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Abstract

Turing patterns provide a classical mechanism for understanding self-organisation in reaction-diffusion systems.
In one spatial dimension, a critical domain size is derivable, which defines the bifurcation point for patterning,
meaning that domain lengths must be larger than a specified critical size for patterns to exist. In this work, using
geometric spectral theory, we establish the existence of a critical domain size for Dirichlet boundary conditions
in arbitrary dimensions, whereas for Neumann boundary conditions such a critical size cannot be guaranteed even
for convex domains when measured by volume or surface area. Nevertheless, analysis of convex domains suggests
that alternative measures of domain size may still yield a well-defined Turing bifurcation threshold. Furthermore,
using parallelograms as analytically tractable test cases, we investigate the bifurcation structure of Turing patterns,
focusing on the limit of reducing the shape from two-dimensional to pseudo-one-dimensional. Through linear sta-
bility analysis, numerical calculation of Laplacian eigenvalues and using recent results on analytical bounds, we
demonstrate that there is no unique critical length for patterning to occur, rather, the length depends on how the
dimension reduction takes place. These findings are supported by numerical simulations of the full nonlinear sys-
tem, which confirm the analytical predictions. Our results challenge the traditional assumption of a unique threshold
for pattern onset, highlighting the fundamental role of domain geometry in the interpretation and modelling of bio-
logical pattern formation. This work emphasises the need for careful geometric consideration in both theoretical
and experimental studies using reaction-diffusion frameworks.

1. Introduction

Decades of mathematical, biological, chemical and now engineering research have been founded on
Alan Turing’s original insight that diffusion, when coupled with specific local reaction kinetics, can
destabilise a homogeneous steady state and give rise to spatially heterogeneous patterns [26, 36, 56,
60, 71]. Due to their ability to model diverse phenomena, reaction-diffusion models have been invoked
in applications as varied as producing pigmentation patterns in animal coats [7, 27, 44], predicting
crime hotspots [57] and understanding vegetation density [75]. Recent years have seen a proliferation of
studies that seek to ground Turing patterning models in measurable molecular mechanisms, including the
identification of candidate morphogens and their associated gene regulatory networks [21, 38]. Despite
this progress, direct experimental validation of Turing’s theory at the molecular or cellular level remains
challenging [72].

One key weakness is that whilst we try to build on top of Turing systems [3, 29, 54, 63], we often
miss that there is still fundamental work to be done to understand how dimension, domain shape and
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boundary conditions influence their pattern-forming ability. Previous work has demonstrated how the
bifurcation structure of a Turing pattern depends on the geometry of the domain in which it is solved [28,
39, 66, 69]. In this work, we examine how the ability of a reaction-diffusion system to pattern is affected
by dimension, shape and boundary conditions. This question is addressed via bifurcation analysis with
respect to a suitable measure of domain size, with parallelograms as illustrative test cases. Furthermore,
to demonstrate the aforementioned effects and provide further insight, we are interested in applying
recently proven results [35] that allow us to bound the critical size for a Turing pattern to appear on
parallelograms. Specifically, we want to understand what happens to the Turing bifurcation structure as
we reduce a two-dimensional domain to a pseudo-one-dimensional domain in different ways.

A particularly influential demonstration of this sensitivity was provided by Bunow et al. [9], who
examined reaction—diffusion instabilities on domains modelling Drosophila imaginal discs. Using lin-
ear analysis and nonlinear simulations, they showed that the ordering, structure and even qualitative
appearance of emergent patterns depend strongly on the precise geometry of the domain. Small geo-
metric deformations, which were within the realms of biological variation, were sufficient to reorder
eigenmodes, eliminate expected nodal lines or generate entirely different nonlinear patterns. Their study
highlighted that apparent agreement between theory and biology on idealised domains [23] can break
down rapidly once anatomically realistic shapes are considered.

The question of dimension reduction is also central to multiscale reaction-diffusion modelling, where
descriptions posed at different resolutions are coupled [16]. For example, suppose we are interested in
modelling a population whose size varies across orders of magnitude. Where the number of agents
is low their dynamics may be formulated using Brownian dynamics. However, such individual level
descriptions would be inefficient for simulating regions where the agent copy number is large and, so,
continuum field descriptions are better suited [22].

In such hybrid frameworks, the choice of effective dimension and the way thin or highly anisotropic
geometric features are represented is not merely a computational convenience, the coupling introduces
implicit interfaces, overlap regions and effective boundary conditions that can alter the macroscopic
dynamics one is trying to reproduce [16]. Many biological settings, in particular, are intrinsically mixed-
dimensional, with reactions and diffusion occurring on lower-dimensional manifolds such as membranes
coupled to transport in the surrounding bulk, so that geometry and dimension reduction are built into
the model structure itself [19, 30].

Classical asymptotic work has long highlighted that widely separated length and time scales can
yield qualitatively different spatiotemporal regimes, with finite-domain effects and boundary constraints
playing a decisive role in what is observed [50]. Our results therefore provide a complementary, analysis-
led perspective for characterising when a one-dimensional reduction of a two-dimensional domain can
be expected to preserve the correct Turing instability threshold and when it can fundamentally change
it, informing both model reduction and the design of reliable multiscale coupling strategies.

We formulate and analyse a reaction-diffusion system on a parallelogram, providing three degrees of
freedom (two side lengths and the interior angle). For tractable geometries [41], we are able to use linear
stability analysis to explicitly calculate the critical conditions for pattern onset. However, for general
parallelograms, we will have to use numerically extracted evidence in conjunction with formulated upper
bounds [35, 61]. Critically, we will demonstrate that the bifurcation patterning size of the geometry in
the one-dimensional limit is not unique. Rather, we reveal a continuous band of geometries for which
the system can sustain patterns, contrary to standard one-dimensional analysis [44]. Our results are
illustrated with numerical simulations, which confirm that the range of lengths predicted by theory
matches the pattern-forming behaviour observed in the full nonlinear system.

