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1 Introduction

Observations of the cosmic microwave background (CMB) temperature and polarization
anisotropies offer a unique window into the early Universe, providing insights into its fun-
damental properties and structure. While current observations have nearly exhausted the
physical information encoded in primordial temperature anisotropies [1–4], the nearer po-
larized signal, in particular B modes, is in early stages of exploration [4–6] and represents
the primary focus of the next generation of CMB experiments [7, 8].

According to the standard cosmological model, the early Universe underwent a period
of accelerated expansion, known as cosmic inflation [9–13]. During this phase, quantum
fluctuations were stretched from microscopic to cosmological scales, giving rise to both
scalar and tensor perturbations. The relative amplitude of these perturbations is commonly
quantified by the tensor-to-scalar ratio r, defined as the ratio of tensor to scalar perturbation
amplitudes. Tensor perturbations imprint a distinctive curl-like B-mode polarization pattern
in the CMB [14–16] and detecting this signal would provide a direct probe of primordial
gravitational waves and a powerful test of the inflationary paradigm. The expected amplitude
of this signal is however much smaller than that of temperature anisotropies, making it
extremely challenging to detect. The most stringent current upper limits yield r ≤ 0.032
(95% C.L.) [17], with future missions targeting a first detection with an uncertainty at ∼ 10−3.

The LiteBIRD satellite mission is one of the next-generation experiments designed to
measure large-scale CMB polarization with unprecedented sensitivity. Scheduled to be
launched in the 2030s, LiteBIRD will observe the entire sky across a wide frequency range,
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from 34 to 440 GHz [7], with the primary objective of detecting the B-mode polarization signal
on large angular scales. These are the scales where primordial gravitational waves leave their
most significant imprint, with key spectral features such as the reionization bump (ℓ ≲ 10)
and the recombination bump (ℓ ∼ 80) [18]. Achieving a detection of primordial B modes
would allow LiteBIRD to constrain the energy scale of inflationary models by measuring
r with a target sensitivity of σr ≤ 10−3. The mission’s precise large-scale measurements
and robust foreground control will provide essential all-sky data, which, combined with
deep ground-based surveys (e.g. BICEP/Keck [5], SPT-3G D1 [4], ACT DR6 [19], Simons
Observatory [8]), will significantly advance our understanding of the early Universe.

Foreground contamination from the Milky Way presents one of the most significant
challenges LiteBIRD will face in detecting B modes [20]. Galactic synchrotron and thermal
dust emission are the dominant polarized signals at low and high frequencies, respectively.
While emission processes like free-free radiation, anomalous microwave emission (AME),
and CO molecular lines can generally be neglected in polarization studies due to their low
polarization fractions, synchrotron and thermal dust signals must be carefully modeled and
removed. To this end, LiteBIRD will rely on advanced component separation techniques to
isolate the CMB signal from the foregrounds, made possible by the large frequency coverage.
Two general approaches are typically used: parametric-fitting methods, which explicitly
model foreground components (with physical parameters of foregrounds and their frequency
dependence) and marginalize over them during likelihood analysis [21]; and blind methods,
like the Needlet Internal Linear Combination (NILC) [22, 23], which reconstruct the CMB as
the minimum-variance solution from the linear combination of data from multiple frequency
bands. Parametric fitting methods allow for better separation in complex regions at the
price of requiring accurate modeling of component spectral energy distributions (SEDs),
while blind methods, without assumptions about the SEDs, offer robustness when foreground
properties are more nuanced.

Systematic effects pose another significant challenge for CMB polarization experiments,
and thoughtful design choices are essential to mitigate them. For instance, LiteBIRD will
use a rotating half-wave plate (HWP) as a polarization modulator, which will help suppress
instrumental 1/f noise and reduce pair-differencing systematics [24]. However, realistic HWPs
are inevitably characterized by non-idealities that can result in additional systematic effects,
which, if not accounted for in the analysis, can compromise measurement accuracy. For
instance, the response of any realistic HWP is inherently frequency dependent, which can
introduce biases in the recovered polarization maps and power spectra. One way to address
this issue is to incorporate information about the non-idealities at the map-making level [25],
which can help mitigate HWP-induced distortions in the reconstructed CMB. The more
accurately the HWP specifics are known, the more effective the mitigation.

In this work, we focus on the inevitable mismatch between the true and estimated
frequency-dependent HWP non-idealities, and assess its impact on the inference of the
tensor-to-scalar ratio, r. Specifically, we consider only the spectral dependence of the HWP
Mueller matrix, neglecting potential variations with the incidence angle of incoming light.
This choice reflects the focus of the current analysis on band-averaged effects. For treatments
incorporating incidence angle dependence, see ref. [26]. We also do not model effects such as
emissivity due to temperature variations and its coupling to detector nonlinearities, HWP
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wobble, or wedge-like geometric systematics that may couple to pointing inaccuracies. These
simplifications set the range of validity of our analysis, which primarily characterizes biases
arising from (time-stationary) spectral mismatches under ideal optical alignment assumptions.
To do so, we simulate the maps reconstructed in the presence of a mismatch, propagate the
distortions through a realistic minimum-variance component-separation procedure, and infer
the resulting bias on r. We adopt the LiteBIRD specifications [7] as instrumental settings
for the analysis. Using this framework, we derive requirements on the accuracy of HWP
calibration to ensure that the resulting systematic bias, due to the HWP distortion, remains
within the budget defined by the LiteBIRD collaboration [7].

The structure of this paper is as follows. Section 2 outlines the methodology used
throughout this work. In section 2.1, we describe how the HWP non-idealities are incorporated
at the scanning and map-making levels to generate simulations. Section 2.2 then details the
component-separation algorithm used to recover the CMB signal, followed by the computation
of the power spectrum and likelihood maximization in section 2.3 to assess the resulting
impact on r. The procedure to derive requirements on the miscalibration of HWP parameters
is outlined in section 2.4. The results of this analysis are presented in section 3, and we draw
conclusions in section 4. Appendices A and B provide detailed derivations and validation
of the simulations used throughout this work.

2 Methodology

To investigate how a miscalibration of the estimated HWP parameters affects the bias on
the tensor-to-scalar ratio, we follow a structured approach. First, we simulate a set of
band-integrated maps for each LiteBIRD frequency channel, each comprising 200 realizations
of CMB, noise, and specified systematic effects. Next, we apply a blind component separation
technique to recover a cleaned CMB B-mode signal, estimate the angular power spectra, and
derive r. This procedure is repeated for each combination of sky model and HWP parameters,
as outlined in detail in section 2.4. In the following, we examine each of these steps in turn.

2.1 Simulating the band-integrated maps

We generate band-integrated maps under a simplified instrumental model in which all
components are treated as ideal, except for the HWP, whose response is assumed to be
frequency dependent and imperfectly known. The impact of this imperfect knowledge is
incorporated directly at the level of the multi-frequency maps, rather than through explicit
time-ordered data (TOD) simulations. This approach isolates HWP-induced distortions
while remaining computationally efficient.

2.1.1 Modeling the noiseless reconstructed maps

Neglecting instrumental non-linearities and assuming a purely monochromatic response, the
noiseless time-ordered data (TOD) collected by the detectors can be expressed as a linear
mapping of the input pixelized sky through the instrument response matrix:

d = Atrue sin . (2.1)
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Here, d has dimensions ndet × nsamples, sin has dimensions npix × nStokes, and Atrue has
dimensions ndet ×nsamples ×npix ×nStokes, where ndet, nsamples, npix, and input nStokes denote
the number of detectors, time samples, sky pixels, and Stokes parameters, respectively.
Standard cosmology does not predict the generation of circular polarization from Thomson
scattering at recombination or reionization. We therefore restrict the input sky to the (I,Q, U)
Stokes parameters, corresponding to total intensity and linear polarization, and set nStokes = 3.

We assume that the TOD is processed by a simple binning map-maker, which relies on an
estimated description of the HWP properties [25]. The reconstructed npix × 3 maps then read

sout = (A⊺
estAest)−1A⊺

estd
= (A⊺

estAest)−1A⊺
estAtrue sin , (2.2)

where Aest is the estimated instrument response matrix, constructed using the assumed HWP
model, and may differ from the true response Atrue. Any difference between the two response
matrices causes the overall map-making kernel, (A⊺

estAest)−1A⊺
estAtrue, to deviate from the

identity, resulting in deviations of sout from sin. Note that allowing the input maps to have
a higher resolution than the output maps would result in discrepancies even in the case of
a perfectly known instrumental response, due to sub-pixel effects. In this work, we neglect
them in order to isolate the impact of HWP non-idealities.

