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 A B S T R A C T

We study the propagation of nonlinear longitudinal waves in circular cylindrical elastic rods. 
We assume that the material is homogeneous, isotropic and is a strain-limiting elastic material 
with an asymptotic parameter that limits the overall range of strains. Starting from the three-
dimensional equations of strain-limiting elasticity and using the Bernoulli–Navier hypothesis, 
we derive one-dimensional nonlinear equations governing the dynamics of the rod for two 
different material models proposed by Rajagopal and Rodriguez. Apart from this fully nonlinear 
case, the rod equations corresponding to linear and weakly nonlinear regimes are also derived. 
Two important differences between linear and weakly nonlinear cases are observed for the 
corresponding rod equations for two material models. The first one is that the equations 
describing the axial and radial dynamics are coupled for one material model and uncoupled 
for the other. The second one is that longitudinal wave propagation is dispersive for one of the 
material models but not for the other one. We also observe that when the asymptotic parameter 
is equal to 1, linear rod equations corresponding to one of these two models reduce to the 
well-known Mindlin–Herrmann equations.

. Introduction

For over two hundred years, especially after the emergence of Green elasticity in the 1940s, Cauchy elasticity has been the main 
ool for modelling of nonlinearly elastic materials. In Cauchy elasticity, the relationship between stress and strain for a material 
ndergoing a deformation is expressed in terms of stress as an explicit function of strain. As a result, under the assumption of the 
mallness of the displacement gradient, one can only obtain a linear relationship between the Cauchy stress and the linearized 
train, which is the symmetric part of the displacement gradient. However, this is not what is observed in experiments including 
ome metal alloys, polymers, and many other materials, where a nonlinear response is observed even for small strains. Rajagopal 
ame up with the idea that in order to model the nonlinear phenomena observed in the small strain regime, one should not consider 
auchy elasticity, but an implicit relationship between strain and stress, instead. This allows one to express the linearized strain 
s a nonlinear function of the Cauchy stress when the magnitudes of the displacement gradients are small (Rajagopal, 2003, 2007, 
010, 2011a, 2011b, 2014, 2018). This framework has been adopted in many studies in the context of elasticity (Huang et al., 2017; 
ajagopal & Saccomandi, 2014; Rajagopal & Şengül, 2024), viscoelasticity (Erbay & Şengül, 2015; Muliana et al., 2013; Rajagopal 
 Srinivasa, 2011; Şengül, 2021) and fracture (Gou et al., 2015; Itou et al., 2018, 2019).
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In their recently published paper, Rajagopal and Rodriguez (Rajagopal & Rodriguez, 2024) have rigorously demonstrated that 
a nonlinear constitutive relation between linearized strain and stress arises as the leading-order approximation of an asymptotic 
expansion. The interesting point is that the content of Rajagopal and Rodriguez (2024) is based on an asymptotic parameter 𝛿 ≪ 1
that limits the overall range of strain, not the magnitude of the displacement gradients. Based on this parameter, Rajagopal and 
Rodriguez (2024) have introduced a one-parameter family of strain-limiting functions as implicit constitutive relations in terms 
of the second Piola–Kirchhoff stress tensor and Green-Saint Venant strain tensor. In addition to their general convergence results, 
they also discuss certain well-known nonlinear constitutive relations between stress and linearized strain. Examples of these popular 
nonlinear constitutive relations include the ones having density-dependent Young’s moduli and the ones derived from strain energies 
beyond quadratic forms of linearized strain.

In this study, we derive the one-dimensional nonlinear dynamic rod equations, based on the Bernoulli–Navier hypothesis, 
describing axial wave propagation in circular cylindrical elastic rods made of homogeneous, isotropic, strain-limiting materials. 
The material response of the rod is described by taking into account the constitutive relations of two different material models, 
which were proposed in Rajagopal and Rodriguez (2024) and are similar to some used in many studies on strain-limiting elasticity. 
The interesting feature of these two constitutive relations is that they are both reversible allowing one to express stress in terms of 
strain. In addition to the dynamic rod equations corresponding to the fully nonlinear case, the equations corresponding to linear 
and weakly nonlinear regimes are also presented using an asymptotic expansion technique based on the slenderness parameter of 
the rod. We observe significant differences between the rod equations corresponding to these two different material models. More 
explicitly, for one of the material models, axial wave propagation is dispersive and is affected by radial strain, whereas, for the other 
one, axial wave propagation is non-dispersive and independent of radial strain. We point out that the most important reason for 
these differences stems from the structural differences in the constitutive relations where strain is expressed as a nonlinear function 
of stress. More precisely, the fact that one of the nonlinear constitutive relations contains only the first invariant of the stress tensor 
and the other one contains only the second invariant, forms the basis of this behavioural difference.

The nonlinear dynamic equations governing longitudinal wave propagation in circular cylindrical rods have been discussed in 
many studies in the literature within the framework of classical elasticity, some of which can be listed as Clarkson et al. (1986), 
Cohen and Dai (1993), Coleman and Newman (1990), Dai (1998), Dai and Fan (2004), Nariboli (1970), Ostrovskii and Sutin 
(1977), Soerensen et al. (1984), Wright (1982) and Wright (1985). Within the same context, the most recent two studies (Nobili & 
Saccomandi, 2024) and Nobili (2024) provide some insights into the range of validity of the Love hypothesis in nonlinear elastic 
rods.

The rest of this work is organized as follows. Section 2 presents the basic equations of strain-limiting elasticity and introduces 
the constitutive relations for two different specific materials. In Section 3, the equations governing the axisymmetric dynamic 
deformations of the rod composed of a homogeneous, isotropic, strain-limiting elastic material are derived under the Bernoulli–
Navier hypothesis and written in dimensionless form. Section 4 presents the rod equations obtained from the first of the two material 
models for linear, weakly nonlinear, and fully nonlinear regimes. In Section 5, a similar study is conducted for the second material 
model, and the differences between the equations obtained from these two models are discussed. Finally, in Section 6, we finish 
with a conclusion.

