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Glassy dynamics has been a topic of ongoing debate for decades.

We investigate a recently

proposed facilitated random walk (FRW) model, which is a kinetically constrained model (KCM)
with random constraints and is a coarse-grained version of the distinguishable-particle lattice model
(DPLM) of glass. Dynamics in the FRW model with a finite density of particles are dominated by
mobile groups of particles enjoying emergent facilitated dynamics. We observe a diffusion coefficient
power-law with respect to the particle density, with the exponent identified as the dominant mobile
group size. In addition, simplified FRW systems initiated with a few particles at the same site
exhibit a sequence of mobility transitions, explaining the dynamical dominance of mobile groups.
For such systems with two particles, the mobility transition point is calculated exactly.

I. INTRODUCTION

The nature of relaxation dynamics in glassy systems
remains one of the central unsolved problems in con-
densed matter physics [1-6]. While many characteristic
features of glass such as dynamical heterogeneity, kinetic
arrest, and stretched exponential relaxation are inten-
sively studied, their microscopic origins are still under
debate. Molecular dynamics (MD) simulations [7, 8] are
instrumental in studying glassy properties, and in par-
ticular, allow full access to individual particle dynamics.
However, MD approaches face serious limitations at low
temperatures due to their high computational cost in in-
vestigating the dynamics, although equilibrium proper-
ties are readily available using advanced algorithms [9].
Challenges can also arise due to the presence of molecular
vibrations, which can obscure the dominant mechanisms
governing slow relaxation.

To understand the underlying mechanisms of glassy
phenomena, significant efforts have been made to repro-
duce and understand these behaviours in simplified set-
tings. One such strategy involves the use of lattice models
[10, 11], which abstract away continuous spatial degrees
of freedom and allow computationally more efficient ex-
ploration of deeply supercooled regimes. A number of lat-
tice models have been suggested, including those in Refs.
[12-22]. Despite their simplicity, many lattice models
have successfully reproduced key features of glassy dy-
namics, such as stretched exponential relaxation and dy-
namical heterogeneity. A few of these models belong to
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the class of kinetically constrained models (KCMs), [12—-
14, 16] which employ simple deterministic kinetic con-
straints on particle movements to reproduce the slowed
dynamics of glass.

We have recently proposed the facilitated random walk
(FRW) model [23], which offers an alternative to conven-
tional KCMs by employing stochastic rather than deter-
ministic kinetic constraint rules. This element of ran-
domness in the FRW can be physically relevant, as it
reflects the inherently disordered nature of glassy ma-
terials. Moreover, the FRW model exhibits emergent
dynamical facilitation behaviours among particle mo-
tions, analogous to directly imposed facilitation rules in
the Fredrickson-Andersen (FA) spin facilitation model
[12, 24], which is one of the first KCMs. Analogous to
related studies [25, 26], rate parameters in the FRW are
local and are updated as particles move.

Besides being a KCM, the FRW model is also a coarse-
grained version of the distinguishable particle lattice
model (DPLM) [18], which incorporates void-induced
particle motions and exhibits key glassy phenomena such
as Kovacs paradox [27], a wide range of kinetic fragility
[28], Kauzmann paradox [29], fragile-to-strong transition
[30], enhanced mobility in films [31], etc. We expect the
FRW model to be able to reproduce most of these obser-
vations, in some cases after further generalisation such as
incorporating temperature dependence.

The stochastic kinetic constraints in the FRW are intu-
itively understandable and are motivated by the energy-
driven dynamics illustrated by the DPLM. Furthermore,
the FRW is expected to inherit many glassy properties
already demonstrated by the latter [18, 27-31]. The
FRW captures hallmark glassy phenomena, including
plateaus in mean squared displacement (MSD), stretched
exponential relaxation in the self-intermediate scattering
function (SISF), and dynamical heterogeneity [23]. The
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dynamics is not energetically driven. Rather, particles
interact kinetically via a rate resampling and restora-
tion scheme. In particular, the restoration rule is able
to quench the disorder in the configuration space. At
a low particle density, we also observe mobile groups of
particles dominating relaxation, as evident from particle
position-time graphs [23]. A mobile group extends over
a few lattice sites. It can be more mobile than isolated
particles because of emergent facilitation behaviours.

In this paper, we study a diffusion-coefficient power-
law relationship with respect to particle density and in-
vestigate its relation to facilitated dynamics. An analo-
gous diffusion-coefficient power law was first observed in
the DPLM [18] and then observed in MD systems with
partial swap [32]. This suggests that dynamics are domi-
nated by mobile groups of particles or defects with facil-
itated dynamics and the power-law exponent estimates
the dominant group size. We further study simple m-
particle systems and observe m-dependent mobility tran-
sitions. In such systems, we initiate the system state with
m particles at the same site and observe their dynamics.
We provide an exact mobility threshold for two-particle
systems by analysing a configuration tree. These mo-
bility transitions have a strong impact on the dominant
mobile group size. Our results suggest that the dynamics
of glassy systems can be governed by the facilitated mo-
tions of these groups, providing an intuitive mechanism
for the observed slowdown in the structural relaxation.

