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Abstract

Liquid crystal elastomers (LCEs) are soft materials in which liquid crystal
(LC) mesogens are covalently attached to a polymer network while retaining
the ability to freely re-orient relative to the polymer matrix. This coupling be-
tween polymer deformation and LC rotation leads to complex mechanical be-
haviours, particularly when the material is subjected to external loads. In this
thesis, a theoretical and computational framework is developed to model the
elastic and viscous responses of nematic LCEs. The approach combines large-
strain viscoelastic responses of the polymer network with the viscoelastic
rotation of the nematic director, allowing the separate yet interacting mecha-
nisms to be represented within a unified constitutive model. A finite element
framework is formulated and implemented to approximate the resulting
nonlinear viscoelastic behaviour. The occurrence of different localisation
mechanisms in inhomogeneous deformation characteristic of LCEs can be
demonstrated both theoretically and numerically using this framework. Nu-
merical simulations successfully reproduce the mechanical phenomena and
illustrate the influence of model parameters during loading and unloading.
The modelling approach also provides a foundation for incorporating more
complex constitutive functions and additional couplings with environmental

stimuli.
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Chapter 1

Introduction

Liquid crystal elastomers (LCEs) are advanced stimuli-responsive materials
that combine the self-organisation of liquid crystals (LCs) with the elasticity
of polymer networks [1, 2, 3]. Structurally, they are formed from cross-linked
polymeric chains with embedded LC molecules [1] also called mesogens.
Owing to the strong coupling between mechanical deformation and meso-
genic ordering, LCEs have attracted considerable attention for applications
in bioinspired actuators, artificial muscles, and other modern engineering

systems [4,5,6,7,8,9, 10, 11].

Their special architecture enables LCEs to exhibit both orientational order
characteristic of LC fluids and large reversible deformations typical of elas-
tomer solids. As a result, these materials can undergo significant shape changes
when the LC orientation varies in response to external stimuli such as tem-
perature changes [12, 13], illumination [14, 15, 16], and electric or magnetic [8,
17,18, 19] fields. Conversely, the LC alignment itself may evolve under ap-
plied mechanical loads, and this is the focus of theoretical and computational

investigation in this thesis.
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In modern laboratories, LCEs are synthesised through a range of fabrica-
tion techniques. Most commonly, the resulting samples are initially poly-
domain, meaning that the material contains multiple regions with different
nematic alignments. The unit vector describing the local direction of uni-
axial nematic alignment is known as the director. Through the application

of electric or magnetic fields, or by mechanically deforming the material,
these polydomain structures can be transformed into monodomain config-
urations in which the director field is aligned in a preferred direction [20, 21,
22,23, 24]. A defining feature of nematic elastomers is the coupling between
deformation and director rotation. Under mechanical loading, the director
typically rotates in order to align with the direction of largest principal stretch
[3, 25]. This reorientation process is not always spatially uniform and may

give rise to striking macroscopic instabilities.

Ge (MPa). -

FIGURE 1.1: Experimental observation on shear striping

instabilities in LCE sample stretched perpendicular to director.

Left: Sample appearing opaque during rotation phase and

translucent when uniformly aligned. Top right: Nominal stress

plotted against uniaxial extension of different samples. Bottom

right: Stripes domains in response to the perpendicular stretch
[26].
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One characteristic deformation pattern observed in stretched nematic elas-
tomers is the formation of parallel stripe domains (see figure 1.1) in which
neighbouring stripes undergo equal and opposite shear deformations [26,
27]. This phenomenon is typically interpreted through the concept of soft

or semi-soft elasticity, where the material minimises its energy by forming a
microstructure composed of many homogeneously deformed regions whose
collective macroscopic deformation remains compatible [28]. The resulting
stress—strain response exhibits a plateau or much slower stress increase com-
pared with the surrounding deformation regimes. Shear-stripe formation in
elongated nematic LCEs has been widely documented experimentally [26, 29,
30, 31, 32, 33, 34, 35] and studied extensively through theoretical analysis [3,
18, 26, 28, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45] and numerical simulations [46,

47]. As a result, the formation of such stripe microstructures is relatively well

N E natural
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FIGURE 1.2: Experimental observation of necking in an LCE
sample under tensile loading [30].

understood.

Another notable example is localised necking (see figure 1.2) observed in

certain LCEs subjected to sufficiently large tensile forces [20]. In such cases,
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there exists a critical extension ratio beyond which the force required to ex-
tend the material decreases rather than increases. Once this critical point is
reached, the homogeneous deformation becomes unstable and the sample
elongates preferentially within a narrow region, producing a pronounced re-
duction in the local cross-section. Experimental evidence of necking in LCEs
has been reported in [30, 48, 49]. Since this behaviour cannot be captured by
the neoclassical LCE model [36, 37] based on the neo-Hookean strain-energy
function [50], a satisfactory mathematical description of LCE necking is still

needed.

In addition to these elastic phenomena, experiments indicate that nematic
LCEs exhibit strain-rate-dependent hysteresis during loading and unloading
(see figure 1.3) [51, 52, 53, 54, 55]. Although the overall shape of the nonlinear
stress—strain curve is often largely independent of strain rate, the presence

of hysteresis suggests the existence of dissipative mechanisms within the
material. For fixed strain rates, the macroscopic deformation behaviour can
often be described using nonlinear hyperelastic models [36, 37, 39, 40, 41, 42,
43, 56, 57].

While the viscoelastic behaviour of polymers has been extensively studied
(see, e.g., recent review articles [58, 59] and the references therein), a com-
prehensive viscoelastic description of LCEs must incorporate dissipation
arising both from the viscous deformation of the polymer network and from
the rotation and ordering dynamics of the mesogens. Developing constitu-
tive models that fully capture this coupling remains a significant challenge.
Experimental studies have revealed dissipative effects associated with the
time evolution of mesogen order and director reorientation [60, 61, 62]. Re-
cent modelling efforts therefore treat nematic LCEs as finite-deformation vis-

coelastic networks coupled with viscous director dynamics. For example, in
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FIGURE 1.3: Experimental observation of strain-rate-dependent

hysteresis: Loading and unloading nominal stress (S22) as a

function of applied stretch (Ay;) for monodomain nematic

elastomer (MNE) with initial director angle 45° (MNE-45) and

60° (MNE-60) under uniaxial tension at different strain rates

[55].

[63, 64], the director is assumed to evolve viscously and may not return to its
original orientation after unloading. Other approaches incorporate additional
dissipative mechanisms, such as viscous mesogen ordering, viscous director
rotation, and viscoelastic deformation of the polymer network [65, 66], while
some models focus primarily on viscosity within the polymeric network itself
[67]. Despite these advances, a complete constitutive framework capable of

capturing the coupled viscoelastic and orientational dynamics of LCEs has

yet to be established.

The aim of this thesis is to answer these important open questions on the
complex theoretical description and computer simulation of nematic LCEs.
For the numerical examples, the finite element method [47, 68] is employed
and implemented by augmenting existing C++ procedures within the open-

source software FEBio [69].

The thesis is organised as follows:
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* Chapter 2 offers the technical background for the study of LCEs and

introduces notation.

¢ In Chapter 3, nematic-hyperelastic models that capture LCE necking

and shear striping are devised.
¢ Chapter 4 focuses on viscoelastic modelling of LCEs.

¢ Chapter 5 is dedicated to the purpose-built finite element method for

the numerical simulation of elastic and viscoelastic effects in LCEs.

¢ Numerical examples are presented and discussed in Chapter 6. These
are based on and compared to experimental evidence from the litera-

ture.

¢ Chapter 7 includes concluding remarks and ideas for future develop-

ments building on this work.

Key research findings presented in this thesis have been published in [57]
and [70]. Numerical data for this research are openly available at following

GitHub repositories:
¢ https://github.com/PoudelRabin/FELCE_Deformation_Localisation.

¢ https://github.com/PoudelRabin/FELCE_Viscoelastic_Behaviour.


https://github.com/PoudelRabin/FELCE_Deformation_Localisation
https://github.com/PoudelRabin/FELCE_Viscoelastic_Behaviour

Chapter 2

Theory of liquid crystal elastomers

Liquid crystal elastomers (LCEs) are a unique class of materials that are formed
by chemically incorporating liquid crystal (LC) molecules into a cross-linked
polymer matrix of elastomers. This combination results in materials that
exhibit both the elastic properties of elastomers and directional properties of
LCs. The coupling between the polymer network and the LC mesogens gives
rise to many interesting mechanical properties that are not observed in either

fluid LCs or elastomers alone (see figure 2.1).

nematic isotropic nematic

FIGURE 2.1: All-atom molecular dynamics simulation of a

thermotropic LCE: The material extends along the director as

the LCs align in the nematic phase at low temperature and

contracts in the isotropic phase at high temperatures. The

director vector n indicates the direction of mesogens alignment
[71].
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2.1 Theory of liquid crystals

LCs represent a distinct state of matter presenting properties of both liquids
and crystalline solids. They were first observed in the late 19th century by
Friedrich Reinitzer [72], who noticed that the matter exhibits two distinct
melting point, one transitioning form solid to a cloudy fluid and then to a
clear liquid. The cloudy phase, later termed the liquid crystal phase, flowed
like a liquid but had some degree of order like a crystal. LCs are typically

composed of anisotropic rod-like molecules.
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nematic smectic cholesteric

FIGURE 2.2: Liquid crystal phases.

LC phases can be classified into three main categories: nematic, smectic, and
cholesteric, as shown in the figure 2.2. The nematic phase is the one in which
molecules are oriented in the same direction, but do not have a positional
order. The smectic phase has orientation similar to nematics but has also a
layered structure. The cholesteric phase displays a helical arrangement of

molecular orientation.
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A

X

FIGURE 2.3: Schematic of the angle 0 between the director n
and the molecular axis used in derivation of uniaxial order
parameter Q [3].

The mathematical description of nematic LCs involves the concept of a direc-
tor field, which represents the average orientation of the molecules. This di-
rector field is denoted by a unit vector n which describes the local orientation
of the LC molecules. One of the physical properties of LCs is their head to tail
symmetry which makes the director field n and —n indistinguishable. While
the director vector n gives the direction of alignment, it does not provide
information about the degree of order. The order degree is quantified by the
scalar order parameter Q. If 0 is the angle between the director n and the

molecular axis (see figure 2.3), then the order parameter Q can be defined as:

Q= =(3cos’0 — 1), (2.1)

NI =

where the angle brackets (-) denote an average over orientational distribu-

tions of all molecules. The limits of Q are 0 for completely disordered isotropic
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phase and 1 for perfectly ordered nematic phase. In practice, the intermediate
values, typically in order of 0.3 to 0.8, are for the real partially ordered ne-

matic phases [73].

While the Q scalar parameter is sufficient to capture the degree of order in
uniformly aligned uniaxial nematics, it falls short of describing the more
complex alignment like the biaxial nematic phase. In general, the tensorial
order parameter Q is required. This is a second order symmetric traceless

tensor defined as

Q=Q<n®n—%1>, (2.2)

where I is the identity tensor [74].

2.2 Continuum theory of LCEs

2.2.1 Kinematics

Consider a continuum body of LCE material occupying a region Qy C R®
in a reference state at time t = 0. A material point in the reference state is
represented by position vector X € (). In the deformed state at time ¢, the
body occupies a different region ) C R3. In this current configuration, the

material point has the new position vector x € ().

In the material description (i.e., in terms of variables in the reference configu-
ration), the motion of the particle from the reference to the current configura-

tion is equal to

x = x(X, 1), (2.3)



Chapter 2. Theory of liquid crystal elastomers 11

and in the spatial description (i.e., in terms of variables in the current configu-

ration) is
X = X(x,t). (2.4)

Throughout this work, material description is employed. Kinematic relations,
balance equations and other derived quantities are described with respect to

the material particle in the reference configuration.

The displacement field u is defined by
u(X,t) = x(X,t) - X. (2.5)

In LCEs, deformation of the body is not sufficient to describe the kinematics.
There is also a change in the director from the reference state ng to the current

state n caused by mesogen rotation.

The deformation gradient F is the primary measure of deformation which
maps the line element 4X in the reference state into the dx in the current state.