2. Basic equations

We denote by 𝐮(𝐱, 𝑡) the displacement field of the body at time 𝑡 and at the current position 𝐱 ∈ R3 of a particle 𝐗 in the reference 
configuration. That is, 𝐮 = 𝐱 −𝐗. We assume that the body begins in a stress-free configuration and the deformation of the body is 
denoted by 𝝌(𝐗, 𝑡). Then, the deformation gradient is defined to be 𝐅 = Grad 𝐱(𝐗, 𝑡) = 𝜕𝝌∕𝜕𝐗. The right Cauchy–Green deformation 
tensor is given by 𝐂 = 𝐅T𝐅. The Green-Saint Venant strain tensor 𝐄 is defined as 𝐄 = 1

2 (𝐂 − 𝐈) where 𝐈 is the identity tensor. We 
assume that the Jacobian 𝐽 = det 𝐅 > 0 due to non-penetration of the body.

In the absence of the body forces, the equation of motion takes the form 

Div𝐓 = 𝜌0𝝌̈ , (2.1)

where 𝐓 is the nominal stress tensor and defined as the transpose of the first Piola–Kirchhoff stress tensor 𝐏 through 𝐓 = 𝐏T, and 
the constant 𝜌0 is the reference density. We complement the equation of motion with the traction boundary condition on a part of 
the boundary which can be written as 

𝐓T𝐍 = 𝐭̂ on 𝜕𝛴, (2.2)

where 𝐍 is the unit outward normal to the boundary 𝜕𝛴. The vector 𝐭̂ depends only on 𝐗, and it is the load (or traction) per unit 
area of 𝜕𝛴.

Following Rajagopal and Rodriguez (2024), we consider implicit constitutive relations of the form 

𝐄 = 𝐟𝛿(𝐄,𝐒), (2.3)

where 𝐟𝛿 is (possibly) nonlinear, Lipschitz continuous function defined on an open set and bounded by the parameter 𝛿 ≪ 1 on 
its domain, and 𝐒 = 𝐓𝐅−T = 𝐅−1𝐏 is the second Piola–Kirchhoff stress tensor. Assuming that the parameter 𝛿 > 0 is physically 
interpreted as the maximum possible strain the material can undergo, such a relationship is defined in Rajagopal and Rodriguez 
2 
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(2024) through functions 𝐟𝛿 belonging to a family of strain-limiting functions with limiting small strains. These functions must satisfy 
the following properties; there exists 𝐶0, 𝐶1 > 0 and 𝐷0 > 0, independent of 𝛿, such that for all 𝛿, 

∀ 𝐄,𝐒, |𝐟𝛿(𝐄,𝐒)| ≤ 𝐶0 𝛿,

∀ 𝐄1 ≠ 𝐄2,𝐒,
|𝐟𝛿(𝐄2,𝐒) − 𝐟𝛿(𝐄1,𝐒)

|𝐄2 − 𝐄1|
≤ 𝐶1,

∀ 𝐄,𝐒1 ≠ 𝐒2,
|𝐟𝛿(𝐄,𝐒2) − 𝐟𝛿(𝐄,𝐒1)

|𝐒2 − 𝐒1|
≤ 𝐷0𝛿,

(2.4)

where | ⋅ | denotes the Frobenius norm |𝐀| = (tr(𝐀𝐀T))1∕2 for a tensor 𝐀. Rajagopal and Rodriguez (2024) discuss various three-
dimensional examples of constitutive relations satisfying (2.4) in their paper and conclude that an arbitrary bounded Lipschitz 
continuous function also generates such a family of strain-limiting functions.

In this work, we study two different constitutive relations suggested in Rajagopal and Rodriguez (2024) as explicit examples of 
families of strain-limiting functions with limiting small strains. For the proofs showing that both families satisfy (2.4) we refer the 
reader to Rajagopal and Rodriguez (2024). One of these two models is given by 

𝐄 = 1 + 𝜈
𝐸𝛿

𝐒 − 𝜈
𝐸𝛿

(tr 𝐒) 𝐈,

𝐸𝛿(𝐄) =
𝐸0
𝛿

[

1 + 𝑎
𝛿

(

1
(det(𝐈 + 2𝐄))1∕2

− 1
)]

,
(2.5)

(see Rajagopal and Rodriguez (2024, eqn. (3.10))), where 𝐸0 is the Young’s modulus, 𝜈 is the Poisson’s ratio, and 𝑎 is a nonnegative 
constant. As mentioned in Rajagopal and Rodriguez (2024), one can see (2.5) as a generalization of the classical linear constitutive 
relation for an isotropic solid with a generalized Young’s modulus depending on the density. When 𝑎 = 0, (2.5) contains the 
geometrical nonlinearity only, which implies that 𝑎 represents the contribution of the physical nonlinearity. Note that in the stress 
free configuration 𝐸𝛿(𝟎) = 𝐸0∕𝛿.

The second model to be considered in this study is given by 

𝐄 = 𝛿 𝐒
(𝐸2

0 + |𝐒|2)1∕2
, (2.6)

(see Rajagopal and Rodriguez (2024), eqn. (3.17)), where |𝐒| is the Frobenius norm of 𝐒. At this point, it is worth noting that similar 
constitutive relations have been presented in the literature (see, for instance, Rajagopal (2010, 2011b)) but they are written in terms 
of the Cauchy stress and the linearized strain.

It is worth to mention here that the constitutive relation (2.5) involves tr 𝐒 together with three material constants 𝐸0, 𝜈 and 𝑎, 
excluding 𝛿, whereas (2.6) involves |𝐒| and only one material constant 𝐸0. We will return to this point later in Section 5.

