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ARTICLE INFO ABSTRACT

Dataset link: https://github.com/uom-complex Mesh-free numerical methods provide flexible discretisations for complex geometries; however,
fluids/nemdo classical meshless discrete differential operators typically trade low computational cost for
Keywords: limited accuracy or high accuracy for substantial per-stencil computation. We introduce a
Mesh-free parametrised framework for learning mesh-free discrete differential operators using neural
Neural networks networks trained via polynomial moment constraints derived from truncated Taylor expansions.
Operator learning The model maps local stencils relative positions directly to discrete operator weights. The cur-

rent work demonstrates that neural networks can learn classical polynomial consistency while
retaining robustness to irregular neighbourhood geometry. The learned operators depend only
on local geometry, and can be reused across particle configurations and governing equations.
The framework introduces an additional design axis absent from traditional discretisations: the
learned operators have a capacity-dependent error floor, so a model may be optimised for
accuracy, for computational cost, or a balance of the two. A trained model may be applied
across resolutions, though accuracy cannot be refined below the limiting error set by model
capacity. We evaluate the framework using standard numerical analysis diagnostics, showing
improved accuracy over Smoothed Particle Hydrodynamics, and applicability is demonstrated
by solving the Poisson’s equation and the weakly compressible Navier-Stokes equations using
the learned operators.

1. Introduction

Partial differential equations (PDEs) are foundational to the modelling of physical systems across science and engineering. Yet,
analytical solutions are rarely available for realistic problems of interest. Thus, numerical methods are often used to approximate
the governing equations.

Mesh-based numerical methods, such as the finite difference method (FDM) [1,2], finite element method (FEM) [3], finite volume
method (FVM) [4,5], and spectral methods [6], have long been the standard tools for solving PDEs [7], given these methods can
be made extremely accurate for simple geometries. Despite their maturity, these approaches face challenges regarding accuracy
near interfaces [8] and the overhead associated with the mesh: this includes both the need for complex adaptation procedures [9]
and initial generation phases that, for intricate geometries, may be more time-consuming than the simulation itself [10]. Mesh-free
numerical methods have significant potential, as discretisation relies solely on local connectivity information between collocation
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points without requiring topological connectivity. Furthermore, collocations points can be positioned flexibly to satisfy resolution
requirements and conform to complex geometries [7,9].

Developed in the 1970s, Smoothed Particle Hydrodynamics (SPH) [11] is perhaps the most widely used mesh-free numerical
method. It is commonly employed in a Lagrangian formulation, where particles are advected with the underlying velocity field, and
differential operators are approximated via radial kernel interpolation over neighbouring particles. SPH was originally developed
for astrophysical problems [11], formulated with symmetries which guarantee exact global conservation, and it has since been
applied more broadly to terrestrial fluid dynamics [12], in which settings global conservation is often sacrificed in favour of anti-
symmetric formulations exhibiting improved local accuracy. However, the method remains formally zeroth order consistent, limiting
accuracy it can achieve, particularly in complex turbulent flows [9,13]. This motivated the development of more accurate numerical
methods that enforce polynomial consistency through the solution of a local or global linear system [14-17]. However, consistent
mesh-free methods are typically implemented in an Eulerian framework [18,19], as they require solving dense local linear systems
for each local neighbourhood to obtain weights for each stencil. In a Lagrangian setting, where the particle configuration evolves in
time, these methods require solving a local linear system for every particle at every time step, leading to substantial computational
overhead. As a result, mesh-free simulations commonly face a trade-off between classical SPH kernels, which are computationally
efficient but inconsistent and exhibit poor convergence, and consistency-corrected methods, which offer improved accuracy at the
expense of significantly higher computational complexity.

Recent years have seen growing interest in data-driven approaches to scientific computing. Prominent examples include physics-
informed neural networks (PINNs) [20], neural operators [21], and learned discretisation methods [22]. While these represent
significant advances, they share a common limitation: the learned model is tied to the training distribution — whether through
dependence on solution data, prescribed boundary conditions, or specific grid structures — limiting reuse across different problems.

In the current work, we introduce Neural Mesh-Free Differential Operator (NeMDO), a self-supervised neural network framework
that learns discrete mesh-free differential operators directly from irregular particle configurations.! Rather than learning PDE
solutions or problem-specific closures, NeMDO constructs local operator weights by learning polynomial consistency constraints
derived from Taylor expansions, yielding operators with a clear mathematical foundation. Our results show that neural networks can
learn these consistency constraints and predict operator weights with structural properties analogous to those of classical mesh-free
discretisations.

NeMDO is, to our knowledge, the first framework to learn approximately consistent mesh-free differential operators in a self-
supervised manner directly from stencil geometry, without recourse to PDE data or per-stencil reconstruction at runtime. This yields
a continuous cost-accuracy tradeoff between fixed-kernel methods such as SPH and exactly-solved reconstructions such as LABFM,
with reconstruction cost amortised through offline training.

The resulting operators are strictly local, generalise across heterogeneous node configurations and resolutions, and are indepen-
dent of any particular governing equation. We validate the learned operators using established numerical analysis tools, including
convergence studies, modal response and stability analyses, and test the robustness of the framework through parametric studies.
We further demonstrate applicability by solving the Poisson equation and the weakly compressible Navier-Stokes equations. The
remainder of this paper is organised as follows. Section 2 provides the theoretical background on discrete differential operators and
machine learning for PDEs. In Section 3, we detail traditional mesh-free operators, followed by a description of the proposed NeMDO
methodology in Section 4. We then present a comprehensive series of experiments and discussions in Section 5. A parametric ablation
study is provided in Sections 6, and 7 highlights the limitations of the current framework. Finally, Section 8 offers concluding remarks
and summarises our key findings.

2. Background & related work
2.1. Classical numerical approximation of differential operators
Given the discretisation of a spatial domain £ by a set of collocation points P := {x;}?

£, c QcR?, where x; = (x;,,) in the
d =2 case, a general local discrete approximation of a differential operator acting on ¢ can be written as

L) = Y, ((x)) — p(x)w?), e}
JEN;

where LP denotes the discrete approximation of the differential operator D, N is the local support (or computational stencil)
associated with node i, and wl.? are the corresponding stencil weights. This formulation encompasses a broad class of numerical
methods given appropriate stencils and indexing—including finite difference method [2], finite element method [3], SPH [11], and
mesh-free high-order methods such as the Local Anisotropic Basis Function Method (LABFM) [17]—with the specific discretisation
determined by how the weights wﬁ and neighbourhoods W are constructed.

1A preliminary version of this work was presented at the International Conference on Learning Representations (ICLR) 2026 AI&PDE workshop [23], which is
non-archival. The present manuscript adds a significantly extended analysis and verification, containing: (i) demonstration of architectural flexibility by training
both a multi-layer perceptron (MLP) baseline and a graph neural network (GNN), (ii) a method for directional derivatives allowing reuse of trained operators,
(iii) analysis of the imaginary component of the modal response and of waves at different angles, (iv) extension of the method to Dirichlet boundary conditions,
(v) application to the Poisson equation and analysis of the impact of different node distributions, (vi) an extended ablation with cross-evaluation across levels
of particle disorder and rotational robustness, and (vii) analysis of point-cloud statistics.
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The accuracy and utility of the discretised solution depends on the convergence, consistency, and stability of the numerical
method. For a discretisation to be consistent, the discrete operator must reproduce the Taylor moments up to a prescribed order.
In mesh-free methods, these consistency conditions are typically enforced by solving local reconstruction problems in each particle
neighbourhood. Representative approaches include the reproducing kernel particle method [24], generalised moving least squares
(GMLS) [25,26], the radial basis function-finite difference methods (RBF-FD) [27-29], and LABFM [17]. While solving these local
linear systems enforces polynomial consistency and can yield high-order convergence, these methods introduce high computational
cost when computing stencil weights. This computational overhead can be prohibitive in Lagrangian/Semi-Lagrangian frameworks,
when the particles move during time integration, and the stencil weights must be recomputed at every time step.

In SPH, the stencil weights are obtained with a compact isotropic kernel [30]. The most used SPH kernel functions are the
B-spline functions [31] and the Wendland functions [32], where the error of the integral approximation is @(h?) in the limit of
large h/s [33]—where & is the smoothing length of the kernel (i.e. the radius of the neighbouring region about point /) and
s is the average collocation point spacing—with convergence of O(h) or lower in practice [34-36]. This discrepancy is largely
attributed to the discretisation of the original SPH formulation, which assumes a continuum; furthermore, irregularities in collocation
point distribution can lead to further deterioration in accuracy [13]. A consistency analysis of discrete SPH indicates that gradient
operators are zeroth-order accurate in 4 on disordered particles, and certain Laplacian formulations may diverge as resolution
increases. Nonetheless, convergence is often observed within a finite resolution window and for sufficiently well-behaved particle
configurations and low wavenumbers [13]. The convergence behaviour further depends on the neighbour count N}, which is kernel-
dependent. In practice, achieving stable and convergent SPH discretisations typically requires large support sizes, often involving
tens to hundreds of neighbours per particle [37].

2.2. Machine learning for partial differential equations

Physics-Informed Neural Networks is a prominent paradigm in scientific machine learning, where neural networks are trained
to approximate the solution field associated with a specific PDE instance. This approach embed the governing equations, boundary
conditions, and initial conditions into the training objective, typically by penalising PDE residuals evaluated through automatic
differentiation [20,38]. This formulation enables mesh-free, unsupervised training, and can achieve high accuracy for well-posed
problems. However, PINNs are inherently instance-specific, as the learned model corresponds to a particular choice of governing
equations and initial/boundary conditions, typically requiring retraining when these change.

Neural Operators constitute an alternative line of research that focuses on learning mappings between function spaces. Neural
operator methods approximate the solution operator of a PDE from paired samples of input and output functions, enabling inference
across varying discretisations and resolutions. Prominent examples include Deep Operator Networks (DeepONets) [39], Fourier
Neural Operators (FNOs) [40], and graph-based neural operators (GNOs) [41]. These frameworks learn implicit representations of
the underlying PDE dynamics from data, effectively learning the response map for a prescribed family of geometries [42], loads,
and boundary conditions [43], and in some cases have demonstrated transfer across related PDEs; although the associated training
and inference costs remain substantial [44].

Learning-based particle methods leverage the locality of differential operators, to learn local mesh-free PDE time integration
from solutions obtained from traditional operators [45-49]. While effective for specific flow classes, these approaches are typically
trained end-to-end on time-dependent solution data, tying the learned representations closely to the governing equations and regimes
observed during training.

Learning Low-Level Numerical Operators: A complementary line of work focuses on learning numerical discretisations or
low-level operator components. Rather than approximating solutions directly, these frameworks learn local numerical building
blocks — such as derivative stencils or basis functions — while preserving the structure of established discretisation schemes.
Examples include learning data-driven finite-difference stencils to enable resolution coarsening [22,50,51], extending these to
finite-volume methods [52]. These approaches operate at a similar level of abstraction to the framework proposed in the current
manuscript, predicting discretisation weights rather than solution fields. However, a key distinction is that prior work conditions
the discretisation weights on local field values, tying the trained model to the spectral characteristics and functional forms present
in the training data. NeMDO instead conditions weights solely on node positions, making the learned operator fully PDE-agnostic
and reusable without retraining. While traditional neural operators and its variants can learn local differential operator actions from
solution data [53], they do not explicitly construct reusable discrete operators as functions solely from stencil geometry. Despite
these advancements, the ability of such models to approximate differential fields is often restricted to the spectral characteristics
and functional forms present in the training distribution.

More recently, Choi et al. [54] proposed data-driven finite element methods (DD-FEM), which replaces classical polynomial
bases with locally learned basis functions. This formulation enables reuse across geometries, mesh types, and boundary conditions,
highlighting the potential of learning reusable numerical building blocks that remain compatible with classical discretisation
principles. The framework presented in the present manuscript is closely aligned with this operator-level perspective, but targets the
learning of mesh-free discrete differential operators rather than local basis functions in mesh-based discretisations. This positions
NeMDO within a distinct category from solution surrogates and neural operators: rather than learning a response map for a
prescribed problem family, NeMDO learns a reusable discretisation tool that can be applied across governing equations without
retraining.

