.) There exist u,, f; € L*(S), such that ||u; l2rey =1,
| fell 2(ray := 8z — O as e — 0, and

//a(g)Ag(x,ergg)<”€(X+8€)_u8(x)> <v(x+8$)—v(X)>d§dx:
R4 R4 &

€
Ag/ug(x)v(x) dx +/fg(x)v(x) dx, YvelL*(S). (54)
R{ R¢
By Corollary B.3, u, admits the decomposition
Ug =Ug + 2e = il + €U + 2,
with

30



M. Cherdantsev, A. Piatnitski and 1. Velci¢ Journal of Differential Equations 465 (2026) 114247

||ﬁs||H1(Rd) =<C, ||“||L2(Rd) <C, ||Zs||L2(Rd) <C, ze=0on Yufo Se.

Notice that suppii; C S (recall that S?¢ denoted ek neighbourhood of the set §). Then up to a
subsequence we have that

_ H! _ 2 _ 2 . 2
ug — ug, Vite = Vug(x)+ Vyui(x,y), ue—uo(x,y), ze—z(x,y).

Here ug € H}(S), ity € L*R?; H}(Y)), d1,z, € L3R x Y). Moreover, it (x, -) = fig(x, -) =
z(x,)=0,forx ¢ S,and z(x,y) =0for y € Ytlflc

First we argue that [|uol[.2(5) > 0. Assume the opposite. Then one necessarily has that e — 0
strongly in L2(RY). Substituting in (54) test functions of the form v, (x) = vy (x)vg(f), where
v € LA(S), v2 € Li(Ysort) yields

//a(é)p(— +—5>(z8<x+85) 2o () (e x + £8) — vp (X)) dEdx

R4 R4

+//a($)p(— Jr—é)(us()ﬂre-’E)—bts(X)) (Ve (x 4 €8) — v (x)) d& dx

R4 R4

e / 20 (O)ve () dx

Rn

/ e (X)ve () dx + / Fo()ve () dx. (55)

R4

Since the integrals containing . define a bounded linear functional acting on the space of test
functions LZ(S), the above identity can be rewritten in the form

Qe soft(Ze, Ve) — /ZE(X)UE(-x)dx —/(fa(x) + fe())ve (x) dx,

Rll
for some f; satisfying

I fell2cs) < Clltell L2(gay — O as & — 0.

Now, since by assumption A, are bounded away from the spectrum of A, sof; for sufficiently
small ¢, we immediately conclude that z; — 0O strongly in L?(S), and hence u, = (i, +z,) — 0
in L2. This relation contradicts the fact that ||u|| L2RY = 1, hence ug # 0.

Passing to the limit in (55) via Corollary C.2, in the same way as in Section 3 (cf. (34)), we
arrive at

/m(x)//a(s)p(y,y FE) (20, y 4+ ) — 2(x. 1) (v2(y 4+ &) — 12(y)) dE dydx

R4 Y R4
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—A/m(x)/z(ac,y)vz(y)dydx=A/uo(x)v1<x)/vz<y>dydx.
Y Y

RY RY
Note that vy is arbitrary, x plays role of a parameter in the above equation. Recall also that z is
periodic in y. Since by Proposition 5.1 the resolvent of Afoft is well defined, it follows that

2(x, ) = ug()A(AL  — a1y, forae. x €. (56)

Passing to the limit in (54) exactly as in the proof of (11), cf. (30) and the subsequent argument
in Section 3, we arrive at

/AhomVuo(x)-Vv(x)dx—A/ uo(x)+/z(x,y)dy v(x)dx =0.
s

N Y

Then combining (16) and (56) we obtain

/AhomVuo(x) -Vo(x)dx — ﬂ(k)/uov =0,
S

N

and since uqg # 0, we conclude that

/3()\) € Sp(Ahom)- O

Remark 5.2. The claim of Theorem 2.12 remains valid if we replace A, with A,y and A soft
with A]/N’soft.

5.2. Characterisation of H-1imy_ o0 Sp(A1/n soft) for the case S =TI

As we already noted at the beginning of this section, the boundary spectrum, which comes
essentially from the geometry of the soft component in the boundary layer, is difficult, if not
impossible, to characterise in general. Moreover, one cannot get rid of the boundary spectrum
by replacing the soft component near the boundary with the stiff one (as one could do in PDEs
setting with dispersed/disconnected soft inclusions), even if the convolution kernel has finite
support. In fact, this strategy will work only if the diameter of the support is smaller that the
minimal distance between soft inclusions.

Yet, it should be possible to characterise the limit boundary spectrum in case for specific ge-
ometries of S. In what follows we show that in the case when S = I1, cf. (52), the Hausdorff
limit H-limp - 00 Sp(A1/n) exists and provide a detailed description of this limit. To this end
we first characterise the limit of Sp(Aj/n soft) and then show that H-limy_s o0 Sp(A1/n soft) C
H-limy - 00 Sp(A1/n). A particular feature of this setting is that the geometry of the microstruc-
ture in the boundary layer remains congruent to itself (under appropriate scaling) for each N € N,
thus rendering the boundary layer spectrum to be stable as N — oo.

Our technique can be easily adapted to a more general case when S is a polytope, provided
that there exists a subsequence of ¢ such that the geometry of the soft component in the boundary
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layer in the vicinity of each vertex of the polytope is self-similar for all elements of the subse-
quence of ¢. In this case, similarly to (17) below, the limiting spectrum of the soft component
can be characterised as the union of spectra of the soft component in each vertex of the polytope.

The main result of this subsection is formulated in Theorem 5.5 below. We begin by introduc-
ing some notation and preparing auxiliary statements.

We denote by I1y := NTI the scaled box and denote its vertices by v;, i =1,2,..., 24 start-
ing with v; = (0, ..., 0). The order of enumeration is not important. For brevity we do not reflect
the dependence of coordinates of v; on N. To each vertex v; we assign an orthant (or hyperoctant)
of the space

RI ={(x1,....x0):Vj=1,....d, £x; >0} (57)

so that after an appropriate translation, i.e. R‘lfl_ + v;, it coincides with [Ty in the vicinity of v;. We

consider the operators AN : L2(Ty N Y% ) — L2y N Y2 ) and A Lz(Rffi ny#) —
L*RINYED i=1,2,...2%
ARz () :=m()z(y) - Inyare ) /a(é)p(y, y+8&)z(y +§)ds,
R4
Al ) =m(3)20) = Tag s, 0) [ @@ po. v+ 1200 + ),
R4
n() =2 [ a©plr.y + ).
R4
alongside with their “truncated” counterparts
Aﬁﬁﬁ,Lz(y) =mL(0z() = Igyaye (9) /aL(s)p(y, y+8&)z(y +§)ds,
R4
Ao 120 =mp(y)z(y) — Igd ayz (V) /aL(E)p(y, y+8&)z(y +§)dé,
R4
where
ap(§) :==1ge(§)a(é),
mi)i=2 [aL@pr.y+ £)de. %)
R4
Then by Theorem 4.2 we have
Ims = milzoe — 0, p(L) = max || Ak, = Alyg 1 1212 = O,
(59)

5(L) - N N
p(L) := sup [[Agp — Aol 1212 = 0 as L — oo.
NeN
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Note that the operator Aé\éﬁ is unitary equivalent to Ay, soft Via rescaling. In particular, we
have

Sp(AN:) = Sp(A1/ N soft)-

Thus, in order to characterise H-limy _, 0o Sp(A1,/n soft) it is sufficient to analyse Sp(A?éﬂ).
First we need a couple of technical results.

Proposition 5.3. Let u, f € L*>(R?), be different from zero. Then for each L > 0 there exists
¢ € LZ% such that

”u”LZ(D?L) < 4d + 2d||u||L2(|j§),

I z22e llull 22 or
R S 7 R e 2

| £l 2re el 2 RY) ’
(RY) (

(60)

”u ”LZ(DKL) # 0.

Proof. Clearly, one has

2 2 2 2
> el oy =4 Nl 2y > 1 1Z2 ) = 21 12y
celLzd celLzd

Denote N ={¢ € LZ? : u =0in Dé}. Assuming that for all ¢ € LZ? \ N at least one of the
inequalities in (60) does not hold, we arrive at a contradiction:

1 1
4d+2d=W Z ”u“iz(DzlL)"i_W Z ||f||iz(|:|2L)>
UTL2Re) ¢epza\N ‘ Iy cerzvn ‘
1
d d 2 _ad d
@ +2 )—”M||2 > lula gy =4 +2% O

L2(RY) ¢eLZI\N

Proposition 5.4. Let a; be given by (58), |K (v, €)| < C, (y,&) € R*, and ny be a cut-off func-
tion such that ny, € Cgo(DgL), ’7L|[|§ =L Incllpeowey = 1, IVNLllpoorey < C/L. Then for the

operator K : L*(R%) — L%(R?)

