
International Journal of Heat and Mass Transfer 261 (2026) 128570 

A
0

 

Contents lists available at ScienceDirect

International Journal of Heat and Mass Transfer

journal homepage: www.elsevier.com/locate/hmt  

A multi-physics single-phase SPH scheme to simulate droplet interaction 

with a solid surface including thermo-capillary effects
Chunze Cen a ,∗, Aaron English b, Georgios Fourtakas a , Steven Lind c , Benedict D. Rogers a
a School of Engineering, Faculty of Science and Engineering, University of Manchester, Manchester M13 9PL, United Kingdom
b Department of Engineering and Architecture, University of Parma, Parma, Italy
c School of Engineering, Cardiff University, CF24 3AA, United Kingdom

A R T I C L E  I N F O

Keywords:
Smoothed particle hydrodynamics
Temperature-dependent single-phase surface 
tension
Thermo-capillary flows
Marangoni forces
DualSPHysics

 A B S T R A C T

This paper presents a single-phase 3-D smoothed particle hydrodynamics (SPH) scheme to simulate thermo-
capillary flows in micro-scale and nano-scale fluid engineering. This study focuses on droplet interaction with 
a solid surface that includes thermo-capillary forces known as Marangoni forces with temperature-dependent 
surface tension, heat transfer and buoyancy. To avoid excessive and prohibitive computational runtimes, the 
new formulation is implemented within the single-phase weakly compressible SPH formalism. While SPH is 
ideally suited to such highly nonlinear flows, little is known about the suitability of using SPH for the modelling 
of droplet-surface interactions with a single-phase model at the micro scale. The present work investigates the 
advantages and limitations of the new approach with the scheme being validated using 2-D and 3-D test cases 
including natural convection in a cavity, droplet impact on a solid surface, and droplet migration. Numerical 
results are in good agreement with the reference and experimental results. The extension to 3-D provides a 
more accurate prediction of the droplet displacement compared to previous SPH studies on droplet migration. 
The efficiency benefits in computing only one phase are significant, especially in 3-D. However, the final case 
of rapid droplet spreading on a surface highlights that the current single-phase model, whilst showing good 
agreement in the early stage of the flow, exhibits limitations in cases where the presence of a second phase 
needs to be considered.
 

1. Introduction

The droplet migration, when placed on a heated surface with a 
temperature gradient arising from the Marangoni effect, has attracted 
considerable research focus due to its potential applications in various 
droplet-based fluidic devices [1]. Physically, the Marangoni effect in 
such thermo-capillary flows is driven by surface shear stresses caused 
by the surface tension gradient, which results from the temperature 
gradient along the droplet interface. Indeed, the phenomenon of droplet 
migration has been widely studied numerically. Tseng et al. [2] con-
ducted both experimental and three-dimensional (3-D) numerical stud-
ies, showing good agreement between the two. Using the level-set 
(LS) method [3], Sui [4] demonstrated that a droplet will migrate 
either towards the hot or the cold side, depending on its contact angle 
and the viscosity ratio between the droplet and the surrounding gas. 
Subsequently, Fath and Bothe [5] adopted the volume-of-fluid (VOF) 
approach [6] to extend droplet migration to 3-D, reporting numerical 
results consistent with those of Sui [4]. Leet al. [7] employed the 
finite element method (FEM) to investigate the transient migration of 
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a micro-droplet within a micro-channel, revealing that the droplet first 
accelerates and then decelerates to rest under a temperature gradient. 
Fu et al. [8] used the lattice Boltzmann method (LBM) to study droplet 
migration on a series of wettability-confined tracks, demonstrating 
that surface confinement can accelerate migration, while the migration 
speed is influenced by geometry and wettability. In addition to these 
mesh-based methods, mesh-less and particle methods such as smoothed 
particle hydrodynamics (SPH) provide a promising alternative. Due to 
the diverse length and time scales arising from the small length and 
high mobility of the droplet, the SPH method is particularly appropriate 
due to its Lagrangian mesh-free formulation and its suitability for 
free-surface flows, compared to traditional mesh-based CFD methods.

Thermo-capillary flow involves multiple physical phenomena, among
which surface tension is one of the most dominant. Surface tension 
arises from the unbalanced forces of the molecules at the fluid inter-
face. The continuum surface force (CSF) model proposed by Brackbill 
et al. [9], in which surface tension is represented as a volumetric 
force, has been widely adopted in SPH. Many CSF-based surface tension 
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models and enhancements have been developed [10–16]. In thermo-
capillary flows, as the surface tension varies with temperature, an 
additional force known as the Marangoni force arises due to the tem-
perature gradients along the free-surface. This Marangoni effect must 
be incorporated into the surface tension model to accurately capture 
the flow. Tong & Browne [17] developed an incompressible multi-
phase SPH model to study the thermo-capillary flow by investigating a 
single droplet immersed in a second phase. Hopp-Hirschler et al. [18] 
proposed a multi-phase SPH model to extend the research to more 
complex flows and provided step-by-step validation test cases as bench-
marks for thermo-capillary flow in SPH. Meier et al. [19] proposed 
a model for thermo-capillary phase change in additive manufacturing 
and compared different temperature gradient approximations.

The aforementioned numerical approaches for simulating thermo-
capillary flow are multi-phase models. While these models can provide 
a comprehensive view by capturing the interactions between liquid and 
gas phases, they are computationally expensive. The high computa-
tional cost arises due to the large number of SPH particles required 
to accurately represent both phases and resolve the dynamics at the 
liquid–gas interface. In addition, accurately simulating two phases with 
high density and viscosity ratios is a well-known challenge in SPH. This 
can lead to numerical issues, such as tensile instabilities at the interface. 
To address these problems, a very small time step is usually required, 
which further increases the computational cost. Given these challenges, 
a single-phase approach is desirable and motivates this study. Firstly, it 
vastly reduces the total number of particles, resulting in more efficient 
computations. Secondly, it simplifies the physical model and helps to 
avoid the numerical difficulties at the interface. This allows for a sim-
plified model targeting the dominant physical phenomena within the 
fluid, providing a clear insight into the thermo-capillary effects. Among 
thermo-capillary flows, droplet migration has been understudied using 
SPH. Recently, Long et al. [20] developed an improved SPH method to 
study droplet migration under varying contact angles and viscosities, 
showing good agreement with experimental data. However, their result 
showed a deviation between the numerical and experimental results 
and lacked 3-D simulations. To address these limitations, this work 
provides a more accurate estimation of the displacement and 3-D results 
for droplet migration.

This paper aims to develop a single-phase SPH model to simulate the 
Marangoni effect, targeting the case of droplet migration on a heated 
surface with a temperature gradient. The Marangoni force model pro-
posed by Bierwisch et al. [21] is employed to represent the effects 
of the gradient of surface tension. Heat conduction is modelled using 
the formulation proposed by Cleary & Monaghan [22]. The Oberbeck–
Boussinesq (OB) approximation is introduced to simulate the buoyancy 
force. An acoustic damper term [23] is also applied to reduce acoustic 
pressure waves, especially in violent cases such as droplet impact on a 
solid surface. All these models are implemented in DualSPHysics 5.4. 
The DualSPHysics solver is an accurate and robust open-source solver 
based on the SPH method, specifically developed to simulate complex 
free-surface flows and fluid–structure interactions on both CPU and 
GPU architectures [24]. The solver has been extensively validated 
through several benchmark cases, including coastal engineering, fluid–
solid interaction, and astrophysics. Given that a single-phase surface 
tension model [25] has been implemented in DualSPHysics [26], this 
work investigates droplet migration using the aforementioned variant 
of DualSPHysics.