3. Axially symmetric dynamic deformations

In this section we define the geometry of the problem. We are considering a homogeneous, isotropic cylindrical rod of finite length 
𝐿 with cross section of constant radius 𝑅0 in its undistorted reference configuration, and we investigate the axial wave propagation 
in this rod. We use the cylindrical coordinates {𝑅,𝛩,𝑍} and {𝑟, 𝜃, 𝑧} in the reference and current configurations, respectively. The 
corresponding unit basis vectors are denoted by {𝐄𝑅,𝐄𝛩,𝐄𝑍} and {𝐞𝑟, 𝐞𝜃 , 𝐞𝑧}. We assume that the lateral surface of the circular 
cylindrical rod is taken to be free of traction.

Assuming the Bernoulli–Navier hypothesis, we write the coordinates 𝑟, 𝜃, 𝑧 at time 𝑡 of the material point that has coordinates 
𝑅,𝛩,𝑍 in the reference configuration in the form 

𝑟 = 𝑅 + 𝑅𝑈 (𝑍, 𝑡), 𝜃 = 𝛩, 𝑧 = 𝑍 +𝑊 (𝑍, 𝑡), (3.1)

where 𝑈 is a dimensionless function and it is a measure of radial strain. As a result we have the radial displacement 𝑉 ∶= 𝑟 − 𝑅
given as 𝑉 = 𝑉 (𝑅,𝑍, 𝑡) = 𝑅𝑈 (𝑍, 𝑡), and the axial displacement 𝑊 ∶= 𝑧 − 𝑍 given as 𝑊 = 𝑊 (𝑍, 𝑡). As explained in Coleman 
and Newman (1990) the first equation in (3.1) states that the motion in cross-sectional planes is radially symmetric and affine, the 
second equation states that the rod is not twisted, the third one expresses the hypothesis that each normal cross-sectional material 
plane remains planar and normal during the motion.

As a result of (3.1), we find the deformation gradient tensor as 

𝐅 = (1 + 𝑈 )𝐞𝑟 ⊗ 𝐄𝑅 + 𝑅𝜕𝑈
𝜕𝑍

𝐞𝑟 ⊗ 𝐄𝑍 + (1 + 𝑈 )𝐞𝜃 ⊗ 𝐄𝛩 +
(

1 + 𝜕𝑊
𝜕𝑍

)

𝐞𝑧 ⊗ 𝐄𝑍 , (3.2)

where the symbol ⊗ denotes the tensor product. Similarly, we have 

𝐽 = (1 + 𝑈 )2
(

1 + 𝜕𝑊
𝜕𝑍

)

> 0. (3.3)

One can also calculate the components of the Green-Saint Venant strain tensor 𝐄 = 1
2 (𝐅

T𝐅 − 𝐈) as 

𝐸𝑅𝑅 = 𝑈 + 1
2
𝑈2 = 𝐸𝛩𝛩, 𝐸𝑅𝑍 = 1

2
𝑅(1 + 𝑈 ) 𝜕𝑈

𝜕𝑍
,

𝐸𝑍𝑍 = 𝜕𝑊
𝜕𝑍

+ 1
2

( 𝜕𝑊
𝜕𝑍

)2
+ 1

2
𝑅2

( 𝜕𝑈
𝜕𝑍

)2
, (3.4)
𝐸𝑅𝛩 = 𝐸𝛩𝑅 = 𝐸𝛩𝑍 = 𝐸𝑍𝛩 = 0,

3 
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which are functions of axial strain 𝜕𝑊𝜕𝑍 , radial strain 𝑈 , and the axial derivative of the radial strain, 
𝜕𝑈
𝜕𝑍 . From the constitutive relations 

(2.5)–(2.6) and the identity 𝐸𝑅𝑅 = 𝐸𝛩𝛩 obtained above, we get 𝑆𝑅𝑅 = 𝑆𝛩𝛩 for the components of the second Piola–Kirchhoff stress 
tensor. Similarly, from (2.5)–(2.6) we obtain 

𝑆𝑅𝛩 = 𝑆𝛩𝑅 = 𝑆𝛩𝑍 = 𝑆𝑍𝛩 = 0, (3.5)

using 𝐸𝑅𝛩 = 𝐸𝛩𝑅 = 𝐸𝛩𝑍 = 𝐸𝑍𝛩 = 0, respectively. Also, using the relation 𝐓 = 𝐒𝐅T we get the components of the nominal stress 
tensor in terms of 𝑈, 𝜕𝑈𝜕𝑍 ,

𝜕𝑊
𝜕𝑍  and the components of 𝐒 as 

𝑇𝑅𝑟 = (1 + 𝑈 )𝑆𝑅𝑅 + 𝑅𝜕𝑈
𝜕𝑍

𝑆𝑅𝑍 , 𝑇𝑅𝑧 =
(

1 + 𝜕𝑊
𝜕𝑍

)

𝑆𝑅𝑍 ,

𝑇𝑍𝑟 = (1 + 𝑈 )𝑆𝑍𝑅 + 𝑅𝜕𝑈
𝜕𝑍

𝑆𝑍𝑍 , 𝑇𝑍𝑧 =
(

1 + 𝜕𝑊
𝜕𝑍

)

𝑆𝑍𝑍 ,

𝑇𝛩𝜃 = (1 + 𝑈 )𝑆𝛩𝛩.

