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Abstract. This paper proves quantitative stability estimates for fiveMinkowski-type inequalities for hyper-
surfaces in warped product spaces. In each case we show that if a hypersurface nearly achieves equality, it
must be geometrically close, in the Hausdorff sense, to a radial slice. The ambient spaces are warped prod-
ucts (a, b) × S

n with metric dr2 + λ2(r)gSn , as well as the Reissner-Nordström Anti-de Sitter (RN-AdS)
and Anti-de Sitter Schwarzschild (AdS-Schwarzschild) manifolds. The proofs combine two ingredients: a
quantitative analysis of locally constrained inverse curvature flows, which yields bounds on the traceless
second fundamental form in terms of the deficit in the inequality, and a new rigidity theorem for hypersur-
faces in locally conformally flat spaces, which converts such bounds into Hausdorff closeness to a radial
slice.

1. Introduction

Minkowski inequalities play a fundamental role in the study of convex bodies and
hypersurface geometry, providing lower bounds for curvature integrals in terms of the
surface area or enclosed volume of a hypersurface. The classicalMinkowski inequality
for a closed convex surface � in R3 states

√
16π |�| ≤

∫

�

H dμ, (1.1)

where H is the mean curvature and |�| is the area of �. In higher dimensions, for a
convex hypersurface � in Rn ,

(n − 1)|Sn−1| 1
n−1 |�| n−2

n−1 ≤
∫

�

H dμ. (1.2)

Equality in both cases holds if and only if � is a sphere. It is then natural to ask:
how close must � be to a sphere, given that the deficit in (1.1) or (1.2) is small?
Stability results for various geometric inequalities have been widely investigated;
for the isoperimetric inequality, see [5,6,8], and for quermassintegral inequalities,
see [7,10,13–15,18]. Extensions of Minkowski-type inequalities to warped product
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spaces and spaces of non-constant curvature have received significant attention [2,3,
9,11,12,16,17]. The present paper addresses the corresponding stability question in
this broader setting.

Main results. We prove quantitative stability estimates for five Minkowski-type in-
equalities. The ambient spaces are warped products (a, b)×S

n , as well as the RN-AdS
and AdS-Schwarzschild manifolds. A key feature of all these spaces is that they are
locally conformally flat, which plays a central role in our approach.

Remark 1.1. The warped product spaces Mn+1 = (a, b) × S
n with ḡ = dr2 +

λ2(r)gSn are locally conformally flat: in local coordinates, ḡαβ = e2ω g̃αβ where g̃ is
the Euclidean metric and ω is a smooth, bounded conformal factor. The smoothness
and boundedness of ω are sufficient for the estimates in Theorem 1.11; an explicit
expression for ω is not required.

Compared to Scheuer [12], the specialisation to S
n as base manifold is indeed a

restriction to amore special setting. However, it is precisely this restriction that enables
the stability results: local conformal flatness of the ambient space, which is needed
for the rigidity argument in Step 2, holds for Sn but fails for general compact bases.
In this sense, Theorems 1.3–1.6 prove strictly more within a more special setting, and
their conclusions have no analogue in the framework of [12].

We now impose the following structural conditions on the warping function, which
we maintain throughout the paper.

Assumption 1.2. The warping function λ ∈ C∞([a, b]) satisfies:
(1) λ′ > 0;

(2) either λ′′ > 0, or λ′′ ≤ 0 and ∂r

(
λ′′
λ

)
≤ 0.

The condition λ′ > 0 ensures that hypersurfaces can be represented as graphs over
S
n , and geometrically means that M is expanding in the radial direction. The second

condition controls the curvature: it guarantees that the Ricci curvature of M satisfies
the lower bounds needed for the monotonicity of the flow functionals (and hence for
the Minkowski inequalities themselves), and it also enters the a priori estimates of
[12, Lemmas 3.3 and 3.5] that ensure uniform bounds on the principal curvatures and
long-time existence of the flow. Both the RN-AdS and AdS-Schwarzschild manifolds
satisfy Assumption 1.2; we verify this explicitly in Sect. 5.

We now state the five main stability theorems. The first three concern general
warped products satisfying Assumption 1.2; the last two concern the RN-AdS and
AdS-Schwarzschild manifolds.

Stability ingeneralwarpedproduct spaces.Scheuer [12] establishes threeMinkowski
inequalities for strictly convex graphs over Sn in warped product spaces. The first, un-
der a Ricci curvature lower bound on Sn involving λ, gives

∫

�

H1 + 1

n

∫

�̂

Ric(∂r , ∂r ) ≥ φ(|�|),
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where �̂ is the region enclosed by �, H1 is the normalised mean curvature, and φ

depends on |�|. Equality holds if and only if � is totally umbilic; if the relevant Ricci
curvature quadratic forms are strictly positive, equality is attained only by radial slices.
Specialising to Sn as base manifold, the Ricci curvature condition becomes the scalar
inequality λ′(r)2 − λ(r)λ′′(r) ≤ 1 (see Remark 3.1).

Theorem 1.3. Let n = 2. In addition to Assumption 1.2, suppose that M satisfies

λ′(r)2 − λ(r)λ′′(r) ≤ 1 for all r.

Let � ⊂ M be a strictly convex graph over Sn. Then there exists a constant C =
C(n, ‖ω‖∞, ‖∇ω‖∞,Vol(�),max� |A|) such that

dist(�, Sr ) ≤ C

(∫

�

H1 + 1

n

∫

�̂

Ric(∂r , ∂r ) − φ(|�|)
) 1

2(n+1)

, (1.3)

where Sr is a radial slice and ω is the conformal factor of the metric as in Remark 1.1.

Remark 1.4. Constants C , c may vary from line to line but remain independent of
key geometric quantities unless specified otherwise.

The second Minkowski inequality of [12] additionally requires convexity λ′′ ≥ 0
of the warping function and a Heintze-Karcher-type condition (1.4), yielding

∫

�

H1 + 1

n

∫

�̂

Ric(∂r , ∂r ) ≥ ψ(|�̂|),

where ψ depends on the enclosed volume |�̂|, again with equality only for radial
slices.

Theorem 1.5. Let n = 2. In addition to Assumption 1.2, suppose λ′′ ≥ 0 and

λ′(r)2 − λ(r)λ′′(r) ≤ 1 for all r.