Our findings have two important consequences. First, they highlight a previously overlooked source
of non-uniqueness in the bifurcation structure, challenging the assumption that the one-dimensional
limit is always well-defined and unique. Second, they reinforce the need for careful constraint of Turing
models intended for biological application, since both experimental interpretation and model selection
depend crucially on geometric details that are often treated as incidental. The interplay of domain geom-
etry, boundary conditions and reaction kinetics is shown to produce a far richer set of behaviours than

previously assumed.
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2. General perspective on the bifurcation due to the domain size: the role of boundary
conditions, shape and dimension

Let us begin with a general question regarding pattern formation: is there a critical domain size below
which spatial self-organisation cannot occur? In other words, is there always a bifurcation point if the
domain size is considered as a bifurcation parameter? In one dimension, the situation is straightforward
and has already been addressed in a general context [25]. However, in higher dimensions, the answer is
not so clear cut and depends on the dimension, geometry, boundary conditions and what we mean by
‘size’. We first consider an infinite domain and then incorporate boundary conditions through a class of
Robin boundary conditions, of which the usual Dirichlet and Neumann conditions are special cases.

Consider two morphogens, ¢ and 1, that diffuse and interact in an infinite n-dimensional space. The
dynamics of ¢ and ¢ are defined by a pair of coupled reaction-diffusion equations,

0
L=V 16,0, (1)
0
W _ vy + 50, @)

where V? is the n-dimensional Laplacian. We implicitly assume that the space has been rescaled so that
the diffusion rate of ¢ is one. This assumption is not essential and the following results still hold without
it, but it allows us to reduce the number of parameters. On the infinite domain, we do not need to specify
boundary conditions beyond requiring that the solutions remain bounded everywhere.

Since we seek Turing instabilities, we assume that there is a stable homogeneous stationary solution
(HSS), which can be driven unstable in the presence of diffusion [44]. The standard Turing analysis
proceeds by linearising around this steady state and using spatial trigonometric perturbations that satisfy
the boundary conditions [36]. This leads to the conclusion that only a bounded interval of wave modes
can destabilise.

It should be noted that Turing’s stability condition for a HSS in the absence of diffusion is equivalent
to the requirement of a critical domain size below which no instability occurs, but this equivalence
holds only under Neumann boundary conditions [25]. For Dirichlet and Robin boundary conditions, the
stability of the HSS must be imposed as an additional condition, since the zero eigenvalue is fixed, does
not vary with the domain size and is not part of the spectrum.

As we are first considering the case of no boundary conditions, we perturb the steady state using a
general complex Fourier mode of the form

exp (At + iux), 3)

where i is the imaginary unit. This leads to a continuous spectrum of wave modes u that satisfies the
dispersion relation [36]

0=det (M + °D —J), 4)

where J is the Jacobian matrix of first-order derivatives of f and g, evaluated at the steady state and D
is the diffusion matrix with 1 and D on the diagonal. A generic form of this dispersion curve is shown
in Figure 1, and a full derivation can be found in Section 6.

From this perspective, the dispersion relation (ignoring transient effects due to nonnormality [24])
links the temporal evolution, through the growth rate A, with the chosen spatial wave mode, treated
as a positive parameter p. In particular, the dispersion curve, 91(A(u)), is independent of the spatial
dimension considered and boundary information. Critically, only values of € [u_, u,] for which
R(A()) > 0 correspond to unstable wave modes (see Figure 1).

Suppose we now consider a finite domain 2 with boundary 92 on which we define Robin boundary
conditions. The spectrum becomes (for a sufficiently regular domain) a discrete set of wave modes k;,
which satisfy

d
—V2y =Ky inQ, ozy—i—%:OataQ. o)
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Figure 1. The dispersion curve of reaction-diffusion system equations (1) and (2) with Schnakenberg
kinetics (18) and (19) and D = 10 in one spatial dimension. The first non-trivial eigenvalue k(L) of the
transport operator for the finite one-dimensional domain of length L is highlighted as a blue circle and is
calculated explicitly for L = 1, resulting in no pattern formation despite the reaction-diffusion parameter
values being well within Turing space. The red circle represents |1, = 1/«/5 ~0.7071, which is the
larger solution of equation (4), which assumes an infinite spatial domain. As domain size is increased,
k\(L) decreases as k,(L) « L= and hence there is a critical domain size for which k(L) = 11, the spatial
patterning bifurcation point when the domain size, L, is treated as a bifurcation parameter.

Let us first focus on a one-dimensional problem, hence without loss of generality €2 = (0, L). The spec-
trum for Robin boundary conditions can be calculated directly, and in one dimension, one can observe
that the eigenvalues of the Laplacian decrease monotonically with the domain size for both boundary
conditions. In particular, as the domain size increases, the lowest eigenvalue decreases as k(L) oc L™>
[25], and, thus, there is a critical domain size at which the lowest eigenvalue reaches the critical value
k; = .. For larger values of L, a spatial pattern in (¢, ) can form [68]. Therefore, if we consider
Turing’s diffusion-driven instability, the existence of a critical size L. follows.

This viewpoint allows the infinite space dispersion curve (which depends only on the reaction kinet-
ics and diffusion coeflicients) to be fixed. Information about the pure point spectrum of the Laplacian
(which varies due to having a finite domain and boundary conditions) and the transport operator can
then be compared with the infinite space dispersion curve. In higher dimensions, the situation is more
complex.

2.1. Dirichlet Laplacian

For Dirichlet boundary conditions, the existence of a critical domain size in arbitrary dimension can still
be established using geometric spectral theory. For the Dirichlet Laplacian, the spectrum is monotone
with respect to domain inclusion [13]. In particular, if Q,, 2, C R¢ are arbitrary open sets then

QCR = k,?(Ql)Zk,,D(Qz) VneN,

where k” denotes the nth discrete eigenvalue of the Dirichlet Laplacian.
In addition, the isoperimetric (isochoric) Rayleigh—Faber—Krahn inequality [8] states that for a given
ball domain, B, with volume |B|
min k() =k(B). (6)
1Q[=[B|
Combining these observations with the dispersion relation in Figure 1, we conclude that for Dirichlet
boundary conditions, there is a critical domain size (volume) below which no pattern can occur due to

Turing’s instability. Moreover, among all domains of a given volume, the ball is the first to exhibit a
pattern.
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Figure 2. lllustration of the non-monotonicity of Turing patterns on two-dimensional domains with
Neumann boundary conditions. In the top panel, we compare the domain geometries and see that the
black rectangle is a subdomain of the red square, which is a subdomain of the blue square. In the bottom
panel, we visualise ¢ as simulated from equations (1) and (2) on these domains with Schnakenberg
kinetics (18) and (19) and D = 10, patterns appear on the blue square and black rectangle only.