Ku(y) = / ar € — K (v, Eu(E)de

R4
we have
C
1K GrLu) = neKull ey = el 2 ity
where the constant C is independent of L.
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Proof.
Kmpu) —npKu = /aL(S)K(y, y+EML(y+8) —nr()u(y +§&)d§.
Rd

Since suppn; C DﬁL and suppay C OF the expression az (£)(nz(y + &) — nz.(y)) vanishes for
y e R\ Dgl‘ and every & € R?. Therefore,

arIK(y,y+ Ly +8) —n(y)l = aL(f)ﬂlgﬂ(y)

Then using the Cauchy—Schwarz inequality we have

2

/ /aL(@K(y, Y+ L) — 1L+ ENuly +£)dE| dy

R4 d

C
<75 | a®lelds // ar(§) 1 O lu(y +)PPddy

R4 R2d

=17 [ a©IEPdE ulpy gy O
R4

Now we are in position to prove the following result.

Theorem 5.5.

H- hm SP(-AI/N soft) = U Sp(Asoft) (61)
j=1,. .24

Proof. First we prove the inclusion 2 in (61). We only show that Sp(AUlft) C

H-limy - 00 Sp(A1/n soft), for other i =2,3,. .24, the proof is completely analogous. For
any A € Sp(.ASOﬁ) there exists a sequence (uk)k C L2(Rd ny. soft) such that

el 2gay =1, Abgur —dug = fro € LPRE NYED | fill 2rey =18 — 0. (62)

From (59) and (62) we also have that

Agar Ltk — Mg = fi L € LZ(Rd NYEo, I fe.oll 2 ey < 8k + p(L) =: 6k, L

By using Proposition 5.3 we find that for each k, L there exists .z € LZ¢ such that
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”Mk”LZ(D?kLL) <V4d 424 ||”k||L2(|]§Lk ) (63)

”fk,L ”LZ(D?kLL) =V 4d 24 8k,L ”uk”LZ(Dék L)’ (64)

lukll e #0- (65)
Sk, L

We consider a cut-off function
nL € C§° (g, ) such that Mele =1 Il <1 |Vl <C/L, (66)
’ L

for some C > 0, and define

nLug
Ug [ =——. 67)
”uk”LZ(Dé{ L)

From (63) we have

1< llug.Lllp2ray < V49 424 (68)

By direct computation

v v
AT ) — g = NL (V) fi,L + Agopp (MLuk) — nLAgp 1 ik
soft LUk.L = Ak L = .
soft, ”uk”LZ(D?kL)

Applying Proposition 5.4 to the terms on the right-hand side involving .A:éﬂ L» and taking into
account (63) and (64) we conclude that

C
||A:(l)ft,Luk,L — dug, 2 rdy < Ck, + I (69)
For each L we choose sufficiently large N = N (L), namely such that

IN(L) > 3L + |¢k.L| (70)

(recall that [ denotes the length of the shortest edge of IT). Then, since the expression
ar(§)ug,r(y + &) vanishes for y € R%\ D?Z‘L and every & € R?, we have that

(Al 0k~ AN 10 0)() = Ty 11y, O) / AL p(y. y + E g 1 (y +§)dE =0,

R4
Then from (69), (59) and the latter we have
lim limsup | AN ug 1, — Ak 1l 2 ety = 0. (71)

k—00 [ 500

Since
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N
”ASOftuksL - )"uk,L ||L2(Rd)

dist(r, Sp(AN)) <

)

Nk, |l 2 Ra)
taking into account (68), we conclude that
lim dist(%, Sp(AN;)) = 0.
N—oo
Next we prove the inclusion € in (61). The argument is analogous to the first part of the proof.

Consider a sequence Ay € Sp(AéY)ﬁ), and assume that Ay — A as N — 00. Then there exists a
sequence (Un)NeN C L%(TIy N Y:f)ﬁ) such that

lunll2gay =1, ANjun —ruy = fy e LPTnNYED, I vl 2me) =88 — 0.

Then from (59) for the operator with the truncated kernel (recall the notation in (59)) we have
that

Aé\éﬁ,LuN —dun=fn.L, Ifn.LliL2we) <0n+p(L)

By Proposition 5.3 for every pair L, N € N we choose ¢y 1 € LZ? such that

w2 < V4 +2 a2, (72)
IN,L {N,L
| fn.L ”LZ(D?[I\} ) <V44+24 6y + ﬁ(l‘))“u/\’”Lz(DgN pE (73)

llun ||L2(D§LN,L) # 0.

We define

NLUN

N sl )
L
N Lz(DfN.L)
where the cut-off function 7y, is as in (66) with ¢ 1 replaced by ¢y, 1. Applying Proposition 5.4
while taking into account (72) and (73) we have

N 1
IAG v = Aun, el agey < CON + ALY + 7)- (74)

3L
IN,L

every & € R?. It follows that for every N such that [N > 6L there exists (al least one) v; such
that

As before, we observe that the expression ar, (§)uy,r(y + &) vanishes for y € R4\ O and

Ly oy ) / ar )Py, y + Euw.1.(y + &) dE =0, (75)
Rd

Indeed, if the interior of the cube Dgll\; , does not have common points with the boundary of Iy

then (75) holds for every v;. If, however, the interior of Dgﬁ ; intersects a face of Iy, then it does

37



M. Cherdantsev, A. Piatnitski and 1. Velci¢ Journal of Differential Equations 465 (2026) 114247

not have common points with the opposite face. In particular, if the interior of Dgﬁ , contains v;

forsome i = 1,...,24, (75) holds only for this specific v;. A similar observation can be made
for faces of larger co-dimensions, edges and vertices.

Combining (75), (74) and (59) we conclude that there exists v; such that for appropriately
translated function u 1, (not relabelled) and /N > 6L it holds

) N 1
IAL qun. L — My 2l 2 ey < CON + p(L) + (L) + z)-

Finally, choosing a sequence L(N) — oo satisfying /N > 6L(N) and passing to the limit as
N — oo we conclude that

re | SpAdp. o

j=1,..2d

Remark 5.6. If we cover S with cubes of size order /¢ consistent with the periodic microstruc-
ture (i.e. so that their faces do not cut the periodicity cell in the middle), and replace soft
component with stiff in the cubes located in the ./e-neighbourhood of 9, then the boundary
limit spectrum can be expressed as the union of the spectra of the soft component opera-
tors analogous to the operators .A:(i)ﬁ defined on the domains of appropriate unions of the sets
{(x1,...,xq):Vi=1,...,d, £x; > 0} which include all possible exterior and interior corners.

5.3. Proof of Theorem 2.13

In view of Theorems 2.12 and 5.5, and the fact that {8(A) € Sp(Anom)} C lime—.oSp(A,) (in
fact, this is valid for any subsequence ¢ — 0), which follows from (14) and Theorem 2.10, in
order to complete the proof of Theorem 2.13 it is enough to establish the following assertion.

Theorem 5.7. The following inclusion is valid for any subsequence (Nj)ieN C N.

LJ SpAZy € lim Sp(Aiw,).
j=1,..,2d t=00

Proof. To simplify the notation we will not relabel the subsequence N — co. We provide the
argument for Sp(A:(])ﬁ) C limy Sp(Ay,n), for other v; it is completely analogous. As in the first
part of the proof of Theorem 5.5 we assume A € Sp(.A:éﬁ) and consider a corresponding Weyl

sequence (Ug)keN C LZ(Rff1 N Y:f)ﬂ) as in (62). Further, let uy ;. be defines by (67), and choose a
subsequence N (L) satisfying L/N (L) — 0 as L — oo, and (70). In particular we have that (71)
holds.

For the subsequence ¢ = ¢(L) := 1/N (L) we define a rescaled family of functions

W e (x) 1= g~d/2

ug,(x/€).
We drop the dependence of the functions wg  on L from the notation as it is now encoded
through ¢. Note that the support of wy . vanishes as ¢ — 0:

2L

Ck.Ll -0,

| supp wi.¢| = |el]

38



M. Cherdantsev, A. Piatnitski and 1. Velci¢ Journal of Differential Equations 465 (2026) 114247

while its norm is bounded on both sides:

1 S ”wk,s”LZ(Rd) S AV, 4d + 2d. (76)

It follows directly from (71) that the rescaled family satisfies

As,softwk,s — AWk e = fre € Lz(gYiﬁ N 1I)

S

with

lim limsup ||fk‘s||L2(l'I) =0.
k— 00 0

E—>
For further reference we observe that
ae(wk,& wk,s) = as,soft(wk,sv wk,e) <C. an
The remaining argument relies on the following basic result [12, Lemma E.1].
Lemma 5.8. Let A be a non-negative self-adjoint (not necessarily bounded) operator in a Hilbert

space H and a be the associated bilinear form. Assume that for some u € Dom(a) = Dom(A1/2),
lull =1, L e R, and 0 < € < 1 we have

la(u, v) — A(u,v)g| <ea(v,v)+ (u,v)y Vv € Dom(a).