Let � ⊂ M be a strictly convex graph over Sn such that, for every such �,
∫

�

λ′

H1
≥

∫

�

u, (1.4)

where u is the support function, with equality implying total umbilicity. Then there
exists a constant C = C(n, ‖ω‖∞, ‖∇ω‖∞,Vol(�),max� |A|) such that

dist(�, Sr ) ≤ C

(∫

�

H1 + 1

n

∫

�̂

Ric(∂r , ∂r ) − ψ(|�̂|)
) 1

2(n+1)

,

where Sr is a radial slice and ω is the conformal factor as in Remark 1.1.

For the third inequality, the warping function takes the explicit form λ(r) = α sinh
r + β cosh r with α ≥ β ≥ 0, and the inequality reads [12]

∫

�

H1 − |�̂| ≥ φ(|�|), (1.5)

with equality only for radial slices.
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Theorem 1.6. In addition to Assumption 1.2, suppose

λ(r) = α sinh r + β cosh r, α ≥ β ≥ 0

with at least one inequality strict, and α2 − β2 ≤ 1. Let � ⊂ M be a strictly convex
graph over Sn.
Then there exists a constant C = C(n, ‖ω‖∞, ‖∇ω‖∞,Vol(�),max� |A|) such that

dist(�, Sr ) ≤ C

(∫

�

H1 − |�̂| − φ(|�|)
) 1

2(n+1)

,

where Sr is a radial slice and ω is the conformal factor as in Remark 1.1.

Remark 1.7. (On the restriction to n = 2 in Theorems 1.3 and 1.5) This restriction
is inherited from Scheuer [12]. The flow (3.1) has speed F = H2/H1, and long-
time existence requires that F vanish on the boundary of the positive cone �+. This
holds only when n = 2: for n > 2, it is possible for H2 to remain positive even
when one principal curvature tends to zero, which obstructs the convexity-preserving
estimate. Since our stability analysis depends on the flow’s long-time convergence,
we inherit this dimensional restriction. Theorem 1.6 is free of this restriction because
it uses the inverse mean curvature flow, for which convexity and convergence hold
in all dimensions n ≥ 2. We nevertheless keep n as a parameter in the statements of
Theorems 1.3 and 1.5 to make transparent that the monotonicity properties of the flow
are valid in all dimensions; the restriction to n = 2 enters only through the convergence
theory.

Stability in RN-AdS and AdS-Schwarzschild manifolds
The Reissner-Nordström Anti-de Sitter manifold M = [s0,∞) × S

n−1 is equipped
with the metric

ḡ = 1

1 + κ2s2 − 2ms2−n + q2s4−2n ds2 + s2gSn−1,

where m is the black hole mass, q the charge, and κ is related to the cosmologi-
cal constant; the boundary {s0} × S

n−1 is the horizon. The associated Minkowski
inequality[16] for � compact, mean-convex and star-shaped is

∫

�

f H dμ − n(n − 1)κ2
∫




f dvol

≥ (n − 1) f (s̄)2s̄n−2|Sn−1| − (n − 1)κ2s̄n|Sn−1| + (n − 1)κ2sn0 |Sn−1|,

where s̄ =
( |�|

|Sn−1|
)1/(n−1)

is the areal radius, and

f (s) = √
1 + κ2 s2 − 2ms2−n + q2 s4−2n . Equality holds if and only if � is a coor-

dinate sphere {s} × S
n−1. The AdS-Schwarzschild case (q = 0, κ = 1) reduces to

[2]
∫

�

f H dμ − n(n − 1)
∫




f dvol ≥ (n − 1)|Sn−1| 1
n−1

(
|�| n−2

n−1 − |∂M | n−2
n−1

)
.
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Theorem 1.8. Let� be a compact mean-convex, star-shaped hypersurface in the RN-
AdSmanifold (M, ḡ), with
 the region bounded by� and the horizon, and let f satisfy
conditions (H1)-(H5) of Sect. 5. There exists a constantC = C(n, ‖ω‖∞, ‖∇ω‖∞,Vol
(�),max� |A|) such that

dist(�, Sr ) ≤ C

( ∫

�

f H dμ − n(n − 1)κ2
∫




f dvol − (n − 1) f (s̄)2s̄n−2|Sn−1|

+ (n − 1)κ2s̄n|Sn−1| − (n − 1)κ2sn0 |Sn−1|
) 1

2n

,

where s̄ =
( |�|

|Sn−1|
)1/(n−1)

and Sr is a coordinate sphere.

Theorem 1.9. Let� be a compactmean-convex, star-shaped hypersurface in theAdS-
Schwarzschild manifold (M, ḡ), with 
 the region bounded by � and the horizon and
f = √

1 − ms2−n + s2. There exists a constant C = C(n, ‖ω‖∞, ‖∇ω‖∞,Vol(�),

max� |A|) such that

dist(�, Sr ) ≤ C

( ∫

�

f H dμ − n(n − 1)
∫




f dvol

− (n − 1)|Sn−1| 1
n−1

(
|�| n−2

n−1 − |∂M | n−2
n−1

) ) 1
2n

,

where Sr is a coordinate sphere.

Remark 1.10. Theorems 1.8 and 1.9 hold in all dimensions n ≥ 2 and are not special
cases of Theorems 1.3–1.6 for two reasons. First, the hypersurfaces here are not re-
quired to be convex, only mean-convex and star-shaped. Second, the warping function
for RN-AdS and AdS-Schwarzschild is defined implicitly via the static potential f (s),
which involves the physical parameters m, q, κ in a non-trivial way. Working directly
with the defining equation

(�̄ f )ḡ − D̄2 f + f Ric = (n − 2)(n − 1)q2 f s4−2ngSn−1

and the structural conditions (H1)-(H5) yields stability estimates with explicit depen-
dence on the physical parameters (m, q, κ), providing bounds that are not accessible
via the framework of Theorems 1.3–1.6. The dimensional restriction to n = 2 in
Theorems 1.3 and 1.5 also does not apply here; see the remark following Theorem
1.6.

