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Abstract

We compute the Hochschild homology and cohomology, and cyclic homology, of
almost Calabi-Yau algebras for SU(3) ADE graphs. These almost Calabi-Yau alge-
bras are a higher rank analogue of the pre-projective algebras for Dynkin diagrams,
which are SU(2)-related constructions. The Hochschild (co)homology and cyclic
homology of A can be regarded as invariants for the braided subfactors associated
to the SU(3) modular invariants.

1 Introduction

The classical McKay correspondence appears in various contexts. It relates finite sub-
groups I' of SU(2) with the algebraic geometry of the quotient Kleinian singularities C?/T
[32] but also with the classification of SU(2) modular invariants and quantum subgroups
of SU(2) [8, 39, 30, 31, 36, 1, 2, 4, 5].

Minimal resolutions of Kleinian singularities can be described via the moduli space of
representations of the preprojective algebra associated to the action of I' [12]. Preprojec-
tive algebras associated to graphs were introduced in [24], and it was shown that they are
finite dimensional if and only if the graphs are of ADE type, that is, one of the simply
laced Dynkin diagrams. The preprojective algebra A for an ADE Dynkin diagram is a
Frobenius algebra, that is, there is a linear function f : A — C such that (z,y) := f(zy) is
a non-degenerate bilinear form (this is equivalent to the statement that A is isomorphic to
its dual A = Hom(A,C) as left (or right) A-modules). There is an automorphism 3 of A,
called the Nakayama automorphism of A (associated to f), such that (z,y) = (y, 5(z)),
which yields an A-A bimodule isomorphism A — 145 [38]. The Nakayama automorphism
for each ADE graph was determined in [13, 14] (see also [7]). The preprojective algebra A



has a finite resolution as an A-A bimodule, which was used by Erdmann and Snashall to
determine the Hochschild cohomology HH*(A) of A for the ADE graphs A,,, along with
its ring structure [13], and HH?*(A) for the graphs D,, [14] This finite resolution yields
a projective resolution of A as an A-A bimodule, which was used by Etingof and Eu to
determine the Hochschild homology and cohomology, and cyclic homology, of A for all
ADE Dynkin diagrams [15], along with the ring structure of the Hochschild cohomology
[17]. The Hochschild homology and cohomology, cyclic homology, and ring structure of
the Hochschild cohomology, for the preprojective algebra for the tadpole graphs 7T,, were
obtained in [18]. The Hochschild homology and cohomology for the case of the affine
Dynkin diagrams, which are the McKay graphs for the finite subgroups of SU(2), were
determined in [11].

More generally, one tries to understand singularities via a noncommutative algebra A,
often called a noncommutative resolution, whose centre corresponds to the coordinate ring
of the singularity [34]. The algebra should be finitely generated over its centre, and the
desired favourable resolution is the moduli space of representations of A, whose category
of finitely generated modules is derived equivalent to the category of coherent sheaves of
the resolution. In the case of a quotient singularity C3/T for a finite subgroup I" of SU(3),
the corresponding noncommutative algebra A is a Calabi-Yau algebra of dimension 3.

Calabi-Yau algebras arise naturally in the study of Calabi-Yau manifolds, providing a
noncommutative version of conventional Calabi-Yau geometry. An algebra A is Calabi-
Yau of dimension n if the bounded derived category of the abelian category of finite
dimensional A-modules is a Calabi-Yau category of dimension n. In this case the global
dimension of A is n [6]. The derived category of coherent sheaves over an n-dimensional
Calabi-Yau manifold is a Calabi-Yau category of dimension n and they appear naturally in
the study of boundary conditions of the B-model in superstring theory over the manifold.
For more on Calabi-Yau algebras, see e.g. [6, 25].

In [25, Remark 4.5.7] Ginzburg introduced, in his terminology, ¢g-deformed Calabi-Yau
algebras. In the case where ¢ is not a root of unity, these algebras are Calabi-Yau algebras
of dimension 3. We study these algebras in the case where ¢ is a root of unity, which
are the SU(3) generalizations of preprojective algebras for the Coxeter-Dynkin diagrams
ADE. We call these algebras almost Calabi- Yau algebras. These are Frobenius algebras,
and in a recent work [22] we determined the Nakayama automorphism for each ADE
graph, and constructed a finite resolution of A as an A-A bimodule, see (5).

Our interest in these almost Calabi-Yau algebras came from subfactor theory, and in
particular, braided subfactors of von Neumann algebras, which provide a framework for
studying two dimensional conformal field theories and their modular invariant partition
functions. In the case of Wess-Zumino-Witten models associated to SU(n) at level k, the
Verlinde algebra is a non-degenerately braided system of endomorphisms yXy, labelled
by the positive energy representations of the loop group of SU(n), on a type III; factor
N, with fusion rules Ay = @, N{ v which exactly match those of the positive energy
representations [35]. The fusion matrices Ny = [N7,],, are a family of commuting normal
matrices which give a representation themselves of the fusion rules of the positive energy
representations of the loop group of SU(n)x, NaN, = > N{ N,. This family {N,} of



fusion matrices can be simultaneously diagonalised:

Sa)\
Ny = = S,S7,
A s SU,O 7

where 0 is the trivial representation, and the eigenvalues S, /S, and eigenvectors S, =
[So.ul, are described by the statistics S matrix. The key structure in the conformal
field theory is the modular invariant partition function Z. In the subfactor setting this
is realised by a braided subfactor N C M where trivial (or permutation) invariants in
the ambient factor M when restricted to N yield Z. This would mean that the dual
canonical endomorphism is in 3(yXy), i.e. decomposes as a finite linear combination
of endomorphisms in yXy. Indeed if this is the case for the inclusion N C M, then
the process of a-induction allows us to analyse the modular invariant, providing two
extensions of A on N to endomorphisms o} of M, such that the matrix Zy , = (o, )
is a modular invariant [4, 3, 19]. The action of the system yXy on the N-M sectors
~AXu produces a nimrep (non-negative matrix integer representation of the fusion rules)

G\G, = >, N{ G,, whose spectrum reproduces exactly the diagonal part of the modular

invariant, i.e.
Sox .
Gr=D_ o tats,
g

0,0

with the spectrum of G, given by G\ = {S,./S,,0 with multiplicity Z,, ,} [5, Theorem
4.16].

The systems yXn, nXuar, mXn are (the irreducible objects of) tensor categories of
endomorphisms with the Hom-spaces as their morphisms. Thus yXy gives a braided
modular tensor category, and yAX); a module category.

In our work we have focused on braided subfactors associated to SU(3) modular
invariants, which are labeled by a family of graphs which we call the SU(3) ADE graphs.
The complete list of the SU(3) ADE graphs are illustrated in [23, Figures 5-9]. For
positive integer k < oo we have a braided modular tensor category nXy = {App| 0 <
p, 1, p+1 < k}, anon-degenerately braided system of endomorphisms on a type I1I; factor
N, which is generated by p = A1) and its conjugate p = A1), where the irreducible
endomorphisms A,y satisfy the fusion rules of SU(3):

Apd) @ P Z Api-1) B Ap-1141) B A1)y Ap)) @D = Ap-1) D Apr1,1-1) & Apirny, (1)

where Ay ) is understood to be zero if p’ < 0,1 < 0 or p' +1" > k+ 1. Then a pair
(G,W), of a cell system W (see Section 2) on an SU(3) ADE graph G with Coxeter
number k + 3 yields a braided subfactor N C M and a module category yAX;, where the
associated modular invariant, labeled by G, is at level k. For such a braided subfactor, the
almost Calabi-Yau algebra can be constructed via a monoidal functor F', which is essen-
tially the module category yX)s, from the As-Temperley-Lieb category to the category
Fun(y Xy, vXy) of additive functors from y Xy, to itself.

The As-Temperley-Lieb category constructed in [22] used ideas from planar algebras,
and in particular, the As-planar algebras of [21] (see also an earlier construction of the
As-Temperley-Lieb category in [10], and of the Temperley-Lieb category in [33, 37]).

For m;,n; > 0, an As-(msg, ny), (mq,ng)-tangle T is a tangle on an rectangle with
mo + na, My + nq vertices along the top, bottom edges respectively, generated by A,
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Figure 1: A webs

webs (see Figure 1) such that every free end of T is attached to a vertex along the top
or bottom of the rectangle in a way that respects the orientation of the strings, every
vertex has a string attached to it, and the tangle contains no elliptic faces. We call a
vertex a source vertex if the string attached to it has orientation away from the vertex.
Similarly, a sink vertex will be a vertex where the string attached has orientation towards
the vertex. Along the top, bottom edge the first m; vertices are source, sink vertices
respectively, and the last n; are sink, source vertices respectively. Let Vm2 2),(mam1) be
the quotient of the free vector space over C with basis the Ay-(mg, ns), (M, ny)-tangles,
by the Kuperberg ideal generated by the Kuperberg relations K1-K3 [27]. Then at level
k, the As-Temperley-Lieb category is defined to be a quotient of the category A,-TL =
Mat(C4?) by the negligible morphisms, where C42 is the tensor category whose objects are
projections in V2 and whose morphisms are Hom(py, ps) = po V2 \PLy for

(m n),(m,n) (ma,n2),(m1,m1)
projections p; € sz,nz) (mimi) b = 1, 2. We write As-T Ly = V(ﬁfn) (mun)> and p, p for the
identity projections in Ay-T'L(; ), A2 -T'L 0,1y respectively consisting of a single string with
orientation downwards, upwards respectively. Then the identity diagram in Ay-T'L,, ),
given by m + n vertical strings where the first m strings have downwards orientation and
the next n have upwards orientation, is expressed as p"p". It is a linear combination of
simple projections f(; ;) for 7,7 > 0,0 < ¢+ j < m + n such that ¢ — j = m —n mod 3,
and a simple projection fi, ), where f1,0) = p, fo,1) = p and f(o,0) is the empty diagram.
The morphisms f(, ) = idy,, , are generalized Jones-Wenzl projections. The f, ) satisty
the fusion rules for SU(3) [22]:

To) @ P = fpi-1) ® fo-1041) D for1,:  fon @79 = fo-10 @ fpr1-1) @ fpirn-  (2)

At level k, the negligible morphisms are the ideal (f,;|p +1 = k + 1) generated by
f(p,) such that p+1 = k+1. The Ay-Temperley-Lieb category is the quotient Ay-TLW) =
Ay-TL/(fpulp + 1 = k + 1), which is semisimple with simple objects fq,1), p,l > 0 such
that p+1 < k which satisfy the fusion rules (1) of SU(3)y, that is we have (2) where fq 1
is understood to be zero if p’ < 0,1’ < 0 or p'+1' > k+1. The As-Temperley-Lieb category
Ay-TL® may be identified with the braided modular tensor category Xy, where the
object f,1) € Ax-TLW) is identified with A,y € nXn.