We now assess the present framework against the criteria imposed by Choi et al. [54] for foundation models in computational
science. NeMDO is not trained on a broad distribution of physical systems: the loss contains Taylor moment conditions rather than
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solution data from physical systems, so equation-independence arises from the learning formulation rather than from exposure
to multiple physical systems. It does exhibit wide generalisation, given a single trained model is being applied here to two
governing equations, across resolutions, and across point-cloud statistics ranging from perturbed Cartesian lattices to particle-shifted
distributions. This requires no retraining from scratch or structural modification; the same weights are deployed throughout,
with no fine-tuning. Of the desirable characteristics, the framework meets scientific consistency, polynomial consistency being
imposed directly through the loss, and admits the classical truncation-error analysis associated with mathematical rigour.

Two of the stated criteria are not met. First, NeMDO is not data-driven in the sense intended: it is trained on stencil geometry
against analytically derived constraints, with no simulation, experimental or observational data. Second, generalisation is incomplete
along two axes fixed at training time. The stencil size |A'| is currently fixed, and the spatial dimension is set by the choice of
monomials in the loss; transfer to a different stencil size or to different number of spatial dimensions requires retraining, though in
the latter case only the additional monomials are needed and no change to the formulation. Variable stencil size and the extension
to three dimensions are discussed in Section 8. NeMDO thus occupies an unusual position relative to these criteria, achieving the
generalisation across physical systems such models aim for, but by construction rather than by exposure.

3. Standard numerical methods

In this work, we use LABFM as an exemplar high-order mesh-free method, noting that it shares characteristics (structure of
computational stencil, form of discrete operator, and local linear system) with other high-order mesh-free methods (e.g. generalised
finite difference method [55], GMLS [25], RBF-FD [56]). For a comprehensive derivation of LABFM, we refer the reader to [17].
LABFM requires solving a linear system with rank equal to the number of Taylor monomials required to ensure polynomial
consistency of order p, making it a computationally efficient consistent mesh-free baseline. A discrete operator is said to have
polynomially consistent of order p if it reproduces the target derivative exactly for all polynomials of degree < p. Other high-
order mesh-free methods, such as RBF-FD, require solving significantly larger linear systems [57] and consequently incur larger
computational cost. Additionally, we use two standard SPH kernels as benchmark: the quintic spline [31] and the Wendland C2
kernel [32]. Both have been widely adopted in computational fluid dynamics (CFD)-oriented simulations [58,59]. In the current
section, we explain SPH and LABFM in detail.

3.1. Smoothed particle hydrodynamics operators

For SPH gradient operators, one may choose the symmetric or anti-symmetric forms, with the former providing exact conservation
and the latter providing greater accuracy. With the focus here on consistent operators, we consider only the anti-symmetric operator,
which can be expressed in the form of Eq. (1), here instantiated for the x direction, with

Wk =0, W (x;, WV, )

where the subscript indicates (-);; = (-); — (-);, thus, x;; denotes the relative position of the collocation point j with respect to point

i, W is a smoothing kernel, V; is the volume of the particle, and d, denotes the differentiation with respect to x;. When computing
the Laplacian with SPH operators, we employ the Morris operator [60]:

02X,
A_ T yw.v.
i = T VY ©
where || - || denotes the Euclidean distance, and the superscript 4 denotes the Laplacian.

3.1.1. Smoothing kernels
Quintic spline: The quintic spline kernel has support r € [0, 3] and its given by

(1—r)5+—6(§—r)i+15(§—r)i, 0<r<l1,

5
5 2
W) = o (1—r)+—6(§—r)+, 1<r<2, @
1-n3, 2<r<3,
0, r>3,

where r = ||x;;||/h, ¢ is a normalisation constant that depends on the system’s dimension, in two dimensions ¢ = ﬁ [61]. We
set h = 1.5 s, which yields approximately 60-65 neighbours for the quintic spline.
Wendland C2: The Wendland C2 kernel has a support of r € [0,2] and is defined as

WWC (= 6(1 — (1 + 4r). (5)

In two dimensions, ¢ = ”7? We set h = 1.5 s, which yields approximately 25-30 neighbours for the Wendland C2.
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3.2. The Local Anisotropic Basis Function Method (LABFM)

In LABFM, a general discrete operator is defined to approximate differential operators as shown in Eq. (1). The weights wﬁ are
given by a weighted sum of anisotropic basis functions (ABFs),

D _ D _ !l wD 2 @D 3 @D
wh =Wy - WP =W wh + W2wD + WD + - (6)

in which the vector W;; are the ABFs, and TiD is a coefficient vector. The coefficient vector is obtained by solving the following
linear system

APP =MP, %)
where MP is a vector that contains the coefficients of the Taylor expansion about point i in a computational stencil, we will refer
to this vector as the “moments” of the stencil. Below, we show instances of the moment vector when approximating exemplar
differential operators

[1,0,0,0,0,0,...17 if D=x
C? =410,1,0,0,0,0,..17 if D=y ®
[0,0,1,0,1,0,...]7 if D=4,
where D = x and D = y denote first derivatives in the respective coordinate directions. For a given support region, A; is given by
Ai = Z in ® Wji, (9)
JEN;

where X; is defined as the vector of Taylor monomials,

3 2o 7
. ji ji i
Xj,' = xj,-,y,-;,T,xjiyji,?,?,... s
and the rank of A; is given by,
2 3 m=p+1 1
rank(A;),p = PEP and rank(A);p = Z % 10)
m=2

in 2 and 3 dimensions, respectively.
To construct the ABFs, bivariate Hermite polynomials are combined with a smoothing kernel. The gth element of X, is

proportional to x;.’[. yj?'.. Thus, the gth ABF is defined below in 2 dimensions

W;g:"’(”"f"'/ ,)Ha< X >Hb< Vi > an
V2erh h\2 h\2

where H, is the ath order univariate Hermite polynomial (of the physicists kind), and y is an RBF. In this work, the Wendland C2
kernel is used, following [62].

4. Method

In this section, we introduce NeMDO (Neural Mesh-Free Differential Operator), a new approach for computing weights used in
discrete differential operators in mesh-free simulations with disordered node distributions (see Appendix A). Rather than computing
these weights with a smoothing kernel or by solving per-particle linear systems, we formulate operator construction as a learning
problem defined over local particle neighbourhoods. We employ our framework to predict discrete operator weights based solely
on the relative positions of neighbouring particles, enabling local mesh-free spatial differential approximations.

Learning Mesh-Free Discrete Differential Operators. Given a discretised domain with collocation points P, we associate to
each point x; a local neighbourhood W; := {x ; EP L Ixyll < dl.(N )}, where di(N ) is the distance to the Nth nearest neighbour of
x;. Our objective is to construct a local discrete approximation L of a differential operator D acting on ¢, such that the operator
evaluation at x; is approximated by a weighted sum over neighbouring samples

LP(px)) = Y () = dExNWHUX ) jen;: ), (12)
JEN;

where wﬁ({x jitjenr, 0) are the data-driven weights inferred by a model parametrised by 6, conditioned on the stencil geometry. For
brevity, the explicit dependence on the stencil geometry is omitted in subsequent notation where it is understood from the context,
ie. wﬁ(e) = wﬁ (%1} e N 0). Note that the difference form of Eq. (12) automatically satisfies the zeroth-moment condition (i.e. the
gradients of constants are zero). We map the neighbourhood geometry to operator weights using a learnt function shared across all
stencils. The learnt mapping does not depend on the field samples ¢(x;), the governing equation, or the global simulation domain.
Instead, it defines a reusable local operator constructor that can be applied consistently across particle distributions, resolutions,
and governing equations.
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Local Operator Parametrisation: The NeMDO framework is agnostic to the choice of parametric function f,, accommodating
arbitrary neural architectures ranging from standard multi-layer perceptrons to geometric graphs. To demonstrate this generality,
we implement two architectures within the framework: (i) a multi-layer perceptron (MLP) baseline, and (ii) a message-passing GNN.
As the GNN serves as the primary and default architecture for our framework, it is referred to simply as “NeMDO” throughout the
text and figures, while the alternative configuration is denoted as the “MLP”.

4.0.0.1. MLP baseline. The MLP baseline processes the entire neighbourhood simultaneously. Because the MLP operates on a fixed-
length concatenated input, a canonical ordering of the neighbours is required: neighbours are sorted by Euclidean distance from the
central particle. The normalised relative positions are concatenated into a single input vector,

_[eT T <T T N-d
Z, = [x(l)i, Ropyr oo X(N)i] e RV, (13)
where the hat denotes relative positions normalised by the furthest-neighbour Euclidean distance (thus ||%yll = 1), and the

parenthesised subscript denotes the distance ordering ||X(y; || < [[Xq)ll < -+ < [[Xy; |l over V. Without this sorting, identical stencils
whose neighbours happen to be enumerated in a different order would present as distinct inputs to the network. The MLP then
maps this concatenated vector to the full set of operator weights,

{wﬁ}jeM =MLP,(z,), MLP, : RN¢ - RN, a4

Each hidden layer takes the form h/ = o(W'h/~! + b'), where W/ and b’ are learnable parameters and ¢ is the Sigmoid Linear Unit
(SiLU) activation function. Unlike the GNN, the MLP relies on the explicit distance sorting rather than architectural invariance to
handle neighbour permutations.

4.0.0.2. Message-passing GNN. For each local neighbourhood N a graph is defined G, := (V,,&;), where the node set V, = WV,
consists of the particle i and its neighbours. The edge set & := {(i,/),(j,i) : j € N; \ {i}} defines star-shaped, bidirectional edges
between the central particle and its neighbours. In contrast to dense radius graph seen in particle-based learning approaches [46],
this star-shaped construction yields linear complexity in the neighbourhood size, and the graph connectivity is directly constructed
from the neighbourhood lists already computed in standard mesh-free methods, requiring no additional spatial searches or geometric
preprocessing. Node attributes encode the normalised relative position.

The graphs G, are processed by a shared parametric function f,, implemented by a graph neural network (GNN),

{zi)ﬁ(c?)}je/\/i =fo (gi’{Aji}jE./\/}>' (15)
The relative positions are first embedded into a latent representation using a multi-layer perceptron (MLP),
V0= MLPE™ (), MLPE™ : R? - Rfi, vjew, (16)

where v0 are the latent node features that are passed to the graph layers, the number of dimensions of the system is given by d and

the number of hidden features per node after encoding is denoted as F;,. Message passing and node update is then performed over
the stencil graph, where we define L graph layers as

! LUpd (-1 I Msg (-1 .
v, = MLP, (vj  Drex, MLP,YS (v )), I=1,....L, YjEN, a7
where MLPIH’Up 4 and MLPIH‘Msg are the update and message networks, respectively, at layer /; v/ denotes the node features of node

J at graph layer I, K; C W, is the set of nodes connected to node j, and @ is a differentiable, permutation-invariant aggregation
operator. In our implementation, @ is realised as an attention-weighted aggregation based on cross-graph matching [63].
Lastly, a final MLP maps the latent node representations to normalised discrete operator weights,

j; = MLPQU(vF),  MLPQ™ : R'r - R, Vj€e W, (18)

in which {10;;(0)} ¢ N, are the weights associated with the target differential operator. A schematic of the framework can be seen in
Fig. 1. All MLPs in the GNN use hyperbolic tangent activation functions.

Both the MLP baseline and GNN are trained using the adaptive moment estimation (Adam) optimiser. In the present work, we
focus on demonstrating the potential of this form of method, and reserve an assessment of different optimisers for future work. The
activation functions differ between the MLP baseline and the GNN as each was selected independently via a hyperparameter study:
SiLU performed best for the MLP baseline and hyperbolic tangent for the GNN. Each architecture is therefore evaluated at its own
optimal configuration rather than under an artificially matched activation that would handicap one of them.

Translation invariance is enforced by encoding geometry through relative position vectors, while permutation invariance
in the GNN is achieved through symmetric aggregation operations over neighbouring nodes (which is inherently handled by
the graph architecture). Scale robustness across particle resolutions is introduced by normalising relative distances with respect
to the maximum distance between neighbouring particles and the central particle. The proposed architecture is not explicitly
rotation-equivariant; instead, rotational robustness is obtained implicitly through training on neighbourhoods with diverse node
configurations.