Both Atrue and Aest are sparse matrices with non-zero entries indicating which pixels are
observed at each time sample. The non-zero elements of the two matrices are respectively
characterized by the true and estimated optical chains, 𝕊true and 𝕊est. In this analysis, we
express the optical chain as

𝕊 = a⊺MpolRξ−θMhwpRθ+ψ, (2.3)

where the rotation matrices Rθ+ψ and Rξ−θ describe the relative tilt between the HWP
reference frame and, respectively, the sky and the polarimeter coordinates; Mhwp and Mpol
are Mueller matrices describing, respectively, the HWP and the polarimeter in their rest
frames; and the projector a⊺ selects the total intensity component. For more details, we
refer the interested readers to ref. [27].

Since we assume all instrument components to be perfectly ideal except for the HWP,
the polarimeter response is simply a⊺Mpol =

(
1
2

1
2 0
)
. Because of this assumption, and

because we only consider linear polarization in input,1 we can describe the HWP by a
3 × 3 Mueller matrix.

Beyond the monochromatic approximation. In this study we focus on the frequency
dependence of the HWP response, neglecting the dependence on the incident angle. In
other words, we model

Mhwp(ν) =

mII(ν) mIQ(ν) mIU (ν)
mQI(ν) mQQ(ν) mQU (ν)
mUI(ν) mUQ(ν) mUU (ν)

 , (2.4)

1Other studies have relaxed this assumption to investigate potential generation mechanisms and detection
strategies for V modes arising from HWP-induced coupling between circular and linear polarization [28].

– 4 –



J
C
A
P
0
8
(
2
0
2
6
)
0
5
3

and we study the effect of a miscalibration between the true and the estimated HWP Mueller
matrices (Mest

hwp(ν) ̸= Mtrue
hwp(ν)). Under the assumption of perfect cross-linking,2 the signal

at a given frequency channel i, siout, reconstructed from the noiseless TOD through map-
making, can be obtained from the true sky maps, sin(ν), considering an effective Mueller
matrix Mi

eff(ν) (see appendix A):

siout ≃
∑
λ

∫ νi
max

νi
min

dν
∆νi M

i
eff(ν) s iin,λ(ν). (2.5)

In eq. (2.5): the sum over λ spans different sky components, such as the CMB, dust, and
synchrotron emission; the limits of integrations are the edges of the bandpass, assumed to
be a top hat ∆νi ≡ νimax − νimin and thus not made explicit; and the input maps s iin,λ are
smoothed with the beam of the corresponding frequency channel i, which is assumed to be
an achromatic circular Gaussian to isolate the effect due to HWP miscalibration (see for
instance ref. [29], where the coupling between non-ideal HWPs and beams). The effective
Mueller matrix Mi

eff(ν) can be approximated as

Mi
eff(ν) ≃

g
i(ν) 0 0
0 ρi(ν) ηi(ν)
0 −ηi(ν) ρi(ν)

 , (2.6)

where the non-zero elements are defined as:3

gi(ν) ≡ 2m̂IImII(ν) + m̂QImQI(ν) + m̂UImUI(ν)
2m̂2

II + m̂2
QI + m̂2

UI

, (2.7a)

ρi(ν) ≡ 2m̂IQmIQ(ν) + m̂QQmQQ(ν) + m̂UQmUQ(ν) + 2m̂IUmIU (ν) + m̂QUmQU (ν) + m̂UUmUU (ν)
2m̂2

IQ + m̂2
QQ + m̂2

UQ + 2m̂2
IU + m̂2

QU + m̂2
UU

,

(2.7b)

ηi(ν) ≡ 2m̂IQmIU (ν) + m̂QQmQU (ν) + m̂UQmUU (ν) − 2m̂IUmIQ(ν) − m̂QUmQQ(ν) − m̂UUmUQ(ν)
2m̂2

IQ + m̂2
QQ + m̂2

UQ + 2m̂2
IU + m̂2

QU + m̂2
UU

.

(2.7c)

In the equations above, the terms mSS′ (with S, S′ = I,Q, U) represent the frequency-
dependent elements of the true Mueller matrix Mtrue

hwp, while the coefficients m̂SS′ correspond
to the channel-dependent, band-integrated components of the estimated Mueller matrix
mSS′, est, obtained by weighting with the CMB SED in intensity units, acmb(ν), across the
top hat bandpass:

m̂SS′ ≡
∫ νi

max

νi
min

dν
∆νi aCMB(ν)mSS′, est(ν) . (2.8)

The full derivation of the effective Mueller matrix is provided in appendix A.
The formalism outlined above enables the injection of HWP systematics across multiple

realizations of the desired data set through a fully map-based implementation, eliminating
2By “perfect cross-linking” we mean that the linear combinations of angles θ + ψ and ξ − θ are sampled

uniformly enough that all orientations and HWP angles are equally represented in each pixel. With LiteBIRD’s
scan strategy and rapid HWP rotation, this is expected to hold to good approximation.

3If the map-maker assumes the HWP to be ideal, the effective Mueller matrix elements reduce to the ones
reported in ref. [30], as expected.
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the need to generate simulated TODs followed by a map-making step. The validation of
this approach is provided in appendix B.

Considering eqs. (2.5) and (2.7), we highlight two points:

• When Mtrue(ν) ̸= Mest.(ν), the output map mi
out is inevitably distorted. This occurs

because the two matrices modulate the sky signals differently within the band.

• When Mtrue(ν) = Mest.(ν), we still expect some distortions due to the frequency-
dependent scaling of the sky components. Recalling eqs. (2.2) and (2.5), the output
map is given by the sum of two integrated terms, one accounting for the CMB signal
(scmb) and another for the foregrounds:

siout ≃scmb

∫ νmax

νi
min

dν
∆νi M

i
eff(ν)αI(ν)︸ ︷︷ ︸

=1

+
∫ νmax

νi
min

dν
∆νi M

i
eff(ν)αI(ν)sfg(ν), (2.9)

where αI(ν) is the conversion factor4 between brightness units and CMB ones. While
the CMB signal remains unperturbed due to its flat SED, the foreground signal, which
varies with frequency, is still affected by the non-ideal response of the HWP.

Even with perfectly calibrated Mueller matrices, foreground emission with spatially varying
SEDs can still be distorted by the instrumental response. While such distortions may,
in principle, be mitigated if the true SEDs are known, removing them in practice would
require either precise pixel-by-pixel SED knowledge or strong assumptions about foreground
uniformity. Therefore, residual foreground distortions remain a potential source of systematic
error even under ideal calibration assumptions.

2.1.2 Sky models

To simulate band-integrated maps according to eq. (2.11), we need sky maps as input. Since
our model does not account for intensity-to-polarization leakage, we consider just the three
main polarized sky components: the CMB and the Galactic synchrotron and thermal dust
emissions. We simulate Gaussian realizations of the CMB signal using the best-fit 2018 Planck
power spectra [1] (TT ,TE,EE+lowE+lensing). For the Galactic foreground sky, we instead
adopt the Python Sky Model (PySM) package [32]. The dust [20] and synchrotron [33, 34] sky
signals are assumed to scale across frequencies, respectively, according to a modified black

4CMB maps are typically expressed in units of linearized differential temperature, representing fluctuations
relative to the mean CMB temperature, TCMB. The emitted intensity, defined as I(ν) = Bν(T = TCMB),
corresponds to the brightness of a blackbody at frequency ν and temperature TCMB. To express deviations
from the mean temperature, ∆TCMB, we consider the linearization of the intensity:

dI(ν) = dBν(TCMB)
dTCMB

dTCMB → ∆TCMB = ∆I(ν)
dBν (T )

dT

∣∣
T =TCMB

= ∆I(ν)
αI(ν) .

Foreground maps are often provided in Rayleigh-Jeans units. However, in this analysis, all maps were converted
and analyzed in CMB temperature units using the prescription above. If Rayleigh-Jeans units had been used,
one could approximate the intensity in the Rayleigh-Jeans regime (hν ≪ kBT ) as I(ν) ≃ 2kBν2

c2 TCMB [31].
Therefore, the linearization approach outlined here remains applicable regardless of the original unit convention.
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body (MBB) and power-law SED, which, in CMB units, are

adust(ν) =
(
ν

νd

)βdust−2 Bν(Tdust)
Bνd(Tdust)

x2
de
xd

x2ex
(ex − 1)2

(exd − 1)2 , (2.10a)

async(ν) =
(
ν

νs

)βsync−2 x2
se
xs

x2ex
(ex − 1)2

(exs − 1)2 , (2.10b)

where νd = 337 GHz and νs = 30 GHz are the dust and synchrotron pivot frequencies, Bν(T )
denotes the black body spectrum at temperature T , x(d,s) ≡ hν(d,s)/(kBT0) and T0 = 2.725 K
is the average temperature of the CMB [35]. We note that in the same units, the CMB has a
flat SED, i.e., acmb(ν) = 1. In this work, we consider three different PySM models, namely
d0s0, d1s1 and d10s5, featuring increasing spatial variability of the foreground spectral
parameters (βdust, Tdust, and βsync) across the sky and therefore increasing complexity.