It is defined as

_ ox(X,t)

F 0X

= Grad x. (2.6)

The determinant of the deformation gradient ] = detF > 0, called the

Jacobian, measures the change of volume of a material element as

dv=]dV, (2.7)

where dV and dv are the volume elements in the reference and current config-

urations, respectively. For incompressible materials | = 1.
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Similarly, the change of area of a surface element is given by
da = JF~TdA, (2.8)

with dA and da the vector elements of surface area defined in the reference

and current configurations, respectively.

Strain measure. The deformation gradient F is invariant with respect to
rigid body translations but not with respect to rigid body rotations. Due to
this fact, it cannot be used as a strain measure. One can retain the pure de-
formation while eliminating the rotational component by removing the rota-
tional tensor through polar decomposition of F. By the polar decomposition

theorem, there exist three tensors U, V and R [75], such that
F = RU = VR, (2.9)

where R is a proper orthogonal rotation tensor, U is the right stretch tensor
operating before rotation and V is the left stretch tensor operating after ro-
tation. The right and the left Cauchy-Green deformation tensors C and B,

respectively, are defined as

C=U’=FTF, (2.10)

B=V?=FF". (2.11)

Subsequently, a strain tensor called Green-Lagrange based on C is defined as

E= %(c —1. (2.12)
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For any deformation, there are always three mutually perpendicular direc-
tion along which material undergoes a pure stretch without shear. These
directions are called the principle directions m; (i = 1,2,3) and the associate
stretch ratios are called the principle stretches A; (i = 1,2,3). These are the
eigen directions and eigenvalues, respectively, of the tensor U. The tensor

V shares the same eigenvalues A; but the eigen directions are #1; = Rm;.
The tensor C shares the eigen directions with U and the tensor B shares the
eigen directions with V. The eigenvalues of C (and B) are the square of the

principle stretches. Therefore, one can represent C as

3
C=Y AMm;@m;. (2.13)
i=1

The principle invariants of C (and B) take the form

L=trC=A2+ A5+ A3, (2.14)
1

b= S[(tr C)? —tr(C?)] = A2A3 + 2203 + A2A3, (2.15)

I3 = detC = A3A3A% = J2. (2.16)

Stress tensors. Consider a body acted upon by the external forces cut by
a plane surface passing through a point x € (), with normal vector N. The
infinitesimal resultant force acting on the plane is d f. For every surface ele-

ment, we have

df = tda = tdA, (2.17)

where t is the Cauchy traction vector defined in the current configuration and
f is the nominal traction vector defined in the reference configuration, acting

on da and dA with outward normal N and N, respectively (see figure 2.4).
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Reference configuration

Current configuration

e .~

Xy,m

Time t

X3, 23

FIGURE 2.4: Cauchy traction and nominal traction vectors ¢
and f acting on an infinitesimal surface element da and d A
with outward normal N and Nj in the current and reference
configurations, respectively. Vectors t, and t,, denotes the
generalised traction for the director field in the current and
reference configurations, respectively.
Cauchy’s theorem states that there exists a unique second order tensor field

such that the surface traction depends linearly on outward normal [76, 77],

such that

t=0oN, (2.18)

£ = PNy, (2.19)

where ¢ is the Cauchy stress tensor (representing the internal force acting
within the deformed solid on a unit of deformed area) and P is the first Piola-
Kirchhoff stress tensor (representing the internal force acting within the de-

formed solid on an area element which, in the reference state, was one unit of

area).
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By analogy to the definition of the Cauchy stress tensor, we can define the
generalised director stress tensor 7t and 7ty in the current and reference con-

figuration, respectively, such that

t, = TN, (2.20)

t, = 1o Ny, (2.21)

where t,, and t,, are the generalised traction force density for the director
field in the current and reference configuration, respectively. Similarly to the
standard traction force t, the generalised traction force for director field ¢, is
the couple traction vector (torque per unit area) acting on the director field

n in the current configuration. In LCE, applying a surface couple traction
causes the nematic director at the boundary to rotate away from its preferred

orientation.

2.2.2 Balance of linear momentum

Balance law of linear momentum is the foundation for describing of the me-
chanical behavior of LCEs. It states that the rate of change of linear momen-
tum of a body is equal to the sum of the external forces acting on the body.
The external forces can be categorized into body forces, which act throughout
the volume of the body, and surface forces, which act on the boundary of the

body.

When the body in the current configuration is acted upon by a traction force
density £ and a body force density b, the balance of linear momentum takes

the form

%/pvdv:/ﬁdv—k/fda, (2.22)
O O 90
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where p is the body density and v represents the velocity of the material.
Similarly, for the director field n acted upon by the generalised external body
force density b,, internal body force density ¢, and traction force density t,,

the director momentum balance is

%/pmdv: /ﬁndv+/§ndv+/fnda, (2.23)
QO Q Q 20Q0)

where p; is the generalised inertial density for the director and the dot (é)
above a variable represents differentiation with respect to time using Newton
notation. Internal body force density g, is the volume-distributed force gen-

erated by the material’s own response when its microstructure is disturbed.

Cauchy’s theorem [76, 77] states the existence of a second order tensor o (Cauchy’s
stress) and 7t (generalised director stress) in the current configuration, such
that

t=cN and £, = nN. (2.24)

By the divergence theorem, after inserting Cauchy’s theorem (2.18) in (2.22)

and (2.20) in (2.23), we obtain, respectively,

/ (Dive + b — po)do =0, (2.25)
QO
/ (Div 72 + by + g — pifi) do = 0. (2.26)
O

Since the above equations are valid for every material point at any time, we

have their local forms in terms of variables (X, t) in the current configurations
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as

Dive + b — pv =0, (2.27)

Div 7t + b, 4 g, — piit = 0. (2.28)
Equivalently, in the reference configuration, we have

DivP +b — pyo =0, (2.29)

where b, b;,, g, (without the hat) correspond to the relevant quantities in the

reference configuration.

2.2.3 Thermodynamics consideration

Conservation of energy. The first law of thermodynamics imposes the con-
servation of energy in the system. Assuming that the thermal power can be
neglected, the external power input due to the applied system of forces (b, ¢,

by, t,) is equal to

Pext=/(b-v+bn-1'1)dV+ /(t-v—l—tn-ﬂ)dA. (2.31)
QO aQO

The kinetic energy K and internal energy £ of the continuum LCE body in

the reference configuration takes the form, respectively,

K= %/p()v'UdV—l-%/piofl'fldV, (2.32)
o o
£ = / udv, (2.33)

(ON)
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where U is the specific internal energy per unit reference volume. The sum of
kinetic and internal energies characterises the total energy of the system. The
first law of thermodynamics states that the rate of change of total energy of
a system equals the external power and the rate of heat input to the system.

Neglecting the heat input, we have

K+ E = Poyt. (2.34)

From equations (2.18) and (2.20) by the divergence theorem, we obtain

/ t.p= / (PNy) - vdA = / Div(PTv)dV, (2.35)
BQO 800 QO

/ £, it = / (7toNo) - it dA = / Div(rl#)dV. (2.36)
BQO aQo Q0

Expanding the integrant on the right-hand side of equations (2.35) and (2.36)

gives

Div(PTv) =P :Grad v+v-DivP =P : F+v-DivP, (2.37)

Div(rtlit) = 7o : Grad it + i1 - Div 7ty = o : Grad n+17-Divrry.  (2.38)
Next, inserting the above forms into equation (2.31) and rearranging yields

Pext:/(v-DivP—Ha-v)dV+/(1‘z-Div7r0—|-bn-ﬁ)dV
(O 0y
n / (P: F+ 7y : Grad n)dV. (2.39)
Qo
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Then, by equations (2.32), (2.33), (2.34), and (2.39), we have

/poz)-vdeL/pioﬂ-thwL/UdV:/(v-DiVP+b-v)dV

QO Q() QO QO
+/(1‘1-Div7ro+bn-1‘1)dv
Qo
+ / (P: E+ my: Grad m)dV. (2.40)
(O

Equivalently,

/UdV: /(DivP+b—poz>)-zde+/(Divn’o—i—bn—pioﬂ)-ﬂdV
QO QO QO
+ / (P:F+ 7y : Grad n)dV, (2.41)

Qo

which, by the balance of momentum (2.30)-(2.29), simplifies to

/UdV:/(P:PJrnO:Gra'd g i)dV. (2.42)
o o)
Since this must hold for every subset of the system, the energy balance in the

reference configuration takes the local form

(I=P:F+my:GCrad n—gy - it. (2.43)

Entropy inequality. Entropy inequality expresses the second law of ther-
modynamics which states that the rate of change of entropy of a system is
greater than or equal to the rate of heat input divided by the temperature.
While the first law of thermodynamics describes the phenomenon of conser-
vation of energy in terms of heat and other forms, the second law describes

the direction of flow of the heat and the irreversibility of the processes [75].
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We define the entropy s contained in the system as
= / pdv, (2.44)
Qo

where 7 is the specific entropy density per unit reference volume. In this the-
sis, we model the mechanical behavior of the LCE independently of thermal
effects. By assuming an adiabatic process with no external heat exchange, we
simplify the total entropy production expression to be the rate of change of
entropy s. Assuming the absolute temperature of the system is T, the rate of
internal dissipation is given by D;,; = Ts. The second law of thermodynam-
ics requires that the rate of internal dissipation is nonnegative. Hence, we

have the Clausius-Duhem inequality [77, 78],

Dy = Té = / Tidv > 0. (2.45)
(oN)

In local form in terms of variables (X, t), equation (2.45) leads to
Dt = Tij > 0. (2.46)

To exploit the requirement of entropy production, we express the free energy

density WV in terms of internal energy U and the entropy 7 as
W=Uu-Ty. (2.47)

For the isothermal process, time rate for free energy given by equation (2.47)

is

W=U-Ts. (2.48)
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From (2.43), (2.46), (2.48), we obtain
Dit = -W+P:F+my:Grad n— gy -1 > 0. (2.49)

The time differentiation of free energy density function W(F, n, Grad n) is

. ow .. W ow
Then (2.49) becomes
ow ) . ( ow ) . < oW ) —_—
—— : ————gn): ——— : > 0.
( oF tP) T on 8n)imt 8Gradn+ﬂ0 Grad n 2 0
(2.51)

Following the arguments of Coleman and Noll [78], inequality (2.51) must
hold for arbitrary values of F, 71 and Grad n. This results in their coefficients

vanishing, so we have the following constitutive relations

ow ow ow
= — = —— —_ 2- 2
P oF ’ 8n on’ 0= 3Grad n (252)
Then inequality (2.51) simplifies as
Dint > 0. (2.53)

The internal dissipation is zero for the purely elastic response of the LCE

material and is positive for the irreversible response.
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2.2.4 Constitutive functions for uniaxial LCEs

The macroscopic elastic behaviour of a nematic LCE is typically described by

a strain-energy density function [57] given as

W(E,n,Grad n) = WO(F) + WP(A) + WO(Grad n). (2.54)

The first term W is the energy which characterises the soft-elastic behaviour
of an LCE. The second term W® is the isotropic polymer network depending
only on the elastic deformation tensor. The third term W® is the Frank free

energy which characterises the distortion of the director field [57].

In the above equation, A is the local elastic deformation tensor which satisfies

the following multiplicative decomposition (see figure 2.5) [57]
F = GAG;, (2.55)

with Gy and G the natural tensors due to the LC mesogens in the reference
and current configuration, respectively. Assuming that the LCE is intrinsi-

cally uniaxial, these tensors take the form [57]

Gy = a0_1/61 + (a(l)/3 — a51/6)n0 ® Ny, (2.56)
G=a T+ @ -aVxn, (2.57)

where ng and n are the local nematic directors, and ag and a are the natural
shape parameters in the reference and current configuration, respectively.
We assume 4 to be spatially-independent. The ratio r = a'/3/a=1/6 = 41/2

represents the anisotropy of the natural shape of the LCE mesogens. When

r = 1, the natural shape is isotropic and the LCE behaves like a conventional
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G /'/

FIGURE 2.5: Schematic representation of multiplicative
decomposition of F = GAG; .
elastomer. In a nematic phase, when r > 1, the natural shape is prolate and

when r < 1, it is oblate.