Self-Supervised Learning with Polynomial Consistency Constraints: To learn the parameters 6, we employ a training
objective derived from polynomial consistency conditions imposed by a truncated Taylor expansion. Consequently, the method
does not require labelled target weights for individual stencils. To formulate the loss function, let us first consider a scalar field in
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. . Project from D
e Lift to higher Graph latent space {wji (0)}j€Ni
{xj ifjEN; dimension Hidden Layers to weights

Fig. 1. We learn the mapping from relative position of particles within a local neighbourhood, to a local set of weights that approximate
differential operators. The learned operator is physics-agnostic, and local to the computational stencil. The framework consists of a lifting the
relative positions to a higher dimension with a neural network, followed by a stack of message-passing graph layers, and a final output head
that maps latent representations to operator weights.

2 dimensions ¢ : R? — R sampled on a discrete point cloud P. For a given neighbourhood N;, where d(¢)|; denotes the vector of
partial derivatives of ¢ at particle i,
] T
i

and X, is the vector of Taylor monomials of the position of j relative to i, the multivariate Taylor expansion of ¢ about point i may
be written compactly as

(@), = () +X; - @), (19)

The spatial dimension enters only through the monomials in X;; and the corresponding entries in d(¢)|;: extending to three
dimensions requires including the additional monomials (z;;, x;;2;;, ¥;; i zjz.i, ...) and their associated derivatives, with no change
to the architecture or training procedure. One can analyse the error in the discrete differential operator LP by substituting the
Taylor expansion into Eq. (1), obtaining

LP@) = Y X - 0@, wh (20)
JEN;
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For a target continuous differential operator D, polynomial consistency of order p requires that the discrete operator L,.D
reproduces the action of D on all monomials of total degree at most p, i.e.

LP(¢) = D(¢)|;, ¥ polynomials of degree < p. (21

For instance, to approximate % with second-order polynomial consistency, it is required that the first-order discrete moments satisfy
D oxwh =1, Yy =0 (22)
JEN; JEN;

with all remaining moments associated with the second-order approximation set to 0. When these conditions are satisfied, the
resulting discrete operator approximates % with second-order convergence for sufficiently smooth ¢, yielding a truncation error of
order s2. ’

In our framework, we approximate polynomial consistency by minimising the error between predicted and target moments over
all particles

2
L= % Z Z X, wh©) -MP|| (23)
=1 ||jeN; 2
where " indicates a normalised quantity. Thus, the proposed method does not require individual labels for each computational
stencil. One can compute the training operator moments directly from the inputs and the predicted weights, and compute the loss
based on the fixed target moments.

Data Generation: Training is performed on local particle neighbourhoods W; sampled from synthetic disordered point cloud
distributions. These are obtained by applying stochastic perturbations to a regular Cartesian grid with average spacing s,,.
Specifically, each grid node is independently displaced by a noise term sampled from a uniform distribution U(—%, %) per
coordinate, where ¢ represents the non-dimensional noise intensity. This formulation ensures that the perturbation magnitude scales
proportionally with the grid resolution, enabling a systematic analysis of operator sensitivity across different discretisation scales.
We note that training is not restricted to this particular distribution family; the learned operators generalise to other point-cloud
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statistics, as demonstrated in Section 5.6 using particle-shifted nodes [64-67]. There is a broad range of point-cloud generation
methods available in the mesh-free literature [68,69]; for a comprehensive overview, we refer the reader to [70].

Unless stated otherwise, models are trained at a disturbance level of ¢ = 1.0, which is significantly larger than the particle disorder
typically encountered in practical mesh-free simulations. This choice ensures that the learned operators remain robust under severe
geometric irregularity (as shown in Appendix A).

To expose the network to near-boundary geometry during training, we augment the dataset with truncated stencils that mimic
the one-sided support typical of particles adjacent to a wall. For each raw stencil in the training set, a flat wall is placed at a
random orientation ¢ ~ U'(0,2x) and a random normalised offset § ~ U (6,in» Omax) from the central node, and all neighbours on the
far side of the wall are discarded. Because the raw neighbour pool contains more than N nodes, discarded neighbours are replaced
by more distant nodes from the same pool, preserving the stencil size. The surviving neighbours are re-normalised by their own
maximum radius, matching the convention used for interior stencils. The effect of this augmentation on solution accuracy is assessed
in Section 5.6.1.

Operator Rescaling and Reuse: For a target differential operator of order m, the predicted weights are rescaled by (d;N )y=m
to recover the correct physical dimensions, reflecting the mth order spatial scaling of the operator—distinct from the formal
order of accuracy p—and ensuring consistency across resolutions. The resulting weights are then used within standard mesh-free
discretisations to approximate the action of the operator D on arbitrary fields.

Because operator construction depends only on local geometry, trained models can be reused across different resolutions,
domains, and governing equations without retraining, provided the neighbourhood size |N;| remains fixed. This enables learned
operators to be deployed as drop-in numerical components within existing mesh-free solvers.

Directional Derivatives by Stencil Rotation: A single network is used for all directional derivatives. Let n = (cos 9, sin9) denote
the unit vector at angle 9 to the x-axis, and let Ry be the rotation satisfying Ryn = e,, where e, = (1,0). Weights for the derivative
along n are obtained by evaluating the same network on the rotated stencil,

(@2 e, = Fo (R e ) - 24)

The same trained network can therefore predict weights for the derivative along any direction in the plane. The Laplacian is rotation
invariant and requires no alignment.

This construction preserves accuracy, as shown below. Writing w;'l.') = wﬁ’“‘) , X;; =%;; and My = Mfs for brevity, let
(n)
M, = z Wil X (25)
JEN;

denote the moment attained by the predicted weights on the original offsets. The same weights evaluated against the rotated offsets
give e, w;',.‘)R@x ;i = RygMy, since Ry is constant. It is against these rotated offsets that the network enforces the conditions it was
trained on. For a network trained on the first derivative in the x-direction,

RyMy ~ M*. (26)

The approximation in Eq. (26) indicates the network’s deviation from exact consistency; the transformation RyM, is exact.
Multiplying by Rg therefore returns the physical frame, My ~ RgMX, with the moment error transformed without change of
magnitude, since R, is orthogonal. The accuracy attained at § = 0 is thus recovered exactly at every orientation.

5. Results & discussion

The present framework is assessed using a combination of qualitative analysis, polynomial reproduction residuals, derivative
error analysis on a test function, modal response, stability analysis, parametric investigation and behaviour in PDEs. To assess
the computational efficiency of the proposed framework, we report a wall-clock time analysis as a function of the L, error on a
test function. Unless otherwise stated, all results are reported for a canonical configuration consisting of a first-order derivative
or Laplacian operators, both with second-order consistency. Details on hyper-parameters and the training dataset for each specific
model can be found in Appendix B. All experiments are conducted in two spatial dimensions.

5.1. Qualitative analysis of learned operator

To assess the geometric structure of the learned discrete operators, we perform a qualitative analysis of the predicted stencil
weights across multiple noisy neighbourhood realisations. Fig. 2 visualises the learned kernel corresponding to two differential
operators with the MLP baseline and NeMDO, where weights predicted for many independently perturbed neighbourhoods are
overlaid in relative coordinates.

Despite significant stochastic variation in local particle configurations, the learned operators exhibit coherent structures. In Fig.
2, the x-derivative aggregated weight distribution displays approximate anti-symmetry in the direction of the derivative about the
origin, i.e. w(x;;) & —w(-X;;), consistent with the structure of a first-derivative operator, while decaying in the transverse direction.
This symmetry is not enforced explicitly but emerges purely from the polynomial moment constraints used during training. The
overlaid kernels further reveal a decay in weight magnitude with increasing distance from the central particle. Notably, the learned
weight magnitudes in NeMDO are lower than those of the MLP baseline. Spatially, the MLP’s dominant weights cluster tightly around
the origin, whereas NeMDO achieves a smoother distribution throughout the local stencil. A comprehensive investigation into how
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Fig. 2. Second-order normalised learned operators for MLP (top row) and NeMDO (bottom row), colours indicate weight value. Models were
trained with particle disturbance of ¢ = 1.0 and inferred with the same noise.

specific optimisation choices or activation functions, optimiser, and architecture influence these weight distributions remains an
open avenue for future research, as a full parametric ablation falls outside the scope of the present study.

For the Laplacian operator, the learned kernels instead exhibit rotational invariance, with larger weights concentrated near the
central particle and decreasing with distance. Although NeMDO and the MLP display comparable weight magnitudes here, the latter
features dominant weights clustered more tightly around the centre. Together, these symmetry patterns and the consistent decay of
weight magnitude away from the central particle mirror structural properties commonly observed in gradient and Laplacian kernels
of classical mesh-free methods, including uncorrected SPH and polynomially corrected kernel formulations [17,37].

5.2. Polynomial consistency and convergence

We now verify that the learned operators satisfy the polynomial consistency conditions imposed in the training loss and that this
translates into accurate differential approximations. For each operator type, we evaluate the learned stencil weights on monomials
up to degree p. For brevity, we only show the first derivative results for the x direction, noting that results in the y direction are
analogous.

Table 1 reports moment residuals for NeMDO, the MLP and SPH operators, averaged over independently perturbed neighbour-
hood realisations. For the gradient operator, NeMDO residuals are consistently on the order of 107> across all first- and second-order
monomials, while the MLP are mostly of order 10~3, and the SPH residuals are of order 10~2 for both smoothing kernels. For all
operators, the Laplacian exhibits larger residuals compared to the derivative ones, with NeMDO on the order of 10~4, the MLP
with errors of order 103, and the SPH operators with errors of order 10~! — 1072, The larger residuals for the Laplacian reflects
the increased sensitivity of second-order derivatives to geometric perturbations, a behaviour also observed in classical high-order
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Table 1

Moment residuals for NeMDO, MLP and SPH operators. Mean absolute error (MAE) and standard deviation are
reported for each monomial moment, averaged over independently perturbed neighbourhood realisations. Residuals
quantify the extent to which the learned discrete operators satisfy the imposed Taylor consistency constraints (smaller
values are better). The superscripts in the learned operator identify the target operator.

Operator Metric x y x?/2 xy y/2
NeMDO™ MAE 8.84 % 107 7.93x 107 577 % 107 559 x 107 474 % 1075
r=2 st.d. 1.14 x 10+ 1.04 x 10~ 738 107 735% 1075 6.25% 107
NeMDO? MAE 522 % 107 5.09 x 10~ 3.69x 10~ 4.09 x 107+ 3.62x 107
p=2 st.d. 6.91 x 10~ 6.69 x 10~ 4.94 % 107 549 x 10~ 477 %107
MLP* MAE 930 x 10~ 130 x 10~ 1.93 x 10~ 3.16% 1073 1.94 x 107
p= st.d. 1.25 x 107 1.75 % 107 258 x 107 434 % 107 257 %107
MLPA MAE 1.10 x 1073 1.07 x 1073 1.09 x 1073 1.19x 1073 1.07x 1073
r=2 st.d. 1.52 % 107 1.46 x 107 1.46 x 107 1.57 x 107 1.47 x 107
MAE 5.14% 107 4.01 x 1072 270 % 107 2.63% 1072 1.36 x 10~
I 2
Wendland C st.d. 6.21x 1072 5.01x 1072 3.35% 1072 3.29% 1072 171 x 1072
MAE 1.86 x 107! 1.83 x 107! 5.14 x 1072 8.02x 1072 5.26 % 1072
Wendland C24
endian st.d. 231% 107! 227 % 107! 6.21% 10 1.00 x 10~! 6.40 X 1072
Ouintic Spline* MAE 3.44 % 1072 242 % 1072 1.98 x 10~ 2.09 x 10~ 1.10x 102
P st.d. 424 % 107 3.03 % 1072 2.46 % 1072 259 x 1072 1.38 x 1072
Quintic Spline? MAE 8.49 x 1072 7.99 x 1072 3.44x 1072 4.85x 1072 3.35x 1072
P st.d. 1.05 x 107! 9.91 x 1072 424 % 107 6.05x 1072 4.15 x 1072
101 4 ]
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Fig. 3. Convergence of the discrete x-derivative (left) and Laplacian (right) on a smooth test function with ¢ = 0.5, noting that NeMDO was
trained with e = 1.0. Relative L, error versus particle spacing s for the learned NeMDO operator, a second-order LABFM operator, two uncorrected
SPH kernels (quintic spline and Wendland C2), and MLP.

mesh-free and spectral discretisations [71]. Overall, these results indicate that the polynomial consistency constraints can be learnt
with a self-supervised framework, generalise for unseen stencil arrangements, and significantly outperform SPH operators.