This paper is organized as follows: Section 2 presents the govern-
ing equations and the methods including boundary conditions, time 
integration, surface tension formulations, and the Marangoni effect. In 
Section 3, the model is validated against three benchmark test cases, 
including natural convection, droplet impact on a solid surface, and 
droplet migration. The limitations of the model are then demonstrated 
via the case of droplet rapid spreading with Marangoni effect. This 
paper ends in Section 4 with conclusions and future work.
2 
2. Numerical methods

2.1. Governing equations

In this paper, we consider the Navier–Stokes equations in La-
grangian form and the weakly-compressible SPH (WCSPH) is applied. 
In WCSPH, the Lagrangian form of the conservation of mass, momen-
tum and energy equations are written as follows, 
𝐷𝜌
𝐷𝑡

= −𝜌∇ ⋅ 𝐮,

𝐷𝐮
𝐷𝑡

= −1
𝜌
∇𝑝 + 1

𝜌
∇ ⋅ 𝝉 + 𝐅𝑏𝑜𝑑𝑦,

𝐷𝑇
𝐷𝑡

=
𝑘𝑇
𝐶𝑝𝜌

∇2𝑇 ,

(1)

where 𝜌 is density, 𝐮 denotes velocity, 𝑝 represents pressure, 𝝉 signifies 
the shear stress tensor, 𝐅𝑏𝑜𝑑𝑦 corresponds to the body force, 𝑇  refers to 
temperature, 𝑘𝑇  stands for thermal conductivity, and 𝐶𝑝 represents heat 
capacity at constant pressure. In this paper, the body force may contain 
gravity, surface tension force and Oberbeck–Boussinesq approximation 
term. 

2.2. SPH discretization

Based on the DualSPHysics formulation [24], and applying the 
laminar viscosity from [27], the following discrete formulations of the 
governing equations can be obtained, 
𝐷𝜌𝑖
𝐷𝑡

= 𝜌𝑖
∑

𝑗

𝑚𝑗

𝜌𝑗
𝐮𝑖𝑗 ⋅ ∇𝑖𝑊𝑖𝑗 ,

𝐷𝐮𝑖
𝐷𝑡

= −
∑

𝑗
𝑚𝑗

( 𝑝𝑖 + 𝑝𝑗
𝜌𝑖𝜌𝑗

)

∇𝑖𝑊𝑖𝑗 +
∑

𝑗
𝑚𝑗

2(𝜈𝑖 + 𝜈𝑗 )
𝜌𝑖 + 𝜌𝑗

( 𝐫𝑖𝑗 ⋅ ∇𝑖𝑊𝑖𝑗

𝐫2𝑖𝑗 + 0.001ℎ2

)

𝐮𝑖𝑗 + 𝐅𝑏𝑜𝑑𝑦,

𝐷𝑇𝑖
𝐷𝑡

= − 1
𝐶𝑝,𝑖

∑

𝑗

𝑚𝑗

𝜌𝑖𝜌𝑗
(𝑘𝑇 ,𝑖 + 𝑘𝑇 ,𝑗 )(𝑇𝑖 − 𝑇𝑗 )

𝐫𝑖𝑗 ⋅ ∇𝑖𝑊𝑖𝑗

𝐫2𝑖𝑗 + 0.001ℎ2
.

(2)

where the subscripts 𝑖 and 𝑗 refer to the 𝑖th interpolating and 𝑗th 
neighbouring particle, 𝑚 denotes the particle mass, 𝑊𝑖𝑗 is the kernel 
evaluated between particle 𝑖 and 𝑗, 𝜈 is the kinematic viscosity and 
𝐫𝑖𝑗 = |𝐫𝑖 − 𝐫𝑗 | denotes the distance between particle 𝑖 and 𝑗. The term 
0.001ℎ2 is introduced to prevent the singularity when 𝑟𝑖𝑗 tends to zero, 
where ℎ represents the smoothing length.  The current energy equation 
formulation does not guarantee that the heat flux is continuous across 
material interfaces [22]. Thus, Cleary et al. [22] proposed a corrected 
energy formulation.

The SPH version of conservation of energy is therefore expressed as: 

𝐷𝑇𝑖
𝐷𝑡

= − 1
𝐶𝑝,𝑖

∑

𝑗

𝑚𝑗

𝜌𝑖𝜌𝑗

4𝑘𝑇 ,𝑖𝑘𝑇 ,𝑗
𝑘𝑇 ,𝑖 + 𝑘𝑇 ,𝑗

(𝑇𝑖 − 𝑇𝑗 )
𝐫𝑖𝑗 ⋅ ∇𝑖𝑊𝑖𝑗

𝐫2𝑖𝑗 + 0.001ℎ2
. (3)

Within weakly compressible SPH, an equation of state is used to 
close the system of governing equations. The equation of state uses an 
artificial speed of sound to ensure that the density fluctuation is less 
than 1%. In this paper, Tait’s equation is used [24], 

𝑝 =
𝑐2o𝜌o
𝛾

[( 𝜌
𝜌o

)𝛾 − 1
]

, (4)

where 𝑐o is the reference speed of sound, 𝛾 is a constant known as the 
polytropic index of the fluid (typically 7 for the water and 1,4 for the 
air), and the subscript o denotes the reference value.

2.3. Surface tension force

The surface tension force can be decomposed into normal and 
tangential forces to the surface, 
𝐅 = 𝐅 + 𝐅 . (5)
𝑠 𝑠,𝑛 𝑠,𝑡
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where the subscript 𝑠 denotes the surface tension, and, 𝑛 and 𝑡 denote 
the normal and tangential components, respectively.  The surface ten-
sion force can be transferred from a surface force to a volume force 
based on the continuum surface force (CSF) model [9], 
𝐅𝑠 = (−𝜎𝜅𝐧𝑖 + ∇𝑡𝜎)𝛿𝑠 (6)

where 𝜎 is the surface tension coefficient, 𝜅 denotes the curvature of the 
interface, 𝛿𝑠 is the interfacial function and 𝐧 is the unit normal vector 
to the interface. The unit vector normal to the interface from Vergnaud 
et al. [25] is expressed as, 

𝐧𝑖 = −
∇𝜆𝑖

‖∇𝜆𝑖‖
, (7)

where 
∇𝜆𝑖 =

∑

𝑗
(𝜆𝑗 − 𝜆𝑖)(L𝑖∇𝑊𝑖𝑗 )𝑉𝑗 , (8)

and 𝜆𝑖 is the minimum eigenvalue of the matrix L−1
𝑖 . The L−1

𝑖  matrix is 
the inverse of correction matrix L𝑖 [25] defined as, 

L−1
𝑖 =

∑

𝑗
(𝐫𝑗 − 𝐫𝑖)⊗ ∇𝑖𝑊𝑖𝑗𝑉𝑗 . (9)

The surface curvature of particle 𝑖 can be evaluated as, 
𝜅𝑖 =

∑

𝑗
L𝑖(𝐧𝑗 − 𝐧𝑖) ⋅ ∇𝑖𝑊𝑖𝑗𝑉𝑗 . (10)

In the single-phase model, the interfacial function is expressed as, 
𝛿𝑠,𝑖 = 2‖∇𝑖𝑊𝑖𝑗𝑉𝑗‖. (11)

To improve the accuracy and robustness of the model for thin jet tips 
or small droplets, several corrections have been implemented, following 
the approach of [25].