The square of the natural deformation tensor, known as the step-length tensor,

takes the form [1]
G? = c(I+2Q), (2.58)

where c is the effective step length of the polymeric chain. The tensor G, !
maps the reference configuration in cross-linking state of LCEs to isotropic
state where the mesogens are randomly oriented. The tensor A then maps the
isotropic state to the elastically deformed isotropic state. Finally, the tensor G
maps the elastically deformed isotropic state to the current configuration of

LCEs.
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Strain-energy function. One of the popular model for the strain-energy
function W® is the neoclassical model [1] which is based on the assumption

of the anisotropic Gaussian distribution. It takes the form
WA (A) = %y(z)(tr(ATA) —3), (2.59)

where 1 is a constant material parameter. Using equation (2.55) together

with (2.59), we can express W in terms of F, G and Gy as

1
WO(F, n,ny) = Ey@(tr(G—HEG(%PT(;—T) —3). (2.60)

The neoclassical model is enough to capture the ideal soft behaviour of the
nematic LCEs. However, it has been seen in experiments [40] that the re-
sponse of the LCEs are semi-soft opposed to soft. To capture this behaviour,

an additional [43] neo-Hookean energy function W is added which is

WO(F) = %y(l)(tr(PTP) —3). (2.61)

The Frank free energy WW® characterises the spread, twist or bend of the

director field. It takes the form [1]
@ _ 1 o2 1 2, 1 2
WY = EKl(DIV n)” + EKZ(n - Curl n)” + §K3(n x Curl n), (2.62)

where Kj, K; and K3 are the splay, twist and bend elastic constants, respec-
tively. In our work, for the mathematical and computational simplicity, we

assume the one-constant approximation where K; = Ky = K3 = K, which results
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in [73]
WO)(Grad n) = %K | Grad n|>. (2.63)

Typical values of Frank constant K is 101 N [1].
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Chapter 3

Key instabilities in LCEs

When a monodomain nematic LCE is stretched perpendicular to the director,
the material sample becomes unstable and forms alternating shear stripes.
An LCE can also show a localised deformation like necking. In this chapter,
we analyse how a material model can predict these instabilities, and study

the effects of material parameters on the mechanical behaviour.

3.1 Shear striping instability

One of the unique mechanical behaviours shown by the LCE, unknown in
natural rubber, is the shear striping. When an LCE is stretched perpendicular
to the director, it exhibits alternating shear domains. During this process, the
LCE sample shows a unique stress-strain relationship having three distinct
regimes. First, the stress increases sharply with respect to the stretch. When
the stretch reaches a certain level, the second regime begins where stress re-
mains almost constant while strain increases. Within this region, the director
rotates, and rotation in two adjacent stripes occurs in opposite directions.
When the rotations are completed and the director becomes parallel to the
stretch direction, the third regime starts where the stress increases nonlinearly

with strain [79]. This behaviour is referred to as the soft (semi-soft) elasticity.
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In experiments, the LCE sample appears to be opaque during the director
rotation phase, and translucent when the director is uniformly aligned, before

and after rotation (see figure 1.1) [79].

3.1.1 Analysis of shear striping under uniaxial stress

An incompressible nematic LCE can be described by combining the neo-

Hookean and neoclassical strain-energy density functions as
WUCNF, n) = W(F) + WU(E, n), (3.1)

where
V(l) T
W(F) = T[tr(l—" F) — 3] (3.2)

is a neo-Hookean-type strain-energy function with the constant material pa-

rameter y(l) > 0, and
P‘(z) T2
WU(F, 1) = - [t(GoF' G*FGo) — 3] (3.3)

is the neoclassical form with y(z) > (0 constant.

We analyse shear striping under uniaxial stress. In this case, we assume that
the nematic director only rotates in the biaxial plane while the uniaxial order
parameter O remains constant. This assumption about the order parameter

is consistent with experimental observations showing relatively small varia-

tions before, during and after stripe formation [26].
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FIGURE 3.1: Schematics of nematic LCE with initial uniform

director field aligned vertically developing periodic shear

stripes under uniaxial stretch perpendicular to the director
before the director is fully rotated in the horizontal direction.

In a Cartesian system of coordinates, we define the nematic director in the

reference and stretched configuration, respectively, as

1 cos 0
nog = O 7 n = 811’19 7 (34)
0 0

where 0 € [0, 71/2] is the angle between n and ny. The associated natural

deformation tensors take the form, respectively,

1/3 0 0
Go=|0 a¥ o |, (3.5)

a

0 0 al/6

and
a6 1 (/3 — g71/0)cos20 (/3 —a~1/6)sin 6 cos O 0
G=| @/ —-a1%sin0cosd a0+ @uV/?—aV%sin?20 0 |,
0 0 a~1/6

(3.6)
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where a is defined in terms of Q as

1+2Q
1-Q°

(3.7)

and we emphasise that Q, and therefore g, is fixed.

To demonstrate shear striping, we take the following perturbed deformation

gradient

A2 0 0
0 0 A1/2

where A > 1 is the finite stretch ratio in the tensile direction and 0 < ¢ < 1is
the small shear perturbation. The corresponding elastic deformation tensor is

equal to

/\’1/2(611/2 sin? 6 + cos? 6) )t(a’l/2 —1)sinf cos 6 0
A= AY2(1—4Y?)sinfcos® A 1/2sin®0 + cos?6) 0

0 0 AT1/2
(3.9)
(1 —a'/?)sinfcos® 0 0

+¢ | (sin?6 4+ a'/2cos?6) 0 0
0 00

We study these perturbations around two equilibrium solutions where A is
finite and fixed and (¢,0) = (0,0) or (¢,60) = (0, 71/2), corresponding to the
director being perpendicular (when in the reference state) or parallel (when

fully rotated) to the applied tensile force, respectively.
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We denote by W(A, ¢, 0) the strain-energy function (3.1), depending only on A,

¢ and 6. This takes the form

P‘(l) 2 -1 2
W(A, €, 0) :T(A +2A7 + &5 —3)

)
+ %{[Afl/Z(gl/Z Sinz 0+ COSZ 9) + 8(1 _ al/Z) sin @ cos 6]2
+ [)\_1/2(1 — al/z) sin 6 cos 6 + e(sin” 0 + al/? cos? 0)]
+[AMa2 = 1)sin6cos 0] + [Ma?sin20 + cos? )2 + A1 — 3.

(3.10)

When the finite stretch ratio A is specified, the equilibrium solution satisfies

the following simultaneous equations for energy minimisation

IW(A, e, 0) _ 0 and IW(A, e, 0) _

o o 0. (3.11)

Differentiating /V in equation (3.10) with respect to € and 6, respectively, gives

aW(/\,E,G) _ )
de e

+ u@{A"Y2(a'/? sin? 6 + cos? 0)
+e(1 — al/z) sin 6 cos 0](1 — al/z) sin @ cos 6 (3.12)
+ [/\—1/2(1 — al/z) sin 6 cos 0

+ ¢(sin? 6 + a'/? cos? 0)](sin? 6 + a'/? cos? 0)}
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and

WA €0) _ @172

50 1)[2)\‘1/2 sin @ cos 6 + (sin” 0 — cos? 0)]

« [)\—1/2(5,1/2 sin? 0 + cos? ) + (1 — al/z) sin 6 cos 0]
+ (a1/2 — 1)[)&‘1/2(sin2 0 — cos? ) — 2e sin 6 cos 0] (3.13)
X [)L_l/z(l — al/z) sin 0 cos 0 + e(sin2 0+ a'/? cos? 0)]

+ A%(a~ ! —1)sin6 cosh}.

Ate = 0and 6 = 0, the partial derivatives defined by equations (3.12)-(3.13)
are equal to zero, i.e., this solution is always an equilibrium state. For suffi-
ciently small values of € and 6, we can write the second order approximation

as

2 2 2
WA, g, 60) =~ W(A,0, 0)+ 29 W(A 0, 0)+2:39a W(/\,O,O)Jr(?za W(A 0,0) ],
2 0¢2 €00
(3.14)
where
W 1D 4 @
e ——(A,0,0) = +ua, (3.15)
2
g g;()\ 0,0) = u@A"12(1 — ), (3.16)
2
9 VZV(A 0,0) = u®@A2 - A la)@a t —1). (3.17)

First, we find the equilibrium values 6 for 6 as a function of ¢ by solving the
second equation in (3.11). By the approximation (3.14), the corresponding
equation takes the form

aZW 82W
T ——(A,0,0)+ 7 ——(A,0,0)=0, (3.18)
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implying
aZ

Bo(e) = —E5 0

27,0, 0)/ = W 1,0,0). (3.19)

Next, substituting 6 = 6y(¢) in (3.14) yields the following function in ¢,

WA, €, 80(€)) — W(A, 0,0) ~ [azw A,0,0) — (aZW PW

S aaG(AOO))/aQZ(AOO)].
(3.20)

Depending on whether the expression on the right-hand side is negative,
zero, or positive, the respective equilibrium state is unstable, neutrally stable,
or stable. We deduce that the equilibrium state withe = 0Oand# = 0Ois

unstable if

1/3
al/3 <Z%> <A <all3 (3.21)

where 7 = uM/u®). Outside these bounds of stretch A, the director # is

aligned in the direction of applied force.

Similarly, at e = 0 and 6 = 77/2, both the partial derivatives defined by (3.12)-

(3.13) are equal to zero, and

2
aldd VZV(A, 0,7/2) = u® + u®, (3.22)
azw _
5950, 71/2) = uPA12(q — 1), (3.23)
2
I QVZV(A 0,7/2) = u®@A? = A7 la)1 —a Y. (3.24)

Thus the equilibrium state with ¢ = 0 and 6 = 71/2 is unstable if

1/3
all® < A < a3 (Z—i;l) : (3.25)

Outside these bounds of stretch A, the director # is aligned in the direction of

applied force.
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Therefore, shear stripes can form when A satisfies

1/3 1/3
al/3 (Z—ii) <A<al? (Zﬂ) . (3.26)

For the corresponding equilibrium solution, the shear parameter and director

angle take the following explicit forms, respectively,

_ VIV +a) —aly + DllaGy +a) — B0 + )]

3.27

€0 aAl/22n +a+1) (3.27)
_ A3(n +a) —a(y +1)

0y = + arctan \/{1(17 o -0+ (3.28)

At these values of g and 6, the partial derivative defined by equation (3.12)
is equal to zero. For the equation (3.13), only the term of O(g?) is non-zero.
Since ¢ is the pertrubation parameter with value 0 < ¢ < 1, the higher order

term is sufficiently small to be neglected in our case.

The gradient tensors for alternating shear deformations in two adjacent stripe
subdomains are Fy with ¢ = =g, respectively. These two deformations are
geometrically compatible in the sense that F, and F_ are rank-one connected,

i.e., rank(Fy — F_) = 1.

The nondimensionalised strain-energy function WW(A, ¢, 0) (i.e., the function
divided by 1#®) described by equation (3.10), with 7 = uD/u@® = 1, is illus-
trated in figure 3.2. For A with values between the lower and upper bounds
given by (3.26), the minimum energy is attained for (¢, 0) = (g, ) provided
by equations (3.27)-(3.28). Figure 3.3 depicts the positive values of the shear
parameter ¢ and director angle ) described by equations (3.27) and (3.28),
respectively, for different parameter ratios 7. When 17 = 0, corresponding to
the neoclassical form, shear stripes form for A € (1, a?/ 3). When 1 — oo there

is no shear striping since the material is practically purely elastic.
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FIGURE 3.2: The nondimensionalised strain-energy function

W(A, g, 0) given by equation (3.10), for (¢,6) = (0,0),(¢,0) =

(¢0,600) and (¢,0) = (0,77/2), whena = 4andn = 1. Thetwo

vertical lines correspond to the lower and upper bounds on A.

Between these bounds, the second solution, with (¢,0) = (g, 6p),
minimises the energy.

0.6 |—n=0.0

0.5 1 1.5 2 2.5 3

FIGURE 3.3: The positive values of the (a) shear parameter ¢
and (b) director angle 6 given by equations (3.27)-(3.28), for
different values of the parameter ratio # when a = 4.
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3.1.2 Optimal stripe width

For shear striping, the width of each subdomain depends on the material
properties, sample geometry and boundary conditions. Dirichlet conditions,
where the director at both ends of the LCE sample in its initial orientation
are fixed, i.e., perpendicular to the longitudinal direction, known as strong
anchoring, play an important role in numerically capturing this property.

To estimate the stripe width, we add the Frank energy density to our model

function, as follows,
K
wliled) — ypliee) 4. 5 |FT Grad n?, (3.29)

where WU ig as defined in equation (3.1) and K is the Frank constant [1, 74].

---------------------

----------------------

FIGURE 3.4: LCE sample with stripe domains. Local shear
decay at the ends of the sample forming a strip band parallel to
the initial director of width equal to the stripe width & [80].