Then the monoidal functor F' is given on the simple objects f(,;) of Ay-T L®) by

F(fpn) = B Gi,.,(0,4) Cij. (3)

’.7 IS4

where C; ; are 1-dimensional R-R bimodules, where R = (CG),. The category of R-R
bimodules has a natural monoidal structure given by ®g. The functor F' is defined on the
morphisms of Ao-T'L*) using the cell system W and the Perron-Frobenius eigenvector of
g, see [22, Section 2.9].



If G°P denotes the opposite graph of G obtained by reversing the orientation of every
edge of G, we have that F'(p™p") is the R-R bimodule with basis given by all paths of
length m+n on G, G°P, where the first m edges are on G and the last n edges are on G°P.
In particular F'(p") = (CG),,, so that we have the graded algebra @, F(p™) = (CG), the
path algebra of G. The endomorphisms p™ are not irreducible however, but decompose
into direct sums of the generalized Jones-Wenzl projections f(,0). The natural algebra
to consider is thus the graded algebra ¥ = @, F'(f(0)), where the ptt graded part is
Y, = F(fpp,0)). The multiplication p is defined by 1,1 = F(fpii0) : Lp @r X1 = 2pi,
where f(, ) = idy, . The graded algebra X is isomorphic to the almost Calabi-Yau algebra
A= A(G, W) [10, 22].

In Section 2 we introduce the almost Calabi-Yau algebra A = A(G, W) for a pair
(G,W) of a cell system W on an SU(3) ADE graph G. Then in Section 2.1 we deter-
mine a periodic projective resolution of A as an A-A bimodule, starting from the finite
resolution of A determined in [22, Theorem 5.1}, which will be used to determine the
Hochschild (co)homology and cyclic homology of A in Sections 3-4. In Section 3.1 we use
the projective resolution determined in Section 2.1 to construct a Hochschild homology
complex for A, and introduce the cyclic homology of A in Section 3.2. We then deter-
mine the Hochschild and cyclic homology of A in Sections 3.3-3.5 for the graphs A,
n=4,56,7 DO k>1 AW* n>5 DO L >2 £ and £®*. Finally in Section
4 we construct a Hochschild cohomology complex for A and use this to determine the
Hochschild cohomology of A in the cases listed above.

The Hochschild (co)homology and cyclic homology of A can be regarded as invariants
for the braided subfactors associated to the SU(3) modular invariants. Beginning with
a pair (G, W) given by a cell system W on an SU(3) ADE graph G, we construct a
braided subfactor N C M which yields a nimrep which recovers the graph G as described
above. Then we can construct the algebra A(G, W) whose Hochschild (co)homology and
cyclic homology only depends on the original pair (G, W), or equivalently, on the braided
subfactor N C M.

2 Almost Calabi-Yau algebras

Let G be a finite directed graph, and denote by G, the set of all paths on G of length
n. The vertices of G are the paths of length 0. If a € G; is an edge on G, we denote
by @ € G{* the corresponding edge with opposite orientation on G°°. The path algebra
CG = P,-,(CG)y, is the graded complex vector space with basis of the k™-graded part
(CG)i given by Gy, where paths may begin at any vertex of G. Multiplication of two
paths a € (CG), and b € (CG), is given by concatenation of paths a-b € (CG)yy; (or
simply ab), with ab defined to be zero if r(a) # s(b), where s(a), r(a) denotes the source,
range vertex respectively of the path a. The commutator quotient CG/[CG, CG] may
be identified, up to cyclic permutation of the arrows, with the vector space spanned by
cyclic paths in G. Let 0, : CG/[CG,CG| — CG be the derivation given by J,(ay -+ -a,) =
Zj @ji1 -+ apay - - - aj_1, where the summation is over all indices j such that a; = a. Then
for a potential & € CG/[CG, CG|, which is some linear combination of cyclic paths in G,
we define the algebra A(CG, ®) = CG/{0,P}, which is the quotient of the path algebra by
the two-sided ideal generated by the relations 0,9 € CG, for all edges a of G. The Hilbert
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Figure 2: Cells associated to trivalent vertices

series Hy for A(CG,®) is defined as Ha(t) = >_.° HEt", where the HY are matrices
which count the dimension of the subspace {izj| x € A(CG, ®),}, where A(CG, @), is the
subspace of A(CG, ®) of all paths of length k, and 7,5 € A(CG, ®)o.

Ocneanu [30] defined a cell system W on any SU(3) ADE graph G, associating a
(a,b,c)

complex number W (Ai, i >, now called an Ocneanu cell, to each closed loop of length

three AEZ’;’C’C) in G as in Figure 2, where a, b, ¢ are edges on G, and i, j, k are the vertices
on G given by i = s(a) = r(c), j = s(b) = r(a), k = s(¢) = r(b). These cells satisfy
two properties, called Ocneanu’s type I, II equations respectively, which are obtained by
evaluating the Kuperberg relations K2, K3 for an Ay-spider [27] using the identification
in Figure 2:

(1) for any type I frame === in G we have

S (A5 W (AT = b Pl

k,b1,b2

.. 7/4“/\—{11:52—\/" iy .
(1) for any type II frame Lo A in G we have

Do ( (Al ) w (™ )w (o) w (a)
= 5a1,a4 a2,a3¢i4¢i1 ¢i2 + 5a1,a26a3,a4¢i1 qbig ¢i3

Here (¢,), is the Perron-Frobenius eigenvector for the Perron-Frobenius eigenvalue ov =
(3], of G. The existence of these cells for the finite ADE graphs was claimed by Ocneanu

[30], and shown in [20] with the exception of the graph 5&12)' These cells define a unitary
connection on the graph G which satisfy the Yang-Baxter equation [20, Lemma 3.2].
Two cell systems Wy, Wy on an SU(3) ADE graph G are equivalent if, for each pair
of adjacent vertices i, j of G, we can find a family of unitary matrices (u(a,b)),p, where
a, b are any pair of edges from ¢ to j, such that
Wl(A(al a2 a3)) Z u(ay, ay)u(as, ay)u(as, CL?))I/[/Q(A(al’aQ’a3 ),

11,12,13 11,12,13
/ ! /
ay,as,a;3

where q; are edges from 4; to i;41, and the sum is over all edges a; from i; to 4,11, = 1,2, 3.

There is up to equivalence precisely one connectlon on the graphs A ACGm+Dx ()
E®@* 55(12) and €29, For the graphs A™* and ' there are precisely two inequivalent
connections, which are obtained from each other by a Z, symmetry of the graph. This
Zy symmetry is the conjugation of the graph in the case of 52(12). There is at least one
connection for each graph D™ m # 0 mod 3, and at least two inequivalent connections
for each graph D), which are the complex conjugates of each other. There is at least
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one connection for each graph D@ +1* and at least two inequivalent connections for each
graph D®™* which are obtained from each other by a Z, symmetry of the graph. There
are also at least two inequivalent connections for the graph 51(12), which are obtained from
each other by conjugation of the graph.

For the SU(3) ADE graphs, we define the almost Calabi-Yau algebra A(G, W) to be
the graded quotient algebra

A(Q; W) = A(Cg> q)W)7

where the potential ®yy is given by [22, equation (40)] (see also [25, Remark 4.5.7]):

Oy =Y W(Awe)Aae € CG/[CG,CG],

abc

where the summation is over all closed paths abc of length 3 on G. The grading on CG
descends to the quotient algebra A = A(G, W). These almost Calabi-Yau algebras were
studied in [22] for all the cell systems constructed in [20]. Equivalent cell systems yield
isomorphic almost Calabi-Yau algebras. For any cell system W, we can take its complex
conjugate W to obtain another (possibly equivalent) cell system. The almost Calabi-Yau
algebra for W is isomorphic to that for W. The conjugation 7 : yXy — yXy on the
braided system of endomorphisms of SU(3); on a factor N, given by the conjugation
on the representations of SU(3), induces a conjugation 7 : yXy — yAXy such that
Gy = 7G\7, where Ga = Aa for A € yXn, a € yX)y. For any cell system W = W, this
conjugation of the graph yields a conjugate cell system W™, which might be equivalent
to W*. The almost Calabi-Yau algebra for W~ is anti-isomorphic to that for W+,

The Hilbert series Hu(t) of A(G,W), for an SU(3) ADE graph G with adjacency
matrix Ag, Coxeter number h = k + 3 and cell system W, is given by [22, Theorem 3.1]

1 — Pth

Hy(t) =
() 1 — Agt + Aft2 — %

(4)

where P is the permutation matrix corresponding to a Zz symmetry of the graph. It
is the identity for D™ AM* p > 5 O 5;12), [ = 1,2,4,5, and €Y. For the
remaining graphs A™, D* and £® | let V be the permutation matrix corresponding to
the clockwise rotation of the graph by 27 /3. Then

V2 for  A™ n >4,
P= vV for E®),
Vv for DM np > 5.

The numerator and denominator in (4) commute, since any permutation matrix which

corresponds to a symmetry of the graph G commutes with Ag and A:gp.