2.1.3 Noise

Going beyond the noiseless approximation, eq. (2.5) becomes

siout ≃
∑
λ

∫ νi
max

νi
min

dν
∆νi M

i
eff(ν) s iin,λ(ν) + ni, (2.11)

where ni is the noise map contribution. A continuously rotating HWP modulates linear
polarization to harmonics of the HWP rotation frequency, strongly suppressing low-frequency
1/f contamination in the reconstructed polarization maps. Modeling the map-level noise
as white is therefore a good approximation for the present use-case [36–38]. In particular,
for each band the Q and U noise maps are simulated as independent Gaussian realizations
with zero mean and variance set by the forecast sensitivity for that channel. This noise is
injected after the optical/HWP chain, so that the propagation of HWP-induced systematics
through the Mueller matrix is unaffected by the noise model [30]. This approximation holds
under the following assumptions: (i) 1/f residuals are negligible in the polarization maps;
(ii) the pixel-space noise covariance within a band is diagonal and spatially uniform; (iii) the
noise is uncorrelated between detectors; and (iv) the scan is sufficiently cross-linked that
hit-count inhomogeneities are negligible [39, 40].

More general cases can be accommodated without changing the analysis flow by replacing
the diagonal map covariance with a pixel-by-pixel covariance to encode inhomogeneous depth
or residual striping, and by introducing a detector-by-detector covariance to capture inter-
detector correlations such as readout or common-mode atmospheric terms [41]. A potential
coupling between HWP non-idealities and 1/f noise via detector/electronics nonlinearities
can also imprint modulation-synchronous features and bias polarization if not mitigated.
However, this effect is not modeled here and is deferred to future work.

2.1.4 HWP specifics

We model HWP-related systematics following the procedure described in ref. [25], introducing
mismatches between the true and estimated HWP parameters. For our simulations, the
(estimated) HWP parameters are drawn from representative laboratory measurements [42, 43],
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enabling us to quantify the impact of realistic calibration errors on scientific results. In
particular, we consider optical systematics, which are described by the following HWP
Jones matrix [44]:

JHWP =
(

(1 + h1) eiβ1 ζ1e
iχ1

ζ2e
iχ2 − (1 + h2) eiβ2

)
, (2.12)

where h1,2 account for non-unitary-transmission, ζ1,2 and χ1,2 describe the magnitude and
phase of cross-polarization, and β1,2 capture deviations from the ideal π phase-shift. All these
parameters are real in general, and exactly null in the case of an ideal HWP.

In this analysis, we transition from the Jones to the Mueller formalism [45, 46] to more
effectively capture systematic effects in CMB observations. Since the CMB signal is only
partially polarized and CMB experiments record the incident intensity averaged over time,
it is natural to describe the signal in terms of the Stokes vector s = (T,Q,U). Using the
Mueller formalism facilitates the representation of these Stokes parameters and simplifies the
tracking of systematic effects on each component of the polarization signal.

Injecting a miscalibration. To account for the effect of miscalibrations in the HWP
true parameters, we introduce Gaussian noise into the estimated frequency response of the
non-ideal HWP. This is expressed as

δtrue = δest + N (0,mσ), (2.13)

where δ represents one of the parameters of the HWP Jones matrix of eq. (2.12) (δ = h, β, ζ, χ),
and N (0,mσ) denotes a sample from a Gaussian distribution with zero mean and standard
deviation mσ. The parameter σ represents the order of magnitude of the amplitude of
the systematic effect, and m = 0, 1, 2, 3, 4, 5 is a multiplicative factor, called the “mismatch
factor” throughout the text. The mismatch factor quantifies the amount of calibration
uncertainty: m = 0 indicates perfect calibration, while nonzero values of m correspond to
a specific uncertainty in the HWP characterization. Note that eq. (2.13) models stochastic
measurement uncertainties as zero-mean Gaussian perturbations and does not account for
systematic offsets, which may arise in realistic laboratory characterizations. Such offsets
would introduce additional coherent bias terms that propagate through the entire analysis
pipeline. While the present work focuses on stochastic mismatches, the impact of systematic
biases is an important direction for future study.

Table 1 lists the specific values of σ adopted in this work for each systematic effect.
For cross-polarization, the value of σ applies to both the real and imaginary parts of the
systematic, rather than to ζ or χ individually. The mismatch between the estimated and true
HWP responses is illustrated in figure 1, which compares their frequency profiles. In this
paper, we use two different types of HWP: a 5-layer achromatic HWP with an anti-reflective
coating for the LFT (Low Frequency Telescope) instrument [42] and a metal-mesh HWP for
the HFT (High Frequency Telescope) instrument [43]. Figure 1 shows the HWP response for
both an LFT channel (L1-078) and an HFT channel (H2-235), as an example, for each type of
systematic. The differences between the two HWP models are evident. The HFT HWP (right
panels) shows a smoother profile, with more visible deviations between true and miscalibrated
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HWP characteristics δ σ [
√

GHz]

Unit-transmission h 1.90 × 10−3

Phase-shift β 0.58◦

Cross-polarization (ℜ[ζeiχ], ℑ[ζeiχ]) 3.70 × 10−4

Table 1. Simulation of HWP characteristics. The first column lists the HWP systematics’ parameters
defined in the Jones matrix (eq. (2.12)), while the second column shows the corresponding order of
magnitude for the miscalibration of each systematic (eq. (2.13)). The values reflect the representative
calibration uncertainties adopted in the simulations, which were fine-tuned a posteriori to enable a
meaningful exploration of their impact on r inference. All entries carry units of

√
GHz because the

HWP parameter perturbations are sampled with 1 GHz frequency resolution. Adopting a different
sampling resolution would require rescaling σ by the square root of the ratio of resolutions.

cases. In contrast, the LFT HWP (left panels) exhibits a broken-line pattern with considerable
variation, particularly in the phase parameters β and χ, and to a lesser extent in h and ζ.
This pattern makes it difficult to visually distinguish between nearly overlapping curves. The
strong and non-monotonic phase variation displayed in figure 1 distorts the reconstructed
foreground signal, whose spectral energy distribution is integrated in frequency and modulated
by the effective HWP Mueller matrix (see eq. (2.11)). As we pointed out in section 2.1, even if
we perfectly reconstruct and incorporate the knowledge of the HWP in the map-making step,
the foreground signal would remain distorted. This statement holds within the map-making
framework adopted here, where the HWP model is applied solely at the map-making level.
In principle, the foreground distortion could be mitigated by propagating the HWP model
further downstream into the component-separation step [47] and marginalizing over the HWP
spectral parameters jointly with foreground spectral parameters, as explored in ref. [48].
However, this requires explicit parametric assumptions about both the foreground SEDs and
the HWP spectral model, and is beyond the scope of the present work, which deliberately
adopts a blind component-separation approach making no such assumptions.

In the following, we will show that our likelihood isolates the incremental contamination
from m ≠ 0 relative to m = 0, and therefore does not directly assess the absolute impact of
the m = 0 distortion on r; however, such frequency-dependent distortions are expected to be
largely absorbed by a minimum-variance, blind component-separation process that makes no
assumptions about foreground SEDs or the HWP spectral shape.

We generate 200 CMB and noise realizations, and for each realization, we perturb the non-
ideal HWP parameters as described in eq. (2.13) considering the range of mismatch factorsm =
1, 2, 3, 4 and 5. For each realization, we use a fixed seed to introduce the distortion N (0,mσ);
however, these are different for each systematic. We analyze two scenarios: a miscalibration
affecting only one parameter in the Jones matrix of eq. (2.12), either unitary transmittance,
cross-polarization, or phase shift; and a simultaneous miscalibration of all of them.

2.2 Component separation

To assess the impact of HWP miscalibration on the final estimate of the tensor-to-scalar
ratio, we apply a component-separation algorithm to the simulated multi-frequency data set.
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Figure 1. Frequency profiles of HWP systematics for the two types of HWPs used by LiteBIRD: the
5-layer achromatic HWP with anti-reflective coating for LFT (left) [42]; and the metal-mesh HWP
for HFT (right) [43]. The profiles are illustrated for the “L1-078” and “H2-235” channels. The rows
display, in order: phase-shift (first), absorption (second), and cross-polarization module and phase
(third and fourth). Each panel shows the estimated response (thick blue) alongside the true response
for different miscalibrations (m = 1, 2, 3, 4, 5). Injection of the miscalibration is performed by fixing
the seed (for the set of m going from 1 to 5) per single systematic. Two distinct seeds are used for the
real and imaginary parts of the cross-polarization.
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Figure 2. Configuration of needlet harmonic bands used for component separation in this work. Each
color represents a different needlet scale, with bandpass filters b(ℓ) plotted as a function of multipole ℓ.