We denote by Ly, Ly, L3 the size of the undeformed LCE sample in the ex-

tension direction (which is perpendicular to the director orientation in the
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undeformed state), the width direction (which is parallel to the initial direc-
tor), and the thickness direction, respectively. Provided that Dirichlet bound-
ary conditions are imposed at the ends, the width & of a strip band forming
parallel to the initial director at each of these ends must be of the same order
of magnitude as that of a shear stripe [80]. For geometric compatibility, the
displacement in such a strip band must be equal to vk, where v = Aq2(x1, x2)

denotes the shear strain in a shear stripe, so that

dAp  dAxp

Do dv (3.30)

with Ay =~ h representing the stretch ratio in the direction of the stripe width.
Due to the infinitesimal scale of the strip band width, the linear elastic frame-
work is suitable to analyse their deformation. The corresponding elastic en-

ergy is then approximately
~ L1 2 N
Eena 7 5" (2L3h7) <= = py"LaLsh, (3.31)

where L3h? is the volume of one end region for a single shear stripe and L, /h

is the number of stripes. This elastic energy in (3.31) decreases as h decreases.

There is additional elastic energy at the narrow interface between adjacent
stripes with opposite shear deformation and director rotation. Since the di-
rector angle 0 € (—6p, ) varies from one side of the interface to the other, so
that it takes the value zero in the middle of the interval, this energy is approx-

imately

L
Eint &~ L1L3+/uK (72 — 1) (3.32)

where /1K is the effective surface tension, L L3 is the area of a single inter-

face, and L, /h — 1 is the number of interfaces. This energy in (3.32) tends
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to decrease when & increases. The problem is then to find the optimal stripe

width & that minimises the total energy
Estripe = Eena + Eint- (3.33)

Differentiating the above function in (3.33) with respect to h and solving for

the critical value, we obtain

X 1/2
h ~ (L —) : (3.34)
H

This means the stripe width increases with sample initial length L; = L and
nematic penetration depth /K/u ~ 1078 m, which measures the competition
between polymer and Frank elasticity. A typical value for the stripe width is
h 2~ 1075 m.

3.2 Necking

To study necking, we denote by WW(A) the strain-energy function given by
equation (3.1) in terms of eigenvalues of the deformation gradient F as A1, Ay,

and A3 and of A = GFGy as a1, p, and 3. In this case, we have,

( PP INPCIY AP
W/\) - T(/\1+/\2+/\3—3)+7(1X1+(X2+“3_3)' (335)

The LCE is subject to the finite-strain deformation with Ay = A > 1and
Ay = A3 = A~1/2, while the tensile force is parallel to the nematic director.

The corresponding natural deformation tensors G is given by

G = diag(a~'/6,a71/°,41/3), (3.36)
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where natural shape parameter 4 = (1+2Q)/(1 — Q). Taking Gy = I, we have

1/3 B 1/6 B 1/6
/\1=0€1<1+2Q> = A, Azzﬂéz(l Q) , )\32“3(1 Q)

1-0 1+4+2Q 142Q
(3.37)
and
1420\ 1/3 - 1— -1/6 -
(xlz)\(l_QQ> =a, ay=a3=A 1/2(%) = 1/2 (3.38)

For uniaxial tension, the principal components of the first Piola-Kirchhoff

stress tensor are, respectively,

W .

PL= SpopA=P>0, (3.39)
— oW -1 _
9w 1

where p is the Lagrange multiplier for the incompressibility constraint.

The first derivative of W with the stretch ratio A as the only variable is equal

to the applied tensile stress, i.e.,

_1,0A _10A _
W) = P+ pAT) S+ pAy 52 4 pAs

1973 _

=P (3.42)

and necking forms when the applied stress P first increases, then decreases,
then increases again as A increases [81]. It is shown in the next section that,

when Q is constant, W/(A) > 0, therefore, necking cannot occur.
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We let Q depend on the deformation through the following constitutive rela-

tion obtained by calibration to experimental data of [82] (see figure 3.5(a)):

16(A—1.45) _ 1 16 _ 1

e e
el6(A—145) 1 1 (16 4 1

Q=0.35 +2|, forA>1. (3.43)

It remains to verify numerically that the second derivative W (A) of W(A)
will change sign for some A € (1,2). For different values of 7 = uV/u®, the
nondimensionalised function WW(A) (i.e., the function divided by ]/1(2)) and

its first two derivatives are plotted in figure 3.5(b)-(d), respectively. These
plots suggest that, as 7 increases, the necking interval (i.e., the interval where
W' (A) < 0) decreases, and there is a critical value 7.+ ~ 4.55 above which
necking does not form. For example, when 7 = 3, W"(A) changes from
positive to negative at A, ~ 1.28, then from negative to positive at A* ~ 1.37.
In this case, necking occurs for 1.28 < A < 1.37. When  — oo the model re-

duces to the neo-Hookean model for rubber, which does not exhibit necking.

3.2.1 Neoclassical model cannot predict necking

In this section, we consider the following strain-energy function describing a
nematic LCE,

WUFE, 1) = W(A), (3.44)

where F represents the macroscopic deformation gradient from the cross-
linking state, n is the nematic director in the present configuration, and W(A)
is the strain-energy density of the isotropic polymer network, depending only
on the (local) elastic deformation tensor A = G~ 'FGy, with Gy and G the
natural deformation tensors due to liquid crystal director in the reference and

current configuration, respectively.

The LCE is subject to the finite-strain deformation with A; = A > land
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FIGURE 3.5: (a) The uniaxial order parameter Q given by

equation (12) and the associated experimental data [14]; (b) The

nondimensionalised strain-energy function YW(A), for different

values of 7 = D /u?; (c) The applied tensile stress P = W'(A);

(d) The second derivative W (A) of the strain-energy function
W(A).

Ay = Az = A71/2, while the tensile force is parallel to the nematic director. Let

Gy = I, so that

-1/3 _ -1/6
ng = A (11t2QQ> =, ) =0n3= A~12 (%) =a 12 (3.45)

where Q € (0, 1) is the scalar uniaxial order parameter in the current configu-

ration.

For hyperelastic materials where the force-extension curve does not have a
maximum, the homogeneous deformation is the only absolute minimiser of
the elastic energy, hence necking cannot occur [83]. Here, we show that, if Q

is constant and the hyperelastic model described by W(A) does not exhibit
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necking, then the LCE model W")(F) does not present necking either.

To prove this, we denote by w(A) the strain-energy function W('9)(F) given by
equation (3.44), depending only on A, and by @(«) the strain-energy function

depending only on « as follows:

W s 2 2 s -1

wh) = SATHA+A-3) = (A 42071 = 3), (3.46)
B 5, s -1

w(x) = T(Dél +a5+a5—3) = T(oc + 20 —3). (3.47)

Calculating the first and second derivatives, we obtain

dw(A)  do(a)da  dd(w) (1 +2Q>_1/3 (3.48)

dA da dA da \1-0Q

and

Pw(\)  Po) (doc) (1 +2Q>—1/3 ) (1 +20

—2/3
A2 dz \anJ\1-0 a2 1—Q> > 0. (349)

The last inequality holds since, by assumption, there is no necking for the
polymeric network, hence d?@/da’® > 0. It follows that d?w/dA\? > 0, i.e.,

for the LCE described by equation (3.44), necking will not form.

In particular, since we did not specify the hyperelastic strain-energy function
and incompressible neo-Hookean or Mooney-Rivlin hyperelastic models do
not exhibit necking, this property is inherited by the associated LCE models

of the form given by equation (3.44).

3.3 Discussion

The original contributions of this chapter consist of:
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¢ The analytical solution for shear-striping instability when Q is constant,

including derivation of the optimal stripe width.

* A novel model with Q depending on the deformation, so that necking

instability is captured.

Finite element simulation of these phenomena are presented and discussed in

chapter 6.
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Chapter 4

Viscoelasticity in LCEs

Many studies have reported the viscoelastic nature of LCEs [51, 84]. While
the traditional natural rubber’s viscoelasticity is due to the dynamics of vis-
cous network, LCEs viscous response is both due to the network and reorien-
tation of LC molecules. The coupled behaviour results in unique rate depen-

dent characteristics under loading and unloading test.

4.1 Coupled viscoelastic response

A number of previous studies shows that the characteristic time scales for the
mesogen rotation and the network extension are different from each other.
The study of [85] shows that the director rotates about one order of mag-
nitude faster than the relaxation of the mechanical deformation. Similarly,
the study in [52] shows two distinct regions for long-time stress relaxation.
They found that short time relaxation is facilitated by the director rotation
due to polydomain-to-monodomain transformation, while the long-time
relaxation is due to mechanical extension of network when the sample be-

haves like an isotropic rubber. The shape recovery of LCEs takes a very long
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time and requires a very slow loading rate of around 10~ s~ to reach quasi-
equilibrium [52, 84]. All these finding point to one main conclusion that the

director rotates slightly faster in comparison to the network deformation.

Cross-linking condition, director angle, nematic order and other parameters
could affect the viscoelastic response of LCE. However, the comprehensive
understanding of viscoelasticity in LCEs is challenging due to the compli-

cated coupling of network and directors.

4.2 Continuum models for viscoelastic response

To capture the viscous effect of both mesogen and polymeric network, some
viscoelastic models have been developed. The viscoelastic model developed
by Wang et al. [64] is based on the multiplicative decomposition which is
widely used for modelling viscoelastic elastomers [64, 86]. This model is
based on the neoclassical free energy and the semi-soft energy density. How-
ever, only the network deformation gradient is multiplicatively decomposed
while the director is treated as an internal variable which is governed by the
dissipative equation. The free energy of the model is devoid of the Frank

energy.

Here, we build a new model in which both the network deformation gradient
and the soft-elasticity deformation gradient are multiplicatively decomposed
and the Frank energy is also considered. In our model, director rotation is an

independent variable having its own governing equation.



Chapter 4. Viscoelasticity in LCEs 45

-1
G0 reference
isotropic state | " _ > configuration
GO (cross-linking state)
. F = FEF,

visco-elastically
deformed
state

FIGURE 4.1: Multiplicative decomposition of the deformation
gradients

4.2.1 Kinematics and model function

The elastic behaviour of a nematic LCE can be described by a strained-energy

density function introduced in chapter 2

W(E,n,Grad n) = WO(EF) + WP(A) + WO (Grad n). (4.1)

To model the viscoelastic properties of the LCE, one popular approach used
for the rubber network [86] is to decompose the deformation gradient into an
elastic and a viscous part. Here, we extend this approach to both the tensors

F and A, which we decompose multiplicatively as (see figure 4.1)

F =FEF, A= AAy. (4.2)

The rheological model is composed of a Maxwell unit with a non-equilibrium

spring and a dashpot connected in series for both the network branch and
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soft-elasticity branch as shown in figure 4.2.

A
-

FIGURE 4.2: Rheology model for the viscoelastic behaviour

of a nematic LCE consisting of a Maxwell unit with a non-

equilibrium spring and a dashpot connected in series for both
the network branch and soft-elasticity branch.

The new model function for the viscoelastic LCE is

W(F,n,Grad n, F,, Ay) = W (F) + Wity (B)+ W5 (A) + Wio(As)

+W®O(Grad n),  (4.3)

where the equilibrium terms with an ‘eq” index describe the rate-independent
elastic response and the non-equilibrium terms with a “neq” index charac-
terise the rate-dependent viscous response of the material. Note that W(%)(P ),
We(g)(A) and W®)(Grad n) correspond to the first, second, and third terms,

respectively, of the elastic version of the model in equation (4.1).
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For simplicity, we choose

1 1
ng) 1)

Wi (F) = =L [ (FTF) 3], Wia(F) = @ tr(FTR) - 3], 44)

1 (1)
WREm =" [w@aTay 3], WA =2 [w(ala) 3], @5

i.e., neo-Hookean-type models for the components of W) and neo-classical-
type models [1] for the components of W®@ . These can be replaced with more
sophisticated models, like Gent model, if necessary. It is well known that, in
rubber elasticity, the neo-Hookean model can only describe elastic behaviours
at lower strains [87]. By contrast, for LCEs where director rotation occurs,
larger strain deformation phenomena can be captured by neo-Hookean-based
model. Notably, shear-stripes formation in elongated LCEs is demonstrated
both theoretically and numerically by the neoclassical and other neo-Hookean-
based models. We further set W®)(Grad n) = % |Grad n|*, which is the one-

term Frank energy density [1].