2.1 Periodic resolution for almost Calabi-Yau algebras

The almost Calabi-Yau algebra A = A(G, W) is a Frobenius algebra, that is, there is a
linear function f: A — C such that (z,y) := f(zy) is a non-degenerate bilinear form, or
equivalently, A is isomorphic to its dual A* = Hom(A, C) as left (or right) A-modules.
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We define a non-degenerate form on A by setting f to be the function which is 0 on
every element of A of length < h — 3, and 1 on wu;,( for some i € G;, where wu;,j
denotes a generator of the one-dimensional top-degree space j - A,_3-v(j), where v is the
permutation of the vertices of G given by the permutation matrix P in (4). Then using the
relation (z,y) = (y, B(x)) this determines the value of f on u;,(;), for all other j € G;. We
normalize the u;,(;y such that f(u;,(;)) = 1 for all j € G;. The image of the simple object
fk0) € A-T L) under the functor I given by (3) defines a unique permutation v of the
graph G, which is described as follows. The permutation v of the graph is given by the Zs
symmetry which defines the permutation matrix P in (4) (note that there are no double
edges on the graphs G for which P is non-trivial). Then the Nakayama automorphism /3
of A is defined on G by § = v [22, Theorem 4.6].
Now A has the following finite resolution as an A-A bimodule [22, Theorem 5.1}

0—>N[h]gA@sAB]ﬁA@Sf/@AgA[l]ﬁA@SV(X)SAgA@SAﬂA—)O. (5)

Here S is the A-A bimodule (CG)y, and V, V are the A-A bimodules generated by G,
G,? respectively. The A-A bimodule N' = {Ag-1 is equal to A as a vector space. The
left A-action is given by concatenation, but the right A-action is twisted by the inverse
of the Nakayama automorphism 3, i.e. a-x-b= axf () for all a,b € A, x € N. The
connecting A-A bimodule maps are given by

po(l®1l) = 1, (6)
pleae®l) = a®1-1®a, (7)
pleael) = Y Wbt el+lobal), (8)

b,b'eGy

ps(l®1) = Y a@iol-)» leioa, (9)

aegy aegy

(l) = ij ® wj,

where {w;} is a homogeneous basis for A, and {wj} is its corresponding dual basis, i.e.
wjw; = Uy where i = s(w;). The A-A bimodule B = BW ®g --- ®g BP is equipped
with the total grading which comes from the grading on the graded A-A bimodules B®,
that is, B = @, , By where By, = ®ki12f:1]€i:]€ B}S) Qg -+ Qg B](f;).

For each SU(3) ADE graph, the Nakayama automorphism has order 3, 5% = id, so we
can make a canonical identification A = N @4 N @4 N. We let N*) .= 1Ag-r, for k € Z.
In particular, we have A = N O N = N® and N® = A3 = N ®4 N. Note that for
graphs with trivial Nakayama automorphism, A = N'®) as A-A bimodules, for all k € Z.

Applying the functor —®4 N to the exact sequence (5) we obtain the exact sequence:

05> NORA B3 AsNh+3] 8 AxsV @s Nh+1] 8 Aws V @5 N[h]
B Aos N[ S N — 0,

where 11 (z ® y) = zy, 12(a) = a); w; @ w}, where {w;} is a homogeneous basis for A

and {wj} is its corresponding dual basis, and p;44 = j;. Similarly, applying the functor



a second time we obtain the exact sequence:

0— A[Bh] 3 A@s NP2h + 3] ™8 A@s V @s NP2h + 1] ™8 A@s V @5 NP[21]
B As N[220 B NP [2h] — 0.

We now construct a projective resolution of A, that is, a resolution of A by projective
modules. Setting py = tot1, jts = tot3, we obtain the following projective resolution of A,
which is periodic with period 12:

- S AR AQs N2+ 3] AesV @s NO2h + 11" A s V 05 NO[2h]
BAQSNDR B AR5 N[h+3] 8 AosV @s Nh+1] 8 AwsV @ NA]
M AN M Aog AB] B AvsVosA[l] B AcsVos A Aws AS A0,
(10)

where the connecting maps p; are given by (6)-(9) for 0 < i < 3, ju(z®y) = vy ), w;Qw},
where {w;} is a homogeneous basis for A and {wj} is its corresponding dual basis, and
i = pi—q for ¢ > 5.

Thus we find that the Hochschild (co)homology of A is periodic with period 12, i.e.
the grading is shifted by 3h (—3h) when the degree of the homology (respectively coho-
mology) is shifted by 12. In the case of trivial Nakayama automorphism the Hochschild
(co)homology of A in fact has period 4.

3 The Hochschild homology of A(G, W)

3.1 The Hochschild homology complex

In this section we will construct a complex which determines the Hochschild homology of
the almost Calabi-Yau algebra A = A(G, W).

Let A°P denote the algebra with opposite multiplication, i.e. a-b = ba, and define
A¢ = AP ®g A. Any A-A bimodule becomes a left A°~-module, and vice versa, by defining
the left action of A° on A by (a ®b)x =braforallz € A, a®be AP ®g A.

The Hochschild homology HH4(A) of A may be defined to be the derived functor
HH,(A) = Tor (A, A), e.g. [28, Proposition 1.1.13], i.e. as the homology of the complex

..._>P2®AeA—>P1®A6A—)PO®A€A_>A®A6A_)O

where -+ — P, — P — Py — A — 0 is any projective resolution of A.

For an A-A bimodule M, denote by M* the S-centralizer sub-bimodule given by all
elements x € M such that ix = zi for all « € S. We make the following identifications,
for k =0,1,2 (c.f. [15]):

(As NW) @4 A= (NF)S (z©y) @z =yB*(zx),
(A ®g V ®s NE) @4 A= (L/ Rs NI (2@a®y)®z=a®yB " (22),
(AR5 VRs NI @4 A=V RN (20a0y)®2z=a®yB " (2x),



where the left and right hand sides have the same total degree. Thus, applying the functor
— ®4¢ A to the resolution (10), we obtain the Hochschild homology complex:

- AS[3R] " (NOYS2h + 3] M3 (V g N@)S[2h + (V 0 N@)S[24]

]
M N@)SR] 5 NS 4 3] S (V 0s NS+ 1] X8 (V @ N)S[A]

5 NSTR] S AS3] 3 (V s A)S[1] 43 (V @5 A)S 5 48 0, (11)
where the connecting maps are given, for £k =0,1,2,... by

i (@®2) = pan(1®a®1) @4 2) = (a®1-1®a) @4 B5()
= z67%(a) — ax,

Pig2(@®2) = pape(10a® 1) @4 f5(2)
= Y WbV @1+1000) @4 5*()

b,b'€Gy
= D Waw(t/ @2B875(b) +b® x),
b,b'€Gy
/ o k o - ~ k
N4k;+3(95) = fap+3(1 ® 1) ®ae f5(x) = (Z a®@a®l—-—1® a®a> ®ae B (x)
acGy

= Y a® (zp " (a) - az),

acgy

Hinea(y) = parra(1® 1) @ac B4 (y) (Z w; @ w ) ®ac B (y)
= D wiB)B (),

where a € V, 2 € N®, y € N*®*U {w;} is a homogeneous basis for A and {w?} is its
corresponding dual basis.

We will now show that this complex has a self-duality. Using the non-degenerate form,
we can make the identifications N'® = (NZ=9)*[h — 3] by sending x — (—,x). We can
define a non-degenerate form on (V@V) ®RsN® by (a1 @21, a5 @15) = Oy h-1(az) (71, 2)
for 7y € N8 2, e N® and a; € Vi, ay € Va, where V; € {V,V}, i = 1,2. For the A*
graphs, V = V and we replace (V ® V) @5 N® above by V @g N®. This allows us to
make identifications V @sN® = (Vg N ) [h-1], VosN® = (Vs N ) h-1],
by sending a ® x — (—,a ® x).

If we take the Hochschild homology sequence (11) and dualise, we get:

(mg)*

W a8 3p) " (v 9 A)S[—3h] YT (V @g A)S[-3h + 1] "2
U0 4513k 4 3] "2 ArS[—an] U (v cog N)S[—2h] Y&
(7 og N)ST—2h + 1] "2 AS[—2h + 3] 4 (@S "

(k5)” (1)

5V 05 NOYS[—n) U (V @g NOYS[—h + 1] % (W@)S[—h + 3] « 0.

10



Proposition 3.1 We have p, = £(p}y_;)*, i =1,...,11.

Y

Proof: (i) = —(u},)": Let a € V, x € Aand y € N®. Then

(Wha®x),y) = (ra—ax,y) = (zr,ay —yBla)) = (a@z,— Y _ b (yB(d) — by))
beG1

= (a®z,—p1(y))-
(ii) ph = (ph)*: Let a,a’ € V, z € A and y € N@. Then

(,ué(&@x),g’@y) = (Z Wabb/(b/®a}b+b®b’x),g’®y)
b,b'eGy

- (Z Waba’xb+ Z Waa’b’b,xay) - (I‘, Z Waba’by + Z Waa’b’yﬁ(b,))

beGy v egi beg1 b’'eGy

= (@®z, Y Wl @by+b@yBY)) = (@@ z, 1my(d @y)).
b,b/eGy

(iil) phy = —(up)*: Let @’ € V, x € A and y € N®. Then

(wy(x),d' @y) = (Y a®(ra—azr),d @y) = (vd —dw,y) = (z,dy —yp(d))

acGy
= (&, —py(a’ @ y)).
(iv) py = (f)*: Let # € N and y € N®. Then

(y(x),y) = Zw’-‘ﬁ r)wj, y Zw]w? Zﬁ? DyBw;))
= Zwﬁ ()3 (w;) = (2, 15(y)),

where the second equality holds since if {w}} is a dual basis of {w;}, then {w;} is a
dual basis of {?(w})}, and 3~ wiB(z)w; = 0 = > w;zf*(w;) unless |z| = 0 such that
B(x) = x. The penultimate equality is given by replacing the basis {3*(w})} with the
equivalent basis {w;}, and the fact that } . 8%(w;)yB(w;) = 0= > w;B(y)5*(w;) unless
ly| = 0 such that G(y) =

(v) ps = —(p%)*: Let a € V and x,y € N. Then

((a@w),y) = (25%(a) - az,y) = (v, B*(a)y — yB(a))
= (a@z,— Y b YL (b) —by) = (a @z, —pk(y)).

beg1
vi) g = (ug)*: Let a,a’ € V and x,y € N. Then
6 6
(6@ ® ), d () Waw(V/ @28°(b) + bR V), d ®y)
b,b/eGy
- Z Waba/xﬁ + Z Wa’b’bx y - ([L‘, Z Waba/ﬁ2(b)y + Z Waa’b/yﬁ(b,))
beGy bveGy beGy b'eGy
= @or Y Wit @by +b@ B W) = @® (@ @ 1),

b7b/€gl
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Note however that (u),)* = ujy 0 5: Let x,y € A. Then
halr).) = (3 wi)B). ) = (3(a), Y Bl )uBus) = (o, 3 wy 6w
= (@2 wiBW)Bwy) = (@ ma(B))),

where the penultimate equality holds since if {w}} is a dual basis of {w;}, then {B(w;)}
is a dual basis of {wj}.