(3.6)

Furthermore, using (3.2) and (3.5) in 𝐓 = 𝐒𝐅T, we obtain 
𝑇𝑅𝜃 = 𝑇𝛩𝑟 = 𝑇𝛩𝑧 = 𝑇𝑍𝜃 = 0. (3.7)

In cylindrical coordinates, the equations of motion (2.1) corresponding to the deformation field (3.1) become
𝜕𝑇𝑅𝑟
𝜕𝑅

+ 1
𝑅
(𝑇𝑅𝑟 − 𝑇𝛩𝜃) +

𝜕𝑇𝑍𝑟
𝜕𝑍

= 𝜌0
𝜕2𝑟
𝜕𝑡2

, (3.8)

𝜕𝑇𝑅𝑧
𝜕𝑅

+ 1
𝑅
𝑇𝑅𝑧 +

𝜕𝑇𝑍𝑧
𝜕𝑍

= 𝜌0
𝜕2𝑧
𝜕𝑡2

, (3.9)

where the equation of motion in the circumferential direction is identically satisfied. Since the lateral surface of the cylindrical rod 
is assumed to be stress free, the boundary conditions reduce to 

𝑇𝑅𝑟 = 0 and 𝑇𝑅𝑧 = 0 at 𝑅 = 𝑅0. (3.10)

Since the constitutive relations (2.5)–(2.6) are given in terms of 𝐒, it is suitable to write the equations of motion and the boundary 
conditions in terms of the components of 𝐒. Using (3.6) we rewrite (3.8)–(3.9) as

(1 + 𝑈 )
𝜕𝑆𝑅𝑅
𝜕𝑅

+ 𝑅𝜕𝑈
𝜕𝑍

( 𝜕
𝜕𝑅

+ 2
𝑅

)

𝑆𝑅𝑍 + 𝜕
𝜕𝑍

(

(1 + 𝑈 )𝑆𝑍𝑅
)

+ 𝜕
𝜕𝑍

(

𝑅𝜕𝑈
𝜕𝑍

𝑆𝑍𝑍
)

= 𝜌0𝑅
𝜕2𝑈
𝜕𝑡2

, (3.11)
(

1 + 𝜕𝑊
𝜕𝑍

)( 𝜕
𝜕𝑅

+ 1
𝑅

)

𝑆𝑅𝑍 + 𝜕
𝜕𝑍

((

1 + 𝜕𝑊
𝜕𝑍

)

𝑆𝑍𝑍
)

= 𝜌0
𝜕2𝑊
𝜕𝑡2

, (3.12)

where we used the fact that 𝑆𝑅𝑅 = 𝑆𝛩𝛩. Similarly, if we use (3.6) and the fact that the Jacobian 𝐽 > 0, the boundary conditions 
(3.10) take the form

𝑆𝑅𝑅 = 0 and 𝑆𝑅𝑍 = 0 at 𝑅 = 𝑅0.

3.1. Non-dimensionalization

We define the non-dimensional quantities through 

𝐒 = 𝐸0𝐒̄, 𝑅 = 𝑅0𝑅̄, 𝑍 = 𝐿𝑍̄, 𝐸𝛿 = 𝐸0𝐸̄𝛿 , 𝑟 = 𝑅0 𝑟̄, 𝑧 = 𝐿𝑧̄, 𝑡 = 𝐿
𝑐0
𝑡, 𝑈 = 𝑈̄ , 𝑊 = 𝐿𝑊̄ , (3.13)

where 𝑐0 =
(

𝐸0
𝜌0

)1∕2
 is the one-dimensional bar speed, and the overbar indicates the non-dimensional quantity. Dropping the overbars 

for convenience, we can rewrite the equations of motion (3.11)–(3.12) as

(1 + 𝑈 )
𝜕𝑆𝑅𝑅
𝜕𝑅

+ 𝛾𝑅 𝜕𝑈
𝜕𝑍

( 𝜕
𝜕𝑅

+ 2
𝑅

)

𝑆𝑅𝑍 + 𝛾 𝜕
𝜕𝑍

(

(1 + 𝑈 )𝑆𝑍𝑅
)

+ 𝛾2 𝜕
𝜕𝑍

(

𝑅𝜕𝑈
𝜕𝑍

𝑆𝑍𝑍
)

= 𝛾2𝑅𝜕
2𝑈
𝜕𝑡2

, (3.14)
(

1 + 𝜕𝑊
𝜕𝑍

)( 𝜕
𝜕𝑅

+ 1
𝑅

)

𝑆𝑅𝑍 + 𝛾 𝜕
𝜕𝑍

((

1 + 𝜕𝑊
𝜕𝑍

)

𝑆𝑍𝑍
)

= 𝛾 𝜕
2𝑊
𝜕𝑡2

, (3.15)

where 𝛾 = 𝑅0
𝐿  is the non-dimensional small parameter reflecting the slenderness of the rod. The boundary conditions become 

𝑆𝑅𝑅 = 0 and 𝑆𝑅𝑍 = 0 at 𝑅 = 1. (3.16)

Finally, the non-zero components of the Green-Saint Venant strain tensor take the form 

𝐸𝑅𝑅 = 𝑈 + 1
2
𝑈2 = 𝐸𝛩𝛩,

𝐸𝑅𝑍 = 1
2
𝛾𝑅(1 + 𝑈 ) 𝜕𝑈

𝜕𝑍
,

𝐸 = 𝜕𝑊 + 1 ( 𝜕𝑊 )2
+ 1 𝛾2𝑅2

( 𝜕𝑈 )2
.

(3.17)
𝑍𝑍 𝜕𝑍 2 𝜕𝑍 2 𝜕𝑍

4 



H.A. Erbay and Y. Şengül International Journal of Engineering Science 223 (2026) 104516 
3.2. Nonlinear rod equations

Following Wright (1982), we multiply (3.14) by 𝑅 and integrate both the resulting equation and (3.15) over the cross-section 
of the rod to get

−2(1 + 𝑈 )𝛬2 + (1 + 𝑈 )
𝜕𝛬3
𝜕𝑍

+ 𝜕2𝑈
𝜕𝑍2

𝛬4 +
𝜕𝑈
𝜕𝑍

𝜕𝛬4
𝜕𝑍

=
𝛾2

2
𝜕2𝑈
𝜕𝑡2

, (3.18)