Proof strategy. Throughout this paper we use (M, ḡ) for the ambient manifold and
(�, g) for the hypersurface with induced metric g. Geometric quantities associated
with ḡ carry an overbar; those associated with g are left unmarked. We write h for
the second fundamental form of � and A = (hij ) = (gikhk j ) for the associated
Weingarten operator. Since indices are raised with g, the two have the same pointwise
norm, and in particular | Å| = |h̊|; we accordingly refer to either as the traceless second
fundamental form. All five proofs follow the same two-step strategy.
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Step 1: Quantitative flow analysis. Each inequality is proved in the literature by identi-
fying suitable monotone quantities along a locally constrained inverse curvature flow.
The flow exists for all time and converges smoothly to a radial slice; the monotonicity
of these quantities encodes the inequality, and equality characterises totally umbilic
hypersurfaces. For stability, we make this convergence quantitative: by integrating
the time-derivative of a suitable deficit functional and selecting a time at which the
integrand is minimised, we extract a bound on the L p-norm of the traceless second
fundamental form Å in terms of the deficit ε in the inequality. Specifically, we obtain

∫

�ε

| Å|n+1 ≤ C
√

ε,

where �ε is a hypersurface along the flow that is already close to the initial surface
�.

Step 2: Rigidity in locally conformally flat spaces. We prove a new rigidity theorem
(Theorem 1.11) that, given a bound on ‖ Å‖L p , concludes that the hypersurface is
Hausdorff-close to a radial slice. This extends a result of De Rosa-Gioffré [4] from
the Euclidean setting to locally conformally flat ambient spaces. As noted in Remark
1.1, the warped product spaces (a, b) × S

n are locally conformally flat, and it is this
property that allows Step 2 to be carried out. Combining both steps via the triangle
inequality completes the proof.
The rigidity theorem that drives Step 2 of the proof strategy is the following. It is

new and of independent interest beyond the stability results proved here.

Theorem 1.11. Let n ≥ 2, and let � be a closed hypersurface embedded in a locally
conformally flat manifold (Mn+1, ḡ) with conformal factor ω. Suppose there exist
constants c0 > 0 and p > n such that

‖h‖L p(�) ≤ c0.

Then there exists δ0 > 0 depending on n, p, c0, ‖ω‖∞, ‖∇ω‖∞ such that if

‖h̊‖L p(�) ≤ δ0,

the Euclidean conformal image �̃ of � can be written as a radial graph over a round
sphere:

�̃ = {e f (x)x | x ∈ S
n},

where f ∈ W 2,p(Sn) satisfies

‖ f ‖W 2,p(Sn) ≤ C‖h̊‖L p(�),

for a constant C depending on n, p, c0, ‖ω‖∞, ‖∇ω‖∞, and Vol(�). In particular,
� is Hausdorff-close to a totally umbilical hypersurface in (M, ḡ).
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2. Rigidity result

In this section we prove Theorem 1.11 by extending [4, Theorem 1.3] to locally
conformally flat spaces.

Definition (ConformallyEquivalentManifolds). TwoRiemannianmanifolds (Mn+1, ḡ)
and (Mn+1, g̃) are conformally equivalent if there exists a smooth function ω : M →
R such that ḡi j = e2ω g̃i j .

Definition (Locally Conformally Flat Manifold). A Riemannian manifold (Mn+1,

ḡ) is locally conformally flat if every point p ∈ M has a neighbourhood U on which
ḡ|U is conformally equivalent to a flat metric.

We record how the second fundamental form transforms under a conformal change
ḡi j = e2ω g̃i j of the ambient metric. Denoting Euclidean quantities by a tilde:

gi j = e2ω g̃i j ,

ν = e−ων̃,

hi j e
−ω = h̃i j + ωβν̃β g̃i j ,

eωh j
i = h̃ j

i + ωβν̃βδ
j
i ,

eωH = H̃ + nωβν̃β .

(2.1)

Here H is the mean curvature, ν is outward unit normal, and hi j is the second funda-
mental form.
Throughout the following proof, | · |g and ‖ · ‖L p(�) denote norms with respect to

the induced metric g on �, while | · |g̃ and ‖ · ‖L p(�̃) denote norms with respect to the

Euclidean metric g̃ on the conformal image �̃.

Proof of Theorem 1.11. We apply [4, Theorem 1.3] in the Euclidean setting and in-
terpret the conclusion back in (M, ḡ). To apply the Euclidean theorem we need

‖h̃‖L p(�̃) ≤ c1 and Vol(�̃) = VolgSn (S
n).

The volume condition may be arranged by rescaling; see Remark 2.1.
Using (2.1),

|h̃|2g̃ = e2ω|h|2g − 2(ωβν̃β)H̃ − n(ωβν̃β)2.

Applying Cauchy–Schwarz with parameter ε > 0,

−2(ωβν̃β)H̃ ≤ ε(ωβν̃β)2 + H̃2

ε
,

and choosing ε appropriately and using H̃2 ≤ n|h̃|2g̃ , we find that ‖h‖L p(�) ≤ c0

implies ‖h̃‖L p(�̃) ≤ c1 for some c1 = c1(c0, ‖ω‖∞, ‖∇ω‖∞).
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For the traceless part, the relation h̊i j = hi j − H
n gi j gives

|h̊|2g = e−2ω| ˚̃h|2g̃.
Under the conformal change the volume element transforms as dμ̃ = e−nωdμ, so

‖ ˚̃h‖p
L p(�̃)

=
∫

�

|h̊|pg · e(p−n)ω dμ,

giving

‖ ˚̃h‖L p(�̃) ≤ e
p−n
p ‖ω‖∞‖h̊‖L p(�).

Hence if ‖h̊‖L p(�) ≤ δ0, then ‖ ˚̃h‖L p(�̃) ≤ δ1 for δ1 = δ1(δ0, ‖ω‖∞).

Theorem 1.3 of [4] is purely Euclidean: it takes the bound ‖h̃‖L p(�̃) ≤ c1 and
returns a threshold δ1 and constant C ′ depending only on (n, p, c1). Since c1 =
c1(c0, ‖ω‖∞, ‖∇ω‖∞) as above, both δ1 and C ′ inherit this dependence, and trans-

lating back through ‖ ˚̃h‖L p(�̃) ≤ e
p−n
p ‖ω‖∞‖h̊‖L p(�) shows that δ0 and C depend on

n, p, c0, ‖ω‖∞, ‖∇ω‖∞, as stated in the theorem.
Applying [4, Theorem 1.3], there exists c ∈ R

n+1 such that �̃ − c = {e f (x)x | x ∈
S
n} with

‖ f ‖W 2,p(Sn) ≤ C ′‖ ˚̃h‖L p(�̃) ≤ C‖h̊‖L p(�).