In this work, we adopt the NILC methodology [22], which was widely used for the analysis
of WMAP and Planck temperature data [20, 22, 49, 50] and a promising avenue even for
the processing of upcoming polarization data [23, 51, 52]. NILC is a “blind” method, since
it recovers the CMB signal without modeling frequency dependence of the Galactic signal.
This approach falls into the category of the minimum-variance pipelines, since it returns a
foreground-cleaned CMB map by combining the data set channels with frequency-dependent
weights so as to minimize the contribution of contaminants (such as foregrounds and noise)
to the two-point statistics of the reconstructed cosmological field. To better mitigate these
contaminants, the minimization is performed independently at different angular scales. In
practice, this is achieved by filtering the harmonic coefficients of the multi-frequency data
set using a set of harmonic bandpasses, known as needlets. For each bandpass, a set of
multi-frequency needlet maps is then reconstructed. In this analysis, we use the so-called
Mexican-hat needlet bands, shown in figure 2.

As discussed in section 2.1.2, in the present work we consider different Galactic models
with varying complexity. As shown in ref. [23], NILC effectively addresses the foreground
contamination in a realistic simulated data set of the LiteBIRD satellite, under the assumption
of a fairly simple Galactic model (e.g., d0s0). However, for more complicated models, such
as d1s1 and d10s5, residual contamination may become significant, especially on the largest
angular scales. Therefore, for these scales, all included in the first needlet band (shown
in blue in figure 2), we employ an optimized NILC version, the MC-NILC [23], to process
d1s1 and d10s5 simulations. In MC-NILC, variance minimization is performed separately
in different patches across the sky, with each patch corresponding to regions with similar
spectral properties of the foregrounds. These properties are blindly traced by constructing
the ratio of maps at two different LiteBIRD frequency channels (337 and 119 GHz). To
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avoid distortions in the sky partition caused by CMB and noise contamination, templates of
foreground emission at the two frequencies are derived from the application of the Generalized
NILC (GNILC) method [53] on the simulated data set. This procedure for reconstructing the
tracer is robust and model-independent, since the GNILC technique does not require any
assumption on the underlying foreground emission, but only on the nuisance contribution of
the CMB and instrumental noise to the estimated data covariance [53], which can generally be
reliably predicted. In the context of B-mode analyses, the main source of uncertainty arises
from the potential amplitude of the primordial tensor contribution in the CMB statistics;
however, neglecting this contribution (i.e., assuming r = 0 for the tracer reconstruction) is
not expected to significantly affect the quality of the reconstructed tracer. Further details on
the methodology and its robustness to different foreground models can be found in ref. [23].

Since the purpose of this work is to establish requirements on HWP miscalibration
considering its effect on the estimate of r, we directly apply NILC, MC-NILC, and GNILC
pipelines to B-mode maps constructed through a full-sky harmonic transformation of the
simulated Q and U maps. All the adopted component-separation methodologies require
input maps with a common angular resolution, while LiteBIRD frequency channels have
different beam sizes. Therefore, all maps, before being processed by component separation,
are brought to a common resolution, which corresponds to that of the 40 GHz largest beam
(with FWHM = 70.5 arcmin).

2.3 Power spectra estimation and likelihood maximization

This section provides a description of the procedure we use to estimate the power spectra
and the bias ∆r introduced by the HWP miscalibration.

Component separation is performed on both perfectly calibrated (m = 0) and miscalibrated
(m ̸= 0) maps. The resulting maps include the CMB signal, residual foregrounds, and noise
in the calibrated case (sout(m = 0)). In the miscalibrated one (sout(m ≠ 0)), an additional
component is also present and originates from the propagation through component separation
of the CMB distortions in the different frequency channels, introduced in eq. (2.9) by the
mismatch between Mtrue(ν) and Mest(ν).

In both instances and for each simulation, we compute the B-mode angular power
spectrum, using the Planck GAL60 Galactic mask [60] which retains 60% of the sky, unless
otherwise specified. The power spectra are estimated with pseudo-Cℓs, properly corrected for
power loss due to masking, and calculated using the anafast [61] routine from the healpy
public code [54]. Although correlations between multipoles due to masking are not accounted
for, this effect is considered negligible for large sky fractions, as discussed in ref. [7]. Because
we perform the E/B decomposition on the full sky and apply masks only at the pseudo-Cℓ
stage with the usual sky correction, the power-spectrum estimation is not biased by any
artificial E-to-B leakage; HWP-induced Q/U mixing is instead captured by the model. The
BB residual power spectra for both calibrated and miscalibrated cases, Cres

ℓ (m = 0) and
Cres
ℓ (m ̸= 0), as modeled as

Cres
ℓ (m = 0) = C fg,res

ℓ (m = 0) + Cn,res
ℓ (m = 0),

Cres
ℓ (m ̸= 0) = C fg,res

ℓ (m ̸= 0) + Cn,res
ℓ (m ̸= 0) + Ccmb,syst

ℓ (m ̸= 0),
(2.14)
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where C fg,res
ℓ and Cn,res

ℓ denote the power spectra of the residual foregrounds and noise after
component separation, while Ccmb,syst

ℓ quantifies the contribution from systematic distortions
affecting the reconstructed CMB signal, which arise only in the presence of miscalibration.

Following the work done in ref. [7] and [55], we adopt an exact likelihood [56] in the
harmonic domain to estimate the tensor-to-scalar ratio. This choice is justified by the large sky
coverage adopted for power spectra computation in this work. The likelihood is expressed as

− lnL
(
Cℓ

obs | r
)

=
ℓmax∑
ℓ=ℓmin

2ℓ+1
2 fsky

[
Cℓ

obs

Cℓth(r) +ln
(
Cℓ

th(r)
)

− 2ℓ−1
2ℓ+1 ln

(
Cℓ

obs
)]
, (2.15)

where we set the sky fraction fsky = 60% (50% for d1s1 and d10s5, see section 3.2 for details),
and ℓmin = 2, ℓmax = 150. We restrict our analysis to this narrower range of multipoles rather
than using ℓmax = 2Nside − 1, since our primary interest is in constraining the tensor-to-scalar
ratio r. The observed and theoretical power spectra are defined as

Cth
ℓ (r) = rCGW,r=1

ℓ + C lensing
ℓ + ⟨Cres

ℓ (m = 0)⟩,

Cobs
ℓ (m = 0) = Cres

ℓ (m = 0) + C lensing
ℓ ,

Cobs
ℓ (m ̸= 0) = Cres

ℓ (m ̸= 0) + C lensing
ℓ ,

(2.16)

where CGW,r=1
ℓ denotes the primordial gravitational wave B-mode power spectrum for r = 1,

C lensing
ℓ is the lensing-induced B-mode power spectrum, and Cobs

ℓ (m) represents the observed
power spectrum with (m ≠ 0) or without (m = 0) HWP miscalibration. We include in
the model Cth

ℓ (r) the average (over all simulations) of the residual power spectrum for the
perfectly calibrated case (⟨C fg,res

ℓ (m = 0)⟩ + ⟨Cn
ℓ (m = 0)⟩), since the goal of the analysis is to

quantify through the cosmological parameter r any deviation from the ideal (i.e., without
miscalibration) power spectrum. Maximizing the likelihood, we estimate the best-fit value of r
for each simulation. The distortion of the tensor-to-scalar ratio r due to the systematic effect
is computed as the difference between the best-fit value in the miscalibrated and the ideal case:

drm = r(m ̸= 0) − r(m = 0), (2.17)

where m refers to the applied mismatch factor. The computation of such a difference,
simulation by simulation, allows us to properly propagate only the impact of the systematic
effect erasing the cosmic variance due to the specific considered realization. As done in
ref. [55], the overall impact of the miscalibration is quantified with the rms, ∆r, defined as:

∆r(m) =
√
µ2
drm

+ Var[drm] =
√

⟨dr2
m⟩, (2.18)

where µdrm and Var[drm] are the mean and variance of drm, to account for both the additional
bias and variance on the tensor-to-scalar ratio. In eq. (2.18) the angular brackets indicate
averaging over the ensemble of simulations.

