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A B S T R A C T

An innovative and efficient truss layout optimization framework under the transient load is proposed based on 
the isogeometric analysis-based stiffness spreading method (IGA-based SSM), integrated with the proper 
orthogonal decomposition (POD). The IGA-based SSM is featured with a small number of truss elements inde-
pendently moving in weak IGA background grids to represent the truss layout during optimization, without 
considering the connectivity of the truss elements, and hence a low computational cost due to few design var-
iables. We use the IGA-based SSM to spread the stiffness, mass and damping matrices of a truss element to weak 
IGA background grids, according to energy conservation. As such, its shape and size can be simultaneously 
optimized during dynamic layout optimization of truss. For achieving additional savings in computational cost, 
the POD procedure with incremental singular value decomposition (SVD) is leveraged to reduce the primal and 
adjoint equations. To mitigate the consistent error in the sensitivity computation, the reduced adjoint equation is 
constructed based on the “discretize-then-differentiate” approach. Moreover, we tackle the computational cost 
and scalability of the reduced order model (ROM) learning and updating phases. Consequently, we can attain 
almost the same truss optimization results as the full order model (FOM), in addition to achieving high 
computational speed with the speedup ratio of at least 2.02 referring to FOM, which are verified by 2D and 3D 
benchmark problems.

1. Introduction

Truss-type load-bearing structures, due to their high stiffness-weight 
ratio, are widely used in engineering fields such as bridges, automotive, 
marine, aerospace, and aviation. With increasing requirement of large 
and complex equipment, how to perform the optimal layout design of 
truss meeting performance constraints such as the lightweight and 
resistance to vibration, has become one of the key challenges in the field 
of spatial structures. Truss layout optimization is, in essence, a discrete 
topology optimization of truss in the scenario of low volume fraction. 
For this, the ground structure method (GSM), proposed by Dorn et al. [1] 
and developed by Bental et al. [2] and Bendsoe et al. [3], is frequently 
applied owing to its simple theoretical foundations and versatility. Lai 
et al. [4] performed optimal truss topology by simultaneously using dual 
materials with different tensile and compressive properties, building 
upon the incorporation of BESO algorithm into GSM. Liu et al. [5]

incorporated multiple types of modules to design truss structures 
through imposing a relaxed modular constraint for enhancing efficiency. 
Liu et al. [6] focused on designing hierarchical truss metastructure for 
desired stiffness and strength using recursive multiscale topology opti-
mization. Sukulthanasorn et al. [7] integrated quantum annealing as a 
design updater to truss topology optimization. For medium and high 
volume fraction problems [8,9], continuum topology optimization is 
best suitable because it accommodates congested regions induced by 
converging truss bars. To achieve optimal topology containing both 
regions of dense and sparse structure, Lu et al. [10] proposed a hybrid 
truss and continuum topology optimization approach. Fairclough [11] 
identifies optimal truss topologies from high-resolution ground struc-
tures using the adaptive member adding strategy. Zhou et al. [12] pro-
vided a novel framework of size, shape and topology optimization for 
truss structure using the finite particle method, where the particle fusion 
and projection strategies were introduced to adjust the particle positions
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in the ground structure. Nonetheless, based on above variant versions of 
GSM, the resultant final truss layout is highly dependent on the initial 
ground structure and unsuitable for processing. To address this issue, 
Kozłowski et al. [13] introduced an enhanced growth method based on 
virtual displacements and strains fields for generating optimal design in 
terms of topology and geometry of truss without a generation of 
so-called ground structure. In the above works, the fixed connectivity 
assumed between truss members results in a relatively limited design 
space. To enlarge the design space, Wei et al. [14] proposed the stiffness 
spreading method (SSM), where the stiffness matrix of a truss element is 
projected to the weak background grids by using the radial basis func-
tion. In this way, an individual truss element is embedded in the weak 
background grids and can independently move there. In this context, it is 
unnecessary for truss elements to be connected to each other. Due to C 0 
elements of conventional FEM used in the background grid of SSM, the 
sensitivity field is discontinuous and the numerical interpolation are 
inaccurate, which affect the final optimal topology of truss. In the iso-
geometric analysis (IGA) based FEM, the nonuniform rational B-splines 
(NURBS) of p-order are employed as basis functions to construct C p− 1 
continuous elements for accurate interpolation of displacement field 
[15]. As such, Sun et al. [16] improved the smoothness of sensitivity 
field and interpolation accuracy in the background grids by introducing 
the IGA approach to SSM. The resulting IGA-based SSM was proposed to 
establish the coupling relationship between truss elements and a skin 
represented by the weak isogeometric background grids. The IGA-based 
SSM demonstrates the high efficiency for the truss/stiffener topology 
optimization problem in the static design [16–18].

Truss structures in industrial facilities are frequently exposed to 
dynamic environments, wherein intense vibrations may induce struc-
tural performance deterioration [19,20]. Consequently, the dynamic 
topology optimization of truss structures is of substantial significance in 
advanced engineering applications. Conventional static topology opti-
mization method can’t capture the effect of inertia and damping on the 
final optimal design. Currently, dynamic topology optimization in the 
frequency domain has been frequently investigated. Salt et al. [21] 
incorporated semidefinite constraints to limit the minimal first natural 
frequency of pin-jointed truss structures. Ma et al. [22] minimized the 
peak power of the truss structure under harmonic loads with semi-
definite programming. Unlike above optimization problem in frequency 
domain, the transient optimization problem requires repetitive primal 
finite element analyses for the response over a sequence of time steps 
and dual design sensitivity analysis during the iteration process [23,24]. 
The iterative computation in the primal and dual problem on the 
spatially and temporally discretized system significantly increases the 
computational burden and storage requirement. It often goes beyond the 
capacity of current computing platforms. To enhance the computational 
efficiency in dynamic topology optimization, the reduced order model 
(ROM) is adopted to solve primal and dual equations in the reduced 
space [25,26]. Modal Displacement Method (MDM) [27,28] and Modal 
Acceleration Method (MAM) [29] are the most extensively employed 
ROM based on Modal Superposition Method (MSM), where the original 
problem is projected onto a truncated modal space for approximation of 
frequency and transient responses of a structure. However, this 
approach fails to solve the mid- or high-frequency response due to the 
modal overlap effect [30]. An alternative computational technique is the 
series expansion method to estimate the dynamic response of a struc-
ture. The Quasi-Static Ritz Vector (QSRV), as a non-modal expansion 
technique, can obtain the convergent solution of a structure excited by 
the mid- or high-frequency load and hence applied to wide-band fre-
quency response optimization problems [26,31]. Similarly, the 
second-order Krylov subspace method can efficiently and accurately 
solve these vibration and optimization problems [32–34]. Notably, the 
number of reduced basis vectors or the expansion points, and the 
orthogonalization algorithm of reduced basis are carefully selected for 
accurate estimation of the full order model (FOM). There are also several

topology optimization methods based on substructuring [35] and arti-
ficial intelligence techniques [7,36–38] to improve the computational 
speed. Koh et al. [35] used a substructuring approach for large-scale 
systems in the frequency domain. Xu et al. [36] combined the Moving 
Morphable Component approach with Deep Neural Network for accel-
erating the topology optimization of serialized acoustic structures. Ma 
et al. [37] developed a unified computational framework by combina-
tion of an autoencoder-enhanced generative adversarial network with 
an elitist guidance evolutionary algorithm for dynamic optimization. 
Recently, Sukulthanasorn et al. [38] proposed a quantum machine 
learning-assisted method to speeding up density-based topology opti-
mization by quantum neural network. In future work, an integrated 
approach of deep learning combined with ROM is posited as a promising 
technique to accelerate topology optimization problems. 