𝜕2𝑊
𝜕𝑍2

𝛬1 +
(

1 + 𝜕𝑊
𝜕𝑍

) 𝜕𝛬1
𝜕𝑍

= 𝜕2𝑊
𝜕𝑡2

, (3.19)

where we have used the boundary conditions (3.16) and the following definitions 

𝛬1 = 2∫

1

0
𝑆𝑍𝑍𝑅𝑑𝑅, 𝛬2 = 2∫

1

0
𝑆𝑅𝑅𝑅𝑑𝑅, 𝛬3 = 2𝛾 ∫

1

0
𝑆𝑅𝑍𝑅

2 𝑑𝑅, 𝛬4 = 2𝛾2 ∫

1

0
𝑆𝑍𝑍𝑅

3 𝑑𝑅. (3.20)

Here 𝛬1 and 𝛬2 are the tensions in the axial and radial directions, respectively, while 𝛬3 and 𝛬4 are the higher order moments. 
It is worth mentioning here that if (3.20) were to be rewritten in the dimensional form, the total forces and couples acting across 
the cross section would be averaged over the cross section. The explicit evaluations of 𝛬1, 𝛬2, 𝛬3 and 𝛬4 will be accomplished in 
the next two sections after specifying the constitutive relations. We observe that while (3.18) describes the motion in the radial 
direction, (3.19) describes the motion in the axial direction.

4. Material model defined in Eq.  (2.5)

In this section, we consider the material model defined in (2.5). Using (2.5), (3.3) and (3.13), we write 

𝐸𝛿 =
1
𝛿

⎡

⎢

⎢

⎢

⎣

1 + 𝑎
𝛿

⎛

⎜

⎜

⎜

⎝

1

(1 + 𝑈 )2
(

1 + 𝜕𝑊
𝜕𝑍

) − 1

⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

. (4.1)

Inverting the constitutive relation (2.5), we can write the nonzero components of the stress 𝐒 in terms of the strain 𝐄 as 

𝐒 =
𝐸𝛿
1 + 𝜈

[

𝐄 + 𝜈
1 − 2𝜈

(tr 𝐄)𝐈
]

, (4.2)

where 𝐸𝛿(𝑈, 𝜕𝑊𝜕𝑍 ) is given by (4.1). Using (4.2) in (3.20) and performing integration by parts, we obtain 

𝛬1 =
𝐸𝛿(𝑈,

𝜕𝑊
𝜕𝑍 )

1 + 𝜈

(

2𝜈
1 − 2𝜈

𝜙 + 1 − 𝜈
1 − 2𝜈

𝜓 +
(1 − 𝜈)𝛾2

4(1 − 2𝜈)

( 𝜕𝑈
𝜕𝑍

)2)

,

𝛬2 =
𝐸𝛿(𝑈,

𝜕𝑊
𝜕𝑍 )

1 + 𝜈

(

1
1 − 2𝜈

𝜙 + 𝜈
1 − 2𝜈

𝜓 +
𝜈𝛾2

4(1 − 2𝜈)

( 𝜕𝑈
𝜕𝑍

)2)

,

𝛬3 =
𝛾2 𝐸𝛿(𝑈,

𝜕𝑊
𝜕𝑍 )

4(1 + 𝜈)
(1 + 𝑈 ) 𝜕𝑈

𝜕𝑍
,

𝛬4 =
𝛾2 𝐸𝛿(𝑈,

𝜕𝑊
𝜕𝑍 )

1 + 𝜈

(

𝜈
1 − 2𝜈

𝜙 + 1 − 𝜈
2(1 − 2𝜈)

𝜓 +
(1 − 𝜈)𝛾2

6(1 − 2𝜈)

( 𝜕𝑈
𝜕𝑍

)2)

,

(4.3)

where we use the notation 

𝜙 = 𝑈 + 1
2
𝑈2, 𝜓 = 𝜕𝑊

𝜕𝑍
+ 1

2

( 𝜕𝑊
𝜕𝑍

)2
. (4.4)

Eqs. (3.18)–(3.19), (4.1), (4.3) and (4.4) govern the dynamics of the elastic rod made of strain-limiting material described by (2.5). 
Substituting (4.1) and (4.3) into (3.18)–(3.19) we may get the explicit forms of the rod equations corresponding to the fully nonlinear 
case but the resulting equations are cumbersome and will not be presented here. There is a need for an intermediate approximation 
which provides a more tractable set of equations but retains the physical nature of the nonlinear model. So far the resulting equations 
are exact, and in the next two subsections we consider the linear and the weakly nonlinear cases derived using approximations based 
on the smallness of 𝑈 and 𝜕𝑊𝜕𝑍 .

4.1. Linear case

Before considering the weakly nonlinear case, it will be constructive to study the linearized equations. We assume that both 𝑈
and 𝜕𝑊𝜕𝑍  and their derivatives are small enough to justify the linear approximation. In such a case, we can approximate 𝐸𝛿 as 

𝐸 = 1 − 𝑎 (

2𝑈 + 𝜕𝑊 )

. (4.5)
𝛿𝓁 𝛿 𝛿2 𝜕𝑍
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Using this, the linearized forms of 𝛬1, 𝛬2, 𝛬3 and 𝛬4 given in (4.3) can be calculated as 

𝛬1𝓁 = 1
𝛿(1 + 𝜈)

( 2𝜈
1 − 2𝜈

𝑈 + 1 − 𝜈
1 − 2𝜈

𝜕𝑊
𝜕𝑍

)

,

𝛬2𝓁 = 1
𝛿(1 + 𝜈)

( 1
1 − 2𝜈

𝑈 + 𝜈
1 − 2𝜈

𝜕𝑊
𝜕𝑍

)

,

𝛬3𝓁 =
𝛾2

4 𝛿(1 + 𝜈)
𝜕𝑈
𝜕𝑍

,

𝛬4𝓁 =
𝛾2

𝛿(1 + 𝜈)

(

𝜈
1 − 2𝜈

𝑈 + 1 − 𝜈
2(1 − 2𝜈)

𝜕𝑊
𝜕𝑍

)

.