2.2. Neumann Laplacian

The situation is very different for Neumann boundary conditions. First, consider a rectangle [0, a] x
[0, b] with corresponding spectrum (kfxm)z = (n7 /a)* + (mm /b)* for m, n € N [43]. For a given area, the
first non-zero eigenvalue has no positive lower bound, since k) = min{k};, k), } can be made arbitrarily
small. Even among convex domains, we therefore cannot expect a critical domain size (volume) to exist.

Monotonicity also fails even among convex domains. This can be seen by comparing the spectra of an
inscribed thin rectangle and a larger rectangle circumscribed around it, oriented along their diagonals.
As an illustrative example, consider the case in Figure 1, where the critical square side length for patterns
to occur is Lyguare = /27 . Patterns can occur on rectangles with one side length greater than L., but
not on rectangles where both side lengths are less than Lg,.. In Figure 2, we consider two squares of
side length L + 0.1 (blue square) and Lygae — 0.1 (red square). The red square lies entirely within
the blue square, and we expect Turing patterns to appear on the blue square, but not on the red square,
which is confirmed by the simulation results in the lower panel of Figure 2. However, inside the red
square, we can fit a rotated rectangle of side length Ly, + 0.1 (black rectangle), and we observe that
the black rectangle can also support patterns even though it is smaller than the red square, which cannot
pattern.

An isoperimetric (isochoric) inequality is available in this setting, the Szego—Weinberger
inequality [8],

max k)(Q) =k (B), (7
|2I=1B]

which provides an upper bound for the first non-zero Neumann eigenvalue (in contrast with the lack
of a positive lower bound, noted earlier). Thus, for Neumann boundary conditions, the ball is the last
geometry to support a pattern for a given volume.

Therefore, neither of the two key properties used for Dirichlet conditions, namely monotonicity and
a positive lower bound on the first eigenvalue in terms of volume, is available for Neumann boundary
conditions. Moreover, the spectrum of the Neumann Laplacian can be highly sensitive to changes in
geometry [5, 8, 13, 18]. It is possible to alter the spectrum by an arbitrary amount through changes
in an arbitrarily small neighbourhood of a single point. If the boundary is not sufficiently smooth,
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the Laplacian may even have an essential spectrum. A sufficient condition for the spectrum of the
Neumann Laplacian to be purely discrete is that the domain is bounded with a Lipschitz boundary
[13]. Under suitable regularity conditions, two domains that are close in shape will have spectra that
are close in an appropriate sense [10]. Nevertheless, this result is given in a precise mathematical sense
(as an estimate with an undetermined constant) and hence cannot be used for practical applications to
estimate how large the difference in spectra is for two given domains.

We can therefore conclude that a critical domain size (measured using its volume) does not exist
in general for Neumann boundary conditions, even if the domains are sufficiently regular. There are,
however, two notable classes of domains for which a bifurcation point appears as the size of the domain
changes. The first consists of isotropically scaled domains of the form 2 = [€2, for a fixed €2, where the
spectrum of the Neumann Laplacian scales as k" (I€2) = kY (€2,)/12. The existence of a critical domain
size in one-dimensional domains is a special case of this, since any change in the domain is a simple
scaling. The second class is that of convex domains, which have a critical size measured by the diameter
rather than by volume or surface area.

For convex domains, Payne and Weinberger [49] showed that the infimum of the spectrum for
domains with a given diameter is strictly positive. In particular, for convex domains 2 with diameter
d =sup, oflx —yl}, the following inequality holds:

71,2
> .
=5
This gives a lower bound on the first non-trivial eigenvalue in terms of a one-dimensional measure
of the size of the convex domain, namely the length of the longest line segment that can be contained
in Q. A similar inequality holds for symmetric domains, for which the intersection of the domain with
any line in a coordinate direction is simply connected [48]. For non-convex domains, this property does
not hold in general.

) @®)

2.3. Robin Laplacian

As we have seen, one needs a combination of two properties of the spectrum to have the existence
of the critical domain size: (i) monotonicity and (ii) a lower bound for the spectrum (via isochoric or
isoperimetric inequality). For Dirichlet Laplacian both were available, while for Neumann we lack both
(there is no monotonicity in general and neither is there a lower bound on the spectrum).

For a general Robin boundary condition with « > 0, the spectral lower bound is available (for reg-
ular enough domains to have a pure point spectrum) due to the following Bossel-Daners isochoric
inequality [8]:

min k{'(Q) =k{(B), ©)
|21=1B|
where B is a ball, noting that for ¢ < 0 a similar statement is still an open problem in spectral theory
[31]. However, the second necessary property, the monotonicity of spectrum with respect to domain
size, does not hold for the Robin Laplacian and hence we cannot combine them to show the existence
of a critical domain size.

3. Parallelogram geometry

Due to the issues raised in Section 2.2, we focus on the convex domain of a parallelogram. Explicitly, a
parallelogram is a quadrilateral where opposite sides have equal length, but, generally, the length of each
pair of sides will be different. As such, a parallelogram can be parametrised by its two side lengths, L,
and L,, and its interior angle, 6. From this parametrisation, we can define the height of the parallelogram,
L,; its total width, L,; its longest diagonal, L,; and its area, A (see Figure 3).
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Figure 3. Defining the geometry of the parallelogram using: its side lengths, (L, L,), and interior
angle 0; the derived lengths, (L., L,, L,); and its area, A.

Before dealing with Turing bifurcations on parallelograms in their full complexity, we are going to
consider two subcases (see Figure 4). First, we are going to consider the case of the rhombus, where the
lengths of the parallelogram’s sides are all equal, L, = L, = L. As mentioned in Section 1, we will seek
to link how the Turing patterning bifurcation side length, L,;,,.;.s» depends on 6.