4.2.2 Thermodynamics consistency and evolution equations

Assuming an in-plane nematic orientation n = (cos 6, sin 6, 0), the second
law of thermodynamics gives the isothermal Clausius-Duhem inequality

requirement (derived in chapter 2)
Dyt =P: F—W + g40 + g - (Grad 6) > 0, (4.6)

where D;,,; is the internal dissipation rate, P is the first Piola-Kirchhoff stress

tensor, gp and 7ty are the orientational stresses., and the over-dot represents
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differentiation with respect to time in Newton notation. Following the Coleman-

Noll procedure [78] similar to the one used in chapter 2, we have

oW oW ow ow
PEOF o4 7% ™7 3Grade’ 47
and the inequality (4.6) reduces to
ow . W .
mt = —== Fp—=—— 1A, > 0. .
Dmt an F, aAv Ay >0 (4 8)
To satisty the inequality (4.8), we choose
@ | , @ .
Diy = %EJFJl CEBE 4 %AvAgl L AyAT L (4.9)

where 71 and 7® are the viscous parameters. By comparing the above ex-

pression with inequality (4.8), we obtain

= -1 _EF'ET, = -1 _A,A AT (4.10)

as the evolution equations for F, and A,, respectively.

4.3 Discussion

The key novel contribution of this chapter is accounting for the viscoelastic
response of LCEs due to director relaxation and the coupling between poly-
mer and director viscoelastic responses. The model is thermodynamically
consistent and can be used to simulate the viscoelastic response of LCEs un-
der various loading conditions. It can capture the distinct regimes of stress-
strain curves, initial response, the semi-soft behaviour and the large defor-

mation network response. Finite element simulation of these phenomena
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are presented and discussed in chapter 6. The decomposition of both defor-
mation tensors, F and A, into elastic and viscous parts allows us to capture
the different time scales of the director and polymeric network relaxation.
Though only one branch of the Maxwell unit (spring and dashpot connected
in series) is used for each deformation tensor in the model, more branches

can be added to capture more nonlinear viscoelastic behaviour if necessary.
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Chapter 5

Finite element formulation

This chapter presents the systematic process of finite element (FE) formu-
lation for solving initial boundary value problems (IBVPs) of liquid crystal
elastomers. An IBVP consists of governing equations together with boundary
conditions and constitutive relations. For the FE formulation, first the strong
form of the governing equation is transformed into weak form by the princi-
ple of virtual work (or variational formulation). The weak form is linearized
and then discretized both in time and space. Since the problem and equations
obtained by the variational formulation are nonlinear, linearized versions are
needed to apply Newton-Raphson method [88]. The spatial discretization is
obtained by the isoparametric FE method and the temporal discretization by

backward Euler method.

5.1 Strong form in reference configuration

The strong form of the governing equations are already derived in chapter 2.
The initial boundary value problem in strong form is to find the displacement
field u and director vector n determined by the following governing equa-

tions



Chapter 5. Finite element formulation 51
DivP =0 in Q, 6.1)
Divmy+g8, =0 in Q, (5.2)

with boundary conditions
PNy=t on Ijy, (5.3)
mwoNo =t, on I, (5.4)

and initial conditions

u(to) = uo, (5.5)

where I'1 and I'; are the parts of the boundary of the body where force trac-

tion and director traction conditions are applied, respectively.

5.2 Weak formulation by the principle of virtual

work

The virtual work done by the body due to arbitrary infinitesimal virtual dis-

placement éu is given by

SW, = /DiVP-(Su — 0.
(ON)

(5.7)
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Using product rule and divergence theorem, this becomes

SW, = / P: Grad 6udV — / PNy - 6udA = 0. (5.8)
o a0,

Using Grad du = JF and boundary condition PNy = t;, we have

cWVu:/P:(SFdV—/t-(SudA:O. (5.9)
Q oM
In the above equation, the internal work done by the stress is given by the

term

SWy imt = / P:6FdV, (5.10)
Q)

and the external work is given by the term

SW o ext = — / t-SudA. (5.11)
a0

In classical continuum mechanics, the work done by the first Piola-Kirchhoff
stress, P : JF, is equal to the work done by the second Piola-Kirchhoff stress
S and its conjugate pair, which is the Green-Lagrange strain E, as S : JE. This
is derived considering the symmetry of S in rubber elasticity. However, for
LCEs, the stress tensor S is not symmetric in general due to director rota-
tion [89]. Therefore, the advantages of a symmetric tensor cannot be utilized
in this case and, we will continue to use the weak form in terms of the first

Piola-Kirchhoff stress.

In a similar manner, one can formulate the weak form of the balance of linear
momentum due to director vector by multiplying (5.2) with an arbitrary in-

finitesimal perturbation of angle én, which satisfies the boundary conditions
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giving
SW, = / (Div 770 + g)0n dV = 0. (5.12)
Qo
By the product rule, the divergence theorem and boundary conditions rtoNy =

t,, we obtain

SW, = /n’ozGrad(SndV—/gn-(SndV— / t,-ndA—=0.  (5.13)
0Oy QN ION

The internal work done is equal to

SWo it = / 7t : Grad sn dV — / gn-ondv, (5.14)
o o

and the external work done is

SW o oxt = — / t,-ndA = 0. (5.15)
a0

5.3 Mixed variational formulation

For a hyperelastic material, the strain-energy function ¥V describes the en-
ergy in the solid body. The strain-energy functions for LCEs are discussed in
chapter 2. A total potential energy functional Il can be formulated based on
the strain-energy function, body force and loads. This is the sum of internal

and external potentials. Neglecting the external forces and loads, we have,

(s, n,Grad n) = / WU F, n)dV + / WO (Gradn)dV, (5.16)
QO QO

where

wie — W L W@ (5.17)
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The principal of stationary potential energy states that among all the kine-
matically admissible displacements, the one which fulfils the governing equa-
tion is that which make the potential energy functional stationary [90]. The
stationary value of a functional IT can be computed by equating to zero the

first variation of IT with respect to displacement u as

oo JF
57,,1"[_/ S S dudV =0,
Q)

or equivalently,

5,11 = /P . SFdV = 0. (5.18)
O

Similarly, the stationary value of a functional IT in direction of director # is

calculated as

INWE awie)
= : -ondV =
Onll / oGrad n GradondV + / on " 0,
QO QO
or equivalently,
5,11 = / 170 : Grad sndV — /gn 6ndV = 0. (5.19)

O Qo

We note that the equations (5.18) and (5.19) obtained is equivalent to the prin-

ciple of virtual work formulation obtained in section 5.2.

Formulation for the nearly incompressible solid material. Previously, we
wrote the standard variational form of linear momentum balance equation
with the displacement field being the only independent variable. While this

formulation may work for some problems, it may not be best suited for the
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problem where constraints are imposed on the deformation of the body. The
LCE material we consider exhibit nearly incompressible property with Pois-
son’s ratio v > 0.45. This imposes the restriction that the value of | should
be nearly equal to 1. In the FE treatment of this problem associated with the
constraint condition, erroneous solutions as well as numerical problems due
to locking should be expected within the context of a displacement-based
variational formulation in which only the displacement field is discretized
[75]. Within the scope of incompressible or nearly incompressible materials,
the volumetric locking leads to the effect that computed displacement fields
are much lower in value than expected. For the detailed study of the locking

phenomenon, one can refer to [91].

Mixed variational formulation represents the suitable approach to eliminate
the numerical difficulties arisen from displacement-based variational formu-
lation. The failure of displacement-based formulation within the context of a
nearly incompressible material lies in the determination of pressure p which
is related to the volumetric part of the strain [88]. On that account, mixed
variational method separates the pressure from the total stress field and treats
this as an independent variable. In the mixed variational formulation pre-
sented in this work (see [92] and [93]), besides the displacement field u# and
pressure field p, a third kinetic field variable, namely the dilation J, is treated
and discretized independently. Using the additive split of the strain-energy
function into volumetric and deviatoric parts [94], we obtain

WU (E E,, Ay, 1) = W) + WENE, E,, Ay, ), (5.20)

vol dev

where F = | ~3F. We assume that the volumetric response of the material
remains fully elastic, and the viscous response is caused by deviatoric defor-

mation. The deviatoric part of the strain-energy function is dependent of F, n,
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and internal variables F, and A,. The three-field energy functional is defined

as follows

I, (u,p,]) = / (WA (E(u), Fy, Ao, ) + WO () 4+ p (1 - T)] dV. (5:21)
Qo

The stationary value of the functional I1,, can be computed by equating to
zero the variations of u with respect to three fields (u, p, f) using the Hu-
Washizu variational principle [94]. The resulting equations, by the principle
of stationary potential energy, give the variational form and the constitutive
and kinematic relationship associated with the volumetric behaviour. We

therefore obtain,

aW(lce)

5T, = /% : (5FdV—|—/p5]dV _0, (5.22)
o o

&L= [ (J=T)opav =, (5.23)
Qo

e )

51T, = / (a—ff’l _ p> 5TV =0, (5.24)

Qo

The volumetric locking still emerges if the dilation J, pressure p and displace-
ment field u are discretized based on the same interpolation function. Gener-
ally, interpolation function for | and p are chosen to be one order less than the
interpolation function for the displacement field. Since we would use linear
interpolation function for the displacement field, ] and p are interpolated by
a constant interpolation function over a given volume. This procedure know

as the mean dilation method [95].
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After interpolation, p, J, 0 p and ] are constant over the integration volume.

This causes (5.23) to become

- 1 v
] = V/]dV =7 (5.25)
Qo
and (5.24) to become
d (Ice)
p= a—fjﬂ. (5.26)
Equation (5.25) shows that | = % is the integral equivalent of pointwise
. _Jv

Jacobian | = 37

One can introduce the volumetric strain-energy function as [95]

vol

wle () = %B (J-1)%, (5.27)

which makes equation (5.26) equivalent to

(5.28)

where B is the bulk modulus of the LCE material. Since the variables p and
J are constant in the integral volume (element in the FE method), one can

eliminate them at the nodal level of numerical calculations [75].
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Since p is constant over the volume, (5.22) can be written as

Wiy )l
Q)
Wi o
/ ( per | 1 6Fav,
_ / P:6FdV, (5.29)
(o)
where
L ) )47 S
P = °F +pa—P 5F +pF (5.30)

is the first Piola-Kirchoff stress tensor described in terms of the deviatoric

(lce

strain-energy density W, ~ and pressure field p.

5.4 Linearization of the variational form

The variational forms (5.19) and (5.29) are nonlinear in the displacement field
u and director field #n. In the FE method, the solution is found by solving

the system of linear equations by some iterative solution techniques like the
Newton-Raphson method. To facilitate this procedure, our nonlinear sys-
tem of equations must first be linearized. We linearize the weak-form equa-
tions (5.19) and (5.29) in the direction of the variable that each equation de-
pends on. We further assume that the external loads are dead loads and in-
dependent of the displacement and director field. This assumption makes

the linearization of the variational form to be dependent only on the internal
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part, i.e.,

5,T1 = / P:SEAV, (5.31)
()

oIl = / 7y : Grad dndV — /gn -ondV. (5.32)
0O (o)

Linearizing the above equations 5.31 and 5.32 with respect to the displace-

ment field u gives

AubaTl = / S5F: APAV, (5.33)
Qo

Ayb,TT = / Grad 6n - dP . AFdV — / on- 80 ARV, (5.34)
QO QO

where A (o) is the linearization operator which gives linearization of a func-

tion in the direction of u.

Similarly, linearization of equations 5.31 and 5.32 with respect to the director

tield n implies

Apb,TT = / 5F: 2 Andv, (5.35)
A(sn—/c don: —T0_ Grad Andv — /5 AndV.  (5.36)
e racon: dGradn radan '

Equation (5.33) requires the linearization of the stress tensor P with respect
to u. This stress tensor is dependent upon the deformation gradient F and

pressure field p, and all are ultimately dependent on the displacement field u.
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The linearization of the stress field 5.30 is

AP = ab AF+8]

- SEOp. (5.37)

The pressure p, using (5.26) and (5.27), is equal to

aW(lce) N
p= —afj"l =B(J-1), (5.38)
and its linearization is
Ap = BAJ = é/A]dV. (5.39)

(oN)

Since Ap needs to be constant within the integral volume, (5.33) takes the

form

AubuTl = / 5P:Z AFdV + 2 / SF - dV / CAFdV.  (5.40)
Qo

5.5 Discretization

In a standard FE procedure [94], the domain () is divided into n, number
of subdomain Q, called finite elements. The continuous assembly of these

elements make a domain O} which approximates the original domain ) as

Ne
Qo ~ | J Qe = Qg (5.41)
e=1

The typical shape of a three-dimensioned (3D) finite element is a tetrahedron

or a hexahedron (see figure 5.1).