This paper is organised as follows. In Sec. II, we
explain the definition of the FRW model. In Sec. III,
we investigate the evolution of the bond states using an
overlap function to explore the relaxation dynamics. In
Sec. IV, we explain the diffusion-coefficient power law.
We then explain how particle mobile group size relates
to the exponent of the power law in Sec. V. The dominant
mobile group size is explained in Sec. VI. We conclude in
Sec. VII with a discussion of the broader implications of
our results and potential avenues for future research.

II. FRW MODEL

The FRW model is a kinetically constrained lattice
model introduced in our prior work [23]. Defined in one
dimension (1D), the model evolves on a lattice of L sites
with lattice constant ¢ = 1 and no particle exclusion.
With a total number of N particles, it has a particle
density p = N/L.

All particles execute continuous-time random walks
(CTRW) with randomly assigned hopping constraints.
Specifically, the hopping rate w;;jx(t) of particle k from
site 4 to its nearest neighbour j is given by:

wijk(t) = {BUO

where wy = 1 and ¢ is an unblocking probability. De-
tailed balance requires w;;r = wj;;. These rates are dy-

with probability gq,

(1)

otherwise,

FIG. 1. A diagram showing 5 snapshots of a simple FRW lat-
tice with two sites (grey squares) and two particles (coloured
circles). The arrows (black and grey), occurring with an un-
blocking probability ¢, indicate the directions the particle is
available to hop towards at rate wg. Black arrows denote in-
dependently sampled or resampled directions. Grey arrows
indicate the availability of return hops as ensured by detailed
balance. To enable an exact analysis of two-particle systems,
we define the following. A joint (split) state occurs when two
particles are at the same site (different sites). (a), (c) and
(e) show joint states, while (b) and (d) represent split states.
After the motions shown in (a)-(c), further hops in (c)-(e)
demonstrate backward hops by the pair so that the state (e)
is different from the state (a). Instead, if the blue particle
were to hop before the red particle in (c)-(e) resulting in re-
versed hops, the original state as in (a) would be restored.

namically updated throughout the simulation according
to two rules stated in [23] with further details:

(i) Rate resampling: When particle k& performs a
non-reversing hop from site 7 to j, the hopping rates
w;i(t) = wyy(t) for all other particles | # k and
w, 7, where j’ is the other NN-site of j are resam-
pled.

(ii) Rate restoration: If particle k subsequently per-
forms a reversed hop from j back to 4, the previous
rates before resampling are restored.



The restoration property applies to multi-step processes:
a step-by-step reversal of particle hops fully reverses the
previous rates step by step. A hop not involved in any
step-by-step reversal is considered a non-reversing hop.
Figure 1 shows time-consecutive snapshots of how parti-
cles could move on a simple lattice with two sites.

Technically, a straightforward way to enable possible
multi-step rate restoration of constraints in the system
would be to store the full history in memory during the
simulation. For computational convenience, however, we
choose instead to introduce and store an extended sys-
tem state at each simulation step. The system state is
then fully specified by the particle positions z, the bond
states ®;;, and the particle states ¥y, which together en-
code all hopping constraints. In our simulations, ®;; and
W, are 64-bit random numbers, so that any two distinct
states are highly unlikely to share the same value. As
®;; and ¥y, evolve under the resampling and restoration
rules, the hopping rates change accordingly as detailed
in [23].

In the FRW model, particles effectively represent voids
in the DPLM. The model’s control parameters, ¢ and p,
are analogous to temperature and void density respec-
tively, as outlined in [23]. In real glasses, such voids are
suggested to take the form of quasi-voids [33], which are
believed to initiate particle string-like motions. In prin-
ciple, p and ¢ are not independent, since both depend
on temperature and the type of material. In particular,
q should effectively increase with p because a high local
density of voids reduces atomic coordination and sup-
presses constraints. However, under deep supercooling,
p is small. Therefore voids are largely isolated from one
another, and the effects of p on ¢ are almost negligible.
In the present FRW model, we hence treat p and ¢ as
independent control parameters, for simplicity.

All simulation results shown in this work have been av-
eraged over more than 10 independent runs. Equilibrium
systems at any given particle density are constructed di-
rectly using exact equilibrium statistics [23]. Typical
simulations use a lattice size ranging from 5000 < L <
50000, with periodic boundary conditions. The simula-
tions run for 10° < ¢,,,, < 5 x 108 and are averaged over
10 to 10000 independent realisations. A larger system
size is used for systems with fewer particles or a larger
dominant mobile group size a.