Second, we are going to consider the case of creating a parallelogram from shearing a square (denoted
the sheared parallelogram case). Here, we start with a square of side length L,(7/2) = L,(7r/2) = L. This
square is then sheared such that the base length, L,, and height, L,, are fixed, meaning that L, = L/ sin (0).
We look to extract the relationship between the Turing patterning bifurcation side length and the shearing
angle, Lg.q.s(0). Since all sheared parallelograms have the same area as the initial square, A = L?, this
will inform us of how sheared an area has to be before a Turing pattern can be formed.

Finally, we consider the case of a completely arbitrary parallelogram, where the parameters (L,, L,, 6)
are not geometrically coupled. Rather, we seek to extract the relationship between critical lengths (L;.(0)
and L,.(0)) that specifies how big the sides of a parallelogram have to be to induce a Turing instability.

In all cases, we will be specifically interested in the limit of & — 0 since in this limit the parallelo-
grams will be tending to one-dimensional domains of length L, = L, + L,, where limy_., L, = L,. Thus,
we will be able to see how the Turing patterning bifurcation domain size compares across the one-
dimensional parallelogram limits, as well as with a simple one-dimensional Turing analysis, where the
critical length, Ly,,.., can be defined algebraically (see Section 6).

4. Equation mapping

To analyse and simulate Turing bifurcations on parallelograms, we need to define the Laplacian on the
domain. Either we can work directly on the parallelogram, using the standard Euclidean Laplacian,
9* 9?
Vé._w:@ﬁ-a—yz, (10)
or we can map the shape to a regular square [32, 34] (see Figure 4).

In the case of the rhombus, all side lengths are the same constant, which is independent of 8. Thus,
finding the bifurcation length becomes a case of scaling the whole space, which does not change the
parallelogram’s aspect ratio, L,/L,. Thus, we can work with both the original and mapped domains,
providing evidence that mapping does not influence the Turing bifurcation structure.

In the sheared and general cases, however, the side lengths L, and L, depend on 6. Thus, as we iterate
over 6, the aspect ratio of the parallelogram will change meaning that it is easier to simulate and track
bifurcations on the mapped square space, rather than continuously remeshing the changing geometry.

Table 1 provides the coordinate maps and scaled and mapped Laplacians in all three parallelogram
cases. Although the rhombus and sheared parallelogram cases are subcases of the full general case, their
geometric restrictions produce simpler Laplacians, which are useful to highlight, due to a previously
recorded error [34].
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Table 1. Coordinate mappings and Laplacians for the three parallelogram cases. Compare with

Figure 4.
3 ! / . 2 2
Case Coordinate maps, (x,y) < (i, V) Mapped and scaled Laplacian, V¢  +— V(
cos (0)
x=u4+Vvcos@), U=x—y———,
Rhomb sin (9) 1 i’ 9 9)-2 92
ombus , < y Ty \ar —2cos @55 + 52
y=V'sin(0), V=
sin (0)
o+ cos () . cos(8)
Sheared e VSin(e)’ v ysin(@)’ 1 102 2eos0) 92 4 o
<~ L2 sin (0)2 du? sin (6) dudv ov?
y=v, V=y.
cos (0)
x=u’+v’cos(0), M/Z.x_ym,
1 19> 2cos(® _9? 1 9%
General e y sin (9)2 (L% u? LiLy dudv + L% 92
y =1V'sin (), V=—:
sin (0)
u t
L
~
\'-;‘: r=1u+4 l"ln'n.-(lr.f}
i oot 3
T y = v sin(#)
1} r - - 1]
Li=L () L
! ! Usim‘(})
u v = — y o
sin(#)
Ly=1L L )
I,:'n.\;(l‘!} Rescaling
sin(#)
y=1'
- 0 1 u
‘ cos(#) L
"= U:\i]]\'”:l
L r-' =¥ I
Ly
T u' + v’ cos(f)
9 Ly y = v sin(#)
R e
i | . r cos(0) 0 L u
" 'F;.\'ml:ﬁj
y
sin(#)

Figure 4. Mapping parallelograms to the unit square. Top: rhombus. The lengths of each side are the
same. Middle: sheared parallelogram. The parallelogram maintains the same area as it is sheared since
its height, L, = L remains fixed as 6 changes. Bottom: general parallelogram.

5. Eigenvalue bounds

To apply Turing analysis to reaction-diffusion equations on parallelogram spaces, we need to be able to
solve

Viy =—ky (11
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with zero-flux boundary conditions on either the original parallelogram or mapped space. Unfortunately,
explicit solutions to equation (11) are known in very few cases [40—42, 65, 66]. However, much work
has been done on bounding the eigenvalues, k, of general shapes [6, 33, 58, 64].

It is known [33, 58] that for closed, bounded domains with Lipschitz continuous boundaries equation
(11) has an infinite sequence of eigenvalues, {k;}°, such that

=1
0=k(Q) <) <..., (12)

where we know that the lowest eigenvalue is k, = O since a constant y is a solution to equation (11) with
Neumann boundary conditions for any constant value.

Critically, the main result of Léna and Rohleder [35] focuses on bounding k; for parallelograms using
inequalities involving (L,, L,, 6). If we define

2

256
C\(L, L,,0)= 7; <L2+L2 \/(Lf—Lﬁ)z—i-?LfL%cos(G)z), (13)

6
(L, L,,0) = (L2 +1L— \/(Lz L3)? + 41212 cos (9)2), (14)

where A = L,L, sin (0) is the area of the parallelogram then [35]
kf <min {C(Ly, L,, 0), C3(L,, L,, 6)}. (15)

In the case of a thombus, L, = L, = L, the result simplifies to

k2<min{ﬂ—2 (1—£|cos(9)|> L (1 - |cos(9)|)} (16)
I= L2 sin ()2 2 " [2sin ()? ’

where inequality (16) becomes an equality, K = 7% /L?, in the specific case that § = 7 /2 and the rhombus
is a square. In the case of the sheared parallelogram, (L, L,) = (L, L/ sin (8)), the result becomes

. w? 256
k! <min {m (2—005 ) <1 +,/1+ — tan(0)2)>,

_ % (r_cosioy VT 4un@y))
7 (2-cos@? (1+ /T +4un® } (17)
Critically, inequalities (16) and (17) can be rearranged to form inequalities of the form L < L(k;, 6),
where L will be an upper bound for the Turing patterning bifurcation size. In the general parallelogram
case, we need to vary our simulations not just over 8, but over aspect ratios, a = L, /L,, as well. Inequality
(15) can then be written in the form L; < L.(a, k;, 6), from which we get an upper bound on the Turing
patterning bifurcation size of L,, and L, = al,.