For the cases including solid boundaries, the evaluation of the 
normal vector near the solid boundary should be corrected for better 
accuracy. The definition sketch of the normal correction procedure near 
the contact line, which is adapted from [25], is shown in Fig.  1.

Based on [25], the tangent vector 𝐭𝑏,𝑖 to the boundary which is also 
normal to the contact line is expressed as, 

𝐭𝑏,𝑖 =
𝐧𝑖 − (𝐧𝑖 ⋅ 𝐧𝑏,𝑖)𝐧𝑏,𝑖

‖𝐧𝑖 − (𝐧𝑖 ⋅ 𝐧𝑏,𝑖)𝐧𝑏,𝑖‖
, (12)

where 𝐧𝑏,𝑖 is the approximate unit wall normal pointing away from the 
wall towards the fluid and computed for near-wall fluid particle 𝑖 via 
summation over the kernel gradient of nearby wall particles 𝑗 [28], 

𝐧𝑏,𝑖 =
∑

𝑗 ∇𝑖𝑊𝑖𝑗

|

∑

𝑗 ∇𝑖𝑊𝑖𝑗 |
. (13)

Then, the corrected normal 𝐧∗ for particle 𝑖 is defined as, 
𝐧∗𝑖 = cos𝜃∗𝑖 𝐧𝑏,𝑖 + sin𝜃∗𝑖 𝐭𝑏,𝑖, (14)

where 𝜃∗𝑖  is the corrected contact angle and expressed as, 

𝜃∗𝑖 =

{

𝜃𝑒 + (𝜃𝑖 − 𝜃𝑒)(𝑑𝑖∕𝑅)2 if 𝑑𝑖 < 𝑅,
𝜃𝑖 otherwise,

(15)

where 𝑅 = 2ℎ is the kernel radius, 𝑑𝑖 is the distance from fluid particle 𝑖
to the nearest boundary which is calculated through 𝑑𝑖 = min

𝑗∈𝑤𝑎𝑙𝑙
𝐫𝑖𝑗 ⋅𝐧𝑖, 𝜃𝑒

denotes the equilibrium contact angle and 𝜃𝑖 is the contact angle before 
correction defined as, 
𝜃𝑖 = arccos(𝐧𝑖 ⋅ 𝐧𝑏,𝑖). (16)

During the simulation, the computed normal 𝐧𝑖 is replaced by the 
corrected 𝐧∗𝑖  before the computation of curvature.

The normal component of the surface tension force in a single-phase 
system has been detailed in [25,26]. The tangential component ∇𝑡𝜎, 
which is also known as the Marangoni force, is due to the temperature-
dependent gradient of surface tension. Following Tong & Brown [17], 
3 
it is defined as, 
∇𝑡𝜎 = 𝜕𝜎

𝜕𝑇
∇𝑡𝑇 , (17)

where 𝜕𝜎∕𝜕𝑇  is the temperature coefficient of the surface tension, 
typically negative, driving the Marangoni flow from warm regions 
towards cold regions along the surface [21].

The tangential component of the gradient of temperature ∇𝑡𝑇  is 
given as, 
∇𝑡𝑇𝑖 = ∇𝑇𝑖 − (∇𝑇𝑖 ⋅ 𝐧𝑖)𝐧𝑖. (18)

The gradient of temperature is obtained by, 

∇𝑇𝑖 =
∑

𝑗

𝑚𝑗

𝜌𝑗
(𝑇𝑗 − 𝑇𝑖)L𝑖∇𝑖𝑊𝑖𝑗 . (19)

2.4. Oberbeck–Boussinesq approximation

The Oberbeck–Boussinesq (OB) approximation is the most common 
approach in incompressible or weakly-compressible methods to model 
the buoyancy-driven flows. It assumes that the change in density due 
to temperature difference is neglected except in the buoyancy term of 
momentum equation. Thus, the flow is approximately incompressible 
and the OB term 𝐅𝐵 is defined as: 
𝐅𝐵 = 𝜌(−𝛽𝑒𝑥𝑝(𝑇 − 𝑇0))𝐠, (20)

where 𝛽𝑒𝑥𝑝 is the thermal expansion coefficient.

2.5. Particle shifting

The particle shifting algorithm is a useful method to improve the 
particle distribution and increase the accuracy and numerical stability.

Lind et al. [29] proposed a particle shifting algorithm based on the 
Fick’s law of diffusion, which gives, 
𝐉 = −D ′∇𝐶, (21)

where 𝐉 denotes the diffusion flux, D ′ presents the diffusion coefficient 
and 𝐶 is the concentration. The concentration gradient ∇𝐶 is expressed 
in SPH method as, 
𝐶𝑖 =

∑

𝑉𝑗𝑊𝑖𝑗 ,

∇𝐶𝑖 =
∑

𝑗
𝑉𝑗∇𝑖𝑊𝑖𝑗 .

(22)

Thus, the particle shifting distance 𝛿𝐫 is, 
𝛿𝐫𝑖 = −D∇𝐶𝑖, (23)

where D is a new diffusion coefficient, which is proportional to D ′.
The coefficient D is determined by the von-Neumann stability cri-

terion as, 

𝑑𝑡 ≤ 0.5ℎ
2

D
. (24)

Thus, based on Lind et al. [29], the particle shifting distance 𝛿𝐫𝑖 is, 

𝛿𝐫𝑖 = −𝐴𝑠ℎ
2∇𝐶𝑖, (25)

where 𝐴𝑠 is a case-dependent coefficient. The maximum allowable 
shifting distance should be less than 0.2h to avoid the particle pene-
tration into the wall particles.

Additionally, based on the normal an tangential components of the 
gradient of concentration as follows, 

∇𝐶𝑖 =
𝜕𝐶𝑖
𝜕𝑛𝑖

𝐧𝑖 +
𝜕𝐶𝑖
𝜕𝑠𝑖

𝐬𝑖;
𝜕𝐶𝑖
𝜕𝑛𝑖

𝐧𝑖 = (𝐧𝑖 ⋅ ∇𝐶𝑖)𝐧𝑖. (26)

Lind et al. [29] provides the following equation for the particles near 
or at the free-surface with a large concentration gradient, 

𝛿𝐫𝑖 = −D

(

𝜕𝐶𝑖 𝐬𝑖 + 𝛼𝑝

(

𝜕𝐶𝑖 − 𝛽𝑝

)

𝐧𝑖
)

, (27)

𝜕𝑠𝑖 𝜕𝑛𝑖
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Fig. 1. Definition sketch of the normal correction procedure near the contact line.
Source: Adapted from [25].
where 𝐬𝑖 and 𝐧𝑖 denote the tangent and normal unit vectors to the 
free-surface. The constants 𝛼𝑝 and 𝛽𝑝 are two tuning parameters.