Next, we evaluate the learned operators on a smooth test function with known analytical derivatives. We considered a square
domain defined by (x, y) € [-0.5,0.5]%, and we define the test function as

6
BE ) = 10+ & + Y & +7), @7)
n=1

where ¥ = x —0.1453 and y = y—0.16401. This choice of test function with pseudo-random offset ensures asymmetry in the function,
to prevent the masking of errors, which could cancel for a symmetric function (e.g. Fourier modes) [17].

Relative L, errors between the predicted and exact derivatives are reported at varying average particle spacing s. The learned
operators are compared against classical discretisations, including SPH kernels based with the quintic spline and Wendland C2, as
well as a representative formally consistent method, LABFM.

Fig. 3 reports the convergence behaviour of the derivative and Laplacian. All convergence results are computed at a particle
disorder level of ¢ = 0.5 given SPH convergence is known to degrade significantly at higher disorder levels [13]. For the gradient,
NeMDO,_, and the MLP,_, baseline closely follow the second-order LABFM,_, scheme, exhibiting a decay rate consistent with
second-order convergence as s — 0. Across all resolutions, the learnt and LABFM operators substantially outperform the SPH kernel.
At lower resolutions, the MLP baseline achieves superior accuracy compared to the graph-based framework; however, it plateaus at
a limiting error approximately one order of magnitude higher. For most mesh-free operators (including SPH and LABFM), achieving
the expected convergence behaviour requires a sufficiently smooth underlying function, moderate particle disorder, and an adequate
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Fig. 4. Normalised eigenvalue spectrum of the global x-derivative operator with node disturbance ¢ = 1.0 and 2500 nodes. Left: x-derivative
operators; right: Laplacian operators.

support size. Under these conditions, the limiting accuracy in consistent methods is typically bounded by the accuracy of the solution
of the linear system [56]. NeMDO is not a formally consistent method (polynomial consistency is learnt, not enforced); thus, as
resolution increases, the dominant limiting factor becomes the first-order moment residuals, since higher-order moment terms are
scaled by higher powers of the spacing and decay faster — leaving the first-order residuals as the error floor, reported in Table 1.
The comparatively poor SPH performance is attributed to the high particle disorder and the complexity of the test function, both
of which are known to degrade uncorrected kernel approximations [13].

For the Laplacian, LABFM exhibits the expected first-order convergence, achieving the lowest errors over the range of resolutions
considered. The learned Laplacian displays a decay faster than first-order at coarse resolutions; however, this behaviour is only
observed over a small range of resolutions, and while first-order convergence is expected, we observe faster convergence because
higher-order truncation error terms dominate the error when s is large (this effect is strongly dependent on the choice of ¢). As
resolution increases, the error saturates at a limiting value of order 103, after which the error grows with order s~!, similarly to
traditional SPH formulations [72]. This behaviour is consistent with the presence of a residual consistency error in the Laplacian
operator, with similar divergence observed in formally consistent mesh-free methods and spectral SPH formulations, albeit at
finer resolutions [62,71]. Despite this limitation, the learned Laplacian remains significantly more accurate than uncorrected SPH
kernels across the entire range of s. Remarkably, for the Laplacian, the MLP achieves similar limiting accuracy to the graph-based
architecture.

Overall, these results suggest that learning to approximate polynomial consistency provides meaningful improvements over
traditional SPH and exhibits similar behaviour to the formally consistent method within a finite resolution range.

5.3. Stability

To analyse the stability of the discrete operators, we construct a global discrete derivative matrix GP as a re-arrangement of the
local operators LI.D. The global discrete operator matrix acts as a mapping that describes how a global field ¢ evolves across the entire
domain simultaneously, and the eigenvalues of GP provide insight into the stability properties of the discretisation. Eigenvalues on
the imaginary axis correspond to advective (translational) modes, while eigenvalues with nonzero real parts indicate growth or
decay. These are of particular interest in dynamical systems, where the spectral distribution of G” dictates the long-term behaviour
of the numerical solution.

For convective derivatives (i.e. first-order spatial derivatives), the continuous operator is purely dispersive, with Fourier modes
corresponding to translation and no amplification or diffusion. Accordingly, the eigenvalues u of a stable discrete approximation
should ideally lie on the imaginary axis, i.e. R(x) = 0 V p. In contrast, the Laplacian operator is purely dissipative, i.e. R(u) <0 V u,
reflecting the decay of all modes due to diffusion [14].

Fig. 4 (left) shows the normalised eigenvalues of the discrete x-derivative operator on a noisy particle distribution. NeMDO’s
(graph-based architecture) spectrum is tightly clustered near the imaginary axis, with a comparable spread to the quintic spline,
and lies closer to the imaginary axis than that of LABFM constructed with the same neighbourhood size |V;| and the Wendland
C2 kernel. The MLP baseline exhibits a spectral spread along the real axis similar to that of the Wendland C2 kernel, while its
imaginary components are larger in magnitude than those of any other operator. Given that high-order discretisations are known
to generate small-scale oscillations [73], it is notable that NeMDO and the MLP baseline — both trained to approximate second-
order polynomial consistency — exhibits stability properties comparable to the quintic spline and Wendland C2, respectively. This
suggests that the learned operator achieves competitive stability characteristics per neighbour than both corrected and uncorrected
kernel-based baselines.

For the Laplacian, no eigenmodes exhibit growth in time (R(u) < 0 Vu) for any of the operators considered. The Morris
Laplacian [60] exhibits only real components, corresponding to purely diffusive behaviour, which likely contributes to its widespread
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Fig. 5. Resolving power of the x—derivative for LABFM, NeMDO, MLP, and SPH (with the Quintic Spline and Wendland C2). The left plot shows
the real part of the modal response, and the right plot shows the imaginary part on disordered particle distributions with noise level ¢ = 1.0.
The horizontal axis shows the true wavenumber k normalised by the Nyquist wavenumber ky,, while the vertical axis shows the corresponding
effective wavenumber k. /ky,. The dashed black line indicates the ideal response, corresponding to a spectral method. The inset on the left plot
shows the absolute difference between the different operators and the ideal spectral response. The inset on the right plot shows zoomed in graph
of §{keg) for range 0 < k < 0.3. The full and dotted lines indicate k,/k, =0 and k,/k, = 1, respectively.

use and robustness in SPH simulations. NeMDO’s Laplacian displays a larger spread along the imaginary axis than the SPH and
LABFM baselines; however, its eigenvalues are more tightly clustered overall, indicating more uniform damping of modes. Similarly,
the MLP baseline shows real eigenvalues clustered, with a large spread in the imaginary axis. Overall, the learned operators
demonstrate a more uniform spectral response across modes in disordered particle configurations for both first- and second-order
derivatives, although a large dispersiveness is observed in the Laplacian. It should be noted that the results presented in this section
are with particle disorder of ¢ = 1.0, which represents the worst-case scenario regarding node distribution compared to standard
simulations that traditionally use particle shifting [64-66].

5.4. Modal response

Insight into the behaviour of the derivative operators can be gained from an analysis of the modal response [74]. In principle,
spectral discretisations can exactly represent all modes below the Nyquist limit [75]—where the Nyquist wavenumber is given by
ky, = =/s;—however, truncated discretisations only approximate the underlying function up to a finite truncation error, leading to
a modified (effective) wavenumber response.

The modal response can be analysed by setting ¢ = ¢(x;;) to be a local (to each stencil) multi-dimensional Fourier series; in our
case, we restrict the analysis to a two-dimensional domain

d(x,y) = Z Z Ckx,kyei(kXXJrkyy)’ (28)

kyEZ k,EL

where the Ck,k, are complex constants and k,, k, are (appropriately scaled) wavenumbers. The effective wavenumber is then
kefs = LI.D(qb) representing the wavenumber captured by the discrete operator. For the first derivative with respect to x, the effective
wavenumber in the ith stencil is given by

ke =, sin(koxj; + kyyw’ +1 3 (1= cos(hyx; + kv ws. (29)
JEN; JEN;
The real part of Eq. (29) characterises the numerical scheme’s dispersion error; specifically, an error exists whenever R{kqg} # k.
Similarly, the imaginary part represents dissipation error, occurring if S{k.g} # 0. For the Laplacian, the effective wavenumber is
given by

Q= D (L= costhyxy, +kyyws —i Y sin(kox, + kv, ws (30)
JEN; JEN;
where quf = ki + ki for spectral methods. In the equation above, the real part of quf relates to the dissipation, and the imaginary
part to the dispersion error.

Fig. 5 shows the modal response of the different discretisations for the x-derivative operator, and Fig. 6 for the Laplacian. For
both differential operators, all methods recover the true modal response at low wavenumbers and progressively deviate as the true
wavenumber increases, indicating larger errors for high-wavenumber modes. In both cases, LABFM,,_, remains closest to the spectral
reference, followed by the Wendland C2 kernel. For the x-derivative, the MLP baseline ranks ahead of the quintic spline, whereas for
the Laplacian the ordering reverses. The GNN and MLP operators exhibit near-identical resolving power for the Laplacian, consistent
with the comparable convergence rates observed in Fig. 3 (right). The insets show that at low wavenumbers NeMDO outperforms
SPH by approximately two orders of magnitude for the real part of the x-derivative (Fig. 5, left) and one order for the real part
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Fig. 6. Resolving power of the Laplacian for LABFM, NeMDO, MLP, and SPH (with the Quintic Spline and Wendland C2). The left plot shows
the real part of the modal response and the right plot shows the imaginary part on disordered particle distributions with noise level ¢ = 1.0.
The horizontal axis shows the true wavenumber ¢ normalised by the Nyquist wavenumber ky,, while the vertical axis shows the corresponding
effective wavenumber. The dashed black line indicates the ideal response, corresponding to a spectral method. The inset on the left plot shows
the absolute difference between the different operators and the ideal spectral response. The inset on the right plot shows zoomed in graph of
Ky {qgff} for range 0 < ¢ < 0.3. The full and dotted lines indicate k,/k, = 0 and k,/k, = 1, respectively.

of the Laplacian (Fig. 6, left). Although the SPH kernels exhibit a stronger modal response than NeMDO for higher wavenumber,
this spectral advantage is confined to sufficiently low resolutions and did not translate into smaller error during the convergence
study in practice due to their pronounced sensitivity to node disorder shown in Fig. 3 and the relatively fine resolutions plotted. The
imaginary parts of the differential operators indicate that NeMDO has smaller dissipation and dispersion errors in the x—derivative
and the Laplacian, respectively, compared to the other operators.

The global spectral analysis (Section 5.3) and the local modal response (Section 5.4) provide complementary perspectives on
the numerical performance of these operators regarding dispersion and dissipation. While both analyses reflect the influence of
particle irregularity, they do so at different scales of aggregation. The modal response characterises the local fidelity of the operator,
demonstrating that NeMDO weights are effectively optimised to suppress dispersion error on a per-stencil basis, even under high
node disorder. Conversely, the global spectrum captures the matrix non-normality of the assembled system. The large imaginary
values in the NeMDO and LABFM Laplacian (Fig. 4) are not a result of local dispersive failure — which the modal response proves is
minimal — but rather a manifestation of the global matrix non-normality. This arises from the lack of reciprocity between neighbours
in a disordered mesh-free assembly (w;; # w;;). The bidirectional edges of the star graph in Section 4 operate within a single
stencil; they do not connect one stencil to another. The network is evaluated independently per stencil, so node i never observes the
neighbourhood of j, and the edge (i, j) is predicted twice from two different input geometries with nothing tying the two weights
together. The resulting asymmetry is generic to consistent mesh-free operators constructed independently at each node: in LABFM
and corrected SPH [76] the same edge is built twice, from two separate local systems, and thus the imaginary spread is observed.
The Morris operator used for the SPH baseline is the exception: its weights depend only on the pair separation and the neighbour
volume, and are therefore reciprocal for the uniform-volume distributions considered here, consistent with the purely real Laplacian
spectrum in Fig. 4. Reciprocity in that case is obtained by construction, at the cost of polynomial consistency.