Proper-orthogonal decomposition (POD) is a data-driven reduced-
order modeling technique, which extract the significantly small basis 
functions on high-dimensional snapshots obtained from FOM to capture 
the most significant dynamic mode of transient problem. This data 
compression technique constructs low-dimensional projected space of 
transient analysis for the primal problem, based on the energy least-
squares criterion. It has successfully been applied to structural modal 
prediction [39–41], flow field reconstruction [42], fluid-solid interac-
tion of underwater vehicle [43], real-time prediction of the temperature 
field in the digital twin [44], etc., but not in the context of discrete to-
pology optimization. Ke et al. [45] developed the global POD 
reduced-order model for geometrical design parameters by CV-Voronoi 
sequence sampling method, upon which vibration reduction optimiza-
tion of complex thin-walled structures was performed. Xiao et al. [46] 
presented a projection-based reduced-order modeling approach using 
POD for 3D static topology optimization. Li et al. [47] proposed an 
efficient reanalysis framework integrated with POD-based approximate 
dynamic displacement strategy, which is used to construct the approx-
imated equivalent static loads of Equivalent Static Load Method (ESLM). 
Nevertheless, Cao et al. [48] demonstrated that ESLM inherently pro-
duced nonnegligible errors when approximating the dynamic response 
sensitivity by the static response sensitivity, if the dynamic effect of 
problems was remarkable. Yan et al. [49] enhanced the efficient to-
pology optimization problem in the transient heat conduction based on 
the Lyapunov equation and POD. In these works, the singular value 
decomposition (SVD) is employed to compute and store the reduced 
basis from simulation snapshot in a single batch in the POD framework. 
SVD encounters the severe challenge in computational complexity and 
memory requirement when dealing with a large number of 
high-dimensional observations.

The incremental singular value decomposition (SVD) has recently 
emerged in the POD framework [50]. This method treats snapshots one 
after the other, such that the reduced basis is on-the-fly enriched and 
truncated. By that means, it avoids computations on possibly redundant 
data, and only stores a truncated representation of the data and a single 
new observation. Xiao et al. [51] adaptively constructed a reduced order 
model by the incremental SVD for both the primal as well as dual 
problem in topology optimization of transient dynamic systems. How-
ever, they conducted the sensitivity analysis using the adjoint method 
with the “differentiate -then- discretize” approach, which might cause 
consistency errors, i.e., differences between the computed and exact 
sensitivities, as demonstrated by Jensen et al. [53] and Jiang et al. [54]. 
Particularly, the work of Xiao et al. is based on the continuum topology 
optimization method, which is suitable for medium and high volume 
fraction problems, whereas truss layout optimization belongs to low 
volume fraction problems. When employing the continuum optimiza-
tion method, there are awkward issues with high resolution of truss-like 
layout design through the post-processing of continuum optimization 
and the sufficiently refined design domain problem. Furthermore, the 
continuum topology optimization method has to confront the difficulty 
in representing the hinged constraints, requiring the development of 
alternatives like the IGA-based SSM. The IGA-based SSM allows truss
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elements independently moving in the background grids without 
imposing the hinged constraints. Due to modelling the background skin 
by high order continuous isogeometric elements, the IGA-based SSM 

provides the smooth sensitivity field to avoid the discontinuous sensi-
tivity using conventional C 0 elements. To the best of the authors’ 
knowledge, few investigations address the dynamic topology optimiza-
tion of truss structures subjected to transient loads by IGA-based SSM. 
From the above, this study integrates the IGA-based SSM and the POD 
procedure with incremental SVD for efficient dynamic topology of truss 
structures. Regarding sensitivity analysis, we formulate the discretized 
adjoint equation by “discretize-then-differentiate” approach, which 
avoids consistency errors arising when the time-continuous adjoint 
equation is utilized for the transient problem. Finally, when dealing with 
the design case of moving loading, this work adopts a local geometry 
control strategy to prevent truss elements from intersection during the 
optimization process.

The remainder of the paper is organized as follows. Section 2 defines 
the transient dynamic layout optimization of truss. The IGA-based SSM 

is proposed to construct the coupling relationship between truss ele-
ments and a plate in the stiffness, mass and damping matrices. Section 3 
develops the POD-based dynamic reduced order model of truss by in-
cremental SVD. Section 4 formulates the primal and dual problems of 
truss layout optimization in the reduced space. According to the above 
methods, the corresponding flowchart is established to solve the tran-
sient truss layout optimization problem. Section 5 presents three nu-
merical examples to evaluate the performance of the IGA-based SSM 

integrated with POD. The final conclusions are drawn in Section 6.

2. IGA-based SSM for transient dynamic layout optimization of 
truss

Each nodal displacement of a truss element is interpolated according 
to those of nine control points associated with the isogeometric plate 
element, where the node of the truss element is located. Hence, truss 
elements are assumed to be connected together, even if they don’t share 
a common node in the IGA-based SSM, as plotted in Fig. 1.

In the global coordinate system, the stiffness and mass matrices of a

truss element j, K ej and M ej , are written as

K ej = T TejK 
∗
ejT ej , M ej = T TejM ∗ejT ej (1)

K ∗ej = 
E r A j 

l j

[ 
1 − 1
− 1 1

]

, M ∗ej = 
ρ r A j l j
6 

[
2 1
1 2

] 

(2)

T ej = 

[( x 2j− 1 − x 2j 
)/ 

l j 
( 

y 2j− 1 − y 2j 

)/ 
l j 0 0

0 0 
( 
x 2j− 1 − x 2j 

)/ 
l j 

( 
y 2j− 1 − y 2j 

)/ 
l j 

]

(3)

where K∗ 
ej and M

∗ 
ej are the stiffness and mass matrices of a truss element j 

in the local coordinate system, E r and ρ r are the Young’s modulus and 
physical density, A j and l j are the cross-sectional area and the length of a 
truss element j, and T ej is defined as the transformation matrix.

To integrate the stiffness and inertial contribution of the jth truss
element stiffness and mass matrices (K ej , M ej ) into the IGA background 
grids, the spreading stiffness and mass matrices of this truss element
(K+

ej , M +ej) are constructed in the light of the following energy conser-
vation relationships.

u TejK 
+
eju ej = u TrjK ej u rj, ̇ uTejM +ej ˙ uej = ˙ uTrjM ej ̇  urj (4)

where u rj and ˙ urj are the displacement and velocity vectors of the jth 
truss element, u ej and ˙ uej are the displacement and velocity vectors of 
control points corresponding to the isogeometric element in the IGA 
background grids.

Substituting the interpolation equation, u rj = Nu ej to Eqs. (4) and 
(5), the spreading stiffness and mass matrices of the truss element can be 
obtained as follows, respectively,

K +ej = N T K ejN, M +ej = N T M ej N (5)

where N is the IGA basis function matrix.
By assembling the spreading stiffness and mass matrices of truss el-

ements to those of the IGA background grids, the global stiffness and 
mass matrices are expressed as,

K = K p + 
∑ n

j
K +ej , M = M p + 

∑ n

j
M +ej (6)

where K p and M p are the global stiffness and mass matrices, respectively,
and n is the total number of truss elements. K ∈ R (d⋅n)×(d⋅n) and M ∈

R (d⋅n)×(d⋅n) are the respective global stiffness and mass matrices, where n 
denotes the total number of control points in the background grids and d 
the number of DOF of every control point with d = 2 for 2D background 
grids and d = 3 for 3D background grids in this work.