This shows that the Euclidean conformal image �̃ of � is close to a round sphere.
Since the traceless second fundamental form is conformally invariant up to scaling,
and totally umbilical hypersurfaces remain totally umbilical under conformal transfor-
mations, we conclude that the original hypersurface � is Hausdorff-close to a totally
umbilical hypersurface in (M, ḡ).
In model spaces such as the sphere or hyperbolic space, where totally umbilical

hypersurfaces are geodesic spheres, this further implies that � is close to a geodesic
sphere. �
Remark 2.1. We assume that the volume constraint Volg̃(�̃) = Vol(Sn) holds. We
can achieve this by rescaling the ambient metric ḡ by a constant factor λ > 0, chosen
so that the Euclidean volume of the image �̃ becomes equal to that of the standard
sphere. We then apply the Euclidean rigidity theorem in the rescaled setting, and scale
back to the original metric afterward. This rescaling does not affect the validity of
the assumptions on the second fundamental form or its traceless part, since under a
conformal scaling the L p norms transform by a power of λ, and these transforma-
tions preserve the smallness conditions. The only change is that the constants in the
conclusion will now depend on the initial volume of � in the metric ḡ.

3. Preliminaries for Minkowski inequalities in warped product spaces

We outline the flow, notation, and monotonicity results from [12] that form the
foundation for our proofs.
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The ambient space is M = (a, b) × S
n with metric ḡ = dr2 + λ2(r)gSn . Evolving

hypersurfaces �t are graphs over Sn , parametrised by
�t = {(r(t, y), y) : y ∈ S

n}. The flow equation is

∂

∂t
X (ξ, t) =

(
λ′(r)
F(κ)

− u

)
ν(ξ, t),

where κ = (κ1, . . . , κn) are the principal curvatures, F is a symmetric homogeneous
degree-1 curvature function, and u is the support function. Under suitable conditions
on λ and

F = H2

H1
,

the flow becomes
∂

∂t
X =

(
λ′(r)H1

H2
− u

)
ν. (3.1)

It is shown in [12] that (3.1) exists for all time and converges smoothly to a radial
slice, preserving convexity.

Remark 3.1. The results of [12] are formulated for warped products over a general
compact base manifold (S0, σ ); we specialise throughout to S0 = S

n with σ = gSn .
A key assumption in [12, Theorems 1.6 and 1.8] is

R̂ic ≥ (n − 1)
(
λ′(r)2 − λ′′(r)λ(r)

)
σ for all r,

which ensures monotonicity of the flow functionals. For the round sphere S0 = S
n ,

where R̂ic = (n − 1)gSn , this simplifies to the scalar condition

λ′(r)2 − λ(r)λ′′(r) ≤ 1 for all r.

For [12, Theorem 1.10], the condition R̂ic ≥ (n − 1)(α2 − β2) similarly becomes
α2 − β2 ≤ 1.

We use the normalised elementary symmetric polynomials

Hk = 1
(n
k

)
∑

1≤i1<···<ik≤n

κi1 . . . κik ,

and write H = nH1 for the mean curvature. The Minkowski-type formula for warped
product spaces is ∫

�

uH1 =
∫

�

λ′,

and for H2, ∫

�

uH2 =
∫

�

λ′(r)H1 − 1

n(n − 1)

∫

�

Ric(ν,∇�),

where � is a primitive of λ(r).
The key monotonicity properties along (3.1) are:
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• ∂t |�t | ≥ 0, with equality if and only if �t is totally umbilic. This ensures the
flow increases surface area unless it is already a radial slice.

• ∂t

(∫
�t

H1 + 1
n

∫
�̂t

Ric(∂r , ∂r )
)

≤ 0, with equality if and only if �t is totally

umbilic. This drives the hypersurface towards the equality configuration.

Together, these are the central tools used in [12] to prove the Minkowski inequalities;
in the present workwemake them quantitative to obtain control on the traceless second
fundamental form in terms of the deficit.

4. Stability of Minkowski-type inequalities in warped product spaces

Before turning to the individual proofs, we record a monotonicity property of the
comparison functions that is used throughout this section.

Remark 4.1. The comparison functions φ and ψ appearing in Theorems 1.3 and 1.5
are defined implicitly through the radial slices: φ via W (Sr ) = φ(|Sr |) and ψ via
W (Sr ) = ψ(|Ŝr |), where

W (Sr ) =
∫

Sr
H1 + 1

n

∫

Ŝr
Ric(∂r , ∂r ).

Since H1 = λ′/λ and Ric(∂r , ∂r ) = −nλ′′/λ on radial slices, a direct computation
gives

d

dr
W (Sr ) = (n − 1)|Sn|λ(r)n−2λ′(r)2 > 0,

so that W (Sr ), together with |Sr | and |Ŝr |, is strictly increasing in r ; the functions φ

andψ are therefore strictly increasing, and φ−1,ψ−1 are well-defined and increasing.
This guarantees, in the proofs of Theorems 1.3 and 1.5 below, that Q(t) is monotone
and ε ≥ 0. The analogous functionalW2(Sr ) for Theorem 1.6 does not admit the same
cancellation for general λ; its monotonicity is established separately in the proof of
Theorem 1.6, using the specific form λ = α sinh r + β cosh r .

4.1. Proof of theorem 1.3

Proof. Define the deficit

ε = φ−1
(∫

�

H1 + 1

n

∫

�̂

Ric(∂r , ∂r )

)
− |�| ≥ 0,

and set

Q(t) = φ−1
(∫

�t

H1 + 1

n

∫

�̂t

Ric(∂r , ∂r )

)
− |�t |.

Since ∫

�t

H1 + 1

n

∫

�̂t

Ric(∂r , ∂r )
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is monotonically decreasing |�t | is monotonically increasing along the flow (3.1),
where |�t | evolves as

∂

∂t
|�t | =

∫

�t

(
λ′H1

H2
− u

)
H dμ.