6. Turing kinetics

When dealing with theory and analysis, we will keep the parameters and kinetics general. However, we
will demonstrate the results using a specific form of the Schnakenberg kinetics [53],

f(@.¥)= ——¢+¢1/f (18)

8. ¥)=— —¢ v, 19)

with D = 10.

Since we are assuming a Turing instability occurs then, f(¢, ¥) and g(¢, V), permit a stable steady
state, (¢, ¥,), in the absence of diffusion that can be driven unstable when diffusion is included. Deriving
stability conditions for steady states in the diffusion-free case is a fairly simple linearisation argument
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about the steady state, where the perturbation only depends on time [45]; thus, this stability argument
does not include any information regarding the spatial aspects of the problem.

As mentioned in Section 2, we first consider the infinite space case by extending the perturbation to
include a spatial component of the form (3), which provides a range of wave modes, [1t_, -], that will
be unstable [66, 69],

, 8y +Dfy £./(gy +Dfy)* —AD(f,8y — 84fy)
ny = .
2D
Substituting equations (18) and (19) into equations (20) and (24), we find that u, =1/ V2 in the specific
case of the Schnakenberg kinetics.
Having derived the infinite space solution, we now consider reaction-diffusion system (1) and (2)
occurring on the parallelogram domain, €2(L,, L,, 8) with zero-flux boundary conditions,

W) gV
on |, on

where 9/0n is the derivative along the outward pointing normal, n, on the boundary. Although non-
trivial to explicitly define for the general parallelogram case in the (x,y) shape space, the normal
derivatives simplify to the horizontal and vertical derivatives in the mapped (u, v) coordinates.

We consider zero-flux boundary conditions due to their simplicity and generality in that they are
often used in biological scenarios as a means of modelling boundaries that do not influence the inter-
nal kinetics [44]. This work could be repeated in the case of Dirichlet, or mixed Dirichlet-Neumann,
boundary conditions as similar results bounding the first non-zero eigenvalue of the Laplacian exist in
these cases [1, 2, 20].

In the simple case of the one-dimensional line, or two-dimensional square, we can analytically solve
equation (11) in terms of trigonometric functions, providing a dispersion relation between the domain’s
size, L, and the spatial frequencies, k, =nm /L (in 1D) and k,,, = \/ (nmw/L)*> 4+ (mm/L)? (in 2D), which
will be unstable [74]. In the case of the square, the derivation of the smallest bifurcation length decouples
into the perpendicular Cartesian directions, meaning that it is effectively a one-dimensional derivation
[67]. Thus, the bifurcation length of the line will be the same as the critical side length of the square.
Since the eigenvalue and the domain size are related through L = /k, the critical length of the line, or
square (n =1, m =0 case), is Ly = V27 ~ 4.44.

In the case of the rhombus and the sheared parallelogram, we have removed one of the degrees of
freedom from the full general parallelogram case. Thus, we only need to consider one length scale, L,
and its relation to the internal angle. Since as L grows k; decreases, then the first bifurcation will occur
when k; = ., (see Figure 1). Thus, substituting k; = ., in the bounds derived in Section 5 allows us to
evaluate the upper bounds on the critical size of a parallelogram on which a Turing pattern will begin
to appear.

(20)

2y

s
aQ

7. Rhombus

To numerically derive the relationship between the parallelogram’s side lengths and the internal angle
that will produce a Turing instability for each 6, we will use pseudo-arc length continuation with a
predictor-corrector method as built into the numerical bifurcation package, pde2path, version 3.0 [14,
15, 61, 62]. The numerically extracted bifurcation lengths are then tested with COMSOL Multiphysics
6.1 [11], as we simulate the full non-linear spatio-temporal equations with parameters that correspond
to before and after the critical bifurcation values. All of the following simulation scripts and files can be
found at https://github.com/ThomasEWoolley/Turing_parallelogram.

In the case of the thombus, we want to extract the bifurcation relationship between the side length, L,
and the internal angle, 6, and we define this relationship to be L,j,.,.s(0). Although we vary 8 between 0
and /2, each simulation is run with fixed 6. The critical size is then extracted using pde2path, which
finds the first point at which an instability occurs as L is increased. Since varying L rescales space,
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the parallelograms will still be congruent and similar in the geometric sense. Thus, we can simulate on
the original parallelogram space using the rescaled Laplacian (x, y) — (Lx', Ly'),

A iv2

wy) = 72 V) (22)
as well as the mapped square space (see Table 1)
1 82 82 82
V2 = —2cos (8 ). 23
0 12 5in (0)? (8142 cos@ 5wt 8v2> 23)

The benefit of scaling the Laplacian as in equation (22) is that the size becomes a parameter within the
simulation, and the geometry is fixed.
As mentioned in Section 5, we can rearrange inequality (16) to generate

Lrhombus(e) S min {LCI(M+’ 9)3 LCZ(/“LJr? 9)} = LC(M+’ 9)3 (24)
where
2 8
Lei(iy, 0) = m 1- ;| cos (9)] ], (25)

12
ch(m,@):\/m (I —Tcos (6)D). (26)

Note that L¢ (4, 8) = Lo (144, 0) when

— 7
0 = 6y = arctan (J(n @ ) 8)> ~ 1.01

12 — 72
whence we can define the piecewise bound

LCl(l’L+’ 9)7 9 Z 0T9

L ,0)=
Ut ®) {ch(m,e),ewr,

and we will compare this bound to numerically derived data.