Two aspects of this approach merit clarification. First, while eq. (2.13) draws the
HWP frequency-profile perturbation stochastically, the mismatch factor m constitutes a
deterministic grid sweeping over miscalibration amplitude; the stochastic component reflects
the fact that the precise shape of the calibration error across frequencies is unknown a
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priori. An alternative approach (fixing the single deterministic miscalibration profile and
sweeping its amplitude) would yield a mean bias comparable to ours but would miss the
variance arising from the distribution of possible profile shapes; our approach marginalizes
over this uncertainty and is therefore a conservative calibration requirement. The fixed-profile
approach could in principle be used as a cross-check, and the agreement or disagreement
between the two would characterize how sensitive the requirements are to the assumed profile
shape. Second, the combination in eq. (2.18) is necessary because drm carries two physically
distinct contributions. The mean bias µdrm is sourced by the quadratic auto-correlation of
the systematic distortion (systematic × systematic), which survives ensemble averaging. The
variance Var[drm] is instead dominated by the linear cross-correlation between the systematic
distortion and the bright sky signal, which is large in any individual realization but averages
to zero across simulations. Omitting either term would underestimate the total impact of
the miscalibration on the science goal.

2.4 Derivation of the requirements

LiteBIRD design studies [7] allocate a budget to the uncertainty on the tensor-to-scalar
ratio due to systematic instrumental effects, δrsyst = 6.5 × 10−4, and a requirement for
any individual systematic effect to contribute less than one percent of the total budget,
translating to δrreq = 6.5 × 10−6. The goal of this paper is to determine the value of m for
each HWP systematic that satisfies this requirement. The procedure we follow is illustrated
in figure 3 and is outlined below:

1. We simulate multi-frequency LiteBIRD data set with 200 different CMB and noise
realizations for m = 0, 1, 2, 3, 4, 5 for a single HWP systematic miscalibration, as
described in section 2.1.4. At this stage, the assumed foreground model is the d0s0. For
this simplest case (d0s0), where all foreground components feature spatially-independent
spectral parameters, the impact of HWP systematics could, in principle, be directly
propagated into the power spectra analytically (see, e.g., ref. [27]). However, since our
main analysis pipeline propagates HWP distortions through map-based component
separation, the spectrum-based approach is not directly applicable, and in any case
cannot be extended to more realistic foreground scenarios, where the spatial variability
of the foreground emission is taken into account.

2. The NILC pipeline is applied to each data set.

3. Injecting the corresponding observed and theoretical B-mode power spectra in the
likelihood (computed as in eq. (2.16)), we obtain drm (see eq. (2.17)) for each simulation.
From the ensemble of simulations for m = 1, 2, . . . , 5, we compute ∆r (see eq. (2.18)).

4. Using the resulting data points, we fit an analytical linear law ∆̃r(m) for ∆r as a
function of m. From this, we derive the value mreq for each HWP systematic, such that
∆̃r(mreq) = δrreq.

After having derived the requirements for unitary-transmission, phase-shift and cross-
polarization individually, we inject all the three miscalibration effects through eq. (2.11)
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(FG-cleaned maps)m, i

(Power spectrum estimation)m, i

Likelihood maximization:
 drm, i = r(m 0) r(m = 0)

rm(drm, 1, , drm, 200) = 2
drm

+ Var[drm]

r(m) best-fit function

mreq such that r(mreq) = rreq

Figure 3. Methodology used in this study to determine the requirements for the mismatch factor,
mreq, associated with HWP systematics, including non-unitary transmission, phase-shift, and cross-
polarization, for a given foreground model. For each value of the mismatch factor m ∈ {1, 2, . . . , 5},
we simulate 200 realizations (denoted by the index i running over all realizations, represented by light
green boxes) of the band-integrated maps and evaluate the distortion to the tensor-to-scalar ratio,
drm,i, for each realization. These drm,i values are then used to calculate the set of ∆rm for different
m (shown in shaded pink), which is subsequently used to derive the best-fit function ∆̃r(m). The final
step involves determining the value mreq (light blue box), such that ∆r(mreq) = δrreq = 6.5 × 10−6.

simultaneously into a simulated data set, denoted as scomb
out , using the obtained mreq values.

We then apply the NILC pipeline to scomb
out simulations and verify whether the combined effect,

∆rcomb, complies with the overall threshold, δrcomb = 3 × 6.5 × 10−6 = 1.95 × 10−5, derived
under the assumption of totally uncorrelated effects. This combined analysis is repeated for
the three different foreground models introduced in section 2.1.2 (d0s0, d1s1 and d10s5).

In this analysis, the systematic effects were propagated simultaneously across all frequency
channels to mimic a realistic observational scenario and to limit the number of required
runs. Injecting the distortions collectively, rather than one channel at a time, provides a
conservative estimate, since the resulting global requirement could be relaxed for bands where
the systematic effect is weaker or more effectively mitigated by component separation.

3 Results and discussion

3.1 Requirements on HWP systematics

In this section, we report the outcome of the propagation of each HWP systematic effect
(described in section 2.1.4) separately through the component-separation pipeline and its
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final impact on the tensor-to-scalar ratio, according to the procedure detailed in section 2.4.
This allows us to set requirements for the accuracy of the calibration of the HWP parameters.
As already mentioned in section 2.4, these requirements are derived from realistic LiteBIRD
simulations that assume a simple foreground model with constant spectral parameters across
the sky (the PySM d0s0). Such a choice has been made in order to disentangle the sky
complexity from the raw instrumental systematic effects. Nevertheless, we verify in section 3.2
that the requirements derived in this simplified framework hold even for more realistic and
complex scenarios.

The NILC pipeline is applied to the different sets of simulations, each featuring a different
kind of HWP miscalibration (cross-polarization, unitary-transmission, or phase-shift) and
different amplitudes of the systematic effect (parametrized by the m factor), as detailed
in section 2.1.4. The average (over 200 simulations) B-mode power spectrum of residual
foregrounds, noise and overall instrumental systematic distortion (present in the cleaned CMB
solution) are compared for the different m values (m = 0, 1, . . . , 5) and separately for each
HWP systematic in the left panels of figure 4. These different components contribute to the
power spectrum of the total residuals in eq. (2.14). The systematic component is computed
as
∣∣∣Cobs

ℓ (m ̸= 0) − Cobs
ℓ (m = 0)

∣∣∣ and quantifies the overall distortion of the output power
spectrum due to the systematic effect. We recall that, despite cases with different HWP
systematics sharing the same set of m values, the actual relative miscalibration uncertainties
are not the same, as the corresponding σ values in eq. (2.13) differ (see table 1).

The residual power spectrum for each simulation and for each m and systematic case is
injected in the likelihood as described in section 2.3 to derive the best-fit tensor-to-scalar
ratio. We then collect the m-set of drm (see eq. (2.17)) and compute ∆r(m) from eq. (2.18).
The trend of ∆r, as a function of m, for all types of HWP systematic miscalibration is shown
in the right panels of figure 4. We find that ∆r is well described by a linear function of m
for all the three systematic effects We note that the residual power spectra in figure 4 (left
panels) scale quadratically with the mismatch factor m, whereas the resulting bias ∆r (right
panels) scales linearly. This distinction arises because the observed map is the sum of the
sky signal and the systematic distortion, so the residual power spectrum contains both a
linear cross-term (sky × systematic) and a quadratic auto-term (systematic × systematic).
In the plotted spectra, which represent the ensemble average, the dominant linear cross-term
averages to zero because the systematic is uncorrelated with the random CMB sky, leaving
only the quadratic auto-term. In contrast, ∆r quantifies the rms (eq. (2.18)), tracing the
bias and the extra variance that is not shown in the plot. In this calculation, the variance
is driven by the linear cross-term (which dominates over the quadratic term in any single
realization due to the brightness of the sky signal) resulting in a linear scaling with m.

The analytical law ∆̃r(m) fitted to the observed ∆r values allows us to derive the
requirements on m (and therefore on the miscalibration uncertainties), mreq, for HWP cross-
polarization, phase-shift and unitary-transmission. This is done by solving the equation
∆̃r(mreq) = δrreq with δrreq = 6.5 × 10−6. The obtained mreq values are reported in the right
panels of figure 4 and lead to the requirements on the HWP miscalibration uncertainties,
σreq = mreqσ, reported in table 2. Interestingly, the most stringent requirement refers to
HWP cross-polarization, since it leaks the brighter E modes into the observed B modes. We
note that the obtained results are similar to those found in ref. [25], despite the different
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Figure 4. Outcome of the propagation of the miscalibration of HWP unitary-transmission (top), phase-
shift (middle) and cross-polarization (bottom) through the component-separation step. Left: average
B-mode power spectrum (over 200 simulations) of residual foregrounds and noise (solid and dashed
orange lines) and systematic distortions (dotted) for different amplitude of the systematic effect
(m = 0, 1, . . . , 5). Foreground and noise residuals are reported just for the ideal case (m = 0) because
those affected by systematics would be superimposed when considering the adopted scales. The
distortions’ power spectrum is computed as the absolute value of the average difference between output
angular power spectra with and without the systematic effect (

