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Abstract

The growing global demand for clean and sustainable energy requires rapid advances in the atomic-
level understanding of critical materials, especially transition metals, rare-earth metals and their
oxides. These materials form the foundation of industrial catalysts; however, it is very challenging to
construct predictive models to optimise their performance. Density functional theory (DFT) is a core
method in modern computational chemistry but is limited in terms of accuracy and scalability, which
prohibits the simulation of complex electronic effects, length scales and disorder of real materials.

This thesis aims to address these challenges through the application of computational methods and
workflows that complement DFT and allow better understanding of experimentally observed metal
oxide effects in catalysis.

In Chapter 3, I investigate the simulation of electron polarons in Nb- and W-doped TiO2, which are
important materials for photocatalysis and solar cells but poorly understood at the atomic level. I apply
Hubbard corrected DFT+𝑈 to accurately simulate these materials and show that careful determination
of both the Hubbard𝑈 value and projector is required to match experimental observations. Refinement
of the Hubbard projector mitigates numerical instabilities and enables robust simulations across a wide
range of materials, which is achieved using supervised machine learning in Chapter 4. In Chapter 5, I
examine the role of metal oxide supports in enhancing the sulfur tolerance of Ni-based methane steam
reforming catalysts. Combining DFT+𝑈, grand canonical Monte Carlo sampling and machine learned
interatomic potentials, I probe oxygen buffering and bulk phase transformations that govern sulfur
oxidation and catalyst regeneration. The simulations rationalise experimental observations across
different supports, linking atomic-scale defect chemistry with macroscopic catalytic performance.

Overall, this work demonstrates how refined DFT+𝑈 methods, machine learning and multiscale
modelling can provide a pathway to more comprehensive simulations of complex catalytic materials
that are far beyond current capabilities.
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Chapter 1

Introduction
The following introduction aims to provide essential context for this thesis, outlining the motivations
for constructing predictive models of catalytic materials and highlighting the key challenges that
motivate the methods considered in the subsequent chapters.

Sustainable Catalysis and the Role of Defects

Human society continues to consume finite resources at an unsustainable rate, leading to rising energy
costs and insecurity, as well as widespread destruction of the natural environment. To halt and reverse
this trajectory, there is an urgent need for new technologies that enable the sustainable production of
energy vectors (i.e., fuels) from renewable feedstocks, alongside advanced technologies for energy
conversion and storage. At the foundation of these technologies lie critical materials based on transition
metals, rare-earth metals and their oxides, which demand an accurate atomic-level understanding to
deliver the performance and economic viability required for a sustainable energy future.

Heterogeneous catalysis plays a central role in modern chemical processes, enabling the conversion
of stable and otherwise hard-to-activate feedstocks into valuable products. Catalysts provide an
alternative reaction pathway with a reduced activation energy barrier, thereby dramatically enhancing
the efficiency and selectivity of chemical transformations. Importantly, catalysts are not consumed
in the reaction and can therefore be used repeatedly, making them indispensable for both large-
scale industrial applications and the development of sustainable energy technologies. Transition
metal oxides (TMOs) and rare-earth metal oxides (REOs) are widely used as support materials in
heterogeneous catalysis to enhance the reactivity of metal nanoparticles via complex metal-support
interactions. Such interactions include the formation of point defects, e.g., oxygen vacancies and
substitutional dopants, which can result in charge transfer between the catalyst and support due to
the formation of trapped electrons, i.e., electron polarons, where excess electrons localise on metal
cations causing a reduction in oxidation states and distortion of the surrounding lattice.

By controlling the formation of electron polarons, catalytic activity and selectivity can be tuned
to achieve controllable CO2 conversion using CeO2-based catalysts, [1] H2 production using MoO3-
based catalysts [2] and the production of sustainable aviation fuel via the Fischer Tropsch process
using TiO2-based catalysts. [3] The energetic favourability of defect formation in metal oxide supports
can also aid the regeneration of poisoned catalysts, e.g., via oxygen buffering from reducible support
materials like CeO2 and Y2O3, where lattice oxygen can migrate to catalyst active sites that are
poisoned with S and C before removing them via oxidation to SO2 and CO2, respectively. [4–12]
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Beyond catalysis, the role of defects in TMOs and REOs extends to a much wider range of energy
technologies, where the tuneable conductivities of electrons and ions is crucial. For example, tuneable
charge carrier mobility can be exploited for the development of photovoltaics and lithium ion battery
cathodes using dopants such as Nb and Mg to optimise the electrical performance of TiO2 and LiCoO2,
respectively. [13, 14]

Grand Challenges and Opportunities in Predictive Modelling

Constructing predictive models of defect-driven phenomena in TMOs and REOs that faithfully captures
the behaviour of real materials remains extremely challenging. Density functional theory (DFT) is a
core method in modern computational chemistry and materials modelling; however, its application for
simulating defects in TMOs and REOs is hindered by well-known limitations. [15, 16] In particular,
traditional exchange-correlation density functionals suffer from the Coulomb self-interaction error
(SIE) when modelling electron correlation between localised d or f orbitals. The SIE manifests as
systematic errors in the DFT-predicted properties of materials with partially filled 𝑑 or 𝑓 orbitals,
e.g., underestimated insulator band gaps, inaccurate lattice parameters [17] and inaccurate formation
energies of point defects and electron polarons. [18, 19] These challenges motivate the need to
understand how to efficiently correct DFT to achieve the accuracy of higher levels of theory, such as
hybrid-DFT, which is generally more accurate but scales poorly at 𝑂 (𝑁4), where 𝑁 is the number of
electrons in the system (Figure 1.1). Even with these improvements in accuracy, the computational
cost of DFT scales on the order of𝑂 (𝑁3), which restricts its applicability to modelling large supercells
(which are necessary to avoid artificial interactions between periodic images of defects) or sampling
high-dimensional chemical space. The necessity for large simulations demands advances in the
computational efficiency of DFT, e.g., by parameterising highly efficient surrogate models such as
classical interatomic potentials, which achieve linear scaling at 𝑂 (𝑁) (Figure 1.1).

The limitations in accuracy and computational efficiency of DFT together expose a grand challenge
in computational materials science that motivates this thesis: defect-driven phenomena in TMOs and
REOs are governed by highly localised electronic structure effects that demand an accurate treatment of
electron correlation, whilst their technological relevance requires simulation methods that are efficient
and widely transferable across chemical space. The work presented in this thesis therefore develops
and applies a sequence of complementary methods that progress from understanding and correcting
electronic structure errors in model systems, to generalising these corrections across chemical space,
and finally to exploiting them in simulation workflows to support experimental observations, uncover
future optimisation strategies and demonstrate capabilities that extend far beyond the model systems
selected.
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Figure 1.1: The relative computational cost as a function of system size 𝑁 for methods with different
formal scaling, including linear 𝑂 (𝑁) with interatomic potentials, cubic 𝑂 (𝑁3) with meta-GGA density
functional theory, quartic 𝑂 (𝑁4) with hybrid-DFT, sextic 𝑂 (𝑁6) and nonic 𝑂 (𝑁9) with wavefunction
methods. The theoretical background for the different computational methods is outlined in Chapter
2. The steep growth in computational cost highlights the challenge of simulating defect-rich TMOs and
REOs at realistic length scales. The high scaling methods are typically used for accurate simulations
for small systems like molecules, whereas the lower scaling methods as typically used for large-scale
simulations of heterogeneous catalysts.

I begin in Chapter 3 by investigating the challenges in simulating defects and polarons in Nb-
and W-doped TiO2, which is important knowledge for the design of transparent conducting oxides
(TCOs) for high efficiency photovoltaics and photocatalysts with tuneable reaction selectivities. There
is currently no clear explanation in the theoretical or experimental literature as to why these materials
exhibit electronic properties; particularly dopant atom oxidation states and electronic conductivities,
that vary with the TiO2 polymorph, i.e., anatase or rutile. Therefore, I apply Hubbard corrected
density functional theory (DFT+U) to mitigate the SIE in these systems via a tuneable ad-hoc energy
correction applied selectively to localised orbitals in the system. [20] DFT+U is popular because it
adds minimal computational cost compared to standalone DFT, [21] whilst achieving the accuracy
of higher levels of theory such as hybrid-DFT; however, this requires very careful determination of
multiple simulation parameters including the Hubbard 𝑈 value and projector. [22]

In Chapter 4, I expand on the challenge of determining accurate DFT+U simulation parameters
to enable self-consistent simulations of defects in TMOs and REOs. Chapter 4 begins with an in-
depth analysis of the deficiencies of default Hubbard projectors, before outlining the development of
a novel first-principles method for DFT+U parameterisation that uses supervised machine learning
to generalise predictive accuracy across a broad range of TMOs and REOs. Chapter 5 extends the
concepts introduced in Chapters 3 and 4 by investigating the role of metal oxide supports in controlling
the sulfur tolerance of industrially relevant Ni catalysts for H2 production. The work highlights how
accurate DFT+U predictions of the energetics of defect formation in catalyst support materials and
scalable simulations of adsorption on catalyst surfaces using statistical sampling and machine learned
interatomic potentials, can inform catalyst design strategies.

3
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Together, the work demonstrates how advanced methods and workflows can complement DFT to
expand the predictive power of first-principles simulations and provide essential insight into complex
defect-driven phenomena that underpin sustainable energy technologies.
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Chapter 2

Theoretical Background
This chapter introduces the theoretical framework of this thesis, beginning with interatomic potentials
and density functional theory (DFT), including the Hubbard corrected DFT+𝑈 method. The role
of supervised machine learning is then outlined for electronic structure method development and a
concluding overview is provided for multiscale modelling approaches that bridge atomistic simulations
with experimental length scales.

2.1 Modelling Molecules and Materials from First-Principles

Accurately predicting the properties of molecules and solids is a central goal of theoretical and
computational chemistry. Historically, atoms were represented as point masses that interact through
empirically constructed interatomic potentials. Well-known examples include the Lennard-Jones
potential, [1] which describes the potential energy between a pair of atoms,𝑉LJ(𝑟), including attractive
long-range van der Waals forces and repulsive short-range interactions. The Lennard-Jones potential
is described by the functional form:

𝑉LJ(𝑟) = 4𝜀
[(𝜎

𝑟

)12
−

(𝜎
𝑟

)6
]

(2.1)

where 𝑟 is the interatomic distance, 𝜀 is the depth of the potential well (corresponding to the strength
of the attractive interaction) and 𝜎 is the distance at which the interatomic potential crosses zero. The
𝑟−12 term in Equation 2.1 represents repulsive short-range interactions and the 𝑟−6 term represents
attractive long-range interactions (Figure 2.1). The total potential energy (𝐸LJ) is obtained by summing
the pair potential 𝑉LJ(𝑟𝑖 𝑗) over all distinct pairs of atoms (𝑖, 𝑗), while the forces are evaluated as the
analytical derivative of the energy with respect to the atomic positions, i.e., the negative gradient of
𝐸LJ.

Classical interatomic potentials remain widely used for large-scale molecular mechanics simula-
tions due to the low cost of evaluating energies and forces; however, their transferability is inherently
limited. The constants in these potentials are typically parameterised empirically for specific systems
and cannot describe phenomena such as bond breaking and charge transfer that is foundational for
the understanding of catalytic materials. These shortcomings necessitate approaches that explicitly
incorporate the quantum mechanical behaviour of electrons, i.e., ab initio approaches, where material
properties are computed from first principles with no empirical fitting beyond fundamental physical
constants. Nevertheless, the concept of interatomic potentials remains invaluable, as demonstrated
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by recent advances in machine learned interatomic potentials (MLIPs), which leverage highly pa-
rameterised neural networks to move beyond the rigid analytical forms in Equation 2.1 and describe
chemically reactive systems (discussed in Section 2.5).

Figure 2.1: Schematic of a generic pair potential 𝑉 (𝑟) as a function of interatomic distance 𝑟. At very
short separations (𝑟 ≪ ★), strong Pauli repulsion dominates (1). At the equilibrium separation (𝑟 = ★),
the potential reaches its minimum, corresponding to a stable bond length (2). At large separations
(𝑟 ≫ ★), the interaction becomes attractive but weak, approaching zero as the atoms move apart (3).

At the foundation of all quantum mechanical descriptions lies the time-independent Schrödinger
equation, [2] which is defined as:

𝐻̂Ψ(r,R) = 𝐸Ψ(r,R) (2.2)

where 𝐻̂ is the Hamiltonian operator, Ψ(r,R) is the many-body wavefunction that depends on the
co-ordinates of all electrons r and nuclei R, and 𝐸 is the total energy of the system. The Hamiltonian
can be expanded as a sum of several contributions in the form:

𝐻̂ = 𝑇𝑒 + 𝑇𝑛 + 𝑉̂𝑒𝑛 + 𝑉̂𝑒𝑒 + 𝑉̂𝑛𝑛 (2.3)

where 𝑇𝑒 and 𝑇𝑛 denote the electronic and nuclear kinetic energy operators, 𝑉̂𝑒𝑛 describes electron-
nuclear attraction, 𝑉̂𝑒𝑒 describes electron-electron repulsion and 𝑉̂𝑛𝑛 describes nuclear-nuclear re-
pulsion. In principle, solving Equation 2.2 yields the exact ground state properties of any quantum
system; but in practice, tremendous difficulty arises from the exponential complexity of the many-body
wavefunction. For a system with 𝑁 electrons, the wavefunction Ψ is defined over a 3𝑁-dimensional
co-ordinate space. The Born-Oppenheimer approximation simplifies the formulation of the many-
body wavefunction by treating the nuclei as stationary on the timescales of electronic motion, [3]
therefore the Hamiltonian in Equation 2.3 can be reduced to the electronic Hamiltonian (𝐻̂𝑒), which
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is defined as:
𝐻̂𝑒 = 𝑇𝑒 + 𝑉̂𝑒𝑛 + 𝑉̂𝑒𝑒 +𝑉𝑛𝑛 (2.4)

where 𝑉𝑛𝑛 is the classical nuclear-nuclear repulsion (constant), that depends only on the fixed nuclear
co-ordinates. This formulation allows the electronic Schrödinger equation to be solved independently
for a given set of nuclear positions, yielding the potential energy surface on which the nuclei move.
However, even under this approximation, the electronic Schrödinger equation remains intractable for
systems with more than a few electrons. This so-called curse of dimensionality underpins the challenge
of electronic structure theory: the exact solution scales exponentially with 𝑁 , while realistic catalytic
materials contain an astronomical number of electrons, e.g., ∼ 1026 in 1 mole of TiO2.

Early strategies to approximate solutions of the electronic Schrödinger equation attempted to
reduce the complexity of the many-body problem by introducing simplified models of electron-
electron interactions. The Thomas-Fermi (TF) theory was one of the first density-based models,
which expressed the total energy directly in terms of the electron density, with the kinetic energy
approximated from the homogeneous electron gas. [4] This made the approach extremely simple
with essentially linear scaling in system size. However, TF theory neglected electron exchange and
correlation effects entirely and could not describe chemical bonding, making it qualitatively unreliable
for molecules and solids. The Hartree method improved upon TF theory by introducing a mean-field
description in which the many-electron wavefunction is represented as a product of single-electron
orbitals. [5] This allowed a self-consistent treatment of electron-electron repulsion at relatively modest
computational cost, with scaling of approximately 𝑂 (𝑁2). Despite this improvement, the Hartree
method neglected the antisymmetry of the wavefunction required by the Pauli principle, leading to
inaccurate electronic structures. The Hartree-Fock (HF) method resolved this limitation by enforcing
antisymmetry, thus providing an exact description of electron exchange interactions and representing
a major advancement over TF and Hartree approaches. [6] However, HF neglects electron correlation
effects, leading to systematic errors in geometric, electronic and energetic properties. Moreover,
the computational scaling of HF is significantly higher at 𝑂 (𝑁4), which restricts its applicability to
relatively small systems.

The strengths and shortcomings of the TF, Hartree and HF methods motivated the development
of new frameworks capable of incorporating electron exchange and correlation in a computationally
efficient manner.

2.2 Density Functional Theory

Density functional theory (DFT) provides a computationally tractable framework for modelling the
ground state properties of many-electron systems by recasting the problem of solving the electronic
Schrödinger equation in terms of the electron density rather than the many-body wavefunction. The
foundation of DFT was established by the Hohenberg-Kohn theorems (HKTs), which prove that the
ground state electron density 𝜌(r) uniquely determines all properties of a system and that there exists
a variational principle to obtain the ground state energy as a functional of 𝜌(r). [7] However, the
HKTs do not specify the explicit form of the universal energy functional.

9
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2.2.1 Kohn-Sham Formalism

The Kohn-Sham (KS) formalism introduces a fictitious system of non-interacting electrons that shares
the same ground-state density as the interacting many-electron system. [8] Within this framework, the
total energy of the real system is expressed as a functional of the electron density:

𝐸 [𝜌] = 𝑇𝑠 [𝜌] + 𝐸H [𝜌] + 𝐸ext [𝜌] + 𝐸xc [𝜌] (2.5)

where 𝑇𝑠 [𝜌] is the kinetic energy of the non-interacting reference system, 𝐸H [𝜌] is the classical
Hartree electron-electron repulsion, 𝐸ext [𝜌] is the external potential energy due to the nuclei and
𝐸xc [𝜌] is the exchange-correlation energy. From the total energy functional, the KS effective potential
is defined as:

𝑣eff(r) = 𝑣ext(r) + 𝑣H(r) + 𝑣xc(r) (2.6)

where 𝑣ext(r) is the external potential due to the nuclei, 𝑣H(r) is the Hartree potential and 𝑣xc(r) is the
exchange-correlation potential (discussed in Section 2.2.2). The total energy functional is minimised
numerically with respect to the Kohn-Sham orbitals, which are used to construct the electron density
using:

𝜌(r) =
occ∑︁
𝑖

|𝜙𝑖 (r) |2 (2.7)

where 𝜙𝑖 (r) denotes the 𝑖th Kohn-Sham orbital, with their squared modulus describing the probability
density of finding an electron at position r. Minimising the total energy functional with respect to the
Kohn-Sham orbitals leads to an effective single-particle Schrödinger equation:

𝐻̂KS𝜙𝑖 (r) = 𝜀𝑖𝜙𝑖 (r), 𝐻̂KS = − ℏ2

2𝑚𝑒

∇2 + 𝑣eff(r) (2.8)

where 𝜀𝑖 denotes the KS orbital eigenvalues and − ℏ2

2𝑚𝑒

∇2 denotes the kinetic energy operator, where
ℏ is the reduced Planck constant and 𝑚𝑒 the electron mass. Because both 𝑣H and 𝑣xc depend
on the electron density, Equation (2.8) is a non-linear partial differential equation requiring the
determination of a self-consistent solution to compute the ground state density and total energy
via iteratively optimising the electron density until input and output electron densities agree within
a chosen threshold. In addition to the ground state energy, the same framework also allows the
calculation of atomic forces via derivatives of the total energy with respect to nuclear positions.

2.2.2 Exchange-Correlation Density Functionals

The accuracy and applicability of a DFT calculation critically depends on the approximate exchange-
correlation functional. Meta-GGA exchange-correlation functionals represent a critical advancement
beyond local density approximation (LDA) and generalised gradient approximation (GGA) functionals,
as they incorporate not only the electron density (𝜌) and its gradient (∇𝜌), but also the kinetic energy
density (𝜏) in the evaluation of the exchange-correlation energy (𝐸xc) in Equation 2.5:

𝐸xc [𝜌, ∇𝜌, 𝜏] =
∫

𝜖LDA
xc [𝜌] · 𝐹xc [𝜌,∇𝜌, 𝜏] 𝑑r (2.9)
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where 𝜖LDA
xc is the LDA exchange-correlation energy density per volume, 𝐹xc is an exchange-correlation

enhancement factor that defines the mapping from LDA to meta-GGA approximations and 𝜏 is a non-
local property obtained via evaluating the gradient of Kohn-Sham orbitals (𝜙):

𝜏 =
1
2

∑︁
𝑖

𝑓𝑖 |∇𝜙𝑖 |2 (2.10)

where 𝑓𝑖 is the occupation number of the Kohn-Sham orbital 𝜙𝑖 . Once 𝐸xc is evaluated for a given
electron density, self-consistent optimisation towards the ground state is achieved using the exchange-
correlation potential (𝑣xc), defined as the functional derivative of 𝐸xc with respect to the electron
density: [9]

𝑣xc =
𝛿𝐸xc [𝜌, ∇𝜌, 𝜏]

𝛿𝜌
=

𝜕𝜖xc
𝜕𝜌

− 2∇ ·
(
𝜕𝜖xc
𝜕𝜎

∇𝜌
)
+ 𝜕𝜖xc

𝜕𝜏
· 𝛿𝜏
𝛿𝜌

(2.11)

where 𝜎 denotes the contracted gradient (|∇𝜌 |2), 𝜕 denotes partial derivatives with respect to explicit
variables of 𝜖xc and 𝛿 denotes functional derivatives. In theory, 𝑣xc is a local multiplicative potential,
i.e., acting pointwise on the electron density; however, in practice the explicit dependence of 𝜖xc on the
orbital-dependent 𝜏DFT makes the term 𝜕𝜖xc

𝜕𝜏
· 𝛿𝜏
𝛿𝜌

difficult to evaluate, resulting in a non-multiplicative,
orbital-dependent potential which is evaluated using the generalised Kohn-Sham (gKS) scheme. [10]
The additional 𝜏-dependence of 𝐸xc and 𝑣xc allows meta-GGA exchange-correlation functionals to
accurately capture key features such as non-local exchange effects and intermediate-range correlation,
resulting in improved accuracy in the predicted geometric, electronic and energetic properties of
molecules and solids. [11]

2.2.3 Numerical Implementation

In practice, solving the Kohn-Sham equations requires several numerical approximations, particularly
in the representation of the Kohn-Sham orbitals that construct the electron density and the handling
of periodic boundary conditions.

Basis Sets

The Kohn-Sham orbitals are expressed as linear combinations of basis functions:

𝜙𝑖 (r) =
∑︁
𝑗

𝑐 𝑗𝑖 𝜒 𝑗 (r) (2.12)

where 𝜒 𝑗 (r) are the basis functions, 𝑐 𝑗𝑖 are the linear expansion coefficients, 𝑖 indexes the Kohn-Sham
orbitals and 𝑗 indexes the basis functions. The choice of basis set strongly influences both the accuracy
and computational efficiency of a calculation. All work in this thesis uses a numerical atom-centred
orbital (NAO) basis set, as implemented in the Fritz-Haber Institute ab initio materials simulation
(FHI-aims) software [9], where basis functions are constructed from products of a radial function and
a spherical harmonic. Each basis function takes the form:

𝜒 𝑗𝑙𝑚(r) =
𝑢 𝑗𝑙 (𝑟)

𝑟
𝑌𝑙𝑚(𝜃, 𝜙) (2.13)
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where 𝑢 𝑗𝑙 (𝑟 )
𝑟

is the radial component of the basis function, with 𝑢 𝑗𝑙 (𝑟) denoting the 𝑗-th radial function
for angular momentum channel 𝑙. This radial part is numerically tabulated as an all-electron function
and encodes the oscillatory behaviour characteristic of atomic orbitals (Figure 2.2).

Figure 2.2: Schematic illustration of a numerical atom-centred orbital (NAO) basis function which is
numerically tabulated as an all-electron function on a dense logarithmic grid, rather than assuming
an approximate analytical form. [9] 𝑢(𝑟) denotes the radial component of the basis function. A cutoff
potential is used to localise the basis function within a finite radius from the atomic centre, preventing
long radial function tails and ensuring computational efficiency for simulating large systems. [9] This
figure is adapted from [9].

The angular dependence of the basis function is described by the spherical harmonic 𝑌𝑙𝑚(𝜃, 𝜙),
with degree 𝑙 and order 𝑚. The degree 𝑙 determines the angular character of the orbital: 𝑙 = 0
corresponds to 𝑠-orbital-like functions, 𝑙 = 1 to 𝑝-orbital-like functions, 𝑙 = 2 to 𝑑-orbital-like
functions and 𝑙 = 3 to 𝑓 -orbital-like functions, etc. For each 𝑙, the order 𝑚 defines the magnetic
quantum number, yielding (2𝑙 + 1) functions for each 𝑙. The basis sets in FHI-aims are hierarchically
constructed, providing a systematic path to improved accuracy. They are generated from non–spin-
polarised DFT calculations of symmetric dimers via an iterative selection process in which additional
basis functions are introduced and tested for convergence of the DFT total energy. [9] The outcome is
the tiered basis sets and corresponding integration grids (light, intermediate and tight), which provide
the user with easy-to-use default settings whilst enabling flexibility to systematically adjust accuracy
and computational cost according to the requirements of a given study. [9]

Periodic Boundary Conditions

Periodic boundary conditions (PBCs) are used to model an infinite crystal using a finite unit cell,
where the wavefunction satisfies Bloch’s theorem, [12] which states that the Kohn-Sham orbitals can
be written as:

𝜙𝑖k(r) = 𝑒𝑖k·r𝑢𝑖k(r) (2.14)

where k is a wavevector in the reciprocal lattice and 𝑢𝑖k(r) is a function with the periodicity of the
crystal unit cell. The index 𝑖 labels the band, while k labels the crystal momentum. The set of all
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possible wavevectors k forms the reciprocal space of the crystal, with the primitive cell in this reciprocal
lattice defined as the first Brillouin zone. Physical quantities such as the total energy and electron
density require integration over the Brillouin zone; however, these integrals are approximated to save
computational resources using a discrete sum over a finite grid of k-points. As a result, the accuracy
of the calculation depends on how finely the Brillouin zone is sampled. A denser k-point grid yields
more accurate results but at increased computational cost; therefore, it is necessary to systematically
converge the predicted values of observable properties with respect to the k-point spacing, defined as
the distance in reciprocal space between adjacent sampling points along a reciprocal lattice vector.

2.3 Beyond-DFT Methods

2.3.1 Coulomb Self-Interaction and Hybrid-DFT

A key limitation of local and semi-local DFT is the Coulomb self-interaction error (SIE), which
originates from the fact that the Hartree energy counts the interaction of each electron with the total
electron density, including its own charge distribution. [13] In exact theory, this unphysical self-
repulsion is exactly cancelled by the exchange-correlation functional; however in reality, approximate
exchange-correlation functionals do not fully cancel the electron self-repulsion. The SIE creates
challenges for accurately simulating the properties of materials with partially filled, localised 𝑑 or 𝑓

orbitals such as transition metal oxides (TMOs) and rare-earth metal oxides (REOs). For these systems,
the SIE causes systematic errors in predicted material properties, e.g., underestimated insulator band
gaps, inaccurate lattice parameters and inaccurate formation energies of point defects and electron
polarons. [14–16] To overcome the limitations of DFT for strongly correlated materials, “beyond-
DFT” methods can be applied that add corrective schemes to combat the SIE. Hybrid-DFT is one of
the most popular schemes to mitigate the SIE via mixing a portion of the non-local exact exchange
from Hartree-Fock theory with the local or semi-local DFT exchange-correlation energy:

𝐸
hybrid
xc = 𝛼𝐸HF

x + (1 − 𝛼)𝐸DFT
x + 𝐸DFT

c (2.15)

where 𝐸HF
𝑥 is the exact exchange from Hartree-Fock, 𝐸DFT

x (𝐸DFT
c ) are the exchange (correlation)

contributions from a chosen semi-local functional and 𝛼 is a mixing parameter (typically 20-25
%). Hybrid functionals generally predict more accurate band gaps, magnetic properties and defect
energetics compared to LDA, GGA or meta-GGA DFT; however, the computational cost of evaluating
exact exchange scales on the order of 𝑂 (𝑁4), which makes hybrid-DFT prohibitively expensive for
large supercells or extended configurational sampling.

2.3.2 Hubbard Corrected DFT+U

Background and Formalism

Hubbard corrected density functional theory (DFT+U) is a popular alternative to hybrid-DFT for
modelling strongly correlated metal oxides, involving a tuneable on-site Coulomb repulsion, i.e., an
energy penalty against electron delocalisation, that is applied selectively to localised orbitals in the
system. [17] The physical intuition behind the DFT+𝑈 method is derived from the Hubbard model,
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[18] which provides a simplified description of interacting electrons occupying lattice sites. In the case
of a one-dimensional chain of atoms with each containing one electron that half fills one orbital, the
absence of electron-electron interactions (𝑈 = 0) results in a metallic system with a single half-filled
band (Figure 2.3). Upon applying an on-site Coulomb repulsion, the occupation of two electrons at
the same site becomes increasingly unfavourable, causing the single band to split into two: a fully
occupied lower Hubbard band (LHB) and an empty upper Hubbard band (UHB). The DFT+𝑈 method
aims to treat the SIE in semi-local DFT in a similar way, by penalising the fractional occupancy
of localised orbitals and thus driving the system towards integer occupations, whilst opening a gap
between occupied and unoccupied localised states. Importantly, the DFT+𝑈 method incurs minimal
added computational cost vs. semi-local DFT, and can be tuned to achieve the accuracy of higher
levels of theory if parameterised correctly. [19]

Figure 2.3: Schematic illustration of an on-site Coulomb repulsion in a half-filled 1-dimensional lattice
splitting a single band into a lower Hubbard band (LHB) and upper Hubbard band (UHB), opening a
gap at the Fermi level (EFermi).

To accurately parameterise DFT+U, one must account for both the magnitude and basis of the
Hubbard correction, which are defined using the Hubbard U value and the Hubbard projector function
(or Hubbard projector), respectively. These parameters are used to correct the DFT-predicted total
energy (𝐸DFT) with a corrective Hubbard term that treats localised states only (𝐸0

𝑈
) and a double

counting correction (𝐸dc
𝑈

) that prevents the double counting of localised states in both 𝐸DFT and 𝐸0
𝑈

:

𝐸DFT+𝑈 [𝜌(r), n𝜎
𝐼,𝑚] = 𝐸DFT [𝜌(r)] + 𝐸0

𝑈 [n𝜎
𝐼,𝑚] − 𝐸dc

𝑈 [n𝜎
𝐼,𝑚] (2.16)

where 𝜌(r) is the electron density and n𝜎
𝐼,𝑚

is the occupation matrix, whose diagonal elements
correspond to orbital occupation numbers for all atoms (𝐼), orbital magnetic quantum numbers (𝑚)
and spin channels (𝜎). According to the rotationally invariant, spherically averaged implementation
proposed by Dudarev et al., [20] the corrective Hubbard term is calculated using the trace (Tr) of the
occupation matrix and its square:

𝐸0
𝑈 [n𝜎

𝐼,𝑚] =
∑︁
(𝜎,𝐼 )

𝑈 𝐼
[
Tr(n𝜎

𝐼,𝑚) − Tr(n𝜎
𝐼,𝑚n𝜎

𝐼,𝑚)
]

(2.17)

The occupation matrix is calculated by projecting all DFT-predicted Kohn-Sham states onto
reference orbitals defined by the Hubbard projector, i.e., calculating the overlap between Kohn-Sham
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states and spatially localised orbitals, before an overlap-dependent assignment of the occupancy of
each Kohn-Sham state to the localised orbitals. [21] After evaluating 𝐸0

𝑈
, the corresponding Hubbard

potential, i.e., the added correction to the standard Kohn-Sham effective potential, is then obtained
by taking the functional derivative of the corrective Hubbard energy with respect to the occupation
matrix, yielding an orbital-dependent potential that acts only on the subspace defined by the chosen
projector. [20] The Hubbard correction therefore acts as an occupancy-based bias potential that
corrects the total energy using the Hubbard U value and the occupation matrix, which necessitates
careful choice of both the Hubbard U value and the projector. Choosing an appropriate Hubbard
projector is particularly important for accurate simulations of materials with strong covalent character,
[21–24] and their specific representation prevents the transferability of Hubbard parameters across
electronic structure codes that employ different types of Hubbard projector, e.g., atomic orbitals, [21]
Wannier functions, [25–27] projector augmented wave (PAW) projectors [28] and muffin-tin orbitals
(MTOs). [22]

Modifying the Hubbard Projectors

In FHI-aims, the default Hubbard projector is defined as the atomic NAO basis function in the minimal
basis set, which corresponds to the solution of the non-spin-polarised single atom Schrödinger equa-
tion. The use of localised atomic basis functions provides a reasonable initial guess for constructing
the correlated subspace for the DFT+𝑈 correction, but is known to overestimate orbital occupation
numbers leading to inaccurate predictions of oxidation states and energetic properties of complex
oxides. [29–31] Alternative definitions of the Hubbard projector can provide more accurate predic-
tions of orbital occupancies, such as maximally-localised Wannier functions; however, evaluating
these projectors can introduce significant computational overhead. [32] To maximise computational
efficiency, FHI-aims allows the Hubbard projector (Φ𝐼𝑚) to be defined as a linear combination of NAO
basis functions (𝜒𝑖

𝐼𝑚
), specifically the atomic basis function in the mimimal basis set and auxiliary

hydrogenic basis functions for the same atomic site 𝐼 and orbital magnetic quantum number 𝑚:

Φ𝐼𝑚 =
∑︁
𝑖

𝑐𝑖 𝜒
𝑖
𝐼𝑚 (2.18)

where 𝑐𝑖 denotes the linear expansion coefficients for a maximum of four basis functions per projector.
The use of basis sets with multiple basis functions for the same localised orbital can reportedly lead
to erroneous ground state predictions due to the occupation of electronic states outside the correlated
subspace; [21, 33] therefore, the DFT+𝑈 calculations in this thesis were restricted to the unmodified
light basis set, which contains at most one auxiliary basis function per localised orbital listed in
Table 2.1. With the available basis functions in Table 2.1, modified atomic-like Hubbard projectors
were defined using the linear expansion coefficients 𝑐1 and 𝑐2, which correspond to the atomic and
auxiliary basis functions, respectively. Before constructing modified projectors, the auxiliary basis
functions are subject to a Gram-Schmidt orthogonalisation with respect to the corresponding atomic
functions, which avoids double counting of the Hubbard correction from the overlap of basis functions
with long tails of radial decay. [21, 34] Positive values of 𝑐2 were avoided to prevent the mixing of
the metal 𝑑 or 𝑓 auxiliary basis functions with O 2p states in an unphysical manner, as determined by
Kick et al. from comparisons with hybrid-DFT. [21]
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Table 2.1: Materials, crystal structures and localised orbitals to which a Hubbard correction is applied
throughout Chapters 3-5. Materials used for training the first-principles machine learning approach
in Chapter 4 are separated from the materials that are unseen from model training (denoted using *).
The auxiliary basis functions in the light basis set, which are used for constructing modified atomic-
like Hubbard projectors, are noted alongside their confinement parameters, which correspond to an
effective core charge (𝑍val, 𝑒) for the hydrogenic basis functions and the onset radius (Bohr) of the
cutoff potential for the ionic basis functions. The light basis sets for Mo and W do not contain any
auxiliary basis functions for 4𝑑 and 5𝑑, respectively. For these systems, as well as Y2O3 and ZrO2
with ionic auxiliary basis functions for 4𝑑, only the first linear expansion coefficient 𝑐1 in the linear
combination affects the outcomes of the DFT+𝑈 calculations, as FHI-aims allows only hydrogenic
basis functions in the linear combination. [33]

Material Crystal Structure Corrected Orbitals Auxiliary Basis Function Type Confinement Parameter
TiO2 Tetragonal Ti 3d Hydrogenic 2.7
Cu2O Cubic Cu 3d Hydrogenic 5.0
Y2O3 Cubic Y 4d Ionic 4.0
ZrO2 Orthorhombic Zr 4d Ionic 3.5
MoO3 Orthorhombic Mo 4d N/A N/A
CeO2 Cubic Ce 4f Hydrogenic 7.6
WO3 Monoclinic W 5d N/A N/A

* LiFePO4 Orthorhombic Fe 3d Hydrogenic 3.1
* LiCoO2 Trigonal Co 3d Hydrogenic 5.4

Occupation Matrix Control

DFT+𝑈 is known to introduce challenges in the self-consistent determination of the ground state, due
to the existence of metastable states in the potential energy surface with respect to orbital occupancies.
The "occupation matrix control" (OMC) method is a popular approach to aid the identification of the
ground state, by carefully controlling the orbital occupancies via constrained and/or self-consistent
approaches. [21, 35, 36] In this work, constrained DFT+U calculations are performed using the OMC
method to fix polarons at specific atoms by modifying the corresponding occupation matrices (which
remain fixed for the entire calculation), e.g., fixing the 𝑑z2 orbital occupation number as 1 for a nearest
neighbour Ti atom relative to a substitutional W dopant to simulate the formation of Ti3+ in W-doped
TiO2 (Figure 2.4). [21] Self-consistent defect calculations are also performed using the "occupation
matrix release" (OMR) method to initialise polaron(s), then the DFT+U-predicted total energy (𝐸) is
pre-converged using OMC until Δ𝐸 ≤ 0.001 eV, the OMC constraint is then relaxed and the orbital
occupancies are calculated self-consistently. [21]
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Figure 2.4: Simulating an electron polaron in W-doped TiO2 at a nearest neighbour Ti atom, denoted
Ti3+ by setting the 3𝑑z2 orbital occupation number to 1. The electron polaron can be fixed using
the occupation matrix control (OMC) method or initialised using the occupation matrix release (OMR)
method. The diagonal elements of the occupation matrix correspond to orbital occupancies for a given
magnetic quantum number (3𝑑m) in the order (from top left to bottom right) 3𝑑−2, 3𝑑−1, 3𝑑0, 3𝑑1 and
3𝑑2 corresponding to the 3𝑑xy, 3𝑑yz, 3𝑑z2 , 3𝑑xz and 3𝑑x2−y2 orbitals, respectively. [36] Off-diagonals
elements in the occupation matrix reflect orbital hybridisation. In this work, the diagonal elements of
the occupation matrix are used as a quantitative measure of local chemical bonding environments and
to construct workflows for Hubbard parameter optimisation by assessing how the occupation matrix
varies with the chosen simulation method (i.e., DFT, DFT+𝑈 or hybrid-DFT, detailed in Chapter 4),
Hubbard parameters and atomic properties of different materials.