(4.6)

As expected, the constant 𝑎, which demonstrates the effect of physical nonlinearity, does not appear in these equations. Similarly, 
we obtain the linearized form of the equations of motion given in (3.18)–(3.19) as follows:

−2𝛬2𝓁 +
𝜕𝛬3𝓁
𝜕𝑍

=
𝛾2

2
𝜕2𝑈
𝜕𝑡2

, (4.7)

𝜕𝛬1𝓁
𝜕𝑍

= 𝜕2𝑊
𝜕𝑡2

. (4.8)

If we substitute (4.6) into (4.7)–(4.8), we obtain two coupled linear equations of motion as
𝛾2

2(1 + 𝜈)
𝜕2𝑈
𝜕𝑍2

− 4
(1 + 𝜈)(1 − 2𝜈)

𝑈 − 4𝜈
(1 + 𝜈)(1 − 2𝜈)

𝜕𝑊
𝜕𝑍

= 𝛿 𝛾2 𝜕
2𝑈
𝜕𝑡2

, (4.9)

1 − 𝜈
(1 + 𝜈)(1 − 2𝜈)

𝜕2𝑊
𝜕𝑍2

+ 2𝜈
(1 + 𝜈)(1 − 2𝜈)

𝜕𝑈
𝜕𝑍

= 𝛿 𝜕
2𝑊
𝜕𝑡2

(4.10)

for 𝑈 and 𝑊 . Using Lame constants, non-dimensionalized by 𝐸0,

𝜆 = 𝜈
(1 + 𝜈)(1 − 2𝜈)

, 𝜇 = 1
2(1 + 𝜈)

,

we can rewrite (4.9)–(4.10) in the form

𝛾2𝜇 𝜕
2𝑈
𝜕𝑍2

− 8 (𝜆 + 𝜇)𝑈 − 4 𝜆𝜕𝑊
𝜕𝑍

= 𝛿 𝛾2 𝜕
2𝑈
𝜕𝑡2

, (4.11)

(𝜆 + 2𝜇) 𝜕
2𝑊
𝜕𝑍2

+ 2 𝜆 𝜕𝑈
𝜕𝑍

= 𝛿 𝜕
2𝑊
𝜕𝑡2

. (4.12)

If we set 𝛿 = 1, (4.11)–(4.12) reduce to the Mindlin–Herrmann equations (Mindlin & Herrmann, 1950) that has been widely studied 
in the literature. We refer the reader to Nobili and Saccomandi (2024) and Nobili (2024) for a discussion on how the Mindlin–
Herrmann equations relate to the Love hypothesis and the Pochhammer–Chree solutions within the context of classical elasticity. 
An interesting point here is that the effects of the inertia terms decrease for decaying values of 𝛿. Regarding wave propagation, a 
primary feature of (4.11)–(4.12) is dispersion. Taking 𝑈 and 𝑊  to be proportional to 𝑒𝑖(𝑘𝑥−𝜔𝑡) in (4.11)–(4.12), we find the dispersion 
relation in the form 

𝛾2(𝛿𝜔2 − (𝜆 + 2𝜇)𝑘2)(𝛿𝜔2 − 𝜇𝑘2) − 8(𝜆 + 𝜇)(𝛿𝜔2 − 𝑘2) = 0, (4.13)

where 𝑘 and 𝜔 denote the dimensionless wavenumber and the dimensionless frequency, respectively. As expected, the dispersion 
relation (4.13) is equivalent to the dispersion relation of the Mindlin–Herrmann equations for 𝛿 = 1. The dispersion curve (4.13) in 
the plane (𝑘, 𝜔) consists of two branches, the upper branch and the lower branch called the optical branch and the acoustic branch, 
respectively. It is interesting to note that neglecting the quadratic term in 𝛿 in (4.13) for small 𝛿 leads to the dispersion relation

𝜔2

𝑘2
=

8(𝜆 + 𝜇) + 𝜇(𝜆 + 2𝜇)𝛾2𝑘2

𝛿[8(𝜆 + 𝜇) + (𝜆 + 3𝜇)𝛾2𝑘2]
,

which consists of the acoustic branch only.

4.2. Weakly nonlinear case

In the previous section, we found that when 𝛿 = 1 the linearized equations are in fact the Mindlin-Herrmann equations. Here, 
we derive the nonlinear equations which are correct up to the order of 𝛾2, where 𝛾 is the slenderness parameter. We now define a 
new set of dependent variables as 

𝑈 = 𝛾2𝑈, 𝜕𝑊
𝜕𝑍

= 𝛾2 𝜕𝑊
𝜕𝑍

. (4.14)

Now, we will use these in the nonlinear Eqs. (3.18)–(3.19), (4.1),(4.3) and (4.4), and keep the first two orders of approximation 
with respect to 𝛾2. Substituting (4.14) into (4.1) we obtain 

𝐸𝛿 =
1 −

𝑎 𝛾2
(

2𝑈 + 𝜕𝑊
)

+⋯ . (4.15)

𝛿 𝛿2 𝜕𝑍
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Substituting (4.14) into (4.3)–(4.4) and expanding the resulting equations in Taylor series in 𝛾2 we get 
𝛬1 = 𝛬(1)

1 𝛾2 + 𝛬(2)
1 𝛾4 +⋯ ,

𝛬2 = 𝛬(1)
2 𝛾2 + 𝛬(2)

2 𝛾4 +⋯ ,

𝛬3 = 𝛬(2)
3 𝛾4 +⋯ ,

𝛬4 = 𝛬(2)
4 𝛾4 +⋯ .