Following a standard FE procedure, the elastodynamic boundary 
value problem for the compound truss structure adopts the form,

M ¨ ut + C ˙ ut + Ku t = f t t = 0, ⋯, N (7)

where f t is the external force vector at the tth time step, and N is the 
number of the time steps, and ¨ ut , ˙ ut and u t are, respectively, the ac-
celeration, velocity, and displacement vectors at the tth time step, and
C ∈ R (d⋅n)×(d⋅n) is the global damping matrix. We calculate the damping
matrix by linear combination of M and K, written as:

C = α r M + β r K (8)

where α r and β r are the proportional coefficients in the Rayleigh 
damping model.

The dynamic stiffness maximization problem is physically equivalent 
to the dynamic compliance minimization problem, since the dynamic 
stiffness can be defined as the inverse measure of dynamic compliance 
under transient loading. Therefore, maximizing dynamic stiffness leadsFig. 1. Schematic diagram of IGA-based SSM.
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to minimizing the structural dynamic compliance, and vice versa. By 
IGA-based SSM, we formulate the transient dynamic layout optimization 
of truss for dynamic stiffness maximization as:

minf 
( 

x 2j− 1 , x 2j , y 2j− 1 , y 2j , A j , u 0, ...,u N 

) 
= 1/N 

∑ N

t=0
FTt u t

s.t.M ¨ ut + C ˙ ut + Ku t = f t , t = 1, ⋯, N

G = 
∑ n

j=1
A j l j − V max ≤ 0

x min ≤ x 2j− 1 , x 2j ≤ x max
y min ≤ y 2j− 1 , y 2j ≤ y max

j = 1, 2, ⋯, n

(9) 

where 
[ 

x 2j− 1 x 2j y 2j− 1 y 2j A j 
] 
(j = 1, 2, …, n) represent all design 

variables, and n is the total number of truss elements.V max is the upper 
bound of the total volume of truss elements. Here, the optimization 
problem (9) is oriented towards a time-dependent field dominated by 
full order model (FOM).

3. POD-based reduced order model

In order to reduce the computational cost of Eq. (9), we construct a 
reduced basis Φ based on a set of snapshots for the displacement field S u
= [u 1 , u 2 , ⋯, u N ], where u i is the full-order solution of Eq. (7) at the ith
time step. The reduced basis is optimally obtained using proper
orthogonal decomposition (POD) through the solution of a least-squares
problem and subsequentially the approximation of u(t), namely u app (t),
is expressed as a linear combination of basis vectors:

u(t) ≈ u app (t) = Φθ(t) (10)

where Φ ∈ R N×N b , N b is the number of reduced basis vectors and N is the 
degrees of freedom (DOF) of FOM, generally N b ≪N. θ(t) ∈ R N b ×1 is the 
coefficient vector of POD basis at the time step t. Due to the indepen-
dence of Φ from the time, the approximate velocity and acceleration are, 
respectively, rewritten as:

˙ u(t) ≈ ˙ uapp (t) = Φ ̇θ(t), ̈u(t) ≈ ¨ uapp (t) = Φ ̈θ(t) (11)

Through substitution of Eqs. (10) and (11) into Eq. (7), and following 
Galerkin projection, the Eq. (7) is rewritten as

̂ Mθ̈(t) + ̂  C ̇θ(t) + ̂Kθ(t) = ̂F(t) (12)

where

̂ M = Φ T MΦ, Ĉ = Φ T CΦ
K̂ = Φ T KΦ, ̂F(t) = Φ T F(t)

(13)

̂ M, ̂K, ̂C ∈ R r×r are the reduced system matrices and r is the optimal
number of POD bases.

From this, the original full-order equation of (7) with N DOF is 
transformed into the reduced-order equation of (12) with N b DOF. For
convenience, θ(t) and F̂(t) are abbreviated as θ t and ̂ F t in the later 
sections. Similar abbreviation is adopted for other time-dependent 
variables. Once the above reduced linear system is solved, the result-
ing solution θ t is pulled back to the FE solutionu appt .

To solve the reduced-order motion equation of the Eq. (12), we use 
the HHT-α method (Chung et al. [52]), which is an extension of the 
Newmark-β method. This HHT-α algorithm is also employed to solve the 
full-order motion equation of the Eq. (7) for the snapshots of all mo-
ments in time. The HHT-α method adjusts the reduced motion equation 
of (12) by a parameter α denoting a numerical delay among the damp-
ing, stiffness, and external force vector, expressed as:

̂ Mθ̈ t + (1 − α)̂ C ̇θ t + α ̂  C ̇θ t− 1 + (1 − α) ̂  Kθ t + α ̂Kθ t− 1 = (1 − α) ̂F t + αF̂ t− 1
(14)

We evaluate θ t and θ̇ t using the Newmark-β finite difference (FD)
relationships, as follows:

θ t = θ t− 1 + Δtθ̇t− 1 + Δt 2 
[(
1
2
− β 

) 

θ̈ t− 1 + β ̈θt 

]

˙ θ t = θ̇ t− 1 + Δt 
[ 

(1 − γ)θ̈ t− 1 + γ ̈θt 

] (15)

where 0 ≤ α ≤ 1/3, β = (1 + α) 2 /4 and γ = (1 +2α)/2 must be satisfied 
to ensure the HHT-α method with at least second-order accuracy and 
unconditional stability.

Substituting the Newmark-β FD relationships (15) into (14), the 
corresponding residual form can be obtained as:

R̂ t = ̂  M1 ̈  θ t + ̂  M 0 ̈  θ t− 1 + ̂ C 0 ̇  θ t− 1 + ̂  K ̈θ t− 1 − (1 − α)̂ F t − α̂ F t− 1 = 0 (16)

where

̂ M 1 = ̂  M + (1 − α)γΔtĈ + (1 − α)βΔt 2 K̂

̂ M 0 = (1 − α)(1 − γ)Δt ̂  M + (1 − α) 
(
1
2
− β 

) 

Δt 2 K̂

Ĉ 0 = ̂C + (1 − α)Δt ̂  K

(17)

For t = 0, the residual form of the HHT-α method from (13) together 
with the initial condition is formulated as:

R̂ 0 = ̂  M ̈ θ 0 + ̂ Cθ̇ 0 + ̂Kθ 0 − F̂ 0 = 0 (18)

where

θ 0 = Φ T u 0 (19)

As is known, the above reduced linear system is solved by HHT-α
method and hence the low-dimensional approximation uappt can be ob-
tained. In Appendix A, we demonstrate how to deduce the optimal POD 
bases from the resultant snapshot matrix.