We take the derivative of Q(t) and integrate over time:
∫ ∞

t=0

∂

∂t
Q(t) =

∫ ∞

t=0

∂

∂t

(
φ−1

(∫

�t

H1 + 1

n

∫

�̂t

Ric(∂r , ∂r )

)
− |�t |

)
.

Integrating ∂t Q gives Q(∞) − Q(0) = −ε, and hence
∫ ∞

0

∂

∂t
|�t | dt ≤ ε.

Using
H = nH1,

(n − 1)H2 = 1

n
H2 − 1

n
|A|2,

and

|A|2 = | Å|2 + 1

n
H2,

we obtain

n

(
λ′H2

1

H2
− uH1

)

= n(λ′ − uH1) + λ′

(n − 1)H2
| Å|2.

Integrating over �t and applying the Minkowski-type formula
∫

�

uH1 =
∫

�

λ′,

we arrive at ∫ ∞

0

∫

�t

λ′| Å|2
H2

≤ (n − 1)ε.

We get

min
t∈[0,√ε]

∫

�t

λ′| Å|2
H2

≤ (n − 1)
√

ε.

Let �ε be the hypersurface where the minimum is attained
∫

�ε

λ′| Å|2
H2

≤ (n − 1)
√

ε.

Using the uniform bounds on the principal curvatures [12, Lemma 3.5], which depend
on max� |A|, and the lower bound λ′ ≥ 2α > 0 [12, Lemma 3.3], we obtain

∫

�ε

| Å|n+1 ≤ C
∫

�ε

| Å|2

≤ C
max�ε H2

min�ε λ′

∫

�ε

λ′| Å|2
H2

≤ C
√

ε.

(4.1)
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We also want to estimate the Hausdorff distance between�t and�0 = �. Let X (ξ, 0)
and X (ξ, t) be two points in �0 and �t respectively. Let γ : [0, t] → M be a curve
defined as

γ (τ) = X (ξ, τ ).

Then we have due to [12, lemma 3.3] ,

dM (X (ξ, 0), X (ξ, t)) ≤ t max[0,t] |∂τ γ | ≤ 2Ct.

From this, we get

dist(�t , �) ≤ Ct ≤ C
√

ε ∀ t ∈ [0,√ε]. (4.2)

Hence from (4.1) and (4.2), we get
∫

�ε

| Å|n+1 ≤ C
√

ε and dist(�ε,�) ≤ C
√

ε.

Applying Theorem 1.11 to �ε yields that �ε is Hausdorff-close to a radial slice Sr ,
and the triangle inequality then gives the estimate (1.3) for �. �

4.2. Proof of theorem 1.5

Proof. The proof follows the same structure as that of Theorem 1.3, with the enclosed
volume |�̂| playing the role of the surface area |�|. We define

ε = ψ−1
(∫

�

H1 + 1

n

∫

�̂

Ric(∂r , ∂r )

)
− |�̂| ≥ 0.

Setting Q(t) = ψ−1
(∫

�t
H1 + 1

n

∫
�̂t

Ric(∂r , ∂r )
)
−|�̂t | and integrating ∂t Q as before

gives ∫ ∞

0

∂

∂t
|�̂t | dt ≤ ε.

The evolution of |�̂t | along (3.1) is

∂t |�̂t | =
∫

�t

( λ′H1
H2

− u).

Using the identity

λ′H1

H2
− u = H2

1

H2

(
λ′

H1
− u

)
+ u

n(n − 1)H2
| Å|2,

together with H2
1 ≥ H2 from [12, Lemma 3.5], which depend on max� |A| and the

Heintze-Karcher condition (1.4), we obtain

1

n(n − 1)

∫ ∞

0

∫

�t

u

H2
| Å|2 ≤ ε.
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Selecting �ε = �tε for some tε ∈ [0,√ε] as before and using the bounds on H2, and
u ≥ c > 0 from [12, Lemma 3.3, equation 2.8], we get

∫

�ε

| Å|n+1 ≤ C
√

ε.

The estimate on dist(�ε,�) follows identically from (4.2), and the conclusion follows
by applying Theorem 1.11 and the triangle inequality. �

4.3. Proof of theorem 1.6

Proof. We denote by Sr the radial slices in M and introduce the functional W2(�) =∫
�
H1 − |�̂|. Consider the inverse mean curvature flow

∂

∂t
X (ξ, t) = 1

H
ν(ξ, t). (4.3)

Along this flow we track the quantity

W2(�t ) =
∫

�t

H1 − |�̂t |, (4.4)

and to measure the deviation from radial symmetry we define

Q(t) = W2(�t ) − φ(|�t |),
where φ is determined implicitly by radial slices via the identity W2(Sr ) = φ(|Sr |),
so that Q(t) ≥ 0 with equality precisely when �t is a radial slice.
As in Remark 4.1, we first verify that φ is well-defined here by checking thatW2(Sr )

and |Sr | are strictly increasing in r . Since Sr has induced metric λ(r)2gSn and constant
principal curvatures λ′(r)/λ(r),

|Sr | = λ(r)n|Sn|, W2(Sr ) = λ′(r)λ(r)n−1|Sn| − |Sn|
∫ r

a
λ(ρ)n dρ.

Hence d
dr |Sr | = nλ(r)n−1λ′(r)|Sn| > 0 by λ′ > 0, and

d

dr
W2(Sr ) = |Sn|λ(r)n−2

(
λ′′(r)λ(r) + (n − 1)λ′(r)2 − λ(r)2

)
.

Since λ = α sinh r +β cosh r satisfies λ′′ = λ, the bracket simplifies to (n−1)λ′(r)2,
so

d

dr
W2(Sr ) = (n − 1)|Sn|λ(r)n−2λ′(r)2 > 0.

Thus φ is well-defined and strictly increasing.
We begin by computing the evolution of the mean curvature integral along (4.3).

Along the inverse mean curvature flow, H evolves as

∂

∂t
H = −�

(
1

H

)
− 1

H

(
|A|2 + Ric(ν, ν)

)
. (4.5)
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Integrating this over �t , and decomposing |A|2 = | Å|2 + 1
n H

2,

∂t

∫

�t

H =
∫

�t

H −
∫

�t

1

H

(
|A|2 + Ric(ν, ν)

)

= n − 1

n

∫

�t

H −
∫

�t

| Å|2
H

−
∫

�t

Ric(ν, ν)

H
.