2.4 Supervised Machine Learning

Supervised machine learning methods are increasingly applied in computational materials modelling
to construct surrogate models of complex physical relationships and bypass the requirement for
computationally expensive evaluations. Such methods are based on learning the mapping between
input features x and target outputs y from labelled training data, i.e., approximating the conditional
probability distribution 𝑃(y | x), which describes the probability of observing the output y given the
input x. In regression tasks, y is continuous (e.g., predicting the band gap of a material), whilst in
classification tasks, y is discrete (e.g., a calculation is stable or unstable). In both cases, the aim is to
learn a mapping 𝑓 : x ↦→ y that generalises to unseen data, which can be combined with optimisation
algorithms to efficiently search multi-dimensional feature spaces for potential solutions. In Chapter 4,
regression, classification and optimisation algorithms are applied to parameterise Hubbard 𝑈 values
and projectors in a manner that generalises across different materials. The workflows constructed
involve three complementary methods: symbolic regression, support vector machines and Bayesian
optimisation.

Symbolic Regression

Symbolic regression (SR) is a powerful non-linear regression algorithm, which searches over a space
of mathematical expressions rather than reparameterising constants of a predefined model form. In
Chapter 4, SR is applied using the Sure Independence Screening and Sparsifying Operator (SISSO)
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algorithm, [37, 38] which recursively combines primary features using a defined set of mathematical
operators (e.g., +,−,×,÷, sin, exp, log) to form secondary features. From a large pool of generated
secondary features, sparse regression is then used to select a minimal number of secondary features
and linear regression is used to optimise the cofficients of the final expression, which is a linear
combination of secondary features. SR is particularly advantageous for our use case in DFT+𝑈
parameterisation as it is effective with small datasets and capturing non-linear mappings from x ↦→ y.

Support Vector Machines

Support vector machines (SVMs) are a popular supervised classification algorithm that find the
optimal hyperplane separating data points of different classes. Given labelled training data (x𝑖 , y𝑖)
with y𝑖 ∈ {1, 0}, an SVM maximises the margin between the hyperplane and the nearest training
points (support vectors). In the context of DFT+𝑈 parameterisation in Chapter 4, SVMs are applied
using the Scikit-learn Python library [39] to classify regions of the Hubbard parameter space that
lead to numerically stable vs. unstable defect calculations, or physical vs. unphysical defect energies.
By fitting SVMs to DFT+𝑈 data, the resulting decision boundaries provide explicit constraints for
parameter optimisation, ensuring the subsequent DFT+𝑈 calculations are robust.

Bayesian Optimisation

Bayesian optimisation (BO) is a probabilistic global optimisation algorithm designed for expensive,
black-box cost functions. [40] It operates by constructing a surrogate model (commonly a Gaussian
Process) of an unknown function, alongside an acquisition function that balances exploration (sampling
uncertain regions of the parameter space) and exploitation (refining regions close to the predicted
optimum). At each iteration, the next sampling point is selected by maximising the acquisition
function, after which the surrogate model is updated with the new evaluation. In the context of
DFT+𝑈 parameterisation in Chapter 4, BO is useful in two complementary ways. Firstly, for active
learning via iterative DFT+𝑈 calculations, it can minimise the total number of expensive electronic
structure calculations required to optimise the Hubbard parameters to achieve the accuracy of higher
levels of theory. Secondly, when screening cost functions derived from symbolic regression, BO does
not rely on gradient information and is therefore less susceptible to becoming trapped in local minima
in the complex cost function landscape.

2.5 Multiscale Modelling Beyond Atomistic Regimes

Even with advances in DFT and beyond-DFT methods, the direct simulation of realistic catalytic
materials at experimentally relevant scales remains computationally intractable. For example, the
formation of oxygen vacancies in catalyst support materials can result in oxygen spillover towards
supported catalysts; however, simulating oxygen adsorption on catalysts at experimentally relevant
surface coverages is itself computationally demanding. For these challenges, multiscale modelling
approaches extend the reach of atomistic simulation methods by integrating statistical sampling and
machine learning for the simulation of catalytic phenomena on length scales beyond atomistic regimes.
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Grand Canonical Monte Carlo Sampling

In Chapter 5, the application of multiscale modelling is discussed for simulating the adsorption of
catalyst poisons (S) and regenerators (O). Constructing more experimentally relevant predictive models
for S and O adsorption on Ni(111) requires extensive sampling of the large configurational space of
adsorption complexes, which is computationally infeasible with DFT alone. Statistical sampling
algorithms, such as grand canonical Monte Carlo (GCMC), must therefore be considered as they are
well suited for exploring the configurational space of adsorption complexes on a lattice model of
the surface, where adsorbates occupy predefined adsorption sites. [41, 42] In GCMC, the ground
state of the system is estimated by stochastically sampling a DFT-parameterised Hamiltonian through
adsorbate perturbations such as adsorption, desorption or diffusion. [43] The GCMC approach allows
the system to explore a wide range of chemically relevant surface configurations, producing extended
models that are beyond the atomistic length scales afforded by DFT, whilst ensuring all accessible
states contribute to the statistical ensemble when determining surface properties at thermodynamic
equilibrium.

Machine Learned Interatomic Potentials

Lattice models simplify the sampling of the configurational space of adsorption complexes but neglect
off-lattice effects, such as many-body lateral interactions and surface reconstruction, which can be
non-negligible under experimental reaction conditions. To account for off-lattice effects, extended
GCMC-predicted adlayers can be refined using classical interatomic potentials (IPs) to perform ge-
ometry optimisation and/or molecular dynamics simulations. [44–46] Classical simulations are a
computationally efficient approach for modelling materials at the length scales unaffordable using
DFT, but the accuracy of these simulations is dependent on that of the underlying IP. Modern ma-
chine learned interatomic potentials (MLIPs) offer a promising approach for balancing accuracy and
computational efficiency by avoiding the predefined functional forms used in traditional IPs, enabling
MLIPs to capture complex potential energy surfaces with greater flexibility. Recent advancements in
neural network (e.g., SchNet, [47] PaiNN, [48] M3GNet, [49] CHGNet [50] and MACE [51]) and
Gaussian process-based (e.g., GAP [52]) MLIPs have enabled more accurate modelling of chemical
reactivity on transition metal surfaces. [53–55]

In Chapter 5, I apply the MACE [51] architecture to perform large-scale geometry relaxations
of atomic poisons and regenerators on a Ni(111) catalyst surface, allowing the investigation of the
validity of GCMC predictions and the viability of different catalyst regeneration mechanisms via
entropic disorder. To ensure the validity of the MACE simulations, a pre-trained foundation model
is fine-tuned on a large collection of newly generated meta-GGA DFT data, achieving root-mean-
square errors of 14.4 meV per atom (14.2 meV per atom on the validation set) in total energies and
16.3 meV Å−1 (17.2 meV Å−1 on the validation set) in atomic forces. The close agreement between
training and validation errors indicates good generalisation, allowing us to leverage the data efficiency
of the MACE architecture compared to other MLIPs, and to effectively simulate off-lattice effects in
extended catalyst surfaces with near ab initio accuracy. [56] MACE replaces the rigid analytical forms
of classical IPs in Equation 2.1 with a highly-parameterised message-passing graph neural network,
where atoms are encoded as nodes and local chemical environments are encoded through inter-node
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edges. During model training, atomic features are updated using information from neighbouring atoms
within a finite cutoff radius, enabling the model to learn short- and medium-range interactions that are
essential to model DFT-predicted energies and forces across a broad range of materials. MACE learns
the DFT-predicted total energy as an expansion of equivariant Atomic Cluster Expansion (ACE) basis
functions, [57] which encode local many-body atomic correlations whilst preserving the required
rotational, translational and permutational symmetries. These architectural features enable a robust
and transferable representation of chemical environments, whilst often outperforming the accuracy
of classical IPs by an order of magnitude across a broad range of tasks. [55] The application of the
MACE MLIP is discussed further in Chapter 5 for the validation of GCMC-predicted adlayers, with
comparisons between the accuracy of pre-trained vs. finetuned MACE foundation models.
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Chapter 3

Polymorph-Induced Reducibility and
Electron Trapping Energetics of Nb and
W Dopants in TiO2

This chapter is based on the published work Polymorph-Induced Reducibility and Electron Trapping
Energetics of Nb and W Dopants in TiO2 in The Journal of Physical Chemistry C, which is co-authored
by Dr Andrew Logsdail (Cardiff University, CU) and Dr Andrea Folli (CU). [1]

The work introduces the challenge of accurately simulating defects and polarons in TiO2 with sufficient
accuracy to rationalise advanced material characterisation using electron paramagnetic resonance
(EPR) spectroscopy. In this work, I performed the electronic structure calculations and Dr Andrea
Folli performed all the experimental work, including materials synthesis and EPR spectroscopy. The
input and output files of all electronic structure calculations have been uploaded as a dataset to the
NOMAD repository at the DOI: 10.17172/NOMAD/2024.09.04-1.

3.1 Introduction

Transparent conducting oxides (TCOs) underpin modern consumer electronics, photovoltaics and
light emitting devices (LED and OLED). For example, anatase Nb-doped TiO2 (NTO) has emerged
[2–11] as a more sustainable alternative to the widely used indium tin oxide (ITO), [12–15] capable of
a resistivity of 2 × 10−4 Ω cm to 3 × 10−4 Ω cm and 97 % internal transmittance under visible light at
room temperature for a 40 nm-thick film of anatase NTO with 3 %at of Nb. [2] In contrast, rutile NTO
is more resistive, [3] which allows for tailored applications based on the choice of TiO2 polymorph.
Similarly, anatase W-doped TiO2 (WTO) exhibits n-type metallic behaviour [16, 17] with a resistivity
of 1.5 × 10−2 Ω cm at room temperature for films with a doping concentration of 6.3 %at.[16] WTO
has potential for TCO applications in electron transport layers (ETLs) in perovskite solar cells, with
a demonstrated 28× greater efficiency compared to undoped TiO2. [18] NTO and WTO have also
attracted attention as promising photocatalysts with a 65 % increase in photocurrent demonstrated for
NTO nanorod photoelectrodes doped with 0.25 %at of Nb when compared to undoped TiO2 [19]. NTO
nanostructures, ranging from rutile nanorods to anatase nanosheets, also show improved adsorption
of molecular O2 and the formation of superoxide radicals O – ·

2 under irradiation, when compared to
pristine TiO2 with the same morphology [20]. Furthermore, both NTO and WTO nanostructures
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show enhanced dye photodegradation, [21, 22] photooxidation of nitrogen oxides (NOx) to nitrates,
[23] and ozone gas sensing, [21] when compared to undoped TiO2.

To understand and further optimise the performance of NTO and WTO, it is necessary to un-
derstand the behaviour of electrons and holes that contribute to material conductivity and chemistry.
This includes the mobility of charge carriers within the bands (conduction and valence, respectively),
their recombination, their trapping (forming electron polarons) and the charge carrier transfer mech-
anisms that drive redox processes when these materials are used as semiconductor photocatalysts.
Given the electronic spin associated with electrons and holes, electron paramagnetic resonance (EPR)
spectroscopy is a powerful tool for the precise identification and characterisation of the dynamics,
lifetimes and spatial distribution of excitons and their trapping states within NTO and WTO, including
the paramagnetic species following insertion of Nb and W dopants in the TiO2 lattice. For example,
electron trapping states are mostly associated with Nb4+ and W5+ species, which are both paramagnetic
d1 species that can be detected and interrogated by EPR spectroscopy. The formation of Nb4+ and W5+

vs. Nb5+ and W6+ is particularly important, as it directly influences conductivity and photocatalytic
efficiency.

The literature is conflicted with respect to the lack of Nb4+ and W5+ EPR signals when substitutional
Nb and W are introduced in anatase TiO2, in contrast to the presence of Nb4+ and W5+ EPR signals in
doped rutile TiO2. There is currently no clear explanation of this observation and so far first-principles
atomistic modelling methods like density functional theory (DFT) have not completely clarified these
experimental observations. For example, geometry optimisation with semi-local DFT followed by
a single point calculation using a screened exchange hybrid functional (sX) predicts shallow donor
states that are largely delocalised over Ti sites in anatase NTO, [6] supporting resonant photoemission
experiments which confirm the absence of mid-gap states for anatase NTO. [3, 24] However, the same
DFT calculations also predict a deep localised state in rutile NTO that is 0.9 eV below the conduction
band edge, involving Ti 3dxy orbitals with a small contribution from Nb 4d orbitals, thus contradicting
the EPR observations. [6] Hubbard corrected density functional theory (DFT+U) calculations predict
Ti 3d mid-gap states in rutile NTO, [25] but reports vary with some predicting shallow donor states
in rutile NTO [26] and deep Ti 3d states in both anatase NTO [26, 27] and anatase WTO [27]
i.e., contradicting results. The application of these computational results based on DFT+U using
planewave basis sets, fails to provide an unambiguous interpretation/prediction of the experimental
observations. However, hybrid-DFT in a linear augmented plane wave basis has been demonstrated
to successfully predict W 5d mid-gap states in rutile WTO, which gives promise for the application of
alternative basis representations, particularly those based on all electron atom-centred basis functions.
[28]

In this chapter, the challenges associated with accurately modelling polarons in anatase and rutile
NTO and WTO are investigated using DFT+U in an all electron numerical atom-centred orbital (NAO)
framework, [29] including the effects of the Ti 3d Hubbard projector and the use of the "occupation
matrix control" method [30] for the identification of polaronic ground states. The DFT+𝑈 simulations
are compared with experimental EPR spectra for powder anatase and rutile NTO and WTO, including
the magnetic tensors characterising Nb4+ and W5+ polarons in doped rutile, providing accurate data to
benchmark the validity of the DFT+𝑈 approach. The combination of theory and experiment improves
our fundamental understanding of the nature and formation of reduced species in semiconductor metal
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oxides, whilst providing a computational platform for simulating related systems in Chapters 4 and 5.

3.2 Methodology

3.2.1 Electronic Structure Calculations

DFT

All electronic structure calculations were performed using the Fritz-Haber Institute ab initio materials
simulation (FHI-aims) software, [31] which uses an all electron numerical atom-centred orbital (NAO)
basis set, interfaced with the Python based Atomic Simulation Environment (ASE). [32] The standard
light basis set (2020) was used, with equivalent accuracy to the TZVP Gaussian-type orbital basis
set, [33] as decided after benchmarking the TiO2 formation energy, which was calculated using the
energies of bulk Ti (in the hexagonal close packed, HCP, crystal structure) and an isolated O2 molecule:

ΔEForm = ETiO2 − ETi − EO2 (3.1)

The light basis set was chosen based on the negligible difference in the DFT-predicted ΔEForm, as
shown in Figure A.1, whilst dramatically reducing the computational cost. Relativistic effects were
accounted for using the zeroth order regular approximation (ZORA) [31] as a scalar correction, whilst
the system charge and spin was set to zero. Periodic boundary conditions were applied using converged
k-point spacing for the optimised anatase and rutile unit cell respectively. The mBEEF meta-GGA
exchange-correlation density functional was used, [34, 35] as defined in Libxc, [36] providing the best
balance of accuracy and cost compared to other local, semi-local and hybrid functionals, which was
defined using the DFT-predicted ΔEForm, band gap (𝐸𝑏𝑔), unit cell equilibrium volume (𝑉0) and CPU
time per SCF cycle for bulk geometry optimisation (Table A.1 and Figure A.2). Self-consistent field
(SCF) optimisation of the electronic structure was achieved using a convergence criteria of 1 × 10−6

eV for the change in total energy, 1 × 10−4 eV for the change in the sum of eigenvalues and 1 × 10−6

e a−3
0 for the change in charge density. Geometry optimisation used the quasi-Newton BFGS algorithm

[37–40] with a force convergence criteria of 0.01 eV/Å. Point defect calculations were performed
using a 3 × 3 × 3 TiO2 supercell containing 324 and 162 atoms for anatase and rutile, respectively. The
supercell size avoids spurious long-range defect-defect interactions between periodic images whilst
simulating at low defect concentrations of 0.308% (anatase) and 0.617% (rutile) following substitution
of a Ti atom with a Nb or W atom. Defect energies were calculated as:

ΔEDefect = EDefective Bulk TiO2
+ μTi − EStoichiometric Bulk TiO2

− μDopant (3.2)

where the chemical potentials 𝜇 were calculated using the energy of bulk Ti (hexagonal close packed
structure), Nb (body-centred cubic structure) and W (body-centred cubic structure).

DFT+U

All DFT+U calculations were performed using the on-site definition of the occupation matrix and
the Fully Localised Limit (FLL) double counting correction. [29] A Hubbard correction was applied
to treat the Coulomb self-interaction of Ti 3d orbital electrons only. Using the default atomic Ti
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3d Hubbard projector presented challenges in identifying the ground state electronic structures of
anatase and rutile NTO and WTO due to numerical instability; therefore, constrained and self-
consistent DFT+U calculations were performed with an atomic and modified Ti 3d Hubbard projector,
respectively. Constrained DFT+U calculations were performed using the default atomic Ti 3d Hubbard
projector and a Ti 3d Hubbard U value of 3 eV in anatase TiO2 and 4 eV in rutile TiO2. These Hubbard
U values were chosen to minimise the average error in the DFT+U-predicted band gap (𝐸bg) and unit
cell equilibrium volume (𝑉0), defined as:

Average Error =







100 × (𝐸DFT+U
bg − 𝐸

Exp
bg )

𝐸
Exp
bg

,
100 × (𝑉DFT+U

0 −𝑉
Exp
0 )

𝑉
Exp
0







 (3.3)

where 𝑉0 is calculated by fitting to the Birch-Murnaghan equation of state using ASE, [41] and the
experimental references are taken from the literature versus experimental references (Figure 3.1). [42,
43]

Figure 3.1: Benchmarking the Ti 3d Hubbard U value (using the default atomic Ti 3d Hubbard pro-
jector function) by comparing the DFT+U-predicted band gap and unit cell equilibrium volume of bulk
(a) anatase and (b) rutile TiO2 with experimental references [42, 43] (dashed lines). (c) shows the
average error in (a) and (b) at each U value.

DFT+U calculations were performed using the "occupation matrix control" (OMC) method [30]
to fix polaron(s) at specific atom(s) by modifying the corresponding atomic orbital occupation matrix
(as outlined in Section 2.3.2). In these calculations, the inclusion of a Hubbard correction for Nb 4d
or W 5d orbital electrons was found to result in geometric instability due to forced overlocalisation of
polarons in the system; therefore a Hubbard correction was not applied to these orbitals. Self-consistent
DFT+U calculations were performed with a refined atomic-like Ti 3d Hubbard projector. Here, the
"occupation matrix release" (OMR) method was used to initialise the polaron(s) at specific atom(s)
before self-consistent determination of the system occupation matrices (as outlined in in Section
2.3.2). [29] A refined atomic-like Ti 3d Hubbard projector was defined as a linear combination of
the atomic Ti 3d and hydrogenic auxiliary basis function in the light basis set, where the auxiliary
function is subject to a Gram–Schmidt orthogonalisation with respect to the atomic function, with
the corresponding linear combination expansion coefficients 𝑐1= 0.828 and 𝑐2= -0.561. The values
of 𝑐1 and 𝑐2 were chosen based on the work of Jakob and Oberhofer who computed a Ti 3d Hubbard
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projector for bulk rutile TiO2 in FHI-aims from first-principles. [44] These coefficients enabled
successful convergence to the ground state using a Ti 3d Hubbard U value of 3 eV for both anatase
and rutile NTO and WTO.

3.2.2 Materials Synthesis and Characterisation

The following experimental work was carried out by Dr Andrea Folli.

Materials Synthesis

The NTO and WTO materials studied in this Chapter were synthesised via a sol-gel route. 10 mL
of titanium isopropoxide (≥97 %, Sigma-Aldrich) was dissolved in 10 mL of anhydrous ethanol. Af-
ter thorough mixing, 5 mL of deionized water (18 MΩ cm) was slowly added to the solution. The
resulting white precipitate redissolved upon further stirring. In the next step, 20 mL of a pH 10 ammo-
nia/ammonium chloride buffer (5% ammonia, Sigma-Aldrich) was added to the solution. Finally, the
desired amount of ammonium tungstate (BDH Chemicals) or ammonium niobate (V) oxalate hydrate
(BDH Chemicals) to achieve a nominal 0.1 or 1.0 atomic % was dissolved in 10 mL of warm deionized
water and subsequently added to the solution. After thorough stirring for at least 4 h, the solution was
filtered, washed several times with deionized water, and then dried at 60 ◦C for 4 h. The dry powders
were ground in an agate mortar and transferred into a crucible for calcination. The samples were
calcined at 600 ◦C for 4 h, and then ground again afterwards.

Powder X-ray Diffraction

To confirm mineralogy and crystallinity, X-ray diffraction (XRD) patterns were obtained using a Bruker
D8 Advance diffractometer equipped to deliver CuK𝛼1 X-ray radiation (1.54 Å) at room temperature.
Refinement of the powder XRD patterns was carried out using the Profex suite for X-ray diffraction.
[45]

EPR Spectroscopy

X-band continuous wave (CW) EPR spectra were recorded on a Bruker Elexsys E500 spectrometer
equipped with an Oxford Instruments liquid-helium cryostat and a Bruker ER4122 SHQE-W1 super-
high Q resonator operating at 50 K. Before each measurement, the samples were evacuated for at least
12 h at 393 K and under a dynamic vacuum at ca. 1 × 10−4 bar. Experimental spectra were simulated
using the EasySpin toolbox [46] for Mathworks Matlab.

3.3 Results and Discussion

3.3.1 Experimentally Detected Polarons in NTO and WTO

The refined X-ray powder diffraction patterns (Appendix A) show that 0.1 %at. of Nb or W in TiO2,
synthesised via a sol-gel route and calcined at 600 K, allows for the formation of mixed anatase
and rutile polymorphs. This is in line with what happens for undoped TiO2 exhibiting a rutilisation
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temperature higher than 500 K (calcination of sol-gel TiO2 precursors with 0.1 %at. of Nb or W
at 𝑇 < 500 K generates anatase only polymorphs [10, 47, 48]). Refinement of the XRD patterns
(Appendix A) revealed 92 % anatase and 8 % rutile for NTO whilst 72 % anatase and 28 % rutile for
WTO. These samples are henceforth referred to as NTO-AR and WTO-AR. On the contrary, 1.0 %at.

of the same dopants in conjunction with the samples calcined at 600 K allows for the formation of
anatase only NTO and WTO (Appendix A). These samples are henceforth referred to as NTO-A and
WTO-A.

Electron and hole trapping are normally single electron transfer (SET) events occurring within
the material and so they can be followed experimentally by detecting the formation, or disappearance,
of paramagnetic species using EPR spectroscopy. Nb5+ ([Kr]4d0) and W6+ ([Xe]5d0) replace Ti4+

([Ar]3d0) in the TiO2 lattice aliovalently and isomorphically, as Nb5+, W6+ and Ti4+ have almost iden-
tical octahedral co-ordination environments with ionic radii of 78 pm, 74 pm, 74.5 pm, respectively.
The dopant incorporation reactions for extrinsic defects using the Kröger-Vink notation can be written
as follow:

Nb2O5
2𝑇𝑖𝑂2−−−−−→ 2 Nb·

Ti + 4 Ox
O + 2 e

′ + 1
2

O2 (3.4)

2 Nb2O5
5𝑇𝑖𝑂2−−−−−→ 4 Nb·

Ti + V
′′′′
Ti + 10 Ox

O (3.5)

WO3
𝑇𝑖𝑂2−−−−→ W··

Ti + 2 Ox
O + 2 e

′ + 1
2

O2 (3.6)

2 WO3
3𝑇𝑖𝑂2−−−−−→ 2 W··

Ti + V
′′′′
Ti + 6 Ox

O (3.7)

Valence-induced electron formation, as highlighted by Equations 3.4 and 3.6, increases the n-
type character of NTO and WTO compared to undoped TiO2. All EPR attempts at identifying
substitutional and isolated Nb4+ and W5+ in NTO-A and WTO-A failed, which corroborates with
previous experiments by De Trizio et al., which could not detect Nb4+ in Nb-doped colloidal anatase
nanocrystals even at at liquid helium temperature. [7] Giamello et al. [9] and Folli et al. [10]
independently showed that in the case of Nb doping in anatase only TiO2, Ti3+ is mostly formed as a
result of valence induction when Nb5+ aliovalently replaces Ti4+ in the anatase lattice:

TixTi + e
′ −−−→ Ti

′
Ti (3.8)

The resulting Ti3+ exhibits an anisotropic EPR spectrum characterised by a g tensor with axial
symmetry and principal values equal to 𝑔⊥ = 1.988 and 𝑔// = 1.957, [9, 10] which is consistent
with a highly delocalised bulk species that is responsible for causing an increased conductivity of the
doped anatase TiO2. [9] This Ti3+ is structurally and magnetically different from surface-localised
Ti3+ that forms following chemical or chemo/thermal reduction of undoped TiO2. [9] The amount of
delocalised bulk Ti3+ can also be augmented by photo-injection of extra conduction electrons [9, 10]
followed by trapping:

𝛾
𝑇𝑖𝑂2−−−−→ h+vb + e−cb (3.9)

The situation appears completely different in the case of NTO-AR and WTO-AR, as demonstrated
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by the respective X band continuous wave EPR spectra reported in Figure 3.2(a) (NTO-AR) and
Figure 3.2(b) (WTO-AR). The clear axial signal in the spectrum of NTO-AR in Figure 3.2(a) can be
attributed to bulk Ti3+ as previously described for the case of solely anatase polymorph. A very broad
and low intensity signal is also visible at 50 K as shown by the arrows in Figure 3.2(a). We propose
that this broad signal is associated with Nb4+ in rutile, as discussed further in Section A.3. Moving
from single crystal to powder samples, Kiwi et al. [49] showed that in a mixed anantase and rutile
powder sample a broad signal could be found at 4.2 K matching the g tensor reported by Zimmermann.
[50] The broad signal in Figure 3.2(a) matches the signal reported by Kiwi et al., [49] although it
is much broader due to the much higher temperature of our measurement, i.e., 50 K (according to
Zimmermann [50] the signal completely vanishes above 77 K).

Nb·
Ti + e

′ −−−→ Nbx
Ti (3.10)

In the case of WTO-AR, the situation is very similar to that described above for NTO-AR. Figure
3.2(b) shows a clear anisotropic EPR spectrum characterised by a rhombic g tensor with principal
values reported in Table A.2. Small intensity doublets (𝑚𝐼 = ±1/2 lines) are visible at each side of
the three principal resonances due to hyperfine interaction of the 5𝑑1 unpaired electron to the 183W
nucleus (𝐼 (183W)= 1/2, 14.3 % natural abundance). The other naturally occurring isotopes of W are
180W, 182W, 184W and 186W, all with nuclear spin quantum number 𝐼 = 0, and these account for the
three principal 𝑚𝐼 = 0 resonance lines. W5+ in TiO2 is not affected by the same fast relaxation issues
as Nb4+ and therefore well defined EPR spectra can be easily obtained at 50 K as visible in Figure
3.2(b). The values of the magnetic tensors are in good agreement with Chang [51] for W5+ centres in
rutile single crystals. The angular dependency has been here simulated and reported in Figures A.7(d)
and A.7(e) at X and Q band, respectively.

This combined evidence on NTO-AR and WTO-AR indicates that the reduction of Nb5+ and W6+

dopants in the TiO2 host lattice occurs only in the rutile polymorph.
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Figure 3.2: X band continuous wave EPR spectra at 50 K for (a) Nb-doped and (b) W-doped mixed
polymorph TiO2 nanoparticles with a doping concentration of 0.1 %at.. This EPR data was collected
by Dr Andrea Folli.

3.3.2 DFT+U Simulated Polarons in NTO and WTO

Self-Consistent DFT+𝑈 with a Refined Hubbard Projector

DFT+U calculations in a NAO framework were performed to rationalise the magnetic resonance
observations in Section 3.3.1; however, self-consistent calculations resulted in significant numerical
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instability with the default atomic Ti 3𝑑 Hubbard projector. The reasons why this occurred are
discussed in detail in Chapter 4. Constrained DFT+𝑈 calculations with the atomic Ti 3𝑑 Hubbard
projector could restore numerical stability to the simulations, but could not rationalise the experimental
observations in Section 3.3.1. The use of a refined Ti 3𝑑 Hubbard projector, defined by a linear
combination of NAO basis functions as outlined in Section 3.2.1, was then tested for anatase and rutile
NTO and WTO. The total density of states reported in Figure 3.3(a) and Figure 3.3(c) shows defect
states pinned to the bottom of the TiO2 conduction band for both anatase NTO and WTO, respectively,
in perfect agreement with the EPR observations.

Figure 3.3: Self-consistent DFT+U-predicted total density of states (TDOS) and projected density of
states (PDOS) for anatase NTO ((a) and (e) respectively), anatase WTO ((b) and (f) respectively),
rutile NTO ((c) and (g) respectively) and rutile WTO ((d) and (h) respectively). All TDOS and PDOS
are plotted relative to the Fermi level indicated by the red dashed line.

From the corresponding projected density of states in Figure 3.3(e) and Figure 3.3(g), there are
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small Nb 4d and W 5d signatures at the Fermi level indicating these states are partially delocalised
over Ti sites, contributing to metallic type behaviour. On the other hand, self-consistent DFT+U
calculations show that the Nb 4d signature in rutile NTO is an order of magnitude greater at the Fermi
level than in anatase NTO, when normalising with respect to the different defect concentrations in the
simulation supercells, as shown in the projected density of states in Figure 3.3(e) and Figure 3.3(f).
These results can be attributed to differences in the filling of the five Nb 4d orbitals, notably the
greater occupancy of the three 𝑡2g orbitals in rutile NTO, which correspond to orbital magnetic
quantum numbers 𝑚 = -2, -1 and 1 [30] in Figure 3.4. There is a negligible difference in the trace
of the Nb 4d occupation matrix (i.e., the total Nb 4d subshell occupancy) in anatase NTO (1.48)
compared with rutile NTO (1.49). Figures 3.3(d) and 3.3(h) show the total density of states and W
5d projected density of states for rutile WTO, respectively. Here, a localised W 5d mid-gap state ca.
0.7 eV below the TiO2 conduction band is predicted. The character of the mid-gap state is W 5dz2 ,
corresponding to a large occupation number of 0.93 for the 𝑚 = 0 orbital in the W 5d occupation
matrix (Figure 3.4). The other diagonal terms of the W 5d occupation matrix are of similar magnitude
in anatase WTO and rutile WTO, which suggests the formation of W5+ in rutile but not anatase.