Reciprocity could in principle be encouraged through a symmetry penalty, or enforced by predicting a single weight per shared
edge. Symmetric weights render the global Laplacian symmetric, so either measure would be expected to reduce the observed spread.
However, in this case, a shared edge weight must satisfy the moment conditions at both endpoints, whose stencils generally differ,
so reciprocity can be obtained only at the cost of consistency or by coupling stencils and abandoning the strictly local, independently
evaluated construction. Quantifying this trade-off is left for future work.

5.5. Computational cost and accuracy

We now evaluate the cost-accuracy trade-off of NeMDO relative to LABFM and SPH. For each configuration, we measure the
wall-clock time required to compute stencil weights for the x-derivative on a fixed particle cloud and evaluate the resulting L,
error of the test function in Eq. (27), further details regarding the computational cost can be found in Appendix C. All timings
reported here are performed in single precision for every method, so that the comparison is not confounded by differing floating-
point formats; at the resolutions considered, single precision is not the limiting factor on the reported errors. We report results for
NeMDOI'Fz, NeMDOi=2, NeMDOi=2, where the superscripts identifies increasing numbers of trainable parameters, to examine how
computational cost and limiting accuracy scale with model capacity.

Fig. 7 shows that NeMDOII,=2 achieves substantially lower error than the SPH kernels at comparable cost, and yields a speedup
of roughly 3 times over LABFM,_, up to its limiting error of 4 x 1073. NeMD02=2 reaches an error floor of 5 x 107, roughly 3
orders of magnitude below the SPH baselines, at a cost 2x slower than LABFM,_,. Increasing the number of network parameters
further in NeMDOi=2 reduces the error floor again, at the expense of increased forward time. It is important to note that all NeMDO
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Fig. 7. Evaluation of the trade-off between parameter count, wall-clock forward time, and accuracy for NeMDO and baseline kernel methods
when computing stencil weights. All methods are timed in single precision. The vertical axis shows the L, error of the x-derivative of the test
function in Eq. (27) at a different resolutions; horizontal lines mark the resolution at which each operator converges (i.e., further refinement
does not reduce this error). All NeMDO models are trained with geometric noise ¢ = 1.0, while the convergence tests are performed at e = 0.5.

models in Fig. 7 were trained with geometric noise of magnitude ¢ = 1.0, so they retain their accuracy for particle disorder up to
this level. The figure reports results for ¢ = 0.5, which is approximately the highest noise level at which the SPH kernels still exhibit
convergence, while LABFM,_, (and other consistent methods) maintain the same convergence for particle disorder from ¢ = 0—1.0
for second-order approximations [17]. Additional experiments (Section 6.3) indicate that training with milder noise makes the
learning problem simpler, yielding lower errors for the same architecture. In this sense, the cost—accuracy curves in Fig. 7 provide a
conservative, worst-case characterisation of NeMDO’s performance. Taken together, these results show that NeMDO limiting error
varies with model, with the smallest model showing significant speed-up compared to LABFM at substantially higher accuracy than
SPH uncorrected kernels. All speedup factors quoted here are relative to LABFM,,_,, i.e. at matched order of approximation; the
Taylor—Green vortex simulations in Section 5.6.2 use LABFM which carries a larger stencil and linear system, so these factors
should not be transferred to that case.

p=4>

5.6. Application to partial differential equations

5.6.1. Poisson’s equation
To assess the effectiveness of the learned operators in practical settings, we use them to solve the Poisson equation in a mesh-free
setting. The Poisson equation is given by

V= f(x.) €3b)
in the domain @, with Dirichlet boundary conditions
¢ =g xy) onlp. (32)

We assemble a global discrete Laplacian matrix G® € RV*N, where N is the total number of nodes, by distributing each local
operator LiA into the corresponding row. Specifically, the ith row of G2 is constructed by mapping the entries of L,.A to the columns

associated with the neighbours in N:

ij = w;‘i Vj#i (33a)

Gl =- ; wi. (33b)
The discretised form of Eq. (31) is

GA®=F (34)
with the solution vector

@ =[p. ¢ . by] (35)
and source vector

F=[fi far s In]" (36)

The global linear system, Eq. (34), is solved iteratively via the stabilised bi-conjugate gradient algorithm with Jacobi preconditioning.
Since the solution is obtained implicitly, boundary conditions must be enforced directly within the system. Dirichlet conditions are
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Fig. 8. Analytical solution to the Poisson problem.
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Fig. 9. Close-up of the (left) uniformly distributed, (centre) particle-shifted, (right) and noisy boundary nodes along the cylinder surface.

imposed by modifying the relevant rows and columns of G2 and F. Specifically, for a boundary node b,

ngzo Vj#b (372)
Gy, =1 (37b)
Fy =g (37¢)

which ensures that the solution to the global linear system satisfies ¢, = g, ,. Neumann boundary conditions are not considered in
the present work, but can be accommodated using ghost nodes to complete near-boundary stencils, following the approach described
in King et al. [17].

We consider a square domain (x,y) € [0,1]?> with a circular hole of radius r = 0.2 centred at (0.5,0.5). The source term is
set to f := sin(2zx)sin(2zy), with Dirichlet boundary conditions prescribed from the corresponding analytical solution on the
cylinder boundaries. We then assess NeMDO’s robustness by varying the boundary node arrangement. Three node distributions are
considered: (i) interior nodes on a perturbed Cartesian lattice with ¢ = 1.0 and uniform spacing along the cylinder boundary, (ii) the
same interior distribution with noisy boundary placement (e = 1.0), and (iii) all nodes repositioned via the iterative particle-shifting
algorithm of Flyer et al. [67]. The same trained model is deployed across all three distributions without retraining, allowing us
to evaluate robustness across different point clouds. For each configuration, we compare NeMDO trained with complete stencils
only against the augmented variant trained with the one-sided stencil procedure described in Section 4. Fig. 8 shows the analytical
solution, and Fig. 9 provides a close-up of the cylinder boundary and the different particle arrangements tested.

Fig. 10 presents the pointwise error for each discrete operator at two resolutions for the uniform node arrangement at the
cylinder boundary. At the lower resolution (top row), LABFM, the Wendland C2 kernel, and the augmented NeMDO model produce
qualitatively similar error distributions, each showing a four-quadrant structure. The Wendland C2 error field is noticeably rougher,
which we hypothesise is due to the lack of polynomial consistency in the uncorrected kernel weights: without consistency, local
truncation errors vary incoherently across the domain in unstructured node distributions, rather than following a smooth spatial
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Fig. 10. Pointwise error for the Poisson problem with uniform boundary nodes. Top row: s = 6 x 1073; bottom row: s = 3 x 103, From left to
right: LABFM, Wendland C2, NeMDO, and augmented NeMDO.
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Fig. 11. L, convergence for the Poisson problem with uniform (left), particle-shifted (centre), and noisy (right) boundary node distributions.

pattern. The augmented NeMDO and LABFM exhibit a minor break of symmetry at the lower resolution. Peak errors are of order
104 for LABFM, 10~2 for augmented NeMDO, and 102 for both the Wendland C2 kernel and standard NeMDO. At the higher
resolution (bottom row), LABFM and the Wendland C2 kernel both display smooth, nearly symmetric error distributions. The peak
error decreases between the two resolutions for LABFM and augmented NeMDO, while the Wendland C2 kernel and standard NeMDO
show no improvement.

We note that the augmented NeMDO error is nearly symmetric at the lower resolution but loses this symmetry at the higher
resolution. At coarse resolution the total error is dominated by the discretisation error, which inherits the spatial structure of
the solution and is therefore symmetric. As the resolution increases, the discretisation error decreases and the residual becomes
dominated by the weight-approximation error of the network, which can exhibit stencil-to-stencil variability and does not respect
the symmetry of the problem. LABFM and the Wendland C2 kernel both retain symmetric error distributions at both resolutions.
Although the Wendland C2 kernel has large absolute error, it has low stencil-to-stencil variability compared to NeMDO at the limiting
resolution, so nodes at symmetric locations receive similar errors and the large-scale symmetric pattern is preserved.

Fig. 11 shows the L, norm of the predicted solutions relative to the analytical solution for the three boundary configurations.
With uniformly distributed boundary nodes (left), the Wendland C2 kernel performs the poorest, plateauing near the upper end of
102, Standard NeMDO also stagnates, near the upper end of 10~3, while the augmented variant improves by roughly an order of
magnitude, settling near the upper end of 10~4. LABFM exhibits convergent behaviour across all tested resolutions, and produces
practically identical results across all three boundary configurations. The noisy boundary case (right) shows little change relative
to the uniform results, with only a slight increase in limiting error for both NeMDO variants. In the particle-shifted case (centre),
the Wendland C2 kernel improves by roughly an order of magnitude, benefiting from the more regular node spacing produced
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by the shifting algorithm, while both NeMDO variants show convergence behaviour practically identical to the uniform case.
Overall, these results suggest that NeMDO is robust to the boundary node arrangement. A broader investigation of how the training
particle distribution affects learning is presented in Section 6.3. The boundary treatment demonstrated here is scoped to a single
smooth curved Dirichlet boundary; corners, mixed boundary conditions and material interfaces are not considered. Extension of the
one-sided augmentation to more general boundary configurations is left for future work.

5.6.2. Navier-Stokes equations

Our next PDE is the weakly compressible Navier-Stokes equations in an Eulerian unstructured node distribution. While SPH
is generally implemented in Lagrangian schemes, particle clustering and instabilities can significantly affect the quality of the
simulation [59,77,78]. Our objective in this work is to assess the quality of the differential operator; thus, we restrict our
investigation to Eulerian simulations, and consider the two-dimensional Taylor-Green vortex.

Weakly compressible SPH is known to generate pressure oscillations; thus, to improve numerical stability we dealiase the
solution with a high-order filter at each time-step [79]. Furthermore, high-order collocated methods are known to frequently lead
to spurious oscillations at small scales [73,80]; thus, we also use a high-order filter in LABFM, and for our framework we train
a hyperviscous operator NeMDOEZ‘Z. It is worth noting that the LABFM-computed filters used by both SPH and LABFM satisfy
the moment conditions exactly via a linear solve, whereas the NeMDO hyperviscous operator only approximately enforces the
desired filtering. Consequently, NeMDO operates with a weaker stabilisation than the classical baselines, making the comparison
conservative with respect to NeMDO’s performance. NeMDO is also fully compatible with externally computed filters from any
mesh-free framework, which can be applied as a drop-in replacement for the learned hyperviscous operator. The high-order filter
is a fourth-order biharmonic operator —aV*. The coefficient «; is calibrated a priori at each stencil so that a tensor-product
mode cos(k;x) cos(k;y) at two-thirds of the Nyquist wavenumber is damped to one-third of its amplitude per application, giving
a = (2/3)[21(1 —cos(K,-xj,-)cos(lciyj,-))w?iyp]_], where «; = (2/3)z/¢; is the target wavenumber and ¢; = 2h;\/x/|N,| is the local
length scale. The filtered field is ultimately given by F (¢) = (1 - ﬁa,-V4) ¢, where g is 1, 0.1 and 0.02 for uncorrected SPH, LABFM,
and NeMDO, respectively. These scalings were selected individually for each discretisation to maximise accuracy while ensuring
stability.