∣∣⟨Cobs
ℓ (m ̸= 0) − Cobs

ℓ (m = 0)⟩
∣∣). For

comparison, the mean input CMB B-mode power spectrum (grey solid line) and a range of primordial
tensor B-mode spectra with r ∈ [0.001, 0.004] (gray shaded area) are shown. Right: trend of ∆r
(computed according to eq. (2.18)) as a function of the amplitude of the systematic mismatch factor
m. The red solid lines represent the best-fit analytical expression, the blue dashed lines the threshold
δrreq = 6.5 × 10−6 (horizontal), and the derived requirements mreq (vertical).
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HWP characteristics Requirement σreq (d0s0) [
√

GHz] Budget δrreq

Unit-transmission h ≤ 6.56 × 10−3

Phase-shift β ≤ 1.63◦ 6.5 × 10−6

Cross-polarization (ℜ[ζeiχ], ℑ[ζeiχ]) ≤ 1.15 × 10−3

Table 2. Preliminary systematic effect requirements. The first column lists the HWP characteristics
defined in eq. (2.12), the second column shows the corresponding requirements on the calibration
accuracy in order to meet the budget (third column), δrreq, for the single systematic miscalibration,
assuming totally uncorrelated systematics for the simplest sky model. See the caption of table 1 for
an explanation of the

√
GHz dependance.

analysis pipeline and the slightly different δrreq considered in this work. Finally, we note that
these requirements do not impose direct constraints on the HWP’s physical construction, but
rather on how well its non-idealities are characterized and incorporated into the analysis.
This means that, as long as this approach is adopted, the HWP design can retain some
flexibility, but precise laboratory-based characterization remains crucial.

3.2 Combination of HWP systematic effects

Once the accuracy requirements are individually determined for each HWP parameter, we
assess the combined impact of all three HWP systematic effects on the estimation of the
tensor-to-scalar ratio, r. To do this, we inject all three types of HWP miscalibrations
into the same simulated data set, denoted as scomb

out , with mismatches corresponding to
noise fluctuations (based on eq. (2.13)), with standard deviations equal to σreq as listed
in table 2. As outlined in section 2.4, in this combined scenario, the total budget on δr

to be fulfilled is δrcomb = 3 × 6.5 × 10−6 = 1.95 × 10−5. In figure 5, we apply the NILC
component-separation pipeline to 200 different realizations of this combined data set, allowing
us to estimate the combined systematic bias ∆rcomb due to the joint impact of all HWP
miscalibrations. For the d0s0 foreground model, we obtain ∆rcomb(d0s0) = 1.1 × 10−5, as
shown by the leftmost data point in figure 5. This result covers 56% of the total systematic
budget of δrbudget = 1.95 × 10−5, derived under the assumption of totally uncorrelated effects.
This reduction occurs because the propagation of multiple systematic effects through the
component-separation process is correlated. The NILC weights adjust to the combined
distortions differently than they do when a single systematic miscalibration is considered.
This phenomenon has been already observed in LiteBIRD simulations, e.g., in the case
of injection of multiple gain miscalibrations in different frequency channels, as reported
in ref. [55].

This margin, relative to the total systematic budget δrbudget, allows us to assess the
robustness of the calibration requirements in table 2 against more complex sky models. This
includes understanding how systematic effects interact with increasing foreground complexity.
As noted in section 2.1, we generated combined data sets — each including the three HWP
miscalibrations — based on the more challenging PySM d1s1 and d10s5 foreground models.
Due to the increased complexity of these models, the component-separation pipeline and
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Figure 5. Trend of the bias on the tensor-to-scalar ratio r as a function of the sky complexity,
while simultaneously combining all the three kinds of systematic miscalibrations (see table 2 for the
miscalibration accuracy used).

the masking strategy are accordingly adjusted to realistically handle such a challenging
foreground subtraction. Specifically:

1. In the first needlet band (shown in figure 2), we use MC-NILC instead of standard
NILC, as described in section 2.2;

2. In addition to the Planck GAL60 Galactic mask used in the d0s0 analysis, we exclude
an additional 10% of the sky, corresponding to regions with high foreground residuals,
resulting in a final sky fraction of 50% (similar to the analyses in refs. [7, 23, 55]);

Although the adopted masking strategy is not fully data-driven, previous work [23] has
shown that realistic methods produce very similar results regarding residual amplitudes. We
apply this modified pipeline to LiteBIRD simulated data, including the combination of all
the HWP systematics, with either the d1s1 or d10s5 foreground model. The results for
∆rcomb are shown in figure 5, compared with the d0s0 case. For the d1s1 model, we find
∆rcomb(d1s1) = 1.58 × 10−5, covering the 81% of the total systematic budget. However,
for the more complex d10s5 model, ∆rcomb(d10s5) = 2.39 × 10−5, essentially exceeding
the available margin.

Rescaling requirements for d1s1 and d10s5 sky models. Since the requirements in
table 2 are quite loose for the d1s1 sky model but not strict enough for d10s5, we aim to
gradually rescale the miscalibration accuracy for each systematic effect in order to comply
with the budget for these two scenarios. This is achieved by progressively relaxing or reducing
the amplitude of each systematic miscalibration through a rescaling factor γ:

∆rcomb = ∆rcomb(mreq σsyst γ). (3.1)

The results of this scaling procedure for different values considered for the rescaling factor γ are
shown in figure 6. We find that, for d1s1, an increase of each systematic effect, corresponding
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Figure 6. Trend of the bias on the tensor-to-scalar ratio r (while simultaneously combining all the
three kinds of systematic miscalibrations), for the most complicated sky models d1s1 and d10s5, as a
function of a rescaling parameter γ. Data points refer to eq. (3.1), and therefore to the progressive
loosening/tightening of requirements on the HWP calibration accuracy for d1s1/d10s5. The orange
dots refer to the d1s1 case, while the green dots to the d10s5 one and the red dashed line to the
budget. The triangular dots provide the requirements to saturate the budget (see table 3).

to a scaling factor γ = 1.453, saturates the total budget ∆r = 1.95 · 10−5, while, for d10s5,
the reduction corresponds to a factor of γ = 0.676. The left panel of figure 6 shows a plateau
in ∆r at low γ, consistent with a nonlinear regime where residuals and ∆r are affected by
the coupling between HWP miscalibration and sky complexity, so further reductions in γ

yield diminishing returns. This is evident in the broader d1s1 scan (left panel), whereas
the restricted d10s5 range (right panel) makes the effect harder to discern. A qualitatively
similar saturation with calibration-like parameters is also observed in figure 7 of ref. [55].

We finally report the range of derived requirements for HWP systematic effects as a
function of the foreground complexity in table 3. In line with the discussion in ref. [55],
we refer to the set of requirements obtained for the d1s1 scenario as realistic, while that
corresponding to d10s5 framework as conservative.

4 Conclusions

In this paper we have presented a comprehensive framework to assess and mitigate the impact
of non-ideal half-wave plate (HWP) systematic effects on LiteBIRD’s ability to measure
the primordial B-mode polarization signal. Our approach introduces HWP non-idealities
directly at the level of the observed maps and propagates their effects through an end-to-end
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HWP characteristics requirement σreq (d1s1) [
√

GHz] σreq (d10s5) [
√

GHz]

Unit-transmission h ≤ 9.53 × 10−3 ≤ 4.43 × 10−3

Phase-shift β ≤ 2.37◦ ≤ 1.10◦

Cross-polarization (ℜ[ζeiχ], ℑ[ζeiχ]) ≤ 1.67 × 10−3 ≤ 7.77 × 10−4

Table 3. Systematic effect requirements. The first column lists the HWP characteristics defined in
eq. (2.12), the second column shows the corresponding requirements on the calibration accuracy in
order to meet the budget of δrreq = 1.95 × 10−5 up to a d1s1 sky model. The third column displays
instead the tightened requirements that comply with the budget for the most complicated sky model,
d10s5. See the caption of table 1 for an explanation of the

√
GHz dependance.

pipeline that includes component separation (see section 2.2), power spectrum estimation,
and likelihood-based inference of the tensor-to-scalar ratio, r (see section 2.3).

We modeled the three primary HWP-induced systematics — unitary transmission, phase-
shift, and cross-polarization — and introduced a parameterized miscalibration framework to
evaluate their effects on r. For each individual systematic effect, we performed 200 Monte
Carlo simulations, varying the miscalibration amplitude and computing the induced bias
∆r. The trend of ∆r as a function of the amplitude of each HWP systematic effect is
reported in figure 4. From these results, we derived calibration requirements that ensure each
systematic effect, when treated in isolation and for the simplest sky model d0s0, contributes
no more than 6.5 × 10−6 to the bias on r, in accordance with LiteBIRD’s allocated systematic
budget. The obtained requirements are reported in table 2. The tightest constraint is
found for cross-polarization, since it introduces direct E-to-B leakage, and thus has the
largest impact on B modes.