Figure 3.4: Ground state orbital occupation numbers (for orbital magnetic quantum number 𝑚) for
Nb 4d and W 5d in doped anatase and rutile TiO2 calculated using self-consistent DFT+U.

The formation of W5+ in rutile WTO is also suggested based on the local lattice distortion
surrounding the W dopant, which is associated with localised polaronic states in defective TiO2. [52,
53] This is shown in Figure 3.5, which plots the change in the bond distance between the dopant atom
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and six neighbouring Ti atoms relative to the average Ti-Ti bond distance in bulk anatase and rutile
TiO2. Figure 3.5(c) shows symmetric geometric relaxation around the substitutional defect in anatase
NTO and WTO, where the change in bond length between the dopant atom and Ti atoms A-D is almost
constant for both materials, as is the change in bond length with Ti atoms E and F. In Figure 3.5(d),
there is a stronger asymmetric local lattice distortion around the dopant atom in rutile WTO compared
to rutile NTO, as shown by the differences in the change in bond lengths between the dopant atom and
Ti atoms G-L.

Figure 3.5: Change in the self-consistent DFT+U calculated bond distances between the dopant
atom and surrounding Ti atoms in doped anatase (atoms A-F in (a)) and doped rutile (atoms G-L in
(b)) calculated relative to the average Ti-Ti bond distance in bulk anatase (c) and rutile (d) TiO2.
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Constrained DFT+𝑈 with an Atomic Hubbard Projector

Constrained DFT+U simulations with the default atomic atomic Ti 3𝑑 Hubbard projector were not
able to rationalise the EPR observations. Figures 3.6(a) and (b) show the total and projected density of
states for rutile NTO, respectively, with occupation matrices initialised to reflect Nb4+(Nb 4d1). Here,
there is a localised defect state of Ti 3𝑑 character, as shown by Figures 3.6(b) which plots a reduced
energy window around the Fermi level. Figures 3.6(c) and (d) show the total and projected density of
states for rutile WTO, respectively, with occupation matrices initialised to reflect W5+(W 5d1). Here,
the Fermi level is pinned to the bottom of the conduction band, indicating the delocalisation of both
Ti 3𝑑 and W 5𝑑 states.

Figure 3.6: Total and projected density of states for rutile NTO ((a) and (b) respectively) and rutile
WTO ((c) and (d) respectively) calculated using constrained DFT+U with the default atomic Ti 3𝑑
Hubbard projector (𝑈 = 3 eV for anatase and 4 eV for rutile, 𝑐1 = 1 and 𝑐2 = 0).

Constrained DFT+U simulations with the atomic Ti 3𝑑 Hubbard projector further resulted in
unphysically low defect energies, as illustrated in Figure 3.7 for rutile NTO, where a defect energy of
-0.19 eV indicates spontaneous dissolution of Nb into the TiO2 lattice, in contrast to the experimental
requirement for thermal activation (calcination) during catalyst preparation. Self-consistent DFT+U
simulations with the refined Ti 3𝑑 Hubbard projector restore the defect energies for both NTO and
WTO to positive values, indicating the thermally activated dissolution, in agreement with the well-
established experimental synthesis protocol.
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Figure 3.7: Defect energies for anatase and rutile NTO and WTO predicted using DFT, constrained
DFT+U (𝑈 = 3 eV for anatase and 4 eV for rutile, 𝑐1 = 1 and 𝑐2 = 0) and self-consistent DFT+U (𝑈 =
3 eV for both anatase and rutile, 𝑐1 = 0.828 and 𝑐2 = -0.561).

The observed sensitivities of numerical stability, polaron localisation and defect energies with
the definition of the Ti 3𝑑 Hubbard projector motivates a detailed investigation into the root causes
of projector sensitivities of DFT+U simulations, as well as the development of advanced DFT+U
parameterisation schemes for the accurate determination of the Hubbard projector. These challenges
are discussed in Chapter 4.

3.4 Conclusions

NTO and WTO are promising TCOs with applications in heterogeneous photocatalysis and high
efficiency photovoltaics and electronics. However, there remains uncertainty of the atomistic mecha-
nisms that govern charge compensation in these materials, which prevents the development of accurate
structure-property models for material optimisation. Using EPR spectroscopy, charge compensation
is shown as highly sensitive to the TiO2 polymorph, with Nb4+ and W5+ signals present in substi-
tutionally doped rutile but not in doped anatase. These observations are challenging to rationalise
theoretically due to the Coulomb self-interaction error in DFT, necessitating DFT+𝑈 which applies
an ad-hoc energy correction to localised orbitals. Both anatase and rutile NTO and WTO are simu-
lated using DFT+U calculations in an all electron numerical atom-centred orbital framework, where
self-consistent resolution of the Ti 3d, Nb 4d and W 5d orbital occupancies is crucial to rationalise
the EPR observations. Self-consistent DFT+U predicts favourability of Nb4+ in rutile NTO through
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greater filling of the Nb 4d 𝑡2g orbitals and reduced filling of the 𝑒g orbitals compared to anatase NTO.
Self-consistent DFT+U also predicts W5+ in rutile WTO through the formation of a localised mid-gap
state of 5dz2 character that is not formed in anatase WTO.

The combination of theory and experiments provides a coherent view on the reducibility of
metal centres in semiconducting TiO2 without apparent disagreement; whilst also providing a clear
understanding on how the reducibility of metal centres and electron trapping energetics in TiO2 are
polymorph-dependent. The results also show the critical influence of the definition of the Ti 3𝑑
Hubbard projector on the validity of DFT+𝑈-predicted geometric, electronic and energetic properties,
which motivates further study into advanced DFT+𝑈 parameterisation strategies for simultaneously
optimising 𝑈 values and projectors.
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Chapter 4

Machine Learning Generalised DFT+𝑈
Projectors in a Numerical Atom-Centred
Orbital Framework
This chapter is based on the published work Machine learning generalised DFT+𝑈 projectors in a
numerical atom-centred orbital framework in Digital Discovery, which is co-authored by Dr Kushagra
Agrawal (Cardiff University, CU) and Dr Andrew Logsdail (CU). [1]

The work builds upon Chapter 3, which highlights the necessity of self-consistent DFT+𝑈 simu-
lations to achieve experimentally accurate predictions of defects and polarons in TiO2. However,
the difficulties in performing such simulations with atomic Hubbard projectors necessitates the de-
velopment of more advanced strategies for DFT+𝑈 parameterisation. Dr Kushagra Agrawal and I
formulated the method and I performed the electronic structure and supervised machine learning
calculations. All Python scripts for global optimisation, datasets for regression/classification and
input/output files for electronic structure calculations available open-source in the GitHub repository
https://github.com/amitmc1/Hubbardprojectors.

4.1 Introduction

As discussed in Section 2.3.2 and Chapter 3, DFT+U can help mitigate the Coulomb self-interaction
error in simulations of defects in TMOs and REOs, whilst maintaining the computational efficiency
of standalone semi-local DFT. However, Chapter 3 highlights the difficulties in simulating polarons
in TiO2 with an accuracy that matches experimental observations, using the default atomic Ti 3𝑑
Hubbard projector (in either constrained or self-consistent DFT+𝑈 calculations). [2] Typically, the
Hubbard U value is parameterised with no consideration of the Hubbard projector, using semi-
empirical benchmarking of DFT+U-predicted electronic, geometric and energetic properties against
reference data from experiments or higher levels of theory. [3, 4] These semi-empirical approaches
are reliant on accurate and available reference data, which prevents the high-throughput optimisation
of Hubbard U values for vast numbers of materials. Several first-principles approaches for computing
Hubbard U values have been developed, including the linear response approach based on constrained
DFT (LR-cDFT), [5] density functional perturbation theory (DFPT), [6] constrained random phase
approximation (cRPA) [7] and Hartree Fock based approaches (e.g., UHF and ACBN0). [8, 9] Of
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these methods, LR-cDFT is most popular and has been applied in a planewave basis for the high-
throughput optimisation of Hubbard U values for over 1000 transition metal oxides. [10] However,
LR-cDFT can yield unphysical U values, suffers from numerical instability for closed-shell systems
[11, 12] and is computationally expensive due to the requirement of calculations using large supercells.
[13] In addition, Hubbard U values computed using LR-cDFT are site-specific and therefore not
transferable from stoichiometric systems with symmetry-equivalent sites to defective systems with
broken symmetry. [14] The lack of transferability can prevent the simulation of experimentally
observed electrical conductivities of defective TMOs, including the Li-ion battery cathode material
LiCo1−𝑥Mg𝑥O2, where deep defect states are predicted using Hubbard U values from LR-cDFT in a
planewave basis, thus incorrectly suggesting material resistivity. [15]

To minimise the cost and instability of first-principles methods for computing Hubbard U values,
active learning methods have been combined with global optimisation algorithms, such as Bayesian
optimisation (BO) and Monte Carlo sampling, to minimise a cost function based on reproducing
geometric and electronic properties predicted using higher levels of theory. [16–18] In active learning,
the cost function is refined by comparison with the output of successive DFT+U calculations, which
means there is no a priori knowledge of the DFT+U potential energy surface and the entire approach
must be repeated for different systems. Supervised learning approaches have been used to improve
the transferability of active learning methods for computing Hubbard U values, by attempting to learn
the DFT+U potential energy surface for different materials. For example, BO and Random Forest
Regression have been used to determine the structure-dependence of the Mn 3d Hubbard U value
required to reproduce the electronic band structures of various MnO𝑥 polymorphs computed using
hybrid-DFT. [19] Similarly, equivariant neural networks have been used to estimate DFPT-predicted
Hubbard U values using ground state atomic occupation matrices and interatomic distances for a
range of materials, including Li𝑥FePO4 and MnO2. [20] However, none of these methods address the
parameterisation of Hubbard projectors, as well as differences in the numerical stability of DFT+U
calculations with different Hubbard parameters.

The aforementioned challenges in DFT+U parameterisation are considered in this chapter in the
context of simulations of stoichiometric and defective TMOs and REOs in a NAO framework, in
which there is a strong dependence of the accuracy and numerical stability of DFT+U calculations on
both the Hubbard U value and the projector. Relying on semi-empirically derived Hubbard U values
and the default atomic Hubbard projector can result in inaccurate, unphysical (calculations terminate
due to excessive polaron localisation) and unstable (SCF cycle does not converge) simulations of
common TMOs, e.g., TiO2, and REOs, e.g., CeO2. Thus, simultaneous optimisation of the Hubbard
U value and the projector is demonstrated for Ti 3d orbitals in anatase TiO2 using BO with a cost
function defined using symbolic regression (SR), to minimise the errors of target properties relative
to experimental references. BO is also subject to constraints on the DFT+U-predicted covalency, to
ensure the numerical stability of point defect calculations, as determined using support vector machines
(SVMs). Combining SR, SVMs and BO in this manner avoids the need for multiple successive
DFT+U calculations, which significantly reduces the overall computational cost for Hubbard parameter
optimisation compared to the existing first-principles and active learning approaches.

The method is then extended across materials (beyond TiO2) by expanding the primary feature
space for SR to include DFT-predicted orbital occupancies, basis set parameters and atomic material
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descriptors for a diverse training set of TMOs and REOs; enabling the use of hierarchical SR [21]
to optimise Hubbard U values and projectors from first-principles by targeting orbital occupancies
calculated using hybrid-DFT. The outcome is a transferable approach for the one-shot computation
of Hubbard U values and projectors, with good accuracy that is also achieved for unseen materials.
Overall, the work demonstrates the development of cost-effective and transferable machine learning-
based workflows for more complete DFT+U parameterisation, enabling more accurate and efficient
simulations of complex energy materials.

4.2 Methodology

4.2.1 Electronic Structure Calculations

DFT

All electronic structure calculations were performed using the Fritz-Haber Institute ab initio materials
simulation (FHI-aims) software, [22] with the same DFT parameters as discussed in Section 3.2.1.
Unit cell equilibrium volumes (𝑉0) were calculated by fitting to the Birch-Murnaghan equation of state
using ASE. [23] Where presented, formation energies (Δ𝐸Form) for TiO2, CeO2 and LiCoO2 were
calculated using the energies of bulk Ti (in the hexagonal close packed, HCP, crystal structure), bulk
Ce, Li and Co (all in the cubic crystal structure) and an isolated O2 molecule using:

Δ𝐸Form = 𝐸Compound −
∑︁
𝑖

𝑛𝑖𝐸𝑖 −
𝑛O
2
𝐸O2 (4.1)

where 𝑖 denotes the metal species index in each compound and 𝑛𝑖 (𝑛𝑂) is the number of metal (oxygen)
atoms in the formula unit.

DFT+U

All DFT+U calculations were performed using the on-site definition of the occupation matrix and the
Fully Localised Limit (FLL) double counting correction.[24] In Section 4.3.1, a Hubbard correction
is applied to treat the Coulomb self-interaction of Ti 3d and Ce 4f orbital electrons in tetragonal TiO2

and cubic CeO2, respectively, using the corresponding default atomic Hubbard projector. Constrained
DFT+U calculations were performed using the "occupation matrix control" (OMC) method [25] to
fix polaron(s) at specific atom(s) by modifying the corresponding atomic orbital occupation matrix
(as outlined in Section 2.3.2). [24–26] In Section 4.3.2, self-consistent DFT+U calculations are
performed for TiO2 using a modified atomic-like Ti 3d Hubbard projector, determined using the semi-
empirical machine learning approach detailed in Section 4.2.2. This is expanded in Section 4.3.3,
where self-consistent DFT+U calculations are performed for all materials in Table 2.1 in Section 2.3.2,
using modified atomic-like Hubbard projectors that were determined using the first-principles machine
learning approach detailed in Section 4.2.3. Modified atomic-like Hubbard projectors were defined
as a linear combination of the atomic and hydrogenic auxiliary NAO basis functions, if present in the
light basis set, as outlined in Section 2.3.2. The linear expansion coefficients 𝑐1 and 𝑐2 correspond to
the atomic and auxiliary functions, respectively.
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Self-consistent DFT+U calculations were performed with a refined atomic-like Ti 3d Hubbard
projector using the "occupation matrix release" (OMR) method to initialise polaron(s) at specific
atom(s) before self-consistent determination of the system occupation matrices (as outlined in in
Section 2.3.2). [24] All point defect calculations in this work were performed in a 3×3×3 supercell,
which avoids spurious long-range defect-defect interactions between periodic images. The oxygen
vacancy formation energy (ΔEOV) and the defect energies (ΔEDefect) following substitution of a host
metal atom (Ti in TiO2 and Co in LiCoO2) with a Nb, W, Co, Mn, Pt, Au, Pd or Mg atom, are
calculated as:

ΔEOV = EOxygen Deficient Bulk + 𝜇O − EStoichiometric Bulk (4.2)

ΔEDefect = EDoped Bulk + 𝜇Host − EStoichiometric Bulk − 𝜇Dopant (4.3)

where the chemical potentials were calculated using the energy of half an isolated O2 molecule (𝜇O),
bulk Ti in the HCP crystal structure (𝜇Ti) and the bulk dopant species (𝜇Dopant) in the cubic crystal
structure except Mn (tetragonal) and Mg (HCP). No Hubbard correction was applied to the dopant
atoms.

Both the semi-empirical and first-principles machine learning approaches in Sections 4.3.2 and
4.3.3, respectively, require the evaluation of metal 𝑑 or 𝑓 and O 2𝑝 orbital occupancies for DFT
(mBEEF), DFT+𝑈 (mBEEF+𝑈) and hybrid-DFT (PBE0). For DFT and hybrid-DFT, orbital occu-
pancies were evaluated using DFT+𝑈, with a Hubbard 𝑈 value of 0 eV for metal 𝑑 or 𝑓 and O 2𝑝
states, as well as the default atomic projector (𝑐1 = 1 and 𝑐2 = 0). For DFT+𝑈, the parameters 𝑈, 𝑐1

and 𝑐2 were varied for metal 𝑑 or 𝑓 states only, whilst O 2𝑝 states were again treated with a Hubbard
𝑈 value of 0 eV and the atomic O 2𝑝 Hubbard projector. Consequently, O 2𝑝 orbital occupancies
can be directly compared across all methods, as they are consistently derived from the atomic O 2𝑝
Hubbard projector. In contrast, discrepancies between the orbital occupancies of metal 𝑑 or 𝑓 states
between methods arise from the different definitions of the Hubbard projectors. For this reason, the
cost function for the first-principles machine learning approach in Section 4.2.3 is based on O 2𝑝
orbital occupancies calculated using DFT, DFT+𝑈 and hybrid-DFT, which can be compared in a like-
for-like manner. All DFT+𝑈 predicted properties and orbital occupancies correspond to the outputs
of geometry optimisation calculations, with the DFT+𝑈 contributions to atomic forces provided in
the code without any modifications required. [24]

4.2.2 Semi-Empirical Machine Learning Approach

A semi-empirical approach was adopted to optimise the Ti 3d Hubbard U value and projector to enable
accurate and numerically stable simulations of anatase TiO2, using DFT+U-calculated properties of
the TiO2 unit cell (targets for regression) and the classified outcome of point defect calculations in a
TiO2 supercell using the OMR method (targets for classification), as illustrated in Figure 4.1.
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Figure 4.1: Semi-empirical approach for simultaneously optimising the Ti 3d Hubbard U value and
projector for anatase TiO2, using the DFT+U-predicted band gap (𝐸bg), unit cell equilibrium volume
(𝑉0), occupation matrix trace for Ti 3𝑑 (Tr[n(Ti 3𝑑)]) and O 2𝑝 (Tr[n(O 2𝑝)]) orbitals, total energy (𝐸)
and the classified results of bulk oxygen vacancy calculations using OMR.

Symbolic Regression

SR was performed using the Sure Independence Screening and Sparsifying Operator (SISSO) algo-
rithm, [27] as implemented in the SISSO++ package, [28, 29] to fit empirical correlations for target
properties in terms of the primary features U, 𝑐1 and 𝑐2. Empirical correlations were constructed
by searching a non-linear secondary feature space by recursively combining the primary features
using the algebraic operators +, −, ×, ÷, 𝑥2, 𝑥3,

√
𝑥, 3√𝑥, exp(𝑥), log(𝑥), sin(𝑥), and 1

𝑥
, before using

sparse regression techniques to select a minimal set of secondary features and linear regression to
optimise the coefficients of the final expression. Empirical correlations were fitted with up to three
terms, using a recursive depth of three, yielding a linear combination of non-linear terms, e.g., F1, F2

and F3 using the constants a0, a1, a2 and a3 for a three term correlation:

Target = a0 + a1 × F1 + a1 × F2 + a3 × F3 (4.4)

The DFT+U-predicted band gap (𝐸bg), 𝑉0 and traces of the Ti 3d (Tr[n(Ti 3𝑑)]) and O 2p
(Tr[n(O 2𝑝)]) occupation matrices were used as target properties. The accuracy of each SISSO
correlation was evaluated using the Pearson’s coefficient of determination (𝑅2) and root mean squared
error (RMSE). The SISSO-computed empirical correlations for the DFT+U-predicted 𝐸bg (eV), 𝑉̄0

(normalised, hence unitless), Tr[n(Ti 3𝑑)] (unitless), Tr[n(O 2𝑝)] (unitless) and 𝐸 (eV) are listed
below, in terms of the primary features 𝑈 (eV), 𝑐1 (unitless) and 𝑐2 (unitless), where the chosen
number of terms for each empirical correlation gave the best model accuracy and a constant 𝛼 = 1
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eV−1 is introduced to ensure dimensional consistency:

𝐸SISSO
bg = a0 + a1

((
𝑐6

1 × ln(𝑐1)
)
×

(
𝑒𝛼𝑈 × sin(𝑐2)

))
+ a2

(
𝑐6

2 × 𝛼𝑈

𝑐6
1 − sin(𝑐1)

)
+ a3

(
𝑒𝑐

3
1 ×

(
𝛼𝑈

𝑐1
+ 𝑐3

2

))
(4.5)

𝑉̄SISSO
0 = a0 + a1(𝑐6

1 × 𝑐2 ×𝑈) + a2

(
|𝑐1 +𝑈 − 𝑐6

2 |
)
− a3(𝑐3

2 ×𝑈
2
2) (4.6)

Tr[n(Ti 3𝑑)]SISSO = a0 + a1

(
1.0
𝛼𝑈

− 𝑐2 × 𝛼𝑈

)
× (cos(𝑐1)6) + a2

(
𝑒𝑐2×𝛼𝑈 − (𝑐3

1 −
3√
𝛼𝑈)

)
(4.7)

Tr[n(O 2𝑝)]SISSO = a0 + a1

(
cos(

√
𝛼𝑈) − 𝛼𝑈

𝑐1
sin(𝑐2)

)
(4.8)

𝐸SISSO = a0 + a1 ×
√
𝑒𝛼𝑈

(𝑐2 + 𝑐1) + sin(𝑐2)
+ a2 ×

(𝑒𝑐1 − 𝑐2)(
1
𝛼𝑈

+ (𝑐6
2)

) (4.9)

where the corresponding SISSO-computed constants and accuracy metrics are listed in Table 4.1.

Table 4.1: Constants for all SISSO correlations used in the semi-empirical approach for Hubbard
projector optimisation, with corresponding model accuracy metrics including the Pearson’s coefficient
of determination (𝑅2) and the root mean squared error (RMSE). All constants are unitless except
those with associated units noted in brackets, thus ensuring dimensional consistency with the target
properties, which are unitless except 𝐸SISSO

bg and 𝐸SISSO (both eV)

Target Property a0 a1 a2 a3 𝑅2 RMSE
𝐸SISSO

bg 2.53583 (eV) -0.04786 (eV) -0.47434 (eV) 0.06854 (eV) 0.99684 0.00987
𝑉̄SISSO

0 0.75501 0.78908 0.09107 -0.72346 0.95916 0.03155
Tr[𝑛(Ti (3𝑑))]SISSO 1.67456 -1.25868 -0.59587 N/A 0.98895 0.01911
Tr[𝑛(O (2𝑝))]SISSO 5.29651 -0.42443 N/A N/A 0.99003 0.01625

𝐸SISSO -109824 (eV) -0.00396 (eV) 0.58472 (eV) N/A 0.99817 0.06243

Min-max feature scaling was performed for all primary features and target properties i.e., 𝑥, for the
SISSO correlation for 𝑉0, using Equation 4.10 and the maximum and minimum values in Table 4.2:

𝑥 =
𝑥 − 𝑥min

𝑥max − 𝑥min
(4.10)

The SISSO correlations were then used to evaluate a unitless, regularised cost function (𝐽SE),
which is defined as the Euclidean norm of two terms 𝐽SE

1 and 𝐽SE
2 . 𝐽SE

1 is itself the Euclidean norm of
the percentage errors of the DFT+U-predicted 𝐸bg and 𝑉0 of bulk anatase TiO2 versus experimental
references from the literature (𝐸Exp

𝑏𝑔
and𝑉Exp

0 , respectively). [30, 31] 𝐽SE
2 is an additional regularisation

term to bias 𝐽SE towards larger values of U and 𝑐1, which favours stronger polaron localisation at
point defects that is consistent with the experimentally observed formation of mid-gap states within
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Table 4.2: Constants for normalising the primary features and target properties for the 𝑉0 SISSO
correlation, where all properties are unitless except U (eV) and 𝑉0 (Å3).

Property Maximum Minimum
𝑈 3.0 0.5
𝑐1 1.1 0.9
𝑐2 0.0 -0.5
𝑉0 137.96 137.07

the TiO2 band gap. [2, 24, 32] 𝐽SE therefore takes the form:

𝐽SE =


𝐽𝑆𝐸1 , 𝐽𝑆𝐸2



 = 












100 × (𝐸DFT+U

𝑏𝑔
− 𝐸

Exp
𝑏𝑔

)

𝐸
Exp
𝑏𝑔

,
100 × (𝑉DFT+U

0 −𝑉
Exp
0 )

𝑉
Exp
0







 ,
(

1000
𝛼𝑈 + 𝑐1

)





 (4.11)

where 𝐽SE
2 involves a constant 𝛼 = 1 eV−1 to ensure dimensional consistency, whilst being scaled by a

factor of 1000 to ensure normalisation with respect to 𝐽SE
1 .

Support Vector Machines

To investigate numerical instability in self-consistent point defect calculations in TiO2, classification
was performed with linear support vector machines (SVMs) using the Scikit-learn Python library.
[33] The SVMs were used to determine the equations of the boundaries 𝑆1 and 𝑆2 separating regions
in the feature space U, Tr[n(Ti 3𝑑)] and Tr[n(O 2𝑝)], where calculations rapidly terminated due to
unphysical predictions or did not converge due to "charge sloshing" when simulating a bulk oxygen
vacancy using the OMR method. SVM classification was also performed to investigate the relationship
between the Hubbard parameters and erroneous oxygen vacancy formation energies, which ranged
from -7.11 eV to 14.35 eV depending on the choice of U, 𝑐1 and 𝑐2. Here, classification was performed
to determine the equation of the linear boundary 𝑆3 separating regions of "physical" (4 eV ≤ ΔEOV ≤
6 eV) and "unphysical" (ΔEOV < 4 eV or ΔEOV > 6 eV) oxygen vacancy formation energies, in terms
of the partial derivatives of the SISSO-predicted total energy (𝐸SISSO) with respect to U, 𝑐1 and
𝑐2. Numerical partial derivatives of 𝐸SISSO with respect to each Hubbard parameter U ( 𝜕𝐸SISSO

𝜕𝑈
), 𝑐1

( 𝜕𝐸SISSO

𝜕𝑐1
) and 𝑐2 ( 𝜕𝐸SISSO

𝜕𝑐2
) were calculated using the forward finite difference method with a step size

of 0.01.
Both SR and SVM classification were performed using a training set of ≤ 60 geometry optimised

unit cells and bulk oxygen vacancy calculations, where all computational settings are kept constant
except the Ti 3d Hubbard parameters. Feature scaling was performed for all primary features and
target properties (denoted using 𝑥) for the SISSO correlation for 𝑉0 and SVM boundaries 𝑆1 and 𝑆2.
The normalisation constants are listed with the non-linear terms, constants and accuracy metrics for
all SISSO correlations and SVM boundaries in Table 4.3.
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Table 4.3: Constants for normalising the primary features and target properties for the linear SVM
boundaries 𝑆1 and 𝑆2 using Equation 4.10, where all properties are unitless except U (eV) and 𝑉0
(Å3).

Property Maximum Minimum
𝑈 3.0 0.5
𝑐1 1.1 0.9
𝑐2 0.0 -0.5
𝑉0 137.96 137.07

Tr[n(Ti 3𝑑)] 1.51584 0.77094
Tr[n(O 2𝑝)] 5.42824 4.67555

The SVM boundaries 𝑆1 and 𝑆2, which classify the validity of bulk oxygen vacancy calculations
in anatase TiO2 using the OMR method, were fitted using the equation below, where A, B, C and D
are constants in Table 4.4:

𝑆𝑖 = A𝑖 ×𝑈
SISSO + 1.13 × B𝑖 × Tr[n(Ti 3𝑑)]SISSO + C𝑖 × Tr[n(O 2𝑝)]SISSO + D𝑖 (4.12)

where an ad-hoc prefactor of 1.13 is introduced to improve the prediction accuracy of Hubbard
parameters that lead to numerically stable point defect calculations, when validated on out-of-training
data (representing the uncertainty in the linear boundaries 𝑆1 and 𝑆2). The SVM boundary 𝑆3, which
classifies "physical" and "unphysical" oxygen vacancy formation energies in anatase TiO2 using the
OMR method, was fitted using the equation below, where A, B, C and D are constants in Table 4.4:

𝑆3 = A3 ·
𝜕𝐸SISSO

𝜕𝑈
+ B3 ·

𝜕𝐸SISSO

𝜕𝑐1
+ C3 ·

𝜕𝐸SISSO

𝜕𝑐2
+ D3 (4.13)

Table 4.4: Constants for all linear SVM boundaries 𝑆1, 𝑆2 and 𝑆3 used in the semi-empirical ap-
proach for Hubbard projector optimisation, as well as the corresponding proportion of misclassified
data points (sum of false positive and negative classification predictions) when evaluated on the re-
spective training sets. All constants are unitless except those with associated units noted in brackets,
thus ensuring dimensional consistency with the unitless target properties.

𝑆𝑖 A𝑖 B𝑖 C𝑖 D𝑖 Misclassified (%)
1 -4.01 -1.14 -6.29 -5.16 2.27
2 -5.65 -4.07 1.36 -4.65 0.00
3 0.034 -0.15 (eV−1) -1.03 (eV−1) 1.01 0.00

Bayesian Optimisation

BO was performed using the GPyOpt Python library [34] to probabilistically search the Hubbard
parameter space by minimising 𝐽SE whilst satisfying three constraints, including those derived from
𝑆1 and 𝑆2. The Hubbard parameter space was searched using the standard Expected Improvement
acquisition function, [35] with a sampling weight of 0.01 to encourage parameter exploration within
bounds for U between 0.5 eV and 5 eV, 𝑐1 between 0 and 1.3 and 𝑐2 between -0.6 and 0; as
beyond these values, numerical instability including calculation termination and non-convergence was
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observed when simulating the TiO2 unit cell. An initial population of 1000 combinations of Hubbard
parameters were defined using Latin Hypercube Sampling, [36] using the pyDOE Python library, [37]
to build a surrogate model of 𝐽SE that was minimised further using BO for 350 iterations. Sampled
Hubbard parameters that violated constraints were penalised by assigning them a high value of 𝐽SE =
1000, therefore discouraging the exploration of the Hubbard parameter space that leads to numerically
unstable calculations. The effectiveness of BO in identifying the global minimum 𝐽SE was assessed by
comparing the BO-sampled landscape of 𝐽SE with that evaluated using random sampling for 50,000
iterations.

4.2.3 First-Principles Machine Learning Approach

Hierarchical Symbolic Regression

To extend the semi-empirical approach across different materials, a first-principles approach was
adopted to parameterise Hubbard U values and projectors by targeting the O 2p orbital occupancies
calculated using hybrid-DFT, which was identified as crucial to enable self-consistency of DFT+U
simulations of intrinsic and extrinsic defects in TiO2 using the OMR method. The first-principles
approach was similar to the semi-empirical approach outlined in Section 4.2.2, by aiming to ensure
the accuracy and numerical stability of DFT+U simulations of stoichiometric and defective TMOs
and REOs using generalised symbolic regression and classification, as illustrated in Figure 4.2.

Figure 4.2: First-principles approach for optimising the Hubbard U value and the projector. Gener-
alised symbolic regression is used to target the hybrid-DFT-predicted O 2p occupation matrix. Gen-
eralised symbolic classification is used to determine constraints on the Hubbard parameter space to
ensure numerically stable point defect calculations.
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To generalise SR across different materials, the primary feature space was expanded beyond the
Hubbard parameters U, 𝑐1 and 𝑐2, to include data that can either be determined from a single reference
DFT calculation or is widely available in the literature. The expanded primary feature space included
(1) basis set parameters for the correlated subshell subject to the Hubbard correction, such as the
type (𝑍Type, i.e., hydrogenic or ionic) and effective core charge (𝑍val) of the auxiliary basis function,
(2) DFT-predicted metal d or f and O 2p orbital occupancies averaged over all atoms in the unit
cell and (3) atomic material descriptors, including the metal atom electronegativity (𝜒) and atomic
radius (𝑟), as well as the outer subshell type (𝑆, encoding 𝑑 or 𝑓 subshells), principal quantum
number (𝑄) and number of electrons in the ion (𝑒Ion). Both 𝑍Type and 𝑆 were label-encoded as
integers to enable their use in SR. The expanded set of 20 primary features makes the SISSO method
computationally intractable due to the attempted exhaustive search of the secondary feature space,
which scales exponentially with the number of primary features, therefore, a two-step hierarchical
SISSO (HI-SISSO) [21] approach was adopted where the output from a first step using SISSO, with
13/20 of all primary features (Hubbard parameters and DFT-predicted orbital occupancies), was used
as an input for a second step using HI-SISSO where the remaining primary features are included as
inputs.

HI-SISSO was used to fit ten empirical correlations to estimate DFT+U-predicted orbital occu-
pancies across the full range of magnetic quantum numbers (𝑚), with seven correlations for 𝑚= -3 to
+3 (grouping together d and f orbitals) and three correlations for 𝑚= -1 to 1 for O 2p orbitals. The
training set used, contained 197 sets of DFT+U-calculated orbital occupancies from optimised unit
cells of anatase and rutile TiO2 (46%), CeO2 (13%), Cu2O (11%), Y2O3 (11%), ZrO2 (11%), WO3
(7%) and MoO3 (1%), where the percentages correspond to the proportion of each material in the
dataset. LiCoO2 and LiFePO4 were used as blind test cases with no training data. As illustrated by
the parity plots in Figure 4.3 for O 2p orbitals, the HI-SISSO approach (including basis set parameters
and atomic descriptors) improved the predictive accuracy of all three correlations compared to the
single step SISSO approach, which is equivalent to Δ-machine learning with respect to DFT-predicted
orbital occupancies. [38]

Figure 4.3: Parity plots for the DFT+U- and SR-predicted O 2p orbital occupancies for (a) 𝑛𝑚 = -1, (b)
𝑛𝑚 = 0 and (c) 𝑛𝑚 = 1. Blue markers show the predictions using a single step SISSO fitting using the
primary features 𝑈, 𝑐1, 𝑐2 and all DFT predicted metal 𝑑 or 𝑓 and O 2p orbital occupancies. Orange
markers show the predictions after a second HI-SISSO fitting, where the outputs from the first step
are included within a new set of primary features including 𝑆, 𝑍Type, 𝑍val, 𝑄, 𝜒, 𝑒Ion and 𝑟.
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The HI-SISSO-predicted O 2p occupancies were then used to construct a cost function for optimis-
ing Hubbard U values and projectors from first-principles, 𝐽FP, by targeting O 2p orbital occupancies
calculated using hybrid-DFT, as outlined in Section 4.3.3. All SISSO and HI-SISSO correlations
were fitted using empirical correlations of two or three terms, using the constants in Table 4.5, which
are used to predict the occupancies of the 𝑥𝑖 orbitals, corresponding to to 𝑚 = (𝑖-3) for 𝑑 orbitals and
𝑚 = (𝑖-4) for 𝑓 orbitals, and the 𝑝𝑖 orbitals, corresponding to 𝑚 = (𝑖-2) for O 2p orbitals.