(4.6)

To bound the last term, we recall from [12, equation 2.9] that Ric(ν, ν) ≥ −nλ′′/λ. For
the warping function λ(r) = α sinh r+β cosh r , a direct computation gives λ′′/λ = 1,
and hence Ric(ν, ν) ≥ −n. Substituting into (4.6) yields

∂t

∫

�t

H ≤ n − 1

n

∫

�t

H −
∫

�t

| Å|2
H

+ n
∫

�t

1

H
.

The enclosed volume evolves as ∂t |�̂t | = ∫
�t

H−1. Differentiating the identity
W2(Sr ) = φ(|Sr |) gives

φ′(|Sr(t)|)|Sr(t)| = n − 1

n

(
W2(Sr(t)) + |Ŝr(t)|

)
.

For a general mean-convex hypersurface �t , we select at each time t a corresponding
radial slice Sr(t) satisfying |�t | = |Sr(t)|.

Setting � = �0 and writing the initial deficit as

ε =
∫

�

H1 − |�̂| − φ(|�|) ≥ 0,

we differentiate Q(t) explicitly and apply the evolution inequalities above:

∂

∂t

(∫

�t

H1 − |�̂t | − φ(|�t |)
)

≤ n − 1

n2

∫

�t

H − 1

n

∫

�t

| Å|2
H

+
∫

�t

1

H
−

∫

�t

1

H
− φ′(|�t |)|�t |.

Combining this with (4.4) and using the identity above for φ′(|Sr(t)|)|Sr(t)|,
d

dt
Q(t) ≤ n − 1

n

(
W2(�t ) + |�̂t |

)
− 1

n

∫

�t

1

H
| Å|2 − φ′(|�t |)|�t |

= n − 1

n

(
W2(�t ) − W2(Sr(t))

) + n − 1

n

(
|�̂t | − |Ŝr(t)|

)

− 1

n

∫

�t

1

H
| Å|2.

Since |Sr(t)| = |�t |, the first term on the right is exactly n−1
n Q(t). The second term,

|�̂t | − |Ŝr(t)|, is non-positive by the isoperimetric inequality [19], since �t and Sr(t)
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enclose equal areas and the sphere maximises enclosed volume among hypersurfaces
of given area. Discarding this term, we obtain the differential inequality

d

dt
Q(t) ≤ n − 1

n
Q(t) − 1

n

∫

�t

| Å|2
H

. (4.7)

Multiplying (4.7) by the integrating factor e− n−1
n t and integrating over [0, T ] for

arbitrary T > 0 gives

1

n

∫ T

0
e− n−1

n s
∫

�s

| Å|2
H

ds ≤ Q(0) − e− n−1
n T Q(T ) ≤ ε,

where we used Q(T ) ≥ 0, which holds for every finite T since �T is a strictly convex
graph over Sn (convexity being preserved along the flow) and hence satisfies (1.5)
directly. Letting T → ∞,

∫ ∞

0
e− n−1

n s
∫

�s

| Å|2
H

ds ≤ nε.

Assuming without loss of generality that ε ≤ 1 and restricting to t ∈ [0,√ε], where
e− n−1

n t ≥ e− n−1
n , we conclude

min
t∈[0,√ε]

∫

�t

| Å|2
H

dμ ≤ C
√

ε.

Let �ε be the hypersurface where the minimum on the left is attained
∫

�ε

| Å|2
H

dμ ≤ C
√

ε.

Using the uniform bounds on the second fundamental form and mean curvature from
[12, Lemma 3.5], which depend on max� |A|,

∫

�ε

| Å|n+1 ≤ C
∫

�ε

| Å|2

≤ C max
�ε

H
∫

�ε

| Å|2
H

≤ C
√

ε.

With this bound established, controlling dist(�ε,�) via the flow speed and applying
Theorem 1.11 via the triangle inequality proceeds exactly as in the proof of Theorem
1.3. �

5. Stability of Minkowski-type inequalities in RN-AdS and AdS-Schwarzschild
manifolds

In this section we study the stability of Minkowski-type inequalities for hypersur-
faces in the AdS-Schwarzschild and RN-AdS manifolds. We describe the geometry,
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recall the relevant Minkowski inequality, and prove Theorems 1.8 and 1.9 by working
in a more general setting of which both are special cases.

Remark 5.1. In contrast to the previous sections, where the ambient manifolds are of
dimension n+1, in this section all ambient spaces are n-dimensional, so hypersurfaces
are of dimension n − 1.

Definition 5.2. TheAdS-Schwarzschildmanifold isM = [s0,∞)×S
n−1 withmetric

ḡ = 1

1 − ms2−n + s2
ds ⊗ ds + s2gSn−1 ,

where m > 0 and s0 is the unique positive root of 1+ s20 −ms2−n
0 = 0. The boundary

{s0} × S
n−1 is the horizon.

Setting f = √
1 − ms2−n + s2, the function f is the static potential, satisfying

(�̄ f )g − D̄2 f + f Ric = 0,

and �̄ f = n f (from the trace).

Definition 5.3. The Reissner-Nordström Anti-de Sitter manifold is M = [s0,∞) ×
S
n−1 with metric

ḡ = 1

1 + κ2s2 − 2ms2−n + q2s4−2n ds2 + s2gSn−1,

where m, q, κ > 0 with q < m, κ < ∞. Setting q = 0 and κ = 1 recovers the
AdS-Schwarzschild manifold. The static potential is

f (s) =
√
1 + κ2s2 − 2ms2−n + q2s4−2n,

satisfying

(�̄ f )ḡ − D̄2 f + f Ric = (n − 2)(n − 1)q2 f s4−2ngSn−1 .

By a change of variables [16, Lemma 9], both manifolds can be written in warped
product form ḡ = dr2 + λ2(r)gSn−1 with λ(r) = s, ds/dr = f (s). In this form they
are locally conformally flat, allowing us to apply Theorem 1.11.