We then studied the case in which all three HWP systematics are simultaneously miscali-
brated at their respective threshold levels (see figure 5). For the simplest foreground model,
d0s0, the combined bias is found to be ∆rcomb(d0s0) = 1.1 × 10−5, well below the total
systematic budget of 1.95 × 10−5 for the combination of three different miscalibration terms,
thus proving that such systematic effects and their propagation and attenuation through
component separation are correlated. Considering the available margin on the total ∆r in
the d0s0 scenario, we extended the analysis to two more complex Galactic models, d1s1 and
d10s5, in order to test the robustness of the derived requirements to the assumed foreground
properties. In these more challenging scenarios, we incorporated improved foreground cleaning
through the use of the MC-NILC component-separation technique [23] and additional sky
masking to address residual contamination. As shown in figure 5, for the d1s1 case we find
∆rcomb(d1s1) = 1.58×10−5, still within the allocated budget. However, for the most complex
model, d10s5, the combined bias exceeded the budget, reaching ∆rcomb(d10s5) = 2.39×10−5.

To address this, while still simultaneously miscalibrating all systematics, we introduced a
scaling factor γ (see eq. (3.1) and figure 6) to progressively loosen/tighten the calibration
accuracy for the d1s1 and d10s5 sky models. We demonstrated that the bias follows a non-
linear trend in γ when considering distinct sky models. We interpret this as a manifestation of
the coupling between the HWP-induced distortions and the increasing foreground complexity.
The recalibrated thresholds ensure that ∆rcomb remains within budget even in the presence of
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the most complex foregrounds. The final realistic and conservative calibration requirements,
respectively for d1s1 and d10s5, are summarized in table 3.

Overall, our results demonstrate that LiteBIRD’s target for controlling HWP systematics
is achievable, provided that the non-idealities are accurately characterized and incorporated
into the analysis. Initial measurements of transmittance and phase using VNA (Vector
Network Analyzer) setups show promising results, reaching the 10−2 level for transmission
and approximately 1◦ for phase, as demonstrated with Simons Observatory HWP measure-
ments [57]. However, accurate cross-polarization measurements are still pending and the
requirement of 10−3 presents a significant instrumental challenge. Although we applied a uni-
form rescaling to all three systematic miscalibration parameters for simplicity, this choice was
somewhat arbitrary. A more refined approach, where individual requirements are reassessed
based on their relative impact on the science goal, may be more appropriate. For example,
the stringent cross-polarization requirement might be moderately relaxed if compensated
by a correspondingly tighter phase-shift constraint. The derived requirements inform the
required calibration precision during instrument testing and laboratory characterization,
without imposing hard constraints on the HWP’s physical construction.

However, while this study provides a comprehensive assessment of HWP-induced system-
atic effects and calibration requirements, some limitations should be noted. The analysis
is conducted within the minimum-variance component-separation formalism, making no
assumptions about foreground SEDs and the HWP spectral model. In practice, HWP pa-
rameters may be partially degenerate with foreground spectral parameters, complicating
their disentanglement in a fully parametric framework. Simultaneous fitting of HWP and
foreground properties — potentially within the mixing matrix — represents an avenue for
further refinement, but is beyond the scope of this work.

Future works will extend this framework to include additional systematic effects, such as
incidence-angle dependence and HWP-beam coupling, and to apply it in the context of full
TOD-based end-to-end simulations. These efforts will further solidify LiteBIRD’s capacity
to reach its target sensitivity to primordial gravitational waves.
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A Analytical model: derivation

In this section we present the detailed derivation of eqs. (2.5), (2.6), and (2.7), which model
the (I,Q, U)out maps reconstructed using a bin-averaging map-maker that assumes an HWP
Mueller matrix different from the true one, under the assumption of perfect cross-linking,
which means observing the same pixel from many distinct angles. For the sake of simplicity,
we first assume pencil beams, single frequency, and no instrumental noise. We will then
generalize to arbitrary Gaussian beams, finite frequency bands and include white noise.

Explicit derivation. Assuming the instrument response to be linear, the noiseless TOD
can be modeled as

d = A min , (A.1)

where min represents the pixelized input sky maps and A is the instrument response matrix.
Given d, the (I,Q, U)out maps obtained by bin-averaging are [58]

mout = (Â⊺Â)−1Â⊺d , (A.2)

where Â is the response matrix used by the map-maker. By inserting the data model of
eq. (A.1) into eq. (A.2) and using that A and Â are both sparse matrices with non-zero
elements in the same entries, the binned (over time samples) Stokes vector Sout,p at the
pixel p can be related to its input counterpart, Sin,p, by an effective Mueller matrix, Meff,p,
which is in principle pixel-dependent:5

Sout,p = Meff,p Sin,p ≡

 ∑
j′t′∈{jt}p

𝕊̂j′t′ 𝕊̂
⊺
j′t′

−1 ∑
jt∈{jt}p

𝕊̂jt𝕊
⊺
jt

Sin,p , (A.3)

5We note that Meff,p is in general pixel-dependent, as indicated by the subscript p. The pixel-independence
assumed in this work when commuting the effective Mueller matrix with beam smoothing (see first bullet in
appendix A) therefore requires that Meff,p varies negligibly across the beam footprint. This is guaranteed
under the perfect cross-linking approximation, where the angle-averaged quantities entering Meff,p are spatially
uniform, and by the use of achromatic circular beams whose scale is much larger than the pixel size.
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where 𝕊jt (𝕊̂jt) encodes the true (estimated) instrument response of the detector j at the
time t (and related to eq. (2.3)). Eq. (A.3) can be equivalently written in terms of sky
and instrument Stokes parameters as

 IQ
U


out,p

=

 ∑
j′t′∈{jt}p

 𝕀̂2 𝕀̂ℚ̂ 𝕀̂𝕌̂

ℚ̂𝕀̂ ℚ̂2 ℚ̂𝕌̂

𝕌̂𝕀̂ 𝕌̂ℚ̂ 𝕌̂2


j′t′


−1  ∑

jt∈{jt}p

 𝕀̂𝕀 𝕀̂ℚ 𝕀̂𝕌

ℚ̂𝕀 ℚ̂ℚ ℚ̂𝕌

𝕌̂𝕀 𝕌̂ℚ 𝕌̂𝕌


jt


 IQ
U


in,p

≡

 ⟨𝕀̂2⟩ ⟨𝕀̂ℚ̂⟩ ⟨𝕀̂𝕌̂⟩
⟨ℚ̂𝕀̂⟩ ⟨ℚ̂2⟩ ⟨ℚ̂𝕌̂⟩
⟨𝕌̂𝕀̂⟩ ⟨𝕌̂ℚ̂⟩ ⟨𝕌̂2⟩


−1 ⟨𝕀̂𝕀⟩ ⟨𝕀̂ℚ⟩ ⟨𝕀̂𝕌⟩

⟨ℚ̂𝕀⟩ ⟨ℚ̂ℚ⟩ ⟨ℚ̂𝕌⟩
⟨𝕌̂𝕀⟩ ⟨𝕌̂ℚ⟩ ⟨𝕌̂𝕌⟩


 IQ
U


in,p

, (A.4)

where angled brackets denote averages over the set {jt}p.
For an instrument with ideal detectors and whose first optical element is a rotating HWP

with Mueller matix Mhwp, the true instrument Stokes parameters are

𝕀jt = 1
2
[
mII +mQIcβjt

+mUIsβjt

]
, (A.5a)

ℚjt = 1
2
[(
mIQ +mQQcβjt

+mUQsβjt

)
cαt −

(
mIU +mqucβjt

+mUU sβjt

)
sαt

]
, (A.5b)

𝕌jt = 1
2
[(
mIQ +mQQcβjt

+mUQsβjt

)
sαt +

(
mIU +mqucβjt

+mUU sβjt

)
cαt

]
, (A.5c)

where sθ ≡ sin θ and cθ ≡ cos θ, αt ≡ 2θt+2ψt is twice the sum of the HWP (θt) and telescope
(ψt) angles, βjt ≡ 2θt − 2ξj is twice the difference of the detector (ξi) and HWP angles, and
mSS′ denote the elements of the HWP Mueller matrix. The estimated instrument Stokes
parameters, (𝕀̂, ℚ̂, 𝕌̂)jt, have the same structure as eqs. (A.5), except that the HWP Mueller
matrix elements contain the estimated m̂SS′ , rather than the true ones.