From the self-duality of the Hochschild homology complex (11) and (u},)* = i 0 5,
we have

HH,(A) = HHy_(A)[3h), i=1,...,10,
HH, (A" = HH,5(A)[6h].

The reduced Hochschild homology HH,(A) is defined as HHo(A) = HHy(A)/S and
HH,(A) = HH,(A), n > 0.

3.2 The cyclic homology of A(G, W)

Before we determine the Hochschild homology of A(G, W) for certain SU(3) ADE graphs,
we introduce cyclic homology, which will aid the computation of the Hochschild homology.
We begin by introducing the differential graded algebra 2*A of non-commutative forms
of A, and the non-commutative de Rham homology.

The A-A bimodule Q'A of non-commutative relative 1-forms on A is defined as the
kernel of the multiplication map A ®g A — A. The differential graded algebra 2*A of
non-commutative forms of A is obtained by taking tensor powers of Q'A. The graded
commutator in Q°A is given by [w,w'] = ww’ — (=1)¥I¥'l/w, where |w| = n denotes the
homological degree of w € Q" A. The reduced non-commutative de Rham homology of A
is defined by

HDR,(A) := H,(Q°A/(S + [Q°A,Q°A]), d),

where the natural differential Q*A — Q°*T!A descends to a de Rham differential on
Q°A/(S +[Q°A, QA]).

Since A is an augmented S-algebra, i.e. Ay = S and there is an augmentation ¢ :
A — S such that ¢(1) = 1, by the non-commutative Poincaré lemma [26] (see also [29,
Lemma 4.5]), HDR,(A) = HDR,(S) = 0 for all n. Thus, from [16, Lemma 3.6.1], the
sequence

0 — HHo(A) 2 HH,(A) 2 HHy(A) 25 HH3(A) — -+ (12)

is exact, where B is the Connes differential [9] which is degree-preserving, and the reduced
cyclic homology of A can be defined by

TC,(A) = ker(B : HH o1 (A) — HHp o(A)) = Im(B : HH,(A) — HHoi1(A)).

The usual cyclic homology is related to the reduced cyclic homology by HCy(A) =
HCy(A)/S and HC,(A) = HC,,(A), n > 0.

12



The (graded) Euler characteristic of the reduced cyclic homology is the polynomial in
t defined by Xz (t) = D oim(—1) Hgg,a)(t). It turns out to be easier to describe the
Euler characteristic of Sym(HC(A)),, where for a graded algebra B = @, , By, By =
€D, , By denotes the positive degree part, and Sym = @, Sym” denotes the symmetric
algebra of a vector space. If xza(a)(t) = Dopeg art® then X, zraay), (t) = [Toey (1—15)%.
In [16, Prop. 3.7.1] it was shown that for A the preprojective algebra of a non-Dynkin

quiver,
[e.e]

(1—t*) % = [ [ detHA(t"), (13)
k=1 s=1

where H 4(t) is the Hilbert series of A. The result (13) was extended to the case where A is
a Calabi-Yau algebra of dimension 3 in [25, Prop. 5.4.9]. In the case when A is the almost
Calabi-Yau algebra A = A(G, W), the differential graded algebra ®, = Ts(V @ V* @ S*)
in [25, Prop. 5.4.9] is no longer exact. However, we can build a larger free differential
graded algebra ©, by adding generators z,, € ©! whose images under the differential
give a basis for H, (D)), for each n > 0. These generators lie in degree nh, where h is
the Coxeter number of G. Then . gives a free resolution of A, and a correction term
corresponding to the numerator 1 — Pt"* of H4(t*) appears in the formula (13). Thus the
result (13) holds for the almost Calabi-Yau algebra A = A(G, W) (c.f. [15, Lemma 4.4.1]
in the case where A is the preprojective algebra of a Dynkin quiver).

3.3 HHy(A) for A= A(G,W)

In this section we compute the zeroth Hochschild homology H Hy(A) = ker () /Im(p)) =
A/[A, A] for the simplest graphs, namely the graphs A™, n > 4, DGH3) E > 1 A+
n>5 DM* n>5 £ and G,

For any a,b € A, such that r(a) = s(b) and s(a) # r(b), [a, b] = ab, thus any non-cyclic
path ab is in [A, A]. For a,b € A, such that r(a) = s(b) and s(a) = r(b), [a, b] = ab — ba,
thus cyclic paths are equivalent in A/[A, A] if one is a cyclic permutation of the other.
Thus to determine A/[A, A] we first consider all cyclic paths in iAi for some i € Gy, then
consider all cyclic paths in jAj which do not pass through the vertex i« # j, for some
J € Go, and so on. Note that S < A/[A, A] since [i,j] =0 for all 4,5 € S and [a,b] C A}
if either a or b have non-zero length.

3.3.1 The identity A™ graphs

The unique cell system W (up to equivalence) was computed in [20, Theorem 5.1]. For
the graph A™, n > 4, the space of cyclic paths (0,0)A,(0,0) = 0. Thus for any vertex
i # (0,0), any cyclic path € A7 which passes through (0,0) is a cyclic permutation
of a cyclic path 2’ € (0,0)A,(0,0). Similarly, any cyclic path z € iA,i which does not
pass through (0,0) can be transformed by a combination of the relations in A and cyclic
permutations to a cyclic path 2’ € (0,0)A,(0,0). Thus any cyclic path z € 1A, i will be
zero in A/[A, A], and we obtain

HHy(A) = 8S. (14)
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V{

Figure 3: Graph D

3.3.2 The orbifold DG**+% graphs

We now consider the graphs D@¥*3) L > 1, which are Zgs-orbifolds of AGF*3) The
graph D is illustrated in Figure 3. The weights W (A) for AG**3) are invariant under
the Zz symmetry of the graph given by rotation by 27/3. Thus there is an orbifold
solution for the cell system W on D®*+3) where the weights W (A) are given by the
corresponding weights for A®¥+3) [20, Theorem 6.2]. More precisely, excluding triangles
A which contain one of the triplicated vertices (k,k);, the weight W (A, ;,.,) for the
triangle A, i,.is = i1 — g — i3 — i, on DE*3) is given by the weight W(AZ.(IO)’Z.(;)’Z.E)’Q)) =

W(Aw o ,0)=W(A ) 0 ) for AGH+3) where 7,1(0) il(l), 2'1(2) are the three vertices of
1 %2 »"3

AGF3) which are identlﬁed under the Zj3 action to give the vertex ; of D3 [ =12 3.

If for a triangle A;, 5, ., on D3 there is no choice of vertices i, i§? i¥*) on AG+3)

which lie on a closed loop of length three i/ — i§?) — z§f3> — %", then we have
W (A, ipis) = 0. The weight W(A) for a triangle A which contain one of the triplicated
vertices (k, k); is just given by one third of the weight for the corresponding triangle on
ABk+3) - Thus the relations for DGF3) are given precisely by the relations for AGk+3),
except for the relations p,, p,, which involve the triplicated vertices (k, k);.

Any cyclic path on AC3) yields a cyclic path on D®*3) by the above orbifold
procedure. Almost all of these cyclic paths will be zero in A/[A, A]. However, those which
pass along the double edge of DG*3) are not zero in A/[A, A], since although these paths
can be identified with paths which pass through (0, 0) in A’/[A’, A'] for A’ = A(AGF+3) W)
(and hence will be zero in A’/[A’, A']), when we do this for A = A(D®**+3) W) one can
only obtain a (non-trivial) linear combination of cyclic paths, one of which passes through
the vertex 1 of D®*+3) (which corresponds to (0, 0) on AG¥3). This is due to the fact that
relations involving the double edge are not of the form x = Az’ for basis paths z, 2" € A,
A € C, but rather z = ), \;x; for basis paths z; € A, \; € C. Hence such paths are not
zeroin A/[A, A]. There are also cyclic paths in A which do not come from cyclic paths in A’
by the orbifold procedure. These paths must necessarily pass along the double edge (v,7’)
of DB#+3)  Using the relations in A and cyclic permutations, we can transform any such
cyclic path, necessarily of length 37, j € N, due to the three-colourability of DG*+3) to a
linear combination of cyclic basis paths [(i1i2kii1)7], | = 1,2, 3, where i1 = s(7), 12 = r(7),
ky := (k,k);, and 2™ denotes the path zx---z (m times). These basis paths are not
equivalent in [A,A], except when j = k where [(legklll)k] = [(legk’gll)k] = [(iligkgil)k],
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Figure 4: Graphs A(M* A®)* Figure 5: Graphs D(M*, D®)*

thus

HHy(A)=SaC, (15)
where the graded vector space C' = @f;ll @D;_, Cl(irigkiir)’] © C[(iyigkyi1)¥], and has
Hilbert series Ho(t) = Zf;ll 3139 + 3k,

3.3.3 The conjugate A* graphs

The unique cell system W (up to equivalence) was computed in [20, Theorems 7.1, 7.3 &
7.4], and we use the same notation for the cells here. The A* graphs are illustrated in
[20, Figure 11]. We illustrate the cases n = 7,8 here in Figure 4. The numbering of the
vertices of A®™+1* that we use here is the same as that in [22], but the reverse of that
used in [20]. The relations in A(A™* W) are

W112[121] + Wlll[lll] - O,

Wo—1ppp(p — 1)j] + Wy pplppp] + Wy pa[p(p + 1)p] = 0, (16)
Wopprilpp( + )]+ Wy pripnilp(p + 1)(p+ 1)) = 0, (17)
Wp,p,pﬂ[(p + 1)17]9] + Wp,pH,pH[(p + 1)(17 + 1)17] =0, (18)

where p = 2,...,r — 1 in (16), and p = 1,....p  in (17), (18), where r = [(n — 1)/2],
p' =r — 1 for even n, and p’ = r — 2 for odd n. For even n we have the extra relation
Wiy plr(r—1)r] 4+ W, [rrr] = 0, and for odd n we have the extra relation [r(r —1)(r —
Dl =[(r=1(r—=1r]=0.