We verify that both manifolds satisfy Assumption 1.2. The condition λ′(r)2 −
λ(r)λ′′(r) ≤ 1 translates, in (s, f ) coordinates, to f 2 − s f f ′ ≤ 1. For AdS-
Schwarzschild:

f 2 − s f f ′ = f 2 − s

2

(
f 2

)′

=
(
1 + s2 − ms2−n

)
−

(
s2 + n − 2

2
ms2−n

)

= 1 − n

2
ms2−n

< 1
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since m > 0 and s > 0. For RN-AdS:

f 2 − s f f ′ = 1 − nms2−n + (n − 1)q2s4−2n,

which satisfies f 2 − s f f ′ ≤ 1 in the physical regime q < m outside the horizon (and
strictly as s → ∞).

We prove stability in the following general setting, of which both RN-AdS and
AdS-Schwarzschild are special cases. Consider M = [s0,∞) × S

n−1 with metric
ḡ = f −2ds2 + s2gSn−1 , where f is continuous on [s0,∞) with s0 > 0 and satisfies:

• (H1) f is differentiable and positive on (s0,∞), and f (s0) = 0.
• (H2) 1 + κ2s2 − f 2 = 2ms2−n + O(s4−2n).
• (H3) f ′ > 0.

• (H4) f ( f ′2 + f f ′′) + (n − 3) f 2 f
s + (n − 2)(1 − f 2) f

s2
≥ 0.

• (H5) P(x) = R(x1/(n−1))x ,where R(s) = 2 f (s) f ′(s)−2κ2s, is non-decreasing
and concave.

These conditions are exactly those under which the argument of [16] goes through:
(H1)–(H2) give a well-defined horizon and correct asymptotic Anti-de Sitter be-
haviour; (H3) ensures C1 regularity for long-time existence; (H4) controls the mono-
tonicity formula for

∫
�t

f H dμ; and (H5) ensures the key monotonicity of Q(t) (de-

fined in (5.1)) along the flow.When P(x) = 2(n−2)m−2(n−2)q2x−(n−2)/(n−1), one
recovers the RN-AdS manifold; setting q = 0 and κ = 1 gives AdS-Schwarzschild.

Under (H1)–(H5), the following Minkowski inequality holds [16]: for � compact,
mean-convex and star-shaped in (M, ḡ),

∫

�

f H dμ − n(n − 1)κ2
∫




f dvol ≥ (n − 1) f (s̄)2s̄n−2|Sn−1|
− (n − 1)κ2s̄n|Sn−1| + (n − 1)κ2sn0 |Sn−1|,

with equality if and only if � = {s} × S
n−1 for some s ≥ s0, where s is the radial

coordinate and s̄ = (|�|/|Sn−1|)1/(n−1)
. The flow is the inverse mean curvature

flow ∂t X = H−1ν, which preserves the star-shaped and mean-convex properties,
exists for all time [16, Cor. 18], and moves hypersurfaces outward, away from the
horizon [16, Lemma 12]. Rather than converging to a fixed hypersurface, �t becomes
asymptotically umbilical as t → ∞, which gives lim inf t→∞ Q(t) ≥ 0 [16, Prop. 22];
combined with the monotonicity of Q(t) [16, Lemma 23], this yields Q(0) ≥ 0.

5.1. Proof of theorem 1.8 and theorem 1.9

We prove the general case; the stated theorems follow by substituting the specific
functions f .

Proof. Define the deficit

ε =
∫

�

f H dμ − n(n − 1)κ2
∫




f dvol − (n − 1) f (s̄)2s̄n−2|Sn−1|
+ (n − 1)κ2s̄n|Sn−1| − (n − 1)κ2sn0 |Sn−1|.
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To track the evolution of this quantity along the inverse mean curvature flow, we
introduce

W (t) =
∫

�t

f H dμ − n(n − 1)κ2
∫


t

f dvol − (n − 1) f (s̄t )
2|�t | n−2

n−1 |Sn−1| 1
n−1

+ (n − 1)κ2s̄nt |Sn−1| − (n − 1)κ2sn0 |Sn−1|,

where s̄t = (|�t |/|Sn−1|)1/(n−1)
, and set

Q(t) = |�t |−(n−2)/(n−1)W (t). (5.1)

Since ∂t |�t | = |�t | along the inverse mean curvature flow, differentiating Q(t) gives

|�0| n−2
n−1 (Q(∞) − Q(0)) = |�0| n−2

n−1

∫ ∞

t=0

dQ

dt

= |�0| n−2
n−1

∫ ∞

t=0
−n − 2

n − 1
|�t |− n−2

n−1W (t)

+ |�0| n−2
n−1

∫ ∞

t=0
|�t |− n−2

n−1
d

dt
W (t).

We now estimate d
dt W (t) by treating each term separately:

∫ ∞

0
|�t |− n−2

n−1
d

dt
W (t) dt =

∫ ∞

0
|�t |− n−2

n−1

(
d

dt

∫

�t

f H dμ

− n(n − 1)κ2 d

dt

∫


t

f dvol

− (n − 1)|Sn−1| 1
n−1

d

dt

(
f (s̄t )

2|�t | n−2
n−1

)

+ (n − 1)κ2|Sn−1| d
dt

(s̄nt )

)
dt. (5.2)

For the first term, using the evolution of H along the inverse mean curvature flow,
(4.5), and the identity � f = �̄ f − D̄2 f (ν, ν) − H〈∇̄ f, ν〉, a direct computation
gives

d

dt

(∫

�t

f H dμ

)
= −

∫

�t

f �

(
1

H

)
dμ −

∫

�t

f

H
(|A|2 + Ric(ν, ν)) dμ

+
∫

�t

(〈∇̄ f, ν〉 + f H
)
dμ

= −
∫

�t

1

H
� f dμ −

∫

�t

f

H
(|A|2 + Ric(ν, ν)) dμ

+
∫

�t

(〈∇̄ f, ν〉 + f H
)
dμ

= −
∫

�t

1

H

(
�̄ f − D̄2 f (ν, ν) + f Ric(ν, ν)

)
dμ



J. Evol. Equ. Stability of Minkowski-type inequalities Page 19 of 23   100 

−
∫

�t

f

H
|A|2 dμ +

∫

�t

(
2〈∇̄ f, ν〉 + f H

)
dμ

≤ −
∫

�t

f

H
| Å|2 +

∫

�t

2〈∇̄ f, ν〉 + n − 2

n − 1

∫

�t

f H.