The independent variables are calculated only at the nodes of these finite
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FIGURE 5.1: Division of domain into 8-node hexahedron finite
elements.
elements by solving the weak form numerically. The value at other points of
the element are interpolated using the nodal values by suitable interpolation

function (also called shape function).

If ¢ denotes the independent variable, the value of the variable at point X is

approximated as
¢ (X) =) N;(X) ¢, (5.42)
i=1

where 7 is the total number of nodes in an element, N; (X) is the shape func-
tion at point X associated with the ith node, and ¢; is the value of the vari-

able at node 1.
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5.5.1 Concept of isoparametric element

In general, finite elements used to divide a domain can be of different com-
plex shapes. The formulation of the shape function for these complex geo-
metric elements is not always simple. To facilitate this, one can use the con-
cept of a parametric element. The parametric element is a simple shape ele-
ment in the parametric space which can be easily mapped on the reference
configuration by means of geometric transformation. The idea is to use the
same parametric element for every real element, but the transformation is
different for each element since it is defined by the position of the nodes of

the actual element [94].

Figure 5.2 shows the mapping of the parametric element Q)f; from the para-
metric space (g with coordinate system ¢(¢, 77, {) into the reference config-
uration ()f and current configuration ()°. The parametric element is a cube
where the local coordinate spans from —1 to 1 in each direction. The origin of
the coordinate system ({ = 0,7 = 0, = 0) lies internally at the geometric

centre of the cube.

The mapping between the parametric space and reference configuration is

described by the Jacobian J. given as

'8X1 8X2 8X3'
o9& d¢
X |9X; 93Xy 9Xa
Je = % | oy (5.43)
X, 09X, 9Xs
L9 o¢ o .

Similarly, the mapping onto the current configuration is described by the

Jacobian j, =

ox

5%
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FIGURE 5.2: Isoparametric mapping of a parametric element ()
with coordinate system ¢(¢, #7, {) into the reference configuration
(g and current configuration ().

In this work, we will use the 8-node hexahedral element and all further dis-
cussion will be based on this element. The actual element in the reference or
current configuration can be of any 8-node hexahedral shape, but the para-

metric element is a cube with unit side length. The origin of the coordinate

system is located at the centre of this parametric element.

The variable ¢ in (5.42) can now be interpolated within the parametric ele-

ment as

9@) =Y _ Ni(@)¢i. (5.44)
i=1
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Within the isoparametric element formulation, the same shape function N,(¢)
is used to obtain the position X of any particle on the actual element of the
reference configuration from the position ¢ of the corresponding particle in

the parametric element. The transformation is

X(@) = ) Ni(@)X:. (5.45)
i=1

The shape function N;(¢) is usually a polynomial of value 1 at the node i and
0 at the other nodes. Also, at any point on an element, the sum of the values
of all shape functions is equal to one. In this work, we will use the trilinear

shape function for the 8-node hexahedral element given by
1
Ni(@) = g1+ &) + i + £id). (5.46)

Note that we had introduced two extra variables, namely, the pressure p and
dilation | to circumvent the numerical instabilities due to incompressibility
constraints. As already discussed in section 5.3, the variables p and ] are in-
terpolated by constant functions, which makes these variables constant over
the entire element. Thus, in the mixed formulation, the displacement and
nematic director fields are described by trilinear polynomial shape functions,
while the pressure and dilation fields are described by constant functions. A
mixed element with the shape function of order one for displacement and

director, and zero for pressure is designated as a Q1P0 (see figure 5.3) element

[94].
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FIGURE 5.3: Q1P0 element showing pressure, displacement, and
nematic director nodes.

5.5.2 Discretization of kinematic quantities

As aforementioned in section 5.5.1, the discretization of the geometry in the

reference configuration for the 8-nodehexahedral element is given by
X =) NiX (5.47)

It will be wise to represent the quantities in matrix form for ease of imple-

mentation into code. Then

8
X =Y N.XJ (5.48)
i=1
where
Xi=|xi x| xi] (5.49)
and
N, 0 0
N, — N, 0 (5.50)

o O
(@)
Z
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The product of N,; and X,; needs to be summed over each element to find the

X. To have a single matrix operation to interpolate X, we can write
X =N, X/, (5.51)

where N, and X, are formed by the column-wise combination of N;; and X,;,

respectively, as follows

Ni=|Nu N N Nt Nis Nug Ny Nug| (5.52)

Xe=|Xa Xo Xo Xa X Xeo Xo X (5:59)

Here X, contains the coordinates of all the nodes of an element in a single
row matrix. It is not always possible to discretize all the quantities in a single
matrix operation. Some discretization should still be in the summation form,

but the single operation is adopted wherever possible.

The independent variables u and n are discretized as

u= N,u!, (5.54)
n=Nynl, (5.55)
where
e = |Up1 Ued U3 Ues MUe5 Uep Uo7 ueS}’ (5.56)
uei = |ul ul ug}, (5.57)
e = |Ne1 M2 Me3 Moy Me5 Mep M7 neS}’ (5.58)
nei = |,ni nb né}, (5.59)
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with N, the shape function for the director field. Since the director field is a

vector quantity similar to the displacement, N;, is same as N;,.

In a similar fashion, the increment and virtual forms of the variables are inter-

polated as

ou=N,0ul,  on=N,onl, (5.60)

Au= N,Aul,  An= N,An!. (5.61)

For the interpolation of JF, it is convenient to write the matrix in Voigt nota-

tion [95]

0F
0Fy»
0F33
0F;
5P = | 5By . (5.62)
O0F3
O0Fy
0F3

0F3

The interpolation is obtained as

8
6F =Y Byoul; (5.63)

ei’
i=1
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where B,; is equal to [94]

_Nl-,1 0 0|
0 Ny 0
0 0 Nz
N, 0 0
B,j=|0 N3z 0 (5.64)
Niz 0 0
0 Ny 0
0 0 N
0 0 N

Here, N; ; denotes the derivative of N; with respect to X, and similarly for

the other indices.

The above interpolation of §F contains the summation over all nodes. We
can formulate these in a single operation using the matrix B, of size 9 x 24

formed by appending B,; column-wise, i.e.,

oF = B,ou!, (5.65)
where
Bu = Bul Buz Bu3 Bu4 Bu5 Bu6 BM7 BMS : (566)

Similarly, Grad én in Voigt notation is Grad én and is interpolated as

- 8
Grad én = Z B,ion’ (5.67)

ei’
i=1
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where B,; and B, are similar to B,; and B,,. Thus, @511 is interpolated as

Grad on = B,on]. (5.68)
By analogy, interpolation of AF is B,Au! and that of Grad An is B,An!.

5.5.3 Discretization of variational formulation

With the purpose of obtaining a discretized variational form, we recall the
equations (5.29) and (5.19). Since we have introduced the FE concept, it is
reasonable to work on the contribution done by integral volume of the single

element (),. For the single element, we have the variational formulation

5,T1¢ = / P:SFAVE, (5.69)
0

5,T1¢ = / 770 : Grad Sn dV® — / gn - SndVe, (5.70)
o o

In matrix form, the above equations become, respectively,

5,T1¢ = / SETPAV?, (5.71)
o7

5,11 = / Grad” on 7 dV° — / snT g, dVe. (5.72)
o O

Introducing the interpolation of JF, éu, on and Grad dn, we obtain
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5,11 = / SuSBIPAVe, (5.73)
0

5,11 = / 5neBT 7ty dV© — / 51Nl g, dVe. (5.74)
Qg QN

Noting that the virtual nodal displacement and director vector are indepen-

dent of integration, taking terms du, and dn, out of the integration gives

5,11 = bu, / SBIPAV?, (5.75)
0
5uTT¢ = 6m, / B! 7t dV* — / NTg,dve| . (5.76)
o o

The variational form obtained per element can also be expressed in terms of

residual nodal forces and fluxes as

5ulT® = Su,RE, (5.77)
5uTT¢ = 6m,RE, (5.78)
where
R = / SBIPAVe, (5.79)
05
R = / BT 7y dV® — / NTg, dVe. (5.80)
o 0o

Considering that the variational form must be satisfied for any arbitrary vir-

tual nodal displacement and director vector, the residuals R, and R}, must be
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zero in an equilibrium state.

5.5.4 Discretization of linearized variational formulation

Before proceeding to the discretization of the linearized equations, we review
the need for linearizing the variational forms. The linearization is needed to
solve the nonlinear set of equations by the iterative Newton-Raphson method
or other similar numerical methods. Linearization of the equations gives the
tangent matrices which provide the measurement of the increment in the
force (or flux) due to the change in position (or director vector) in a system.
The linearization of the discretized variational form (5.79) in the direction of u

results in

e

AL ITE =6u, IR,
u

- Au = 6u K%, Aul, (5.81)

where K7, is the tangent matrix that gives the change in forces at the nodes
of an element due to changes in the position of nodes of that element. In the
Newton-Raphson method, the tangent matrix is an operator that helps in
adjusting the nodal positions (or director) so that the internal nodal forces (or

fluxes) converge to being in equilibrium with the external nodal forces [95].

Discretization of linearized variational form of linear momentum balance
equation. In order to calculate the tangent matrix from (5.40), we first write

the equation in matrix form with integration over an element as

T
Aub,TT¢ = / (SFTdP " / oFT S 9 Ve / (%) AEdVe.  (5.82)

05 Qo

It will be convenient to discretize the individual terms appearing in the above

equation. The first term is the material contribution to the linearized equation
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since it contains the material law. Its discretization is
dp
AOTEE ) = / su.BT Y B, AuTave,
dF
dp
= 5”6 / Bz;ﬁBudVeAuz‘/

= UK, ar Dt - (5.83)

The second term in (5.82) is due to the pressure variable. Interpolating 6F and

AF yields

=6u K}, ,Au; . (5.84)

The total tangent matrix K7, is the sum of the two tangent matrices K,

uu,mat
and K3, .,
KS, = K&y ot + Ko (5.85)
dp 9] o \T
— [ BT B ave / BI 2L gve / (-) B,dV°. 5.86
/ “AET Ty " oF oF ! (586)
Q8 Q5 o

Similarly, the tangent matrix Kj,,, that describes change in forces due to change
in director orientation at the nodes in an element can be obtained through (5.35).
Representing the equation in matrix form with integration over an element

gives

ApbTTE / 5?””) AndVe, (5.87)
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By interpolating 6F and An, we obtain

Apb,TT¢ = Su, / B! —N dvean],
0

= Su.K{, An]. (5.88)
Discretization of linearized variational form of director momentum bal-
ance equation. Two tangent matrices can be obtained from the linearized
variational form of angular balance equations (5.34) and (5.36). These tan-
gent matrices describe the change in torque (fluxes) due to change in the
position and director orientation at the nodes of an element. Representing

equations (5.34) and (5.36) in matrix form and integrating over an element

yields
N T
ALSITE = / GradT 5170 — / on (iﬁg) AFAVe, (5.89)
0 0
—T
ARSI = / Grad on GradAndV® — / on gOAndVe (5.90)
dGradn

0

0

By interpolating én, An, Grad on, Grad At and AF in the above equations (5.89)

and (5.90), we obtain

T
AWSTT, = 61, / BT g gye, / NT (2?) BudVe| Aul
12 O
= (5neKm,AueT , (5.91)
AnSTTE = S, / L / NngON ave | anl,
dGradn
= (5neK,mAne . (5.92)
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We have finally obtained all the tangent matrices for an element. They are

summarized below as

% oF oF
O o a5
dp
KS, — ou, / BNV,
0
Ky, = / B! d"PBudve / NT (ng> B,dVe,
Qg QS
e T ARy e 740 .
K¢, = /B _20 B dve— /Nn—NndV.
Se dGrad n o dn
0 0

Note that there is another constraint, namely that the nematic director vector

should be a unit vector, nT

n = 1. For our problems, it is possible to restrict
the rotation of director in the planar domain only. In this case, we can de-
finen = [cos6,sin0]7, such that the unit vector condition is automatically
satisfied and the problem is simplified to finding the displacement u and

the director angle 6. The strong form of this case in summarized in table 5.1.