Governing Equations: We solve the two-dimensional compressible Navier-Stokes equations in conservative form

Op  Opuy

£ =0 38
ot 0xy (382)

dpu;  Opu; 0u;

Opu | Opuith 1 Op 1 O (38b)
ot 0xy, MaZ 0x;  Re dx;0x;

where p is the density, u; is the ith component velocity, and Re is the Reynolds number, and Ma is the Mach number. The
system is closed with a barotropic equation of state absorbed into the momentum equation. The analytical solution of the TGV
for incompressible flow is given by:

2
u(x,y,t) = —exp (— SRL t*) cos(2zx) sin(2zy) (39a)
e

2
v(x, y,1) = exp(—gRie t*) sin(2zx) cos(2ry), (39b)

on the spatial domain (x, y) € [0, 11> equipped with periodic boundary conditions. In the equation above, u and v denote the velocity
components in the x- and y-directions, respectively, which we use as a reference. In the experiments carried in this section, we
used a Reynolds number of 100 and Mach number of 0.1. In the weakly compressible regime, the numerical discretisation error
dominates the deviation introduced by compressibility effects; therefore, the incompressible solution can be used as a Ref. [62].
The collocation points were distributed using the iterative particle shifting algorithm of [67], which iteratively relocates nodes from
regions of high density to regions of low density, yielding a more uniform spatial distribution. Notably, this distribution differs from
the randomly perturbed grids used during training (see Table 6), and the results therefore demonstrate that the learned operators
generalise to unseen point-cloud statistics.

Fig. 12 shows snapshots of the velocity magnitude of the TGV at different time units for the SPH operator with Wendland C2
kernel, NeMDO,,_,, and LABFM,_,. We simulate the TGV with the SPH operator and NeMDO for coarse and fine resolutions to test
the convergence, while LABFM,_, as a representative high-order mesh-free discretisation.

Qualitatively, NeMDO outperforms SPH for both coarse and fine resolutions. While SPH at s = 1/70 shows asymmetry in the flow
at 3 time units, our operator at the same resolution only shows asymmetry after 10 time units. At higher resolutions, our operator
shows a significant improvement in capturing the large flow structure compared to the lower resolution, indicating convergence.
SPH does not show significant improvement when increasing resolution. LABFM outperforms both methods, which is expected due to
the fourth-order accuracy enforced. These results agree with the limiting errors observed earlier in the convergence study, showing
SPH low limiting error, while NeMDO shows a clear convergent behaviour and significant improvement over SPH.

To perform a quantitative assessment of the results, we compute the error between the analytical solution and the discrete
operators with a relative root mean squared error (relative L, error) based on the velocity magnitude, shown in Fig. 13. These
results confirm the observations conducted in the qualitative analysis, where both SPH and NeMDO exhibit convergent behaviour
with increasing resolution; however, the SPH error saturates at order 10~3, whereas NeMDO achieves errors approximately one order
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Fig. 12. Velocity magnitude for the Taylor-Green vortex with different operators at different resolutions. Colour axes are rescaled at different
time scales for better visualisation of the flow structures.

of magnitude smaller across the tested resolutions. Indeed, the observed performance of NeMDO is consistent with the operator-
level accuracy and stability diagnostics reported earlier, indicating that the learnt operators can be directly embedded within a
compressible flow solver and used as a standalone spatial discretisation without problem-specific tuning. In contrast, Eulerian SPH
requires either high-order filtering (provided by a high-order consistent method) or kernel correction to obtain stable solutions.
Because NeMDO is trained without access to PDE solution data, the learnt operators can be deployed in a zero-shot manner at the
differential operator level in mesh-free simulations, enabling direct reuse within PDE solvers without retraining or further changes
in the code.

6. Parametric study

To assess the robustness and consistency of the proposed operator construction, we conduct a parametric study examining the
influence of: (i) stencil size, (ii) Taylor truncation, (iii) particle disorder, and (iv) rotational robustness.

6.1. Stencil size

We first study how the accuracy of the learned operators depends on the stencil size |N;|. Table 2 reports the average moment
error and standard deviation for x-derivative operators as | V| is varied for disordered node distribution, while keeping the network
architecture and all other training parameters fixed.

Table 2 shows that increasing |V;| from 10 up to 50 neighbours reduces the average moment error, this reflects the improved
conditioning of the local Taylor system when more neighbours are included (indicated by the smaller weights in Fig. 14). However,
further increasing the stencil size to |N;| = 100 does not lead to additional gains. This suggests the presence of an optimal stencil
size, beyond which particle noise, network capacity, and training dataset size, rather than the number of neighbours, become the
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Fig. 13. Relative root mean squared error of different operators with respect to the analytical solution (Eq. (39)) for velocity. s indicates the
average particle spacing, and ¢* indicates characteristic time units of the flow.

Table 2

NeMDO moment residuals for x-derivative operators with varying stencil size |V;|. Mean absolute error (MAE) and
standard deviation are reported for each monomial moment, averaged over independently perturbed neighbourhood
realisations. Residuals quantify the extent to which the learned discrete operators satisfy the imposed Taylor
consistency constraints (smaller values are better).
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Fig. 14. Parametric results for varying stencil size n for node disorder of ¢ = 1.0. Colours indicate value of weights. To generate the plots,
multiple stencils with normalised relative positions have their weights predicted and plotted on top of each other.

dominant limiting factors. Consistent with the convergence results in Section 5.2, larger residuals (reported in Table 1) translate
into lower accuracy. Consequently, models exhibiting larger moment residuals demonstrate a higher error floor.

Fig. 14 shows the plot of multiple stencil configurations with the particles coloured by weight on top of each other. Stencils with
a smaller neighbour count exhibit high-frequency spatial fluctuations. The anti-symmetric character is present at small |V;|, but is
overlaid by substantial scatter in the individual weights. As the neighbour count increases, this scatter reduces and the anti-symmetric
structure becomes more visible. This noisy distribution implies that the local consistency conditions are satisfied through highly
non-symmetric weight assignments. As neighbour count increases, the stencils undergo a clear structural refinement, transitioning
from a noisy distribution of weights towards a clearer anti-symmetric stencil structure. Furthermore, the magnitude of the weights
decreases with increasing neighbour count, reflecting a transition from an ill-conditioned local approximation to a more regularised
and distributed representation.

Fig. 15 illustrates the convergence behaviour of the NeMDO’s x-derivative operator with multiple neighbourhood size |V;|. At
lower resolutions (s = 107!), stencils with a smaller number of neighbours yield superior L, error norms; however, as the resolution

19



L.G. Starepravo et al. Computer Methods in Applied Mechanics and Engineering 463 (2027) 119388

10-1 4
—e— NeMDO}%,
g
8 —e— NeMDOZ,
a
ST NeMDO ,
NeMDO:%,
./
1073 4+ T
1072 1071

S

Fig. 15. Convergence of the discrete x-derivative operator on a smooth test function with ¢ = 1.0. Relative L, norm versus particle spacing s for
the learned NeMDO operator with varying stencil size. The superscript in the operator indicates the number of particles within the computational
stencil.
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Fig. 16. Resolving power of the gradient operator for varying number of particles in computational stencil. The left plot shows the real part of
the modal response, and the right plot shows the imaginary part on disordered particle distributions with noise level ¢ = 1.0. The horizontal axis
shows the true wavenumber k normalised by the Nyquist wavenumber ky, while the vertical axis shows the corresponding effective wavenumber
kege /kny- The dashed black line indicates the ideal response, corresponding to a spectral method. The inset on the left plot shows the absolute
difference between the different operators and the ideal spectral response. The inset on the right plot shows zoomed in graph of S{k.) for range
0 < k <0.3. The full and dotted lines indicate k,/k, =0 and k,/k, = 1, respectively.

increases, larger stencils demonstrate a more favourable asymptotic error floor. This observed stagnation in accuracy is consistent
with the moment analysis presented in Table 2. For example, the first-order moment sum for NeMDOI:]i2 is approximately 1.3x 1072,
which directly corresponds to the resolution at which the operator reaches its formal truncation error limit.

Fig. 16 illustrates the resolving power of NeMDO across varying neighbourhood sizes. At higher wavenumbers, reducing the
stencil size significantly improves the real component of the modal response. This spectral behaviour directly correlates with the
lower L, error norms observed at coarser resolutions in Fig. 15. However, at low wavenumbers (Fig. 16, left inset), the NeMDO‘!lfi2
operator exhibits a larger absolute error compared to configurations with larger supports. This deterioration in the low-frequency
modal response is a consequence of larger moment residuals, which impose a stricter truncation error limit. Conversely, increasing
the stencil size leads to a reduction in dissipation error. These results suggest a fundamental trade-off between improved modal
response for high-wavenumber under-constrained stencils and the improved consistency afforded by larger neighbourhood sizes.

6.2. Taylor truncation

We now vary the Taylor truncation by increasing the number of moments included in MP. In traditional high-order mesh-free
numerical methods, this enforces polynomial consistency to a higher degree, which leads to more accurate solutions at equivalent
resolution (i.e. improved resolving power). However, the local systems that must be solved become more poorly conditioned for
higher orders of approximation; thus, these usually require larger computational stencils, and are more prone to instabilities [17,56].

Fig. 17 illustrates the stencil structure for the NeMDO x-derivative operator trained with third-order Taylor monomials and
|N;| = 50. Consistent with the second-order approximation (Fig. 14c, also |N;| = 50), the third-order operator maintains a defined
anti-symmetric structure about the origin. However, the higher-order consistency requirement leads to increased weight magnitudes
compared to the second-order counterpart. Furthermore, these larger weights exhibit a higher spatial concentration closer to the
origin. This suggests that as the polynomial order increases, the operator prioritises the nearest neighbours to satisfy the more
stringent higher-order moments.
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Fig. 17. Normalised third-order NeMDO for the x—derivative, colours indicate weight value. Model was trained with |N;| = 50 and particle
disturbance of ¢ = 1.0 (and inferred with the same noise).

Table 3

NeMDO moment residuals for x-derivative operators with Taylor monomials up to third order, NeMDO;_;. Mean absolute error (MAE) and
standard deviation are reported for each monomial moment, averaged over independently perturbed neighbourhood realisations. Residuals
quantify the extent to which the learned discrete operators satisfy the imposed Taylor consistency constraints (smaller values are better).

Metric x y x2/2 xy ¥/2 x*/6 x2y/2 xy? /2 ¥ /6
MAE 2.08 x 1073 2.07x 1073 1.71x 1073 1.92x 1073 1.85% 1073 2.42x 1073 243 x 1073 239 % 1073 2.86 x 1073
st.d. 270 x 1073 2.73% 1073 224x1073 252x1073 240 %1073 3.29%x 1073 321x1073 321x1073 3.61x 1073
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Fig. 18. Convergence of the discrete x-derivative operator on a smooth test function with ¢ = 0.5. Relative L, norm versus particle spacing s
for the learned NeMDO operator with varying Taylor truncation. The superscript in the NeMDO operators indicate the stencil size |N|.

Table 3 shows NeMDO average moments up to third-order Taylor monomials averaged over multiple stencil configurations
unseen during training. All moments are satisfied with similar accuracy approximately at order 10~3. Compared to the second-order
approximation with the same stencil size (in Table 2), the moments are about one order of magnitude larger. By increasing the
terms present in the Taylor truncation, the loss function becomes more complex, requiring the optimiser to balance a larger set of
competing consistency conditions within the same local support. This increased requirement for higher-order polynomial accuracy
causes degradation in moment residuals.

Fig. 18 illustrates the convergence behaviour of the third-order NeMDO x-derivative operator. At lower resolutions, NeMDOEg3
outperforms all other operators, demonstrating the benefits of increasing the Taylor truncation. However, as the resolution increases,
the model trained with more stencil moments quickly reaches its limiting error, indicated by the sum of the first-order moments in
Table 3.