The FRW model is designed to perform exceptionally
fast simulations compared to atomistic models or models
defined in higher dimensions. The longest runs in Fig.
2, Fig. 4 and Fig. 6 took about 12 hours, 22 hours and
10 minutes, respectively. This efficiency grants access to
the analysis of dynamics under significantly deeper super-
cooling within comparable simulation run times. For in-
stance, within a day of simulation, the FRW could reach
a diffusion-coefficient power law of a ~ 7 (see Fig. 4)
corresponding to a much deeper supercooled state than
the DPLM which could obtain reliable results showing
a ~ 2.7 [18]. All simulations were run on single proces-
SOT cores.
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FIG. 2. (a) Overlap Os(t) of bond states plotted against time
t for particle density p = 0.1 and various unblocking probabil-
ities ¢, ascending from ¢ = 0.4 to ¢ = 1.0 from top to bottom.
Lines show the full fitting range of the fit to the second re-
laxation step using the KWW stretched exponential function.
(b) Stretching exponent 3 against unblocking probability q. A
dotted line represents 8 = 0.5. (c) Relaxation time 7 against
1/q fitted by a straight line on semi-log scales.

III. BOND-STATE OVERLAP AND
STRUCTURAL RELAXATION

We have previously demonstrated that the FRW model
is able to show many typical glassy relaxation character-
istics when considering the movement of particles [23].



Alternatively, we monitor changes in bond states ®;; be-
tween neighbouring sites ¢ and j. Any change in ®;;
implies that a particle has hopped from site ¢ to j or
vice versa, thereby indicating that the bond, represent-
ing a local region, has relaxed. We measure the overlap
function Og(t) defined for equilibrium systems as

Og(t) = <6<I>7:j(0)»<1>7:j(t)>’ (2)

where 0 is the Kronecker delta and the average is taken
over all bonds, initial time and independent runs. The
results for a small particle density p = 0.1 are shown
in Fig. 2(a). We observe a two-step relaxation and the
second relaxation step fits well with the Kohlrausch-
Williams-Watts (KWW) stretched exponential function

Aexp [~(t/7)"], 3)

where 0 < A < 1, 7 is the structural relaxation time, and
[ is the stretching exponent. The fitted values of g and
7 for each ¢ are shown in Fig. 2(b) and (c) respectively.
It is observed that the stretching exponent 8 ~ 0.5 for
all g. The near-linear relation in the semi-log plot of 7
against 1/q suggests an Arrhenius-like relation with g,
which is analogous to temperature. Note that introduc-
ing an appropriate relationship between ¢ and temper-
ature is non-trivial, and hence the current FRW does
not exhibit a true Arrhenius relation. It follows that its
fragility cannot be determined. The coefficient A ranges
from 0.86 to 1. In Appendix A, we derive 8 = 0.5 ana-
lytically. The value of § is much smaller than 1 due to
the FRW being defined in 1D, which leads to less efficient
diffusion compared to systems in higher dimensions. In
addition, 8 remains constant at 0.5 as ¢ decreases. This
feature is not typical of glass. This value of 8 has also
been observed in other one-dimensional models [34, 35],
but might not be relevant in two or three dimensions.

To further characterise the relaxation dynamics be-
yond the overlap, we examine the displacement distri-
bution prob(Az), where Az = =z(t) — x(0). Figure 3
shows prob(Az) at p = 0.1 and ¢ = 0.5 for various values
of t. The tails of all curves deviate systematically from
the Gaussian fits at every ¢ examined, reflecting an ex-
istence of trapped particles and providing a signature of
dynamical heterogeneity complementary to that seen in
the bond-state overlap.

IV. DIFFUSION-COEFFICIENT POWER LAW
AND DOMINANT MOBILE GROUP SIZE

We calculate the particle mean square displace-
ment (MSD) in equilibrium systems defined as
<|:rk(t)—xk(0)|2> where xj(t) denotes the position
of particle k at time ¢t. From the diffusive regime
of the MSD, we calculate the diffusion coefficient
D = (1/2d) lim;_,.c MSD/t, where d = 1 is the spatial
dimension. We consider that time ¢ is long enough for
the dynamics to be in the diffusive regime when the slope
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FIG. 3. Displacement distribution prob(Az) where Az =
z(t) — z(0) at p = 0.1 for ¢ = 0.5 plotted on semi-log scales
for ¢ ranging from 7/16 to 27. Here, 7 = 1.17 x 10° is the
a-relaxation time plotted in Fig. 2(c). We perform Gaussian
fits for a range of data as indicated by the solid line. Dotted
extensions of the same fits highlight the clear deviation from
Gaussian behaviour for both small and large Az.
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FIG. 4. Diffusion coefficient D versus particle density p for
various unblocking probabilities q. At small p, data fit well
to linear forms (dashed lines) in the log-log scales. The fitted
lines also indicate the ranges of data used in the fits. For
q = 0.6 as an example, data deviating from the power law at
large p are also shown. Statistical errors are smaller than the
symbol size and are therefore not shown.

of the MSD versus time curve in the log-log plot exceeds
0.96. Using this criterion, we compute D for various com-
binations of particle density p and unblocking probability
q.