Table 4.5: Constants for all SISSO and HI-SISSO correlations used in the first-principles approach for
Hubbard projector optimisation, with corresponding model accuracy metrics including the Pearson’s
coefficient of determination (𝑅2) and the root mean squared error (RMSE). All constants are unitless
to ensure dimensional consistency with the unitless target properties.

Subshell 𝑥𝑖 Approach a0 a1 a2 a3 𝑅2 RMSE
𝑑 or 𝑓 1 SISSO -0.0195124 0.0512845 1.7850342 N/A 0.99586 0.03775
𝑑 or 𝑓 1 HI-SISSO 0.0081740 0.0078837 -0.0000002 -161.1072667 0.99884 0.01998
𝑑 or 𝑓 2 SISSO -0.0744573 0.0221677 -0.0000306 1.0795195 0.99804 0.02572
𝑑 or 𝑓 2 HI-SISSO 0.0034645 -0.0363467 -0.0163977 2.0072180 0.99874 0.02057
𝑑 or 𝑓 3 SISSO 0.3208064 0.0000259 0.0088471 -0.3785612 0.99734 0.03114
𝑑 or 𝑓 3 HI-SISSO 0.0049139 0.0274422 -0.0012958 12.4632588 0.99851 0.02329
𝑑 or 𝑓 4 SISSO -0.0390992 0.3477937 0.0007987 1.7937530 0.99749 0.02931
𝑑 or 𝑓 4 HI-SISSO 0.0188731 -0.0115786 0.0625755 151.4973711 0.99856 0.02226
𝑑 or 𝑓 5 SISSO 0.3430127 0.0077543 0.0062046 -0.3795066 0.99803 0.02682
𝑑 or 𝑓 5 HI-SISSO 0.0274316 -0.0001409 -0.0315249 197.0158617 0.99915 0.01767
𝑑 or 𝑓 6 SISSO -0.0000009 0.0193878 -0.0237643 0.1396925 0.99951 0.00027
𝑑 or 𝑓 6 HI-SISSO -0.0000402 0.0000143 -0.0001629 0.0000241 0.99972 0.00021
𝑑 or 𝑓 7 SISSO -0.0000013 0.1736143 0.7761145 1.7892233 0.99986 0.00026
𝑑 or 𝑓 7 HI-SISSO -0.0003830 0.0004469 -0.0006041 -0.0005738 0.99993 0.00019

Subshell 𝑝𝑖 Approach a0 a1 a2 a3 𝑅2 RMSE
O 2p 1 SISSO 0.9079618 -0.0749980 -0.0121296 0.1284832 0.90194 0.04482
O 2p 1 HI-SISSO 1.7699613 0.0001488 -0.0133692 -0.1984506 0.96764 0.02575
O 2p 2 SISSO 1.8894035 0.1009336 0.0193631 -1.3224441 0.88321 0.04323
O 2p 2 HI-SISSO 1.7700081 0.0252095 -0.0065591 -1.2267782 0.94510 0.02964
O 2p 3 SISSO 1.2184210 0.0936608 0.0002472 0.1183200 0.97732 0.02464
O 2p 3 HI-SISSO 1.7716178 -0.0139624 -0.0094436 -5.8280428 0.98742 0.01835

The general form of the empirical correlations is a linear combination of non-linear terms, e.g.,
F1, F2 and F3 using the constants a0, a1, a2 and a3 for a three term correlation:

Target = a0 + a1 × F1 + a2 × F2 + a3 × F3 (4.14)

where the terms F1, F2 and F3, used in the SISSO and HI-SISSO correlations are listed in Table 4.6. The
primary features are the Hubbard parameters (U in eV, c1 and c2), DFT- and SISSO-predicted orbital
occupancies (DFT_xi and DFT_pi, and SISSO_xi and SISSO_pi, for metal 𝑑 or 𝑓 and O 2p orbitals,
respectively), basis set parameters (Auxiliary_type i.e., hydrogenic or ionic and Auxiliary_zval
in 𝑒) and atomic descriptors of the metal species in the oxide, including the electronegativity (𝜒),
atomic radius (r in pm), outer subshell type (i.e., 𝑑 or 𝑓 , S), principal quantum number (Q) and number
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of outer subshell electrons in the ion (Ion_OE). Both Auxiliary_type and S were label-encoded as
integers to ensure compatibility with SISSO. The constants 𝛼 = 1 eV−1, 𝛽 = 1 pm−1 and 𝛾 = 1 𝑒−1

ensure dimensional consistency between all unitless constants in Table 4.5, terms and target properties.

Table 4.6: Summary of the non-linear terms F1, F2, and F3 used in the SISSO and HI-SISSO correla-
tions for each orbital magnetic quantum number 𝑚 in the metal 𝑑 or 𝑓 subshells. All terms are made
unitless using the constants 𝛼 = 1 eV−1, 𝛽 = 1 pm−1 and 𝛾 = 1 𝑒−1, ensuring dimensional consistency
with the unitless target properties. The SISSO-predicted orbital occupancies (SISSO_xi for metal 𝑑
or 𝑓 and O 2p orbitals) are used as inputs in the HI-SISSO correlations.

Subshell 𝑥𝑖 Approach F𝑖 Expression
𝑑 or 𝑓 1 SISSO F1 (𝛼U / ln(DFT_x1)) * (cbrt(c2) + ln(DFT_p1))

𝑑 or 𝑓 1 SISSO F2 ((DFT_x1 / DFT_x3) * DFT_x5) * (sin(c1)ˆ3)

𝑑 or 𝑓 1 HI-SISSO F1 (ln(𝜒) * (𝛾Auxiliary_zval - Ion_OE)) - sin(𝛾Auxiliary_zvalˆ3)

𝑑 or 𝑓 1 HI-SISSO F2 ((SISSO_x1 * 𝛾Auxiliary_zval)ˆ3) / (cbrt(𝛽r) - (SISSO_x1ˆ2))

𝑑 or 𝑓 1 HI-SISSO F3 sin(exp(Auxiliary_type)) / (sin(𝛽r) - (𝛽r / SISSO_x1))

𝑑 or 𝑓 2 SISSO F1 ((DFT_x3 + 𝛼U) - (DFT_p2ˆ3)) / ln(DFT_x4)

𝑑 or 𝑓 2 SISSO F2 (((𝛼U)ˆ2)ˆ2) / (sin(c2) + (DFT_p1 - c1))
𝑑 or 𝑓 2 SISSO F3 ((DFT_x7 + DFT_x1) + DFT_x7) * (c1ˆ2)

𝑑 or 𝑓 2 HI-SISSO F1 sin((S - Q) * (SISSO_x2ˆ3))

𝑑 or 𝑓 2 HI-SISSO F2 (cbrt(𝛾Auxiliary_zval) - Auxiliary_type) / (sin(SISSO_x2) - ln(SISSO_x2))

𝑑 or 𝑓 2 HI-SISSO F3 sqrt(exp(Q)) * ((SISSO_x2 / Q) / Q)

𝑑 or 𝑓 3 SISSO F1 (((𝛼U)ˆ2)ˆ2) / ((DFT_p2 + c2) - c1)
𝑑 or 𝑓 3 SISSO F2 ((ln(DFT_x4) + 𝛼U)) / (ln(DFT_x3) + sin(c1)))

𝑑 or 𝑓 3 SISSO F3 sqrt(exp(c2)) - ((DFT_x5 * c1) * exp(c1))

𝑑 or 𝑓 3 HI-SISSO F1 sin((SISSO_x3ˆ3)) + ((Auxiliary_typeˆ2) / (SISSO_x3 * 𝛽r))

𝑑 or 𝑓 3 HI-SISSO F2 sin(Q) / (ln(Q) + (SISSO_x3 - 𝜒))

𝑑 or 𝑓 3 HI-SISSO F3 sin(exp(Auxiliary_type)) * ((SISSO_x3 / S) / sqrt(S))

𝑑 or 𝑓 4 SISSO F1 ((c2ˆ2)ˆ2) / ((DFT_x5ˆ2) - (c1 + (𝛼U)))
𝑑 or 𝑓 4 SISSO F2 a1 * ( (𝛼U)ˆ3) / ((DFT_x5 * c2) + ln(DFT_x4))
𝑑 or 𝑓 4 SISSO F3 ((DFT_x6 + DFT_x1) * sin(DFT_p1)) * (sin(c1)ˆ3)

𝑑 or 𝑓 4 HI-SISSO F1 sin(𝜒 / SISSO_x4) / ((𝜒ˆ3) - (1.0 / SISSO_x4))

𝑑 or 𝑓 4 HI-SISSO F2 sin(𝛾Auxiliary_zval + S) * sin(SISSO_x4 * Ion_OE)

𝑑 or 𝑓 4 HI-SISSO F3 sin(exp(Auxiliary_type)) / ((𝛽r / SISSO_x4) - (Auxiliary_typeˆ2))

𝑑 or 𝑓 5 SISSO F1 ((c2ˆ3) * (DFT_x2ˆ2)) / (exp(c1) - (𝛼U))
𝑑 or 𝑓 5 SISSO F2 (exp(c2) * (𝛼U)) / (ln(DFT_x3) + sin(c1))
𝑑 or 𝑓 5 SISSO F3 cbrt(exp(c2)) - ((DFT_x5 * c1) * exp(c1))

𝑑 or 𝑓 5 HI-SISSO F1 (exp(Auxiliary_type) - 𝛾Auxiliary_zval) / (ln(𝜒) - sin(SISSO_x5))

𝑑 or 𝑓 5 HI-SISSO F2 sin(sqrt(Q) * (SISSO_x5 * S))

𝑑 or 𝑓 5 HI-SISSO F3 sin(exp(Auxiliary_type)) / ((𝛽r / SISSO_x5) * cbrt(𝜒))

𝑑 or 𝑓 6 SISSO F1 (((c2 / DFT_x2) + sin(𝛼U))) * DFT_x7

𝑑 or 𝑓 6 SISSO F2 ((c1ˆ3)ˆ3) * (DFT_x6 / (DFT_x2 - 𝛼U))

𝑑 or 𝑓 6 SISSO F3 (((c1 / DFT_x2) - cbrt(𝛼U))) * DFT_x7

𝑑 or 𝑓 6 HI-SISSO F1 1.0 / ((SISSO_x6 * 𝛽r) + (SISSO_x6 - S))

𝑑 or 𝑓 6 HI-SISSO F2 1.0 / ((SISSO_x6 * 𝛽r) - (Auxiliary_type + Q))

𝑑 or 𝑓 6 HI-SISSO F3 ((𝛽rˆ2) * sin(SISSO_x6)) + sin(𝛽r / SISSO_x6)

𝑑 or 𝑓 7 SISSO F1 sin(DFT_p3 * 𝛼U) * (ln(c1) * DFT_x7)

𝑑 or 𝑓 7 SISSO F2 (DFT_x6 / exp(c2)) * ((c2ˆ3) + ln(c1))

𝑑 or 𝑓 7 SISSO F3 (DFT_x6 * c1) / exp(DFT_x1 * 𝛼U)

𝑑 or 𝑓 7 HI-SISSO F1 sin(exp(Q) * (SISSO_x7 * 𝛽r))

𝑑 or 𝑓 7 HI-SISSO F2 sin((S * 𝛽r) * (SISSO_x7 * Q))

𝑑 or 𝑓 7 HI-SISSO F3 sin(1.0 / SISSO_x7) - ((SISSO_x7 * Q) * (𝛾Auxiliary_zvalˆ3))
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Table 4.7: Summary of the non-linear terms F1, F2, and F3 used in the SISSO and HI-SISSO correla-
tions for each orbital magnetic quantum number 𝑚 of the O 2𝑝 subshell. All terms are made unitless
using the constants 𝛼 = 1 eV−1, 𝛽 = 1 pm−1 and 𝛾 = 1 𝑒−1, ensuring dimensional consistency with the
unitless target properties. The SISSO-predicted orbital occupancies (SISSO_pi) are used as inputs
in the HI-SISSO correlations.

S 𝑝𝑖 Approach F𝑖 Expression
O 2p 1 SISSO F1 ((DFT_x2 + c2) / sqrt(DFT_x5)) * sin(1.0 / DFT_x5)

O 2p 1 SISSO F2 sin(𝛼U / DFT_x1) / ((DFT_p2ˆ3) - DFT_p3)

O 2p 1 SISSO F3 (sqrt(𝛼U) + exp(DFT_p3)) + (c2 * 𝛼U)

O 2p 1 HI-SISSO F1 exp(S / SISSO_p1) / (ln(SISSO_p1) - sin(Auxiliary_type))

O 2p 1 HI-SISSO F2 sin(SISSO_p1ˆ3) / (sin(SISSO_p1) - (SISSO_p1 - Auxiliary_type))

O 2p 1 HI-SISSO F3 sin(SISSO_p1ˆ2) * (ln(𝛽r) + (SISSO_p1 - S))

O 2p 2 SISSO F1 sin(DFT_p1 / DFT_x5) * sin(DFT_x4 * 𝛼U)

O 2p 2 SISSO F2 sin(DFT_p1ˆ2) / (cbrt(c2) + (DFT_x2 - c2))

O 2p 2 SISSO F3 sin(cbrt(DFT_x5)) / ((DFT_p2ˆ3) - (DFT_p3 - 𝛼U))

O 2p 2 HI-SISSO F1 sin((Q - 𝛽r) / exp(SISSO_p2))

O 2p 2 HI-SISSO F2 sin(exp(Q)) / ((SISSO_p2ˆ2) - (SISSO_p2 + Auxiliary_type))

O 2p 2 HI-SISSO F3 sin(SISSO_p2ˆ2) / ((S - 𝜒) + sin(𝛽r))

O 2p 3 SISSO F1 ((c1 * 𝛼U) / cbrt(DFT_p1)) - exp(cbrt(𝛼U))

O 2p 3 SISSO F2 ((c2ˆ2) - (DFT_x7 * 𝛼U)) / (DFT_x1ˆ3)

O 2p 3 SISSO F3 (sqrt(𝛼U) + (DFT_p3ˆ3)) + (c2 * 𝛼U)

O 2p 3 HI-SISSO F1 sin((Qˆ2) * (SISSO_p3 / 𝜒))

O 2p 3 HI-SISSO F2 sin(𝛾Auxiliary_zval * Q) * ((𝜒ˆ3) - (SISSO_p3ˆ2))

O 2p 3 HI-SISSO F3 (ln(SISSO_p3) - (1.0 / SISSO_p3)) / (sin(Ion_OE) - S)

The HI-SISSO-predicted O 2p occupancies were then used to construct a cost function for optimis-
ing Hubbard U values and projectors from first-principles, 𝐽FP, by targeting O 2p orbital occupancies
calculated using hybrid-DFT, as outlined in Section 4.3.3.

𝐽FP =









100 ×

(
n

O 2p DFT+𝑈
𝑚 − n

O 2p PBE0
𝑚

)
n

O 2p PBE0
𝑚








 , n𝑚 = (𝑛−1, 𝑛0, 𝑛1) (4.15)

Symbolic Classification

The observed numerical instability of self-consistent DFT+U simulations of point defects in TiO2,
including excessive polaron localisation that causes calculations to terminate and charge sloshing
preventing SCF convergence, was observed when modelling point defects across the broader range
of TMOs and REOs in Table 2.1. Therefore, the use of SVMs for classifying the stability of point
defect calculations in Section 4.2.2 was generalised across materials. Generalised classification was
achieved by defining new primary features to account for the different degrees of covalent character
across the materials in Table 2.1, which is key for the generalisation of predictive models across
complex oxides.[39] The primary features for generalised classification were U, 𝐽FP, the average error
in the DFT+U-predicted metal 𝑑 or 𝑓 orbital occupancies relative to hybrid-DFT (𝐸Metal) and the ratio
of the traces of the metal 𝑑 or 𝑓 and O 2p occupation matrices predicted using hybrid-DFT (𝑅Hybrid),
as outlined in Section 4.3.3.
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𝐸Metal =









100 ×

(
n

Metal d or f DFT+U
𝑚 − n

Metal d or f PBE0
𝑚

)
n

Metal d or f PBE0
𝑚








 , n𝑚 = (𝑛−3, 𝑛−2, 𝑛−1, 𝑛0, 𝑛1, 𝑛2, 𝑛3)

(4.16)

𝑅Hybrid =
Tr[n(Metal 𝑑 or 𝑓 )]PBE0

Tr[n(O 2𝑝)]PBE0 (4.17)

Generalised constraints on the Hubbard parameter space were determined using two linear SVMs
to determine the equations of the boundaries 𝑆4 and 𝑆5 that separated regions in the primary feature
space leading to the termination and non-convergence of bulk oxygen vacancy calculations using the
OMR method. The training set used, consisted of 86 DFT+U simulations across anatase and rutile
TiO2 (76%), CeO2 (6%), ZrO2 (6%), MoO3 (6%), WO3 (5%) and Cu2O (2%), where the percentages
correspond to the proportion of each material in the dataset. To reduce the number of misclassified
data points associated with 𝑆4 and 𝑆5, classification was performed symbolically using the SISSO
algorithm to recursively combine the primary features using the same algebraic operators as in SR, but
with the objective of minimising the number of data points in the overlap region of a two-dimensional
convex hull. [29] The secondary features generated from SISSO were then used as inputs for two linear
SVMs, which identified simple boundaries to perform binary classifications in a highly non-linear
feature space. The SVM boundaries 𝑆4 and 𝑆5, are defined as:

𝑆4 = A4 ×
(
𝑅Hybrid

𝛼U
+ sin

(
𝐸Metal

))
+ B4 ×

(
𝑅Hybrid + 𝐽FP

ln
(
𝑅Hybrid) )

+ C4 (4.18)

𝑆5 = A5 × sin (exp(𝐽FP)) + B5 ×
(
sin(𝐽FP) +

𝛼𝑈

𝑅Hybrid

)
+ C5 (4.19)

where the constant 𝛼 = 1 eV−1 is introduced to ensure dimensional consistency and the associated
constants and accuracy metrics are listed Table 4.8. The condition for numerically stable bulk oxygen
vacancy calculations is therefore:

𝑆4 ≥ 0 ∧ 𝑆5 ≥ 0 (4.20)

Table 4.8: Constants for all linear SVM boundaries 𝑆4 and 𝑆5 used in the first-principles approach for
Hubbard projector optimisation, as well as the corresponding proportion of misclassified data points
(sum of false positive and negative classification predictions) when evaluated on the respective train-
ing sets. All constants are unitless

𝑆𝑖 A𝑖 B𝑖 C𝑖 Misclassified (%)
4 0.86 0.97 9.76 8.06
5 -1.04 -0.75 5.18 9.26
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One-Shot Optimisation of Hubbard Parameters

Optimisation of U, 𝑐1 and 𝑐2 from first-principles was performed by a linear search of the landscape
of the HI-SISSO-predicted cost function (𝐽FP

Predicted) for each material, over the range of U between
0 eV and 5 eV, 𝑐1 between 0.5 and 1 and 𝑐2 between -0.6 and 0, with each feature split into 50
intervals. The output of each linear search was a family of candidate solutions for a material, with
several combinations of U, 𝑐1 and 𝑐2 optimised to minimise 𝐽FP

Predicted. The accuracy of the HI-
SISSO correlations to predict O 2p orbital occupancies was evaluated by validating 𝐽FP

Predicted against
the corresponding DFT+U-predicted cost function (𝐽FP

Validated) for up to ten different combinations of
Hubbard U values and projectors per material (94 in total), before calculating the mean absolute error
(MAE), which is averaged across all tested Hubbard parameters (𝑁) for each material:

MAE =
1
𝑁

𝑁∑︁
𝑖=1

���𝐽FP
Predicted,𝑖 − 𝐽FP

Validated,𝑖

��� (4.21)

The relationship between the accuracy of the one-shot approach for minimising 𝐽FP
Predicted and the

training set size for each material was investigated using the Mahalanobis distance (𝐷M) [40] to
quantify the distance of the primary feature vector for each material (x), in a reduced two dimensional
feature space determined using principal component analysis (PCA) with the Scikit-learn Python
library, [33] from the mean vector of the training data (κ), using the inverse covariance matrix of the
training data (C−1):

𝐷M =
√︁
(x − κ)𝑇C−1(x − κ) (4.22)

An integrated one-shot approach for optimising Hubbard U values and projectors from first-
principles was tested for computing the Co 3𝑑 Hubbard U value and projector for the simulation of
stoichiometric, Mg-doped and oxygen defective LiCoO2 (i.e., LiCo1−𝑥Mg𝑥O2−𝑥) which is unseen
by any of the trained regression or classification models. Here, the three HI-SISSO correlations to
estimate the DFT+U-predicted O 2p orbital occupancies (for 𝑚= -1, 0 and 1) were used to screen
the landscape of 𝐽FP

Predicted for stoichiometric LiCoO2, before all Hubbard parameters that violate the
generalised constraints 𝑆4 and 𝑆5, which are evaluated using all ten HI-SISSO correlations, are removed
from the landscape. The remaining Hubbard parameters were reduced to a smaller set of candidates
with K-means clustering, using the Scikit-learn Python library, [33] which uses unsupervised learning
to partition the landscape of 𝐽FP

Predicted into smaller clusters by minimising intra-cluster variance. The
centroids of these clusters were then used as screened Hubbard parameters for the simulation of
stoichiometric and defective LiCoO2, using the OMR method.

4.3 Results and Discussion

4.3.1 Projector Sensitivities in DFT+U Simulations

Stoichiometric Oxides

DFT+U is known to be non-trivial when simulating the ground state character (i.e., metallic, semi-
conducting or insulating) of TMOs and REOs. For example, in a planewave basis, material-dependent
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transitions in the DFT+U-predicted ground state from metallic to insulating can occur upon increasing
the Hubbard U value, which can restore the experimentally observed electronic structures of Mott
insulators such as NiO and Ce2O3 [41–44], and point defects in CeO2 surfaces. [43] Furthermore, er-
roneous changes in the DFT+U-predicted hybridisation between metal 𝑑 and O 2𝑝 orbitals can drive
the predictions of ground state crystal structures and magnetic properties away from experimental
observations, as is reported for BaTiO3 and layered 𝐴MoO2 (𝐴 = Li, Na, K). [45, 46] The existence
of metastable states in the DFT+U potential energy surface, near integer orbital occupations, can also
result in erroneous trapping in local energy minima using local optimisation algorithms, resulting in
incorrect ground state predictions for point defects in actinide oxides such as UO2. [26]

In a NAO framework, similar observations are made when modelling stoichiometric REOs using
the default atomic Hubbard projector. For example, applying a Hubbard correction to Ce 4f electrons
in stoichiometric CeO2, using the atomic Ce 4f Hubbard projector, results in an insulator-metal
transition (IMT) in the predicted ground state. Upon increasing the Ce 4f Hubbard U value, there is a
monotonic change in the DFT+U-predicted 𝐸bg in Figure 4.4(a) and ΔEForm in Figure 4.4(b) between
U values of 0 eV to 9 eV. Beyond U= 9 eV, which would be required if adopting the standard approach
of benchmarking against the experimental 𝐸bg of 3.2 eV, [47] there is a sudden deviation in these
trends and DFT+U predicts strong electron localisation in the Ce 4f 𝑚 = -2 orbital, corresponding to
metallic behaviour with no band gap.

To trace the root cause of the observed IMT at U= 9.5 eV, constrained DFT+U calculations were
performed using the ground state Ce 4f occupation matrix calculated using U= 9.5 eV, but with the
𝑚 = -2 and 𝑚 = -3 orbital occupancies systematically varied and all other occupancies fixed. As
illustrated in Figure 4.4(c), there is a metallic global energy minimum and an insulating low-lying
metastable state in the potential energy surface, therefore the observed IMT is caused by the small
energy differences between these energy minima, which decreases as the Hubbard U value increases.
For 𝑈 = 9.5 eV, self-consistent determination of the Ce 4f occupation matrix leads to a metallic
solution, irrespective of the initial occupation matrix, therefore, we conclude that there are no other
insulating solutions with lower energy than the metallic solution, and that this represents an IMT in
the potential energy surface. Beyond U= 11 eV, the insulating ground state character is seemingly
restored in Figures 4.4(a) and (b), however these were found to be metastable states, which was
confirmed using OMR with a modified initial Ce 4f occupation matrix that enabled convergence to
the true metallic ground state that exists at all U values beyond the IMT at U= 9.5 eV. The IMT was
also found to vary with the definition of the Hubbard projector, as shown in Figure 4.4(d), where the
more localised projector in green brings the IMT forward to U > 5.5 eV and the more diffuse projector
defers the IMT beyond U= 12 eV. The results exemplify the importance of developing new workflows
for parameterising the Hubbard U value and projector to enable the accurate simulation of insulating
ground states of REOs like CeO2, whilst avoiding erroneous IMTs and metastable states; this goal
cannot be achieved using the standard approach of semi-empirical benchmarking of the Hubbard U
value to reproduce the experimental 𝐸bg.
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Figure 4.4: Overview of errors when modelling stoichiometric CeO2 using the default Ce 4 𝑓 atomic
Hubbard projector, including the variation in the DFT+U-predicted (a) band gap and (b) formation
energy with respect to the Ce 4 𝑓 Hubbard U value, relative to experimental references denoted by
the red dashed lines. [47, 48] Blue markers correspond to insulating ground states, yellow markers
correspond to metallic ground states and green markers correspond to insulating metastable states.
(c) Contour plot of the constrained DFT+U-predicted total energy relative to the ground state energy
at U= 9.5 eV, after constraining the 𝑚 = -2 and 𝑚 = -3 orbital occupancies. The two regions in dark
red correspond to global and low-lying local minima in the potential energy surface with respect to Ce
4 𝑓 orbital occupancies. The metallic global minimum is 0.273 eV more stable than the insulating local
minimum. (d) The radial functions corresponding to the atomic Ce 4 𝑓 (blue) and hydrogenic auxiliary
(orange) basis functions available for constructing a modified atomic-like Hubbard projector. The
green and red radial functions correspond to modified projectors that do not include any contribution
from the hydrogenic auxiliary function (i.e., 𝑐2 = 0) and are noted with the corresponding shift of the
observed IMT.

Defective Oxides

Whilst DFT+U simulations using semi-empirically-derived Hubbard U values and the default atomic
Hubbard projector can accurately model point defects in TMOs such as Li4Ti5O12, [49, 50] the
numerical stability of point defect calculations is generally highly sensitive to the choice of the
Hubbard U value, as illustrated in Figure 4.5 for anatase TiO2. Upon increasing the Ti 3d Hubbard
U value, there is a monotonic change in the DFT+U-predicted 𝐸bg in Figure 4.5(a) and ΔEForm in
Figure 4.5(b) of anatase TiO2. An appropriate Hubbard U value could be chosen by considering the
compromise in accuracy of these properties versus the experimental references denoted by the red
dashed lines in each plot; however, the numerical stability of DFT+U simulations of a bulk oxygen
vacancy in anatase TiO2 were found to vary strongly with both the Hubbard U value and projector.

59



Chapter 4. Machine Learning Generalised DFT+𝑈 Projectors in a Numerical Atom-Centred
Orbital Framework

Figure 4.5: Overview of errors when modelling stoichiometric and defective TiO2, including the varia-
tion of the DFT+U-predicted (a) band gap and (b) formation energy with respect to the Ti 3𝑑 Hubbard
U value, using the default atomic Ti 3𝑑 Hubbard projector, relative to experimental references denoted
by the red dashed lines. [30, 51] (c) The radial functions corresponding to the atomic Ti 3𝑑 (blue) and
hydrogenic auxiliary (orange) basis functions available for constructing a modified atomic-like Hub-
bard projector. The green and red radial functions correspond to modified projectors that incorporate
a contribution from hydrogenic auxiliary function given by the linear expansion coefficient 𝑐2. (d) The
nearest neighbour Ti atoms surrounding a bulk oxygen vacancy in anatase TiO2. (e) The evolution
of Tr[n(Ti 3𝑑)] for Ti atoms A, B and C in (d) during an oxygen vacancy calculation using U= 3 eV,
𝑐1= 1, 𝑐2= -0.1, which leads to calculation termination due to excessive polaron localisation at atom
A, after 3 SCF iterations of OMR (which begins after 23 SCF iterations of OMC). (f) The evolution
of the change in charge density during SCF optimisation, during the 1st geometry optimisation step
for an oxygen vacancy calculation using U= 3 eV, 𝑐1= 1, 𝑐2= -0.5, which does not converge to the
convergence criteria of 1 × 10−6 e a−3

0 , denoted by the black dashed line, due to charge sloshing.

For example, Figure 4.5(c) shows the radial functions of two modified atomic-like Ti 3𝑑 Hubbard
projectors (green and red functions), that are examples of a series of systematically tested Hubbard
projectors for the simulation of a bulk oxygen vacancy using the OMR method. In each simulation,
two Ti3+ polarons were initialised at Ti atoms A and B in Figure 4.5(d), which are nearest neighbours
relative to the oxygen vacancy. With some combinations of Hubbard U values and projectors, full
geometry optimisation successfully completed, whilst in other cases, the simulations were terminated
within 2 to 5 iterations of self-consistent optimisation of the system occupation matrices, due to
excessive polaron localistion at Ti atom A resulting in the predicted 3𝑑z2 orbital occupancy increasing
beyond 4 (which is the condition for termination) in Figure 4.5(e). With other combinations of
Hubbard U values and projectors, the OMR calculations did not converge due to strong oscillations
in the charge density (Figure 4.5(f)), which is known as charge sloshing between partially filled,
degenerate orbitals and is often associated with metallic systems. [52]
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Tracing Numerical Instability to the Hubbard Projector

The termination of defect calculations in Figure 4.5(e) was observed for Hubbard U values > 1 eV
using the default atomic Ti 3d Hubbard projector and occurred irrespective of initialising Ti3+ polarons
further away from the oxygen vacancy as well as tuning available parameters such as SCF mixing
parameters and initial occupation matrices. Initialising Ti3+ polarons in different Ti 3d orbitals (other
than the 3𝑑z2 orbital) and performing local symmetry breaking via targeted bond distortions were also
tested; however, these did not alleviate the termination of defect calculations in a NAO framework,
despite their reported success for aiding SCF covergence in planewave codes. [25, 53, 54] The
SCF non-convergence due to charge sloshing in Figure 4.5(f) was also very difficult to alleviate with
common strategies. After extensive testing, no robust strategy to mitigate this sloshing was found,
despite tuning available parameters including the basis set size, initial geometries and occupation
numbers, SCF mixing parameters, Gaussian broadening parameters, Kerker preconditioning, [55]
the OMR pre-convergence criteria, k-point spacing and using wavefunction restarts. Whilst the
charge sloshing in Figure 4.5(f) appears insensitive to the aforementioned strategies to improve SCF
convergence, other cases of SCF non-convergence such as plateauing of the electron density are more
straightforward to address, as observed for Mn-doped rutile TiO2 in Section 4.3.2, which requires
an increased Pulay mixing history beyond the default value. The issue of charge sloshing therefore
appears to be specific to DFT+𝑈 in the NAO framework, although planewave implementations are not
without their own projector-related issues, as highlighted by Warda et al., who discuss the challenge
of spurious Hubbard forces and the resulting inaccuracies in the predicted phase stabilities of 𝐴UO4

(𝐴 = Ni, Mg, Co, Mn) compounds when using atomic Hubbard projectors. [56]
We note three approaches that are observed to overcome the numerical instabilities when simulating

point defects using DFT+U in a NAO framework. Kick et al. overcame SCF non-convergence when
simulating Ti3+ polarons at oxygen vacancies in a rutile (110) TiO2 surface by increasing the effective
core charge (𝑍val) of the Tier 1 hydrogenic auxiliary basis function from 2.7 𝑒 to 4.4 𝑒, before using an
atomic Ti 3d Hubbard projector to define the basis for the Hubbard correction. [24] Using very small
Hubbard U values, or employing constrained DFT+U using the OMC method, can also overcome the
observed numerical instability; however, Chapter 3 shows that this comes at the expense of accuracy
when modelling polarons in Nb- and W-doped bulk anatase and rutile TiO2. [2] For these systems,
self-consistent resolution of the system occupation matrices was achieved using a modified Ti 3𝑑
Hubbard projector, defined as a linear combination of the atomic and hydrogenic basis functions
in Table 2.1 with the expansion coefficients 𝑐1 = 0.828 and 𝑐2 = -0.561 determined by Jakob and
Oberhofer using a first-principles generalised LR-cDFT method in FHI-aims. [57] With a modified Ti
3𝑑 Hubbard projector, DFT+𝑈 successfully simulated the polymorph-dependent formation of Nb4+

and W5+ polarons as observed in electron paramagnetic resonance (EPR) spectroscopy, which cannot
be rationalised by the current planewave DFT+U studies in the literature. [2] It is therefore essential
to understand how to define an appropriate Hubbard projector to enable DFT+U simulations with
appreciable Hubbard U values without sacrificing self-consistency and remaining robust with respect
to the default basis sets. This challenge in investigated herein for TiO2 before establishing a generalised
understanding for a broader range of TMOs and REOs.