Figure 5 illustrates L,,.,.s(0) as numerically derived from the unmapped and mapped spaces, as
well as the bounds L, and L. First, we note the excellent comparison of the numerically extracted
critical lengths in both the mapped and unmapped simulations (see Figure 5a). Equally, we observe that
these numerically extracted values of L,,,..(0) are tight bounds because patterns only appear when
L > L, mps for a given fixed 6 (see Figure 5e).

We note that ming L,jomus(6) = Lyompus(0) X 3.41 < Lypomius(0) < Lguare; thus, the bifurcating rhombus
will always have a smaller side length than the square. However, it makes more sense to compare Ly,
with L, (see Figure 5b), which is the horizontal width of the thombus (see Figure 3). Critically, we may
expect L,(6) = Ly When 6 = /2 and 0 because in both cases we reduce to a separable, or literal, one-
dimensional analysis, respectively. We observe that when 6 = /2, the rhombus becomes a square and
the bifurcation results and theory exactly match the square case, namely, L,jompus(7/2) = Loguare = V2
[66]. However, as 6 — 0, we see that L, converges to a higher value than expected and is bounded
by 3Lguare/2 22 6.66 < 2L, 4045 (0) < 2Leo(ph4, 0) = 2\/6/[L+ =2/12~6.93 (see Figure 5b). Thus, we
observe that the one-dimensional limit of the bifurcation width of the rhombus is larger than the one-
dimensional line.

As an alternative metric, in Figure 5c, we consider the longest diagonal of the rhombus, L,. We
observe that L, is always between the dashed line, which represents the diagonal of the square \/ELWW
(and they are equal when 6 = 7 /2) and the value of L, that uses the L, bound, which we note is constant,
L,(Le) = 44/3~6.93 for all 6. Comparing Figure 5b and ¢ shows that L, and L, have similar curve
shapes and indeed lim, ., L;(8) = limy_.(, L,(0) because the diagonal and total horizontal widths collapse
onto one another in the pseudo-one-dimensional case.
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Figure 5. (a) Numerically derived critical lengths, Lomps, using mapped and unmapped geometries,
compared against the bounds L¢, and L¢, from equations (25) and (26), respectively (see legend). The
upper and lower dashed lines represent L,y = V27 and Liguare/2, respectively. (b) Critical total hor-
izontal widths, L, = L(1 + cos (0)), where L is Lo (as derived from the mapped and unmapped
geometries), L¢y and L. The upper and lower dashed lines represent 2Lgy,.,e and L., Tespectively.
(c¢) Critical diagonal lengths, L, = «/EL\/TOS@, where L is Ly (as derived from the mapped
and unmapped geometries), Lc, and L¢,. The dashed line represents ﬁquum. (d) Critical areas,
A =L?sin (9), where L is Lo (as derived from the mapped and unmapped geometries), L¢, and
Lc,. The line colours across (a)-(d) are consistent and defined in the legend of (a). (e) Simulating Turing
patterns on the rhombuses of angle 6 = 1 /2 (trivial square) and 0.1 before the critical bifurcation length
(left) and after (right). L= 4.4 and 4.5 for the square in the left and right graphs, respectively. L =3.3
and 3.5 for the 8 = 0.1 rhombus in the left and right graphs, respectively.
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Although we see that the limits L., and L, act as good approximations to L., We note that
the actual form of L,;gu.(€) is not known. However, Figure 5d suggests that the area of the rhom-
bus decreases approximately linearly as & — 0. Since the area must go through A(0) =0 and A(r/2) =
L} .. =2m", the straight line connecting these two points is () = 476, further the area is just below
this line for all 8, s0 A <4760, O Lyjomis(0) < /4707 sin (0) = Le3(0), which is a new uniform smooth
bound, which can be compared against piecewise L.

We find the maximum error between L, and Lq; is smaller than the maximum error between

L, ompus and Lo, which occurs at 6,

m9aX (LC3(9) - Lrhombus(e)) ~0.15 <020~ mga-x (LC(G) - Lrhombux(e ))

However, the average error across the 6 interval is still smaller for the piecewise form,

2 /2 2 /2
- / LC(Q) - Lrhomhu.?(e) d0~0.09 <0.11~ — f LC3(9) - Lrhamhus(e) do.
7T Jo T Jo

8. Sheared parallelogram

Following the approach in Section 7, we numerically extract the critical relationship between the length
scale, L, and the internal angle, 6, at which the parallelogram will first bifurcate into patterns (see
Figure 6a). Specifically, if we fix L < Ly, and we shear the subsequent square into a parallelogram,
then all of the shapes will have the same area A = L* (see Figure 3); however, as the shape is sheared
with decreasing 0, its horizontal length, L, (Figure 6b), and longest diagonal, L, (Figure 6c), become
larger; thus, the space will eventually pattern. Indeed, from equation (17), we find that

Lsheamd(e) = min{LCl (MJr’ G)v LCZ(M+’ 9)} (27)

where, in this case,

Le(is, 0) = n—z 2—cos(@)? |1+ 1+§tan(6)2 (28)
e T0= 2z sin @) V' o ’

Lo(,, 0) = \/L (2 — cos (8)? (1 +/1+4tn (9)2)). (29)

u?2 sin (6)?

Similar to Figure 5, we observe in Figure 6 that L., and L., provide excellent bounds separating
the (L, 0) parameter region that will pattern from the region that does not (compare Figures 5a and
6a). However, there are distinct differences between the critical size of the rhombus and the sheared
parallelogram. For example, as & — 0 the side length of the rhombus tends to a finite non-zero limit,
L yompus(0) & 3.41, whereas the side length of the sheared parallelogram tends to Ly,eq,.(0) = 0.

Thus, thombuses can be too small to pattern. Specifically, if we have a thombus with side lengths
L < 3.4 then the space will not pattern, regardless of how we vary 6. This contrasts with the observation
that no matter how small a square’s sides are it can always be sheared to the point at which patterns
exist, a point which is illustrated in Figure 6e, where we consider a square of side length L = 2.4 being
sheared. For all angles 6 > (.7 patterns are not available, however, when 6 = 0.6 or smaller, a pattern
can appear (see Figure 6a).