Figure 4 shows the diffusion coefficient D plotted
against particle density p for several values of q. Note
that particles in the FRW represent defects physically.



Following analogous observations in molecular dynamics
(MD) simulations of an atomistic glass model that uses
partial swap, we fit our data to a power law of the fol-
lowing form, appropriate for defects at a small density

p [32],
Do p®t, (4)

where o > 1. This is equivalent to the power-law for the
diffusion coefficient D, of atoms [18, 32],

D, x p, (5)

noting that D, o pD at small p for defect-induced dy-
namics. This can be seen by noting that each hop of an
FRW particle corresponds to a void displacing an atom:
the void hops from site j to site i, while the atom previ-
ously at ¢ moves to j. Hence D,(1 — p) = pD at small
p where the particle density (1 — p) ~ 1, reducing to
D, x pD. However, Eq. (5) is not applicable to the
FRW as atoms are not explicitly simulated. The linear
relationship observed on log-log scales in Fig. 4 clearly
supports the power-law form in Eq. (4) for all values of
q. The corresponding values of « extracted for each g are
shown in Fig. 5 (blue circles).

The power-law in Eq. (4) can be intuitively understood
through a simple chemical kinetics argument involving
the density of mobile groups of FRW particles [18, 32].
Specifically, Eq. (4) suggests that a particle contributes
to the dynamics only if it neighbours and is dynamically
coupled with o — 1 other particles. This thus implies
mobile groups consisting of « particles that dominate the
dynamics.

Equation (4) only holds at small p where mobile groups
each of « particles are well isolated from each other. As
p increases, the diffusion coefficient D no longer satisfies
the power-law. Instead, it approaches a maximum value

D(p — 00) = quy. (6)

This is validated by simulations as shown in Fig. 4, for
instance, for ¢ = 0.6. Equation (6) is derived as follows.
At large p, the site occupancy n; at every site i is also
large, noting that each site can hold multiple particles
in the FRW. Consequently, the combined hopping rate
for any particle from site i to a nearest-neighbour site j,
which averages at n;q, is large. As a result, the rate re-
sampling rule (see Sec. II) is invoked frequently, causing
w;,(t) for any particle k to rapidly alternate between 0
and wy. The hopping rates therefore become effectively
unquenched and w;;,(t) can be accurately approximated
by its annealed time average (w;;x(t)) = qwo. Each par-
ticle k£ thus ends up with a uniform hopping rate quwg in
each direction, giving a total hopping rate of

2qwg. (7)

The model thus reduces to a simple CTRW with diffusion
coefficient D = 2qwg/(2d) in one dimension (d = 1),
and we hence arrive at Eq. (6). Therefore, the diffusion-
coefficient power law in Eq. (4) applies only at low p when
D < quy.
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FIG. 5. Exponent « plotted against ¢ (blue circles), measured
using the diffusion-coefficient power-law in Eq. (4). Mobility
thresholds gf, for systems with m = 1,2,3,4,5,6,7 and 10
particles are shown in red. The dotted line plots Eq. (9),
and the blue line plots Eq. (10). These empirical equations,
however, deviate from the exact value ¢}, =1 at m = 1.

V. MOBILITY THRESHOLDS IN m-PARTICLE
SYSTEMS

To understand the nature of mobile groups implied by
the diffusion coefficient power-law in Eq. (4) and observed
in particle position-time graphs in Ref. [23], we now in-
vestigate systems with only m particles all initialised at
the same position z = 0. For each m, we find that there
exists a sharp mobility threshold ¢f, so that ¢ > ¢, is
needed for the group of particles to have a chance of
displacing unboundedly at long time, i.e. in the mobile
phase.

First, for the trivial case of m = 1, we have a mobility
threshold ¢] = 1. This is because the model reduces to
a simple CTRW at ¢ = 1 where all particles are fully
mobile. On the other hand, when ¢ < 1, D = 0 as each
particle is confined to a single-particle trap of average size
Strap = 1/(1 —¢) — 1 [23]. Hence, D for a single-particle
system exhibits a discontinuous transition at qi =1.

For m = 2, we get exactly

¢ =1/V3~ 0577, (8)

using a configuration tree analysis (see Appendix B).
At ¢ = q;, some pairs can move unboundedly but sub-
diffusively with D = 0. The mobility transition from
D=0toD>0at q; as ¢ increases is a continuous one.