61



Chapter 4. Machine Learning Generalised DFT+𝑈 Projectors in a Numerical Atom-Centred
Orbital Framework

4.3.2 Bayesian Optimisation of the Ti 3d Hubbard Projector

Method Configuration

The semi-empirical cost function (𝐽SE) defined in Section 4.2.2 favours regions in the Hubbard
parameter space that achieve a compromise between modelling localised polarons at point defects
and the accurate geometric and electronic structure of stoichiometric anatase TiO2. To rapidly
sample the Hubbard parameter space without requiring multiple DFT+U calculations, the terms in
𝐽SE were evaluted using SISSO-computed empirical correlations for the DFT+U-predicted 𝐸bg, 𝑉̄0,
Tr[n(Ti 3𝑑)] and Tr[n(O 2𝑝)] in terms of the primary features𝑈, 𝑐1 and 𝑐2, as listed in Section 4.2.2.
Three constraints for sampling the Hubbard parameter space were also defined to ensure physicality
of the model and avoid numerical instability during point defect calculations using OMR, which result
in either termination or non-convergence in Figure 4.5. Hubbard parameters that are predicted by the
SISSO models to give a negative occupation matrix trace for Ti 3𝑑 or O 2𝑝 orbitals, or occupation
matrix traces that deviate from the respective hybrid-DFT-predicted occupation matrix trace by over
50%, were excluded. The third constraint was applied using two linear SVMs that classify the validity
of a bulk oxygen vacancy calculation in terms of the normalised𝑈, Tr[n(Ti 3𝑑)] and Tr[n(O 2𝑝)], as
illustrated in Figure 4.6, which shows the boundaries 𝑆1 and 𝑆2 that separate regions in the Hubbard
parameter space that lead to unphysical (termination), charge sloshing (preventing SCF convergence)
and ground state (stable convergence) calculation outcomes.

Figure 4.6 illustrates how the numerical stability of defect calculations in TiO2 is sensitive
to the DFT+U-predicted covalency, with calculation termination occuring at high covalency, i.e.,
Tr[n(O 2𝑝)] >> Tr[n(Ti 3𝑑)] and charge sloshing occuring at high metallicity, i.e., Tr[n(Ti 3𝑑)] >>
Tr[n(O 2𝑝)]. To ensure the successful convergence of point defect calculations whilst mitigating the
effects of the changing DFT+U-predicted covalency, the equations of the decision boundaries 𝑆1 and
𝑆2 (trained on DFT+U data, with all constants listed in Section 4.2.2) were used as constraints on the
sampled Hubbard parameter space, based on the SISSO-computed cost function 𝐽SE, with the critical
values for 𝑆1 and 𝑆2 chosen based on the convex hull plots in Figure 4.6:

𝑆1 > −9.84 ∧ 𝑆2 > −9.16 (4.23)
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Figure 4.6: Illustration of the linear boundaries used to classify simulations of a bulk oxygen vacancy
in anatase TiO2. The boundaries separate successful convergence (green markers), termination
due to an unphysical ground state (red markers) and charge sloshing preventing SCF convergence
(orange markers). The convex hull associated with each binary classification 𝑆1 and 𝑆2 is shown to
illustrate the basis for constructing the constraint in Equation (4.23).

Bayesian Optimisation and Defect Energy Corrections

BO was used to search the Hubbard parameter space by minimising 𝐽SE whilst satisfying the constraints
on the SISSO-predicted traces of the Ti 3𝑑 and O 2𝑝 occupation matrices, Tr[n(Ti 3𝑑)]SISSO and
Tr[n(O 2𝑝)]SISSO, respectively, and the SVM-derived constraints 𝑆1 and 𝑆2, as illustrated in Figure 4.7.
Figures 4.7(a) and (b) show the results of BO and random sampling, respectively, where BO is able to
efficiently optimise 𝑈, 𝑐1 and 𝑐2, yielding an almost equivalent set of optimised Hubbard parameters,
to those obtained using random sampling, with minimal values of 𝐽SE. This is further supported
by Figure 4.7(c), which shows the values of 𝐽SE corresponding to the sampled Hubbard parameters.
The markers in pink show the first 1350 randomly sampled Hubbard parameters, where constraint
violations do not inform subsequent sampling, making the approach highly inefficient. The markers
in purple correspond to BO, where the 1000 randomly sampled points selected using Latin Hypercube
Sampling are used to condition the BO prior distribution and enable efficient optimisation of𝑈, 𝑐1 and
𝑐2. The Hubbard parameters U = 2.749 eV, 𝑐1 = 0.758 and 𝑐2 = -0.354, from the region of lowest 𝐽SE

in Figures 4.7(a) and (b), were tested for the simulation of both anatase and rutile TiO2 polymorphs.
With the refined atomic-like Ti 3d Hubbard projector, oxygen vacancies and the substitutional dopants
Nb, W, Co, Mn, Pt, Au and Pd all successfully converged to the ground state, whilst 11 of these 16
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calculations failed when using the same Hubbard U value with the default atomic Ti 3d Hubbard
projector (listed in Section 4.3.2, Table 4.10).

Figure 4.7: The sampled Hubbard parameter space for anatase TiO2 using (a) BO and (b) random
sampling, with markers coloured according to their value of the cost function 𝐽SE. Hubbard parameters
that violate the constraints on Tr[n(Ti 3𝑑)]SISSO, Tr[n(O 2𝑝)]SISSO, 𝑆1 and 𝑆2 are excluded. (c) The
distribution of values of 𝐽SE corresponding to the 1350 sampled Hubbard parameters using BO (red
and purple markers) and the results of the first 1350 iterations using random sampling (pink markers).
In BO, the prior distribution is conditioned using evaluations of 1000 randomly sampled Hubbard
parameters selected using Latin Hypercube Sampling. During BO, any sampled Hubbard parameters
that result in constraint violation are assigned a value of 𝐽SE=1000. After 1000 iterations, BO is
performed for 350 iterations to efficiently optimise 𝑈, 𝑐1 and 𝑐2.

Refining the Ti 3d Hubbard projector therefore enables numerically stable self-consistent defect
calculations; however, the predictions for anatase TiO2 have unphysical defect energies, ranging from
-11.59 eV and -1.28 eV; the same is not observed for defective rutile TiO2, with defect energies ranging
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from -0.97 eV to 8.22 eV. These unphysical defect energies for anatase TiO2, necessitate further study
into the effect of tuning the Ti 3d Hubbard projector on the DFT+U-predicted total energy (𝐸),
as illustrated in Figure 4.8(a), which shows an interpolated surface plot of 𝐸 , 𝑐1 and 𝑐2 for bulk
stoichiometric anatase TiO2, calculated using U = 0.5 eV and coloured according to the gradient norm
of the partial derivatives of 𝐸 with respect to 𝑐1 and 𝑐2. As evident by the blue to yellow transition in
Figure 4.8(a), corresponding to increasing partial derivatives of 𝐸 with respect to 𝑐1 and 𝑐2, there are
large derivative discontinuities in 𝐸 upon localising the Ti 3d Hubbard projector.

Figure 4.8: Interpolated surface plots of the (a) DFT+U-predicted total energy (𝐸) and (b) SISSO-
predicted total energy (𝐸SISSO), both normalised using the DFT-predicted total energy for anatase
TiO2, plotted as a function of 𝑐1 and 𝑐2 with U = 0.5 eV. Each surface plot is coloured according to the
gradient norm of the partial derivatives of the relative total energy with respect to 𝑐1 and 𝑐2. (c) The
linear boundary 𝑆3, that classifies the defect energies of the converged bulk oxygen vacancy calcu-
lations in Figure 4.6, separates "physical" (green markers for 4 eV ≤ ΔEOV ≤ 6 eV) and "unphysical"
(red markers for ΔEOV < 4 eV or ΔEOV > 6 eV) oxygen vacancy formation energies, using the partial
derivatives of 𝐸SISSO with respect to 𝑈, 𝑐1 and 𝑐2. (d) The same plot as Figure 4.7(b), with markers
coloured according to the satisfaction (green) or violation (red) of the SVM-constraint derived from 𝑆3
in Equation (4.24).

The discontinuities are believed to be the root cause for the unphysical defect energies using
U = 2.749 eV, 𝑐1 = 0.758 and 𝑐2 = -0.354. Therefore, an additional constraint was constructed to
filter out Hubbard parameters in Figure 4.7(b) that are predicted to similarly lead to unphysical defect
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energies. The constraint depends on a SISSO-computed correlation for 𝐸 in terms of U, 𝑐1, and 𝑐2, i.e.,
𝐸SISSO which is detailed in Section 4.2.2. 𝐸SISSO reasonably captures the derivative discontinuities in
Figure 4.8(a) (calculated using DFT+U), as shown in Figure 4.8(b) (calculated using 𝐸SISSO). Using
the partial derivatives of 𝐸SISSO with respect to U, 𝑐1 and 𝑐2 as three primary features, the linear SVM
𝑆3 classifies whether a particular combination of U, 𝑐1, and 𝑐2, for all converged defect calculations in
Figure 4.6, leads to "physical" (4 eV ≤ ΔEOV ≤ 6 eV) or "unphysical" (ΔEOV < 4 eV or ΔEOV > 6 eV)
oxygen vacancy formation energies, as illustrated in Figure 4.8(c). The constraint is defined below,
with the linear equation corresponding to 𝑆3 detailed in Section 4.2.2:

−1 < 𝑆3 < 1.56 (4.24)

Filtering out the data points in Figure 4.7(b) that do not satisfy Equation (4.24), as illustrated in
Figure 4.8(d), yields the optimal Hubbard parameters U = 2.575 eV, 𝑐1 = 0.752 and 𝑐2 = -0.486. The
approximate similarity is noted of our optimised Ti 3𝑑 Hubbard projector with that determined by
Jakob and Oberhofer for bulk rutile TiO2, defined by 𝑐1 = 0.828 and 𝑐2 = -0.561, using a first-principles
generalised LR-cDFT method in FHI-aims. [57]

Defect Energies and Computational Cost vs. Hybrid-DFT

Simulations of stoichiometric bulk anatase and rutile TiO2, as listed in Table 4.9, show DFT+U
simultaneously predicts both target properties, 𝐸bg and 𝑉0, with superior accuracy than DFT, relative
to experimental references. The hybrid-DFT-predicted𝑉0 is closest to the experimental value, although
hybrid-DFT significantly overestimates 𝐸bg. DFT+U predicts a smallerΔEForm than DFT, hybrid-DFT
and experiment, although all computational methods maintain a similar relative difference between
ΔEForm for anatase and rutile TiO2, with ΔEAnatase

Form − ΔERutile
Form values of -0.02 eV, -0.01 eV and -0.01

eV for DFT, DFT+U and hybrid-DFT, respectively. The DFT+U-predicted covalency of TiO2 is also
suppressed compared to hybrid-DFT, as evidenced by the reduced total Ti 3d orbital occupancy, i.e.,
Tr[n(Ti 3𝑑)], whilst the DFT+U-predicted total O 2p orbital occupancy, given by Tr[n(O 2𝑝)],
remains close to that of hybrid-DFT.

Table 4.9: Geometric, electronic and energetic properties of bulk anatase and rutile TiO2, predicted
using DFT (mBEEF exchange-correlation functional), DFT+U (mBEEF exchange-correlation func-
tional, U = 2.575 eV, 𝑐1 = 0.752 and 𝑐2 = -0.486) and hybrid-DFT (PBE0 exchange-correlation func-
tional), presented alongside experimental references: band gap (𝐸bg, eV), unit cell equilibrium volume
(𝑉0, Å3), formation energy (ΔEForm, eV/atom), Ti 3𝑑 occupation matrix trace (Tr[n(Ti 3𝑑)]), O 2𝑝 oc-
cupation matrix trace (Tr[n(O 2𝑝)])

TiO2 Polymorph Method 𝐸bg (eV) 𝑉0 (Å3) ΔEForm (eV/Atom) Tr[n(Ti 3𝑑)] Tr[n(O 2𝑝)]
Anatase DFT 2.54 137.26 -3.28 1.18 4.91
Anatase DFT+U 2.75 137.09 -3.02 0.69 4.64
Anatase Hybrid-DFT 4.29 135.49 -3.21 1.25 4.66
Anatase Experiment 3.20 [30] 136.28 [31] -3.24 [51] N/A N/A
Rutile DFT 2.21 63.50 -3.26 1.17 4.95
Rutile DFT+U 2.42 62.51 -3.01 0.68 4.63
Rutile Hybrid-DFT 4.05 62.39 -3.20 1.23 4.69
Rutile Experiment 3.00 [30] 62.44 [31] -3.26 [51] N/A N/A
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Next, self-consistent DFT+U simulations were performed for anatase and rutile TiO2 containing
an oxygen vacancy and the substititutional dopants Nb, W, Au, Pd, Pt, Co and Mn. Table 4.10
summarises the success or failure of these simulations, both with or without a refined Ti 3d Hubbard
projector and with or without the Hubbard parameters satisfying the error correction constraint derived
from 𝑆3 in Equation (4.24).

Table 4.10: The effect of Hubbard U value and projector modification on the numerical stability of point
defect calculations in TiO2. Ticks (crosses) correspond to successful convergence (calculation termi-
nation) of self-consistent calculations using the OMR method. The satisfaction of constraints derived
from the SVM boundaries 𝑆1, 𝑆2 and/or 𝑆3, given by Equations (4.23) and (4.24), affects the predicted
defect energies corresponding to each set of Hubbard parameters, as shown in Figure 4.9(a).

Point Defect
Polymorph U (eV) 𝒄1 𝒄2 Satisfied Constraints V×

O Nb×
Ti W×

Ti Au×
Ti Pd×

Ti Pt×Ti Co×
Ti Mn×

Ti
Anatase 2.749 1 0 None ✗ ✗ ✗ ✗ ✗ ✗ ✗ ✗

Anatase 2.575 1 0 None ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✓

Anatase 2.749 0.758 -0.354 𝑆1, 𝑆2 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

Anatase 2.575 0.752 -0.486 𝑆1, 𝑆2, 𝑆3 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

Rutile 2.749 1 0 None ✗ ✗ ✗ ✓ ✓ ✓ ✓ ✓

Rutile 2.575 1 0 None ✗ ✗ ✗ ✓ ✓ ✓ ✓ ✓

Rutile 2.749 0.758 -0.354 𝑆1, 𝑆2 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

Rutile 2.575 0.752 -0.486 𝑆1, 𝑆2, 𝑆3 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

Comparing the rows in Table 4.10 that use the same Ti 3𝑑 Hubbard U value but a different Ti
3𝑑 Hubbard projector shows that refining the Hubbard projector has a direct effect on enabling self-
consistent defect simulations. All calculation failures were due to unphysical ground states causing the
termination of calculations due to excessive polaron localisation as seen in Figure 4.5(e). Refining the
Ti 3𝑑 Hubbard parameters further from 𝑈 = 2.749 eV, 𝑐1 = 0.758 and 𝑐2 = -0.354 to 𝑈 = 2.575 eV, 𝑐1

= 0.752 and 𝑐2 = -0.486 using the constraint derived from the SVM boundary 𝑆3, gave physical defect
energies for all studied defects in anatase and rutile TiO2, as illustrated in Figure 4.9(a). Comparing
the DFT-, DFT+U- (𝑈 = 2.575 eV, 𝑐1 = 0.752 and 𝑐2 = -0.486) and hybrid-DFT predicted defect
energies, the DFT+U-predicted ΔEOV in anatase (5.42 eV) and rutile (5.48 eV) are both much closer
to the corresponding values computed using hybrid-DFT (5.29 and 5.76 eV respectively) than those
computed using DFT (4.44 and 4.43 eV respectively). Without the application of a Hubbard correction
to the dopant atom 𝑑 orbitals, there was no obvious trend in the raw DFT+U-predicted substitutional
defect energies, compared to hybrid-DFT. However, when normalised with respect toΔEOV in the same
TiO2 polymorph, the DFT+U-predicted values of ΔEDefect were closer to the corresponding hybrid-
DFT-predicted values compared to DFT, as illustrated in Figure 4.9(b), which shows the relative defect
energies for Pt- and Pd-doped anatase and rutile TiO2 computed using DFT, DFT+U and hybrid-DFT
(single point calculations using the DFT+U geometry). The blue columns in Figure 4.9(c) plot the
cost of the hybrid-DFT single-point calculation in core-hours per atom, relative to the cost of the
DFT+U geometry optimisation calculation. For the four systems presented in Figure 4.9(b), DFT+U
with geometry optimisation is between 79-189× faster than the hybrid-DFT single point calculations.
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Figure 4.9: (a) DFT+U-predicted values of ΔEOV and ΔEDefect using a refined set of Hubbard param-
eters that satisfy the constraints derived from the SVM boundaries 𝑆1 and 𝑆2, calculated using the
mBEEF exchange-correlation functional, 𝑈 = 2.749 eV, 𝑐1 = 0.758 and 𝑐2 = -0.354 vs. Hubbard pa-
rameters that satisfy the constraints derived from the SVM constraints 𝑆1, 𝑆2 and 𝑆3, calculated using
the mBEEF exchange-correlation functional, 𝑈 = 2.575 eV, 𝑐1 = 0.752 and 𝑐2 = -0.486. (b) ΔEDefect
relative to ΔEOV for Pt- and Pd-doped anatase and rutile TiO2, calculated using geometry optimisa-
tion calculations using DFT and DFT+U (mBEEF exchange-correlation functional, 𝑈 = 2.575 eV, 𝑐1
= 0.752 and 𝑐2 = -0.486) and single point calculations using hybrid-DFT (PBE0 exchange-correlation
functional, using the DFT+U-optimised geometry). (c) The cost of the hybrid-DFT single point calcu-
lations relative to the DFT+U geometry optimisation calculations in core-hours per atom.

Electron Polarons in Anatase vs. Rutile TiO2

DFT+U using𝑈 = 2.575 eV, 𝑐1 = 0.752 and 𝑐2 = -0.486 can be used to simulate experimentally observed
differences in electron polaron formation in anatase vs. rutile TiO2, demonstrating the impact of our
parameterisation work. For example, DFT+U predicts the polymorph-dependent formation of small
Holstein electron polarons in W-doped TiO2, characterised by strong electron-lattice interactions
resulting in a localised state within the TiO2 band gap. [2, 58] This is shown in Figure 4.10, where
the formation of a localised W 5dz2 state within the rutile TiO2 band gap is increasingly formed
by incrementing the level of theory from DFT in Figure 4.10(a), to DFT+U in Figure 4.10(b) and
hybrid-DFT in Figure 4.10(c).
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Figure 4.10: The elemental species projected density of states for W-doped rutile TiO2, calculated
using (a) DFT (mBEEF exchange-correlation functional), (b) DFT+U (mBEEF exchange-correlation
functional, 𝑈 = 2.575 eV, 𝑐1 = 0.752 and 𝑐2 = -0.486) and (c) hybrid-DFT (PBE0 exchange-correlation
functional single point calculation using the DFT+U optimised geometry). The Fermi level is denoted
by the red dashed line. The corresponding charge density isosurfaces for the highest occupied molec-
ular orbital (HOMO), at the 0.025 𝑒Å−3 level, are shown for (d) DFT and (e) DFT+U.

The degree of defect state localisation in W-doped rutile TiO2, given by the energy gap between
the localised state and the TiO2 conduction band minimum, is predicted as 0.46 eV using DFT+U and
1.76 eV using hybrid-DFT. As illustrated by the charge density isosurfaces of the highest occupied
molecular orbital (HOMO) predicted by DFT in Figure 4.10(d) and DFT+𝑈 in Figure 4.10(e), DFT
predicts both W 5d and Ti 3d states to be delocalised, i.e., predicting W6+ formation, whilst DFT+𝑈
predicts a hybridised defect state of W 5d and Ti 3d character, indicating the predicted formation of
W5+. Similarly, DFT+𝑈 simulations of Nb-doped rutile TiO2 predict a Nb 4𝑑 signature at the Fermi
level that is 5.5× larger than that in Nb-doped anatase TiO2, supporting previous work using EPR
spectroscopy to characterise the formation of paramagnetic Nb4+ and W5+ in doped rutile TiO2, which
is recoverable using self-consistent DFT+U as opposed to standalone DFT or constrained DFT+U
using OMC. [2]

More generally, the DFT+𝑈 simulations reveal clear differences in the electronic structures of
substitutionally doped anatase and rutile TiO2, particularly in the occupancies of the dopant atom 𝑑

orbitals, as illustrated in Figure 4.11(a). In rutile TiO2, there are greater occupancies of the dopant
atom 𝑒g orbitals (𝑚 = 0 and 2) [25] than in anatase, indicating a structural and electronic environment
that favours the filling of orbitals aligned along the metal-oxygen bonds. Conversely, substitutionally
doped anatase TiO2 shows increased occupancies of the dopant atom 𝑡2g orbitals (𝑚 = -2, -1 and 1)
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[25] reflecting a local electronic environment that favours the filling of orbitals aligned between the
metal-oxygen bonds.

Figure 4.11: The DFT+U-predicted (a) occupancies of the dopant atom 𝑡2𝑔 and 𝑒𝑔 orbitals, in the 3𝑑,
4𝑑 or 5𝑑 subshell, for all extrinsic defects in anatase (circles) and rutile (triangles), calculated using the
mBEEF exchange-correlation functional,𝑈 = 2.575 eV, 𝑐1 = 0.752 and 𝑐2 = -0.486. The corresponding
elemental species projected density of states for (b) V×

O, (c) Nb×
Ti, (d) W×

Ti, (e) Au×
Ti, (f) Pd×

Ti, (g) Pt×Ti, (h)
Co×

Ti, (i) Mn×
Ti in bulk anatase (solid lines) and rutile (dashed lines) TiO2, are normalised with respect

to the different defect concentrations in the anatase and rutile simulation supercells. The Fermi level
is denoted by the red dashed line.

The formation of localised vs. delocalised defects states is directly affected by the filling of the
𝑒g and 𝑡2g orbitals, respectively, leading to polymorph-sensitivity in the electrical conductivity and
chemical reactivity of TiO2-based materials. [2] Localised defect states within the TiO2 band gap (or
present at the valance or conduction band edges), as observed for Nb- and W-doped rutile in Figures
4.11(c) and (d), respectively, and both TiO2 polymorphs containing an oxygen vacancy and Au, Pd,
Pt, Co and Mn dopants in Figures 4.11(b), (e), (f) (g), (h) and (i), respectively, give rise to electronic
conduction via thermally activated polaron hopping (conductivity increases with temperature) and
provide readily available sites for activating reactant molecules. [59, 60] Conversely, delocalised
defect states located deeper in the valence or conduction bands, as observed for Nb- and W-doped
anatase in Figures 4.11(c) and (d), respectively, give rise to improved electronic conductivity according
to a band-like model and can both reduce the degrading recombination of electrons and holes in solar
cells and lower the rate determining step of the oxygen evolution reaction on rutile TiO2 surfaces. [61,
62]
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4.3.3 Optimising Hubbard U Values and Projectors from First-Principles

Motivation and Method Reconfiguration

Following the success of the semi-empirical machine learning approach in mitigating numerical
instability during simulations of defects in TiO2 (Section 4.3.2), we now turn to the development
of a fully first-principles strategy for optimising Hubbard 𝑈 values and projectors. Simultaneous
optimisation of Hubbard 𝑈 values and projectors is particularly attractive as a step towards the long-
term goal of formulating DFT+𝑈 as a functional of the electron density and orbitals, with all corrective
Hubbard parameters determined self-consistently, rather than being treated as external parameters.
However, the reformulation of the semi-empirical machine learning approach is contingent on two
major modifications. Firstly, it is necessary to redefine the semi-empirical cost function (𝐽SE) by
removing all experimental reference data, but in a manner that will ultimately yield similar results
leading to the numerically stable self-consistent defect calculations in Section 4.3.2. Secondly, the
termination and SCF non-convergence of defect calculations observed for TiO2 were also observed
for a broad range of TMOs and REOs; therefore, it is necessary to generalise the SVM constraints
in Section 4.3.2 in order to filter out Hubbard parameters that lead to unstable defect calculations for
systems beyond TiO2.

To investigate how best to construct a first-principles cost function (𝐽FP), the DFT+U-predicted
Ti 3d and O 2p orbital occupancies in anatase and rutile TiO2, using a refined and atomic Ti 3d
Hubbard projector, were compared with the occupancies calculated using hybrid-DFT, as illustrated
in Figure 4.12. Figures 4.12(a) and (c) show that DFT+U using an atomic Ti 3d Hubbard projector
predicts Ti 3d orbital occupancies closer to those calculated using hybrid-DFT, although this is
expected as the hybrid-DFT-calculated occupancies are derived from the atomic Ti 3𝑑 Hubbard
projector and so cannot be compared in a like-for-like manner to those derived from a modified
Hubbard projector (detailed in Section 2.3.2). Figures 4.12(b) and (d) show that DFT+U using
the refined Ti 3d Hubbard projector predicts O 2p orbital occupancies closer to those predict using
hybrid-DFT, with errors < 5% for all values of 𝑚, which is a like-for-like comparison as the O 2𝑝
orbital occupancies are derived from the atomic O 2𝑝 Hubbard projector across all methods (detailed
in Section 2.3.2). The first-principles cost function was therefore defined as the average error in
the DFT+𝑈-predicted O 2𝑝 orbital occupancies vs. hybrid-DFT (defined in Section 4.2.3), which
is obtained from a single reference calculation of a geometry optimised unit cell. To investigate the
requirement for SVM constraints in a first-principles approach for optimising Hubbard 𝑈 values and
projectors, the dataset for classifying the validity of bulk oxygen vacancy calculations in anatase TiO2

(Figure 4.12(e)) was considered again in terms of percentage errors of Tr[n(Ti 3𝑑)] and Tr[n(O 2𝑝)]
vs. hybrid-DFT (Figure 4.12(f)). Figure 4.12(f) shows that minimising 𝐽FP towards zero is necessary
but not a sufficient condition to ensure the numerical stability of point defect calculations in anatase
TiO2, highlighting the requirement of satisfying SVM-derived constraints as well as minimising 𝐽FP

for accurate Hubbard parameter optimisation.
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Figure 4.12: Comparing the percentage errors of the DFT+U-predicted Ti 3d and O 2p orbital oc-
cupancies in anatase and rutile TiO2 vs. hybrid-DFT (PBE0 exchange-correlation functional); (a) Ti
3d in anatase TiO2, (b) O 2p in anatase TiO2, (c) Ti 3d in rutile TiO2 and (d) O 2p in rutile TiO2.
Blue bars correspond to DFT+U using the mBEEF exchange-correlation functional, 𝑈 = 2.575, 𝑐1 =
0.752 and 𝑐2 = -0.486. Red bars correspond to DFT+U using the mBEEF exchange-correlation func-
tional, 𝑈 = 2.575, 𝑐1 = 1 and 𝑐2 = 0. The same outcomes of bulk oxygen vacancy calculations plotted
in Figure 4.6 are plotted in (e) and (f), where (e) is plotted in terms of the raw 𝑈, Tr[n(Ti 3𝑑)] and
Tr[n(O 2𝑝)] values, whilst (f) is plotted in terms of 𝑈 and the percentage errors of Tr[n(Ti 3𝑑)] and
Tr[n(O 2𝑝)] vs. hybrid-DFT.

In the following sections, we outline the generalisation of both the regression and classification
methods adopted in Section 4.3.2, extending them towards the development of a single unified model
that can automatically parameterise Hubbard𝑈 values and projectors from material-dependent inputs,
i.e., in the spirit of a foundation model for DFT+𝑈 parameterisation. This serves as a test of how
well the insights gained from TiO2 transfer across chemical space, with the ultimate goal of enabling
accurate, self-consistent simulations of defects and polarons across a broad range of TMOs and REOs.
We note that such an approach could equally be formulated as an iterative active learning scheme for
systems that are difficult to incorporate within a single unified model, as outlined in Section 6.2.1.

Generalised Symbolic Regression

Estimating the DFT+U-predicted O 2p occupancies was achieved using three HI-SISSO correlations,
which were constructed using the expanded primary feature set of Hubbard parameters, basis set
parameters, DFT predicted orbital occupancies and atomic material descriptors (listed in the Sec-
tion 4.2.3), before searching the landscape of 𝐽FP

Predicted for the ten materials listed in Table 2.1, using
the corresponding material-dependent descriptors and hybrid-DFT reference orbital occupancies. The
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outputs of the linear search were families of solutions for each material (Figure 4.13), of which 94 com-
binations of U, 𝑐1 and 𝑐2 were validated using DFT+U to compare the accuracy of the 𝐽FP

Predicted values
(using the HI-SISSO correlations) versus 𝐽FP

Validated values (from DFT+U calculations), achieving an
average MAE across all materials of 5.02% in Figure 4.14(a).

Figure 4.13: Computed families of solutions following a linear search of the landscape of 𝐽FP
Predicted,

producing optimised Hubbard projectors for a given Hubbard 𝑈 value, to minimise 𝐽FP
Predicted.
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Figure 4.14: (a) Parity plot of the HI-SISSO-predicted (𝐽FP
Predicted) and DFT+U-validated (𝐽FP

Validated) cost
function across ten TMOs and REOs using the generalised approach. (b) Comparison of the MAE
of 𝐽FP

Predicted for each material in (a) vs. the corresponding Mahalanobis distance (𝐷M), averaged over
all tested combinations of Hubbard parameters, to visualise the dependence of the accuracy of the
generalised approach on the training set size for each material.

To investigate the relationship between the residuals in Figure 4.14(a) and the size of the training
set per material, the MAE was compared with 𝐷M (both averaged per material) to quantify whether
Hubbard projector optimisation is interpolative or extrapolative. As illustrated in Figure 4.14(b), the
generalised approach is more interpolative for anatase TiO2, rutile TiO2 and ZrO2 which have the
three smallest values of 𝐷M. Large values of 𝐷M, as seen for CeO2, Cu2O and LiCoO2, indicate the
generalised approach is comparatively extrapolative for these materials. As there is no correlation
between the MAE and 𝐷M, the larger residuals in Figure 4.14(a) for ZrO2 and MoO3 do not appear
to be related to the training set size and are likely due to the choice of primary features used in
HI-SISSO, such as the lack of structure-dependent features, requiring further study to enhance the
method transferability.

Generalised Symbolic Classification

Given that the minimisation of 𝐽FP is necessary but not sufficient for numerically stable point defect
calculations in TiO2, as illustrated in Figure 4.12(f), the constraints on the DFT+U-predicted covalency
established in Figure 4.6 needed to be generalised across materials. Generalised constraints were
determined using the primary features 𝑈 and 𝐽FP, as well as two additional material-dependent
descriptors of covalency, including the average error in the DFT+U-predicted metal 𝑑 or 𝑓 orbital
occupancies compared to hybrid-DFT (𝐸Metal) and the ratio of the traces of the metal 𝑑 or 𝑓 and O
2p occupation matrices predicted using hybrid-DFT (𝑅Hybrid), as defined in Section 4.2.3. With the
primary features U, 𝐽FP, 𝐸Metal and 𝑅Hybrid, generalised classification was performed to predict the
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same outcomes shown in Figure 4.6 for bulk oxygen vacancy calculations, but across TiO2, CeO2,
ZrO2, MoO3, WO3 and Cu2O, as illustrated in Figure 4.15(a) and (b), where the unitless SVM
boundaries 𝑆4 and 𝑆5 are defined in Section 4.2.3 and the constant 𝛼 = 1 eV−1 is introduced to ensure
dimensional consistency. 𝑆4 and 𝑆5 are then combined to form a constraint on the generalised Hubbard
parameter space, to ensure the numerical stability of point defect calculations using the OMR method:

𝑆4 ≥ 0 ∧ 𝑆5 ≥ 0 (4.25)

Figure 4.15: The linear boundaries (a) 𝑆4 and (b) 𝑆5 that classify the numerical stability of DFT+U
simulations of a bulk oxygen vacancy in TiO2, CeO2, ZrO2, MoO3, WO3 and Cu2O, separating regions
in the DFT+U-computed feature space that lead to successful convergence, termination due to an
unphysical ground state and charge sloshing that prevents SCF convergence.

Electron and Hole Polarons in LiCo1−𝑥Mg𝑥O2−𝑥

The generalised regression and classification models were then integrated to perform a one-shot
screening of the Hubbard parameter space for a previously unseen material, to test the accuracy and
numerical stability of DFT+U simulations of the stoichiometric and defective electronic structure.
We chose the common Li-ion battery cathode material LiCoO2, which is the focus of wide-ranging
studies to enhance its electrochemical properties, such as electrical conductivity and long-term cycling
stability, via the introduction of low-valence ions resulting in charge compensation from the formation
of point defects. [63–65] For example, substitution of Co3+ in LiCoO2 with Mg2+ is proposed to
result in the formation of Co4+ holes, that exist delocalised [66–68] and are attributed to the 100×
enhanced electrical conductivity of LiCo1−𝑥Mg𝑥O2 compared to pristine LiCoO2. [69] Other reports
suggest that charge compensation and enhancements in electrical conductivity occur via the formation
of oxygen vacancies, whilst Mg doping does not cause a change in the oxidation state of Co atoms.
[66, 70].