Fig. 19 illustrates the resolving power as a function of the Taylor truncation order. Consistent with classical high-order numerical
schemes, extending the truncated expansion improves the spectral fidelity of the real component of the modal response. This
enhancement is further evidenced by the convergence results in Fig. 18, where the p = 3 model significantly outperforms the
lower-order operators at coarse resolutions. However, for wavenumbers k > 0.5, the real component of the NeMDO,_; response
begins to attenuate, falling below the performance of both LABFM,,_, and the Wendland C2 kernel. At low wavenumbers (k < 0.04),
the inset of Fig. 19 (left) reveals a distinct divergence in error scaling. For NeMDO,_, and LABFM,,_,, the error magnitude exhibits
a steep positive gradient for k € [0,0.04], which subsequently transitions to a lower growth rate as k increases. This initial steepness
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Fig. 19. Resolving power of the gradient operator for increasing Taylor truncation included during training. The left plot shows the real part of
the modal response, and the right plot shows the imaginary part on disordered particle distributions with noise level ¢ = 1.0. The horizontal axis
shows the true wavenumber k normalised by the Nyquist wavenumber kyy, while the vertical axis shows the corresponding effective wavenumber
kegr/kny- The dashed black line indicates the ideal response, corresponding to a spectral method. The inset on the left plot shows the absolute
difference between the different operators and the ideal spectral response. The inset on the right plot shows zoomed in graph of S{k.) for range
0 <k <0.3. The full and dotted lines indicate k,/k, =0 and k,/k, = 1, respectively.

reflects the operators’ ability to resolve increasingly smooth modes with high accuracy. In contrast, the error profile for NeMDO,,_;
remains relatively invariant across this low-frequency regime. This plateau indicates that the p = 3 operator has reached a truncation
error floor, where the error is no longer dominated by the wavenumber but by the constant moment residuals reported in Table
3. A similar spectral stagnation is observed for the SPH kernels (albeit at a much larger absolute error), which exhibit a horizontal
error profile as k — 0, indicating a lack of formal consistency at lower wavenumbers. The imaginary part of the modal response is
shown in Fig. 19 (right). Including additional terms of the Taylor truncation degrades stability. Interestingly, NeMDO,_; exhibits a
profile similar to Wendland C2 across the entire wavenumber spectrum, with marginally better stability up to k ~ 0.85.

6.3. Particle disorder

This section investigates the sensitivity of the NeMDO operators to varying degrees of geometric disorder, ¢, during both the
training and inference phases. To evaluate the generalisation capabilities of the learned weights, we trained separate NeMDO models
across a spectrum of particle perturbations, specifically ¢ € {0.1,0.5,1.0}. We then performed a cross-evaluation to determine
the impact of training-set stochasticity on the resulting operator consistency. Table 4 summarises the moment residuals for each
configuration, providing a quantitative measure of how well each model maintains polynomial consistency when subjected to
different noise regimes.

The cross-consistency analysis in Table 4 demonstrates a clear trade-off between peak specialisation and operational robustness.
The operator trained on minimal disorder (e = 0.1) achieves the lowest total MAE for the low-order moments (2.04 x 10~*) when
evaluated in its native noise. However, this model is highly specialised; when subjected to higher disorders (¢ € {0.5,1.0}),
this model encounters out-of-distribution geometric configurations that were not represented during training, leading up to a
two-order-of-magnitude increase in residuals.

In contrast, training on the highest noise level (¢ = 1.0) provides a broader coverage of stencil arrangements, including the
near-regular states found at lower noise levels, the resulting model functions as a robust generalist. While this breadth prevents the
operator from reaching the same high accuracy on a more structured point cloud, it ensures that the moments remain well-satisfied
for a wide range of particle distribution. For Lagrangian simulations, where particle distributions inevitably transition from ordered
to highly disordered states, the distributional robustness afforded by high-noise training is a critical prerequisite for maintaining
numerical consistency throughout the simulation.

Fig. 20 illustrates the L, error norm for the x-derivative operator across varying spatial resolutions and degrees of particle
disorder. Across all noise regimes, both SPH kernels exhibit a significantly higher truncation error floor compared to the NeMDO
and LABFM frameworks. For the majority of operators, the asymptotic error limit is strongly correlated with the magnitude of
particle disorder, with reduced stochasticity leading to superior accuracy.

An exception is observed in the LABFM results, which maintain a relatively invariant profile regardless of the disorder level.
Given that LABFM explicitly enforces consistency by solving local linear systems at each evaluation point, it remains numerically
robust even in highly disordered configurations where a valid solution to the moment equations exists. This behaviour aligns with
the extensive analysis of particle disorder and approximation order conducted by King et al. [17].

The NeMDO results further substantiate the distributional coverage observations from Table 4. Operators trained under high
perturbations (¢ = 1.0) demonstrate a convergence plateau that remains largely independent of the inference noise level, provided
the latter does not exceed the training threshold. Conversely, models trained on low-disorder distributions exhibit a significant
increase in the limiting error when applied to particle configurations that lie outside their training manifold. While LABFM achieves
robustness by solving a linear system for each local neighbourhood, NeMDO attains a similar robustness by training on a wide
ensemble of disordered configurations (¢ = 1.0).
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Table 4

NeMDO moment residuals for x-derivative operators with varying particle disorder ¢. Mean absolute error (MAE) and
standard deviation are reported for each monomial moment, averaged over independently perturbed neighbourhood
realisations. Residuals quantify the extent to which the learned discrete operators satisfy the imposed Taylor consistency
constraints (smaller values are better). Trained ¢ denotes to the particle disorder during training, and inferred e denotes
the particle disorder during inference.

Trained ¢ Operator Inferred ¢ Metric x y x%/2 xy ¥/2
10 MAE 7.88 x 107 7.73 x 1074 8.51x 1074 8.86x 1074 8.91x 1074
: St.d. 1.07x 1073 9.89 x 10~* 1.21x 1073 1.24%x 1073 1.22x 1073
MAE 438 %107 4.88 x 107 423 %1074 3.93x 1074 4.81x107
1.0 NeMDO _ .
VPO 05 st.d. 4.74 %1074 4.78 x 107 5261074 5041074 579 x 107
o1 MAE 3.60x 1074 5.83x 1074 2.57x 1074 3.56x 1074 3481074
’ St.d. 1.03 x 107 9.63 x 1075 1.76 x 10~ 1.43 %107 1.66 x 107
1.0 MAE 235x 1073 1.73x 1073 1.64x 1073 1.75% 1073 1.52x 1073
) St.d. 3.52x 1073 247x 1073 2.50x 1073 2.67x 1073 2.26% 1073
05 NeMDO 05 MAE 474 %1074 4.41x107* 4.63x 1074 5.13x 107* 4.83x 1074
) =2 ’ st.d. 6.21x 1074 5.88x 1074 6.15x 1074 6.85x 107 6.39 x 107
o1 MAE 2.13x 1074 5.85x 107 9.95 x 105 1.08 x 10~ 3.42x 1074
’ St.d. 1.18 x 1074 6.95% 1075 8.67x 1075 1.22% 107 9.58 x 105
10 MAE 1.60 x 102 1.34 %102 1.32x 1072 1.39 x 102 1.21x 1072
) st.d. 2,09 x 102 1.92 % 102 1.89 x 102 1.73 x 102 1.72x 102
01 NeMDO 05 MAE 6.11 x 1073 534 %1073 6.58 x 1073 6.70 x 1073 5.74% 1073
) p=2 ) St.d. 8.13x 1073 7.42 %1073 9.46 x 103 8.45x 1073 8.23x 1073
o1 MAE 1.09 x 1074 9.50 x 105 133 %107 138 x 1074 1.43 %107
) St.d. 1.69 x 10~ 137 x 1074 1.97 x 1074 2.14%x 1074 1.99 x 10~
10 MAE 1.01 x 10~ 7.08 x 102 4.80 x 102 4.93 %1072 2.55x 1072
’ st.d. 121 x 107! 8.84x 1072 590 x 1072 6.16 x 102 3.18x 1072
MAE 4.94 %1072 4.02 %1072 2.44 %1072 2,67 x 1072 1.28 x 102
- I 2 .
Wendland C 0.5 st.d. 601102 503x102  309x102  337x102  157x 1072
o1 MAE 1.03 x 102 8.34x 1073 5.73 %1073 5.41x1073 278 1073
: st.d. 1.23 %102 1.05 x 102 7.13 %1073 6.77 x 1073 3.48x 1073
10 MAE 6.59 x 102 4.57 %1072 3.77x 1072 3.98x 1072 2.12x 1072
) St.d. 8.04x 1072 5.75x 1072 4.69 x 1072 4.95 %1072 2.64 x 102
. . MAE 3.44%x 1072 2.42x 1072 1.98 x 102 2.09 % 102 1.10 x 102
- Quintic Spline 0.5 s s s >
st.d. 424% 1072 3.03 x 1072 2.46 x 1072 2.59 x 1072 138 x 1072
o1 MAE 7.01 x 1073 4.98 x 1073 4.05x 1073 426 x 1073 223 %1073
’ St.d. 8.63x 1073 6.19x 1073 5.04% 1073 527x 1073 2.80x 1073

10—1 -
—e— NeMDO, _,, training e=0.1

1072 4 —e— NeMDO, _,, training e=0.5
é NeMDO,,_,, training e=1.0
= —e— LABFM,_,
N —e— Quintic spline

1073 4 —e— Wendland C2

1074 -

1072 107!

Fig. 20. Convergence of the discrete x-derivative operator on a smooth test function (Eq. (27)) for LABFM,_,, SPH (with the quintic spline and
Wendland C2 kernels) and NeMDO, with varying particle disorder e. Full lines indicate inference with ¢ = 1.0, dashed lines indicate inference
with € = 0.5, and dotted lines indicate inference with e = 0.1.
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Table 5

Moment residuals for the learned x-derivative and Laplacian operators applied to a single fixed stencil rotated
through eight orientations. Residuals are reported for each monomial moment, with the standard deviation across
orientations given in the final row of each block. The rightmost column reports the maximum residual across
all monomials at each orientation. Small variation across orientations indicates that the accuracy of the learned
operators is largely insensitive to the orientation of the stencil.

Operator Rotation x y x2/2 Xy ¥ /2 llell
0° 7.49 x 1075 9.33x 1075 1.92x107* 8.86x 107 4.83x 1075 1.92x107*
45° 2.10x 1073 1.38x 1074 8.45%107° 474 %1073 751%x107° 1.38x 1074
90° 1.38x 1075 7.94 % 1075 1.41x 1074 8.01x 1073 8.13x 1076 1.41x 1074
135° 336 %1075 7.17x 1075 1.70 x 107 7.92x 1076 3.20% 1075 1.70 x 107*

NeMDO;_, 180° 4.11x107° 149 x 107 1.07 x 107 7.35% 107 9.53x107° 1.49x 107
225° 5.52% 1073 3.18 x 1073 9.62x 1075 2.14 x 1075 4,00 x 1075 9.62x 1073
270° 7.16 X 1075 423 %1075 8.12x 1073 8.27x 1075 3.12x 1075 8.27x 1073
315° 4.65x 1076 7.39x 1075 6.75% 107 9.36x 107 8.99x 107 9.36x 107°
St.d. 458 x 1075 3.86x 1075 5.53% 1075 5.87x 1075 436 x 1075 -
0° 253x107* 6.32x107* 9.89x 107* 6.95x107* 523x107* 9.89x 107*
45° 5.49x 1074 1.77x 1073 8.01x 107* 7.04 x 1074 735x 1074 1.77%x 1073
90° 532x107* 8.43x107* 6.15x 1074 4.05x 1074 752x107* 8.43x 107
135° 5.02x 1074 8.60x 107* 8.57x 107* 5.49x107* 443x 1074 8.60 x 107*

NeMDO3_, 180° 3.88x107° 9.82x 1074 3.39%x107* 448 x 107 7.71x107* 9.82x107*
225° 7.74 x 1075 8.69x 1074 8.37x107* 1.12x 1073 1.00 x 1073 1.12x 1073
270° 471 %1074 121x1073 8.55x 107* 9.75x 1074 4.12x 1075 1.21x1073
315° 7.27% 1073 1.14x 1073 8.79 x 107+ 9.36 x 1074 5.20x 1074 1.14x 1073
St.d. 3.43%x107* 3.25%x107* 1.90 x 107* 2.44x107* 2.70x 1074 -

6.4. Rotational robustness

This section examines the robustness of the learned operators to rigid rotation of the stencil. A single stencil generated with
e = 1.0 is rotated through eight orientations at 45° intervals, and at each orientation the moment residuals are evaluated against the
correspondingly transformed target vector. No rotational symmetry is imposed by the architecture, so consistency across orientations
is a property the network has learned rather than one guaranteed by construction.