To visualise particle dynamics close to the transition,
Fig. 6 plots x against v/Z, showing the motions of 100
independent samples of two-particle systems under three
values of g close to q; We see in Fig. 6(a) that when
q < qg, the particles are well trapped within a limited
number of sites even at long time so that D = 0. In
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FIG. 6. Motion of particles in 100 samples of two-particle
systems for unblocking probability ¢ = 0.560 (a), qg ~ 0.577
(b), and 0.582 (c) close to the mobility transition point gj.
Particles are coloured by their final position zanal, as indicated
by the colour bar. The larger the deviation of xfna from
x = 0, the brighter the colour.

contrast, for ¢ > qg corresponding to the mobile phase,
particle pairs can be mobile. However, even in this mo-
bile phase, some particle pairs are immobile and will be
forever trapped within a finite number of sites. This is
analogous to percolation [36], where infinite clusters only
exist in the percolating phase, but many clusters remain
finite. The typical magnitude of displacement x of the
mobile pairs appears to be proportional to v/t, suggest-
ing a diffusive regime with D > 0. For ¢ = q; plotted
in Fig. 6(b), we see that some particle pairs are able to
travel rather far but typical values of z increase more
slowly than /%, consistent with a sub-diffusive regime
with D = 0.

We now further verify the value of q; quantitatively
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FIG. 7. (a) Particle MSD in two-particle systems at various
values of ¢ across a wide range below and above q;, plotted
against time ¢ on log-log scales. Inset: same data on linear
scales. (b) MSD against ¢ near the mobility threshold ¢} =
1/v/3 ~ 0.577, with the value of ¢ indicated by the colour
bar centred on q; (c) We calculate the diffusion coefficient
D using the data in (b) and identify the start of the sudden
increase from D = 0 as ¢ increases. Red dotted line fits values
of D > 0. Black circle shows gj.

from two-particle system simulations. We simulate 10000
independent systems with both particles starting at « =
0 until time ¢t = 107 for each value of g. We plot in
Fig. 7(a) the MSD against time for a wide range of ¢, both
above and below q;. The log-log plot shows that there is

no diffusion when ¢ = 0.5 << qg. The early-time plateau
in the log-log view corresponds to a sub-diffusive caging-



like regime in which the two particles repeatedly fail to
escape their current neighbourhood, performing return
hops until they encounter a configuration that facilitates
further movement. The linearity of MSD with time when
q >> q;, as shown in the inset, is consistent with long-
time diffusive growth. Figure 7(b) plots the measured
MSD against time for each studied ¢ close to q%. As
seen, the MSD at long time tends to level off for ¢ <
qg while it continues to increase for ¢ > q; Note that

the levelling off for ¢ < qg signifies permanent particle
trapping and no eventual rise occurs. This is in contrast
to standard many-particle FRW in which distant mobile
groups of a sufficiently large group size must eventually
arrive to mobilise temporarily trapped particles, so that
MSD always rises at long time [23].

We measure the particle diffusion coefficient D from
the MSD shown in Figure 7(b). To minimise impacts of
initial transients, we use D = (1/2d) lim;_, o, d(MSD)/dt
and linear regression to estimate the derivative over the
final quarter of the MSD data. Figure 7(c) plots the
values of D against ¢ obtained. For example, for ¢fina =
107 (red curve in Fig. 7(c)), the data is taken from ¢t =
0.75 X trina = 7.5 X 106 to t = tinal = 107. Here

we see a sharp increase in D from D ~ 0 at ¢ = q%,

supporting the value of ¢} in Eq. (8). Figure 7(c) also
shows that a similar conclusion can be obtained if data of
shorter time duration is used. The apparent dependence
of the diffusion coefficient on ¢4y, is due to finite-time
transient effects. At ¢ near the mobility threshold q%,
the system exhibits a longer crossover from the initial
transients to the final diffusive regime. For any ¢ >>
q; such effects are minimal as observed in Figure 6a.
Technically, we perform another linear regression of D
against ¢ using the data with noticeably positive D, as
shown by the red dotted line in Fig. 7(c). The regression
line is extrapolated back to D = 0 to get an estimate of
the mobility threshold, which is very close to the exact
value of ¢} in Eq. (8).

For m > 3, we similarly simulate m-particle systems
and observe analogous dependence of D on q. Then,
ql. is similarly estimated. Our results are shown in red
triangles in Fig. 5, which plots m against ¢/, for easier
comparison with other data. Exact values, only avail-
able for qI and q;, are used. We observe that our data
approximately follow the empirical relation

for m > 1. A convenient estimate of the constant c¢ is
2/v/3 ~ 1.155, which gives the exact value for q; and
well approximates the other measured values of ¢/ .

VI. CRITICAL MOBILE GROUP SIZE

At unblocking probability ¢, only groups beyond a crit-
ical size m! are mobile, where m' = min {m g > q;fn},

i.e. ml is the smallest integer satisfying ¢ > ¢f,. It is
convenient to estimate m' by inverting Eq. (9) and we

get

mt = m +1. (10)

for m' > 1 where |-] denotes the floor function. In Fig. 5,
we have also plotted m' against ¢ using Eq. (10) (solid
line). It appears as a staircase decreasing function invert-
ing the dependence of ¢/, on m as well as generalising to
all values of q.