Then
dist(x, Sp(A) < A+ 1](1 — ) e.

In view of the above lemma, in order to complete the proof, it is sufficient to establish that

[ (we. v) = AWees V) 2| < Vi fae @) + 012,00 Yo e LA, (78)
where

lim limsup Y ¢ =0.
k=00 ¢0

Applying Corollary B.3 to v € L?(IT) we have

V=10 + &0¢ + Z¢,

where 0, € H!(RY) N C®(RY), 9, € L*(R?) and z, € L*(eY¥ N TI) and

19 1371 ety + 10617 2 ey + 12617 2 ey < C@e (v, 0) + 101172 ay)- (79)
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Note that since z, vanishes outside £Y¥

ot VIT we have that a.(wg ¢, Ze) = ae soft(Wk e, Ze),
which infers

ae(wk,s, Ze) — )»(wk,a: Zs)LZ(Rd) = (fk,s: Ze)LZ(Rd)-

Thus we have

ag (Wi, g, V) — A(Wi e, U)LZ(Rd) = (fr,e ZS)LZ(Rd) +as(Wi,e, Ve + ebg) — AW,e, Ve + Sﬁs)LZ(Rd)o
(80)
It remains to estimate the last two terms on the right hand side of (80).
In subsequent estimates we will be utilising the bounds (76), (77) and (79) without mention-
ing. Using the formula v (x + ¢§) — v (x) = ¢ fol & - Vug(x + et§) dt and the Cauchy—Schwarz
inequality we obtain

|ae(wk,e: l_}e)}

=)//d($)P(X/8,X+$/8) (Wi, e(x + £8) — i (x)) (D(x + £8) — B(x)) d& dx

R4 R4

2 12 = 2
< Ce(ae (e, wie) [ a@®IEPdE) IVl 2oy = Coyfac (v, 0) + 1012 gy 81)
R4

The next bound is trivial:

Jac (wee. 200)] = Cefas (v, v) + 1012, (82)

Using the Holder and Sobolev inequalities we obtain

Wi g, Ve)y2mpdy | = [(Wk g, Ve) a2t | < ||lw 202l Vellr2, k2L
‘( k,e e)L (R)| |( k,e s)L (SD%L)| || k,s”L (SDIk,L)” 8||L (SDIk,L)

2L |1/d

2L il/d
Sk, L

< C||v8||L2*(8D§]fL)|8D kL

< CllTell g1 oot |e0
Sk, L

1/d
< Clegh, | fae @, 0) + 10122 ga) (83)

Finally, it is easy to see that

|Whe 890 2| = Cofae @, v) + 1012, - (84)

Combining (80)—(84) we arrive at (78) with T, = C(s + 1l frell 2 + |e02E

Ck,L

%), which
completes the proof. O
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5.4. Proof of Theorem 2.11

It is sufficient to establish the inclusion
Sp(Asoft) C elg% Sp(Ae). (85)

Regardless of whether S C R? is a bounded Lipschitz set or S = R¢, the argument for (85)
follows almost verbatim the proof of Theorem 5.7, upon replacing A:(l)ﬁ with Agof. In fact, it is

a bit easier, since one does not need to take care of the boundary of R‘vll. O

Remark 5.9. In a similar way as in the first part of the proof of Theorem 5.5 one can show that
Sp(Asoft) C limg—, 0 Sp(Ag soft) (here A, sofi is defined on a generic set S).

6. Norm resolvent convergence for the whole space setting
Recently a new abstract scheme for the norm resolvent estimates that applies to a wide range

of problems with small parameter was developed in [16]. Following [16] we use the scaled ver-
sion of Gelfand transform G, : L2(R?) — L2(Y* x Y), Y* :=[—n, 7%,

2\ 4d/2 .
(Ge )0, y):= (%) D7 fle(y +nye 0,
nezd

Applying the transform to problem (4) and setting A = 1 we obtain an equivalent family of
problems for ug(-) := (G.u®)(0, -): for a.e. § € Y'* the function uj, € Lﬁ(Y) solves

[ [ a6 =0 (724060 + p0.©) @€ @) - s )T EE) — v)dsdy

Y Rd

+ / u§(Nv(y)dy = / fEMv(dy, YveLi(Y),
Y

Y

where fg" () :=(Gg f)(O, -). Adopting the notation from [16] we can write the above problem in
the form

e 2ag(u, v) + bo(uf, v) = (f,v), Yve L*(Y), (86)

where

ag(u, v) = / / a(E — y)Ao(y, £) P EuE) — u(y) (e E-v(E) — v(y)dédy,

Y Rd
and
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bo(u, v) := / / aE —y)p(y, E)ETEuE) —u() (e EvE) — v(y)didy

Y R4

+ / u(»)o)dy. (87)

Y

(We drop for convenience the dependence of f on ¢ and 6 in (86).)
For every 6 € Y* denote by Af the bounded symmetric operator on L2(Y) associated with
problem (86):

Alu(y) = 2/a($ -y (e*%\(y, £)+ p(y, s)) @ uE) —u(y))de.

R4

The approach presented in [16] works for a general class of problems of the form (86) and,
upon verifying a number of abstract hypotheses, allows to approximate the original family of the
operators by a more simple (homogenised) family in the norm-resolvent sense. When applying to
a specific problem, like the one at hand, a lot of the argument can often be significantly simplified.
In what follows we adapt some of the proofs from [16] to our setting while providing reference
points to the original for reader’s convenience. We will verify hypotheses (H1)—(H4) from [16],
although in our setting the hypothesis (H4) is weaker, which manifests in the loss in the rate of
the norm-resolvent convergence.

6.1. Basic properties of ag and bg
We begin our analysis by verifying some basic properties of the sesquilinear forms in (86).

Many bounds obtain in [16] are in terms of the family of the norms || - ||y associated with the
scalar product

(u,v)g :=ag(u,v) + by(u, v).

From the continuity of the integral operators involved we immediately conclude that these norms
are equivalent to the standard LZ-norm uniformly in 6:

I N2y = M- llo < K- M2y
for some K > 0. Henceforth we will only use the L2-norm in our bounds, rather than the whole

family of norms || - ||9, as in [16].
The following bounds are trivial:

ap (uv U) + b(—?(u, U) S C”u“LZ(Y)”v”LZ(Y)’ b@[u] Z ”u”%)(y)v ve € Y* (88)
Further, the forms are Lipschitz continuous in 6, i.e.

a6, (u, v) — ag, (u, V)| < Cl61 — Baluell 2y V]l 2yy Yu,v € LE(Y), VO € Y, (89)
|b91(u,v)—b92(u,v)|§C|01—92|||u||L2(y)||v||Lz(y) VU,UGLZ(Y), V01,6, € Y*. (90)
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Indeed, we have

a0~ an (. 0) = [ [ a6 = »no0 o[ @6 - ED et

Y Rd

(eI — O E ()0 E) |dedy.

Then (89) follows by the application of the identity

1
eFi026=3) _ HOE) _ LiB, — 0)) - (£ — y) / (1060 -E—y) g,
0

together with the first moment assumption on a(£). The argument for (90) is analogous.

While by is coercive on Li(Y ), the form ay is not and its kernel

Vo :={v e Li(Y)|aglv] =0},

plays an important role in this approach to homogenisation of high-contrast media. Notice that
by the Cauchy-Schwartz inequality we have that

ap(u,v) =ag(v,u) =0, Yve Vg, VueL*Y). 91)

We also define the orthogonal complement of the kernel Vj with respect to the inner product

(s o
Wo :={w € LE(Y) [(w,v)g =0, Yv € Vg}.
6.2. Verifying hypotheses
Next we verify hypotheses (H1)—(H4) from [16].
Proposition 6.1 ([ /6, Hypothesis (H2)]).

veL3(Y)|v=0inY¥ , 0 #£0,
0:{{ #( )| L Stlff} #* 92)

C+{veli(V)|v=0inY%.}, 6=0.
Proof. Foru € Lﬁ(Y ) the expression

/ a(E — ) Ao(y, &)le u@) — e u(y)|*de

R4
is periodic with respect to y. Then, using assumption (1) one can easily see that

43



M. Cherdantsev, A. Piatnitski and 1. Velci¢ Journal of Differential Equations 465 (2026) 114247

aglu] = C / 98 u(E) — 0 Vu(y) Pdedy,

# -
(Y&gNO2)2N D,

where k is as in (3). Denote ¢(y) := e Yu(y). Applying Lemma A.5 with M = Y. and then

the extension Lemma A.7, while taking into account the quasi-periodicity of ¢, we obtain

aglu] = C / 6(E) — () Pdedy = C / 1By +£) — () Pdyde,

Ytifr X Ystifr YxY

where ¢ is the quasi-periodic extension of ¢ into the soft component. Rewriting this for the
corresponding (periodic) extension i of u (i.e. i := e Y ¢(y)) we have

= C [ 1674+ 6) =T Pdydg =C [ 3 PO~ 1
YxY y keZ?

where uy are the coefficients of the Fourier series for # on Y. Then a direct calculation shows
that for 6 #0

ae[M]ZC|9|2/|5IZZC|9|2/|M|2~ (93)
Y Y.,

stiff

When 6 = 0 we get that

aolul = C / |u — ][u|2. (94)
Y Y

stiff stiff

This implies that the elements of Vy vanish on Y for 6 # 0, and equal to a constant on Yifr
when 6 =0. O

Remark 6.2. Hypothesis (H2) in [11] requires that the family of spaces Vj has a removable
singularity at & = 0, in the sense that upon replacing the space V) with another (suitable) space
one gets a Lipschitz continuous in 6 (in appropriate sense) family of spaces. This is clearly the
case in our setting, cf. (92).