(4.16)

As expected, the functions 𝛬(1)
1 , 𝛬(1)

2 , 𝛬(2)
3 , 𝛬(2)

4  in the above expansions correspond to the linear terms. If 𝑈 is replaced for 𝑈 and 
𝑊  for 𝑊  in (4.6), then 𝛬1𝓁 , 𝛬2𝓁 , 𝛬3𝓁 , 𝛬4𝓁 are replaced by 𝛬(1)

1 , 𝛬(1)
2 , 𝛾2𝛬(2)

3 , 𝛾2𝛬(2)
4 , respectively. Therefore, we do not write them 

explicitly here. Also, 𝛬(2)
1  and 𝛬(2)

2  which contain only quadratic nonlinearities are obtained as 

𝛬(2)
1 = 1

(1 + 𝜈)𝛿

{

𝜈
1 − 2𝜈

𝑈2 + 1 − 𝜈
2(1 − 2𝜈)

(

𝜕𝑊
𝜕𝑍

)2

− 2 𝑎
𝛿

(

2𝑈 + 𝜕𝑊
𝜕𝑍

)[

𝜈
1 − 2𝜈

𝑈 + 1 − 𝜈
2(1 − 2𝜈)

𝜕𝑊
𝜕𝑍

]

}

,

𝛬(2)
2 = 1

(1 + 𝜈)𝛿

{

1 − 𝜈
2(1 − 2𝜈)

𝑈2 + 𝜈
2(1 − 2𝜈)

(

𝜕𝑊
𝜕𝑍

)2

− 2 𝑎
𝛿

(

2𝑈 + 𝜕𝑊
𝜕𝑍

)[

1 − 𝜈
2(1 − 2𝜈)

𝑈 + 𝜈
2(1 − 2𝜈)

𝜕𝑊
𝜕𝑍

]

}

.

(4.17)

Using (4.14) and (4.16) in (3.18)–(3.19) and neglecting the higher-order terms we get

−2𝛬(1)
2 + 𝛾2

(

−2𝛬(2)
2 − 2𝑈𝛬(1)

2 +
𝜕𝛬(2)

3
𝜕𝑍

)

=
𝛾2

2
𝜕2𝑈
𝜕𝑡2

, (4.18)

𝜕𝛬(1)
1

𝜕𝑍
+ 𝛾2

(

𝜕2𝑊
𝜕𝑍2

𝛬(1)
1 +

𝜕𝛬(2)
1

𝜕𝑍
+ 𝜕𝑊
𝜕𝑍

𝜕𝛬(1)
1

𝜕𝑍

)

= 𝜕2𝑊
𝜕𝑡2

, (4.19)

Substituting (4.17) into (4.18)–(4.19) we obtain
𝛾2

2(1 + 𝜈)
𝜕2𝑈
𝜕𝑍2

− 4
(1 + 𝜈)(1 − 2𝜈)

𝑈 − 4𝜈
(1 + 𝜈)(1 − 2𝜈)

𝜕𝑊
𝜕𝑍

+ 𝛾2𝑁1(𝑈,𝑊 ) = 𝛿 𝛾2 𝜕
2𝑈
𝜕𝑡2

, (4.20)

1 − 𝜈
(1 + 𝜈)(1 − 2𝜈)

𝜕2𝑊
𝜕𝑍2

+ 2𝜈
(1 + 𝜈)(1 − 2𝜈)

𝜕𝑈
𝜕𝑍

+ 𝛾2𝑁2(𝑈,𝑊 ) = 𝛿 𝜕
2𝑊
𝜕𝑡2

, (4.21)

where the quadratic nonlinear terms 𝑁1 and 𝑁2 are given by

𝑁1(𝑈,𝑊 ) = − 2
(1 + 𝜈)(1 − 2𝜈)

{

(

3 − 4 𝑎
𝛿

)

𝑈2 + 2
(

𝜈 − (1 + 2𝜈)𝑎
𝛿

)

𝑈 𝜕𝑊
𝜕𝑍

+ 𝜈
(

1 − 2 𝑎
𝛿

)

(

𝜕𝑊
𝜕𝑍

)2}

,

and

𝑁2(𝑈,𝑊 ) = 1
(1 + 𝜈)(1 − 2𝜈)

{

2𝜈
(

1 − 4 𝑎
𝛿

)

𝑈 𝜕𝑈
𝜕𝑍

+ 2
(

𝜈 − 𝑎
𝛿

)

(

𝜕𝑈
𝜕𝑍

𝜕𝑊
𝜕𝑍

+ 𝑈 𝜕
2𝑊
𝜕𝑍2

)

+ (1 − 𝜈)
(

3 − 2 𝑎
𝛿

) 𝜕𝑊
𝜕𝑍

𝜕2𝑊
𝜕𝑍2

}

.

The coupled Eqs. (4.20)–(4.21) are the governing equations for the dynamics of the nonlinear rod in the weakly nonlinear case. As 
expected, eliminating the quadratic terms on the left-hand side of (4.20)–(4.21), gives the coupled Eqs. (4.9)–(4.10) corresponding 
to the linear case. Since (4.20)–(4.21) involve the constant 𝑎, they include the effect of physical nonlinearity.

5. Material model defined in Eq.  (2.6)

In this section, for the material model defined in (2.6), we present the rod equations obtained by following a similar process as 
in the previous section. Using (3.5) the Frobenius norm of 𝐒 is calculated in non-dimensional form as 

|𝐒| =
(

2𝑆2
𝑅𝑅 + 𝑆2

𝑍𝑍 + 2𝑆2
𝑅𝑍

)1∕2. (5.1)

Inverting the dimensionless form of the constitutive relation (2.6), we can write the nonzero components of the stress 𝐒 in terms of 
the strain 𝐄 as 

𝐒 = 𝐄
(𝛿2 − |𝐄|2)1∕2

, (5.2)

where 
|𝐄| =

(

2𝐸2
𝑅𝑅 + 𝐸2

𝑍𝑍 + 2𝐸2
𝑅𝑍

)1∕2. (5.3)

Substituting (3.17) into (5.3) we obtain the Frobenius norm in terms of 𝑈 , 𝜕𝑈𝜕𝑍  and 𝜕𝑊𝜕𝑍  as 

|𝐄|2 = 2𝜙2 + 𝜓2 + 1
2
𝛾2𝑅2

( 𝜕𝑈
𝜕𝑍

)2
(1 + 2𝜓 + 2𝜙) + 1

4
𝛾4𝑅4

( 𝜕𝑈
𝜕𝑍

)4
, (5.4)

where 𝜙 and 𝜓 are as in (4.4). It follows from (5.2) that the explicit forms of the stress components are 