From Fig. 5, we observe that the critical mobile group
size m' is only slightly smaller than the exponent «
which represents the dominant mobile group size. A non-
integral o should represent an average over two group
sizes which dominate the dynamics. The difference be-
tween m' and « is expected to narrow down when ap-
proaching the small p limit, as will now be explained.
As p — 0, mobile groups of size m' should completely
dominate the dynamics. Their population scales with
pmf. Whereas larger mobile groups with, e.g., mf + 1
particles are relatively rare with their population scal-
ing at pmhrl, despite a greater mobility. This ensures
their negligible contribution. We anticipate that «, rep-
resenting the dominant group size, will asymptotically
approach m' as p — 0 across all ¢ values. In fact, o ex-
hibits some sign of a stepwise pattern, reflecting a close
relation to m'. However, at larger p, the population of
(m' 4 1)-groups becomes non-negligible as the ratio be-
tween me and pm“rl is not vanishingly small. Due to
the higher mobility, these larger groups can contribute
significantly and may even dominate the dynamics, re-
sulting in o« > m!.

VII. DISCUSSION

The present paper builds on [23], which introduced the
FRW model and reported its basic glassy phenomenology
(MSD plateaus, stretched relaxation in the SISF, dynam-
ical heterogeneity). The new contributions of this work
include: (i) the bond-state overlap Og(t) as a relaxation
probe distinct from the SISF; (ii) the diffusion-coefficient
power law D o p®~! and its identification of the dom-
inant mobile group size «; (iii) the relation between «
and the critical mobile group size m'; (iv) the sequence
of mobility thresholds g, from the systematic study of m-
particle systems, and (v) the exact result qg =1/v/3 de-
rived from the configuration-tree analysis of Appendix B.

Our results rigorously establish the phenomenon of dy-
namic facilitation in the FRW. The single-particle and
two-particle mobility thresholds qI =1 and qg =1/V3
define a regime where qg <qg< qI . In this regime, an
isolated particle is trapped, but a pair of particles is mo-
bile, demonstrating that facilitation between particles is
the primary mechanism behind the system’s mobility.
However, this exact analytic approach for determining



thresholds could not be generalised readily to systems
with three or more particles.

Our simulations reveal a sequence of mobility transi-
tions for m-particle systems, characterised by monotoni-
cally decreasing thresholds ¢/ . For any given ¢, we thus
compute the critical group size m! required for mobility.
In the standard FRW system with a finite particle den-
sity, these sharp transitions are not directly observable
as particle groups of all sizes are simultaneously present.
However, the transitions dictate the size of the mobile
particle groups that dominate the dynamics. In these
systems, the dominant group size is estimated from the
exponent « of the diffusion coefficient power-law. We
find that « is consistently slightly higher than m/.

The FRW model is ergodic in the limit of an infinite
lattice (L — oo) for any finite density p. Although iso-
lated particles or sub-critical particle groups can be tran-
siently trapped, mobile groups larger than m! must exist
somewhere on a sufficiently large lattice, and their pres-
ence ensures eventual accessibility of all configurations
over long times. At finite L and small ¢, implying a large
mT, however, the expected number of such groups scales
as mef, which can be vanishingly small. Some sample
systems without mobile groups have been shown in the
trajectory plots in [23], which are visibly non-ergodic.
All simulations reported here are performed with a suf-
ficiently large lattice size, where the system is ergodic.
In contrast, the m-particle systems investigated in this
work are not ergodic. In these isolated systems where
p = 0, any group of m particles has a finite probability of
remaining permanently trapped within a bounded region
when ¢ < 1.

Our results highlight the central role of mobile groups
in governing the dynamics. The strong correlation be-
tween results from m-particle systems and finite-density
simulations strongly supports the importance of mobil-
ity transitions in dictating the dynamics. The enhanced
dynamics of larger mobile groups further emphasises the
importance of facilitated particle motion. With its mini-
malistic rules exhibiting emergent facilitation, the FRW
model provides a clear possible framework for under-
standing the dominance of facilitated dynamics in glass.

The structural relaxation of the FRW model is anal-
ysed using the bond-state overlap function Og(t), in con-
trast to the particle self-intermediate scattering function
(SISF) employed in our previous work [23]. This choice
is motivated by the fundamental nature of the FRW as
a defect model, where particles represent voids and bond
states capture local atomic configurations. Here, a hop
of a particle across a bond changes its bond state, effec-
tively signifying a local atomic rearrangement. Conse-
quently, Og(t) serves as a direct indicator of local relax-
ation. In contrast, the SISF in FRW tracks the relax-
ation of void positions, which may not be directly com-
parable to the SISF of atomistic models like the DPLM
or other MD simulations. This distinction may explain
why SISF results exhibiting typical glassy features are
only obtained at wavelengths of several particle diam-

eters in FRW [23], analogous to the study of another
lattice model [37]. However, the relaxation described by
Og(t) has stretching exponents S admitting a value of
0.5 and does not decrease further even as ¢ and p de-
crease corresponding to deeper supercooling. This non-
realistic feature, not observed in the DPLM [27], likely
stems from the energetically trivial nature of the current
FRW. A generalisation to an energy-driven FRW in the
future may help resolve the issue. The DPLM has pre-
viously demonstrated that its fragility can be tuned by
varying the interaction distribution between atoms [28].
It is possible for an energy-driven FRW to exhibit this
same tunable fragility using an analogous approach, to
model both fragile and strong behaviour.
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Appendix A: Exact stretched exponential relaxation
of bond-state overlap