Henceforth, we denote by L?(Ysoft) the subspace of L?(Y) whose elements vanish outside
of Ysoft (and are extended periodically to the whole of RY if necessary). Moreover, we identify
C with the subspace of constant functions. Thus we may write Vy = L?(Ysoft), 0 #0, Vo =
C+ Lz(Ysoft)~

Proposition 6.3 ([ 16, Hypotheses (H1) and (H3)]). There exists a positive constant C such that
V6 € Y* and Vw € Wy one has

aglw] > vollwl|?, (95)

¥y
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where

Clo1%, 6 #0,
Vg =

C, 6 =0.
Proof. Assume first that  # 0. Denoting
w=wp+wy =1y w+ ly,w,
we rewrite (93) as
aglw] = C1OP[will75 -

Therefore, it is sufficient to show that
lwollz2¢yy = Cllwillz2¢yy- (96)
According to the orthogonality condition, for every v € Vy we have (cf. (91))
0= (w,v)g =ag(w, v) + bg(w, v) = by (w, v). 97)
Setting v = wgo we obtain (cf. (87))

//a(é’ —»p».§)

Y Rd

) 2
ele-(s—wwo(g)_wo(y)’ di}dy+/|w0(y)|2dy
Y

= —//a(é — P, &) E W) — wi () EVwo(E) — wo(y))dédy,

Y R4

which immediately implies (96).
Now we treat the case 8 = 0. Decomposing w = wq + w1, where

wo 1= 1y q w + Ly 7[ w, wi=lygs |w— ][ wi,

Ysiife Ysuitr

we observe that (94) implies

ao[wl]EC/lelz,

Yiifr

— 2
/wwo=/|wo| .
Y Y

45
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Then, retracing the argument for the previous case we arrive at
2
ao[w] = C”w”LZ(Y) (W

Next assertion is a straightforward consequence of the coercivity of the form ag and the Lip-
schitz property (89), see also [16, Proposition 4.1].

Corollary 6.4. There exist positive constants C and 6, such that
Cllwollr2¢yy < aglwol,  Ywo € Wo, Y0 € Y™, |60] <6,

Proposition 6.5 ([16, Hypothesis (H4)]). Let the sesquilinear maps a(’) Vo x LE(Y) = C" and
ag : Vo x Vo — C"*" be given by

(v, 1) :=//a(§)Ao<x, x4 6)iE v (G T B —u) dédx,
Y Rd

af (v, ) :=//a(s)A0(x,x+s)s®sv5dsdx.

Y Rd

The following bounds hold

lag (v, u) — a(/)(v, u) -0 < C|9|2||U||L2(Y)||”||L2(Y)7 Yv e Vp,Vu € LZ(Y)7V9 ey, (98)
lag (v, V) —ag (v, 0)6 - 0] < |9|2h(|9|)llvllL2(y)Ilﬁlle(y), Yu, b€ Vo, V8 eY*, (99)

where h(t) is a non-negative increasing function such that h(t) - O as t — 0.
Proof. Recalling that elements of Vj are constant on Yy and taking into account the expansion
e’ =140 -5 +r(0-§), where [r(0-§)| < Cl0]*|§ %,
and the bound
¢ 11 < Clo1lEl,
we can expand ag (v, u), u € LZ(Y), in terms of 6 as follows,
ag(v,u) =40 ~//a($)Ao(x,x + &)1 v)(u(x + &) —ulx))dEdx+
Y Rd

//a(E)Ao(x,x +&)r@ -5 vux+8§) —ulx))dsdx+

Y Rd

//a(g)Ao(x,x +8)e — 1P vux ).

Y Rd
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This readily implies (98).
Next we show the validity of (99). For v, v € Vjy we have

ae(v,ﬁ)=//a(g)A0(x,x+g)|ei9'5—1|2v5dgdx.

Y Rd

In case when the support of a is finite the assertion is trivial due to the Taylor expansion

€95 — 117 =10 - 71+ RO - £)), (100)

where the |R(¢)| < |¢|2. Moreover, (99) holds with 4(|6]) = O(|0]*).
Assume now that the support of a is unbounded. In this case the function

¢(r) = / a(®)le Pt (101)
|&]>r

is strictly positive, continuous, decreasing for all » > 0, and g(r) — 0 as r — oo since a(§)|& |2
is summable.
Consider the decomposition

ae(v,ﬁ)=/ / aE)Ao(x, x + )€ — 12 vddedx+

Y [E|<r

/ a(E)Ao(x, x + €)1 —12videdx. (102)

Y [E|>r

We can estimate the second term on the right-hand side as follows,

/ / a(€)Ao(x, x 4+ £)[e?s — 11> vidédx| =
Y [E|>r
|ei9~&' _ 1|2

g V0| = Cer P Ivlagn 19l zgn- (103)

/ a(®)EPAo(x, x +£)

Y |E|>r

Next we deal with the first term on the right-hand side of (102) utilising (100):

//a(g)Ao(x,x+g)|ei9'5—1|2v5dgdx—ag(v,ﬁ)9-e <

Y |&|<r

47



M. Cherdantsev, A. Piatnitski and 1. Velci¢ Journal of Differential Equations 465 (2026) 114247

161> / / a(®)Ao(x, x +&)|E*videdx |+

Y |&]>r

Clo? / / a(E)Ao(x,x +&)EPREO -£)vddedx| <

Y |&|<r

gLV 2 181l 2y + CIOPRABIIVI 20y 1Dl 2y (104)

For ¢t > 0 we define a function » = r(¢) via the relation

g+
e _

t.

Due to the properties of g(r), the function r(¢) is well defined and tends to infinity as t — 0.
Thus we have that

g(r(OD)IO1 + 1017 RAOIr(101) + g(r(10D)(+(101) 7> < CV/g(r(10]) 61

Setting

h(t) :=Cy/g(r(1)) (105)

we get (99) (the monotonicity of & can be easily inferred from the monotonicity of g). O

Remark 6.6. In the case when the kernel a has finite third moment, i.e. fRd a(€)|EPdE < +oo,
then it is easy to see that 4 (¢) = ¢. Indeed, by setting » = 1/]6| in (102) we immediately get that
the right hand sides in (103) and (104) are of order 103.

6.3. Correctors and the homogenised form

The hypotheses (H1)-(H4) entail a two-step approximation of the family of problems (86) by
simplified ones. The first approximation is given in Proposition 6.7 below (see [16] for the proof),
the second is formulated in Proposition 6.11. Its proof is an adaptation of the general argument
from [16] to the situation of the weaker hypothesis (H4). In turn, Proposition 6.11 leads to the
bounds on the rate of convergence of spectra of the operator A, formulated in Proposition 6.12.

For vy € Vj consider a “corrector” problem: find Mpvg € Wy satisfying

ag(Npvo, wo) = —ag(vo, wo), Ywop € Wo.
This problem is well posed for |#| < 6, due to the coercivity of the form ay on the space Wy, see
Corollary 6.4. This defines Ay as a bounded linear operator from Vy to Wy. Note that the values

of vg in Yo are of no importance since ag (vg, wo) = 0 for every vp € L2(Y Soft) -

Proposition 6.7 ([16, Theorem 5.3]). There exists 61 > 0 (01 < 6,) such that for every 6 € Y*,
|0] < 64, there exists a unique solution z+v € Vo =C + L2(Y50ﬁ) to
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Be(z+v,7470) =6 2ag @+ Noz. T+ NoD) + by (2 +v.740) = (£.Z+) 12¢r). Y2+ € Vo

(106)
(We do not reflect the dependence of 7+ v on ¢ in the notation.) Furthermore, the following error
bounds hold for the solution ug to (86):

e aglufy — (2 + Noz + )]+ boluf — (2 + Noz + )] < C&?[| f 172y (107)

e 2agluf — (2 +Noz + v)] + boluf — (2 + )] < CE I £ 172y- (108)

Note that we use the usual L2(Y) norm on the right-hand sides of (107), (108) rather than a
6-dependent dual norm used in [16] due to their equivalence in the present setting.
We define a linear operator Ny : Vo — Wy so that Nyv is the unique solution to

ao(Ngv, w) = —aj(v,w) -0, VYw e Wj. (109)

Clearly, this problem is well posed due to (95).
Next we define the homogenised form ag Vo x Vo — C:

al (v, 9) :==afl (v, 9)0 - 0 — ag(Ngv, Ng1).