For the volume term, we rely on the Heintze-Karcher type inequality [1]

(n − 1)
∫

�t

f

H
dμ ≥ n

∫


t

f dvol + sn0 |Sn−1|.

Applying this to the evolution of the enclosed volume along our flow gives

d

dt

∫


t

f dvol =
∫

�t

f

H
dμ ≥ n

n − 1

∫


t

f dvol + 1

n − 1
sn0 |Sn−1|,

and hence

−n(n − 1)κ2 d

dt

∫


t

f dvol ≤ −n2κ2
∫


t

f dvol − nκ2sn0 |Sn−1|.

For the remaining terms, using d
dt s̄t = 1

n−1 s̄t ,

−(n − 1)|Sn−1| 1
n−1

d

dt

(
f (st )

2|�t | n−2
n−1

)

= − (n − 1)|Sn−1| d
dt

(
f (st )

2sn−2
t

)

= − (n − 1)|Sn−1|
(

2

n − 1
f (st ) f

′(st )sn−1
t

+ n − 2

n − 1
( f (st ))

2 sn−2
t

)

= − |Sn−1|
(
2 f (st ) f

′(st )sn−1
t + (n − 2) ( f (st ))

2 sn−2
t

)
.

and

(n − 1)κ2|Sn−1| d
dt

(s̄nt ) = nκ2|Sn−1|snt .
Substituting all these estimates into (5.2) yields

∫ ∞

t=0
|�t | n−2

n−1
d

dt
W (t) ≤

∫ ∞

t=0
|�t |− n−2

n−1

(
−

∫

�t

f

H
| Å|2 +

∫

�t

2〈∇ f, ν〉

+ n − 2

n − 1

∫

�t

f H − n2κ2
∫


t

f dvol

− nκ2sn0 |Sn−1|
− |Sn−1|

(
2 f (st ) f

′(st )sn−1
t + (n − 2) ( f (st ))

2 sn−2
t

)

+ nκ2|Sn−1|snt
)

.

(5.3)
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To handle the gradient term, we apply the identities from [16, Lemma 23]:
∫

�t

〈∇̄ f, ν〉 dμ =
∫

Sn−1
f f ′sn−1

∣∣
st (w)

dvolSn−1 ,

2
∫

Sn−1
f f ′sn−1

∣∣
st (w)

dvolSn−1 = 2 f (s̄t ) f
′(s̄t )sn−1

t |Sn−1| − 2κ2s̄nt |Sn−1|

+ 2κ2
∫

Sn−1
snt (w) dvolSn−1 ,

and ∫

Sn−1
snt (w) dvolSn−1 = n

∫


t

f dvol + |Sn−1|sn0 .

Combining these three identities,

2
∫

�t

〈∇ f, ν〉dμ = 2 f (s̄t ) f
′(s̄t )sn−1

t |Sn−1| − 2κ2s̄nt |Sn−1|

+ 2κ2
∫

Sn−1
snt (w)dvolSn−1 + 2κ2n

∫


t

f dvol

+ 2κ2sn0 |Sn−1|.
Substituting this into (5.3), all terms except the traceless part cancel, giving

∫ ∞

t=0
|�t |− n−2

n−1
d

dt
W (t) ≤

∫ ∞

t=0
|�t |− n−2

n−1

(∫

�t

f

H
| Å|2 + (n − 2)κ2|Sn−1|s̄nt

− n(n − 2)κ2
∫


t

f dvol − (n − 2)κ2sn0 |Sn−1|

+ n − 2

n − 1

∫

�t

f Hdμ − (n − 2) ( f (st ))
2 sn−2

t

)
.

Inserting this back into the integrated evolution of Q(t) from 0 to∞, the remaining
terms cancel precisely, leaving:

|�0| n−2
n−1 (Q(∞) − Q(0)) ≤ −|�0| n−2

n−1

∫ ∞

0
|�t |− n−2

n−1

∫

�t

f

H
| Å|2 dμ dt.

By the definition of our initial deficit, we have |�0| n−2
n−1 Q(0) = ε. Furthermore, be-

cause the flow surfaces become asymptotically umbilical as t → ∞, we know that
lim inf t→∞ Q(t) ≥ 0. Therefore, the left-hand side is bounded below by −ε:

−ε ≤ |�0| n−2
n−1 (Q(∞) − Q(0)).

Combining these inequalities and multiplying by −1, we obtain the desired bound on
the traceless second fundamental form:

|�0| n−2
n−1

∫ ∞

0
|�t |− n−2

n−1

∫

�t

f

H
| Å|2 dμ dt ≤ ε.
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Taking the minimum over t ∈ [0,√ε],

min
t∈[0,√ε]

|�0| n−2
n−1 |�t |− n−2

n−1

∫

�t

f

H
| Å|2 dμ ≤ √

ε.

Let �l be the hypersurface where this minimum is attained, so that

( |�0|
|�l |

)n−2
n−1

∫

�l

f

H
| Å|2 dμ ≤ √

ε.

Since we are interested in the stability regime, where the deficit is small, we assume
without loss of generality that ε ≤ 1. Then l ∈ [0,√ε] ⊆ [0, 1], and since |�l | =
el |�0|, |�l |

|�0| = el ≤ e
√

ε ≤ e.

Hence the ratio |�0|/|�l | is bounded uniformly, and using the uniform bounds on H
from [16, Cor. 16 and Prop. 17], which depend on max� |A|,

∫

�l

| Å|n ≤ C
∫

�l

| Å|2

≤ C
max�l H

min�l f

∫

�l

f

H
| Å|2 dμ.

It remains to bound min f from below. Since f = 0 only at the horizon s = s0
and f is strictly increasing in s by (H1) and (H3), it suffices to bound min�t s away
from s0. The inverse mean curvature flow moves hypersurfaces outward, satisfying
min�t s ≥ et/(n−1) min�0 s [16, Lemma 12]. On the time interval t ∈ [0,√ε] this
is bounded below by the fixed positive constant min�0 s, giving a uniform constant
c > 0 such that f ≥ c throughout the flow. Therefore,

∫

�l

| Å|n ≤ C
√

ε.

With this bound on ‖ Å‖ established, controlling dist(�l , �) via the flow speed and
applying Theorem 1.11 via the triangle inequality proceeds exactly as in the proof of
Theorem 1.3. �
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