4. Primal–dual reduced-order modeling of truss layout 
optimization

As illustrated in Section 3, we solve the primal equation represented
by FOM and then sample N snapshots uniformly in the time duration. 
The primal truss layout optimization is reduced as the time-dependent 
problem of low-dimensional representation, i.e.

minf app 
( 

x 2j− 1 , x 2j , y 2j− 1 , y 2j , A j , θ 0 , ⋯, θ N 

) 
= 1/N 

∑ N

t=0
F Tt u 

app 
t

s.t. ̂  M¨ θ t + ̂  C ̇θ t + ̂Kθ t = F̂ t , t = 1, ⋯, N

u app t = Φθ t

G = 
∑ n

j=1
A j l j − V max ≤ 0

x min ≤ x 2j− 1 , x 2j ≤ x max
y min ≤ y 2j− 1 , y 2j ≤ y max

j = 1, 2, ⋯, n

(20)

where the primal objective functionf 
( 

x 2j− 1 ,x 2j ,y 2j− 1 ,y 2j ,A j ,u 0,...,uN 

) 
, is

explicitly estimated asf app 
( 

x 2j− 1 , x 2j , y 2j− 1 , y 2j , A j , θ 0 , ⋯, θ N 

) 
, abbreviated 

as f app .

4.1. Sensitivity analysis on the reduced order model

In order to avoid the expensive computation of derivatives of the 
state variables, we employ the adjoint method for computationally 
efficient sensitivity analysis. Two main strategies are dominant for the 
adjoint sensitivity analysis of transient problem. One is the
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“differentiate-then-discretize” method where the adjoint problem is 
built in the semi-discretized system represented by the space- dis-
cretization and time-continuous state variables, (Ramírez-Gil et al. [24], 
Li et al. [27], Zhu et al. [28], Wang et al. [31], Long et al. [33] and Xiao 
et al. [51]). Alternative is the “discretize-then-differentiate” method 
where the adjoint problem is built in the spatio-temporally discretized 
system, (Oliver et al. [23] and Kristiansen et al. [34]). Though the 
former is simply implemented, Jensen et al. [53] and Jiang et al. [54] 
indicate that the “differentiate-then-discretize” method inherently pro-
duces the consistent errors for the transient problem, namely differences 
between the calculated and accurate sensitivities. As a result, we choose 
the latter “discretize-then-differentiate” method to consistently evaluate 
the sensitivity.

We introduce the Lagrange multiplier λ t , μ t and ζ t , t = 1, ⋯, N as the 
adjoint or dual variables and the sensitivity of the objective function 
f app , with regard to a design variable S j ∈ 

[ 
x 2j− 1 x 2j y 2j− 1 y 2j A j 

] 
, 

is written as:

df app

dS j
= 

∂f app

∂S j
+ 
∑N

t=0

∂f app

∂θ t
∂θ t
∂S j

+ 
∑ N

t=1
λ Tt
d̂ R t
dS j

+ 
∑ N

t=1
μ Tt
d̂ P t
dS j

+ 
∑ N

t=1
ζ Tt
d̂ Q t
dS j

(21)

where ̂ P t and ̂ Q t denote the residual form of the Newmark-β FD re-
lationships (15), and are rewritten as:

̂ P t = − θ t + θ t− 1 + Δt ̇θt− 1 + Δt 2 
[ 

(0.5 − β)θ̈ t− 1 + β ̈ θ t 
] 

= 0

̂ Q t = − ˙ θ t + ̇θt− 1 + Δt 
[ 

(1 − γ) ̈ θt− 1 + γ ̈ θ t 
] 

= 0
(22)

To eliminate all terms including ∂ ̈ θ t /∂S i , ∂ ̇θ t /∂S i and ∂θ t /∂S i in Eq.

(21), the adjoint or dual problem is defined as: for t = 0,

λ T0
∂ ̂R 0
∂ ̈ θ 0

+ λ T1
∂ ̂R 1
∂ ̈θ 0

+ μT1
∂ ̂P 1
∂ ̈θ 0

+ ζT1
∂ ̂  Q 1
∂ ̈θ 0

= 0 (23)

for t = 1, ⋯, N,

∑ N

ℓ=1

( 

λTℓ
∂ ̂R ℓ 
∂θ t

+ μTℓ
∂ ̂P ℓ 
∂θ t

+ ζTℓ
∂ ̂Q ℓ 
∂θ t

+ 
∂f app

∂θ t

) 

= 0

∑ N

ℓ=1

( 

λTℓ
∂ ̂R ℓ
∂ ̇θ t

+ μTℓ
∂ ̂P ℓ
∂ ̇θ t

+ ζTℓ
∂ ̂Q ℓ
∂ ̇ θ t

) 

= 0

∑N

ℓ=1

⎛ 

⎝λTℓ
∂ ̂R ℓ
∂ ̈ θ t

+ μTℓ
∂ ̂P ℓ
∂ ̈ θ t

+ ζTℓ
∂ ̂  Q ℓ
∂ ̈ θ t

⎞

⎠ = 0

(24)

from which we can compute the sensitivity of the objective function as:

df app

dS j
= 

∂f app

∂S j
+ 
∑ N

t=0
λ Tt

∂ ̂R t 
∂S j

(25)

Further details about this sensitivity analysis procedure are given in 
Appendix B.

Finally, the convergence criterion is written as
⃒
⃒ ∑IN

I=1
[ 
fapp t− I+1 − fapp t− I

]⃒ 
⃒

IN
< ξ (26)

where IN is an integral number, t and ξ denotes the respective current 
iteration counter and the allowable error.

Fig. 2. Flowchart of truss layout optimization by primal–dual reduced-order modeling.
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4.2. Flowchart of truss layout optimization

The flowchart of the IGA-based SSM for the dynamic compliance 
minimization problem of truss layout is illustrated in Fig. 2 and the steps 
are as follows.

Step 1: Design variables, including the nodal coordinates, the cross-
sectional area of truss elements, are initialized for dynamic transient 
truss layout optimization. The isogeometric background meshes are 
developed and their stiffness and mass matrices are computed and 
stored, respectively.

Step 2: The spreading stiffness and mass matrices of truss elements 
are obtained by IGA-based SSM and assembled in terms of the corre-
sponding control point numbering of background meshes. The full-order 
isogeometric analysis of the compound truss is implemented for 
acquiring the snapshot matrix across the time duration.

Step 3: According to the obtained snapshot matrix, the truncated 
POD bases are constructed and real-time updated by incremental SVD. 
Then the reduced-order isogeometric model of the compound truss is 
established such that the approximate dynamic compliance is evaluated 
through a linear elastodynamic analysis. The volume constraint is also 
computed.

In this step, the POD bases are constructed by traversing the snap-
shots at all specified moments. Once the residual between a snapshot 
and its projection exceeds the prescribed tolerance, the POD bases must 
be updated according to Eq. (A.7). The truncated POD bases are ob-
tained from Eq. (A.9).

Step 4: Based on the adjoint method with the “discretize-then-
differentiate” strategy, the sensitivity analysis is consistently performed 
on the reduced-order isogeometric model of the compound truss. The 
sensitivities of approximate dynamic compliance and volume constraint 
regarding design variables are obtained.

Step 5: The interior-point algorithm (Waltz et al. [55]) is utilized to 
solve the reduced-order transient optimization problem for minimizing 
the dynamic compliance of the compound truss. The design variables are 
updated until the maximum number of iterations or the convergence 
criteria is attained.

Step 6: A simple truss element removal strategy (Sun et al. [16]) is 
used to achieve clear truss optimal layout results while the optimized 
cross-sectional area is less than a specified threshold, i.e., A ≤ 0.01A max , 
or the optimized truss length is less than a specified infimum, i.e., 
l ≤ 0.01l max . Here, A max and l max are the maximal cross-sectional area 
and truss length in the final design.