Remark 6.8. The values of the arguments of the form aé’(v, ) in the soft component Yo are
of no consequence since the integral kernel is zero in Yo Moreover, the space of test functions
W in (109) can be replaced with L2(Y) as both sides of the equation vanish if we replace w
by an element of Vj. Therefore, comparing the corrector problems (9) and (109), we see that for
z € C one has Nyz =iy - 0z, where y is the vector whose components are the solutions to (9).
Furthermore,

al(z,2)=A"™9 .07, z,Z7eC, (110)
of. (8).

Proposition 6.9 ([ /6, Proposition 5.4]). Let |0| < 6,, then

INov — Novll 2¢yy < ClOP VI 2py, Yo € Vo (111)

The proof follows verbatim the argument in [16] since it utilises only the bound (98) of hy-
pothesis (H4). In order to simplify the notation without loss of generality we assume henceforth
that

h
lim infﬂ > 0.
t—0 t

h(t)

(In case liminf, .o =~ = 0 we simply replace h(¢) with max{h(r), t}.)
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Proposition 6.10 (/ /6, Proposition 5.5]). For any 0| < 6, we have

las (v + Ny, 5+ Ny D) — all (v, D) < CIOPRAOD IV 2y [Tl 2yys Yo B € Vo (112)
aglzl = Cl6PlIzll7s ), VzeC. (113)
Proof. The only difference in the argument for (112) compared to [16] is the use of the weaker
bound (99), which manifests in the weaker result. The bound (113) is a direct consequence of
(110). O
6.4. Proof of Theorem 2.14

Recall the operator Ag’g associated with the form (21). Utilising notation of this section, the
operator A"? 4 1 is associated with the form

Bl(w+z,0+2) =e2a)(z.2) +by(v+2,0+7), Yv+z,0+Z€ Vo=C+ Li(Ysof)-

The following assertion establishes, in particular, the bound (22). Indeed, it follows directly from
(116) below and the second inequality in (88).

Proposition 6.11 ([ /6, Theorem 5.6]). For every 6 € Y* there exists a unique solution v" + 7" €
C+ Lﬁ(Ysoft) to

Bl + " 0+ = (£, 5+ D2y, Y0+7Z€C+ Li(Yeon). (114)
Furthermore, v"" + I+ N@)Zh and v + 7" approximate the solution ug to (86) in the sense that

e 2aglug — " + (I + No)2")] + bolufy — 0" + (I + No)) 1 < Ch @) I3y (115)
bolug — (" + 21 = CRE I f 172y, (116)

for some positive function h such that h(t) — 0 as t — 0, lim;_.o h(t)/t > 0.
Proof. The first part of the argument up to formula (121) follows closely [16]. We present it here

for the sake of completeness.
Problem (114) is clearly well posed. Testing (114) with v" 4 7" yields

Bl +2"1 < 1 fll 2 10" + 2" 12y
Since
" + 2172y, < bolv” +2"1,
we immediately conclude that
Bl + 2" < 1 f 172y
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Furthermore,

_ 1
e 2af ("1 < 1 fll 2gry VoV + 271 — bp[v" + 2] < annizm.

Next we obtain a stronger bound on z*. We denote by Py, and Py, the projectors onto the
subspaces Vy and Wy respectively with respect to the scalar product (-, -)g. Recalling (97) we see
that by (v 4 ", Py, z"") = bg[ Pw,z"]. Then, testing (114) with & +% = — Py, z" + 2" = Py, 7",
we obtain

e2ap 2"+ bl Pw, "1 < 11 Fll 2epy 1 Pwa 2 2 gvy < L2y 12" 1 L2y -

Together with (110) this yields

e 7210112 I 20y < CULFlp2wy- (117)

Next we restrict our attention to the case |#| < #; and utilise the solution v + z of (106) from
Proposition 6.7 to write a two-way decomposition

u§ — (" 4+ (I + No)z") =[uf — (v + 2+ No2) 1+ [(v — ") + (2 = 2") + No(z — )]
+ [Npz" — Nz
=[uf— W+ + [ ="+ =" - Ny

Substituting the first decomposition into ag and the second into by we have that the left-hand
side of (115) is bounded by

3 (8_2a9[u§ — W42+ No2)] + balul — (v + z)]) +3B.[(w— ")+ @ -+
3¢ 2ag[Noz" — Noz") +3bs[Ngz"] (118)

(recall the definition of the form B(-,-) in (106)). By (108) the first term is bounded by

C82||f||iz(Y). The bounds (111) and (117) yield

e 2aglNpz" — Noz" < Ce 2 |INoz" — NoZ 172y, < Ce 210112 172y < CEXNIF 172y

(119)
From Remark 6.8 and (117) we get

by[Noz"] < ClINez" 175y, < CEX 1 f 12y (120)

It remains to analyse the second term in (118). By testing both (106) and (114) with o +7 =
(v—v" 4+ (z—27") and comparing the resulting identities one concludes that

Blw—v"+ G- =¢e2al (" 2= — e 2ap (" + Ny, =+ Ny (z—2). (121)

First we need to obtain a bound on B,[(v — v") + (z — z")] from below. Estimates (112) and
(113) imply that there exists r3 > 0 such that for all |0]| < r3 (so that #(]0]) is sufficiently small)
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agl(z =" + No(z =1 = ClOP Iz = 2" 72y,
The bound
bol(v —v") + (2 =1 = Cllz = 1175y,
is straightforward. Thus we have
Bol(w—v") + @ =212 C (20 +1) = 2", .

Applying to the right-hand side of (121) successively (112), (117) and the last bound we arrive
at

Be[(v —v") + (z — 21 <Ce™201Ph(OD " I Loy Iz — 21l 2
<ChUODIf I 2eryllz — 2"l 2y

h(01)

— BP[(v - ")+ -]
e 202 +1 °

<Cllflliz2ery

In order to show that the term containing ¢ and 6 vanishes as ¢ — 0 we introduce the function

A h(s)
h(t) :=t sup—. (122)
s>t S
Clearly,
ﬁ(t)—)Oast—>0.
Moreover,
hden _ 1ol
h(e) &
whenever ¢ < |6]. In this case we have
h(le . ~1e .
(101) <o) —f 6] <o)

V212 +1 VeTZ|012+1
On the other hand, when ¢ > |0], recalling the monotonicity of &, we trivially have

h(101)

< h(e).
Ve 22 + 1

Thus we conclude that

B[ —v") + (2= N < CREY I I
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with
h(t) := max{h(z), h(1)}. (123)

Combining (118), (108), (119), and (120) yields (115). Then (116) follows by resorting to
(120) once again.

It remains to consider the case |0| > 61. For such 6 the basic argument is as follows: the part
of the solution of each of problems (86) and (114) that is supported on the stiff component Ygr
is of order &2, while the remaining part solves a family of problems on the soft component Yo,
see (124) below.

We proceed with the argument by considering the decomposition uj, = v + wj € Vy + Wy.
Using wy, as a test function in (86) and recalling (95) we have

Ce 207 NG 1172y, < & a0lwg] + bolwg] < Il Fll 20y 1wh Il 2y)-

So we conclude that

2
lwall 2y < Cellf L2y

At the same time, by taking in (86) test functions from Vj we see that v} is the solution to the
following well posed problem

b (G, v) = (f,V)2y), Vv € Vo (124)

Next we address problem (114). We already know that ||zh||Lz(Y) < C82||f||L2(Y), cf. (117).
Setting 7 = 0 we have that

boW" + 2", 0) = by (V" + Py, 2" 5) = (f. D) 2y). VD € V. (125)
Comparing (124) and (125) we conclude that v = o+ Py, Z"". Therefore,
g — " + 22y = wh = Pwoz" 20y < CEXNFll2 s
and (115), (116) follow easily (with the error bound of order €. O
We define the self-adjoint operator .Agoft so that Afoft + 1 is generated by the form by (-, -).