We first consider the even case n = 2m + 2. Clearly all loops [pp] of length 1 are
in A/[A,A], p = 1,...,m. Let d := dim(pA;p). From the Hilbert series for A, we
see that df, = dy, ., = p =d5, o = dy, o o, if p < korp>m—Fk+1, and
dy, =dby  =k+1=dy, , =dy, o ,ifk+1<p<m—k for2k <m— 1.
Then dim(A3,) = dim(A5,,,) = (k+ 1)(m — k) = dim(A5,_,,_;) = dim(A5,_,,_,) for
2k <m — 1.

Each commutator of the form [[[(I 4+ 1)], [(l + 1){]] = [I(I + 1)I] — [(I + 1)I(I 4 1)] yields
a relation between linearly independent paths of length 2 in A/[A A], I =1,...,m — 1.
There are m — 1 such relations, thus the dimension of (A/[A, A])2is2(m—1)—(m—1) =
m — 1. Similarly the dimension of (A/[A, A]); is m — 1. Each commutator of the form
Cp = [[(p = Vpppl, [p(p — V], p=2,...,m, and C}, = [[(p — Lp(p + 1], [(p + Dp(p — 1)]],
p=2,...,m—1, yield relations between linearly independent paths of length 4 in A/[A, A].
There is one basis path in 1471, which we may take to be [11111]. Let w; denote the
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basis element given by its image in A/[A, A]. Since d2 = 2, the dimension of 2A352
is 2. However, the basis can be chosen such that one of the basis paths is identified
with wy in A/[A, A] by Cy, thus we obtain one new basis path wy € (A/[A, A])4, which
may be chosen to be [22222]. Similarly, the dimension of pASp is 3, p = 3,...,m — 2,
and the basis can be chosen such that two of the basis paths are identified with linear
combinations of wy, ws, ..., w, 1 in A/[A, A] by C, and C. Thus we obtain one new basis
path w, € (A/[A, A])4 for each p =3, ..., m — 2, which may be chosen to be [ppppp]. The
dimension of (m — 1)Aj(m — 1) is 2, but by C,,,_;, C/,_, any such path can be identified
with a linear combination of wy, ws, ..., w, s in A/[A, A]. Similarly the single basis path
in mA3m can be identified with a linear combination of wy,ws, ..., w,_» in A/[A, A].
Thus we obtain a basis {wy,...,w,_o} for (A/[A, A])s. By a similar argument, we see
that the dimension of (A/[A, A])x is m — [k/2] for all k = 0,1,...,2m — 1, with basis
paths [ppp---p|, for p=1,...,m — |k/2]. Thus

HHy(A) = SaC, (19)

where the graded vector space C' has Hilbert series Ho(t) = Zle_ Ym — /2]t

We now consider the odd case n = 2m + 1. Again, all loops [pp] of length 1 are in
A/[A, A], this time for p = 1,...,m — 1 (note that there is no edge from vertex m to m
on A1) From the Hilbert series for A, we see that do, is given by the same formula
as for the even case n = 2m + 2, for 2k < m — 1, whilst &, | =p=4d5 . ,ifp <k
orp>m—k, dy  =k+1=dy o ifk+1<i<m—k—1, and dj , =0, for
2k < m — 2. Then dim(A3,) = (k+ 1)(m — k) = dim(A5 ., ) for 2k < m — 1, and
dim(A3, ) = (k+1)(m—k—1) = dim(A5 . 5) for 2k < m—2. By a similar argument
as for the even case above, we see that the dimension of (A/[A, A])y ism—|(k+1)/2] for
all k =0,1,...,2m — 2, with basis paths [ppp---p|, forp=1,...,m —[(k+1)/2]. Thus

HHy(A) = SaC, (20)

where the graded vector space C has Hilbert series He(t) = ng{ “(m— [ +1)/2))t.

3.3.4 The conjugate orbifold D* graphs

The graphs D"™* are (three-colourable) unfolded versions, or Zs-orbifolds, of the graphs
A™* where we replace every vertex v of A™* by three vertices vy, v, vo, where v, is of
colour a, such that there are edges vy — wy, v1 — wy and vy — wy if and only if there is
an edge v — w on A™*. The graphs D*, DE* are illustrated in Figure 5.

Due to the three-colourability of the graph D™*, a closed loop on A™* will only be a
closed loop on D™* if it has length 3k, k > 0, and for each such closed loop on A™* there
are three corresponding closed loops of length 3k on D™*. However, these three closed
loops are identified in A/[A, A], which can be seen as follows. As in the case of AM*
(A/[A, A])si, is generated by paths of the form [pp;1piopr - - Prask], for { =0,1,2 mod 3
and p = 1,...,r, where r = m — |3k/2| for n = 2m + 2 and r = m — [(3k + 1)/2] for
n = 2m + 1. Since [ppriipiszp -+ pi) is a cyclic permutation of [py1propipic - - Pisil,
we see that for [ = 0,1,2 mod 3, the cyclic paths [ppi1piopr -« prask] are identified in
AJ[A, A]. Thus (A/[A, A])s, has a basis given by [pop1p2po - - po], for p = 1,...,r, and
(A/[A, A])r = 0 for k' # 0 mod 3. Then

HHy(A) = SaC, (21)
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3, 2,
2\ /3

1, 2, 3, 1, 1

Figure 6: Graph £® Figure 7: Graph £®*

where for n = 2m+2 the graded vector space C' has Hilbert series He(t) = ZLST B (-
137/2])t%, whilst for n = 2m + 1, He(t) = SSHEm 23 — (35 + 1) /2.

Jj=1

3.3.5 The graph £® for the conformal embedding SU(3); C SU(6),

We now consider the graph £®, illustrated in Figure 6. The unique cell system W (up
to equivalence) was computed in [20, Theorem 9.1]. The quotient algebra A has the
relations, for [ = 0,1, 2,

[1:20413142) = [2111314211) = [3120414142] = [4112312141] = 0,
[31[2121412142) = —[2031412142], [31[3131413142] = [3120413112],

/B3
[2}[ 311111 2042) = (312041 2142) + [3131412052],

/BB
[2}[ ][2l4l+13l+2] = [2020513142) + [231413142].

The only cyclic paths in Ay are of the form [2,2;112;122/], [3:314131423/], L = 1,...,3.
Now [2214121422)] = [21412142212;41] by cyclic permutation, and \/E[2121+121+221] =
— (28112002 = [Bisa2u4023001] = —[Bra2233i11] — (V2I/VIAD) Bra2i0243141] =
—/Bl[31:13142313111] in A/[A, A], where the second and last equalities follows by cyclic
permutation and the others follow from the relations in A. Thus we see that all cyclic
paths in A, are identified in A/[A, A] so that

HHy(A) =2 S @ C[2)21222). (22)
3.3.6 The graph £®* for the orbifold of the conformal embedding SU(3); C
SU(6)1 X Zg

Consider the graph £®* illustrated in Figure 7. The unique cell system W (up to
equivalence) was computed in [20, Theorem 10.1]. The quotient algebra A has the relations

[123] = [231] = [324] = [432] = 0, [222] = *—[13[232], [333] = 1[3} [323],

*@[312] = [322] + [332], ’%ﬁ[mzz] = [223] 4 [233].

Clearly the single edges [22], [33] are not in [A, A], since the relations in A only change
paths of length > 1, and edges are invariant under cyclic permutation. We have the
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relation /[3][222---2] = —[232---2] = —[322--.23] for paths of length r in A/[A, A],
2 < r <5, where the first equality follows from the relation in A and the second follows
by cyclic permutation. Thus in A/[A, A], for r = 2, we obtain /[3][222] = —[323] =
—/[3][333] by the relations in A. For r = 3, we have /[3][2222] = —[3223] = [3323] +
(121/+/[3])[3123] = /[3][3333], by the relations in A, since the subpath [123] = 0 in A.
For r = 4, we have [3][22222] = —/[3][32223] = [32323] = /[3][33323] = [3][33333],
by the relations in A, but also /[3][22222] = —[32223] = [33223] + ([2]//[3])[31223] =
—[33233] — ([21/+/13])[33243] + ([2]//[3])[23122] = —+/[3][33333], by the relations in A,
since the subpaths [324] = 0 = [123] in A, and we have used the cyclic permutation relation
in the penultimate equality. Then in A/[A, A], we see that [22222] = 0 = [33333]. For
r =5 we have [3][222222] = —/[3][322223] = [323223] = /[3][333223] = —[3][333333] in
A/[A, A], by the relations in A. Thus

HHy(A)=SaC, (23)

where the graded vector space C' = C{[22], [33]} @ C[222] & C[2222] & C[222222], and has
Hilbert series He(t) = 2t + % + 3 + ¢°.