However, depending on the values of these parameters, an unphys-
ical gap between the free-surface and the fluid bulk particles and the 
unphysical diffusion of the free-surface particles can be observed. To 
solve these problems, Khayyer et al. [30] proposed the so-called opti-
mized particle shifting (OPS) methods without the tuning parameters 
𝛼𝑝 and 𝛽𝑝. The OPS begins by determining the corrected unit normal 
vector, 

𝐧𝑖 = −
L𝑖 ⋅ ∇𝐶𝑖
|L𝑖 ⋅ ∇𝐶𝑖|

; (28)

Considering that the normal term to the interface should be theoreti-
cally zero [30], the particle shifting distance 𝛿𝐫𝑖 should be, 

𝛿𝐫𝑖 = −𝐴ℎ2(∇𝐶𝑖 − (𝐧𝑖 ⋅ ∇𝐶𝑖)𝐧𝑖) = −𝐴ℎ2(𝐈 − 𝐧𝑖 ⊗ 𝐧𝑖) ⋅ ∇𝐶𝑖. (29)

The OPS method is used for all cases in this study.

2.6. Acoustic damper term

During the violent droplet-surface impact, a strong acoustic wave 
is generated which results in noise in the pressure field. Recently, Sun 
et al. [23] proposed a new diffusion term, which is called the acoustic 
damper term, to dissipate the unphysical acoustic wave. The viscous 
term in the momentum equation can be expressed as, 
1
𝜌
∇ ⋅ 𝜏 = ∇ ⋅

(

𝜇(∇𝐮 + ∇𝐮⊤) − 𝜆𝑣𝑖𝑠(∇ ⋅ 𝐮)𝐈
)

, (30)

where 𝜆𝑣𝑖𝑠 is the second coefficient of viscosity and 𝐈 denotes the 
identity matrix.

Looking the second viscosity term in the momentum equation, it can 
be written in SPH form [23], 
𝜆𝑣𝑖𝑠∇(∇ ⋅ 𝐮) = 𝜆𝑣𝑖𝑠

∑

𝑗

[

(∇ ⋅ 𝐮)𝑗 + (∇ ⋅ 𝐮)𝑖
]

∇𝑖𝑊𝑖𝑗𝑉𝑗 ,

(∇ ⋅ 𝐮)𝑖 =
∑

𝑗
𝐮𝑖𝑗 ⋅ ∇𝑖𝑊𝑖𝑗𝑉𝑗 .

(31)

Therefore, the acoustic damper term in momentum equation is 
written as, 
(𝐷𝐮𝑖
𝐷𝑡

)

𝑎𝑐𝑜𝑢𝑠𝑡𝑖𝑐 =
1
𝜌
𝐅𝑎𝑐𝑜𝑢𝑠𝑡𝑖𝑐 =

1
𝜌
𝜆𝑣𝑖𝑠∇(∇ ⋅ 𝐮). (32)

2.7. Boundary condition

The modified dynamic boundary condition (mDBC) of DualSPHysics 
is used in this study due to its accurate estimation of density on 
boundary particles and the reduction of an unphysical gap between the 
fluid and boundary particles present in the original dynamic boundary 
conditions (DBC) [31]. In the mDBC method, a ghost particle 𝑔 for 
each boundary particle 𝑏 is projected into the fluid domain and fluid 
properties are sampled using a Liu and Liu corrected kernel sum [32]. 
4 
In 2D, density, 𝜌𝑔 is found at the ghost particle by solving the following 
linear system 

𝐀𝑔
[

𝜌𝑔 , 𝜕𝑥𝜌𝑔 , 𝜕𝑧𝜌𝑔
]𝑇 =

[

∑

𝑗
𝑚𝑗𝑊𝑔𝑗 ,

∑

𝑗
𝑚𝑗𝜕𝑥𝑊𝑔𝑗 ,

∑

𝑗
𝑚𝑗𝜕𝑧𝑊𝑔𝑗

]𝑇

(33)

where 𝐀𝑔 is the Liu and Liu correction matrix. More details on the 
construction of the linear system can be found in [31]. In the latest 
iteration of mDBC [33], the density of the boundary particle, 𝜌𝑏, is 
found through a pressure cloning procedure

𝑃𝑔 = 𝑐20
(

𝜌𝑔 − 𝜌0
)

(34)

𝑃𝑏 = 𝑃𝑔 + 𝜌0
[(

𝐠 − 𝐚𝑏
)

⋅ 𝐧𝑏
] [(

𝐫𝑔 − 𝐫𝑏
)

⋅ 𝐧𝑏
]

(35)

𝜌𝑏 = 𝜌0 + 𝑃𝑏∕𝑐20 (36)

where 𝑃𝑔 and 𝑃𝑏 are the ghost and boundary particle pressures respec-
tively, 𝑐0 is the speed of sound and 𝜌0 is the reference density of the 
fluid. The vectors 𝐠 and 𝐚𝑏 are the acceleration due to gravity and the 
acceleration of the boundary particle respectively, and 𝐧𝑏 is the normal 
vector that points from a boundary particle to its ghost node (note, the 
boundary normal is not of unit length).

To apply a no-slip boundary condition, the velocity of a boundary 
particle is given as [34], 

𝐮𝑏 = 2𝐮𝑤 − 𝐮𝑔 , (37)

where the 𝐮𝑤 is the velocity of the wall and 𝐮𝑔 is the velocity of the 
ghost boundary obtained through a Shepard sum, 

𝐮𝑔 =
∑

𝑗 𝐮𝑗𝑊𝑔𝑗𝑉𝑗
∑

𝑗 𝑊𝑔𝑗𝑉𝑗
. (38)

Finally, an additional no-penetration condition is applied for the small 
number of fluid particles that are likely to penetrate and leak through 
the boundaries. As detailed in [33] and available in v5.4 of Du-
alSPHysics [24], fluid particles that are deemed close to boundary 
particles, between 0.75𝑑𝑝 and 0.25𝑑𝑝, and that are moving towards the 
boundary relative to the boundary motion are redirected to prevent 
penetration. This redirection is applied through a distance weighted 
correction to the fluid particle’s velocity with a larger correction ap-
plied for smaller distances. 

To handle the heat exchange with the solid boundary, the adiabatic 
boundary condition as detailed in Reece et al. [35] is applied. For an 
adiabatic boundary, following the mDBC method, the temperature of 
the boundary particle is obtained by projecting a ghost particle 𝑔 into 
the fluid domain and then updating the boundary particle using the 
mirrored value from its corresponding ghost node 𝑇𝑖 = 𝑇𝑖𝑔 . In this 
way, there is no temperature gradient across the boundary, effectively 
blocking heat transfer through the boundary.
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2.8. Time integration

The symplectic predictor–corrector method implemented in Dual-
SPHysics [24,36] is employed in this work. The first step in this time 
stepping method is to predict the dependent variables at half time-step 
𝑡 + 𝑑𝑡∕2. Then, these variables are corrected using the predicted time 
derivatives at half time-step 𝑡+𝑑𝑡∕2. Finally, the corrected variables are 
used to update the new value at next time-step 𝑡 + 𝑑𝑡.