We also note that the horizontal width of the sheared parallelogram tends to L, = Lg.qeq(1 +
cos (0)/ sin (0)) ~ L (4, 0) = 24/6 ~ 4.90, which is smaller than the horizontal width of the rhom-
bus, L, = 2L,,uus(0) & 6.81, and, although the horizontal width of the sheared parallelogram is closer,
it is still larger than the one-dimensional limit of Ly, = 4.44. Moreover, by comparing Figures 5b and
6b, we see that the sheared parallelogram has a smaller total width than the rhombus for all values of 6.

Considering Figures 6b and c, we see non-monotonicity in the critical lengths L, and L,, respectively.
Specifically, in the case of L,;, we observe equality when in the case of the square, 6 = 7 /2, but for a
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Figure 6. (a) Numerically derived critical lengths, L,eq..(0), compared against the bounds L¢y and L¢,
from equations (28) and (29), respectively. The dashed line represent L. = V2. (b) Critical total
lengths, L, = L(1 + cos (0)/ sin (0)), where L is Lyurea» Lc1 07 Leo. The dashed line represents L.
(c¢) Critical diagonal lengths, L, = L\/ 14+ (1 +1/tan (0))?, where L is Lyeareas Ler OF Ley. The upper
and lower dashed lines represent «/iquum and L., respectively. (d) Critical areas, A = L?, where
L is Lyeareas Ler 07 Ley. The line colours across (a)—(d) are consistent and defined in the legend of (a).
(e) Simulating Turing patterns forming on sheared parallelograms with L =2.4, 0 = 0.7 (left) and 0.6

(right).

range of 0 less than 77 /2, we have that L, > V2L, meaning that these patterned parallelograms could not
be inscribed inside the critical square. However, for 6 < 0.6, the critical diagonal is less than that of the
square, so these patterned parallelograms could be inscribed inside the critical square.
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Figure 7. (a) Numerically derived critical lengths, (L,.(0), L,.(0)), for different values of 0, see leg-
end. (b) Theoretical critical lengths derived using C, and C, from equations (13) and (14), respectively.
(c) and (d) Comparing the numerically derived critical lengths from (a) (solid line), with the results
obtained from the theoretical bounds from (b) (dashed line) with 6 =0.1 and 1.4, respectively. The
diagonal dashed line in (a)—(d) is L, = L,, thus, points along this line represent rhombuses. The thin
black lines highlight L, = Lyyu. and L, = Ly, Which the critical lengths converge to as 0 — 1 /2.
(e) The range of horizontal widths that can be generated at the bifurcation points for the 0 values high-
lighted in (a). (f) The range of critical diagonals that can be generated at the bifurcation points for the
0 values highlighted in (a). (g) The range of areas that can be generated at the bifurcation points for the
0 values highlighted in (a).

Unlike the rhombus case, none of the geometric measures we have considered have a simple rela-
tionship with 6. In particular, although we see that the relationship between area and 6 is approximately
linear for 6 ~ /2 (see Figure 5d), the nonlinearities near 6 = 0 make it difficult to specify a uniform
approximation across [0, 7 /2].

9. General parallelogram bifurcations

Turning to understand the bifurcation size of a general parallelogram, we need to contend with three
degrees of freedom, (L, L,, 6). Figure 7a illustrates the relationship between the bifurcation length val-
ues (L,.(9), L,.(0)) for different values of 6. Thus, for a given value of 0, the corresponding curve in
Figure 7a separates the (L;, L,) parameter values that will, and will not, lead to patterns (the region
annotated as ‘No patterns’ and ‘Patterns’, respectively). As expected, the lengths within the ‘No patterns’
region produce parallelograms that are ‘too small’ to pattern. We also observe the obvious symmetry in
the system; we can swap L; and L, and obtain the same shape; thus, the bifurcation structure should be
symmetric about L, = L,.

As expected, when 6 — /2, the parallelogram tends to a rectangle, and we observe that the curves
tend to the straight lines L, or L, = L. Alternatively, as &6 — 0 the relationship between L,. and L,.
appears to form the arc of a circle. This is surprising because when 6 = 0 the parallelogram becomes
a one-dimensional line of length L, + L,, which we would presume to be constant as there should be
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only one patterning bifurcation point for a one-dimensional line. However, Figure 7a shows that the
relationship is closer to L} + L; ~ constant, and Figure 7e shows that there is a range of bifurcation
lengths as 8 — 0.

Figure 7a can be compared with Figure 7b (specific comparisons occur in Figure 7c and d), which
are the bounds on (L,., L,.) derived using C; and C, from equations (13) and (14). Overall, we see that
the theoretical bounds capture the main features of the numerically derived bounds. Specifically, as
6 — /2, we observe that the bounding curve tends to L. = Ly, for all Ly, or Ly, = Ly, for all L,
and as & — 0 the one-dimensional limits of the bounds form a range of values. However, comparing the
curves directly between Figure 7c and d, we note that the bounds are not uniformly good for all (L, L,, 6).
Namely, the approximations are good when 8 — m/2; L;, or L, < 1; or when L, = L,. However, between
these three shape categories, the over estimation of the (L,., L,.) relationship becomes worse.

In Figures 7e—g, we consider the range of total horizontal widths, diagonal lengths and possible
areas that occur along the (L,.(0), L,.(9)) bifurcation parameter curves. Considering the 6 = 7 /2 case
of a rectangle, then since the initial patterning modes decouple the L, bifurcation length is a constant,
Ly = Lyyuare, for all Ly < L4 (by symmetry L, and L, can be swapped and the result is still true).
Thus, the horizontal width of a rectangle at its initial patterning bifurcation point can be any value
0 < L, < Lyguare> accordingly, the area of the bifurcating rectangle can have any value 0 <A <L} ..

Comparing these observations across the chosen angles, we see that as 6 decreases so do the lengths of
the intervals in Figure 7e and g. However, whereas the maximum parallelogram area only ever decreases,
with A =0 being the lower bound for all angles (see Figure 7g), we observe that the minimum and
maximum horizontal widths both increase as 8 decreases. Thus, as 6 decreases, although the range of
possible total widths decreases, the average value would increase (see Figure 7e).