Then the elemental residual vector and tangent matrices are given as
/ SBIDAVe,

/BQ ng"—/Nngnge,
ol

T
/BTdPB AVe + V/BTa]dVE/ <§—£> B,dV°,
0

— bu, / BuZ—I;NngE,

T
KS, = /BTd"" udve—/Ng (%) B, dVe,
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K = /Bgdg”GdQBng@ /NnggNnge

0

where

oWe) EYAUS

oGrad0’ ST "o (5-93)

Ty =
The stresses P, rtg and gy, and their derivatives appearing in the tangent ma-

trices are derived for specific free energies shown in appendix A.

TABLE 5.1: Summary of boundary value problem with variables
u and 6.

The displacement field u(X, t) and the nematic director angle field (X, t) on the region ()
is determined by the governing equations

DivP =0,
Divrmrg+g9 =0,

with the constitutive equations

aW(lce)
P=—gp tPE
e )
0= 5Grad 6’ 80~ 30 7

with the initial values
u(X/ tO) = Uy, Q(X/ tO) = 60/
and boundary conditions

=1, t) = EO(X, t) = PNy,
Q(X, t) = 9_, Ty Ny = 0.

Global residual vectors and tangent matrices. Thus far, we have obtained
the residual vectors and tangent matrices at element level from the discretiza-
tion of weak form and linearized weak form. The solution of the FE formu-
lation by the iterative process, however, requires the global residuals and

tangent matrices. Global residual vectors and tangent matrices are assembled



Chapter 5. Finite element formulation 76

by adding summation over all the elemental contributions fulfilling the kine-
matic compatibility. For example, let us take K%ST/B, which is the component
Ka3 of the tangent matrix K3 for element ¢ = 35. This component contains
the director angle contribution at node 2 by the director angle at node 3 in
element 35. However, in global system, nodes 2 and 3 may be shared by the
multiple elements. Therefore, contributions from the other elements for this
particular nodes 2 and 3 must be accounted for in the global assembly. Sym-
bolically, one can write

Ne
Koo = | K§p. (5.94)
e=1

All the other global tangent matrices and residual vectors will be assembled

in a similar manner.

5.6 Discussion

The main novelty and challenges in developing this FE formulation consists
in the presence of the nematic director field as an additional independent
variable and the coupling between the displacement and director fields. This
coupling requires the introduction of additional tangent matrices that de-
scribe the change in forces due to change in position at the nodes and vice
versa. The implementation of these tangent matrices is crucial for the con-
vergence of the solution in the iterative process. Moreover, the presence of
the director field would make the second Piola-Kirchhoff stress (and Cauchy
stress) nonsymmetric, which is a departure from the classical elasticity the-
ory as well as the classical FE formulation for elasticity. This requires the
modification of the existing open-source FEBio code to accommodate the
nonsymmetric stress and the additional tangent matrices. In our case, how-

ever, the structure of strain-energy function is such that direct differentiation,
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S = aa—VCV is not possible. One must first calculate the first Piola-Kirchhoff

d
stress P = % and then do push-forward operation to obtain S. This extra
work does not provide any computational advantage, and thus, we have
directly used the first Piola-Kirchhoff stress P in the FE formulation and code

implementation.
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Chapter 6

Numerical simulations

In this chapter, numerical problems are simulated to examine and discuss
various aspects of the material model introduced in chapter 2 for the elastic
problem, in chapter 3 for necking and in chapter 4 for the viscoelastic case.
For the finite element simulations, the computer implementation was carried
out by modifying existing procedures available in the open-source FEBio
software [69]. Extensive changes to the FE implementation in FEBio were
required to account for additional variables such as nematic director and the
order parameter. These changes introduced more nonlinearity to the system

as well as increased the cost of the computation.

6.1 Set up of boundary value problem

Uy U g

FIGURE 6.1: Boundary conditions for an LCE sample in uniaxial

tensile test. The angle 0y is between the initial director and

stretch direction. The sample is stretched equally at both ends
by applying a displacement u.
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For a uniaxial tensile test, a thin monodomain LCE sample is considered.

An exemplary schematic diagram of the setup is shown in figure 6.1. In the
elastic case, the model parameters y(l), y(z), anisotropic parameter a, and
Frank constant K were not obtained by fitting any experimental data but
were chosen to have similar values to those in the literature [81]. The bulk
modulus is taken equal to B = 1000(u) + u®)). For each experiment, the LCE
sample has length L, width H and initial director np = [cos 8y, sin 6, 0]" as
shown in figure 6.1. We perturb the initial angle ) by a small angle of 0.5° in
order to obtain the instabilities that we wish to investigate in the LCE sample.
All our simulation is for 3-dimensional samples, we restrict the rotation of
the director in the main plane only by setting the third component of the
director equal to 0. Similarly to the experimental setup, to study the insta-
bilities in an LCE, we fix the displacement and nematic director at the right
and left boundary of the specimen, and then stretch equally at both ends (see

figure 6.2).

6.2 Simulation of elastic model for an LCE

We simulate the elastic model of an LCE sample with the following strain-

energy density function introduced in chapter 2:

W = %y(l) (tr (FTF) —3) + % u® (tr (GZF'G2F) - 3) + %K Grad 6 - Grad 6.

6.1)

The constitutive model (6.1) is implemented to capture the uniform rotation
of the director angle as well as shear striping, depending on the initial di-
rector angle 6. The uniform rotation (see figure 6.2(a)) is obtained when the

initial director angle 6y < 85° in which case there is bias for the LC molecules
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(a) Uniform rotation of director angle when 6y < 85°.
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(b) Alternate rotation of director angle forming shear
stripes when 6y = 90°.
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(c) Full rotation of director angle.

FIGURE 6.2: Schematic diagram depicting rotation of the
director angle in a stretched LCE sample.

to rotate in the direction of the initial inclination [30]. The LCE sample will
present shear striping pattern (see figure 6.2(b)) when the initial director is
nearly perpendicular to the stretch direction. Both the uniform rotation for

8o = 80° and parallel stripes pattern for 6y = 90° are simulated. Furthermore,
effects on the number of stripes due the geometry (aspect ratio of LCE sam-

)
ple) and frank constant K will be analysed. Similarly, effects of ratio % and
"
anisotropy parameter 4 on the critical strain at which stripes occur will also

be compared with the theoretical values.

6.2.1 Stretching at angle 6, = 80° to initial director

The sample of aspect ratio 5 (length / width = 5/1) is taken for the simula-
tion. The purpose of the investigation is the uniform rotation of the director

angle towards the stretching direction and the stress-strain relationship. The
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(a) Undeformed, A =1
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-0.1773

-0.2602

-0.3611

(b) Deformed, A = 2

FIGURE 6.3: Director angle f[rad] of the uniaxial stretch
simulation when 6y = 80° at different stretch ratios.

material parameters are listed in Table 6.1.

TABLE 6.1: Material parameters when 6y = 80° leading to uni-
form director rotation.

parameters | u() u@ a K
units MPa MPa - N

values [3x1071 1x171 55 1x1072

Figure 6.3 shows the director angle in the undeformed state as well as when
the sample is stretched by twice its original length. One can see that, after
the deformation, all molecules become parallel to the loading direction. One
observes in figure 6.4(a) that the angle rotates very fast at the beginning and
flattens out towards the end of the stretch. Similarly, the stress rises rapidly
at the beginning of the process, then the slope decreases in the middle region
of the graph and again rises when the director becomes nearly parallel to the

loading direction (see figure 6.4(b)).
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(a) Director angle vs stretch ratio. (b) Nominal stress vs stretch ratio.

FIGURE 6.4: FE simulation result of uniaxial stretch when 8 =
80° leading to uniform rotation.

6.2.2 Stretching at angle 6y = 90° to initial director

The purpose of this simulation is the investigation of parallel shear stripes
due to the alternate rotation of the director angle. We consider a square sam-
ple (10mm x 10mm) for this study. The initial parameters used are recorded
in Table 6.2. Figure 6.5(b) shows the first nucleation of the shear stripes at the
critical strain (A, = 1.20). The critical strain is within the range of theoretical
predictions (see chapter 2). After the critical strain is nucleated, there is sharp
increase in the rate of rotation of director angle (see figure 6.6(a)) in either di-
rection. However, the stress-strain slope is lower than that before the critical
strain (see figure 6.6(b)). This shows that the sample has entered into a region

of semi-soft elasticity.

TABLE 6.2: Material parameters when 6y = 90° leading to alter-
nate shear stripes.

parameters u® u® a K
units MPa MPa - N

values |5x1071 5x107' 55 1x102
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(a) Undeformed, A =1
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(b) Nucleation of shear domains, A = A, = 1.208
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(c) Shear domains, A = 1.3223

FIGURE 6.5: Director angle f[rad] in the uniaxial stretch
simulation when 6y = 90 at different stretch ratios.

Effects of Frank constant and length of the sample on the width of shear

stripes. Rotation of the director vector in nematic LCE requires an energy
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FIGURE 6.6: FE simulation result of uniaxial stretch when 8 =
90° leading to alternate shear stripes.

expenditure known as Frank energy [1]. Therefore, the values of Frank con-
stant would affect the response of deformation in LCEs. A nematic penetra-
tion depth & ~ (K/pu) 12 is the characteristic size for the director distortion
to be confined in the nematic LCE. The width of the shear stripes are pro-
portional to the penetration depth and length of the sample as i ~ (L&)'/?
[1]. Therefore, the width of the stripes h increases as the penetration depth
ratio ¢ increases, and also when the initial length L of the undeformed sample

increases.

Figure 6.7 shows the shear stripes for different values of Frank constant K
while other parameter remains as listed in table 6.2. One can observe the
decrease in the number of stripes and increase in their width when the value
of the Frank constant increases. When the Frank constant increases by 100
times (compare figure 6.7(a) and 6.7(b)), the number of stripes decreases by a

third. One can reason that the width of the stripes is also increased by a third.

Similarly, when the length of the sample is changed keeping the width con-
stant and all the material parameters as in Table 6.2, there is also a change in

the number of shear stripes. Figure 6.8 shows that the number of stripes is
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FIGURE 6.7: Width and number of shear stripes at different
values of the Frank constant K. The index shows the director
angle 6 in radian.

nearly halved when the length is quadrupled. These simulation results are in

line with the theory in chapter 3.
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(a) Initial aspect ratio 1 (10 x 10 undeformed sample)

(b) Initial aspect ratio 4 (40 x 10 undeformed sample)

FIGURE 6.8: Width and number of shear stripes at different
lengths of the undeformed LCE sample. The index shows the
director angle 6 in radian.

6.3 Simulation of necking in an LCE sample

The second material model that we simulate corresponds to the following
strain-energy density function to capture necking in an LCE sample, which is

given as

W =g (i [Cof (FTF)] ~3) + 74 (ir (G3FTG2F) - 3)

+%K Grad 0 - Grad 6. (6.2)
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Unlike in the previous simulations, where the anisotropy parameter a was

constant, here a varies with the deformation as

a_1+2Q
=T o

3
Q=7(A-1). (6.3)

Then necking is observed when the sample is stretched (see figure 6.9). The
formation of necking at the end of the sample agrees qualitatively with the
experimental observations (see figure 1.2). The value of model coefficients
are, in this case, u) = 1 x 107! MPa, u = 1 MPa and K = 1 x 1072N. The
length of the undeformed sample is 5mm x Imm and the initial director angle

is By = 90° to the stretch direction.

o
©

B88Bakaksas
__ERNNEERE

(a) Direction angle #[rad] at the infinitesimal stretch.

3.098 —
2781

2465 —
i 2.149
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- 1.199

0.8829
0.5664
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-0.06642

(b) Director angle 0[rad] orientation after the formation of necking.
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0.09592 -
0.06395
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-0.06393
-0.0959
0.1279
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(c) Displacement u,[mm] in the Y-direction showing necking.

FIGURE 6.9: FE simulation of necking phenomena in LCE
sample.
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6.4 Simulation of the viscoelastic model

Within this section, we explore numerically the computer implementation

of our viscoelastic LCE model to evaluate its performance. We simulate the
response of an LCE sample under uniaxial tensile loading and unloading
with various initial director angle. Frank’s constant is K = 107N, the bulk
modulus is B = 1000(;&1) + yﬁ%,)) and small perturbations of 0.5° for the
initial angles are used throughout the simulations. The numerical results
compared with experimental data from [55] at different strain rates. The new
model coefficients are calibrated to data sets using a nonlinear least squares

procedure implemented in Matlab.