2.8.1. Time-step criteria
In numerical analysis, a sufficiently small time-step is required for 

an explicit time integration method. Based on the Courant–Friedrichs–
Lewy (CFL) condition, the variable time step is obtained by the follow-
ing criteria. The first criterion depends on the acceleration, 

𝛥𝑡𝑓 = 𝐶𝑓 min
𝑖
(
√

ℎ∕|𝐚|maxi ), (39)

where 𝐶𝑓 = 0.1 denotes the Courant number for this criterion, 𝐚 is the 
total acceleration (or force per unit mass) of the particle and |𝐚|𝑚𝑎𝑥𝑖  is 
the maximum acceleration among all particles.

The time step constraint for the CFL condition is given by, 

𝛥𝑡𝑎𝑣𝑖𝑠 = 𝐶𝑎𝑣𝑖𝑠 min
𝑖

ℎ

𝑐o + max𝑗
|ℎ𝐮𝑖⋅𝐫𝑖𝑗 |

|𝐫𝑖𝑗 |2+0.01ℎ2

, (40)

where 𝐶𝑎𝑣𝑖𝑠 = 0.1 for this criterion.
Both of the above time step constraints have traditionally used in 

the DualSPHysics solver. Due to the presence of the surface tension, 
an additional stability criterion is required to be added which is given 
by [25], 

𝛥𝑡𝑠𝑡 = 𝐶𝑠𝑡 min
𝑖
(

√

𝜌𝑖𝑅2
𝑘

2𝜋𝜎|𝜅𝑖|
), (41)

where 𝐶𝑠𝑡 = 0.05 is used for this criterion [25] and 𝑅𝑘 is the smoothing 
kernel radius (typically 𝑅𝑘 = 2ℎ).

It should be noted that due to the explicit space and time integration 
of the adopted weakly compressible SPH, the Courant numbers are 
conservative to ensure stability. This is especially true for the CFL 
and force criterion where acoustic waves due to impact propagate in 
the domain. Herein, the recommended values from the DualSPHysics 
solver have been adopted together with the 𝐶𝑠𝑓  for the surface tension 
adopted by [25,26].

Then the appropriate variable time-step is defined as: 

𝛥𝑡 = min(𝛥𝑡𝑓 , 𝛥𝑡𝑣𝑖𝑠, 𝛥𝑡𝑠𝑡). (42)

3. Results and discussion

This section presents the numerical results and benchmark val-
idation for the proposed SPH model. First, the model is validated 
through natural convection and droplet impact cases. Subsequently, 
droplet migration on a heated surface is investigated. Followed by an 
analysis of rapid droplet spreading. All simulations were performed on 
an NVIDIA RTX 5000 GPU to ensure computational efficiency.

3.1. Natural convection

The buoyancy-driven flow is validated using natural convection in 
a heated cavity. Two key non-dimensional parameters are considered 
here. The first one is the Prandtl number which expresses the ratio of 
viscous diffusion to the thermal diffusion, defined as: 

𝑃𝑟 =
𝜇𝐶𝑝

𝑘𝑇
. (43)

where 𝜇 is the dynamic viscosity.
5 
Fig. 2. Definition sketch for natural convection in a square cavity.

The second is the Rayleigh number which introduces the ratio of 
buoyancy to thermal diffusion, defined as: 

𝑅𝑎 =
𝑔𝛽𝑒𝑥𝑝𝐿3

o(𝑇ℎ𝑜𝑡 − 𝑇𝑐𝑜𝑙𝑑 )𝐶𝑝

𝜈𝑘𝑇
. (44)

where 𝛽𝑒𝑥𝑝 is the thermal expansion coefficient, and 𝐿o is the char-
acteristic length which corresponds to the length of the cavity in this 
case.

Based on the relevant setup of natural convection case by Reece [35],
air within a cavity with initial room temperature 𝑇𝑎𝑖𝑟 = 293 K, 𝑃𝑟 = 0.71
and 𝑅𝑎 = 105 is compared with the result in Wan et al. [37]. The 
geometry is shown in Fig.  2. The left wall at 𝑥 = 0 m (𝑇ℎ𝑜𝑡 = 303 K) and 
right wall at 𝑥 = 0.04 m (𝑇𝑐𝑜𝑙𝑑 = 283 K) hold a constant temperature 
during the simulation so that the temperature difference is fixed at 
20 K. The top and bottom walls are adiabatic so that the physical 
boundary condition to be imposed is 𝜕𝑇 ∕𝜕𝑧 = 0. The common method 
to impose adiabatic walls in SPH is to set the conductivity coefficient 
𝑘𝑇 = 0 on boundary particles so that they do not contribute to the 
heat transfer [35]. However, this method results in insufficient particles 
inside the kernel support of the fluid particles near the boundary 
when computing a change in temperature, and subsequently the kernel 
truncation error is introduced when computing the temperature. To 
improve the boundary treatment and reduce kernel truncation error, 
the mDBC method is used here. Similar to the density, the temperature 
of boundary particles is also obtained by the ghost particles within the 
fluid without the extrapolation, i.e. 𝑇𝑖 = 𝑇𝑔 [35]. The no-slip boundary 
condition is applied to the velocity.

The length of the cavity is 𝐿 = 0.04 m and to investigate conver-
gence, three particle spacing are chosen as 𝑑𝑝 = 0.001 m, 0.0005 m
and 0.00025 m which gives 1600, 6400 and 25,600 fluid particles, 
respectively, corresponding to the resolution in Wan et al. [37]. The 
smoothing length is set as ℎ = 2𝑑𝑝. The flow parameters are shown 
in Table  1. It is worth noting that gravity is set to −8.821 m∕s2 to 
make 𝑅𝑎 = 105. Gravity appears only in the OB term. A high speed of 
sound is chosen 𝑐0 = 80|𝐮𝑚𝑎𝑥| = 5 m∕s to increase the incompressibility 
since the flow is assumed to be incompressible with the OB effect. The 
simulation became unstable when using a low speed of sound such as 
𝑐0 = 10|𝐮𝑚𝑎𝑥| = 0.625 m∕s as we observed a highly disordered particle 
distribution. The fluid particles have an initial uniform temperature 
distribution of 𝑇𝑎𝑖𝑟 = 293 K which is also the reference temperature 
in the OB term.
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Fig. 3. Variation of total kinetic energy with time for the three different 
particles resolutions for the natural convection case.

Table 1
Parameters and values for the natural convection case.
 Parameters Value  
 𝜌 1.204 kgm−3  
 𝜈 1.506 × 10−5 m2s−1  
 𝐶𝑝 1.006 × 103 Jkg−1K−1 
 𝑘𝑇 0.02587 Wm−1K−1  
 𝛽𝑒𝑥𝑝 3.43 × 10−3 K−1  
 𝑔 −8.821 ms−2  

The following parameters are non-dimensionalized as: 
𝑥∗ = 𝑥

𝐿
,

𝑢∗ =
𝑢𝐿𝜌𝐶𝑝

𝑘𝑇
,

𝑇 ∗ =
𝑇 − 𝑇𝑐𝑜𝑙𝑑
𝑇ℎ𝑜𝑡 − 𝑇𝑐𝑜𝑙𝑑

,

𝑡∗ =
𝑡𝑘𝑇

𝐿2𝜌𝐶𝑝
.