Proposition 6.12. The limiting spectrum of the family of operators A, is given by
lim Sp(As) =G :=Sp(A) U (Upey Sp(ALop)-
Moreover, for any A > 0 one has

dH,lo,AJ(Sp(Ag), Q) < C(A) max{h(e), £2/3).
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Proof. By Proposition 6.11 the resolvents of the operators Ag and .Aé"g are h(e) close uniformly
in 6. Thus, by classical argument, we have

dp. [0, A](Sp(Aﬁ), Sp(A’;ﬁ)) < (A + 1)? hi(¢) uniformly in 6 € Y*.

The remainder of the proof is devoted to the analysis of the spectra of Ag’g.

Step 1. Assume that A € Sp(.Aélﬂ) N[0, A]. Then for any § > 0 (we will assume it to be suffi-
ciently small) there exists v + z € L?(Ysoi) + C, ||v + zllz2(yy = 1. such that

e2ay(2 D)+ b+ 2,54+ =0+ D +2,5+D 20 + (f 5 +D 2y,
Vi+7ZeL?Yson) + C, (126)

with some f satisfying || f{| 2(y) < 9.
Consider first @ € Y* such that |9| > £2/3. By (117) we have that

Izl 2y < CEXOI2OA+ D +2) + fll2r) < Ce™°.
Taking 7 = 0 in (126) we have
bo(v, D) = A+ D), D) 12¢r,) —bo@ D) + (o + Dz + £ D)2y, VD€ L*Yeor). (127)

For a given z the form by (z, v) is a bounded linear functional on L2(Ysoft), cf. (88), and, hence,
can be represented as

be(z,0) = (f2: D)2 (v
for some f, € L2 (Yoi) with I fzll 2y < Ce2/3. Thus, we can rewrite (127) as follows,
bo (v, 0) = (A + D, D) 20y, 9 + (A + D2+ fo 4 £ D)2 YD € L Fooft).
where

I+ Dz f2 4 fll2,, < Ce?? +6.

Since § is arbitrary, we conclude by Lemma 5.8 that
dist (1, Sp(A? ;) < Ce?/3. (128)

soft

Next we consider the case || < £2/3. To this end we rewrite (126) in the form

e2ay (2, D) +bow+z, 0+ =G+ D +2z,7+D 2,
+[b0(U+Z,l~)+E)—bg(U—i—Z,l~1+2)]+(f,l7+f)L2(y). (129)
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We use an argument similar to the above. By the Lipschitz continuity of the form by, see (90),
we see that the expression in the square brackets is a bounded linear functional on L2(Y), and,
hence can be represented in the form

bo(v+2z,0+7) —bo(v + 2,0 +2) = (futz, D + 2 12(v)» (130)
for some f,4, € L?(Y) with

| forzll 2y < ClO] < Ce*/3. (131)

Thus we have

£7%a)(. D +bo(w+ 2.7+ =+ D@ +2. 0+ D2y + (forz + £ D+ D 2y (132)

Next we make a simple observation about the operator in the above equation. By (110) we
have that

s_zag(z,'f) = AMOMe £ 77 where £ :=¢710.

It is a simple exercise (cf. [31]) to check that the spectrum of the self-adjoint operator Ag asso-
ciated with the form

AMME EZ 4 bWtz 0+ — W+, 0+ Dy, £ R,
satisfies the relation
{12 B() = AMMg £} C Sp(Ag) C Sp(AQy) U fh: B(1) = AMME - £). (133)
In particular,
{A: B() = 0} C (Ugere SP(A)) C Sp(AQ) U (A B(L) = 0} = Sp(A),
cf. (17).

From (131) and (132), since § is arbitrary, we conclude that A is Ce
of Az for £ =710 € B, 15

2/3 close to the spectrum

dist (,\, Sp(A% ) U{B() € [0; R08_2/3]}) <C(A)E3,
where Ry is defined as Ry := max|¢|<i Ahomé - £. Combining this with (128) we arrive at

sup dist(x, G) < C(A)&>/3.
A€Upeys Sp(AL)N[0: A]
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Step 2. The following bounds hold:

sup dist(r, Sp(.AZOﬁ)) <3, (134)
1€Sp(AY ). 10]<e2/3 Gey* |0|>2/3
sup dist(r, Sp(A% ) < Ce?/3. (135)

2€[0; A1, B(A)> Roe—2/3

The first one follows by appealing to the Lipschitz continuity of the form by with respect to 6
and arguing similarly to (130)—(132). The second can be easily inferred from the estimate

Roe 23 < B(h) =1+ 47 / (Ao = AD ™ Tysdy < h+ 22 Yot I|(Ayg, = 2D 7'
Ysoft

Step 3. It remains to prove the inverse bound. First we assume A € Sp(Afoﬁ), 6 € Y*. Due to the

bound (134) we can further assume that |6| > £2/3. Then for any § > 0 there exists v € L2(Ysoft),
”v”LZ(Y) = 1, such that

bo(v, 0) = (A + D(v, f))L2(ysuﬂ) + (f. 5)L2(Ysoﬂ)7 Voue Lz(Ysoft),

with some f satisfying || f1l12(y, ) < . Consider z € C defined by the identity

e2AMM0 0z = (A + D, D2y + (s D2y = bo @, .

Clearly, we have

2
|z §C|;7 <Ce?3, (136)

By direct inspection we see that v 4 z satisfies the identity

e 2al (2D +bo(+z, 0 +D =+ DO +2.0+D 2y
+(f =+ Dz, 0+D 2 +bo(z. T+, Yi+7 € L?(Yoor) +C.

Since § is arbitrary and from (136) we conclude that

dist(x, Sp(A™?)) < ce?/3. (137)
Finally, we consider the case A € [0; A]\ Sp(A(s)Oﬁ), B() = 0. Due to (135) we can assume
without loss of generality that () € [0; Roe~2/3]. By (133) there exists 6, |6] < £2/3 such that
B(A) is an eigenvalue of Ag with & = £716. Then retracing the argument of Step 1 in the reverse
direction, cf. (130), (131), and (129), we arrive at (137), which concludes the proof. O
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Remark 6.13. Since Sp(Asoft) = Ugey* Sp(‘Asott) understanding the structure of Sp(Agoft) helps

us to characterise the spectrum of Agqg. Similarly to the decomposition of Asoﬁ, see (35), we have

Asoft = ‘Asoft Asoft , Asoft ‘Asoft 'Asoft >

where for z € L2(Y¥ )

Aloﬂz(x) =m(x)z(x), Agoftz:/l((x,y)z(y)dy,
R4

m(x) :=2/a($)p(x,x+§)dé, K(x,y):=2a(x —y)p(x,y)dy,
Rd

and for z € L3 (Ysof)

Abbz() i=mz(x), Abfzi= / K (x, )z(y) dy,
R4

Ke(-xv y) = 261()6 — y)p(x’ y)eiG‘(xfy) dy_

Obviously m € LZ°(Y) and .Asoﬂ is compact for every 6 € Y*. The essential spectrum of ‘Asofl
the essential image of m. The remaining spectrum of Asoﬁ is at most countable number of finite
multiplicity eigenvalues. The spectrum of Afoft is continuous in 6 with respect to the Hausdorff
distance.
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Appendix A. Extension operator

In what follows, for an integrable function u and a set A, the notation u 4 stands for the mean
value of u over A. A variant of the following lemma for the case A = B can be found in [8,
Lemma 2.4].

Lemma A.l. Let A, B C RY have finite and positive Lebesgue measure. Then, for every u €
LP(AUB) with1 < p < o0,

/IMA —u()Pdx < — / lu(x) —u(y)|’ dxdy,

AXB

| A
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lug —upl|? <

/ () — u(y)[? dxdy.

AxB

IAIIBI

Proof. Let p > 1 and denote by p’ the conjugate exponent of p. By Holder’s inequality:

P
/|MA—M(X)|de_W/ /( (y) —u(x))dy| dx
B B A (138)
< AP //|u( )—ux)|Pdydx = / lu(y) —u(x)|Pdxd
= TAp y y = |A| y Y-

AXB

To prove the second inequality in the Lemma we proceed in a similar way utilising (138):

P
lug —upl’ = — /(uA —u(x))dx 5

= /|u(y>—u<x>|f’dx

IBI”

_ 14 _ p
|B|/IMA u(x)|”dx < IAIIBI / lu(y) —u(x)|” dxdy.