5. Numerical examples

This section presents 2D and 3D numerical examples to illustrate the 
performance of the IGA-based SSM combined with POD for dynamic 
transient truss layout optimization. The outcomes are assessed from two

aspects. The first is the accuracy of ROM in the transient solution across 
the time duration. This evaluation is concerned with the capability of 
ROM to efficiently yield accurate solution. The second is how the POD 
influences the optimization processes, which are indexed to the reduc-
tion in CPU execution time, as a lower amount of POD bases is exploited. 
Moreover, the effect of increasing the tolerance updating the POD basis 
on the optimal result, and the CPU utilization are discussed in detail. 

To ensure the sensitivity continuous and smooth in the context of 
IGA-based SSM, the order of the NURBS basis function is set as 2. The 
elastic modulus and mass density of the truss element are 1000 times as 
large as those of the background grids. The elastic modulus and mass 
density of the truss elements are E r = 200GPaand ρ r = 7800kg/m 3 , and 
both the truss elements and the background grids have the same Pois-
son’s ratio, μ = 0.3. The Rayleigh damping parameters of the truss are 
set as follows: α r = 10s − 1 and β r = 10 − 5 s. The allowed convergence 
error ξ, the integral IN, and the maximal iteration number are specified 
to be 0.001, 10, and 1400. Furthermore, we use α = 0.05, β =
(1 + α) 2 /4, γ = (1 +2α)/2 in all examples, to ensure unconditional 
stability and minimal second-order accuracy of the HHT-α method.

5.1. 2D simply supported beam design under rectangular pulse load

This example optimizes a simply supported beam to discuss the in-
fluence of time interval on the final designs. As plotted in Fig. 3, the 
design domain is a simply supported beam under the rectangular pulse 
load imposed at the center of the above free edge. The amplitude of the 
transient load f 0 is 10 kN and the pulse width τ 1 is 0.005 s, while the 
pulse intervalτ 2 is specified as 0.002 s, 0.004 s and 0.008 s. This beam 

has the length of L = 48m, the height of H = 8m, and the thickness of 
h = 0.1m. The background domain is discretized into 24×4 iso-
geometric plane stress elements with 26×6 control points. Each control 
point has two degrees of freedom, namely the displacements along the x
and y directions. The total number of time steps is N = 100 with the time 
step, Δt = 0.18ms and the specified tolerance for on-the-fly basis update
is e b = 10 − 5 .

Fig. 4 shows the initial layout and three optimal designs of the truss, 
which are obtained for τ 2 = 0.002s, τ 2 = 0.004s and τ 2 = 0.008s, 
respectively. The optimal results are based on the least POD bases, r = 4. 
As seen in Fig. 4b, the final layouts are sensitive to τ 2 . When the external 
load is imposed at a faster rate, the optimizer places less material around 
the load application point while more material towards both simply 
supported edges. It is attributed to the fact that such material distribu-
tion enables effective suppression of the increased local deformation 
around the load application point, which occurs owing to the increasing 
transient effects. Fig. 5 shows the iteration history of the objective 
function for both FOM and ROM. The iteration history illustrates a stable 
decrease in the objective function during the optimization process.

Fig. 3. Problem setup for the 2D simply supported beam.
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Particularly, the optimized layouts obtained by ROM are identical to 
those obtained by FOM, as shown in Fig. 4b

To analyze the effect of different basis size, we retain the previous

settings for the other parameters while vary the POD bases size N b as 4, 
8, 10,15 and 18. The results for each scenario is listed in Table 1. Table 1 
compares the results of classical topology optimization (the first row) 
with those obtained from POD-based optimizations under different N b . 
The “CPU running time” column (the third column) indicates the total 
time throughout the optimization for both FOM and ROM, while the 
“speedup ratio” (the fourth column) is the ratio of the CPU running time 
by the FOM to that by the ROM. The latter can directly measure the 
relative acceleration performance of ROM iterations for the optimiza-
tion duration. The “memory requirement” column (the sixth column) 
provides a clear understanding of the discrete system size to estimate 
storage demands.

In contrast to the FOM, the ROM consumes remarkably less 
computational time and hence speeds up optimization process. Also, all 
optimal results are closely consistent with those from the FOM main-
taining the relative high precision. As demonstrated in Fig. 6, when the 
POD bases size N b is merely set as 4, the vertical displacement at the load 
application point, obtained by the ROM is sufficiently precise, which 
explains why ROM and FOM share the almost same optimized results. 
With increasing N b , the acceleration ratio of the proposed algorithm 

based on ROM declines, though the precision retains stable. Accord-
ingly, we recommend to choose smaller N b to attain a trade-off between 
computational cost and accuracy. This example suggests that the 
preferred N b ranging from 4 to 10 achieving the relative error of 1.2 %

Fig. 4. Optimized truss layout for the 2D simply supported beam problem.

Fig. 5. Convergent histories for the 2D simply supported beam.

Table 1
Performance comparison between FOM and ROM with various N b in optimal layout design of 2D simply supported beam for the case of τ 2 =0.004 s.

Method N b CPU running time/s Speedup ratio Optimal dynamic compliance/Nm Memory requirement/Mb Relative errors in optimal objective

FOM - 1921.4 1.00 4.5787 1014.16 -
ROM 4 381.3 5.04 4.5211 35.72 1.2 %

8 654.1 2.94 4.5573 - 0.5 %
10 952.1 2.02 4.5805 - 0.04 %
15 1452.6 1.32 4.5785 - 0.004 %
18 1783.2 1.08 4.5785 - 0.004 %
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~0.04 % and the speed ratio of 5.04~2.02. Actually, the minimal 
preferred number of POD bases is calculated as 4 from the inequality 
(A.8). Obviously, the ROM has much lower memory requirement than 
the FOM, as listed in Table 1.

5.2. Spatial cantilever beam design under half-cycle cosine load

We use this example to furtherly validate the feasibility of the pro-
posed approach for a spatial truss transient layout optimization prob-
lem. A similar 3D beam is fixed at two vertical edges of the left surface 
and loaded vertically with a half-cycle cosine load imposed at the center 
of the right surface, as shown in Fig. 7. The amplitude of the transient 
load f 0 is 10 kN and the time duration is 0.1 s. The 3D beam has length, 
L = 10m, width, W = 10m, Height H = 10m. The background grids are 
meshed by 10×10×10 isogeometric solid elements with 12×12×12 
control points. Each control point has three degrees of freedom, namely 
the displacements along the x, y and z directions. The number of sam-
pling time step is N = 100 with the time step, Δt = 1.0msand the pre-
scribed tolerance for on-the-fly basis update is e b = 10 − 6. 

The initial and optimal truss layouts for the 3D cantilever beam are 
shown in Fig. 8., Fig. 9 plots the iteration history for the 3D layout design 
problem. The results of the iterations show that the stable convergence 
has been attained for both ROM of N b = 4and FOM approaches. The 
final optimized results with ROM and FOM are almost the same. 