3.4 Determining the Hochschild homology of A(G, W) for trivial
Nakayama automorphism

In this section we determine the Hochschild and cyclic homology for the graphs DGR,

kE>2 AW* n >4 DOO* k>2 and £®* Here the almost Calabi-Yau algebra A has
trivial Nakayama automorphism.

In this case, the Hochschild homology of A has minimal period at most 4, thus we
have HH;(A)*|h| = HH;3_;(A), i = 1,2, and HH;(A)* =2 HH;_;(A), i = 3,4. From the
exactness of (12) we see that ker(B : HHy(A) — HH;(A)) = 0, and since the Connes
differential B preserves degrees, we have HH(A) = C® X, for some graded vector space
X which lives in degrees 1 to h —2. Then H Ho(A) = C*[h] @ X*[h], where C' = HH(A)
and X*[h] lives in degrees 2 to h — 1. Now B : HH(A) — HH,(A) restricts to an
isomorphism X —» X*[h] since (12) is exact, and since it preserves degrees, X only lives in
degrees 2 to h—2. A similar argument shows that ker(B : HH(A) — HH,(A)) = X*[h],
so that HH3(A) = C*[h] ® K’, where the graded vector space K’ lives in degrees 3
to h, and HH4(A) = C[h] ® K"*[h], where K"*[h] lives in degrees h to 2h — 3. Since
B: HH3(A) — HH4(A) restricts to an isomorphism K’ — K" [h], we sce that K’ lives
only in degree h. We will write K’ = K [h] where K is a vector space which lives in degree
0, so that HH3(A) = C*[h] ® K[h] and HH,(A) = C[h] ® K*[h].
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Thus for any almost Calabi-Yau algebra A with trivial Nakayama automorphism

i ez deg) | B
(0,h —3) HHy(A) = C HCo(A) = C
(1,h —2) H—ilf(A) = g(J oX HC(A) =2 X
(2,h —1) H—ili(A) = C*[h] e;(*[h] HC,(A) = C*[h]
(3,h) H—ilt(A) = cN**i[h] ®K[h] HC3(A) = K[h)
(h,2h — 3) H—ili(A) >~ O[h] e;(* (] HC4(A) = C[h

where X lives in degrees 2 to h — 2, K lives in degree 0, and HHs;(A) = HH(A)lh],
HCy(A) = HC;(A)[h] for i > 0. Since C' is known, X and K can be determined from
the Euler characteristic Xz a) (t) as they live in different degrees.

3.4.1 The graphs DG

We consider the cases D) DOk+3) separately, k& > 1. For the graph D% L > 1,
det(Ha(t)) = (1— 9406 T142/2(1— 56) /(1 — ), thus xygeq (1) = (52207 369 — 0
(6k(k — 1)+ 2)t%) /(1 — ). Then since C has Hilbert series Hq(t) = 2322 3139 4 {6k=3,

we see that Hx(t) = t3 + Z% 23t% 4 3% 4 %3 and Hy(t) = 6k(k — 1) + 2, and we
obtain:

Theorem 3.2 The Hochschild and cyclic homology of A = A(DS® W), k > 1, where W
is equivalent to one of the cell systems constructed in [20], is given by

HHy(A)=SaC, HCy(A)=SaC,

HH(A) 2 Ca® X, HCi(A) =X

HH,y(A) = C*[6k] & X*[6k], HCy(A)=C [ k],

HH;3(A) = C*[6k] & K|[6F], HC3(A) = K[6k],

HH,(A) = C[6k] ® K*[6k], HCy(A) = C[6k],

HHy;(A) = HH;(A)[6k], >1, HCyi(A) = HCi(A)[6K], i>1,

where the graded vector spaces C, X, K have Hilbert series Ho(t) = Z% 23437 (k3

Hx(t) =3 + 2322 3t + 38 + 1573 and Hg(t) = 6k(k — 1) + 2 respectively, where for
k=1, Hx(t) = 0.

For DO*3) | > 1, det(H,(t)) = (1—t0++3)08*+3 /(1—13)3 | thus Xmoa(t) = (ZJ L3t —
6k2t0k+3) /(1 — t%+3) . Since C has Hilbert series Ho(t) = Z% "33 4 15 we see that
Hx(t) =t + Z% '3t% 4 ¢5% and Hy(t) = 6k2, and we obtain:
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Theorem 3.3 The Hochschild and cyclic homology of A = A(D*+3) W), k > 1, where
W is equivalent to one of the cell systems constructed in [20], is given by

HHy(A) = SaC, HCy(A) = SaC,

HH{(A)~2(Co X, HC(A) =X

HHy(A) = C*[6k + 3] @ X*[6k + 3], HCY(A) = o [6k + 3],

HH;3(A) = C*[6k + 3] @ K[6k + 3], HC5(A) = K[6k + 3],

HH,(A) = C[6k + 3] & K*[6k + 3], HC,(A) = C[6k + 3],

HH,i(A) =2 HH(A)[6k + 3], > 1, HCy;(A) =2 HC;(A)[6k + 3], i>1,

where the graded vector spaces C, X, K have Hilbert series Ho(t) = kall 3t 6k,
Hx(t) =t + Z?gl 3t3 + 1% and Hg(t) = 6k* respectively.

3.4.2 The A* graphs

Let D,,, D), denote the determinant of the denominator 1 — Agt + AZt* — t* of Ha(t)
for G = A(2m+2 , A% pegpectively, where Ag denotes the adjacency matrix of G, and
let 7' =1—1t+ t2 — 3, Ty = t?> — t. From the properties of determinants we can deduce
the recursion relations D,, = TyD,, 1 — T¢D,, o and D! = (1 — t*)D,,_y — T$D,, o,
for m > 3, and Dy = Ty, Dy = T — T3. Tt is easy to show by induction on m that
Dy, = (1—t)™(1—t¥"*2) /(1—#?), and thus D!, = (1—t)""'(1—t*"*1). Then for A?m+2)*
detHy4(t) = (1—-t*"T2)" D1 = (1—-*)(1— t2m+2)m H/(1=t)™, thus g (t) = (mt+(m—
D2+mt3+(m—1)t 4 -+ (m—1)t*"+mt?™ 1) /(1—¢>"2). Then Hx(t) = 0 = Hg(t),i.e
X =0= K. For APtV detH ,(t) = (1 —t?*™F)y™(D! )™t = (1 — 2 +)ym=1/(1 —¢)m~1,
thus Xz (t) = ((m — 1)t+ (m—1t2+ (m—1)t3+-- -+ (m—1)t*") /(1 —t*"). Then
we again deduce that Hx(t) = 0 = Hg(t), and we obtain:

Theorem 3.4 The Hochschild and cyclic homology of A = A(A™* W), n > 4, where
W is any cell system on A™, is given by

HHy(A)=SaC, HCy(A) = S C,

HH,(A) = C, HC1(A) =0,

HHy(A) = C*[nl, HCy(A) = C*[nl,

HH;3(A) = C*[nl, HC3(A) =0,

HH,(A) = Clhl, HC4(A) = Clnl,

HH4+Z(A) = HHZ(A)[TL], 1> ]_, HO4+Z(A) = HCZ(A)[TL], 1> 1,
where the graded vector space C' has Hilbert series Ho(t) = Z?:f’ (n—j—1)/2]
3.4.3 The graph D+
The Nakayama automorphism is tr1v1al for the graphs DG**. We consider the cases DOF)*

DOk+3) separately. For the graph DO* k> 1, det(HA( )) (1 —5)(1 — 5F)9%=6 /(1 —
%)%, thus xgrga) (1) = ((3k;—1)t3+(3k—2)t6+(3k—1)t9+(3k—2)t12+- : ~+(3k—1)t6’“*3f
(6k—4)t%%) /(1 —15%). Then since C has Hilbert series H(t) = ZJLSI”_I)/P’J (m—13j5/2])t%,
we have Hx (t) = 0, Hg(t) = 6k — 4, and we obtain:
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Theorem 3.5 The Hochschild and cyclic homology of A = A(D®R* W), k > 1, where
W is equivalent to one of the cell systems constructed in [20], is given by

HHy(A) = s ®C, HCy(A) =~ S @ C,

HH,(A) = c [6K], HCy(A) 2 C*[6k],

HH;(A) = C*[6k] & K|[6k], HC,(A) = K[6K],

HH,(A) =~ C[6k] & K*[6k], HCy(A) = C[6k],

HH,(A) = HH(A)6K], i>1, HCu(A) = HC)(A)[6K], > 1,

where the graded vector spaces C', K have Hilbert series Ho(t) = Z}gn_l)/zﬂ (m—135/2])t*
and Hg(t) = 6k — 4 respectively.

For D9+ | > 1, det(Ha(t)) = (1 — %)% /(1 — %)%, thus xg7qa)(t) = (3kt® +
3kt®+- - -+3kt6k—6kt6k+3)/(1—t6k+3). Since C has Hilbert series Ho(t) = ZJL(_QT 273 (m—
| (37 +1)/2])t%, we have Hx(t) =0, Hg(t) = 6k, and we obtain:

Theorem 3.6 The Hochschild and cyclic homology of A = A(DC*3* W), k> 1, where
W is equivalent to one of the cell systems constructed in [20], is given by

HHy(A) = SaC, HCy(A) = S C,

HH(A)=C HC,(A) =0,

HH,(A) = - (6K + 3], HC,y(A) = C*[6k + 3],

HH;3(A) = C*[6k + 3] @ K[6k + 3], HC5(A) = K[6k + 3],

HH,(A) = C[6k + 3] ® K*[6k + 3], HC,(A) = C[6k + 3],

HH,;(A) = HH;(A)[6k + 3], i>1, HC, (A 2 HC;(A)[6k + 3], i>1,

where the graded vector spaces C, K have Hilbert series Ho(t) = ZL Cm=2/3 (m — (35 +
1)/2])t% and Hg(t) = 6k respectively.