Further, although L, and A can take arbitrarily small values for appropriate 6, we see in Figure 7f that
the L, interval is much more consistent across 6. Thus, calculating the maximum and minimum values
of the diagonal at which the bifurcations can occur may be more useful in applications because it will
be easier to check whether experimental values are within appropriate parameter regions of the theory.

In addition to marking the possible values, each interval has a colour gradient that denotes the differ-
ence between L, and L, that gives rise to the value. We observe that the parallelograms that are closer
to rhombuses (regions coloured blue) produce the widest shapes (in terms of both L, and L,) and the
largest areas (compare with Section 7). In contrast, the shapes with the greatest disparity between the
two lengths (regions coloured yellow) lead to parallelograms with comparatively smaller total widths
and smaller areas.

10 Conclusion

From the geometric spectral theory reviewed in Section 2, a critical domain size is guaranteed for convex
domains such as the parallelogram, although it must be characterised using an effective one-dimensional
measure. In this setting, the critical size is bounded below by that of a one-dimensional interval whose
length equals the parallelogram’s diagonal, but this bound is not necessarily optimal. Therefore, we
investigated the parallelogram as a case study to assess the optimality of this estimate and to examine
whether its sharpness depends on the chosen family of shape deformations sharing the same limiting
geometry.

To this end, we have used a recent result that links a parallelogram’s geometry to the size of the
first non-zero eigenvalue of the Laplacian with Neumann boundary conditions [35]. Using this result,
we have been able to extract bounds relating the critical sizes of a parallelogram’s side lengths and
interior angle that are required for a Turing bifurcation to occur. Notably, although the proposed bounds,
equations (13) and (14), are generally excellent, in the case of the rhombus, we were able to use the
numerical simulations to provide a smoothly defined bounding function linking the side length, L, and
interior angle, 8, (rather than a non-smooth piecewise definition) that has a smaller maximum error than
equations (13) and (14).
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Our primary focus was to try and understand how collapsing a parallelogram to a one-dimensional
line would influence the limiting length required to generate a Turing bifurcation. We have observed,
counter-intuitively, that the limiting one-dimensional length of a parallelogram heavily depends on how
the parallelogram is collapsed. Notably, the limiting one-dimensional length appears to be bounded by
the ‘standard’ one-dimensional limit, or critical side length of a square, Ly, and twice the side length
of the rhombus case, 2L, jmpus-

It should be noted that the first non-zero eigenvalue solution, in the case of the reaction-diffusion
equations, depends crucially on the kinetics being used. Thus, in the present case of Schnakenberg kinet-
ics, the limiting one-dimensional length of a collapsing parallelogram lies in the approximate interval
[4.44,6.82], meaning that, for a pattern to appear, an approximately one-dimensional domain may be up
to 53% larger than a truly one-dimensional domain.

Critically, although one-dimensional domains are not biologically accurate, pattern formation on
one-dimensional lines is often used for geometric simplicity, or in conjunction with domain growth
as a means of generating a two-dimensional shape [4, 7, 12, 51]. As such, we are not suggest-
ing that collapsing thin domains to one dimension should be abandoned. One-dimensional domains
are often useful approximations allowing simpler numerical simulations and theoretical approaches.
However, our results show that geometric thinness alone does not guarantee quantitative agreement
with a genuinely one-dimensional system. Thus, our results on extending one-dimensional domains to
pseudo-one-dimensional domains will help us in interpreting such applications.

Our results suggest that even seemingly simple geometric transformations can lead to non-intuitive
variations in Turing bifurcation thresholds. From an application standpoint, this provides new challenges
and benefits. For example, this implies that biological or synthetic systems relying on reaction-diffusion
mechanisms could exhibit greater sensitivity to geometry than previously anticipated [37, 55, 56, 69].
This geometric sensitivity is particularly relevant for systems like animal skin pigmentation or tissue
morphogenesis [17], where domain shape and size are rarely uniform and typically evolve dynamically
during development [73]. Equally, these results impact the theory behind multiscale modelling because
the same sensitivity implies that coarse graining, thin-domain reduction or the replacement of a gen-
uinely two-dimensional geometry by an effective one-dimensional description can shift the instability
threshold and hence mispredict the onset of patterning [52].

Moreover, the idea of having a unique one-dimensional bifurcation length may be incorrect; thus,
parametrising a model to reproduce patterns accurately in relation to observed data is going to be much
more difficult. Since no biological shape is truly one-dimensional, the comparison between data and
simulation would heavily depend on how the geometric dimension reduction of a physical domain was
done. As shown, Turing patterns may only begin to appear on domains larger than we might otherwise
suspect [43, 44].

In terms of potential benefits, there is no ‘one-size-fits-all’ in biology. Thus, the ability to generate
initial Turing bifurcations over a variety of aspect ratios, areas and sizes allows for robustness in the face
of stochastic variation [47, 70].

Experimental validation of these theoretical insights, using chemical, biological or synthetic reaction-
diffusion systems, would be invaluable. For example, since the initial geometry of cell cultures can be
prescribed using microfabricated poly(dimethylsiloxane) (PDMS) stencils [46], the ability of a biolog-
ical system to generate Turing patterns could be tested against our predictions. However, since PDMS
may not generate an exact zero-flux boundary, it would first be important to determine the appropriate
boundary conditions and rerun the analysis and simulations to ensure an accurate quantitative compar-
ison. Alternatively, since reaction-diffusion patterning techniques are increasingly being used to create
precise surface textures and nanoscale structures [59], understanding how subtle geometric variations
influence bifurcation thresholds would hopefully inform better design strategies to ensure consistent
pattern formation under realistic manufacturing conditions.

Finally, biology is not two-dimensional either, and, thus, extending these results to understand
dimensional reductions from parallelepipeds will further build our understanding of how geometry and
structure influence the formation of Turing patterns in more realistic settings. Additionally, investigating
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the impact of boundary conditions, such as mixed or spatially heterogeneous flux constraints, could fur-
ther enhance our understanding of real-world systems, which rarely adhere to idealised homogeneous
boundary conditions [65].

Data availability statement. All numerical codes and plotted data can be found at https://github.com/ThomasEWoolley/
Turing_parallelogram.
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