AxB

The case p =1 is straightforward. O

Lemma A.2. Let A, B be subsets of R? such that |B| < 0o and |AN B| > 0. Then, there exists a
linear continuous extension operator ® : L (A N B) — LP(B) such that, for all u € L? (A),

S(w)=u in ANB,

/|CI>(u)|pdx<cl / lu|?P dx,

ANB
/|<D(u)(x)—‘b(u)(y)|l’ dxdy <c / |M(X)—u(y)|p dxdy, (139)
’ (ANB)2
where c1 =1+ llB\A| andcry =1+ 2‘\29%/;“

Proof. We define

u(x), xe€ANB,
D(u)(x) :={

uanp, X € B\A.
Using Jensen’s inequality we have:
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/Iq’(u)l”dx: / Iq>(u)|pdx+/|¢(u)|pdx: / |ul? dx +|B\Alluang|”
B

ANB B\A ANB
B\A B\A
< / u|? dx + B\A] /|u|pdx= 1+ A /|u|"dx.
|AN B |AN B
ANB ANB ANB

Next we prove (139). Observing that
B>=(ANB)>U((ANB) x (B\A)) U((B\A) x (AN B))U (B\A)?,

we split the integral over B2 in four parts:

/|d><u><x>—<b<u)<y>|f’dxdy= / Cx) — u(y)|? dx dy: (140)
(ANB)? (ANB)2
/ 1) (x) — D)) [P dx dy =0 (141)
(B\A)?

Applying Lemma A.1 we conclude:

| D) (x) — Du)(y)|P = / | D) (x) — Du)(y)|P dxdy
(B\A)x(ANB) (ANB)x(B\A) (142)
B\ A
—|B\A| / () — wanp!? dx < ﬁ / () — u()|? dx dy.
ANB (ANB)?

Now (139) follows immediately from (140)-(142). O

We now provide an extension result for a general open (not necessarily periodic) set M C R?.
We make the following geometric assumption, which in case of a periodic set Y. :iiff is equivalent
to Assumption 2.2.

Assumption A.3.

a. There exists a radius rg > 0 and a constant ko > 0 such that

MO By @) _

> Ko Vx e M,
| Bryl

b. there exists 71, m > 0 and k, N € N, k > ro + m, such that for any x € R the set M N oy
is not empty and for any two points ', n” € M N7 there exists a discrete path from n’ to
n” contained in M N D’;, i.e. a set of points

mo=n"n1,....on.ve1 =1"} c MNTEK,

such that N < N and |n;41 —nj| <ry,for j=0,1,...,N.
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Remark A.4. Note that if Assumption A.3 b. holds for a given m then it also holds for any larger
m, possibly at the cost of enlarging k and N.

Lemma A.5. If M satisfies Assumption A.3, then for any r > 2ro + r| there exists a constant
c(r) > 0 such that the following inequality holds

/ lu(x) —u()|Pdxdy < c(r) / lu(x) —u(y)|’dxdy, Vxe RY.  (143)
(MnOm)2 (MnNO220D,

(The constant c(r) also depends on the parameters from Assumption A.3.)

Proof. The following argument is an adaptation of [8, Lemma 3.3].

Without loss of generality we set x = 0. Chose two arbitrary points 1’, n” € M N O™ and
let no=1n",n1,...,nn, nN+1 = 1" be a discrete path as in the Assumption A.3 b. Denote B; :=
MNB,(mi),i=0,...,N+1, and let & stand for the integration variable in the set B;. Note
that By, (n;) C [J?*. Thanks to the Jensen inequality we have

/ lu(80) — uEn+1)|PdéodEn 11

BoxBn i1

Mo
:E@/ / lu(50) —u(€r) +u(€) —...

By Bn+i

—uEn) +u@n) —uln+)IPdéo. .. dén
N+1

D luE)) —uE -0\ dé ... dén
j=1

W
<(N+ 1P~ _//
i1 |Bil

By By
Bl
=(N+1)p1|:ﬁ / lu(8o) — u(&1)|PdEodE,
BoxBy
N—1
|Bol|By+1]
+ 3 LollByal / (&) — u(Eje)|PdEjdj 41
— B;lI1Bj+1l
J= BjXBj+1
B
+% / |u(sN>—u(é~+1>|"dsNdsN+1]
By xBy11
(N+ 1t &
S ) Ml B O (144)
0 =088,
By construction, for & € B;,i =0, ..., N, we have
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& —&r1l <2ro+nr

which implies that B; x Biy1 C (M N O%*)2 N D,. Then from (144), in view of Assump-
tion A.3 b., we get

N+ 1P
/ o) — )" dEod 1 < / (&) — u(p)|Pdédn,
BoxBus1 O MnDenp,

Covering M N [J™ with a finite number of balls of radius r¢p and summing up the last inequality
over all pairs of these balls gives the desired estimate (143). O

Lemma A.6. Let M satisfy Assumption A.3. Then there exists a continuous linear operator
T LP(M) — LP(RY)

such that for all r > 2rg + ry and for all u € LP (M) we have

aein M, (145)
/|u|pdx<c1/|u|pdx (146)
/ u(x) —u(y)|"dxdy < c2 / lu(x) —u(y)|? dxdy, (147)
Dm+r0 MZHD’
where ¢ =1 + sup m and co = cy(cy, k N,m r).
X |MﬂDT+rO\’ s sy ) )

Proof. According to Assumption A.3 for any x € R? the set M N RN non-empty. More-
over, |IMN DT+VO| > k9| By,|. In what follows we will assume without loss of generality that
m 4+ ro = 1. If it is not the case we simply can scale M by (m + ro) L.

For each i € 2Z¢ we define the operator &' : LP(M N;) — L?(J;) as in Lemma A.2 with
A=Mand B=0];:

) u(x), xeMn;,
& (u)(x) := (148)
Umno;, X el; \M
By Lemma A.2
/|Cl>i(u)|pdx§cl / lu|? dx. (149)
; MnO;

For u € LP (M) we define

=) @ ulpmoo) o)
iel
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Properties (145), (146) directly follow from (148), (149). It remains to check (147). First we
prove that for any i, j € Z¢ we have

/ G0 — TP dxdy < & / @) —uPdxdy.  (150)
D,‘XDj (MﬂDi)X(MﬂDj)

Similarly to Lemma A.2, we decompose the set [J; x [; as follows:

Ui xd; = (MnNO;) x (MﬂDj))U((D,‘\M) X (MﬂDj))
U (MNL;) x O;\M)) U (EAM) x (L \M)).

We have:
|i(x) —u(y)|’ dxdy = / lu(x) —u(y)|” dxdy. (151)
(MﬁDi)X(MﬂDj) (Mﬂ[‘,‘)X(Mm\jj)
Applying Lemma A.1 we obtain
li(x) —u(|” dxdy = |0;\M| / |u(x) — upno; 1P dx (152)
(OA\M)x (M) MnO;

<c / () — u()|P dxdy, (153)
(MO xMNO;)

IOy O\Mm

where ¢ :=su
px anD;rHrrol

. Swapping the roles of i and j we get

lu(x) —u()IPdxdy <c / lu(x) —u)|Pdxdy.  (154)
(MQD,)X(DI\M) (MQD[)X(MQD_/)

Finally, resorting to Lemma A.1 once again we have
[i(x) = u(I? dx dy = [OAM|O \Mllupmno, — umno; 1
OAM)x T A\M)

<c? / lu(x) —u(y)|? dxdy. (155)
(MQD,')X(MQDI')

Combining (151)-(155) we arrive at (150).
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We have from (150) and Lemma A.5 (with m = 3, cf. Remark A .4):

[ -amraray= ¥ [ i -ao)r dxdy
Dy

; d
ie2Z D,‘XD?

<c? Z / lu(x) —u(y)|P dxdy < c} Z

1€224 \ g0,y (MO 1€224 \ gy
<clre} Y / 2o / lu(x) — u(y)|” dx dy.
iEZZd(Mmek)%D, M20D,

In the last inequality we have used the fact that each x € R is contained in at most (2k)? sets
O%*,ie2z¢. O

In conclusion of this part of the Appendix we state the following straightforward result.

Lemma A.7. Let M be a non-empty open Z¢-periodic set and n € N. If ¢ is a (quasi-)periodic
function on M N nY, then there exists a (quasi-)periodic extension ¢ on nY that satisfies

/|$|de5c / 1P dy:
Y MnNY

/|$<x)—$(y>|”dxdysc2 / 16(0) — p(0I? dx dy,
(nY)2 (MnNnY)?

where c =1+ ||/}(/\lﬁ/)t/l|'

Proof. The argument goes by applying the extension of Lemma A.2 on every cube i + Y C nY
forieZd. O

Appendix B. Compactness result
In this section we revisit the compactness theorem of [6].

Theorem B.1. Let Q2 be an open set with Lipschitz boundary, and assume that for a bounded in
L?(Q) family {u;)} the estimate

/]

Qe Br

2
e (x +eé€) —ue@ e <y (156)

is satisfied with some k > r > 0. Then there exists a bounded in H](ng) family {w.} C
C>®(Rpe) such that
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lue —wellp2q,,) < CVMe,  |wellgi(g,) < CWM + llugll12Rra)), (157)

where C doesn’t depend on € and M. In particular, we have (up to a subsequence)

U, — u strongly in L2(§2/),
we — u strongly in L*(') and weakly in H' (),

for some u € H'(Q). Here Q' is and arbitrary open set satisfying Q' € Q, i.e. Q' is bounded and
compactly contained in Q2.