(45)

The results are compared to Wan et al. [37] where a high-order 
discrete singular convolution method is used to investigate buoyancy-
driven problems. Wan et al. [37] found that the flow reached steady 
state at 𝑡 = 34.88 s. The variation of total kinetic energy with time 
is shown in Fig.  3. Herein, the difference of the kinetic energy (𝐸𝛥) 
between two successive iterations (𝐸𝑛+1

𝑘 , 𝐸𝑛
𝑘) is used as the criterion for 

the system to be considered at the steady state, which is defined as 
𝐸𝛥 = |𝐸𝑛+1

𝑘 − 𝐸𝑛
𝑘| < 10−7. For the above parameters the system reaches 

steady state after 10 s. To ensure that this behaviour is maintained, the 
simulation is extended to 40 s.

Fig.  4 shows the dimensionless temperature (on the left hand side) 
and vertical velocity (on the right hand side) along the horizontal 
mid-line 𝑧 = 𝐿∕2 for three different resolutions. The SPH results are 
obtained along the line 𝑧 = 𝐿∕2 by the interpolation measure tool 
in DualSPHysics. The data from Wan et al. [37] is also drawn in the 
figure to compare with the SPH result. It can be seen that the SPH 
results agree well with that of Wan et al. [37]. Near the boundary 
the agreement worsens, but we note that the measured point 𝑥 = 0, 𝐿
is not exactly on the boundary due to the limitations of the measure 
tool in DualSPHysics. In this measure tool, the interpolated velocity is 
computed using velocity values of neighbouring particles. Indeed, it can 
be observed that the finer the resolution, the closer the SPH result tends 
to the reference result of Wan et al. [37] due to the measured point 
being closer to the boundary.
6 
Table 2
Parameters of two droplet impact test cases adopted from Šikalo et al. [38].
 Parameters Test 1 Test 2  
 Fluid Glycerin Water  
 𝜌 1220 kg∕m3 996 kg∕m3 
 𝜇 0.116 Pa s 0.001 Pa s  
 𝜎 0.063 N∕m 0.073 N∕m 
 𝜃𝑒𝑞 95𝑜 100𝑜  
 𝑈𝑖𝑚𝑝𝑎𝑐𝑡 1.04 m∕s 1.64 m∕s  
 Surface Wax Wax  
 𝑊 𝑒 51 90  
 𝑅𝑒 27 4010  

3.2. 3-D droplet impact

Two more rigorous validation test cases are conducted herein, in-
volving the dynamic evolution of a single droplet impacting on a flat 
solid surface.

Šikalo et al. [38] presented an experimental investigation of a 
single droplet impact onto a dry surface and its numerical simulation. 
Following the 5th and 7th experiment in the Table II from Šikalo 
et al. [38], the test cases with low and moderate Reynolds number are 
presented. The parameters are shown in Table  2. It is noted that the 
diameter of the droplet in both cases is 𝐷 = 2.45 mm.

At first, the case with a relatively low Reynolds number 𝑅𝑒 = 27, 
where a glycerin droplet impacts on a solid wax surface, is presented 
(Test 1 in Table  2). Three initial inter-particle distances are chosen as 
𝑑𝑝 = 0.1 mm, 0.05 mm and 0.025 mm, giving 9563, 68,420 and 514,255 
fluid particles, respectively. The corresponding computational times are 
208 s, 723 s and 6876 s, respectively The smoothing length is ℎ = 2𝑑𝑝. 
The particle shifting technique from Khayyer et al. [30] is used due to 
its accurate free-surface shifting.

The impact process and the pressure distribution from the side and 
top view are shown in Figs.  5 and 6, respectively. The pressure is scaled 
with respect to the Laplace pressure. The non-dimensional time is set 
to 𝑡∗ = 𝑡𝑈𝑖𝑚𝑝𝑎𝑐𝑡∕𝐷. The spreading factor 𝛽𝑠 = 𝑑∕𝐷, which is the ratio 
of the spreading diameter 𝑑 to the initial diameter of the droplet 𝐷, is 
compared using the SPH result and the experimental data from Šikalo 
et al. [38] as shown in Fig.  7. It is found that the SPH result converges 
to the experimental data.

This test case demonstrates that the current model is able to accu-
rately describe the droplet impact case with a relatively low Reynolds 
number.  The droplet impact case with a moderate Reynolds number 
𝑅𝑒 = 4010 is also tested here (Test 2 in Table  2). The initial inter-
particle distances are the same with Test 1 and the corresponding 
computational times are 453 s, 1565 s and 13,435 s, respectively. To en-
sure the numerical stability and accuracy of the high-𝑅𝑒 impact process, 
several standard SPH treatments are implemented. These treatments 
are important to keep a physically consistent representation of the flow 
under high-velocity impact conditions.

First, the acoustic damper term from Sun et al. [23] is used here to 
reduce the acoustic pressure. The pressure waves propagate to the free 
surface initiating instabilities. This damper helps suppress the ejection 
of particles at the edge of the lamella at the moment when the droplet 
touches the surface. Secondly, in addition to the laminar viscosity term, 
a small amount of artificial viscosity is also required to stabilize the 
fluid, where the typical coefficient 𝛼𝑣𝑖𝑠 = 0.02 is adopted based on 
our experience. The additional viscous term is foreseeable, as the Rie-
mann solver used in the Ref. [25] provides more numerical diffusion. 
In [25], a MUSCL reconstruction scheme is used to reconstruct the 
left and right states of a Riemann problem and obtain accurate and 
stable results. It is noted that it is common for the artificial viscous 
coefficient to be calibrated for a specific case, whilst the diffusion in 
the Riemann solver is diffusion by design. Similar to the effect of the 
acoustic damper term, the artificial viscosity helps to avoid the ejection 
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Fig. 4. Results of the natural convection cases for different particle resolutions. Left: Dimensionless temperature (𝑇 ∗) along horizontal mid-line 𝑧 = 𝐿∕2; Right: 
Dimensionless vertical velocity (𝑢𝑧) along horizontal mid-line 𝑧 = 𝐿∕2. The compared benchmark results are obtained from Wan et al. [37].
of particles. In addition, it can also help prevent the separation of 
the lamella from the droplet disk. Thirdly, the shifting criterion from 
Sun et al. [39] is adopted, where the particle shifting technique is 
switched off for free-surface particles with minimum eigenvalue less 
than 0.4. This is because the particle shifting technique can induce 
spurious numerical effects for such free-surface particles whose normal 
vectors might be inaccurately estimated due to the incomplete kernel 
support [39]. Switching off the particle shifting on free-surface particle 
helps to obtain a smooth discretization of the free surface and normal 
vector calculations which is essential in the surface tension forces 
calculation.Finally, a more restrictive criterion is applied such that the 
7 
surface normal vector of an interior particle (defined by the minimum 
eigenvalue of the matrix 𝜆𝑖 > 0.75) is set to 0. This is a physically-
motivated correction designed for the single-phase framework. This is 
because we find that the very thin gap between the lamella and the 
solid surface during the droplet impact and spreading process, which 
is physical [40], numerically led to an overestimation of the gradient 
of the minimum eigenvalue ∇𝜆𝑖. As a consequence, the normal of a 
few interior particles located at the bottom of the lamella may not 
be exactly 0, resulting in the existence of the surface tension on these 
particles and introducing additional error.
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Fig. 5. The side view of a glycerin droplet impacting on a solid wax surface with the pressure distribution. The particle distance is 𝑑𝑝 = 0.025 mm. 𝑅𝑒 = 27.
Fig. 6. The top view of a glycerin droplet impacting on a solid wax surface with the pressure distribution. The particle distance is 𝑑𝑝 = 0.025 mm. 𝑅𝑒 = 27.
In this case, we first tried the same initial inter-particle distances 
𝑑𝑝 = 0.1 mm, 0.05 mm and 0.025 mm. However, unphysical break-up 
behaviour is observed even though the above methods are applied for 
the cases with 𝑑𝑝 = 0.1 mm and 0.05 mm. The process of the breakup is 
shown in Fig.  8. This breakup might be due to the very thin liquid film 
created during impact where the small number of particles over the 
depth of such a film is not able to accurately capture the behaviour. 
It is found that the minimal film thickness ℎ𝑚𝑖𝑛 satisfies the scaling 
law, which is observed both experimentally and numerically [41–44], 
as follows, 