Literature reported DFT+U studies, in a planewave basis, have yet to provide an unambiguous
rationale for the increased electrical conductivity of Mg-doped LiCoO2, with significant sensitivity
of the DFT+U-predicted localisation of Co4+ holes with respect to the choice of Hubbard parameters.
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For example, DFT+U using a Co 3d Hubbard U value determined from first-principles using LR-
cDFT (between 4.91 eV to 5.62 eV) predicts deep Co 3𝑑 defect states within the LiCoO2 band gap,
which is inconsistent with the experimentally observed high electrical conductivity of LiCo1−𝑥Mg𝑥O2,
whilst DFT+U using smaller Hubbard U values predicts shallow defect states, supporting the exper-
imental observations. [15, 71] Whilst no explanation for the sensitivity of DFT+U simulations of
LiCo1−𝑥Mg𝑥O2 was given, Hoang and Johannes used DFT+U to simulate the self-trapping of Ni4+

holes in LiNiO2, where the DFT+U-predicted instability of Ni4+ was attributed to the predicted O
2p character of the LiNiO2 valence band edge, highlighting the importance of considering band edge
effects when choosing appropriate Hubbard parameters. [72]

To test the DFT+U-predicted localisation of hole polarons in LiCo1−𝑥Mg𝑥O2 in a NAO framework,
the one-shot approach was first applied to determine an appropriate Co 3d Hubbard U value and
projector for stoichiometric LiCoO2. The parameters were determined using a linear search of the
HI-SISSO-predicted cost function (𝐽FP

Predicted) for U between 0 eV and 5 eV, 𝑐1 between 0.5 and 1 and
𝑐2 between 0 and -0.6, before all Hubbard parameters that violate Equation 4.25 were discarded. The
output of this initial screening is a region of the Hubbard parameter space (𝑈, 𝑐1 and 𝑐2) that minimises
𝐽FP

Predicted and satisfies Equation 4.25 but contains multiple possible solutions. We therefore narrow
this region down to three candidate Hubbard parameters for validation using K-means clustering of
a reduced subset of the screened Hubbard parameter space that corresponds to the lowest 10 % of
𝐽FP

Predicted (illustrated by the hatched region in Figure 4.16).

Figure 4.16: Integrated one-shot approach for simultaneously optimising Hubbard 𝑈 values and pro-
jectors from first-principles. The landscape of the first-principles cost function (𝐽FP

Predicted) is predicted
using hierarchical symbolic regression (Section 4.3.3) and unsuitable Hubbard parameter values are
excluded using support vector machines (Section 4.3.3). The remaining region of the Hubbard param-
eter space is reduced to three candidate parameters using K-means clustering of a reduced subset
of the screened Hubbard parameter space that corresponds to the lowest 10 % of 𝐽FP

Predicted.

From the three candidate Hubbard parameters, DFT+U using U = 3.342 eV, 𝑐1 = 0.792 and 𝑐2
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= -0.506, which is henceforth referred to as "refined-DFT+U", provided the best accuracy in the
predicted 𝐸bg (4.18 eV),𝑉0 (97.38 Å3) and ΔEForm (-2.40 eV/atom) relative to experimental references
(Tables 4.11 and 4.12).

Table 4.11: Geometric and energetic properties of bulk LiCoO2, predicted using DFT+U (mBEEF
exchange-correlation functional) and hybrid-DFT (PBE0 exchange-correlation functional), presented
alongside experiment: band gap (𝐸bg, eV), unit cell equilibrium volume (𝑉0, Å3) and formation energy
(Δ𝐸Form, eV/atom). Rows 1–3 (4–6) correspond to DFT+U with a refined (atomic) Co 3𝑑 Hubbard
projector.

Method 𝑈 (eV) 𝑐1 𝑐2 𝐸bg (eV) 𝑉0 (Å3) Δ𝐸Form (eV/atom)
DFT+U 3.342 0.792 -0.506 4.18 97.38 -2.40
DFT+U 4.074 0.818 -0.485 4.67 97.58 -2.75
DFT+U 4.731 0.834 -0.470 4.97 97.75 -3.09
DFT+U 3.342 1 0 3.93 92.26 -4.67
DFT+U 4.074 1 0 4.05 90.49 -5.29
DFT+U 4.731 1 0 4.05 88.55 -5.87

Hybrid-DFT N/A N/A N/A 5.02 95.01 -2.13
Experiment N/A N/A N/A 2.70 [73] 96.48 [74, 75] -1.76 [76]

Table 4.12: Electronic properties of bulk LiCoO2, predicted using DFT+U (mBEEF exchange-
correlation functional) and hybrid-DFT (PBE0 exchange-correlation functional), presented along-
side experiment: Co 3𝑑 occupation matrix trace (Tr[n(Co 3𝑑)]), O 2𝑝 occupation matrix trace
(Tr[n(O 2𝑝)]) and valence band (VB) edge character. Rows 1–3 (4–6) correspond to DFT+U with a
refined (atomic) Co 3𝑑 Hubbard projector.

Method 𝑈 (eV) 𝑐1 𝑐2 Tr[𝑛(Co 3𝑑)] Tr[𝑛(O 2𝑝)] VB Edge Character
DFT+U 3.342 0.792 -0.506 4.48 5.12 Co 3d and O 2p
DFT+U 4.074 0.818 -0.485 4.79 5.16 Co 3d and O 2p
DFT+U 4.731 0.834 -0.470 4.99 5.19 O 2p
DFT+U 3.342 1 0 7.33 5.09 O 2p
DFT+U 4.074 1 0 7.39 5.12 O 2p
DFT+U 4.731 1 0 7.43 5.15 O 2p

Hybrid-DFT N/A N/A N/A 7.08 4.76 Co 3d and O 2p
Experiment N/A N/A N/A N/A N/A Co 3d and O 2p [77]

Comparing the DFT+U-predicted electronic structure of stoichiometric LiCoO2 using refined-
DFT+U and U = 3.342 eV, 𝑐1 = 1 and 𝑐2 = 0 (i.e., the same Co 3𝑑 Hubbard 𝑈 value with an atomic
projector, which is henceforth referred to as "atomic-DFT+U"), projector refinement was found to be
essential to predict the mixed Co 3𝑑 and O 2𝑝 valence band edge character of LiCoO2 in Figure 4.17(a),
which is also predicted using hybrid-DFT and reported experimentally. [77] Conversely, DFT+U using
atomic-DFT+U, or a much larger Hubbard U value than in Figure 4.17(a), both predict the LiCoO2
valence band edge to be dominated by O 2𝑝 states, as illustrated in Figure 4.17(b).
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Figure 4.17: Charge density isosurface at the 0.05 𝑒Å−3 level for the eigenstate corresponding to the
HOMO and the corresponding Mulliken-projected band structure for stoichiometric LiCoO2 along the
high-symmetry k-point path Γ–M–K–Γ–A–L–H–A–L–M–K–H, calculated using (a) DFT+U with the
mBEEF exchange-correlation functional, U = 3.342 eV, 𝑐1 = 0.792 and 𝑐2 = -0.506 and (b) DFT+U
with the mBEEF exchange-correlation functional, U = 3.342 eV, 𝑐1 = 1 and 𝑐2 = 0. Marker sizes and
colours in the band structure plots correspond to the relative contribution for that species to the band.
The valence band edge character is either (a) a mixture of Co 3d and O 2p states or (b) dominated
by O 2p states. The band structure plots are centred with respect to the Fermi level.

The defective LiCoO2 bulk containing Mg×
Co was simulated using both refined-DFT+U and atomic-

DFT+U, using the OMR method with the 3𝑑z2 orbital occupancy of the Co atom nearest the Mg dopant
reduced by 1 to initialise Co4+. In both simulations, SCF convergence and geometry optimisation
completed successfully without termination or charge sloshing. Both simulations also predict the
formation of shallow defect states at the top of the valence band in Figure 4.18(b), corresponding
to a delocalised hole polaron that exists hybridised between Co 3𝑑 and O 2𝑝 states using refined-
DFT+U in Figure 4.18(d), compared to non-hybridised across only O atoms using atomic-DFT+U
in Figure 4.18(e). These differences in the DFT+U-predicted character of the hole polaron also
directly affect their stability, with ΔEDefect = 1.48 eV using refined-DFT+U and ΔEDefect = 10.89 eV
using atomic-DFT+U. Given that compositions with a 1:1 ratio of Co and Mg, i.e., LiCo0.5Mg0.5O2,
have been synthesised experimentally, [78] DFT+U with the default atomic Co 3d Hubbard projector
therefore incorrectly predicts the total insolubility of Mg in LiCoO2.

Both refined- and atomic-DFT+U were further used to simulate a bulk oxygen vacancy in Mg-
doped LiCoO2 using the OMR method. Here, the nearest O atom to the Mg dopant was removed
and the two nearest Co atoms to the vacancy were initialised as Co2+ by increasing their 3𝑑yz orbital
occupancies by 1. With the atomic Co 3𝑑 Hubbard projector, the simulation did not converge due to
charge sloshing, i.e., oscillations in the charge density), similar to TiO2 in Section 4.3.1. Conversely,
DFT+𝑈 using the refined Co 3𝑑 Hubbard projector successfully converged without termination or
charge sloshing, predicting a deep defect state of 3𝑑x2−y2 character and an associated oxygen vacancy
formation energy of ΔEOV = 3.61 eV. These results suggest that both Mg-doping and oxygen vacancy
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formation could enhance the electrical conductivity of LiCoO2 via the transport of delocalised hole
and localised electron polarons, respectively, whilst the generalised approach for optimising the Co
3𝑑 Hubbard𝑈 value and projector is robust with respect to numerical instability that is often observed
when using the default atomic Hubbard projector. These results give promise to the development of
the first-principles approach by extending the size and diversity of the training set used for generalised
regression and classification.

Figure 4.18: Elemental species projected density of states for (a) stoichiometric LiCoO2, (b) defective
LiCoO2 containing Mg×

Co and (c) defective LiCoO2 containing both Mg×
Co and V×

O, calculated using
DFT+U with the mBEEF exchange-correlation functional, U = 3.342 eV, 𝑐1 = 0.792 and 𝑐2 = -0.506
(refined-DFT+U, solid lines) and DFT+U with the mBEEF exchange-correlation functional, U = 3.342
eV, 𝑐1 = 1 and 𝑐2 = 0 (atomic-DFT+U, dotted lines). All plots are relative to the Fermi level (red
dashed line). The corresponding charge density isosurfaces at the 0.025 𝑒Å−3 level for the eigenstate
corresponding to the HOMO are shown for defective LiCoO2 containing Mg×

Co, calculated using (d)
refined-DFT+U and (e) atomic-DFT+U, as well as (f) defective LiCoO2 containing both Mg×

Co and V×
O,

calculated using refined-DFT+U.
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4.4 Conclusions

To navigate the numerical instability of self-consistent DFT+U simulations of TMOs and REOs in a
NAO framework, including the prediction of erroneous metallic ground states and the termination or
non-convergence of point defect calculations, it is essential to carefully define an appropriate Hubbard
projector. Simultaneous optimisation of the Hubbard U value and projector has been demonstrated
semi-empirically using SR and SVMs, before using BO to minimise the errors of target properties
relative to experimental references. The Ti 3d Hubbard U value and projector have been semi-
empirically refined to enable self-consistent DFT+U simulations of intrinsic and extrinsic defects
in both anatase and rutile TiO2. The outcome is DFT+U simulations with comparable accuracy to
hybrid-DFT in terms of the relative stabilities of point defects and the formation of localised Holstein
polarons, but at orders of magnitude lower cost. The DFT+U-predicted occupation matrices reproduce
the hybrid-DFT O 2p occupation matrix, which can be an effective cost function for a first-principles
strategy for Hubbard U value and projector optimisation.

The semi-empirical approach was therefore defined as a first-principles approach and generalised
across materials using hierarchical SR to screen the Hubbard parameter space using empirical corre-
lations to learn the DFT+U potential energy surface in terms of orbital occupancies. Predictions of
metal 𝑑 or 𝑓 orbital and O 2p orbital occupancies were made in terms of Hubbard parameters, basis set
parameters, DFT-predicted orbital occupancies and atomic material descriptors. The first-principles
approach enables the development of a generalised workflow for the one-shot computation of Hubbard
U values and projectors for different materials that requires no successive DFT+U calculations, as in
active learning schemes. The method transferability is demonstrated for 10 prototypical TMOs and
REOs (anatase and rutile TiO2, Cu2O, MoO3, WO3, Y2O3, ZrO2, CeO2, LiCoO2 and LiFePO4), which
each require one reference DFT and hybrid-DFT calculation as inputs, whilst generating families of
solutions for each material, i.e., optimised Hubbard projectors for a given Hubbard U value. Upon
validating a subset of these solutions, a MAE of 5.02% for the DFT+U-predicted O 2p orbital occu-
pancies was achieved, with demonstrated accuracy for materials unseen from model training (LiCoO2

and LiFePO4).
Predicting the numerical stability of point defect calculations can also be generalised across ma-

terials using symbolic classification, using Hubbard U values and material-dependent descriptors of
covalency, enabling the determination of Hubbard U values and projectors that are robust against nu-
merical instability. The validity of Hubbard 𝑈 values and projectors determined from first-principles
has been investigated for the self-consistent simulation of Mg-doped and oxygen deficient LiCoO2,
where refining the Co 3𝑑 Hubbard projector enables the numerically stable simulation of experimen-
tally reported charge compensation mechanisms driving the material’s high electrical conductivity.
The same results were not possible using an atomic Co 3𝑑 Hubbard projector and did not require
any prior testing of suitable Co 3𝑑 Hubbard 𝑈 values or projectors, which gives promise for the
development of a foundational tool for simultaneously determining multiple Hubbard parameters in a
NAO framework and beyond. The work demonstrates how advanced machine learning algorithms can
aid the development of inexpensive and transferable workflows for DFT+U parameterisation, achiev-
ing extrapolative accuracy beyond the limits of small training sets, for more accurate and efficient
simulations of complex catalytic materials.
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Chapter 5

Ab Initio Insights into Support-Induced
Sulfur Resistance of Ni-Based Reforming
Catalysts
This chapter is based on the published work Ab initio insights into support-induced sulfur resistance
of Ni-based reforming catalysts in Catalysis Science & Technology, which is co-authored by Dr
Pavel Stishenko (Cardiff University, CU), Akash Hiregange (CU), Dr Christopher Hawkins (Johnson
Matthey, JM), Dr Misbah Sarwar (JM), Dr Stephen Poulston (JM) and Dr Andrew Logsdail (CU). [1]
The experimental testing and characterisation was assisted by Dr Andrew Steele (JM), Dr Gregory
Goodlet (JM), Dr Riho Green (JM) and Jason Raymond (JM).

This work builds upon Chapters 3 and 4, which introduced the challenges and solutions associated
with modelling defects in transition metal and rare-earth metal oxides with experimental accuracy. In
this chapter, these concepts are extended to examine how defect formation in the bulk phase of metal
oxide supports influences the poisoning and regeneration of supported Ni nanoparticle catalysts. I
performed the electronic structure calculations and Dr Pavel Stishenko performed the Monte Carlo
simulations. Akash Hiregange and I fine-tuned and inferenced the machine learned interatomic
potential. Dr Christopher Hawkins and Dr Andrew Steele performed the experimental testing. Dr
Gregory Goodlet, Dr Riho Green and Jason Raymond from the Advanced Characterisation Department
at Johnson Matthey Technology Centre performed the SEM, XPS and ICP analysis, respectively. All
input/output files for electronic structure calculations, Monte Carlo sampling and MACE fine-tuning
are available open-source in the GitHub repository https://github.com/amitmc1/GCMC-Adlayers and
as a supplementary dataset on Figshare at the DOI: https://doi.org/10.6084/m9.figshare.29562377.

5.1 Introduction

Methane steam reforming (MSR) is an established industrial process that produces ∼ 95% of the
global H2 supply [2] via the conversion of natural gas (primarily CH4, with smaller amounts of higher
hydrocarbons) to syngas (mixtures of CO, CO2 and H2), at high temperature and pressure, in the
presence of a catalyst. The commercial Ni-based catalysts are highly susceptible to sulfur poisoning
by impurities in the feedstock, e.g., H2S, SO2, H2SO4 and/or COS, and therefore an expensive feed
desulfurisation process is necessary to achieve sub-ppm sulfur concentrations. [3] The additional
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cost and complexity of feed desulfurisation also limits the development of biogas reforming processes
for scalable H2 production from renewable feedstocks, e.g., using solid oxide fuel cells [4] or via
combined steam and dry reforming. [5] Understanding the factors that affect the catalyst sulfur
tolerance is essential to enable the direct use of sulfur-containing feedstocks; a challenge that is
particularly important for Ni-based catalysts as they are more economically viable than those based
on platinum group metals (PGMs).

A number of strategies have been considered to enhance the sulfur tolerance of Ni-based catalysts,
such as alloying with PGMs, including Au, Cu, Mn, Pd, Pt and Rh. [6] Alloys are widely reported
in the literature and are proposed to enhance the catalyst sulfur tolerance via different mechanisms,
e.g., promoting sulfur scavenging by secondary metallic active phases, [7] promoting sulfur oxidation
and desorption at high temperatures [8, 9] and suppressing the dissociative adsorption of feedstock
poisons like H2S. [10] The optimisation of metal oxide supports is another effective strategy to
enhance the sulfur tolerance of supported Ni nanoparticles during catalytic reforming reactions, with
the mechanism widely hypothesised to involve oxygen buffering from reducible supports like CeO2

and Y2O3. [11, 12] In these materials, lattice oxygen is proposed to migrate from the support to
the Ni active phase under reducing conditions at high temperatures, resulting in the oxidation and
desorption of catalyst poisons e.g., C → CO2 [13–17] and S → SO2. [18–21] Similarly, a number
of established chemical and electrochemical regeneration methods have been shown to restore the
activity of poisoned Ni catalysts by modulating the transfer of oxygen to the poisoned Ni active sites.
Chemical regeneration of sulfur-poisoned Ni catalysts can be achieved using exposure in steam, H2

and/or O2 depending on the degree of sulfur poisoning. [22, 23] Electrochemical regeneration can
also be used to control the O2− spillover from both aqueous environments; and Y2O3-stabilised ZrO2

(YSZ) supports, towards sulfur poisoned Pt and Ni species, enabling catalyst oxidative regeneration
using a negative electrode potential. [24–26]

Ab initio computational modelling methods, such as density functional theory (DFT), provide an
atomic-level insight into the surface chemistry of sulfur-poisoned Ni nanoparticles. Atomic sulfur
is often used to represent H2S poisoning at low/medium surface coverage (𝜃S) due to the predicted
dissociative adsorption of H2S → S on Ni(111), which does not cause surface reconstruction or sulfur
penetration into the Ni bulk as observed at high 𝜃S. [27–30] DFT studies of oxygen-mediated sulfur
removal from Ni(111) show that both atomic O and molecular O2 (which adsorbs dissociatively) can
lead to the sequential oxidation of S → SO → SO2, which then desorbs at high temperatures. [31,
32] These studies were limited to idealised adlayer representations of S, with 𝜃S = 0.25 ML and 0.5
ML, and do not account for variations in configurational entropy at intermediate coverages; therefore,
whether the formation of SO2 is thermodynamically or kinetically driven at experimentally relevant
surface coverages remains unresolved. To move beyond idealised models of surface adsorption, grand
canonical Monte Carlo (GCMC) sampling can be used to sample the large configurational space of
adsorption complexes on a lattice model of the surface, which would otherwise be computationally
infeasible to sample with DFT alone (summarised in Section 2.5). Machine learned interatomic
potentials offer a computationally tractable means to validate the predictions from GCMC, by capturing
off-lattice effects such as many-body lateral interactions from DFT datasets, before being used to
perform classical geometry optimisation calculations (summarised in Section 2.5).
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Accurate simulations of poisoning and reactivity of Ni-based MSR catalysts are also very challeng-
ing to realise due to the interplay between oxygen buffering (causing catalyst regeneration) and phase
transformations of the metal oxide support (causing catalyst deactivation). For example, Ni/𝛾-Al2O3

catalysts can undergo progressive Ni substitution for Al, resulting in the in situ transformation of
Ni/𝛾-Al2O3 to spinel-type NiAl2O4. [33] Conflicting reports exist for the utility of Ni-based spinel-
type oxides and whether they deactivate Ni-based catalysts [34] or enhance catalytic activity [35–40]
and tolerance to S and C poisons [41] due to the facile formation of oxygen vacancies. Accurate
predictions of the energetics of oxygen vacancy formation and substitutional doping for these support
materials are non-trivial using DFT, particularly for reducible transition metal oxides (TMOs) e.g.,
TiO2, and rare-earth metal oxides (REOs) e.g., CeO2, which are experimentally reported to exhibit
favourable oxygen buffering capacities. [42, 43] As discussed in Section 2.3.2, the SIE of local and
semi-local DFT, results in erroneous defect formation energies in TMOs and REOs; [44–46] therefore,
it is necessary to use “beyond-DFT” methods such as DFT+U to combat the SIE. As discussed in
Chapters 3 and 4, the determination of appropriate simulation parameters, including the Hubbard
𝑈 value and projector, is non-trivial for simulating defects in TMOs and REOs with accuracy that
matches experimental observations, and care is therefore necessary in application. [47, 48]

In this chapter, a combined computational and experimental approach is adopted to investigate
the enhanced sulfur tolerance of Ni nanoparticles on reducible metal oxide supports, with the aim of
establishing strategies for future catalyst optimisation. The thermodynamic driving force for oxygen-
mediated sulfur removal from Ni(111) is investigated using grand canonical Monte Carlo (GCMC)
sampling of a DFT-parameterised lattice model, thereby providing insights into the regenerative ef-
fects of support oxygen buffering. The GCMC-predicted adlayers enable the prediction of the surface
coverage and composition of competitively adsorbed S and O atoms as a function of temperature
and the chemical potentials of S and O across an extended Ni(111) surface. The GCMC-predicted
adlayers are validated using geometry optimisation simulations with a fine-tuned MACE MLIP to re-
veal entropic contributions and limitations to catalyst regeneration at experimentally relevant surface
coverages. Simulations of the surface chemistry of Ni(111) are complemented by DFT+U predictions
of the energetics of bulk defect formation (oxygen vacancies and Ni substitution) in prototypical metal
oxide support materials, providing insights into the proclivity for oxygen release and phase trans-
formation during catalytic reactions. The computational modelling is correlated with experimental
characterisation (TPD-MS, XPS, ICP) and MSR activity testing for H2S-poisoned Ni nanoparticle cat-
alysts to rationalise the experimentally observed differences in the catalyst sulfur tolerance. The work
demonstrates the integration of ab initio computational modelling, statistical sampling and machine
learning to construct more realistic models of complex catalytic materials, which further complement
experimental characterisation to inform future strategies for catalyst rational design.
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5.2 Methodology

5.2.1 Electronic Structure Calculations

DFT

All electronic structure calculations were performed using the Fritz-Haber Institute ab initio materials
simulation (FHI-aims) software package, [49] which uses an all electron numerical atom-centred
orbital (NAO) basis set, interfaced with the Python-based Atomic Simulation Environment (ASE).
[50] Periodic boundary conditions were applied using converged k-point spacing with the standard
light basis set (2020), with equivalent accuracy to the TZVP Gaussian-type orbital basis set, [51] as
decided after benchmarking of the bulk Ni vacancy formation energy (ΔENi Vac) in a 3×3×3 supercell,
relative to an experimental reference (1.79 eV), as detailed in Figure A.8. [52] Relativistic effects
were accounted for using the zeroth order regular approximation (ZORA) [49] as a scalar correction.
The system charge and spin were set to zero, given the reported quenching of Ni(111) surface
magnetic moments following oxygen adsorption [53] and the temperatures of MSR far exceeding the
Curie temperature of Ni (631 K), only below which long-range magnetic order is observed. [54]
The mBEEF meta-GGA exchange-correlation functional was used, [55, 56] as defined in Libxc, [57]
providing the best accuracy compared to other local and semi-local functionals (detailed in Table A.3),
which was determined by comparing the Euclidean norm of the percentage errors of the DFT-predicted
ΔENi Vac, 𝑉0 and cohesive energy (ΔECoh), relative to experimental references (1.79 eV, [52] 43.61421
Å3 [58] and 4.48 eV/atom, [59] respectively). Meta-GGAs are further reported to provide desirable
accuracy for modelling sulfur adsorption complexes on transition metal surfaces with accuracy that
matches experimental observations. [60] Dispersion corrections were not explicitly included as sulfur
and oxygen bind strongly to Ni(111) through short-range chemisorption, which are well described by
the mBEEF density functional. [55] For such systems, long-range van der Waals interactions provide
only minor contributions to adsorption energies, whilst any van der Waals correction may also be
detrimental to the representation of the support material; therefore, no further dispersion corrections
are included.

Self-consistent field (SCF) optimisation of the electronic structure was achieved using a conver-
gence criteria of 1 × 10−6 eV for the change in total energy, 1 × 10−4 eV for the change in the sum
of eigenvalues and 1 × 10−6 e a−3

0 for the change in charge density. Unit cell equilibrium volumes
(𝑉0) were calculated by fitting to the Birch-Murnaghan equation of state using ASE. [61] Geometry
optimisation was performed using the quasi-Newton BFGS algorithm [62–65] with a force conver-
gence criteria of 0.01 eV/Å. The pristine Ni(111) surface was modelled using a six layer symmetric
periodic slab, of which the bottom three layers were frozen to mimic the system bulk, which is in
line with computational literature studying the adsorption of catalyst poisons on Ni(111). [66] Our
periodic slab model yields a surface energy 𝛾surf of 1.73 Jm−2, which is in reasonable agreement with
experimental references (1.94 Jm−2). [67] 𝛾surf is defined as: [68]

𝛾surf = 𝛾cleave + 𝛾relax =
𝐸Unrelaxed

Ni slab − 𝑁Form × 𝐸Ni bulk

2 × 𝐴
+
𝐸Relaxed

Ni slab − 𝐸Unrelaxed
Ni slab

𝐴
(5.1)

where 𝐸Relaxed
Ni slab (𝐸Unrelaxed

Ni slab ) denotes the energy of the geometry optimised (initial) Ni slab, 𝐸Ni bulk
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denotes the energy of the geometry optimised Ni bulk, 𝑁Form denotes the number of formula units
in the slab and 𝐴 denotes the slab surface area. A 20 Å vacuum gap was used in the direction
perpendicular to the surface to eliminate artificial interactions between periodic images. A dipole
correction was applied to compensate for the inhomogeneous electric field arising from surface
adsorption. Adsorption energies were calculated as:

ΔEAds = E[Ni(111) + Ads] − ENi(111) + 𝜇Ads (5.2)

where the chemical potential of the adsorbed species (𝜇Ads) was calculated using the energies of
isolated atomic S, atomic O, molecular SO and molecular SO2.

DFT+𝑈 and Defect Calculations

All DFT+U calculations were performed with FHI-aims, using the on-site definition of the occupation
matrix and the Fully Localised Limit (FLL) double counting correction.[69] A Hubbard correction
was applied to treat the Coulomb self-interaction of Ti 3d orbital electrons in tetragonal rutile TiO2

and Ce 4f orbital electrons in cubic CeO2. No Hubbard correction was applied for the Ni dopants or
for 𝛾-Al2O3. Hubbard𝑈 values for Ti 3d and Ce 4f orbital electrons were chosen as𝑈Ti 3𝑑 = 2.575 eV
and 𝑈Ce 4 𝑓 = 2.653 eV, which are both valid with a refined atomic-like Hubbard projector, as defined
in Table 5.1.

Table 5.1: Parameterised Hubbard U values (eV), projector coefficients 𝑐1 and 𝑐2 and supercell sizes
used in Chapter 5

Support Material Corrected Orbital Hubbard U (eV) 𝑐1 𝑐2 Supercell Size
𝛾-Al2O3 N/A N/A N/A N/A 1×1×3

TiO2 Ti 3d 2.575 0.752 -0.486 2×2×5
CeO2 Ce 4f 2.653 0.561 -0.600 2×2×3

The DFT- and DFT+U-predicted band gap (𝐸bg), 𝑉0 and formation energy (ΔEForm) of each
material are compared with experimental references in Table 5.2, where ΔEForm is calculated using
the energies of bulk Ti (in the hexagonal close packed, HCP, crystal structure), bulk Al and Ce (both
in the cubic crystal structure) and an isolated O2 molecule:

ΔEForm = EMO𝑖
− EM − 𝑖 × EO2 (5.3)

where 𝑖 denotes the stoichiometric coefficient for oxygen. Hubbard 𝑈 values and projectors were
simultaneously determined using the machine learning-based workflow in Chapter 4, with the target of
reproducing the bulk material covalency as calculated using hybrid-DFT, which results in numerically
stable self-consistent simulations of point defects. [48]
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Table 5.2: DFT- and DFT+U-predicted geometric, electronic and energetic properties of bulk 𝛾-Al2O3,
rutile TiO2 and CeO2 versus experimental references. The Hubbard parameters for Ti 3𝑑 orbitals are
U = 2.575 eV, 𝑐1 = 0.752 and 𝑐2 = -0.486, whilst those for Ce 4 𝑓 orbitals are U = 2.653 eV, 𝑐1 = 0.561
and 𝑐2 = -0.600. No Hubbard correction is applied for 𝛾-Al2O3 or Ni in this work.

Material Method 𝐸bg (eV) 𝑉0 (Å3) ΔEForm (eV/Atom)
𝛾-Al2O3 DFT 5.66 371.77 -3.22
𝛾-Al2O3 Experimental 7.20 [70] 371.12 [71] -3.43 [72]

TiO2 DFT+U 2.47 62.86 -3.00
TiO2 Experimental 3.00 [73] 62.44 [74] -3.26 [75]
CeO2 DFT+U 2.38 159.95 -3.73
CeO2 Experimental 3.20 [76] 158.43 [77] -3.77 [78]

Defect calculations in 𝛾-Al2O3, TiO2 and CeO2 were performed using the supercell sizes listed
in Table 5.1, with suitable sizes to ensure a consistent defect concentration across the three systems
whilst also accurately representing the dilute limit. Defect energies (ΔEDefect) following substitution
of a host metal atom (Al in 𝛾-Al2O3, Ti in TiO2 and Ce in CeO2) with a Ni atom were calculated as:

ΔEDefect = EDefective Bulk + 𝜇Host − EStoichiometric Bulk − 𝜇Dopant (5.4)

where the chemical potentials 𝜇Host and 𝜇Dopant were calculated using the energy of bulk Ti (hexagonal
close packed) as well as Al, Ce and Ni (all cubic). Oxygen vacancy formation energies (ΔEOV) were
calculated as:

ΔEOV = EDefective Bulk + 𝜇O − EStoichiometric Bulk (5.5)

where the chemical potential 𝜇O was calculated using half the energy of an isolated O2 molecule.
Defect calculations in TiO2 and CeO2 were performed using the "occupation matrix release" (OMR)
method to initialise Ti3+ and Ce3+ polarons at nearest neighbour atoms to the defect, before the DFT+U-
predicted total energy (𝐸DFT+𝑈) is pre-converged using fixed orbital occupancies until Δ𝐸DFT+𝑈 ≤
0.001 eV and then all orbital occupancies are calculated self-consistently. [69]

5.2.2 Monte Carlo Sampling

All lattice modelling and Monte Carlo sampling was performed using the the Surface Science Modeling
and Simulation Toolkit (SuSMoST) software package, [79] considering adsorption complexes of S,
O, SO and their pairs, and the occupation of hollow HCP and hollow FCC active sites on Ni(111)
motivated by our results in Sections 5.3.1 and 5.3.2. Full DFT geometry optimisation was performed
for 70 symmetrically inequivalent pairs of adsorption complexes on either a 10 × 10 or 7 × 7 Ni(111)
surface supercell within a 10 Å or 5 Å radial cutoff, respectively, as explained further in Section 5.3.2,
before calculating the energy of lateral interactions, Δ𝐸Lateral, using:

Δ𝐸
𝑠1,𝑠2
lateral = 𝐸

𝑠1,𝑠2
𝑥-𝑥 Pair − 𝐸Ni(111) −

(
𝐸 𝑠1
𝑥 + 𝐸 𝑠2

𝑥

)
(5.6)

where 𝐸Ni(111) is the energy of the pristine surface, 𝐸 𝑠1,𝑠2
𝑥-𝑥 Pair is the energy of a pair of adsorbates 𝑥 at

sites 𝑠1 and 𝑠2 for 𝑥 ∈ {S,O} and 𝑠1, 𝑠2 ∈ {Hollow HCP,Hollow FCC}, 𝐸 𝑠1
𝑥 is the energy of a single
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adsorbate 𝑥 occupying site 𝑠1 and 𝐸
𝑠2
𝑥 is the energy of a single adsorbate 𝑥 occupying site 𝑠2. 35

adsorption complexes consisting of pairs of S-S, O-O and S-O atoms, with |Δ𝐸Lateral | ≥ 0.04 eV, were
chosen for parameterising a pairwise Hamiltonian (ℋ) for subsequent GCMC sampling, based on the
generalised lattice-gas model of adsorption monolayers by Akimenko et al., [80] using:

ℋ =
∑︁
𝑖∈𝐿

Δ𝐸Ads(𝜎𝑖) +
∑︁
𝑖, 𝑗∈𝐿

Δ𝐸lateral(𝜎𝑖 , 𝜎𝑗 , r𝑖 𝑗) (5.7)

where 𝐿 is a set of lattice sites, 𝜎𝑖 is an adsorption complex at site 𝑖, Δ𝐸Ads(𝜎𝑖) is the adsorption energy
of the adsorption complex at site 𝑖 in the zero coverage limit and Δ𝐸lateral(𝜎𝑖 , 𝜎𝑗 , r𝑖 𝑗) is the energy
of lateral interactions between adsorption complexes at sites 𝑖 and 𝑗 , given the radius-vector (r𝑖 𝑗)
between the two sites. Geometry optimisation of S-O pairs with a short interatomic separation of 1.45
Å, corresponding to adsorption at neighbouring hollow HCP and hollow FCC active sites, resulted
in atomic diffusion to other active sites, therefore these adsorption complexes were disregarded for
subsequent GCMC sampling. Similarly, molecularly adsorbed SO was predicted to be less stable than
individually adsorbed S and O atoms at low surface coverage, and therefore was not included in the
GCMC sampling (see Section 5.3.2).