Additionally, this example examines the influence of varying toler-
ance for basis update on optimization results and algorithm perfor-
mance. Keeping N b = 4, the tolerance for basis update is specified to be 
10 –2 , 10 –4 and 10 –6 , respectively. Table 4 indicates that the tolerance for 
basis update regulates the precision of ROMs. As selecting large toler-
ances for basis update, ROM yields different optimal outcomes 
compared with FOM. The achieved precision is within the range of 0.07

Fig. 6. Time histories of vertical displacement at the load application point for 
the 2D simply supported beam.

Fig. 7. Problem setup for the 3D cantilever beam.

Fig. 8. Optimized spatially truss layout for the 3D cantilever beam.
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% to 0.04 % when e b ranging from 10 –4 to 10 –6 . This implies that small 
tolerances result in better designs aligning with FOM. It is found that the 
corresponding speedup ratio varies from 3.15 to 2.13 falling within the 
acceptable range. Similarly, the storage requirement of the ROM is two 
orders of magnitude lower than that of the FOM. These implications are 
demonstrated in Table 2, which verifies the high efficiency of the pro-
posed ROM in 3D spatial truss design problem.

5.3. Bridge design under moving load

This example intends to demonstrate how moving loads can be taken 
into account within the proposed algorithm. We consider a bridge of 
length L = 16m, height H = 8m, and thickness h = 0.1m, subjected to a 
moving load at a constant speed v with an amplitude of 10 kN, as 
illustrated in Fig. 10. Unlike in the previous examples, here we consider 
a passive region to represent the deck of the bridge. The background 
domain is discretized by 8 × 4 isogeometric plane stress elements with 
10×6 control points. Each control point has two degrees of freedom, 
namely the displacements along the x and y directions. The material 
properties are the same as those described in Section 5.1. The number of
sampling time step is N = 64 with the time step, Δt = 6.0msand the
prescribed tolerance for on-the-fly basis update is e b = 10 − 8 .

Fig. 11 shows the initial layout and the optimal layouts of v = 90km/ 
h and v = 150km/h. It is obvious that the truss element intersection 
occurs in the dotted circle domain, as plotted in Fig.11b and Fig.11c. As 
opposed to fixed load scenarios, the moving load results in the naviga-
tion of the truss elements across a broad space, which are prone to be 
overlapped or interlaced together. Thus, the reasonably optimized 
layout of truss is difficult to obtain without local geometry control. The 
truss intersection in the optimization process means geometrical inter-
ference of two truss elements, which makes the resulting optimal layout 
is unreasonable in the real truss structure. Although the truss elements 
are connected through the background grids, the truss intersection is not 
allowed such that local geometry control is introduced to address this 
issue.

In the context of moving load, the ground structure is applied to

generate the initial layouts of truss and guarantee connectivity between 
truss elements. As plotted in Fig. 12, an enriched ground structure is 
selected as the initial layout, which is composed of repetitive lattice 
structures stacked together. Nevertheless, overlapped truss elements are 
connected by background grids, which can inherently prohibit truss 
elements from overlapping. Unlike the classic ground structure, the 
enriched ground structure introduces local node variables for exploring 
a more comprehensive design space.

Furthermore, as seen in Fig. 13a-b, when the vertex v 3 crosses over 
the edge v 1 − v 2 , truss intersection occurs during the layout optimiza-
tion, which is invalid from the perspective of engineering design. In 
terms of the work from Liu et al. [56], a local geometry control strategy 
is introduced to prevent truss elements from intersection. This strategy is 
to constrain the incircle radius of an arbitrary triangle in the enriched 
ground structure, as demonstrated in Fig.13c, which satisfies the 
following constraint,

R i = 
2S i 
P i

≥ R min , i = 1, ⋯, m (53)

where R i , S i and P i denote, respectively, the inside radius, the area and 
the perimeter of the ith triangle, and R min denotes allowable minimal 
inside radius.

To avoid dealing a large amount of inside radius constraints, we 
adopt the p-norm function to condense these local constraints. Thus, the 
constraint (53) is formulated as:

g r = 

[
∑m

i=1
(R min /R i ) p 

] 1/p

− 1 ≤ 0 (54)

where m is the total number of triangles in the enriched ground structure 
and the coefficient p is set as 16 from Ref. [17].

Fig. 14 plots the optimized truss layout for the bridge problem with 
truss intersection constraint. The allowable minimal inside radii are the 
same and they are all 1.025 m for v = 30km/h, v = 90km/h and v = 

150km/h. It is clear that the used ground structure with a local geometry 
control strategy is effective in obtaining the final reasonable layout of 
truss. This example further demonstrates the significance of dynamic 
topology optimization, which produces various truss layout designs with 
increasing velocity of moving load. This phenomenon arises because the 
moving load, as a spatiotemporally coupled excitation, induces the

Fig. 9. Convergent histories for the 3D cantilever beam.

Table 2
Performance comparison between FOM and ROMs with various e b in optimal layout design of 3D cantilever beam.

Method e b CPU running time/h Speedup ratio Optimal dynamic compliance/Nm Memory requirement/Mb Relative errors in optimal objective

FOM - 98.05 1.00 1.0599 17,919.46 -
ROM 10 –2 20.04 4.89 3.5369 – 233.7 % 

10 –4 31.15 3.15 1.0591 – 0.07 % 

10 –6 42.50 2.31 1.0595 641.85 0.04 %

Fig. 10. Problem setup for the bridge problem.
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participation of more structural modes in vibration as the load velocity 
increases. The dynamic effects of moving load affect the optimal layout 
and can’t be captured by static optimization formulations.

Two main philosophies, Both FOM and Rom, make the objective 
function stably convergent to almost identical value, as depicted in 
Fig. 15.Next, we analyze the effect of different basis size using the sce-
nario of v = 90km/h as an example. Table 3 illustrates that ROM 

remarkably reduces the computational time in contrast to FOM. When 
N b increases, the speedup ratio decreases. Notably, only when a suffi-
cient number of bases are used, accuracy for optimal dynamic compli-
ance remains stable and reliable. As is known, the moving load behaves 
similarly to a frequency-sweeping load and can excite more modes to

participate in the vibration. When N b = 12, the optimal number of POD 
bases, the ROM achieves nearly the same objective value as the ROM, 
while requiring significantly less memory.

To verify the above hypothesis, we compare the displacement 
response at the midspan of the upper surface of the bridge, as shown in 
Fig. 16. when N b < 12, the displacement response obtained by ROM 

significantly deviates from that obtained by FOM. This can be attributed 
to the fact that truncating higher-order modes can lead to significant 
computational errors. Thus, it is recommended to use N b values in the 
range of 12 to 16. In fact, the minimal preferred number of POD bases is 
calculated as 12 from the inequality (A.8).

Fig. 11. Optimized truss layout for the bridge problem without truss intersection constraint.

Fig. 12. Enriched ground structure.

Fig. 13. Local geometry control to truss element intersection.
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5.4. Limitations and extensions

While the proposed IGA-based SSM with on-the-fly POD ROM dem-
onstrates high efficiency and accuracy for linear transient dynamic truss 
layout optimization under moving or time-dependent loads, this 
approach has some limitations. Strongly nonlinear behavior (e.g., geo-
metric, material and contact nonlinearities) may require additional 
strategy including enrichment of the reduced basis and efficient 
computation of nonlinear terms. Extreme scenarios such as shock wave

and strong multi-physics interaction, may increase the complexity of 
POD-based ROM. Future work will extend the methodology to nonlinear 
dynamic topology optimization of truss structures under intricate 
loading conditions, while preserving the compact representation and 
computational efficiency of ROM.