𝑆𝑅𝑅 =
𝜙

, 𝑆𝑅𝑍 =
1
2 𝛾𝑅(1 + 𝑈 ) 𝜕𝑈𝜕𝑍 , 𝑆𝑍𝑍 =

𝜓 + 1
2 𝛾

2𝑅2
(

𝜕𝑈
𝜕𝑍

)2

, (5.5)

(𝛿2 − |𝐄|2)1∕2 (𝛿2 − |𝐄|2)1∕2 (𝛿2 − |𝐄|2)1∕2

7 
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where |𝐄|2 is given by (5.4). Substituting these expressions into (3.20) and using the resulting equations in the nonlinear 
Eqs. (3.18)–(3.19) we could obtain the governing equations for the nonlinear rod corresponding to the constitutive relation (5.2). 
However, since the integrals involved are difficult to calculate explicitly and the resulting equations are highly complicated, we 
omit this step here.

5.1. Weakly nonlinear case

Using (4.14) in (5.4) and (5.5), and Taylor expansion in 𝛾2, after some lengthy calculations, we obtain the stress components as 

𝑆𝑅𝑅 =
𝛾2

𝛿
𝑈 +

𝛾4

2𝛿
𝑈2 +⋯ ,

𝑆𝑅𝑍 =
𝛾3

2𝛿
𝑅 𝜕𝑈
𝜕𝑍

+
𝛾5

2𝛿
𝑅𝑈 𝜕𝑈

𝜕𝑍
+⋯ ,

𝑆𝑍𝑍 =
𝛾2

𝛿
𝜕𝑊
𝜕𝑍

+
𝛾4

2𝛿

(

𝜕𝑊
𝜕𝑍

)2

+⋯ .

(5.6)

Substituting these into (3.20) and assuming the expansions given in (4.16) are valid, we calculate the linear terms as 

𝛬(1)
1 = 1

𝛿
𝜕𝑊
𝜕𝑍

, 𝛬(1)
2 = 1

𝛿
𝑈, 𝛬(2)

3 = 1
4𝛿
𝜕𝑈
𝜕𝑍

, 𝛬(2)
4 = 1

2𝛿
𝜕𝑊
𝜕𝑍

(5.7)

and the quadratic terms as 

𝛬(2)
1 = 1

2 𝛿

(

𝜕𝑊
𝜕𝑍

)2

𝛬(2)
2 = 1

2 𝛿
𝑈2. (5.8)

Eqs. (4.18)–(4.19) are still valid in the present weakly nonlinear case corresponding to (5.2). Substituting (5.7) and (5.8) into 
(4.18)–(4.19) gives

𝛾2

2
𝜕2𝑈
𝜕𝑍2

− 4𝑈 − 6𝛾2𝑈2 = 𝛾2𝛿 𝜕
2𝑈
𝜕𝑡2

, (5.9)

𝜕2𝑊
𝜕𝑍2

+ 3𝛾2 𝜕𝑊
𝜕𝑍

𝜕2𝑊
𝜕𝑍2

= 𝛿 𝜕
2𝑊
𝜕𝑡2

. (5.10)

These equations govern the dynamics of the nonlinear rod in the weakly nonlinear case when the constitutive relation of the 
material is given by (2.6) and consequently by (5.2). What is special about these equations is that they are uncoupled and (5.10) is 
non-dispersive. We again observe that the effects of the inertia terms decrease for decaying values of 𝛿.

5.2. Linear case

If we neglect the nonlinear terms in (5.9)–(5.10) we get the linear equations
𝛾2

2
𝜕2𝑈
𝜕𝑍2

− 4𝑈 = 𝛾2𝛿 𝜕
2𝑈
𝜕𝑡2

, (5.11)

𝜕2𝑊
𝜕𝑍2

= 𝛿 𝜕
2𝑊
𝜕𝑡2

, (5.12)

which are uncoupled and (5.12) is non-dispersive. This is a surprising result in the sense that the equations being uncoupled and 
the one describing the axial motion being non-dispersive is opposite to what is observed in (4.9)–(4.10).

6. Conclusion

We conclude with a few words about the differences between the rod equations derived in Sections 4 and 5. In Section 4, we 
considered an elastic rod whose material model is given by (2.5). For that material, we were able to obtain a set of two coupled 
dispersive equations governing the motion for the weakly nonlinear and the linear cases. However, this is not the case for the material 
model (2.6) considered in Section 5 because the corresponding equations are uncoupled. The reason for this difference can be most 
easily understood by comparing the linear Eqs. (5.11)–(5.12) with the linear Eqs. (4.9)–(4.10). If 𝜈 = 0 is taken in (4.9)–(4.10), it is 
observed that these equations transform exactly into (5.11)–(5.12). This is a natural consequence of the fact that the material model 
given by (2.6) does not include the Poisson effect. Recall that the Poisson ratio is a measure of the Poisson effect and the Poisson 
effect in the material model (2.5) arises as a consequence of the presence of the (tr 𝐒) term. A similar comparison can be made 
between (4.20)–(4.21) and (5.9)–(5.10), which correspond to the weakly nonlinear case. In this case, it will be seen that taking 
only 𝜈 = 0 in (4.20)–(4.21) is not sufficient to obtain Eqs. (5.9)–(5.10). To arrive at Eqs. (5.9)–(5.10) from Eqs. (4.20)–(4.21), it is 
necessary to take both 𝜈 = 0 and 𝑎 = 0 in (4.20)–(4.21). This shows that the material model (2.6) has a rather limited applicability 
compared to the model (2.5) due to both the absence of the (tr 𝐒) term, which introduces the Poisson effect, and the absence of the 
parameter 𝑎, which characterizes physical nonlinearity.
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