By inserting eqs. (A.5) and their estimated counterparts into eq. (A.4) and assuming
perfect cross-linking (i.e., assuming the angles αjt and βjt to be sampled uniformly enough
in the set of observations {jt}p of the pixel p), some of the matrix elements appearing in
eq. (A.4) average to zero. The only non-vanishing terms are6

⟨𝕀̂2⟩ = 1
4

[
m̂2
II +

m̂2
QI + m̂2

UI

2

]
, (A.6a)

⟨ℚ̂2⟩ = 1
8

[
m̂2
IQ +

m̂2
QQ + m̂2

UQ

2 + m̂2
IU +

m̂2
QU + m̂2

UU

2

]
, (A.6b)

⟨𝕌̂2⟩ = 1
8

[
m̂2
IQ +

m̂2
QQ + m̂2

UQ

2 + m̂2
IU +

m̂2
QU + m̂2

UU

2

]
, (A.6c)

6The rapid rotation of the HWP ensures that θ is uniformly sampled. Furthermore, for the approximation
we just mentioned to work, ξ + ψ should also be uniformly sampled, given the high number of detectors in
LiteBIRD, and the boresight rotation.
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and

⟨𝕀̂𝕀⟩ = 1
4

[
m̂IImII + m̂QImQI + m̂UImUI

2

]
, (A.7a)

⟨ℚ̂ℚ⟩ = 1
8

[
m̂IQmIQ + m̂QQmQQ + m̂UQmUQ

2 + m̂IUmIU + m̂QUmQU + m̂UUmUU

2

]
,

(A.7b)

⟨ℚ̂𝕌⟩ = 1
8

[
m̂IQmIU + m̂QQmQU + m̂UQmUU

2 − m̂IUmIQ − m̂QUmQQ + m̂UUmUQ

2

]
,

(A.7c)

⟨𝕌̂𝕌⟩ = 1
8

[
m̂IQmIQ + m̂QQmQQ + m̂UQmUQ

2 + m̂IUmIU + m̂QUmQU + m̂UUmUU

2

]
,

(A.7d)

⟨𝕌̂ℚ⟩ = −1
8

[
m̂IQmIU + m̂QQmQU + m̂UQmUU

2 − m̂IUmIQ − m̂QUmQQ + m̂UUmUQ

2

]
.

(A.7e)

One can then substitute these expressions into eq. (A.4) and write the effective Mueller
matrix introduced in eq. (A.3) as7

Meff ≃

g 0 0
0 ρ η

0 −η ρ

 , (A.8)

where we have defined

g ≡ 2m̂IImII + m̂QImQI + m̂UImUI

2m̂2
II + m̂2

QI + m̂2
UI

, (A.9a)

ρ ≡ 2m̂IQmIQ + m̂QQmQQ + m̂UQmUQ + 2m̂IUmIU + m̂QUmQU + m̂UUmUU

2m̂2
IQ + m̂2

QQ + m̂2
UQ + 2m̂2

IU + m̂2
QU + m̂2

UU

, (A.9b)

η ≡ 2m̂IQmIU + m̂QQmQU + m̂UQmUU − 2m̂IUmIQ − m̂QUmQQ − m̂UUmUQ

2m̂2
IQ + m̂2

QQ + m̂2
UQ + 2m̂2

IU + m̂2
QU + m̂2

UU

. (A.9c)

Going from eqs. (A.8) and (A.9) to eqs. (2.5), (2.6) and (2.7) is straightforward from these
steps.

• Gaussian beams can be included in the model by smoothing the input maps by the
appropriate full-width-half-maximum.8

• To go beyond the single frequency assumption, we allow the HWP response to depend
on frequency, i.e. substitute mSS′ with mSS′(ν). Furthermore, we redefine the estimated
m̂SS′ as the average of m̂SS′(ν) over the frequency band.

7Note that, for a map-maker that assumes the HWP to be ideal, the effective Mueller matrix reduces to
the one reported in [30], as expected.

8Assuming circular and achromatic beams allows us to decouple beam convolution from the HWP response.
Conversely, such an approximation is relaxed in ref. [29].
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• White noise is added as an independent Gaussian contribution to the mout maps after the
optical and HWP systematic effects. More general noise models, including correlated or
inhomogeneous noise, would likewise enter at this stage without qualitatively changing
our conclusions on the approximation’s validity. A detailed investigation of possible
couplings between HWP systematics and realistic noise properties is beyond this work’s
scope and deferred to future studies.

With these changes, and writing explicitly the sum over different sky components, we recover
eqs. (2.5), (2.6), and (2.7).

B Analytical model: validation

Because of the scanning strategy specifics and the fast rotation of the HWP, we expect
LiteBIRD to have sufficient cross-linking and eqs. (2.5), (2.6), and (2.7) to hold. To make
sure that this is the case, we test their predictions against TOD-based simulations. We
carried on this test for all the values of the mismatch factor we consider, m ∈ {1, 2, . . . , 5}.
Since the result we obtain do not depend on m, here we report the outcome of the validation
for perfect calibration only, i.e., m = 0.

We choose four detectors from channel L4-140 that are symmetrically placed near the center
of the focal plane and use the LiteBIRD Simulation Framework (LBS) software package [62] to
simulate one year of observations [59]. In particular, we use the hwp_simulation module [63]
to perform the bin-averaging given M̂hwp = Mhwp and store the output maps at Nside = 128
HEALPix [64] resolution. The maps are shown in the top row of figure 7.

To show the good agreement between the output maps returned by the TOD and AM
(analytical model) simulations, we also plot the difference maps and their standard deviations
(second and third row of figure 7, respectively):

∆m ≡ mTOD − mAM , (B.1a)

σ ≡
√

∆m − ⟨∆m⟩pix , (B.1b)

where the angled brackets denote the average over all the pixels.
Although some features are noticeable near the Galactic plane, where the signal intensity is

higher, these are inconsequential, as shown by the uniformity of the standard deviation maps in
the third row. Note that with the logarithmic color scale, faint scan-aligned striping becomes
visible outside the Galactic plane. The effect is strongly exaggerated by the logarithmic
stretch, which is why the difference maps (second row) remain featureless at the same locations
and the standard-deviation panels appear closer to uniformity at high latitude. Furthermore,
this particular comparison uses only four detectors; with the full focal plane, cross-linking
improves significantly and the striping is expected to largely diminish. For conservatism,
spectra are still computed on masks that exclude the plane (see section 2.3).

Furthermore, we verify that the introduction of systematic effects does not introduce
inconsistencies between the two approaches. In the previous test, we assessed whether the
discrepancy between the TOD and the AM remains sufficiently small by comparing the
same miscalibrated map across both approaches, ensuring that TODm′ − AMm′ → 0 for
m′ = 0, 1, 2, 3, 4, 5. In contrast, figure 8 extends this validation by examining whether the
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T difference map

-0.2 -0.1 0 0.1 0.2
K

Q difference map

-0.2 -0.1 0 0.1 0.2
K

U difference map

-0.2 -0.1 0 0.1 0.2
K

T stand. dev

1e-09 0.001 0.2
K

Q stand. dev

1e-09 0.001 0.2
K

U stand. dev

1e-09 0.001 0.2
K

Figure 7. Validation of the analytical model against TOD-based maps. First row: TOD-based maps
for channel L4-140 for temperature and polarization in the perfect calibration scenario. Second row:
map differences of TOD-based and AM. Bottom row: the standard deviation of the map differences
(see eq. (B.1b)) captures the uniformity of the two approaches.

impact of miscalibration remains consistent between the two methods. Specifically, we
test whether the difference between the miscalibrated (m = 3 for phase-shift in this case)
and perfectly calibrated maps is comparable for both approaches. The consequence of the
systematic miscalibration is to introduce a distortion in the maps, and this effect is shown
to be consistently captured by both methods.

Figure 9 provides further validation through the power spectra comparison. In the upper
panels, we show the power spectra from maps generated by the TOD-based simulation and
the analytical model of figure 7. They overlap completely, confirming the consistency between
the two methods. The bottom panels show the power spectrum of the map differences, which
remains nearly constant across all autocorrelated fields, further confirming the reliability
of the method.

– 27 –



J
C
A
P
0
8
(
2
0
2
6
)
0
5
3

Q TOD (m3 m0)
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U TOD (m3 m0)

-0.16 0.06
K

U AM (m3 m0)

-0.16 0.06
K

U (TOD - AM)

-0.05 0.05
K

U (TOD - AM)

-0.005 0.005
K

Figure 8. Difference between the miscalibrated and calibrated maps remains consistent across
both simulation methods when a (phase-shift) miscalibration is introduced for channel L4-140. The
comparison focuses on the cases m = 3 and m = 0. The first two columns show the difference maps
obtained from the TOD and AM simulations, respectively. The third column displays the difference
between these two, while the fourth column shows the same quantity after applying a Galactic mask.
The masked difference is suppressed by an additional order of magnitude, further confirming the
strong agreement between the two approaches.
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Figure 9. Power spectra for channel L4-140 maps. The upper panels show the Cℓ signals from both
TOD-based and analytical-model simulations of figure 7. The lower panels display the power spectra
of the map differences.
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