3.4.4 The graph £®)*

For the graph €&, det(Ha(t)) = (1 — *)(1 — t*)(1 — ¢%)2/(1 — £)?, thus xgeea(t) =
(2t + 12 4263 +26° + 15 + 26" — 2t%) /(1 — t8). Then Hx(t) = 0, Hg(t) = 2, and we obtain:

Theorem 3.7 The Hochschild and cyclic homology of A = A(E®* W), where W is any
cell system on E®)*, is given by

HHy(A)= S @ C, HCo(A) = S C,

HH\(A) = C, HCy(A) =0,

HH,(A) = C*[8], HC,(A) = C[8],

HHy(A) = C*[8] @ K8, HCy(A) = K[8],

HHy(A) = C[8] @ K*[8], HC4y(A) = C[8],

HH,(A) = HH(A)S], i>1, HCyi(A) = HCJA)S], > 1,

where the graded vector spaces C, K have Hilbert series Ho(t) = 2t + 12 + 2 + t° and
Hy (t) = 2 respectively.
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3.5 Determining the Hochschild homology of A(G,W) for non-
trivial Nakayama automorphism

We now determine the Hochschild and cyclic homology for the graphs A™, n =4,5,6,7,
£®) . Here the almost Calabi-Yau algebra A has non-trivial Nakayama automorphism.

By a similar argument to that used in Section 3.4, for any almost Calabi-Yau algebra
A with non-trivial Nakayama automorphism, we have

0
(min deg, max deg) {
(0,h —3) HHy(A) = C HCy(A)=C
s = -
(1,h —2) HH,(A) = C X HC\(A) = X,
LK = _
(2,h —1) HHy(A) = X, X, HC,(A) = X,
B =~
(3,h) HH3(A) = X, @K} HC3(A) = Ki[h]
Bl ~ |
(h,2h — 3) HHy(A) = X3 ©K[h] HC,(A) =2 X3
B o~
(h+1,2h —2) HH5(A) = X3 @©X, HC5(A) = X,
B =]
(h+2,2h — 1) HHg(A) = X:[3h] ®X;[3h] HCg(A) = X[3h]
B =~
(h+ 3,2h) HH7(A) = X;[3h]®K;[2h] HC7(A) = K{[2h)]
Bl ~ |
(2h,3h — 3) HHg(A) = X;[3h]OK}[2h] HCOs(A) = X3[3h]
Bl ~ |
(2h +1,3h — 2) HHy(A) = X3[3h]oX{[3h)] HCy(A) = X{[3h]
B =]
(2h +2,3h — 1) HHyo(A) =~ C*[3h] ©X;[3h] HC1o(A) = C*[3h]
B =~
(2h + 3,3h) HH1(A) = C*[3h] ®K,[3h] HC,1(A) = K, [3h]
Bl ~ |
(3h,4h — 3) HH5(A) = C[3h] ®K:[3h] HC15(A) = C[3h]

where X; lives in degrees 2 to h — 2, X, lives in degrees 3 to h — 1, X3 lives in degrees
h+ 1 to 2h — 3, X4 lives in degrees h + 2 to 2h — 2, K; lives in degree 0, + = 1,2, and
HHy3,(A) & HH,;(A)[3h], HC12,4(A) = HC;(A)[3h] for i > 0. The graded vector
space K can be determined from the Euler characteristic xzg(4)() as it is the only
vector space which lives in degree h. The vector spaces X;, X3 can be determined by
computing HH,(A), HH,(A) respectively. Then X,, X,, K, can each be determined
from knowledge of C' = HHy(A), X;, X3 and the Euler characteristic.
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Figure 8: Graphs A™, n =5,6,7

3.5.1 The A graphs

Here we determine the Hochschild and cyclic homology for the graphs A™, n =4,5,6,7.
The graphs A™, n = 5,6,7, are illustrated in Figure 8. We have not yet been able to
determine the Hochschild and cyclic homology for the case of general n.

We first consider the graph A®, for which det(H(t)) = (1 —t°)/(1 — ¢3). Thus
Xmoa () = (7 +1°) /(1 —¢'?) and we see that H, (t) = 0, and since C' = 0 for all the A
graphs, Hy,(t) = 0. Since ker(u)) C (V ®5 A)® = 0 and ker(u}) = N = 0, we see that
HH(A) = 0= HH(A). Thus X; = X3 = K; = 0, and from XTIG(A) (t) we deduce that
X, has Hilbert series Hx,(t) = t* and X; = Ky = 0.

Theorem 3.8 The Hochschild and cyclic homology of A = A(AW W), where W is any

cell system on A® | is given by
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We now consider the graph A®), for which det(H4(t)) = (1 — t'°)/(1 — ). Thus
Xzo(ay(t) = (® +1° + 17+ 1) /(1 — t'°) and we see that H, (t) = 0, and since C' = 0 for
all the A graphs, H,(t) = 0. We now explicitly determine H H(A) and HH4(A).



We begin with the graded vector space Y = HH,(A) = ker(y})/Im(u), and consider
each graded piece Y separately, where the grading here is the total grading inherited
from the almost Calabi-Yau algebra A (not the homological grading). Due to the three-
colourability of A®, Y; = 0 for j = 1,2. Thus we only need to determine Y3. A basis for
(Vg A)j is given by the elements [2;411;]®[1;2:51], [11312]®[211111] and [215121] ®[2:2041],
forl = 0, 1, 2 mod 3. We have ,U,/Q([21+111] & [1l21+1]) == W1121+121+2([2l+121+2] ® [21+21121+1] +
[1l21+1] ® [21+12l+211]) = W2121+121+2 [2l+121+2] & [21+22l21+1]7 using the relations in A. Thus
we see that [2;112;40] ® [2/522,2/11] = 0in Y3, [ = 0,1,2 mod 3. Thus Y3 = 0 and we
obtain HH,(A) = 0. Since X; = 0, we deduce from X7rc(a)(t) that Xy has Hilbert series
HX2 (t) - t3.

We now consider Y’ = H H4(A), which lives in degrees 5 to 7. Now ker(u}) = N°[5],
since ), wiB(z)w; = 0 forall v € NE and N = 0. As with HH,(A), Y] = 0for j = 5,7,
due to the three-colourability of A®). We now determine Y{. A basis for (V @5 N){ is
given by [22141] ® [2141], [ = 0,1,2 mod 3, and a basis for N¥ is given by [2,2,,4], | =
0,1,2 mod 3. Now p4([2:241] ® [2041]) = [20412042] — [202041], thus [2621] = [2125] = [2529)
in Yg. Then HH,(A) = C[202,][5] = X3, and we deduce from x4 (t) that Xy = 0.

Theorem 3.9 The Hochschild and cyclic homology of A = A(A®), W), where W is any
cell system on A®) | is given by

HHy(A) = S, HCy(A) = S,
HHy(A) =0, HCy(A) =0,
HHsy(A) = X, HC,(A) = X,
HH;(A) = Xs, HC3(A) =0,
HH(A) = X, HC,(A) = X,
HH;5(A) = X3, HC5(A) =0,
HHg(A) = X;[15), HCs(A) = X3[15],
HH(A) = X;[15], HC7(A) =0,
HHq(A) = X;[15], HCs(A) = X;[15),
H Hy(A) = X3[15], HGCy(A) =0,
HHl()(A) — 0, HOlo(A) — 0,
HHH(A) - O, HOH(A) - 0,
Hng(A) - O, HOlg(A) - 0,
HHypii(A) = HH(A)[15), 0> 1, HCysi(A) 2 HC(A)15], 0> 1,

where the graded vector spaces Xo and X3 have Hilbert series Hx,(t) = t> and Hx,(t) = t°.

We now consider the graph A©® for which det(H(t)) = (1—1%)(1—t?)(1—t'%)/(1—#%).
Thus Xzg(a)(t) = (° +17 = 2t'%) /(1 —t'%) and we see that H, () = 0, and since C' = 0
for all the A graphs, H,(t) = 2. We now explicitly determine HH;(A) and HH4(A).

We begin with the graded vector space Y = HH(A). Due to the three-colourability of
A©® Y, =0 for j = 1,2,4, so we only need to determine Y3. A basis for (XN/ ®gA)S is given
by the elements [il—l—lil] & [ilil—i—l]a [(Z+ 1)221] & [21 (Z+ 1)2], [2140] & [40i1], and [4012] (24 [i240], for
1=0,1,2,i=1,2,3 mod 3. A basis for (V®A)j is given by [4gi,]| @ [i1isde], [i1i2] @ [izdeii]

and [ia40] ® [4oiis], for i = 1,2,3 mod 3. Under i, the basis elements of (V ®g A)3 yield
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the following expressions after using the relations in A, for ¢ = 1,2, 3 mod 3:

ti5([irio] @ [igi1]) = —Wagiyip[iada] @ [izdoin] = 5 ([doda] @ [i2do]),

o ([i21] @ [iri2]) = Wigiris[4ot1] @ [i1240] + Wagiyi,[iado] @ [dotaial,

pa([(7+ 1)2i1] @ [i1(i + 1)2]) = Wagiy (14132 [40i1] @ [12(7 + 1)240]

FWagir (141, [(0 + 1)240] @ [4o71 (i + 1)2],

o ([i140] @ [40i1]) = Wigiyip[izdo] @ [4otria] + Wiy i41),[(4 4 1)240] @ [4oi1 (i + 1)o]
FWigirin[1172] @ [i2do11],

15 ([doiz] @ [izdo]) = Wagiyiy [40t1] ® [i17240] + Wig(i—1)1i5 [40 (i — 1)1] ® [(2 — 1)1i240]
FWigirin[1172] @ [i2dot1].

Then from Im(u)); we obtain the following relations in Y3: [iyis] ® [iadei;] = 0 and
[4oi1] @ [iriado] = —[i2do] @ [4oiria] = (Wie3,3,/ Wigiria ) [4031] @ [311240].