GCMC sampling was performed on a hexagonal lattice of 30 × 30 centers with periodic boundary
conditions, which was large enough to avoid finite size effects. Each Monte Carlo step involved 30× 30
attempted moves, i.e., one attempt for each active site per step to change the state of the adsorbed layer
through adsorption, desorption and surface diffusion of atomic S and O. The acceptance or rejection
of a new configuration of the model adsorbed layer of S and O was determined using the Metropolis
algorithm, [81] where a new configuration is accepted if the total energy (ℋ) is less than that of the
previous configuration (i.e., Δℋ ≤ 0 eV) or, if Δℋ > 0 eV, the new configuration is accepted with the
probability min

{
1, exp

(
−Δℋ

𝑅𝑇

)}
. One million Monte Carlo steps were used to reach thermodynamic

equilibrium and then the same number of steps were used to calculate ensemble averages. The parallel
tempering algorithm was used to improve convergence to equilibrium and calculate the temperature
dependence of the predicted adlayer coverage and composition, while also accounting for variations
in configurational entropy. [82] The following temperatures were used for parallel tempering replicas:
300, 400, 600, 800, 1000, 1200, 1500 and 1700 K. Each simulation was performed with varying
relative chemical potentials (𝜇R) of sulfur (𝜇R

S ) and oxygen (𝜇R
O) between -1 and 1 eV. 𝜇R

S (𝜇R
O) = 1 eV

corresponds to the adsorption energies of a single S (O) atom on Ni(111) in the zero coverage limit,
before geometry relaxation. Negative values of 𝜇R correspond to surfaces that are less likely to adsorb
atoms in the zero coverage limit, whilst positive values of 𝜇R correspond to surfaces that are more
likely to adsorb atoms in the zero coverage limit. We note that non-zero adsorbate coverages are still
possible for both positive and negative values of 𝜇R after geometry relaxation, due to entropic effects
or attractive lateral interactions. To enable direct comparison with experiment, the relative chemical
potentials used for GCMC sampling were mapped to gas phase partial pressures, corresponding to
reservoirs of O2 and H2S, using ideal gas thermodynamics at the same temperature and a standard-state
pressure of 1 bar:

𝜇R
S (𝑇, 𝑝) = Δ𝐸S

Ads +
[
𝐺H2S(𝑇, 𝑝) − 𝐸H2S

]
−

[
𝐺H2

(𝑇, 𝑝) − 𝐸H2

]
(5.8)
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𝜇R
O(𝑇, 𝑝) = Δ𝐸O

Ads +
1
2

[
𝐺O2

(𝑇, 𝑝) − 𝐸O2

]
(5.9)

where Δ𝐸S
Ads (Δ𝐸O

Ads) are the DFT-computed adsorption energies for a S (O) atom on Ni(111) in the
zero-coverage limit, 𝐺H2S, 𝐺H2

and 𝐺O2
are the Gibbs free energies of the isolated H2S, H2 and O2

molecules, respectively, obtained from ideal gas thermochemistry using ASE, and 𝐸H2S, 𝐸H2
and 𝐸O2

are the DFT-computed energies of the isolated H2S, H2 and O2 molecules, respectively.

5.2.3 Many-Body Tensor Representations

To quantify the differences in the GCMC-predicted spatial distribution of adsorbed S and O on
Ni(111), the GCMC-predicted adlayers were encoded into structural fingerprints using many-body
tensor representations (MBTRs), [83] with the DScribe Python library. [84, 85] Two-body MBTRs
were used to encode pairwise interatomic distances between adsorbed S and O atoms as a smooth
density distribution over a continuous grid, defined over the range of 0 to 10 Å, with a Gaussian
broadening parameter set to 0.1. An exponential weighting function was applied with a decay scale of
0.5, as well as a threshold of 10−3, which acts as a cutoff for discarding small Gaussian contributions
and therefore emphasise closer atomic interactions. No normalisation was applied to preserve the raw
spatial distributions. The smooth density distribution was discretised into five equally spaced bins,
yielding five two-body MBTR descriptors (𝐷𝑖), before being reduced to a one-dimensional descriptor
using principal component analysis (PCA) with the Scikit-learn Python library. [86] The principal
component output from PCA (PCMBTR) is defined as:

PCMBTR = (0.4852 × 𝐷2) + (0.5003 × 𝐷3) + (0.5070 × 𝐷4) + (0.5071 × 𝐷5) (5.10)

where 𝐷𝑖 denotes the discretised MBTR descriptors, with 𝐷1 = 0 as short-range S-O interactions
are excluded from the GCMC sampling and therefore not present in the resulting adlayers. PCMBTR

therefore captures the most significant trends in the spatial disorder of co-adsorbed S and O.

5.2.4 Interatomic Potential Training and Inferencing

The GCMC predictions were validated using geometry optimisation calculations with a MACE (ver-
sion 0.3.10) MLIP, [87] providing a computationally efficient means to relax the high-coverage
GCMC-predicted adlayers on the 30 × 30 Ni(111) surface (∼5800 atoms, surface area ∼50 nm2). The
MACE MLIP was trained using the diverse dataset of 5921 DFT-optimised structures collected in
the work, including isolated atoms and molecules (S, O, SO, SO2 and SO3), Ni(111) periodic slab
models of different thicknesses and adsorption complexes involving S, O, SO and SO2 at both low
and high surface coverage on Ni(111). Training was performed using multihead replay fine-tuning of
the off-the-shelf MACE-MPA-0 (medium) foundation model, [88] trained on approximately 146,000
unique materials in the Material Project Trajectory (MPTrj) dataset [89, 90] and 3.2 million unique
materials in a subset of the Alexandria dataset. [91] No dispersion correction was used and the model
precision was set to float64. A randomly selected 4737 structures (80%) were used for model training,
with the remaining 1184 structures (20%) used for validation. The Adam optimiser [92] was used to
minimise a cost function comprised of an equally weighted average of energy and force errors, with
the learning rate set to 0.01. The MACE model consists of two message-passing layers and employs
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a radial cutoff for learning interatomic interactions of 6 Å, resulting in a total receptive field of 12
Å, which is greater than the distance when lateral interactions between surface adsorbed pairs of S-S,
O-O and S-O atoms decay to zero at low surface coverage, as computed using DFT. Fine-tuning was
performed for 24 epochs, to balance cost and accuracy due to plateauing of the energy and force
errors (Figures 5.1(b) and (c), respectively). The fine-tuned model gave a training (validation) root
mean squared error (RMSE) of 14.4 (14.2) meV/atom in total energies and 16.3 (17.2) meV/Å in
atomic forces. When inferenced on the full dataset, the pre-trained foundation model gave a RMSE
of 1.43 × 1010 meV in total energies and 10.7 eV/Å in maximum atomic forces, which were reduced
by > 99 % upon fine-tuning the model as shown in the parity plots in Figures 5.1(d) and (e).

Figure 5.1: (a) Overview of the use of grand canonical Monte Carlo (GCMC) sampling and a fine-
tuned MACE machine learned interatomic potential for studying the co-adsorption of S and O atoms
on Ni(111) at thermodynamic equilibrium. The MACE model is fine-tuned from the MACE-MPA-0 pre-
trained foundation model for 24 epochs, which results in a reduction in the (b) energy and (c) force
errors until both start to plateau. When inferenced on the full dataset of DFT-optimised structures, the
fine-tuned model yields a reduction in the RMSE in total energies and maximum atomic forces of >
99 % vs. the pre-trained foundation model, as shown in the parity plots for (d) total energies and (e)
maximum atomic forces.

The fine-tuned MACE model was then used as the ASE calculator to run geometry optimisation
calculations using the BFGS algorithm [62–65] with a force convergence criteria of 0.01 eV/Å. Six
GCMC-predicted adlayers of differing coverages and intermixing of adsorbed S and O were validated
using MACE: for 𝜇R

S = -1 eV, 𝜇R
O = -1 eV, -0.7 eV and -0.5 eV, and T = 600 K and 1200 K. The accuracy of

the GCMC-predicted adlayers were validated by computing the root mean squared deviation (RMSD)
of the S and O atomic positions (𝑥 and 𝑦 co-ordinates) between the initial GCMC-predicted adlayers
and the final MACE-optimised adlayers:

RMSD𝑖 =

√︃
(𝑥MACE

𝑖
− 𝑥GCMC

𝑖
)2 + (𝑦MACE

𝑖
− 𝑦GCMC

𝑖
)2 (5.11)
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where 𝑥GCMC
𝑖

and 𝑦GCMC
𝑖

are the 𝑥 and 𝑦 coordinates of atom 𝑖 (either S or O) in the initial GCMC-
predicted adlayer and 𝑥MACE

𝑖
and 𝑦MACE

𝑖
are the corresponding coordinates in the final MACE-

optimised adlayer.

5.2.5 Experimental Characterisation

The following catalyst preparation, sulfur poisoning and methane steam reforming activity testing was
carried out by Dr Christopher Hawkins and Dr Andrew Steele from Johnson Matthey. The SEM,
XPS and ICP analysis were conducted by Dr Gregory Goodlet, Dr Riho Green and Jason Raymond,
respectively, from the Advanced Characterisation Department at Johnson Matthey Technology Centre.

To investigate how support oxygen buffering affects the sulfur tolerance of the Ni catalyst, we select
three model supports spanning a range of reducibilities. 𝛾-Al2O3 is chosen as a high surface area,
structurally robust support material with negligible oxygen buffering behaviour. [93] Rutile TiO2 is
chosen as a moderately reducible support material, which can form oxygen vacancies and facilitate
mild oxygen buffering at high temperatures. [43] CeO2 is chosen as the prototypical support material
for strong oxygen buffering under catalytic reaction conditions due to the ease of switching between
the Ce3+ and Ce4+ oxidation states, and low oxygen vacancy formation energy. [42, 93]

The three supported catalysts of 10 wt % NiO on 𝛾-Al2O3 (commercial, surface area= 140 m2/g),
rutile TiO2 (commercial, surface area= 20 m2/g) and CeO2 (commercial, surface area= 20 m2/g) were
synthesised using the standard incipient wetness impregnation method, where the support materials
were first impregnated with a Ni nitrate precursor solution, then dried and calcined at 773 K for 2
hours to obtain the final catalyst samples. [94] The catalysts were pelletised to a size of 250-355 𝜇m
and activated in a tube furnace, in a mixture of 10 % H2 in N2 at 923 K for 10 hours. Scanning electron
microscopy (SEM) was used to visualise the morphology of the prepared catalysts using a Zeiss ultra
55 Field emission electron microscope equipped with in-lens secondary electron and backscattered
detectors. X-ray diffraction (XRD) was performed using a Bruker D8 Advance Davinci design unit to
measure the NiO crystallite size in the prepared catalysts.

A 1 g portion of each catalyst was then saturated with H2S at room temperature for 18 hours in a
fixed bed reactor, using a feed gas of 100 ppm of H2S in a mixture of 2.5 % H2 in N2, with a relative
humidity of 50 % and a flowrate of 500 ml/min. The total sulfur content following room temperature
saturation was quantified using inductively coupled plasma (ICP) analysis. As the focus of this work
is to investigate the thermodynamic driving force for sulfur removal and catalyst regeneration, rather
than the kinetics of sulfur adsorption under operating reaction conditions, the room temperature sulfur
loading protocol provides a consistent baseline from which we assess the temperature-dependent
catalyst regeneration behaviour. We note that the measured sulfur content for each catalyst is expected
to be a high (upper bound) estimate, with reduced adsorption at higher temperatures. The surface
speciation of the H2S-poisoned catalysts, with a measurement depth of 5-10 nm, was analysed using
X-ray photoelectron spectroscopy (XPS). Temperature programmed desorption-mass spectrometry
(TPD-MS), using a Micromeritics Autochem II Chemisorption analyser linked with a MKS Cirrus
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2 mass spectrometer, was used to track the desorption of H2O, SO and SO2 from the H2S-poisoned
catalysts under a fixed temperature ramp of 10 K/min from room temperature to 1223 K in N2.

MSR activity testing was carried out in a low-pressure rig designed to flow dry gas mixtures of
N2, CH4 (and higher hydrocarbons) and H2 for catalyst pre-reduction. The dry gas composition used
was 68.4 % CH4 and 3.6 % C2H6, with a balance of N2. The dry gas mixture is then combined with
steam (following prior heating and evaporation in an oven) forming a reaction gas mixture that is
flowed through a packed catalyst bed, contained in a quartz tube, within a furnace that is electrically
heated up to 1223 K. The MSR activity for each H2S-poisoned catalyst was evaluated at steady state, at
temperatures of 873, 973 and 1073 K, under regulated outlet backpressures of 100, 120 and 150 mbar,
respectively. During the reaction, the dry gas is combined with steam resulting in a steam to carbon
ratio of 3:1, with a total gas flowrate of 200 ml/min. The quartz tube (diameter 0.4 cm) was loaded to
a 1.5 cm bed length, equating to 0.097 g (0.094 cm3) of catalyst and 0.155 g (0.094 cm3) of SiC inert
dilutant. We note that the studied support materials are chosen as model systems to investigate the
key principles driving the catalyst sulfur tolerance, but are not immediately compatible with existing
industrial MSR processes due to differences in the catalyst form (i.e., pellets vs. powders) and thermal
instability at very high temperatures over long timescales.

5.3 Results and Discussion

5.3.1 Atomic and Molecular Adsorption on Ni(111)

To ascertain the number of non-equivalent adsorption sites on Ni(111), atomic S and O were adsorbed
at the four initial positions illustrated in Figure 5.2(a), including hollow HCP, hollow FCC, atop and
bridge sites. Geometry optimisation of atomic S adsorbed at both atop and bridge sites resulted in S
diffusion to the hollow HCP site, whilst atomic O adsorbed at atop and bridge sites diffused to hollow
HCP and hollow FCC sites, respectively. The hollow HCP sites in Figures 5.2(b) and (d) and the
hollow FCC sites in Figures 5.2(c) and (e) were therefore determined to be the relevant non-equivalent
sites for adsorption. Both atomic S and O strongly chemisorb on the Ni(111) surface and display
an energetical preference for adsorption at hollow FCC sites, by 0.05 eV for S and 0.23 eV for O.
The trends in adsorption energies and site preferences are in agreement with computational literature
detailed in Table 5.3, although the absolute values of adsorption energies are found to vary slightly
with the choice of exchange-correlation functional, as GGAs from the literature tend to underbind,
[95] and the choice of Ni(111) surface model parameters. [30, 96–98] The adsorption of molecular SO
was also considered, with both S and O directly bonded to the surface. At both hollow HCP and FCC
sites, S-bound SO was calculated to be more energetically stable by 2.35 eV and 2.10 eV, respectively.
Finally, SO2 adsorption was tested at the four initial positions in Figure 5.2(a), from which the non-
equivalent adsorption sites were atop and bridge sites in Figures 5.2(h) and (i), respectively. SO2 is
calculated to be most stable when S occupies the bridge site of Ni(111), as is reported experimentally,
[99] with the same preferential stability as reported in the DFT study of Liu et al. [98] All calculated
adsorption energies are reported in Table 5.3.
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Figure 5.2: (a) The four studied adsorption sites on the Ni(111) surface, with the unit cell boundaries
denoted in the black dashed lines, including (1) hollow HCP, (2) hollow FCC, (3) atop and (4) bridge.
(b)-(i) The most stable single atom (S and O) and molecular (SO and SO2) adsorption complexes on a
1 × 1 Ni(111) surface, calculated using DFT with the mBEEF exchange-correlation functional, where
(b) and (c) correspond to S adsorption, (d) and (e) correspond to O adsorption, (f) and (g) correspond
to SO adsorption and (h) and (i) correspond to SO2 adsorption. (a)-(i) are top down views of the
Ni(111) surface and the bottom row is a side view for adsorption complexes (f)-(i). The corresponding
adsorption energies for the adsorption complexes (b)-(i) are listed in Table 5.3

Table 5.3: Adsorption energies (ΔEAds, eV) for atomic S, atomic O, molecular SO (for S binding to
surface and OS for O binding to the surface) and molecular SO2 on a 1 × 1 Ni(111) surface, calculated
using DFT with the mBEEF exchange-correlation functional. The active sites are (1) hollow HCP, (2)
hollow FCC, (3) atop and (4) bridge, as illustrated in Figure 5.2. Available literature comparisons are
included with the corresponding exchange-correlation functional in brackets. Our results match the
relative stabilities of adsorption complexes between active sites, but differences in absolute adsorption
energies vs. the available literature are noted due to the use of GGA exchange-correlation functionals
and different Ni(111) surface parameters, e.g., number of layers and supercell dimensions.

Adsorbate Active Site ΔEAds (eV) Literature
S 1 -7.09 -5.07 (PW91), -4.57 (RPBE), -5.56, -5.16 (PBE) [96–98]
S 2 -7.14 -5.12 (PW91), -4.62, -4.69 (RPBE), -5.62, -5.21 (PBE) [30, 96–98]
O 1 -6.25 -5.02 (PW91), -4.42, -5.76 (PBE), -5.91 (PBE) [96–98]
O 2 -6.48 -5.13 (PW91), -4.52 (RPBE), -5.87, -6.02 (PBE) [96–98]

SO (OS) 1 -4.62 (-2.27) N/A
SO (OS) 2 -4.64 (-2.54) -2.08 (PW91) [100]

SO2 3 -2.00 -1.03 (PBE) [98]
SO2 4 -2.08 -1.08 (PBE) [98]

5.3.2 Pairwise and Many-Body Lateral Interactions on Ni(111)

The four non-equivalent adsorption complexes of atomic S and O in Figures 5.2(b)-(e), were used
to construct new adsorption complexes of S-S, O-O and S-O pairs at low surface coverage on a 10
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× 10 Ni(111) surface (for S-S and O-O pairs) and a 7 × 7 Ni(111) surface for S-O pairs (to reduce
computational cost at no detriment to accuracy). Following geometry optimisation, the energies
of adsorbed single atoms and pairs were then used to compute lateral energies (𝐸lateral, defined in
Section 5.2.2, Equation (5.6)), which are plotted in Figures 5.3(a)-(c) for pairs of S-S, O-O and S-O,
respectively. Lateral interactions are repulsive for all pairs in Figures 5.3(a)-(c), indicating that the
O-mediated removal of adsorbed S occurs at high surface coverage and would require a large supply of
O atoms to the surface to overcome the repulsive lateral interactions between adsorbed S and O, e.g.,
from a reducible metal oxide support with a large oxygen buffering capacity or using a high partial
pressure of O2 gas during experimental catalyst regeneration. All adsorption complexes corresponding
to |𝐸Lateral | ≥ 0.04 eV, i.e., green markers in Figures 5.3(a)-(c), were used to parameterise the pairwise
Hamiltonian (ℋ, defined in Section 5.2.2, Equation 5.7) for GCMC sampling. Geometry optimisation
of S-O pairs at low surface coverage reveals the instability of short-range interactions of ≤ 1.45 Å
between adjacent hollow HCP and hollow FCC sites, which results in atomic diffusion to neighbouring
sites in Figures 5.3(d) and (e). Short-range S-O interactions were therefore not included in the GCMC
sampling by assigning 𝐸lateral = ∞ eV within the lattice model for both initial configurations in
Figures 5.3(d) and (e).

The validity of excluding short-range S-O interactions from the GCMC sampling was investigated
further by considering the effects of the S and O surface coverages on the energetics of S oxidation to
SO. The geometry optimisations in Figures 5.3(d) and (e) were repeated on a smaller 1 × 1 Ni(111)
surface in Figures 5.3(f) and (g), respectively, corresponding to a higher surface coverage, before
evaluating the relative stability (ΔERelative) of an adsorbed SO molecule at the most stable hollow-FCC
site vs. atomic S and O, using:

ΔERelative = E 𝑛×𝑛
SO/Ni(111) − E 𝑛×𝑛

S,O/Ni(111) (5.12)

where E 𝑛×𝑛
SO/Ni(111) is the energy of a geometry optimised SO molecule adsorbed at a hollow-FCC site

on an 𝑛 × 𝑛 Ni(111) surface and E 𝑛×𝑛
S,O/Ni(111) is the energy of a geometry optimised pair of S and O

atoms adsorbed at an initial interatomic separation of 1.45 Å on an 𝑛 × 𝑛 Ni(111) surface.
Comparing the relative energies in Figures 5.3(d)-(g), there is a significant site-dependence in the

energetic feasibility of S oxidation to SO, where relaxation of S adsorbed at hollow-FCC sites and O
adsorbed at hollow-HCP sites dramatically reduces ΔERelative compared to relaxation of S adsorbed
at hollow-HCP sites and O adsorbed at hollow-FCC sites. This observation is consistent with the
spin-polarised DFT study of Das and Saida, who calculated ΔERelative = 0.41 eV for S adsorbed at
a hollow-FCC site and O adsorbed at a hollow-HCP site and ΔERelative = 2.98 eV for both atoms
adsorbed at hollow-FCC sites, on a 2 × 2 Ni(111) surface. [100] Our results further show a strong
coverage-dependence for the feasibility of S oxidation, as shown by the reduction in ΔERelative from
0.57 eV to 0.01 eV by increasing the surface coverage from Figure 5.3(e) to Figure 5.3(g). The pairwise
GCMC Hamiltonian, which excludes short-range S-O interactions that are energetically unfavourable
at low surface coverage, is concluded to be valid for simulated adlayers with low 𝜃S and 𝜃O, only
shown as the lighter regions in the GCMC-predicted isotherms in Figures 5.4(a) and (b), as well
as regions of low intermixing between S and O shown as the lighter regions in Figure 5.4(c). In
these regions, strong adsorbate interactions with the Ni(111) surface exceed any attractive lateral
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Figure 5.3: Lateral energies between adsorbed (a) S-S, (b) O-O and (c) S-O atomic pairs, at low
surface coverage on Ni(111), calculated using DFT with the mBEEF exchange-correlation functional.
Green (red) markers correspond to adsorption complexes that are included (not included) in the pair-
wise GCMC Hamiltonian. The marker shape corresponds to the type of active site occupied by each
atom in the pairs. The initial (top row) and final optimised geometries (bottom row) for DFT relaxations
of short-range S-O interactions, where S occupies a hollow-HCP site and O occupies a hollow-FCC
site in (d) and (f), whilst S occupies a hollow-FCC site and O occupies a hollow-HCP site in (e) and
(g). Adsorption complexes (d) and (e) correspond to low surface coverage on a 7 × 7 Ni(111) surface,
whilst complexes (f) and (g) correspond to high surface coverage on a 1 × 1 Ni(111) surface. The
relative energy for each adsorption complex (d)-(g), calculated using Equation (5.12), is listed under-
neath each subfigure.

interactions between adsorbed S and O as may be required for the formation of oxidised sulfur species.
Under sulfur-rich conditions (𝜇R

S → −1 eV), the GCMC-predicted isotherm in Figure 5.4(a) predicts
a large sulfur coverage of up to 0.45 ML that is thermodynamically stable even at extremely low H2S
feed concentrations in a H2S/H2 mixture, on the order of parts per million. This reflects the strong
chemisorption of atomic S to Ni(111) relative to the weak thermodynamic driving force for desorption
into H2S. In contrast, Figure 5.4(b) shows that co-adsorbed oxygen can reduce sulfur coverages on
Ni(111) via site competition under sufficiently oxygen-rich conditions (𝜇R

O → −1 eV); although this
does not occur under any realistic oxygen partial pressures at 600 K. These results suggest that a
high temperature is essential for oxygen-assisted catalyst regeneration via site competition between
co-adsorbed S and O.

To investigate the entropic contributions to catalyst regeneration via oxidation of S → SO, six
GCMC-predicted adlayers were validated for 𝜇R

S = -1 eV, 𝜇R
O = -1 eV, -0.7 eV and -0.5 eV, and T = 600

K and 1200 K, using geometry optimisation simulations with the fine-tuned MACE model (trained
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on both low coverage and high coverage DFT relaxations). The mean and standard deviation of the
RMSD of adsorbate atomic displacements is shown in Figure 5.4(d), where the MACE relaxation
trajectories do not lead to S oxidation. In all cases in Figure 5.4(d), the differences in the GCMC-
predicted and MACE-optimised adlayer structures are driven by surface diffusion of some adsorbed
S atoms to nearest neighbour sites without any S oxidation to SO or SO2, whilst the RMSD in atomic
positions is consistently lower for adsorbed O than S (Figure 5.5).

The results suggest that combinations of 𝜇R
S and 𝜇R

O that lead to higher coverages and intermixing
of S and O, illustrated by the dark blue regions in Figure 5.4(c), create conditions that are necessary
but not sufficient alone for SO formation and that thermal activation is essential for SO formation
irrespective of the degree of S and O co-adsorption. As a result, the use of metal oxide support
materials with a large oxygen buffering capacity can aid the regeneration of S-poisoned catalysts at
high temperature, where the formation and desorption of SO and SO2 is feasible. However, tuning
the support oxygen buffering capacity is unlikely to improve the sulfur tolerance of low temperature
catalysts, which requires modification of the Ni catalyst to reduce the high affinity of S, O, SO and
SO2. These findings are consistent with the kinetic modelling of S oxidation on Ni(111) by Galea et
al., who combined DFT simulations with TPD experiments to investigate the removal of adsorbed S
atoms using gas-phase O2. [32] Their TPD results showed no SO2 formation at temperatures below
600 K for surfaces with low S coverage, indicating that direct oxidation of S atoms is not thermally
accessible at these conditions. Instead, S removal was only observed above 600 K and at sufficiently
high O2 exposures, to facilitate O-assisted S diffusion and oxidation. Their DFT calculations similarly
demonstrated a high activation barrier (>1 eV) for SO formation from isolated S and O atoms on
Ni(111).
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Figure 5.4: GCMC-predicted surface coverages of (a) S and (b) O at 600 K for relative chemical
potentials of S (𝜇R

S) and O (𝜇R
O) ranging between -1 eV and 0.2 eV, as defined in Section 2.2. (c) The

principal component derived from two-body many-body tensor representations (PCMBTR, discussed
in the SI Section S2), which encodes the pairwise interatomic distances between adsorbed S and
O atoms across 10 GCMC-predicted adlayers for 441 combinations of 𝜇R

S and 𝜇R
O at 600 K. The

secondary axes in (a), (b) and (c) show the equivalent gas phase thermodynamic control variables
corresponding to the relative chemical potentials, including the ratio of partial pressures (𝑝) of H2S
to H2 (for a fixed 𝑝H2

= 1 bar) and the partial pressure of O2, which were obtained from ideal gas
thermodynamics at the same temperature and a standard-state pressure of 1 bar. (d) The root-mean-
square deviation (RMSD) in S and O 𝑥 and 𝑦 atomic co-ordinates, between GCMC-predicted and
MACE-reoptimised adlayers. Bars represent the mean RMSD for each 𝜇R

O value at T = 600 K and
1200 K. Error bars represent the standard deviation of the RMSD. All bars correspond to 𝜇R

S = -1 eV,
thereby testing the validity of adlayers with varied intermixing of adsorbed S and O atoms on Ni(111),
which increases for larger values of 𝜇R

O.
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Figure 5.5: (a) The MACE-reoptimised structure for the GCMC-predicted adlayer for 𝜇R
S = -1 eV, 𝜇R

O =
-0.5 eV and T = 1200 K, which corresponds to the largest RMSD in Figure 5.4(d). The arrows indicate
the direction and magnitude of atomic S and O displacements from the initial GCMC-predicted atomic
positions. (b)-(e) Histograms of RMSD of S (yellow bars) and O (red bars) atoms between the GCMC-
predicted and MACE-reoptimised adlayers for all six validated adlayers in Figure 5.4(d).
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5.3.3 Reversible vs. Irreversible Catalyst Deactivation

The results in Section 5.3.2 can be used to rationalise the outcomes of experimental MSR activity
testing for fresh and H2S-poisoned Ni nanoparticle catalysts in Figure 5.6, which shows methane
conversion as a function of the reaction temperature.

Figure 5.6: (a) Temperature profile for MSR activity testing of fresh and H2S-poisoned Ni catalysts
supported on (b) 𝛾-Al2O3, (c) TiO2 and (d) CeO2. The reduction in temperature from 1073 K to 873 K
after 𝑡 = 6 hours was only performed for the H2S-poisoned catalysts. All fresh catalysts were subject
to an additional pre-reduction in H2 at 923 K, prior to 𝑡 = 0 hours. These results were collected by Dr
Christopher Hawkins and Dr Andrew Steele.

For both H2S-poisoned Ni/TiO2 and H2S-poisoned Ni/CeO2, catalyst regeneration and partial
restoration of activity (to ∼ 80 % and ∼ 50 % of that of fresh Ni/TiO2 and Ni/CeO2, respectively) is
achieved upon increasing the temperature beyond 973 K. Although H2S-poisoned Ni/TiO2 is restored
to the highest absolute value of catalytic activity in Figure 5.6(a), ICP analysis indicates a total uptake
of H2S during room temperature saturation of 0.11 weight percentage of sulfur (%S wt), which is
an order of magnitude lower than that of Ni/𝛾-Al2O3 (2.14 %S wt) and Ni/CeO2 (2.53 %S wt). The
reduced sulfur loading on Ni/TiO2 likely stems from the reduced dispersion of Ni in the experimentally
prepared catalyst, as evident by the SEM imaging in Figure 5.7, which is consistent with the much
larger XRD-determined NiO crystallite size of 17.9 nm on TiO2 vs. 12.1 nm on CeO2. As a result,
Figure 5.6(a) shows that H2S-poisoned Ni/CeO2 is restored to a substantially greater catalytic activity
than H2S-poisoned Ni/TiO2, relative to its sulfur-content, which is in line with our DFT+𝑈 calculated
oxygen vacancy formation energies of 3.44 eV for CeO2 and 5.35 eV for TiO2, i.e., oxygen from the
CeO2 lattice facilitates S oxidation. Both values are much lower than the DFT-calculated oxygen
vacancy formation energy of 7.00 eV for 𝛾-Al2O3, indicating support oxygen buffering may drive the
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enhanced sulfur resistance of Ni/CeO2, although not in a manner to reduce the temperature required
for catalyst regeneration, as discussed in Section 5.3.2.

Figure 5.7: Scanning electron microscopy images of the microstructure of the prepared (a)
Ni/𝛾-Al2O3, (c) Ni/TiO2 and (e) Ni/CeO2 catalysts. The corresponding elemental mapping of Ni (red),
O (blue) and either (b) Al, (d) Ti or (f) Ce (green) shows the variation in the Ni dispersion amongst
the prepared catalysts, which is significantly lower for Ni/TiO2. These images were collected by Dr
Gregory Goodlet.

The H2S-poisoned Ni/𝛾-Al2O3 catalyst was found to deactivate irreversibly in Figure 5.6(b), with
no restoration of catalytic activity upon increasing temperature. Given the measured activity of
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the fresh Ni/𝛾-Al2O3 catalyst, which is subject to a pre-reduction in H2 at 923 K, the irreversible
deactivation of H2S-poisoned Ni/𝛾-Al2O3 is likely due to the variation in the Ni oxidation state with
respect to the reducibility of the reaction environment. The observed irreversible catalyst deactivation
is consistent with the experimentally reported in situ transformation of Ni/𝛾-Al2O3 to spinel-type
NiAl2O4, i.e., switching the Ni oxidation state from Ni0 in Ni2+ on the surface and in the bulk, which
is inactive for MSR. [101–103] The suppression of Ni0 when Ni/𝛾-Al2O3 is exposed to oxidising
atmospheres, e.g., when exposed to air in ambient conditions before characterisation, is further
supported by the Ni 2𝑝3/2 XPS spectra in Figure 5.8(a), where the Ni surface speciation on the
different supports is distinctly different at ∼ 853 eV, which corresponds to Ni0, whilst being similar at
∼ 856 eV, which corresponds to Ni2+. [104] Given that the relative intensity of the peak at ∼ 853 eV
is lowest for H2S-poisoned Ni/𝛾-Al2O3, this suggests that 𝛾-Al2O3 suppresses the formation of Ni0 in
oxidising conditions.

Figure 5.8: Normalised XPS spectra for (a) Ni 2𝑝3/2 and (b) S 2𝑝 for the three H2S-poisoned Ni
catalysts following room temperature saturation with H2S (before MSR activity testing). (c) Substitu-
tional defect energies for Ni×Al in bulk 𝛾-Al2O3 (DFT), Ni×Ti in bulk TiO2 (DFT+𝑈) and Ni×Ce in bulk CeO2
(DFT+𝑈), calculated using the mBEEF exchange-correlation functional and Hubbard parameters de-
tailed in the Section 5.2.1. The defect energies are plotted alongside the corresponding occupancies
of the Ni 3𝑑 𝑒g orbitals, including both 3𝑑z2 and 3𝑑x2-y2 orbitals. Large differences between 3𝑑z2 and
3𝑑x2-y2 orbital occupancies are reportedly characteristic of systems with stabilising Jahn-Teller distor-
tions. [105, 106] The XPS spectra were collected by Dr Riho Green.

To investigate the driving force for irreversible catalyst deactivation further, the energetics of
substitutional defect formation in the support materials were calculated using DFT and DFT+𝑈, as
outlined in Section 5.2.1. As shown in Figure 5.8(c), the substitutional defect energy for Ni×Al in
𝛾-Al2O3 is calculated as 6.08 eV, which is lower than Ni×Ti in TiO2 (6.67 eV) and Ni×Ce in CeO2
(13.61 eV), supporting a hypothesis that the deactivating phase transformation is more favourable for
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Ni/𝛾-Al2O3, whereas Ni/TiO2 and Ni/CeO2 are more resistant to forming bulk solid solutions. Figure
5.8(c) further shows that the increasing defect energies from Ni×Al to Ni×Ce correlate inversely with the
polarisation of the Ni 3𝑑 𝑒g orbitals, comprised of the 3𝑑z2 and 3𝑑x2-y2 orbitals that align along the
metal-oxygen bonds, [107] which is characteristic of complex oxides containing divalent ions such
as Ni2+ resulting in stabilisation via Jahn-Teller distortions that break the system symmetry. [105,
106] These results indicate an energetic favourability for the initial stages of phase transformation
in 𝛾-Al2O3, in agreement with the DFT+𝑈-parameterised Monte Carlo study of Elias et al., who
concluded the NiAl2O4 can be more stable than NiO and 𝛾-Al2O3 in Ni-rich conditions at high
temperatures. [33] The predicted insolubility of Ni in CeO2 is in contrast with literature-reported
defect energies of ∼ 2-3 eV using DFT+𝑈 in a planewave basis. [108, 109] Whilst the two sets of
results are not directly comparable due to differences in the employed Hubbard projectors, our results
align with the results in Chapters 3 and 4 that shows self-consistent DFT+𝑈 in a NAO framework can
successfully rationalise experimentally observed defect chemistry in TMOs, e.g., the varying oxidation
states of Nb and W dopants in different TiO2 polymorphs [47, 48] and the energetics of Mg doping in
LiCoO2, [48] the results for which can vary ambiguously in the plane-wave DFT+𝑈 literature.[110–
113] The large defect energy for Ni×Ce is confirmed as not an artifact of our chosen DFT+𝑈 parameters
by repetition of the calculation using standalone DFT, which yields a defect formation energy of 13.81
eV.