We now explain several cases in which we can exactly
derive the relaxation of the bond-state overlap function
and the stretching exponent B. In particular, cases 1
and 3 to be presented below explain the value g ~ 0.5
reported in Fig. 2(b) for p < 1 and all values of q. We
analyse the bond-state overlap Og(t) for FRW defined
on a 1D lattice of size L.

Relaxation is predominantly induced by mobile ran-
dom walkers, as trapped particles have limited impact.
For unblocking probability ¢ = 1, the dominant random
walkers are individual particles. For ¢ < 1, they instead
take the form of mobile groups of particles that move
together through facilitation. We consider the centre of
mass of a mobile group as the position of the random
walker. The overlap Og(?) is defined in Eq. (2) and rep-
resents the average probability that a specific bond, say
bond ij, has the same bond state at time ¢ as at time
0. At time t, assume that a given random walker k has
relaxed nj distinct bonds in the system. The probability
that this walker has relaxed bond ij is therefore ny/L.
Consequently, the probability that bond ¢j is not relaxed
by any walker in the system is

oé(t):<H (1—72“)>

k

(A1)



where the product is over all walkers in the system. In
the large system limit, the product is self-averaging and
L > ny. We get

1
Og(t) = He*"k/L = exp (L ;nk> . (A2)
Let N, be the total number of walkers. We define
the average number of bonds relaxed per walker as
n = (>, nk)/Nw. We also define the walker density as
pw = Ny /L. The overlap hence simplifies to

Oa(t) = e Pur, (A3)

Noting that n differs significantly for different values of ¢
and p, we explain three cases for which exact results are
available.

Case 1: Low-density free particles

We consider p < 1 and ¢ =~ 1. The walkers are low-
density free particles and the diffusion coefficient equals
D = wy for simple 1D random walk. Assuming that
particle & is displaced by si(t) at time ¢, the number of
bonds relaxed ny, is simply the magnitude of its displace-
ment, i.e. np = |sg(t)]. Note that n; does not equal
the maximum displacement within time ¢ because return
hops restore the bonds to the un-relaxed states. Then,
= (nk) = (|sk|) and we obtain [38]

n= ,/9#/2. (A4)
T
Substituting into Eq. (A3) gives
2
Og(t) = exp | ———=pVDt*/? ). (A5)
NZ3

This is the KWW form in Eq. (3) and the exponent of
t shows that 8 = 1/2. Note that the 1/2 exponent is
inherited from Eq. (A4). The stretched relaxation is thus
a consequence of 1D diffusion in which relatively few sites
are visited, albeit repeatedly.

Case 2: High-density mobile particles

Consider the conditions p > 1 and pg > 1, which
have been studied in Sec. IV with Eq. (7) giving the total
particle hopping rate in both directions. Therefore, for a
small time ¢,

n = 2quwot. (A6)
Substituting into Eq. (A3) gives
Oq(t) = exp (=2pquot) , (A7)

indicating that 8 = 1 when compared to the KWW form,
corresponding to a simple exponential relaxation. We
believe that a stretching exponent close to 1 extracted
from the particle SISF in [23] under similar conditions
can be similarly explained.

Case 3: Mobile groups of multiple particles

Finally, we consider the case where the walker repre-
sents a dominant mobile group of size m* > 2, which
occurs at p < 1 and ¢ < 1. Here, m* is expected to be
close to the rounded-up integral value of the exponent
« from the diffusion coefficient power-law in Eq. (4) and
should be bounded below by the critical mobile group
size, i.e. m* > m'. Let the number density and dif-
fusion coefficient of these mobile groups be p* and D*,
respectively. The number of bonds ny relaxed by such a
random walker at time ¢ is simply the difference between
its maximum displacement to the right and to the left,
because state-reversing motions in general are negligible
at long time for mobile groups. This gives [39]

=2y 2o (A8)
T
Substituting 7 and p,, = p* into Eq. (A3), we get
D*
Oa(t) = exp (—2,0*\/ t1/2> : (A9)
T

which again implies the KWW form with a stretching
exponent of 8 =1/2.

Appendix B: Two-particle configuration-tree theory
for exact mobility transition

In this section, we consider a system with only two
particles, red and blue, both initially at site « = 0. We
define a joint state as whenever both particles reside at
the same site and a split state occurs otherwise. We will
first derive the exact mobility threshold of a simplified
case in Appendix B1, and then show in Appendix B2
that the general case presents the same answer.