Table 5 reports the results. For the x-derivative, the maximum residual across monomials varies between 8.27 x 10~ and
1.92 x 1074, a factor of 2.3 across the full range of orientations, with a standard deviation per monomial of the same order as
the residuals themselves. For the Laplacian, the maximum residual varies between 8.43 x 10~* and 1.77 x 1073, a factor of 2.1. No
orientation is degenerate, and the residuals at 45° offset from the axes are comparable to those aligned with them, indicating that
the framework is robust to rotational variance.

7. Limitations

In its present form, each model is trained for a fixed stencil size |V;| and does not natively support variable-size neighbourhoods
at inference time. Currently, this lack of topological flexibility necessitates the training of discrete operators for every desired
neighbour count. Allowing variable-size neighbourhoods would provide greater flexibility and simplify integration with varying
particle distributions.

Another limitation of the current framework is that the achievable accuracy degrades as particle disorder increases. This
behaviour reflects the growing difficulty of satisfying polynomial moment constraints under highly irregular stencils and is not
unique to NeMDO: classical SPH discretisations and consistency-corrected mesh-free methods similarly suffer from reduced accuracy
and conditioning issues under strong node disorder at higher polynomial consistency enforcement. These effects become especially
relevant in Lagrangian settings, where particle densities and neighbourhood sizes can vary significantly over time. In such cases,
the framework would likely need to be coupled with particle-shifting or regularisation strategies [64-66], as is standard practice in
SPH-based methods, to maintain suitable stencil quality. Extending the architecture to more robustly handle adaptive stencils and
highly disordered configurations is an important direction for future work.

8. Conclusion & future work

This work presented NeMDO, a self-supervised learning framework for the construction of mesh-free discrete differential
operators on unstructured particle sets. By training graph neural networks to satisfy polynomial moment constraints derived from
truncated Taylor expansions, we have developed a methodology for generating operators that are physics-agnostic, strictly local,
and robust to significant geometric disorder. Through multiple benchmarks — including moment and stability analysis, convergence
studies, modal response, Poisson’s equation and Taylor—Green vortex simulations — we demonstrated that NeMDO operators achieve
superior accuracy compared to standard SPH discretisations. The framework has a capacity-dependent error floor: accuracy cannot
be refined indefinitely at fixed model capacity, and lower limiting error requires larger models at higher inference cost. Within that
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Table 6

Nearest-neighbour distance statistics (normalised by smoothing length #) for each point
cloud distribution. y: mean, o: standard deviation, CV: coefficient of variation (¢/u)
(with h=155s).

Distribution u/h c/h cv
Cartesian (e = 0) 0.667 ~0 ~0
Perturbed (¢ =0.1) 0.638 0.018 0.028
Perturbed (e = 0.5) 0.537 0.088 0.160
Perturbed (e = 1.0) 0.428 0.151 0.352
Iterative particle shifting 0.649 0.029 0.045

floor, a trained model applies across resolutions without retraining, and model capacity provides an additional design axis absent
from traditional discretisations, whose cost to obtain weights is fixed by the algorithm.

While the current study focuses primarily on the fundamental properties of the discrete operators and their weight-generation
consistency, rather than the implementation of complex boundary conditions or adaptive refinement strategies, it provides the
necessary mathematical foundation for more sophisticated mesh-free applications. More broadly, this research suggests that learning
spatial discrete operators provides a principled pathway for integrating machine learning into hybrid mesh-free PDE solvers.

The present implementation utilises a message-passing GNN architecture and an MLP baseline, however, NeMDO is com-
patible with multiple permutation-invariant architectures, including Transformers [81], DeepSets [82], and Equivariant Neural
Networks [83]. In particular, rotational invariance is not explicitly enforced in the current architecture but is achieved empirically
through exposure to stencils with diverse orientations during training. Equivariant graph neural networks, such as E(n) Equivariant
GNN [84], could enforce this property by construction and represent a promising direction for future development. Consequently,
future research will benchmark alternative architectures to optimise the balance between expressive power and inference speed.
Similarly, the stencils used throughout this work are constructed using nearest-neighbour selection, the simplest available approach,
adopted to ensure a fair comparison across all methods. NeMDO is agnostic to stencil construction, where the learned mapping infers
operator weights from whatever local geometry it is given, and more sophisticated strategies, including support selection for complex
domains [85], geometry-guided collocation from CAD representations [69], are fully compatible and will be explored in future work.
Other directions for future work include: (i) applying NeMDO to three dimensions, complex geometries and Lagrangian flows, where
the robustness of the learned operators to extreme topological deformation can be fully leveraged; (ii) investigate training objectives
that incorporate spectral or modal targets directly into the loss function to further refine high-wavenumber resolving power; (iii)
integrate symbolic regression for discovering compact kernel functions that retain the robustness of learned operators while offering
the interpretability of classical mesh-free methods; (iv) incorporate uncertainty quantification into the learned operators, enabling
confidence estimates [86,87] that allow a hybrid solver to fall back adaptively to classical collocation reconstruction when the local
geometry lies outside the training manifold.
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Appendix A. Point cloud statistics

Table 6 reports nearest-neighbour distance statistics for the point cloud distributions used during training and inference
throughout the manuscript. Specifically, the mean, standard deviation, and coefficient of variation of the nearest-neighbour distance,
normalised by the smoothing length 4 to ensure resolution invariance, are shown for different particle distributions.

To further characterise the structural differences between distributions, we compute the pair correlation function g(r), which
measures the probability of finding a particle at distance r relative to a spatially uniform (Poisson) distribution. Pairwise distances
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—— Cartesian (e=0)
—— Noisy grid (e=0.1)
6 1 —— Noisy grid (e=0.5)
—— Noisy grid (e=1.0)
— —— Particle shifting

0 =
0.0 0.5 1.0 1.5 2.0 2.5 3.0
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Fig. 21. Pair correlation function g(r) for each point cloud distribution with radial bins 4r = 0.05. The dashed line indicates g(r) = 1 (uniform
random reference).

from each interior particle to all neighbours within a cutoff r,, = 2h, where 2 = 1.5 s, are histogrammed into radial bins of width 4r
and normalised by the number of query particles, the annular area 2zrAr, and the density p = N /|£2|. A value of g(r) = 1 corresponds
to a completely random arrangement; peaks above unity indicate preferred inter-particle spacings, and below the opposite.

L m)

g(r) = ~ ; D2mr A (A1)
where N is the number of particles, r, denotes the centre of the kth radial bin, and n;(r;) is the number of neighbours of particle i
in the annular bin centred at r, with width A4r.

Fig. 21 shows g(r) for all distributions listed in Table 6. The Cartesian grid (¢ = 0) exhibits sharp peaks at the lattice distances
r/s, =1, \/5 2. As the perturbation magnitude increases, these peaks broaden and diminish: at ¢ = 0.5 the lattice signature persists
as oscillations about g(r) = 1, whereas at ¢ = 1.0 the curve is essentially flat, indicating that all long-range lattice memory has been
destroyed. The particle-shifted distribution displays a well-defined exclusion zone at small r, a sharp first-neighbour peak, and rapid
decay towards g(r) = 0.5 with second-shell structure. This highlights the challenging scenario which we validated NeMDO, and why
we expect it to do well in more realistic point-cloud arrangements [69,85].

Appendix B. Model hyper-parameters and training dataset

Below we summarise the NeMDO architectures used in the different experimental sections.

B.0.0.1. Main experiments. For the polynomial consistency and convergence (Section 5.2), stability (Section 5.3), modal response
(Section 5.4), Poisson’s equation and Taylor—Green vortex simulations (Section 5.6), we use a single architecture for both the
x-derivative and Laplacian operators, denoted NeMDO*_, and NeMDOﬁ=2. Their hyper-parameters are listed in Table 7. In the
computational cost-accuracy plot (Fig. 7), this configuration is referred to as NeMDO3=2. The models presented in Table 7 were
trained with approximately 7 million neighbourhood graphs, with about 2 million samples used for validation and 1 million reserved
for testing, yielding a total of roughly 10 million neighbourhoods. The models were trained with a starting learning rate of 1x 107>
and a plateau scheduler for a total of 2000 epochs. Training each of these models required approximately 60 h on a single NVIDIA
A100 GPU. The dataset size was chosen conservatively to remove data volume as a limiting factor; no attempt was made to identify
the minimum sufficient dataset size, and comparable performance is likely attainable at reduced cost.

B.0.0.2. Parametric study. During the parametric study on Taylor truncation and stencil size (Section 6), we fix the network
architecture and vary only the polynomial consistency p € {2,3} and the number of neighbours | V| € {10, 25,50, 100}. All models
in this group share the same parameter count and embedding dimension. The models have 183.7k trainable parameters, all MLPs
(encoder, decoder, message and update) only have 1 hidden layer, the GNN has 2 graph layers, and all models with an embedding of
size 128, with particle disorder of ¢ = 1.0, trained for 1000 epochs, with a starting learning rate of 1x 10~* with a plateau scheduler.
The models presented in the parametric investigation were trained with approximately 115k neighbourhood graphs, with about 33k
samples used for validation and 16k reserved for testing, yielding a total of roughly 164k neighbourhoods.
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Table 7

NeMDO architectures used in the main experiments.
Operator | N # Parameters F, MLP hidden layers (Emb/Out/Msg/Upd) Graph layers €
NeMDO;:2 35 2.2M 256 3 3 1.0
NeMDOIA]:z 35 2.2M 256 3 3 1.0
NeMDO}Zﬂ 150 2.2M 256 3 3 1.0

Table 8

NeMDO architectures used in the cost-accuracy experiments.
Operator [N # Parameters F, MLP hidden layers (Emb/Out/Msg/Upd) Graph layers €
NE}MDO;:z 10 11.1k 32 1 2 1.0
NeMDOﬁZz 15 46.3k 64 1 2 1.0

B.0.0.3. Cost-accuracy experiments. For the computational cost and accuracy study in Fig. 7, we use smaller-capacity models to
probe the trade-off between parameter count, runtime, and limiting error. The architectures are summarised in Table 8, all models
were trained for 2000 epochs. NeMDOfJ=2 (Fig. 7) corresponds to NeMDO*_, listed in Table 7. The models presented in the
computational cost-accuracy experiments (Table 8) were trained with approximately 115k neighbourhood graphs, with about 33k
samples used for validation and 16k reserved for testing, yielding a total of roughly 164k neighbourhoods.

Appendix C. Computational cost details

Providing a fully balanced performance comparison between fundamentally different approaches is inherently difficult. The
estimates in Fig. 7 should therefore be interpreted as indicative rather than absolute. All timings were obtained on a single AMD
Ryzen 7 7800X3D core (single thread). For the SPH baselines, we measure the time required to compute weights with the kernels.
For LABFM, we include the time to assemble and solve the resulting linear systems. For NeMDO, we measure the wall-clock time of
inference—we do not include the training time since the learned operator can be trained offline once, and implemented on different
PDEs. The time measurements provided in Fig. 7 represents the total time for each operator to predict the x-derivative weights for
all nodes in a given resolution.

We do not report GPU or multi-threaded timings in this work; a systematic study of heterogeneous CPU-GPU execution and
distributed inference is left for future work. LABFM dense, low-rank solves and ML libraries are well suited to GPU execution,
and a batched implementation is the relevant comparison for production codes. We therefore note that the ordering reported here
may change in such comparison. The inference cost of NeMDO is likewise a property of the chosen architecture rather than of the
framework: architectures better matched to this problem may attain the same accuracy at lower cost, and the timings reported here
should not be read as a bound on what the approach can achieve. The key takeaway from the present measurements is the scaling
behaviour of the methods: NeMDO eliminates the per-stencil linear solves required by corrected-kernel schemes and exposes explicit
architectural and stencil-size knobs to trade compute for accuracy within a single framework.

Data availability

The complete implementation for neural network training, along with the datasets used for training and the scripts for
convergence, stability, and resolving power analyses, is available as open-source at https://github.com/uom-complexfluids/nemdo.
The repository is organised into modular directories for training and testing, including all benchmarked methods used in this study.
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