Proof. The following is a straightforward adaptation of the argument used in [10, Theorem 2] in
a similar context.

Let ¢ be a radially symmetric mollifier, i.e. ¢ >0, ¢ € C(‘)’O(Br), f B ¢ dx = 1. We define

we (x) = / e (x + 68)0 (€)dE. (158)

B
where applying the Cauchy-Schwartz inequality and utilising (156) yields (157):

2

e = well2q, = / / PE) e (x +66) — ue (1)) | dx

Qe By

< / / ¢? (§)dé / (e (x + £8) — up (x))?dE | dx < CMe>.
B,

Qe By

This proves the first inequality in (157). Next we show that Vw, is bounded. First we observe
that since the mollifier is radially symmetric, its partial derivative 9;¢(x) is an odd function of
x; and is even with respect to all other variables (the second property is not essential, but will
simplify the notation). Therefore we can write

B we (x) =~ / g ue (x + e8)p(£)dE = —&! / Ue (x + 88) g, 0 (€)dé&

B, B,

==t [ e et - )0 0)de.
B,N{&>0}
Using Minkowski’s integral inequality in step two, applying the triangle inequality to the term
Ug(x +€&) —ug(x) +us(x) —ug(x — €€) in step three, and then the Cauchy-Schwartz inequality,

we obtain:
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2 1/2

10 well 20y =& / / (e (x + 88) — us (x — £6))dg 0(£)dE | dx
Qe | BrN{&i>0}

12
<! / 19, 0(&)] / (e (x + 68) — s (x — £8))%dx | de
BrN{&; >0} ke
" (159)
< V2e 1Vl les,) / / (e (x + 68) —up (0)2dx | d&
B, ke

1/2

<N2e Vgl B 12 / / (e (x +88) —u(x))’dédx | <CM.

$2ke Br

As a consequence of (158), Young’s inequality and (159) we obtain the second inequality of
(157). The convergence properties are the direct consequences of the boundedness of w, in
H'(Q4e) and (157). O

Remark B.2. From the construction above we see that if u, = 0 outside some compact set K
then w, =01in K"®.

Combining Lemma A.6 and Theorem B.1 we arrive at the following corollary.

Corollary B.3. Let Y, Yifr, Ysoft, a- be as in Section 2, and assume that u € L2(Rd). Then for
every ¢ > 0 the function u admits the following decomposition:

U=ug+ g + Z¢,
where i, € H'(RY) N C®(RY), i, € LERY) and z, € LZ(SY:)ﬂ) and the following estimates
are valid:
lite I 31 gty < C(@e @t 1) + el 2 gay)s IellF 2 gay < C (@@t ) + ull7 2 gay):
12617 2 ey < € (@ 1) + ull7 2 gay)s

where C > 0 is independent of ¢ > 0.
Furthermore, if suppu C S, then suppze C SN sYS#

"« and suppii., suppii, C S¥°.

Proof. If u = 0, the statement is trivial. If u £ 0, we define u, := (a.(u, u) + ||u||%2(Rd))_%u.

From assumption (1) we immediately have that

2
/ <M8(x) ;’%(n)) dxdn < C.

£Y§iffxs}’§iﬁﬁ{|x—7]\§8ra}
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Applying Lemma A6 to the restriction of u,(e-) to Y «se and rescaling back we obtain its exten-
sion U, with

~ ~ 2
<ue(X)—Ma(77)> dxdy < C
&

R xRIN{|x—n|<er’}

for some r’ > 0. Applying Theorem B.1 to u, we have the following decomposition:

Ug =g +Ug — Uy = We + (g — W) + Zg,

where the sequence w; is bounded in HI(RY), |t — w, ||L2(Rd) < Ce,and Z; := u, — il vanishes
on Y::IH by construction. Letting

~

_ 2 1 1Ug — We
Ug 1= (as(u’ Ll) + Ilu”LZ(Rd))wa’ u&‘ = (ae(u l/t) + ”M”LZ(Rd))2 e ’

2o = (@s () + )22 ) e

we obtain the first claim of the Corollary.
The second claim follows by applying to u the extension Lemma A.6 with M := (715N
YE U R\ e71S) for which Assumption A.3 holds with the same parameters. In this way we

have that suppu, C S by construction, thus suppz, C SN SYSOﬂ, and supp i, supp it C S¥¢ by
Remark B.2. O

Appendix C. Two-scale convergence for convolution energies

In this section we provide technical statements on two-scale convergence that will be used in
the derivation of the limit two-scale operator.

Lemma C.1.Let a € L'(RY), T € LP(Y x Y), Te(-,+) :=T'(-/e,-/¢), and ju be a bounded

2
(signed) measure on [0, 1]. Let (ug)e~0 be a bounded sequence in LZ(Rd) such that u, —
u(x,y) € L*(R? x Y). Then

T, = / / a(E)Ta (x, x + o) / e (x + 168)d () p(Ob(x [e)dE dx

R4 R4

ST / / / aET Gy +8) / u(x, y +16)dp(De()b(y)dE dydx, (160)

R Y RY

Jo= / / a(&)Ta(x, x + £€) / e (x + 168)d (D9 (x + £8)b(x /e + £)dE dx

R4 R4
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1
S / / / a@ET (. y +8) / u(x, y +1E)dp(D()b(y + E)de dydx  (161)

R Y R4 0
ase— 0 forall g € CPRY), be Cy(Y).

Proof. Using a change of variables, we have

1
I - / / a(€) / e (0T (x — 168, x + (1 = NeE)p(X)b(x /e — 1€)dx d& dpu (1)
Rn

0 R4

1
+ / / a(®) / e (O (x — 188, x + (1 = NeE)[p(x — 188) — 9(¥)Ib(x /6 — 1E)dx & du().

0 R4 R4
(162)

Note that for every & € RY te [0, 1] one has

2

/ Ue (T (x — 16E, x + (1 = NeB)p(x — 168) — (0 1b(x /e — 1E)dx

d

< 2T (oo lluell3 2 @l 1B 700 (163)

Furthermore, the quantity on the left-hand side of (163) vanishes as ¢ — 0 for every & € RY,
t € [0, 1]. Therefore, by the Lebesgue dominated convergence theorem, the second term on the
right-hand side of (162) converges to zero. It remains to deal with the first term therein. Denoting

1
B(y) = / / aET(y — 1€, y+ (1 — DEW(y — 18) dE dpu(d),

0 R4
we rewrite the first term on the right-hand side of (162) and pass to the limit as ¢ — 0:
/ ue(x)p(x)b(x/e) dx — / / u(x, y)ex)b(y)dydx =1. (164)
R4 R Y

Using the same change of variables we write

1
Jg=/us(X)¢(x)//a(E)Fa(x—t8$,x+(1—t)8$)b(X/8+(l—I)E)dédu(t)dx

R4 0 R4
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1
+/a<s)//rg<x—res,x+<1 — DeB)px + (1 — 1)) — o(x)]
R4 0 R4
Xug(x)b(x/e+ (1 —1)&)dxdu(t)dé. (165)

Arguing as before, we conclude that the second term on the right-hand side of (165) converges
to zero. Furthermore, treating

1
b(y) :=//a(E)F(y i€,y 4+ (1= D8y + (1 — DE) du(r) dE,

0 R4

as a test function, we can pass to the limit similarly to (164) in the first term on the right-hand
side of (165). This completes the proof. O

Taking © to be the Dirac measure supported either at O or 1 in each of the convergence
statements (160) and (161), yields the following

Corollary C.2. Under the assumptions of Lemma C.1 one has, as € — 0,

/ / (E)Ta (x, x + £8)1s ()@ ()b (x /6)dE dx

R4 R4

N / / / (BT, y + Eulx. Yp)b(dE dydx,

R¢ Y RY

//a(S)Fe(x, x 4 e8)ue(x + £8)p(x)b(x/e)dE dx

R4 R4

S / / / a@)T (. y +Eulx. y +E)p@)b(y)ds dydx,

R? Y R4

//a(é)l"s(x,x +e&)u(x)p(x +e&)b(x /e + e&)dE dx

RY R4

. / / / aET(, y +Eulr, o)b(y + E)dE dy dx,

R? Y R4

/ / A(E) T (x, x + 68t (x + 68)0(x + £8)b(x /& + £€)dE dx

Rde
—>///a(smy,y+s)u(x,y+s>¢<x)b<y+s>dsdydx.
R4 Y R4
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