ℎ𝑚𝑖𝑛 ∼ 𝐷𝑅𝑒−2∕5. (46)

The breakup does not happen in the more resolved case with 
𝑑𝑝 = 0.025 mm. The side view and the top view of the water droplet 
8 
impact process with the pressure distribution are shown Fig.  9 and 
10, respectively. The Rayleigh–Plateau instability can be observed on 
the film during the receding process from the side view. Additionally, 
the instability at the rim from the top view, which is also observed 
in the experiment, can be captured. The above two characteristics 
demonstrate the ability of the current model to describe such complex 
physics. However, it should be noted that several particles are left on 
the surface see the sub-figure 𝑡𝑢∕𝐷 = 6.6939 from the side view in Fig.  9 
during the receding process because the fluid particles near the contact 
line do not have a full support and therefore their calculated normal 
vector will lose accuracy. The number of the particles left on the surface 
is 40–50 out of a total of 0.5 million particles (around 0.01%).

The spreading factor profile is shown in Fig.  11 and a good agree-
ment is obtained where the relative error of the maximum spreading 
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Fig. 7. Profile of the spreading factor 𝛽𝑠 = 𝑑∕𝐷 for a glycerin droplet impacts 
on a solid wax surface.

Table 3
Parameters and values for the droplet migration case.
 Parameters Value  
 𝜌 963 kg∕m3  
 𝜎 0.024 N∕m  
 𝜇 0.04 Pa s  
 𝜃𝑒𝑞 53◦  
 𝑘𝑇 1 W∕(m K)  
 𝐶𝑝 1670 J∕(kg K)  
 𝜕𝜎

𝜕𝑇
−0.047 mN∕(m K) 

factor is around 3%, when comparing with the experimental data 
of [38].

3.3. Droplet migration

A droplet migrating on a heated surface with the temperature gra-
dient is investigated in this section. Following the experimental study 
from Tseng et al. [2] and the numerical study from Ting et al. [20], 
the physical properties used here are consistent with those reported in 
these two references, as shown in Table  3. In this test case, thermal 
radiation is neglected because conductive heat transfer dominates. 
The conduction-radiation interaction parameter 𝑁 = 𝑘𝑇 ∕(4𝐿◦𝜎𝑆𝐵𝑇 3

◦ ), 
where 𝜎𝑆𝐵 is the Stefan–Boltzmann constant, is 𝑁 ≈ 120, which means 
radiation contributes only 0.8% of the conductive heat flux scale.  It 
should be noted that, as reported by several authors [45,46], the 
Marangoni effect is usually overestimated in numerical studies com-
pared to experimental results due to surfactant contamination in the 
droplet in experiments which can significantly suppress the Marangoni 
effect. The effective Marangoni coefficient used numerically therefore 
should be reduced. In this study, we adopt the effective Marangoni 
coefficient ( 𝜕𝜎𝜕𝑇 )𝑒 of −0.0047 mN∕(m K), which is 10% of the value 
reported in [45,46]. The surface tension coefficient is assumed to vary 
linearly with temperature, as expressed below, 

𝜎 = 𝜎o +
𝜕𝜎
𝜕𝑇

(𝑇 − 𝑇o). (47)

The temperature profile of the heated surface is obtained by ex-
tracting and fitting the data from [2,20] as shown in Fig.  12. At the 
beginning of the simulation, the droplet temperature is initialized to 
match the surface temperature profile, rather than the ambient tem-
perature, in order to minimize the initial Marangoni force that would 
otherwise be induced by a large temperature gradient.
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Three initial inter-particle distances are chosen as 𝑑𝑝 = 0.05 mm, 
0.025 mm and 0.02 mm, respectively, corresponding to 8329, 64,813 and 
125,889 fluid particles and 7352 s, 28,095 s, 57,905 s computational 
times. The smoothing length is ℎ = 2𝑑𝑝. The initial droplet geometry 
is constructed as a spherical cap resting on the solid surface, with a 
prescribed equilibrium contact angle of 𝜃𝑒𝑞 = 53◦. The total droplet 
volume is set to 1 𝜇L.

Fig.  13 shows the Marangoni force and temperature profile at 0.01 s. 
It can be seen that the force is distributed according to the temperature 
gradient along the droplet surface and drives the droplet from the 
hot region towards the cold region. It is worth noting that, near the 
cold region (on the right side of the droplet), the Marangoni force 
points towards the solid wall. In simulations using DualSPHyiscs v5.2, 
this sometimes results in particle penetration. However, the newly 
implemented ‘‘no penetration’’ feature of English et al. [33] included 
in DualSPHysics v5.4, and described previously, can effectively prevent 
such a phenomenon.

Fig.  14-(a) shows the droplet displacement in comparison with the 
experimental results [2] and numerical results [20]. It can be observed 
that the SPH displacement result exhibits a convergent behaviour as 
𝑑𝑝 reduces, obtaining good agreement with experiment and improving 
upon the numerical results of Long et al. [20] at the finest resolution. 
The deviation between the numerical and experimental results can be 
attributed to the uncertainty in determining the Marangoni coefficient, 
the presence of a partial-slip boundary condition in reality [4] (but 
no-slip in the model) and the absence of the secondary phase. The 
displacement profile at the early stage of 0 < 𝑡 < 0.3 s is shown in 
Fig.  14-(b). It can be seen that the droplet undergoes a relatively large 
displacement during the initial stage (approximately 0–0.025 s), which 
is attributed to the sudden strong Marangoni force at the beginning 
of the simulation and this results in a significant acceleration of the 
droplet. As the simulation progresses, this effect gradually diminishes.

To further justify the selection of the effective Marangoni coeffi-
cient, a sensitivity study is performed by varying the coefficient from 
7.5% to 15% of the reference value. As shown in Fig.  15, the total 
displacement increases with the effective Marangoni coefficient, which 
further confirms that the thermo-capillary force is the primary driving 
force of the droplet migration. It can be observed that the case using 
coefficient 10% of the reference value shows the best agreement with 
the experimental results.