6.4.1 Vertical initial director

An LCE sample of length 30mm, width 6.1 mm, and thickness of 0.63mm
[53] divided into 2500 elements is clamped at both ends then extended in

the longitudinal direction under controlled displacement and various strain
rate. Both loading and unloading conditions are considered. The equilibrium

model coefficients are set to ptg,) = yg? = 0.25 MPa and the nonequilibrium

model coefficients to yﬁ,}e)q = yfqze)q = 2.5 MPa, while the viscosity parameters
are 7). = 20 MPa-s and ¥ = 200 MPa-s. The anisotropy parameter is

a = 4.0 (corresponding to Q = 0.5).

In figure 6.10, shear stripes form under longitudinal tensile loading. In one
strip, the director rotates clockwise, while in the other strip, the director ro-

tates anticlockwise.

The associated longitudinal first Piola-Kirchhoff stress as the stretch ratio
changes in loading and unloading is plotted in figure 6.11. In this plot, a drop

in longitudinal stress is observed when the stretch ratio is around A = 1.5.
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FIGURE 6.10: Shear striping developed in LCE sample with

vertical initial director () = 90°) when extended horizontally

atstrainA — 1 = O0J5andstrainrateA = 0.1%s" L. In this

simulation, uly) = Y = 025MPa, ulyy = iy = 2.5MPa,
7 = 20 MPa-s, ¥ = 200 MPa-s, and a = 4.0.
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FIGURE 6.11: Finite element simulation results for the LCE
sample response under uniaxial tensile loading and unloading
perpendicularly to the initial director.
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This is due to the director rotating instead of the polymeric network stretch-

ing, and the associated shear stripes forming to minimise energy.

6.4.2 Non-vertical initial director
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FIGURE 6.12: Finite element simulation results for the LCE

sample response under uniaxial tensile loading and unloading

when the initial director angle is 6y = 45° compared to

experimental data [55] at different strain rates: (a) A = 10%
s, b)A =1%sland (c) A = 0.1% s~ 1.

LCE samples of length 30mm, width 5mm, thickness 0.3mm [55], and initial
director angle 6y = 30°, 45°, 60° divided into 2500 elements were stretched
at loading rates of 10% s~ !, 1% s~ !, and 0.1% s, respectively. The material
parameters were calibrated to the stress-strain response of the sample with

an initial director 8y = 45° [55]. Although no equilibrium stress-strain rela-

tionship was available, equilibrium moduli y,g]) = 0.04 MPa and ygf,) =04
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FIGURE 6.13: Finite element simulation results for the LCE

sample response under uniaxial tensile loading and unloading

at different strain rates when the initial director angle is equal

to: (a) 6y = 30° and (b) 6, = 60°.

MPa were chosen, assuming that the equilibrium stress stays lower than the
one with strain rate of 0.1% s~ 1. The values of the nonequilibrium modulus
y,%)q = 0.1 MPa and viscosity parameter 72 = 10 MPa-s were determined to
match the graph. Different values for the nonequilibrium modulus ;45112,7 and
viscosity parameter ;(!) were obtained at different strain rates. The nematic
parameter a was found to be linearly varying with the strain. As a corre-
sponds to the current configuration, it means that molecular order evolves
linearly with the deformation, in addition to director re-orientation. When
the initial value was set to a9 = 5.5 (corresponding the scalar order parameter
of Qo = 0.6), this parameter reached a maximum value of a,,,,, at a max-
imum stretch ratio A,y in the direction of the tensile load (this maximum
stretch ratio may be different for different test samples with different initial
director angle). When 0y = 45° and A = 2.5, calibrated nonequilibrium
modulus y;?q, viscosity parameter 7)), and maximum nematic parameter
A)\max are recorded in Table 6.3 and the results are compared to the dataset

in figure 6.12. Since we have employed a single Maxwell element on each

branch, the model is restricted to a single relaxation time. Because physical
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material exhibits relaxation across a spectrum of time scales, a single element
cannot capture the multi-time scale response of the material resulting in rate-
dependent material parameters. Incorporating multiple Maxwell elements in
parallel introduce the multiple span of relaxation times enabling the model to
capture the multi-time scale response while keeping the material parameters

independent of the strain rate [96].

TABLE 6.3: Model parameters calibrated to experimental data
for different strain rates.

A Plge)q n® ao | Axmax
(% s~ 1) | (MPa) | (MPa:s) | (-) -)
10 1.8 70 55| 1.5
1 1.0 250 55| 20
0.1 0.65 750 55| 3.0

Our LCE viscoelastic model demonstrates good agreement with the experi-
mental data at lower strains. However, it tends to underestimate the stress at
higher strain. This discrepancy is likely attributed to the use of a neo-Hookean-
based model. Experiments [55] suggest a sharp increase in the stiffness of the
LCE material as strain increases and eventually fracture of the sample. The
neo-Hookean model does not take account of sample stiffening at higher

rates and assumes that the sample can be stretched forever with constant

stiffness.

Figure 6.12 shows the simulated results when the initial director angle is

6o = 45°, along with the experimental data. The results when 6y € {30°, 60°}
are shown in figure 6.13. We observe the three distinct regions in the graph.
First, the LCE is relatively stiff with stress increasing linearly and steeply as
stretch increases. With further stretch, the curve flattens into a plateau with

little increase in stress relative to the stretch. This region is driven by director
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rotation. Once the LC rotation is completed, stress is due to the stretching in
the polymeric network. Then the LCE becomes stiffer again and the plotted

curve turns upward.

The influence of various model parameters on the response of the uniaxially
stretched LCE sample when 6y = 45° at A = 1% s~ ! are discussed below.
Due to the nonlinearity of the calibration problem, the optimal values of the
calibrated parameters are not unique. This lack of uniqueness is expected as
we are calibrating a non-linear model against a single experiment dataset.
This occurs because a single loading condition is insufficient to decouple the
distinct physical contribution of each material parameters. However, this
limitation can be resolved by combining test results across different loading
modes (eg. tension, shear, and compression), varied strain rate, and different
boundary and initial conditions, which provides the mathematical constraints
to find a unique set of material parameters. Setting y(%) = 0.04 MPa and

y,(z%,) = 0.4 MPa, the other parameters are as listed in table 6.3, except for those

whose specific effect is being investigated.

Effect of anisotropy parameter a

The influence of the natural shape parameter a is shown in figure 6.14. Since
this nematic parameter is related to the scalar uniaxial scalar order parame-
ter Q, the stress plateaus for a in the interval where polymeric network ex-
tension is dominated by director rotation. In this semi-soft region, a higher
shape parameter a (or higher order parameter Q) causes a lower stress re-
sponse. Moreover, the semi-soft region starts earlier for a highly ordered
sample (high a or high Q) and appears to hold the plateau for longer. It is

seen in figure 6.14(a) that the residual strain is also larger when the nematic
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FIGURE 6.14: Finite element simulation results for the LCE
sample response under uniaxial tensile loading and unloading
when the initial director angle is §p = 45°atA = 1% s ! with
model parameter values as recorded in Table 6.3 except for those
listed in the legend: (a) constant shape parameter 2 and (b)
linearly varying a when the reference value is a9 = 5.5.

parameter 4 is larger. For experimental observations on nematic order varia-

tion with deformation, see for example [34].

Effect of constitutive parameters y,(}e)q and 7! for viscous director rotation

Figures 6.15(a) and 6.15(b) show the influence of the nonequilibrium shear
modulus yi}e)q and viscosity parameter 71, respectively. These constitutive
parameters capture the viscous response due to director rotation. In partic-
ular, y%lgq dictates the relaxation rate of director rotation towards equilib-
rium. A higher yﬁ}e{, acts against the deformation so that the loading curve

is higher. Also, the unloading curve is significantly lower compared to the
loading curve, resulting in a wider hysteresis loop and larger residual strain
for higher ;u,(}e)q. It can be seen from the graph that a lower value of yi}e{, leads

to a thinner hysteresis curve, i.e., the director relaxes faster.
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FIGURE 6.15: Finite element simulation results for the LCE
sample response under uniaxial tensile loading and unloading
when the initial director angleis §y = 45°atA = 1% s ! with
model parameter values as recorded in Table 6.3 except for those
listed in the legend: (a) nonequilibrium shear modulus y%le)q and
(b) viscosity parameter 7.
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FIGURE 6.16: Results from the finite element simulation of

uniaxial tension response of an LCE with initial director angle
1% s~! with model parameter values as

6y =

45° at A

recorded in Table 6.3 except for those listed in the legend: (a)

nonequilibrium shear modulus y%)q and (b) viscosity parameter
@
n'.
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Effect of constitutive parameters y,%)q and 7® for viscous polymer network

The effect of the nonequilibrium shear modulus ;4%),1 and viscosity parameter
;7(2) is shown in the figures 6.16(a) and 6.16(b), respectively. These model
parameters describe the viscous response due to the network deformation.
Since the experiment is mostly rotation dominated, i.e., the semi-soft region
occupies the larger range, changes in these parameter cause little change in
the stress response. Their effect is evident later when the network deforma-

tion becomes predominant and the director rotation is almost complete.
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Chapter 7

Conclusion

Liquid crystal elastomers (LCEs) are soft materials in which liquid crystal
(LC) rod-like molecules, known as mesogens, are covalently attached to a
polymer network, typically through one end via a flexible spacer. Although
anchored within the polymer matrix, these mesogens retain the ability to re-
orient, a property that is essential for the physical behaviour of LCEs and

for the nematic—isotropic phase transition. Their reorientation can be trig-
gered by external stimuli such as heat or light, leading to macroscopic shape
changes in the material, but it can also arise from mechanical loading. Thus,
deformation of the polymer network can influence the rotation of the LC
director, and conversely, director rotation can affect the network deformation.
For this reason, it is important to develop models that capture both processes

and account for their distinct elastic and viscous responses.

In this thesis, we focus on the theoretical and computational modelling of

the elastic and viscous behaviour in nematic LCEs subjected to mechanical
loads, and combine the viscoelastic response of the polymeric network with
the viscoelastic rotation of the nematic director. A finite element framework is
devised and implemented to approximate the nonlinear elastic and viscoelas-

tic behaviours computationally.
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Within this modelling approach, we demonstrate both theoretically and nu-
merically the occurrence of deformation localisation in nematic elastomers
through two instability mechanisms: necking and shear striping, which can
arise when certain nematic LCEs are subjected to uniaxial tensile stress. In the
case of necking, the scalar uniaxial order parameter varies, reflecting the tran-
sition from polydomain to monodomain induced by mechanical stretching.
In contrast, for shear striping the order parameter remains fixed, consistent
with experimental observations. Our finite element simulations successfully
capture both of these localisation phenomena and illustrate how different

material parameters influence the response during loading and unloading.

The modelling framework presented here can be extended in several direc-

tions:

¢ The neo-Hookean-type components used in the present formulation of
the viscoelastic LCE model can be replaced by other nonlinear constitu-

tive functions within the same viscoelastic structure;

¢ The model can be enriched to incorporate additional couplings between

mechanical forces and environmental stimuli;

* Our approach could be generalised to include probabilistic model pa-

rameters, which would provide a way to represent material variability
[3]

These extensions would also increase the number of parameters that must be
supported by reliable experimental evidence. Experimental investigations in-
volving more complex loading conditions motivated by specific applications

are therefore essential for a deeper understanding of these materials.
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Appendix A

Stresses and their derivatives

This appendix contains details of the stresses and their derivatives for the
strain-energy density used in this thesis. The stresses and their derivatives

are derived using the standard continuum mechanics approach found in the

book [97].
A.1 Strain-energy density function

WO ) = (ir (F'F) - 3)
WO (E,0) = o (1r (G3F"G2F) —3)
wle (r, ) = W 4 W@

W® (Grad 6) = %K Grad 6 - Grad 0

Using the isochoric part F = | ~3F, we get
W = L (o (FTF) - 3)
2

W = s (ir (G3F"G2F) —3)

Wi — M L p@
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The definition of higher tensor product ‘®” and ‘®” as well as that of trans-

pose (-)! are as defined in the book [97], which are
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