1. Constraint of pairwise sequential hops

Let us assume that whenever a particle hops, the other
particle follows immediately after. We call such a pair of
hops a hop sequence. This forces the system to always
be at joint states after an even number of hops. The
possible evolution of configurations in terms of only the
joint states is shown in Fig. 8(a). The configuration space
is naturally arranged as a tree. Each edge represents a
hop sequence of the two particles, rather than a single
hop. The initial state where both particles are at site
i = 0 is represented by the root node (black circle). It
has four children, two blue nodes and two red nodes. The
colour of the node is defined by the colour of the particle
that hops to the corresponding site first. For example,
the blue particle hops followed by the red particle leads to
a blue node. Since there are two neighbouring sites and



(b) =1 | o
|

|
¢ D

FIG. 8. (a) The configuration tree of the joint states of a
two-particle system. All nodes at level 0 (black circle), 1
and 2 are shown as well as examples of a few level-3 nodes.
Each node represents one joint state and each edge denotes a
hop sequence by both particles. The colour of the node (red
or blue) denotes which particle hops first when descending
the tree. (b) A subtree of the tree in (a). Node O has a
parent A and descendants B, C' and D. A transition from
O to A corresponds to a step-by-step reversed sequence of
a pair of hops, cancelling previous tree-descending motions.
A transition to B corresponds to a backward sequence with
the other particle hopping first, while a transition to C or D
describes forward sequences.

two node types, we arrive at 4 nodes at the first level of
the configuration tree.

From the first level onwards, each node only has 3 de-
scendants since one edge connects to a reversed sequence,
where the system is restored to the previous configura-
tion (see Fig. 8(b)). We define a forward sequence as a
pair of hops of the two particles in the same direction
as the preceding tree-descending sequence. A forward
sequence can lead to a blue node or a red node. Con-
versely, a backward sequence is defined as a sequence of
hops in the direction opposite to the preceding sequence.
There is only one possible backward sequence to descend
the tree, corresponding to one child node of the same
colour as the current node. The other sequence of hops
is instead an up-tree reversed sequence.

As an example, Fig. 1 shows a step-by-step process of
particle hops with even steps representable by the evo-
lution of nodes in Fig. 8(a). Labelling the left site by
i = 0, Fig. 1(a) corresponds to the black node. After a
forward sequence illustrated by Fig. 1(b)-(c), the system
arrives at the level-1 red node at site « = 1. Then a back-
ward sequence shown by Fig. 1(d)-(e) leads to the level-2
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red node at site ¢ = 0. Note that the system states in
Fig. 1(a) and (e) are different in terms of both the bond
state and the particle states, despite having identical par-
ticle occupancy at both sites.

Quantitatively, each edge in the tree, representing a
possible transition between joint states, is unblocked with
a probability ¢ with each factor ¢ corresponding to the
unblocking probability of one of the two particles. Con-
sequently, the average number of unblocked descendants
of any node beyond the root is 3¢2. The system is only
mobile when this branching process of the unblocked sub-
tree has a finite chance of persisting indefinitely, which
occurs when the average number of descendants per node
exceeds 1. Thus, the exact mobility threshold q; follows

2
3q§ = 1 which gives

gb =1/V3~0577 (B1)

as already stated in the main text.

2. General dynamics

We now relax the constraint above that a hop must
be immediately followed by a similar hop of the other
particle. Each tree node in Fig. 8 is then generalised to
denote a set of states corresponding to a joint state and a
set of split states. From any joint state, we now define the
motions leading to the associated split states of the same
node that do not result in a traverse to another node.
Specifically, from a joint state at ig denoted by, e.g., a red
node (see Fig. 8(b)): (1) the red particle executes one or
more backward hops; and/or (2) either particle executes
one or more forward hops. These sequences leave the
system in a split state that is associated with the original
red node at ig. While this defines an infinite number of
split states associated with a node, only a small number
of them are relevant for ¢ < 1 because particles cannot
move far without mutual facilitation. In addition, each
split state is uniquely associated with a node in the tree.

We now explain how a system moves to another node
under the general dynamics. This can occur even if only
split states are involved. Consider, for example, a node
at position 7 = 0, where the particles are at a split state
at sites ¢ > 0. We consider the leading (trailing) par-
ticle at ¢ > 0 (i = 0). The node progresses every time
the trailing particle moves from site i = 0 towards the
leading particle and the new node is determined by the
position of the trailing particle. More importantly, it is
easy to see that a split state is accessible (i.e. connected
by unblocked hops to the root) only if the associated joint
state in the same node is accessible. The problem of de-
termining the accessibility of any state reduces to first
solving for the accessibility of joint states. The subse-
quent application to a split state amounts only to a few
additional single-particle hops, which are negligible com-
pared to the accessibility of high-level nodes. Equation



Eq. (B1) thus also holds exactly for the general FRW
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dynamics.
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