5.3.4 Sulfur Speciation and the Role of Water

To gain further insights into the mechanisms that drive sulfur removal from the H2S-poisoned catalysts,
TPD-MS was performed in N2 to track the signals for H2O, SO and SO2, which correspond to
measurements from mass spectrometry (Figure 5.9). For H2S-poisoned Ni/CeO2, sulfur removal
occurs partially in a low temperature regime (between 423-573 K) and also a high temperature regime
(beyond 973 K), which can be attributed to lattice and surface oxygen, respectively, based on the
thermogravimetric analysis of Zhu et al., who studied pure and Ni-doped CeO2 nanorods showing
surface oxygen release between 423-593 K and lattice oxygen release between 593-1073 K.[114]
Liu et al. similarly used TPD-MS to investigate SO2 release from H2S-poisoned CeO2, concluding
that peaks between 473-673 K corresponded to the formation of SO2 which could react with lattice
oxygen above 673 K to form Ce(SO4)2 and then this decomposes back to SO2 at 873 K. [115] The
role of oxygen in facilitating sulfur removal was further supported by observations that SO2 TPD-
MS signals were greatest when the catalyst was pretreated in O2, compared to inert Ar or reducing
H2. [115] Figures 5.9(b) and (c) show a greater TPD-MS signal for SO and SO2 release from H2S-
poisoned Ni/𝛾-Al2O3 at low temperatures than H2S-poisoned Ni/CeO2. We attribute this difference
to the increased formation of surface Ni𝑥Al1−𝑥O2 solid solutions, based on our calculated bulk defect
formation energies in Section 5.3.3 and the H2 temperature programmed reduction (TPR) study of
Shan et al., which correlated the bimodal distribution at low temperatures in Figures 5.9(b) and (c) to
the existence of both Ni0 and Ni2+ on the catalyst surface. [116]
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Figure 5.9: Temperature-programmed-desorption-mass spectrometry (TPS-MS) spectra obtained
using a fixed temperature ramp of 10 K/min from room temperature to 1223 K in N2 for (a) H2O (mass
= 18 g/mol) release from H2S-poisoned 𝛾-Al2O3, TiO2 and CeO2, (b) SO (mass = 48 g/mol) release
from H2S-poisoned 𝛾-Al2O3 and CeO2, and (c) SO2 (mass = 64 g/mol) release from H2S-poisoned
𝛾-Al2O3 and CeO2. The TPD-MS spectra for SO and SO2 release from H2S-poisoned Ni/TiO2 were
negligible (due to the lower H2S loading as discussed in Section 5.3.3) and therefore are not shown.
TPD-MS signals for H2S (mass = 34 g/mol) release from all catalysts were negligible, indicating H2S
desorption and/or dissociation before analysis. These catalysts were not subject to a pre-reduction in
in H2 at 923 K, as discussed for the fresh catalysts in Section 5.2.5. These spectra were collected by
Dr Christopher Hawkins and Dr Andrew Steele.

To rationalise the differences between the high temperature SO and SO2 desorption behaviour
from Ni/𝛾-Al2O3 and Ni/CeO2 in Figures 5.9(b) and (c), the S 2𝑝 XPS spectra in Figure 5.8(b) is
considered, where sulfates and sulfides (NiS) were identified as the peaks at ∼ 169 eV and ∼ 162 eV,
respectively. Around 85 % of all sulfur species in the three H2S-poisoned catalysts were quantified to
be sulfates using curve fitting of the S 2𝑝 XPS spectra in Figure 5.8(b). The temperature-dependent
oxidation (reduction) of SO2 to (from) sulfates is hypothesised to drive the differences in the TPD-MS
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spectra of Ni/𝛾-Al2O3 and Ni/CeO2 in Figures 5.9(b) and (c). The hypothesis is supported by the
study of Hamzehlouyan et al., who combined TPD and diffuse reflectance infrared Fourier transform
spectroscopy (DRIFTS) to investigate SO2 release from SO2-poisoned Pt/Al2O3 catalysts, concluding
that SO2-TPD peaks at ∼ 509 K and ∼ 947 K correspond to the desorption of molecularly adsorbed
SO2 and the dissociation of aluminium sulfate, respectively. [117] Furthermore, Smirnov et al. used
temperature-resolved XPS to show that water vapour inhibits SO2 oxidation to sulfates on an Al2O3
thin film but enhances sulfate formation on a CeO2 thin film, due to a Ce3+ redox-mediated mechanism
of SO2 oxidation. [118] Together with our TPD-MS results in Figure 5.9(a), which show orders of
magnitude greater water adsorption on Ni/𝛾-Al2O3 than Ni/CeO2 due to the 7× greater surface area,
the findings of Hamzehlouyan et al. and Smirnov et al. support the hypothesis that SO and SO2

desorb at lower temperatures from Ni/𝛾-Al2O3 as water vapour inhibits the formation and retention of
thermally stable sulfates.

5.4 Conclusions

Understanding the atomic level mechanisms that govern the sulfur tolerance of Ni-based catalysts
is essential for designing next-generation catalysts for industrial H2 production via MSR and low-
temperature processes from renewable feedstocks. In this study, a combined computational and
experimental approach is adopted to investigate the enhanced sulfur tolerance of Ni nanoparticles on
reducible metal oxide supports, with the aim of uncovering strategies for future catalyst optimisation.
Combining DFT, GCMC and a fine-tuned MACE MLIP, a high oxygen chemical potential provided
via support oxygen buffering is shown to be insufficient for the removal of adsorbed S from Ni(111),
with additional thermal activation being essential. The results support experimental MSR activity
tests showing that the catalytic activity of Ni supported on reducible CeO2 can be readily restored from
a poisoned state at high temperatures, compared to Ni supported on less reducible TiO2 and 𝛾-Al2O3.
The results are further validated using DFT+𝑈 computed oxygen vacancy formation energies for the
bulk support materials, which show the ease of oxygen vacancy formation in the order CeO2 > TiO2

> 𝛾-Al2O3. The MSR activity testing also indicates the critical role of phase transformations into
catalytically inactive phases, which is widely reported to occur for Ni/𝛾-Al2O3, and that agrees with
our DFT+𝑈 computed defect energies for substitutional Ni doping, which indicate the initial stages of
bulk phase transformation are more favourable in the order 𝛾-Al2O3 > TiO2 > CeO2. TPD-MS and
XPS highlight the critical role of water in the formation of thermally stable sulfate species that can
increase the temperatures required for catalyst regeneration.

Overall, the combined computational and experimental investigation points to three critical aspects
for the rational design of metal oxide support materials for sulfur tolerant catalysts: (1) the feasibility
of bulk oxygen vacancy formation in the support; (2) the resistance of the bulk support to phase
transformations into catalytically inactive solid solutions; and (3) the support- and temperature-
dependent surface chemistry of SO2 to sulfates. The integration of ab initio computational modelling,
statistical sampling and machine learning further demonstrates the importance of advanced workflows
for studying complex catalytic materials in a manner that faithfully bridges theory and experiment.
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Chapter 6

Outlook

6.1 Conclusions

This thesis has investigated the application of advanced computational methods and workflows for
modelling defect-driven phenomena in catalysis, with the aim of rationalising experimental observa-
tions, uncovering future catalyst optimisation strategies and demonstrating capabilities that extend far
beyond the model systems selected. Achieving this has required addressing two of the most significant
barriers in computational materials modelling: the Coulomb self-interaction error and the prohibitive
computational cost of simulating large systems that are more representative of catalysts under reaction
conditions.

In Chapter 3, we investigated the challenges of accurately modelling polarons in transition metal
oxides, focusing on the model systems of Nb- and W-doped TiO2 (NTO and WTO, respectively),
which are promising materials for next-generation solar cells and photocatalysis. There is currently
no explanation in the literature for the polymorph-sensitivity of polaron formation in doped anatase
vs. rutile TiO2, as characterised by Dr Andrea Folli using electron paramagnetic resonance (EPR)
spectroscopy. EPR spectroscopy shows that charge compensation is highly sensitive to the TiO2
polymorph, with Nb4+ and W5+ signals present in substitutionally doped rutile but not in doped
anatase. The observations are rationalised by DFT+U calculations in an all electron numerical atom-
centred orbital (NAO) framework, which required modification of the Ti 3𝑑 Hubbard projector to
enable self-consistent resolution of the Ti 3d, Nb 4d and W 5d orbital occupancies. Self-consistent
DFT+U predicts favourability of Nb4+ in rutile NTO through greater filling of the Nb 4d 𝑡2g orbitals
and reduced filling of the 𝑒g orbitals compared to anatase NTO. Self-consistent DFT+U also predicts
W5+ in rutile WTO through the formation of a localised mid-gap state of 5dz2 character that is not
formed in anatase WTO. Given the numerical instabilities and inaccuracies of self-consistent and
constrained DFT+𝑈 calculations with an atomic Ti 3𝑑 Hubbard projector, respectively, it is essential
to consider the effect of the Hubbard projector on DFT+𝑈 simulations in more detail.

Chapter 4 built upon the findings in Chapter 3 by developing machine learning-based workflows
to guide the determination of Hubbard𝑈 values and projectors, to ensure the DFT+𝑈 method is robust
across a wide range of simulations of defects in TMOs and REOs. Simultaneous optimisation of the
Hubbard U value and projector has been demonstrated semi-empirically using symbolic regression
and support vector machines, before using Bayesian optimisation to minimise the errors of target
properties relative to experimental references. The Ti 3d Hubbard U value and projector have been
semi-empirically refined to enable self-consistent DFT+U simulations of intrinsic and extrinsic defects
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in both anatase and rutile TiO2. The outcome is DFT+U simulations with comparable accuracy to
hybrid-DFT in terms of the relative stabilities of point defects and the formation of localised Holstein
polarons, whilst at orders of magnitude lower cost. The DFT+U-predicted occupation matrices
reproduce the hybrid-DFT O 2p occupation matrix, which can be an effective cost function for a
first-principles strategy for Hubbard U value and projector optimisation.

The semi-empirical approach was therefore redefined as a first-principles approach and generalised
across materials using hierarchical symbolic regression to screen the Hubbard parameter space using
empirical correlations to learn the DFT+U potential energy surface in terms of orbital occupancies.
Predictions of metal 𝑑 or 𝑓 orbital and O 2p orbital occupancies were made in terms of Hubbard
parameters, basis set parameters, DFT-predicted orbital occupancies and atomic material descriptors.
The first-principles approach enables the development of a generalised workflow for the one-shot
computation of Hubbard U values and projectors for different materials that requires no successive
DFT+U calculations, as in active learning schemes. The method transferability is demonstrated for
10 prototypical TMOs and REOs (anatase and rutile TiO2, Cu2O, MoO3, WO3, Y2O3, ZrO2, CeO2,
LiCoO2 and LiFePO4), which each require one reference DFT and hybrid-DFT calculation as inputs,
whilst generating families of solutions for each material, i.e., optimised Hubbard projectors for a given
Hubbard U value. Upon validating a subset of these solutions, a MAE of 5.02% for the DFT+U-
predicted O 2p orbital occupancies was achieved, with demonstrated accuracy for materials unseen
from model training (LiCoO2 and LiFePO4).

Predicting the numerical stability of point defect calculations can also be generalised across ma-
terials using symbolic classification, using Hubbard U values and material-dependent descriptors of
covalency, enabling the determination of Hubbard U values and projectors that are robust against nu-
merical instability. The validity of Hubbard 𝑈 values and projectors determined from first-principles
has been investigated for the self-consistent simulation of Mg-doped and oxygen deficient LiCoO2,
where refining the Co 3𝑑 Hubbard projector enables the numerically stable simulation of experimen-
tally reported charge compensation mechanisms driving the material’s high electrical conductivity.
The same results were not possible using an atomic Co 3𝑑 Hubbard projector and did not require
any prior testing of suitable Co 3𝑑 Hubbard 𝑈 values or projectors. Overall Chapter 4 demonstrates
how supervised machine learning can be used to construct scalable and transferable solutions to the
challenge of DFT+𝑈 parameterisation, showing promise for extension to schemes requiring multiple
parameter optimisation as well as other electronic structure codes.

Chapter 5 broadened the scope of our investigations into metal oxide support effects towards indus-
trially relevant H2 production catalysts, with the aim of applying advanced computational workflows
to investigate strategies for future catalyst optimisation. Chapter 5 adopted a combined computational
and experimental approach to examine the atomic level mechanisms that govern the sulfur tolerance of
supported Ni catalysts for MSR and low-temperature processes from renewable feedstocks. Combin-
ing DFT, grand canonical Monte Carlo (GCMC) sampling and a fine-tuned MACE machine learned
interatomic potential (MLIP), we show that a high oxygen chemical potential provided via support
oxygen buffering is not sufficient alone for the removal of adsorbed S from Ni(111), with thermal
activation being essential. The results support experimental MSR activity tests showing that the
catalytic activity of Ni supported on reducible CeO2 can be readily restored from a poisoned state at
high temperatures, compared to Ni supported on less reducible TiO2 and 𝛾-Al2O3. The results are
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further validated using DFT+𝑈 computed oxygen vacancy formation energies for the bulk support
materials, which show the ease of oxygen vacancy formation in the order CeO2 > TiO2 > 𝛾-Al2O3.
The MSR activity testing also indicates the critical role of phase transformations into catalytically
inactive phases, which is widely reported to occur for Ni/𝛾-Al2O3, and that agrees with our DFT+𝑈
computed defect energies for substitutional Ni doping, which indicate the initial stages of bulk phase
transformation are more favourable in the order 𝛾-Al2O3 > TiO2 > CeO2. TPD-MS and XPS highlight
the critical role of water in the formation of thermally stable sulfate species that can increase the
temperatures required for catalyst regeneration.

Overall, the computational workflows and experimental characterisation points to three critical
aspects for the rational design of metal oxide support materials for sulfur tolerant catalysts: (1) the
feasibility of bulk oxygen vacancy formation in the support; (2) the resistance of the bulk support to
phase transformations into catalytically inactive solid solutions; and (3) the support- and temperature-
dependent surface chemistry of SO2 to sulfates. The integration of ab initio computational modelling,
statistical sampling and machine learning further demonstrates the importance of advanced workflows
for studying complex catalytic materials in a manner that faithfully bridges theory and experiment.

6.2 Future Work

This thesis investigates a coherent strategy for advancing the accuracy of simulations of defect-driven
catalytic phenomena, through mitigating the SIE with machine learning-parameterised DFT+𝑈 sim-
ulations and coupling DFT with statistical sampling and MLIPs for simulations beyond atomistic
regimes. Looking forward, these approaches point to a future where physics-informed machine
learning and multiscale modelling are seamlessly integrated to enable predictive and cost-effective
simulations of complex catalytic materials under reaction conditions. Such developments will acceler-
ate the rational design of catalysts by bridging the gap between atomistic modelling and experimental
performance.

6.2.1 Fast, Accurate and Robust DFT+𝑈 Parameterisation

Chapter 4 demonstrated how supervised machine learning can be applied to simultaneously optimise
Hubbard𝑈 values and projectors to improve the accuracy and numerical stability of DFT+𝑈 in a NAO
framework; however, there remains clear avenues for further research that are not accounted for in the
current work.

Extension to Challenging Open-Shell Systems

The methods and results presented generally hold well for closed-shell systems or those with ions
in a low-spin state. In contrast, significant challenges were encountered when applying DFT+𝑈 to
open-shell systems containing ions in a high spin state, e.g., Co2+ in CoO, Mn4+ in MnO2, Fe3+ in
Fe2O3 and Cr3+ in Cr2O3. For these materials, DFT+𝑈 was found to consistently suffer from SCF
non-convergence as a result of charge sloshing, i.e., excessive oscillations in the charge density, which
even occurred during single point calculations of small unit cells, irrespective of the chosen Hubbard
𝑈 values and projectors. Upon analysing the DFT-predicted ground state electronic structures for
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these materials, all cases are incorrectly predicted to be metallic with zero band gap; therefore, we
hypothesise that the starting electronic structure from DFT makes SCF convergence for DFT+𝑈 very
challenging in a NAO framework. After further testing, switching to spin polarisation in combination
with meta-GGA exchange-correlation density functionals and carefully selected SCF mixing param-
eters has been found to improve the DFT-predicted electronic structure to restore a band gap (albeit
which is underestimated compared to experiment). These changes make the convergence of DFT+𝑈
with refined Hubbard projectors feasible, opening the possibility of directly translating the work in
Chapter 4 to defects in magnetic transition metal and rare-earth metal oxides. Whilst this remains
an unresolved challenge at the moment, we note that the restoration of semiconducting or insulating
ground states from an initial DFT-predicted metallic state is routinely achievable in planewave im-
plementations of DFT+𝑈, [1] therefore a more detailed investigation into exact differences between
implementations may help.

Universal Models vs. Active Learning

Section 4.3.3 outlined the development of a single universal model for parameterising Hubbard 𝑈

values and projectors across materials. This approach served as a test for how well the insights gained
from TiO2 transfer across chemical space, with the ultimate goal of enabling accurate, self-consistent
simulations of defects and polarons across a broad range of TMOs and REOs. A valid alternative
approach could be an iterative active learning scheme, where𝑈, 𝑐1 and 𝑐2 are progressively refined so
that the DFT+𝑈-predicted electronic structure resembles that from hybrid-DFT, e.g., via comparison
of orbital occupation numbers or band structures. This active learning approach may work well
for systems that are not accurately incorporated within a single universal model, but would require
repeating for different materials and incur a potentially significant cost for the total number of DFT+𝑈
calculations required. Section 4.3.2 shows that Bayesian optimisation can efficiently sample a SISSO-
derived semi-empirical cost function, therefore this could be repurposed to iteratively perform DFT+𝑈
geometry optimisation calculations for a small unit cell, sampling Hubbard parameters and targeting
orbital occupancies calculated using hybrid-DFT. If the cost function landscape is very difficult to
optimise with an iterative approach, both the universal and active learning schemes could be combined,
i.e., the outputs from the one-shot approach used as initial positions for active learning, which may
improve convergence to good solutions whilst requiring fewer DFT+𝑈 iterations.

Compatibility with High-Throughput Simulations

The current approach outputs several combinations of Hubbard 𝑈 values and projectors, which serve
as optimised candidate parameters for validation with the aim of enabling self-consistent defect
simulations. Further development into a high-throughput optimisation requires an improvement in
accuracy of the generalised symbolic regression model on out-of-training data, which should be
feasible since this work considers a very small training set of 197 sets of DFT+U-calculated orbital
occupancies from geometry optimised unit cells, of which nearly half correspond to TiO2. With
a better extrapolative accuracy, the generalised approach could be used to output a single Hubbard
parameter, rather than relying on K-means clustering to output several candidate parameters for further
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validation. The reliance on small unit cells further reduces the computational overhead associated
with generating corresponding hybrid-DFT reference data.

Choice of High-Level Reference and Extension to Other Codes

Chapter 4 uses hybrid-DFT as the high-level reference method to obtain target orbital occupancies
for metal 𝑑 or 𝑓 and O 2𝑝 states. This choice was made in order to establish a consistent and com-
putationally tractable benchmark against which machine learning–optimised 𝑈 values and projectors
could be compared. While this introduces a dependency on the choice of reference, it is entirely
possible within our approach to select another level of theory depending on the target material and
available computational resources. The approach could equally be extended to optimise against alter-
native physics-informed quantities, e.g., minimising errors in band structure plots, enforcing piecewise
linearity or maximising occupation matrix idempotency. In the case of magnetic systems, for which
identifying the true ground state is complicated by the presence of metastable states in the potential en-
ergy surface, one could instead target experimentally observed magnetic orderings as the optimisation
criteria.

The methods presented could also be extended to other electronic structure codes, for which there
already exist several schemes that require simultaneous parameter optimisation, e.g., DFT+U+V and
orbital resolved DFT+U. [2, 3] In such approaches, rather than tuning linear expansion coefficients as
in our NAO-based approach, one would instead adjust the definition of the Hubbard projector via the
projector augmented wave (PAW) augmentation radius in a planewave basis, [4] or the muffin-tin radius
in a linear augmented planewave (LAPW) basis, both of which have been reported to significantly
influence the predicted geometric, energetic and electronic properties of complex oxides. [5, 6] Direct
adaptation of the approach for other electronic structure codes will be essential, as Hubbard parameters
are generally not transferable across codes with different basis sets and definitions of the Hubbard
projector. As discussed by Kick et al., DFT+𝑈 in a NAO framework typically requires 𝑈 values ∼1-2
eV smaller than other formalisms to achieve comparable charge localisation. [7] This observation
supports the results of this work concerning Ti 3𝑑 Hubbard parameters for simulating TiO2 (𝑈 = ∼
2.5-3 eV) vs. literature reported values computed in a real-space formalism (𝑈 = ∼ 5-6 eV). [8]

6.2.2 Redox-Aware Machine Learned Interatomic Potentials

Robust schemes for DFT+𝑈 parameterisation from first-principles offer immense promise in materials
discovery, where automated workflows can determine corrective parameters for vast numbers of new
materials, before being used to train "redox-aware" MLIPs for scalable simulations of changing
oxidation states in catalytic materials. [9, 10] DFT+𝑈-parameterised MLIPs offer tremendous promise
for large-scale simulations of defect-driven phenomena in heterogeneous catalysis, as is reported for
the accurate modeling of reconstructions of non-stoichiometric TiO2 surfaces and the resulting strong
adsorption and geometry of adsorbed catalytic nanoparticles; [11–13] a strategy that could easily be
applied to extend the work in Chapter 5, by investigating sulfur poisoning of supported Ni nanoparticles
on metal oxide surfaces, to better account for critical effects at the metal-support interface that we did
not consider.
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While pre-trained foundation model MLIPs are emerging, their direct application to modelling
defects in complex oxides is limited, as fine-tuning remains essential to capture charge transfer
and localisation. Such fine-tuning is expensive as it requires high-fidelity datasets generated from
expensive electronic structure calculations, with the accuracy of the resulting MLIP tightly bound to
the quality and diversity of this training data. The machine learnining-based workflows for DFT+𝑈
parameterisation discussed in Chapter 5 offers a promising solution, by facilitating accurate and
robust simulations of defects and polarons in transition metal and rare-earth metal oxides with almost
equivalent cost as standalone DFT. This now enables the generation of much improved datasets for
fine-tuning MLIPs, representing a key step towards accurate and scalable redox-aware MLIPs for
simulating defect-rich systems on length scales that are totally intractable to simulate using DFT or
beyond-DFT methods.
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A.1 Software Versions

The calculations in Chapters 3 and 4 were performed with FHI-aims versions 210618 and later, which
were verified to yield consistent total energies and forces. After project completion, a minor error
has been identified for the DFT+𝑈 implementation when used in combination with sparse matrix
formats and hydrogenic basis functions. Specifically, an inconsistency has been identified between
the occupation matrix and the corresponding Hamiltonian, due to an unintended double-counting of
the Hubbard 𝑈 correction on off-diagonal elements of the occupation matrix. To quantify the impact
of this minor error, the self-consistent DFT+𝑈 simulations in Chapters 3 with the refined Hubbard
projector were repeated with the corrected implementation, corresponding to the GitLab commit
"a1ab632a0890b9a1c9373bbb1d75aa0f3faf4950", for both anatase and rutile NTO and WTO. The
key differences in the localisation of polarons in anatase and rutile, as discussed in the density of
states plots in Figure 3.3, are unchanged between the different code versions. The defect energies with
the corrected implementation increase slightly for anatase NTO and WTO, by 0.08 eV and 0.17 eV,
respectively; and decrease slightly for rutile NTO and WTO, by 0.23 eV and 0.20 eV, respectively. To
quantify the impact of the minor error on the results presented in Chapter 4, self-consistent DFT+𝑈
simulations of bulk anatase TiO2 with different definitions of the Ti 3𝑑 Hubbard projector were
repeated with the corrected implementation, using systematically varied Hubbard parameters𝑈 (1 eV,
2 eV and 3 eV), 𝑐1 (1 and 0.8) and 𝑐2 (0, -0.3 and -0.5). Across all combinations of Hubbard parameters,
differences in the ground state total energy between different implementations were typically less than
0.03 eV, with the majority of Hubbard parameters yielding differences below 1 meV. The largest
observed difference was 0.151 eV, found at 𝑈 = 3 eV, 𝑐1 = 0.8 and 𝑐2 = −0.5.

The quantitative differences noted for the different implementations do not affect the qualitative
trends or conclusions as presented in Chapters 3 and 4, and are noted here for integrity purposes. The
DFT+𝑈 calculations presented in Chapter 5 were performed with the corrected implementation.
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A.2 DFT Parameterisation: Bulk TiO2

Figure A.1: Variation of the bulk TiO2 formation energy with respect to the k-point spacing and basis
set size (light, intermediate and tight), calculated using the PBE functional, for (a) anatase and (b)
rutile. The red dashed line corresponds to the converged k-point spacing.

Table A.1: Comparison of DFT exchange correlation density functionals for predicting the formation
energy, ΔEForm (eV), band gap, 𝐸𝑏𝑔 (eV), unit cell equilibrium volume cell volume, 𝑉0 (Å3) for anatase
and rutile TiO2, as well as the CPU time per SCF cycle, 𝑡 (s) for unit cell geometry optimisation.

Functional ΔEForm 𝐸𝑏𝑔 𝑉0 𝑡

Rutile Anatase Rutile Anatase Rutile Anatase Rutile Anatase
LDA -3.42 -3.43 1.74 2.12 61.22 132.54 0.93 0.47
PBE -3.01 -3.03 1.78 2.20 64.60 139.72 1.16 0.63
PBEsol -3.12 -3.13 1.76 2.16 62.71 135.75 1.20 0.60
BLYP -3.14 -3.17 1.76 2.21 66.26 143.21 1.23 0.63
M06-L -3.12 -3.09 2.10 2.58 64.12 138.77 1.43 0.81
SCAN -3.43 -3.42 2.08 2.59 63.08 136.41 1.48 0.78
rSCAN -3.37 -3.37 2.11 2.59 62.95 136.18 1.51 0.79
mBEEF -3.26 -3.28 2.21 2.65 63.50 137.26 1.69 0.94
B3LYP -3.34 -3.36 3.56 3.93 63.98 138.30 108.05 32.69
PBE0 -3.20 -3.21 4.05 4.29 62.39 135.49 38.47 62.41
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Figure A.2: Comparing the DFT-predicted (a) formation energy, (b) band gap, (c) unit cell equilibrium
volume and (d) CPU time per SCF cycle for unit cell geometry optimisation for bulk anatase and rutile
TiO2 using 10 different exchange correlation density functionals. Experimental reference values are
indicated by horizontal dashed lines [1–3]
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A.3 Experimental Characterisation: Nb- and W-Doped TiO2

Figure A.3: Refined powder XRD pattern of 0.1 %at. Nb doped TiO2 (NTO-AR) indicating the presence
of both anatase (92 %) and rutile (8 %) polymorphs. This XRD data was collected by Dr Andrea Folli.

Figure A.4: Refined powder XRD pattern of 0.1 %at. W doped TiO2 (WTO-AR) indicating the presence
of both anatase (72 %) and rutile (28 %) polymorphs. This XRD data was collected by Dr Andrea Folli.

130



A.3. Experimental Characterisation: Nb- and W-Doped TiO2

Figure A.5: Refined powder XRD pattern of 1.0 %at. Nb doped TiO2 (NTO-A) indicating the presence
of anatase only polymorph. This XRD data was collected by Dr Andrea Folli.

Figure A.6: Refined powder XRD pattern of 1.0 %at. W doped TiO2 (WTO-A) indicating the presence
of anatase only polymorph. This XRD data was collected by Dr Andrea Folli.
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The assignment of Nb4+ in Figure 3.2(a) can be explained as follows. Figures A.7(b) and A.7(c) show
the simulated angular dependency of the single crystal EPR spectra at 4.2 K of Nb4+ centres in pure
rutile NTO at X and Q band, respectively, computed using experimental values derived from a rutile
single crystal. [4] The crystal structure of rutile in Figure A.7(a) is tetragonal (𝐷14

4ℎ, space group
P42/mnm) with two Ti per unit cell, which are equivalent except for a 𝜋/2 rotation about the c axis,
as also evidenced by the orientation of the eigenframes of the magnetic tensors reported for the two
inequivalent sites I and II in Figure A.7(a). The two Ti sites possess orthorhombic point symmetry
𝐷2ℎ. Details of the spin Hamiltonian used for the simulations can be found in Table A.2.

Table A.2: Spin Hamiltonian parameters of reduced dopant metal centres detected in Nb5+ and W6+

doped TiO2. This data was collected by Dr Andrea Folli.

Reduced metal centre TiO2 polymorph 𝑔𝑥 𝑔𝑦 𝑔𝑧 𝐴𝑥 𝐴𝑦 𝐴𝑧 Reference
MHz MHz MHz

Nb4+ Rutile 1.970 1.985 1.941 n.d. n.d. n.d. This work
Nb4+ Rutile 1.973 1.981 1.948 5.0 23.8 7.0 [4]
W5+ Rutile 1.594 1.473 1.443 277.5 122.4 191.1 This work
W5+ Rutile 1.5944 1.4725 1.4431 277.3 122.3 191.0 [5]

Note: 𝑥, 𝑦, 𝑧 are here along [11̄0], [110], [001] respectively. [001] corresponds to the rutile crystal

c-axis (see also Figure A.7).

The 𝑔𝑥 and 𝑔𝑦 completely overlap at X band frequencies but they can be resolved at Q band
frequencies. Hyperfine interaction of the 4𝑑1 unpaired electron to the 93Nb nucleus is expected
(𝐼 (93Nb)= 9/2, 100 % natural abundance) giving rise to 10 hyperfine lines. The 𝐴𝑦 value is noticeably
larger than 𝐴𝑥 and 𝐴𝑧 , with some resolved structure due to 𝛿𝑚𝐼 = ±1 transitions that are allowed via
the electric quadrupole interaction when B is not aligned to the principal axes of the crystal. Hyperfine
structure has been shown to vanish above 25 K on the single crystal, [4] with particularly the B//[001]
and B//[11̄0] sets of lines coalescing into a single line already at 25 K. [4] The increasingly dispersive
character of the signal above 25 K and the line narrowing observed upon coalescing of the hyperfine
structure, was interpreted by Zimmermann [4] as a combination of two contributions, i.e., thermal
excitation of 4𝑑1 donor electrons to the conduction band plus exchange scattering of 4𝑑1 donor
electrons with the conduction band. Both of these contributions give rise to electron hopping from
different donor sites (i.e., Nb4+) via the conduction band (Anderson’s model of random frequency
modulation). The activation energy for the hopping between the donor level and the conduction band
was found to be 𝐸𝑎/𝑘 = 72 K at temperatures below 40 K, while the same activation energy was much
larger at temperatures up to 300 K, in agreement with more recent evidence suggesting that rutile NTO
is resistive at room temperature. [6]
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Figure A.7: (a) Tetragonal crystal structure of rutile TiO2 with two inequivalent Ti atoms (I and II).
(b)-(e) show the simulated angular dependency of the rutile single crystal EPR spectra at 4.2 K for
Nb4+ centres at (b) X band and (c) Q band; and W5+ centres at (d) X band and (e) Q band. These
spectra were simulated by Dr Andrea Folli.
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A.4 DFT Parameterisation: Bulk Nickel

Figure A.8: Comparing the effect of the basis set size on the (a) convergence of the relative total
energy (vs. the converged value with the tight basis set) with respect to the k-point spacing, (b) the
bulk Ni vacancy formation energy in a 3 × 3 × 3 supercell and (c) the CPU time per SCF cycle for the
bulk Ni vacancy geometry optimisation simulation (all calculated using the PBE functional). The black
dashed line in (a) denotes the converged k-point spacing and in (b) denotes the experimental defect
energy. [7] The light basis set was determined to provide an adequate ΔENi Vac, whilst significantly
reducing computational cost vs. intermediate or tight basis sets. The Ni vacancy formation energy
was calculated using Equation A.1

ΔENi Vac = EDefective Ni Bulk + EIsolated Ni Atom − EStoichiometric Ni Bulk (A.1)

Table A.3: DFT-calculated Ni vacancy formation energy (Δ𝐸vac), unit cell equilibrium volume (𝑉0),
cohesive energy (ΔECoh) and average error in Equation (A.2) 𝐸Exc for a range of exchange correlation
density functionals. Rows are ordered from top to bottom for increasing values of 𝐸Exc . Experimental
reference values are included for comparison. [7–9]

Functional Δ𝐸vac (eV) 𝑉0 (Å3) ΔECoh (eV) 𝐸Exc (%)
PBE 1.69 43.17 5.66 26.92

mBEEF 1.74 41.15 5.90 32.39
rSCAN 1.96 41.22 6.29 41.93
PBEsol 2.09 41.22 6.27 43.67
SCAN 1.97 40.84 6.46 45.66
BLYP 0.90 45.32 4.81 50.25
LDA 2.26 39.87 6.68 56.36

M06-L 2.88 42.08 6.55 76.44
Exp 1.79 43.61 4.48 N/A
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where the cohesive energy is defined as:

ΔECoh =
𝐸Ni atom − 𝐸Ni bulk

𝑁
(A.3)

where 𝑁 is the number of atoms in the bulk.
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