6. Conclusions

In this paper, the IGA-based SSM combined with POD is developed to

Fig. 14. Optimized truss layout for the bridge problem with truss intersection constraint.

Fig. 15. Convergent histories for the bridge problem.

Table 3
Performance comparison between FOM and ROM with various N b in optimal layout design of clamped bridge for the case of v = 90km/h.

Method N b CPU running time/s Speedup ratio Optimal dynamic compliance/Nm Memory requirement/Mb Relative errors in optimal objective

FOM - 720.782 1.00 0.9888 961.28 -
ROM 4 168.285 4.28 1.3756 - 39.1 % 

8 197.538 3.65 1.0702 - 8.2 % 

12 268.386 2.69 0.9991 31.60 1.0 % 

16 297.156 2.43 0.9889 - 0.01 %

Fig. 16. Time histories of the vertical displacement at the top center for 
the bridge.
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mitigate the computational effort associated with transient dynamic 
topology optimization of truss. The IGA-based SSM can obtain the 
satisfactory optimal layout design of truss by arranging a small number 
of truss elements in the design domain. It addresses the challenge of 
dynamic truss layout optimization in a continuum. The POD procedure 
with incremental SVD is applied to construct the reduced unified basis 
for model reduction and on-the-fly dual reduction. On the other hand, to 
avoid the inconsistent error in the sensitivity evaluation, we construct 
the adjoint equation in the space-time discretized system based on the 
“discretize-then-differentiate” approach.

Two-dimensional and three-dimensional numerical examples on 
elastodynamic topology optimization of truss demonstrate the effec-
tiveness of the proposed method in on-the-fly primal and dual reduction. 
We adopt a unified basis for the primal and dual problems, which ach-
ieves a good trade-off between accuracy and computational efficiency. 
As for scalability, the presented methodology employs element-by-
element matrix–vector products and incremental SVD basis update. In 
addition, an enriched ground structure with a local geometry control 
strategy is introduced to address the truss element intersection issue 
during truss layout optimization under the moving loading. It can be 
concluded that the proposed method is an effective tool for transient 
truss optimization problem.

As a consequence, this work has potential to resolve large-scale 3D 
transient optimization problems of truss where storage is a bottleneck, 
and complex loading scenario like moving mass excitation. Further 
investigation is required to validate our conclusions across a more 
comprehensive spectrum of objective functions. In the future, the

proposed method will be extended to the stiffener layout optimization or 
the lattice structure topology optimization subjected to a time-
dependent load.
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Appendix A. Incremental singular value decomposition

As is well known, the resulting snapshot matrix conceivably increases to an intractable scale with the increasing time steps, especially for large-
scale finite element model. To lessen the storage requirement to high-dimensional problem, an incremental SVD approach (Phalippou et al. [50]) is 
applied for economical acquisition of the POD bases.

Suppose we already have the rank-k truncated SVD of the first l columns of snapshot matrixS:

S l ≈ Φ l Σ l ΨT
l (A.1)

where Σ l is a diagonal matrix with the k singular values of S l in descending order along the main diagonal, Φ l and Ψ l are the left and right singular 
matrices.

Owing to the low rank of S, it is assumed that most vectors of [u l+1 , u l+2 , ⋯, u N ] are linear dependent with the vectors in Φ l . In general case, we 
suppose that the residuals of subsequent s vectors, u l+1 , u l+2 , ⋯, u l+s , are within the specified tolerance e b when these s vectors are projected to the 
subspace spanned by Φ l . But the residual of u l+s+1 is beyond the specified tolerance, that is,

‖ u i − ΦΦ T u i ‖< e b , i = l + 1, ⋯, l + s
‖ u i − ΦΦ T u i ‖> e b , i = l + s + 1 (A.2)

In terms of Eq. (A.1) and the above assumption, there is,

S l+s = [S l , u l+1 , ⋯, u l+s ]

≈ 
[ 
Φ l Σ l ΨT

l Φ l Φ Tl u l+1 , ⋯, Φ l ΦT
l u l+s 

]

= Φ l 
[ 
Σ l Φ Tl u l+1 ⋯, ΦT

l u l+s 
]

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟ 
Y

[Ψ l 0
0 I s

] T (A.3)

where I s is the s-order identity matrix.
We perform the SVD of Y and let Y = Φ Y Σ YΨ TY, where Ψ Y is split into Ψ Y = 

[
Ψ 

(1)T 
Y Ψ 

(2)T 
Y

] T , and Eq. (A.3) can be rewritten as:

S l+s = Φ l Φ Y⏟̅̅⏞⏞̅̅⏟
Φ l+s

Σ Y⏟⏞⏞⏟ 
Σ l+s

[
Ψ lΨ 

(1) 
Y

Ψ (2) Y

] 

⏟̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅⏟
Ψ l+s

T

(A.4)

By comparison between Eq. (A.1) and Eq. (A.4), it is observed that the left singular matrices, Φ l+s vs.Φ l , share the common dimensionality, and the 
diagonal matrices, Σ l+s vs.Σ l , are the same case. We need a dynamically expandable storage matrix, W = 

[ 
Φ Tl u l+1 ⋯,ΦT

l u l+s 
] 
. However, there is k≪Nfor 

W ∈ R k×s , leading the low storage requirement.
From (A.2) 2 , the residual of u l+s+1 , e, is defined as:
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e = u l+s+1 − Φ l+s ΦT
l+su l+s+1 (A.5)

Let p =‖ e ‖ and ̃e = e/p, and similarly, the SVD of S l+s+1 is constructed by

S l+s+1 = [S l+s , u l+s+1 ] 

≈ 
[ 
Φ l+s Σ l+s ΨT

l+spẽ + Φ l+s ΦT
l+su l+s+1 

]

= [Φ l+s , ̃e]

⎡

⎣
Σ l+s ΦT

l+s u l+s+1

0 p

⎤

⎦

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
Y

[ Ψ l+s 0 
0 1

] T (A.6)

Finding the SVD of Y, and letting Y = Φ Y Σ Y Ψ TY, then Eq. (A.6) is updated as:

S l+s+1 ≈ [Φ l+s , ̃e]Φ Y ⏟̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅ ⏟
Φ l+s+1

Σ Y⏟⏞⏞⏟ 
Σ l+s+1

([
Ψ l+s 0
0 1

] 

Ψ Y 

)

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟
Ψ l+s+1

T

(A.7)

From the Eqs. (A.1), (A.4) and (A.7), the incremental SVD technique enables the progressive updating of the POD basis. This on-the-fly update 
scheme makes it unnecessary to store snapshots across the time duration. It is sufficient to retain the reduced basis from the previous step along with a 
comparatively small diagonal matrix.

Notably, there exist a large number of nonzero but extremely small singular values. Without truncating these small singular values, the incremental 
SVD methodology may consume the huge computational cost. Therefore, we set a truncation threshold to determine the number of modes to retain 
with enough accuracy. The sufficiently few POD bases are selected in terms of the ratio of the total energy from the full-order space to that from the 
subspace.

I(r) = 
∑ r

i=1
σ 2Ni

/
∑ m

i=1
σ 2Ni ≥ 99% (A.8)

where σ Ni , i = 1, ⋯, m, represents the singular values of the snapshot matrix S and the minimal r = min[N b ] is the preferred number of POD bases. 
Then, the reduced basis matrix Φ is constructed by choosing the r columns of Φ N .