3.4. Droplet rapid spreading

In this section, a more challenging case involving the Marangoni 
effect is considered to show the limitation of the current model. Follow-
ing Cheng et al. [47], the rapid spreading of a droplet on a heated sur-
face is simulated.  Two test conditions are considered: one without the 
Marangoni effect (Test 1) and another with a moderate Marangoni ef-
fect (Test 2). The corresponding parameters are shown in Table  4 based 
on the Ref. [47]. The inter-particle distance is 𝑑𝑝 = 0.01 mm, resulting 
in 423,171 fluid particles. The computational time are 6901 s and 7112 
s for cases with and without the Marangoni effect, respectively.

Fig.  16 shows the comparison between the numerical spreading 
behaviour of the droplet, in the absence of the Marangoni effect, and 
the corresponding experimental results [47]. In the numerical results, 
after the initial rapid spreading, a relatively large satellite droplet is 
pinched off from the main droplet. Subsequently, the satellite droplet 
falls and coalesces with the main droplet. However, this phenomenon is 
inconsistent with the experimental observations, where the pinched-off 
satellite droplet rebounds from the main droplet due to the lubrication 
pressure. In addition, two other differences can be observed. First, 
the spreading diameter in the numerical results is larger than that 
in the experiments, which can be attributed to the assumption of 
a static contact angle in the model. Second, the time at which the 
satellite droplet is pinched off in the simulation occurs slightly later 
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Fig. 8. The breakup of a water droplet impacts on a solid surface with the particle distance 𝑑𝑝 = 0.05 mm. 𝑅𝑒 = 4010. 
Fig. 9. The side view of a water droplet impacting on a solid surface with the pressure distribution. The particle distance is 𝑑𝑝 = 0.025 mm. 𝑅𝑒 = 4010.
Table 4
Parameters of two rapid spreading droplet test cases adopted from Cheng et al. 
[47].
 Parameters Test 1 Test 2  
 𝑇𝑠 294 K 333 K  
 𝑇𝑑 294 K 303 K  
 𝐷𝑜 0.917 mm 0.815 mm  
 𝜎 0.0727 N∕m 0.0712 N∕m  
 𝜃𝑒𝑞 20.1𝑜 25.1𝑜  
 𝜌 998 kg∕m3 995.5 kg∕m3  
 𝜇 0.00098 Pa s 0.0008 Pa s  
 𝜕𝜎

𝜕𝑇
−0.000171 N∕(m K) −0.000171 N∕(m K) 

 𝑂ℎ 0.00537 0.00471  
 𝑀𝑎 0 0.072  

(approximately 0.1–0.2 ms) than in the experiment as the effect of air 
on this phenomenon is absent.

Fig.  17 presents the comparison between the numerical spreading 
behaviour of the droplet with the Marangoni effect and the correspond-
ing experimental results. It can be seen that the pinch-off phenomenon 
is suppressed in both the numerical and experimental results due to 
the Marangoni effect, with no pinch-off observed in the simulations. 
However, the experimental results show that a second-stage pinch-off 
10 
occurs, in which the pinched-off satellite droplet is smaller than that 
observed in the case without Marangoni effect. Similar to the case 
without Marangoni effect, the assumption of a static contact angle 
and the absence of the second phase contribute to the difference in 
spreading diameter and pinch-off behaviour. In addition, the difficulty 
in accurately determining the numerical Marangoni coefficient also 
contributes to these deviations.

In summary, this test case demonstrates that the current single-
phase model is capable of capturing the main features of rapid droplet 
spreading, such as pinch-off dynamics and the influence of the Mara-
ngoni effect, showing good agreement with experimental results in 
many aspects. However, the study also highlights the limitations of 
the model. When the secondary phase plays a significant role, certain 
experimental phenomena, such as the rebound of the satellite droplet 
from the main droplet due to lubrication pressure in the thin air layer, 
cannot be accurately reproduced.

4. Conclusion

In this work, a single-phase 3-D SPH scheme capable of modelling 
the droplet interaction with a heated solid surface has been developed.

Two benchmark cases are first considered to validate the proposed 
scheme, the natural convection in a cavity and droplet impact on a 
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Fig. 10. The top view of water droplet impacting on a solid surface with the pressure distribution. The particle distance is 𝑑𝑝 = 0.025 mm. 𝑅𝑒 = 4010.
Fig. 11. Profile of the spreading factor 𝛽𝑠 = 𝑑∕𝐷 for a water droplet impact 
on a solid wax surface comparing with the experimental data of [38] for 
𝑅𝑒 = 4010.

solid surface. The numerical results show good agreement with the 
reference data, where the relative error is within 3%–5%. Subsequently, 
the behaviour of the droplet migration phenomenon in 3-D is investi-
gated. Under the influence of a solid surface temperature gradient, the 
droplet migrates from the hot region towards the cold region. The nu-
merical prediction of the total displacement demonstrates convergent 
behaviour and agrees well with experimental results. However, minor 
deviations are observed, which are primarily attributed to the sudden 
Marangoni force at the beginning of the simulation, uncertainties in 
determining the numerical Marangoni coefficient and the presence of 
partial-slip boundary conditions.

The final case, concerning the rapid droplet spreading with and 
without the Marangoni effect, is a very challenge case which further 
shows the limitation of the proposed numerical model. The current 
model is capable of capturing the main features of the case, such as 
11 
Fig. 12. Surface temperature profile extracted from Tseng et al. [2] & Long 
et al. [20].

pinch-off behaviour and its suppression due to the Marangoni effect. 
However, when the secondary phase plays an important role, such 
as in the rebound of the satellite droplet, this single-phase model is 
unable to capture all the experimental physics. These differences can be 
attributed to the single-phase assumption, as well as the use of a static 
contact angle and uncertainties in the determination of the Marangoni 
coefficient.

Overall, the present single-phase model has proven to be robust and 
efficient across a variety of benchmark problems, demonstrating good 
agreement with reference results. Its computational efficiency makes it 
particularly appropriate for large 3-D simulations. However, to further 
improve the accuracy and physical fidelity of the model, future work 
should focus on extending the model to incorporate multiphase effects, 
a dynamic contact angle and more realistic wall boundary conditions.
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Fig. 13. Marangoni force and temperature profile on a droplet cross-section on a heated surface at 𝑡 = 0.01 s with 𝑑𝑝 = 0.02 mm.
(a) 

(b) 

Fig. 14. Displacement profile for droplet migration case with three resolutions 
over two distinct time intervals (a) from 0–4 s (b) from 0–0.3 s.
12 
Fig. 15. Sensitivity study of the effective Marangoni coefficient on the total 
displacement of a 3-D droplet with 𝑑𝑝 = 0.02 mm.
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Fig. 16. Comparison of droplet profiles on a surface without the Marangoni effect between SPH results and experimental results.
Source: The experimental results are adapted from [47].
Fig. 17. Comparison of a droplet profiles on surface with the Marangoni effect between SPH results and experimental results.
Source: The experimental results are adapted from [47].
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