Φ = Φ N (:, i)i = 1, ⋯, r (A.9)

According to the Eq. (A.9), the resultant reduced bases are employed to build reduced-order models with sufficiently fewer degrees of freedom, 
enabling efficient analysis and optimization of transient elastodynamic problems.

Appendix B. Details of sensitivity analysis

Substituting the HHT-α residual (16), the initial conditions (18), and the residual form of the Newmark-β FD relationships (22) into (23)-(24), we
can acquire the dual variables as follows: for t = N,

μ N = ∂f app /∂θ N , ζ N = 0 
( 
̂ M + γΔtĈ + βΔt 2 K̂ 

) 
λ N = − βΔt 2 μ N − γΔtζ N

(B.1)

for t = N − 1, ⋯, 1,

μ t = 
∂f app

∂θ t
+ ̂Kλ t+1 + μ t+1 , ζ t = ( ̂  C + ΔtK̂)λ t+1 + Δtμ t+1 + ζ t+1 (B.2)

( 
̂ M + γΔtĈ + βΔt 2 ̂ K

) 
λ t = 

[ 

(1 − γ)ΔtĈ + 

(
1
2
− β 

) 

Δt 2 ̂ K
] 

λ t+1

− Δt 2 
[ 

βμ t + 

(
1
2
− β 

) 

μ t+1 
] 

− Δt[γζ t + (1 − γ)ζ t+1 ]
(B.3)

for t = 0,

̂ Mλ0 = 

[ 

(1 − γ)ΔtĈ + 

(
1
2
− β 

) 

Δt 2 ̂ K
] 

λ 1

− 

(
1
2
− β 

) 

Δt 2 μ 1 − (1 − γ)Δtζ 1

(B.4)

As such, from the Eq. (B.1) to the Eq. (B.4), the adjoint equation can be solved backwards. Lagrange multiplier λ t , t = N, ⋯, 1, 0 is calculated by LU 
decomposition.

Next, we calculate the partial derivatives, ∂ ̂R t /∂S j from Eq. (18) for t = 0 and Eq. (16) for t = 1, ⋯, N. They are, for t = 0,

∂ ̂  R t 
∂S j

=
∂ ̂K
∂S j 

(θ t + β rθ̇ t) + 
∂ ̂  M
∂S j

( 
θ̈ t + α rθ̇ t 

) 
(B.5)
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for t = 1, ⋯, N,

∂ ̂  R t 
∂S j

=
∂ ̂K
∂S j 

[(1 − α)(θ t + β rθ̇ t ) + α(θ t− 1 + β rθ̇ t− 1)] + 
∂ ̂  M
∂S j

[ 
θ̈ t + α r ((1 − α) ̇ θ t + α ̇θ t− 1 ) 

] 
(B.6)

From Eqs. (2), (3) and (10), the partial derivatives, ∂K̂/∂S j and ∂ ̂  M/∂S j , are formulated as

∂ ̂K 
/ 

∂S j = Φ T ∂K +ei

/ 
∂S j Φ

∂K +ej

/ 
∂S j = ∂N T 

/ 
∂S j K ej N + N T ∂K ej 

/ 
∂S j N + N T K ej ∂N 

/ 
∂S j

∂K ej 

/ 
∂S j = ∂T Tej

/ 
∂S jK ∗ejT ej + T Tej∂K ∗ej

/ 
∂S j T ej + T TejK 

∗
ej∂T ej 

/ 
∂S j

(B.7)

∂ ̂  M 
/ 

∂S j = Φ T ∂M +ej

/ 
∂S j Φ

Φ T ∂M +ej

/ 
∂S j = ∂N T 

/ 
∂S j M ej N + N T ∂M ej 

/ 
∂S j N + N T M ej ∂N 

/ 
∂S j

∂M ej 

/ 
∂S j = ∂T Tej

/ 
∂S jM ∗ejT ej + T Tej∂M ∗ej

/ 
∂S j T ej + T TejM ∗ej∂T ej 

/ 
∂S j

(B.8)

The derivatives of the stiffness and mass matrices for the truss element with respect to its cross-sectional area as follows:

∂K ∗ej

∂A j
= 

E r
l j

[ 
1 − 1
− 1 1

] 

,
∂M ∗ej

∂A j
= 

ρ r l j
6 

[
2 1
1 2

] 

(B.9)

The derivatives of the stiffness and mass matrices for the truss element with respect to its nodal coordinates are as follows:

∂K ∗ej

∂x 2j− 1
= − 

E r A j
l2j

dlj
dx2j− 1 

[
1 − 1
− 1 1

] 

,
∂M ∗ej

∂x 2j− 1
= 

ρ r A j
6 

dl j
dxj 

[
2 1
1 2

] 

(B.10)

∂K ∗ej

∂y 2j− 1
= − 

E r A j
l2j

dlj
dy2j− 1 

[
1 − 1 
− 1 1

] 

,
∂M ∗ej

∂y j
= 

ρ r A j
6 

dlj
dy2j− 1 

[
2 1
1 2

] 

(B.11)

∂K ∗ej

∂x 2j
= −

E r A j
l2j

dl j
dx 2j

[ 
1 − 1
− 1 1

] 

,
∂M ∗ej

∂x 2j
= 

ρ r A j
6 

dl j
dx 2j

[ 
2 1 
1 2

]

(B.12)

∂K ∗ej

∂y 2j
= −

E r A j
l2j

dl j
dy 2j

[ 
1 − 1
− 1 1

] 

,
∂M ∗ej

∂y 2j
= 

ρ r A j
6 

dl j
dy 2j

[ 
2 1 
1 2

]

(B.13)

The derivative of the truss element length regarding its nodal coordinates are obtained as:

dl j 
/ 
dx 2j− 1 = 

( 
x 2j− 1 − x 2j 

)/ 
l j , dl j 

/ 
dx 2j = 

( 
x 2j − x 2j− 1 

)/ 
l j

dl j 
/ 
dy 2j− 1 = 

( 
y 2j− 1 − y 2j 

)/ 
l j , dl j 

/ 
dy 2j = 

( 
y 2j − y 2j− 1 

)/ 
l j 

(B.14)

where l j =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
( 
x 2j − x 2j− 1 

) 2 
+ 
( 

y 2j − y 2j− 1 

) 2
√ 

represents the truss element length.

Also, the sensitivities of the volume constraint regarding the nodal coordinates and the cross-sectional area of the truss element are given as 
follows:

dV ej 
/ 
dx 2j− 1 = A j dl j 

/ 
dx 2j− 1 , dV ej 

/ 
dy 2j− 1 = A j dl j 

/ 
dy 2j− 1

dV ej 
/ 
dx 2j = A j dl j 

/ 
dx 2j , dV ej 

/ 
dy 2j = A j dl j 

/ 
dy 2j

(B.15)

dV ej 
/ 
dA j = l j (B.16)

The last piece of information required to fulfil the sensitivity analysis is associated with the partial derivatives, ∂f app /∂S j and ∂f app /∂u t , and we 
have

∂f app 
/ 

∂S j = 0, f app 
/ 

∂u t = F t 
/ 

N (B.17)

Data availability

Some or all data, models, or codes that support the findings of this 
study are available from the corresponding author upon reasonable 
request.
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