We now consider Ker(u})s. Let x = 377 (A[igdo] @ [4oiria] + A [4oir] @ [iriado] +
A2[i1i9)@[ig4oi1]) be a general element in (V®A)S. Since ) (x) = S0 (N =D [4giriado) +
(A=A [i1d24001 ]+ (A2 = AN [iad0iri2]), then 2 € Ker () if and only if A) = A} = \? for each
i =1,2,3. Using the relations from Im(uj)s, a general element in Y3 is thus of the form
22 A7 ([i240] ® [4oiria] 4 [oia | ® [i1dado] +[iri2] ®[iadoin]) = D25 A (—(Wags,3,/ Wagii,) [4031] ®
[31 1240]+0+(W403132/W4oi1i2)[4031]®[31 1240]) = 0. Thus }/3 = (0 and we obtain HH1 (A) =
0. Since X; = 0, we deduce from X754 (t) that X is a graded vector space with Hilbert
series Hy, (t) = 3.

We now consider Y’ = HH ,(A), which lives in degrees 6 to 9. Now Ng = C[4,], but
1 (\[do]) = 2A[do11194g], thus A[4o] € ker(y}) if and only if A = 0. Thus ker(i}) = N7[6],
since Zj w;iB(z)w; = 0 for all x € Nf = C[4o111240). As with HH,(A), Y/ = 0 for
j = 17,8, due to the three-colourability of A©® and Y{ = 0 since ker(y)s = 0. We now
determine Yy. A basis for (V ®g N){ is given by [4gi1] @ [i1iade], [i1(i + 1)o] @ [(i +
1)240(1— ].)1] and [1240] X [40(2 — 1)1(1— 1)2], 1= 0, 1, 2 mod 3. Now ,LL/5([40]_1] X [111240]) =
—[40111240], thus Im(us) = N¥. Then Yy = 0 and we obtain HH4(A) = 0. Then since
X3 =0, we deduce from x4 (t) that Xy = 0.

Theorem 3.10 The Hochschild and cyclic homology of A = A(A©®) W), where W is any
cell system on A©) | is given by

HHy(A) = S, HCy(A) = S,
HHy(A) =0, HCy(A) =0,
HHy(A) ~ X, HCy(A) = X,
HH3(A) §X7 HO3(A) :0,
HH,(A) =0, HCy(A) =0,
HH;(A) =0, HC5(A) =0,
HHg(A) =0, HCg(A) =0,
HH7(A) =0, HC7(A) =0,
HHg(A) = X*[18], HCs(A) = X*[18),
HHy(A) = X*[18], HCy(A) =0,
HHyy(A) =0, HCh(A) =0,
HHH(A) = K[18], HCH(A) = K[18],
HHy(A) = K*[18), HCy(A) =0,
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where the graded vector spaces X and K have Hilbert series Hx(t) = t3 and Hy(t) = 2.

We now consider the graph A for which det(Ha(t)) = (1 —#2')3/(1 — #3). Thus
Xzo(ay(t) = (+04- -+ =2621) /(1 —*") and we see that H, (t) = 0, and since C' = 0
for all the A graphs, H,(t) = 2. We now explicitly determine HH(A) and HH4(A).

We begin with the graded vector space Y = HH,(A). Due to the three-colourability
of AT Y; =0for j =1,2,4,5, so we only need to determine Y3. A basis for (17 ®sA)5 is
given by the elements [1131_1]@)[31_1 11], [2111_1]@)[11_121], [215l—1]®[5l—12l]7 [3121_1]@)[21_131],
[31di-1) @ [41-131], [4120-1] @ [21-141], [4i51-1] @ [Bi—14i], [5131-1]) @ [31-154), [B1di—1] ®[41-15;] and
[5:5_1]®[5;_15;], for I = 0,1,2 mod 3. A basis for (V®A)3 is given by [2;3;,1]®[3;11514221],
[315051) @ [5111204231], [4050401] @ [Br120404]s [512041] @ [2141304251], [51di41] @ [4i4131425:] and
[5:5141] ® [Bry141425], for [ = 0,1,2 mod 3. Under p, the basis elements of (V ®g A)3
yield the following expressions after using the relations in A, for [ =0, 1,2 mod 3:

to([Li31] ® [Bi1ly]) = Wass[2413i1] @ [3i-15:201] = p5([2001 1] @ [1i2044]),
po([205121] @ [51-121]) = Wass[3i415i21] @ [51-12i3141] + Waas[4i4151-1] @ [51-1214444]
+Wass[214131-1] ® [31-1512144],
5(( |®] ) = Wass[51412i-1] ® [21-13i5041] + Wass[315141] ® [51412i-131],
po([31di-1]) @ [41-131]) = Wiasa[Br1di—1] @ [41-1315041] — Wass[3i5141] @ [Bi4121-134],
([ J® [ ) = —Wass[511121-1] ® [21-1315041] + Waas[4i5141] ® [Bi12i-144],
5(] J® | ). Wiss[514151-1] @ [51-1415141) — Woaas [4i5141] ® [511121-144]
~Wass[311151-1] @ [51-1213141],
po([5:31-1] @ [B1-151]) = Wasa[5idig1] ® [414131-151] + Wass[5:1241] © [211131-151]
+Wass[204131-1] @ [31-1512141],

po([51di-1] @ [41-151]) = —Wasa[Brr1di—1] @ [4i-1315041] + Wass[515141] @ [514141-151]
—Wass[512141] ® [2131-154],
o ([5:51-1] @ [51-151]) = —Waus[di15-1] ® [51-1204111] — Wisa[51di41] @ [414131-151]

—Wiss[514151-1] ® [B1—1415141] — Wass[515141] @ [Bi14i-154],

where Wik := Wigjiks = Wiyjake = Wigjok, for vertices 4;, ji, k; of A7, 1 =0,1,2. Then
from Im(uh)s we obtain the following relations in Yi:

[213l+1] X [31+15l+221] == 0, [ = 0, 1, 2 mod 3, [5051] X [514250] = —T9 — I3,
3051] ® [512230] = —(Waas/Wass)[4051] ® [512240] = —[5122] ® [223051]

= (W354/W235)[5142] ® [423051] = W354/W235)$1 - (W455/W235)$U2,
[3152] ® [522031] = —(Waas/Wass)[4152] ® [522041] = —[5220] ® [203152] = (W3s4/Wags) w1,
[3250] ® [502132] = —(Waas/Wass)[4250] @ [502142] = —[5021] ® [213250]

= (Wasa/Wags)[5041] ® [413250] = (Wisa/Wass) w1 + (Wass /Wass )3,

where Ty = [5240] X [403152], T9 = [5152] X [524051] and T3 = [5250] X [504152].

We now consider Ker(p})s. Let z = 212:0()\%[315”1] ® [5r41214231] + Ay[415,41] @
(500120 240) 4+ N3 [502051]) @ (2041 315250) + Ay [5idig] @ [441314250) 4+ A5 [515141] @ [5141414251)) be
a general element in (V @ A)5. Now 4 (x) = S0 (A5 203101511221 — N [315041201031] +
(AT = A5 (Wags /Waas) — Ay + Ny (Wags / Wasa) + (A5 = ML) (Wags / Wass)) [512041314251]) = 0
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if and only if A} = A, = 0, A, = At (AL — AL D) (Wasy /Woss), for 1 = 0,1,2 mod 3. Us-
ing the relations from Im(u})s, a general element in Yz is thus of the form 37 (Ay[4,5,11]®
(5141200 040]+ (A5 (N5 =A5) (Wisa/ Wiass)) 511111 © 4141311950+ A5 [5:5141]@ 51 11414251]) =
0. Thus Y3 = 0 and we obtain HH;(A) = 0. Since X; = 0, we deduce from X5 4)(t)
that X, is a graded vector space with Hilbert series Hy,(t) = 3 + .

We now consider Y’ = H H,(A), which lives in degrees 7 to 11. Now ker(y}) = N*[7],
since Y wif(x)w; = 0 for all z € N¥ and N§ = 0. As with HH,(A), Y] = 0 for
j = 7,8,10,11, due to the three-colourability of A™. We now determine Yy. A basis
for (V @s N)5 is given by [4,541] ® [51014], [5idit1] @ [4ip151] and [5,5141] @ [514151],
and a basis for N is given by [4;5,414142], [5151115112], for [ = 0,1,2 mod 3. Using the
relations in A we obtain /1/5([41514_1] & [5l+14l]) = —(W555/W455)[51+151+251] - [4l5l+14l+2]7
s ([51di1] @ [411151)) = (Wisss/Wass ) [5151115142) + [4i11514241] and p5([5:5141] @ [54151]) =
[D1+1514251) — [BiDi15142), for I = 0,1,2 mod 3. These yield the relations [4;5,114;42] =
—(Wiss/Wass)[51r5415040) in Yy, for all 1,1’ = 0,1,2 mod 3. Thus we obtain HH4(A) =
C[505152][7]. Then X3 = C[505,5,][7] and we deduce from X7z (4)(t) that X, = 0.

Theorem 3.11 The Hochschild and cyclic homology of A = A(AD W), where W is any
cell system on A is given by

HHy(A) = S, HCy(A) = S,
HHy(A) =0, HCy(A) =0,
HHy(A) = X,, HCY(A) = X,,
HHg(A) = XQ, HCg(A) - 0,
HH,(A) = X3, HCy(A) = X,
HH5(A) gX:g’ HC5(A) :0,
HHg(A) = X;[21), HCy(A) = X;[21),
HHs(A) = X3[21), HCs(A) = X;3[21],
HHlo(A) - O, Hclo(A) = 0,
HHy(A) = K[21], HCy(A) = K[21],
Hng(A) = K*[Zl], HOlg(A) - 0,
HHyppui(A) = HH(A)21), 0> 1, HChui(A) = HCJ(A)21], > 1,

where the graded vector spaces Xo, X3 and K have Hilbert series Hx, (t) = t3+1°%, Hx,(t) =
t? and Hg(t) = 2.

3.5.2 The graph £®

For the graph £® det(H4(t)) = (1 —1%)(1 —t'2)(1 —**)2/(1 —*)? = det(H 4 (t?)), where
A= AE®* W), Thus xgoa(t) = (265 + 6 + 269 + 261 4 8 4+ 2021 — 21%4) /(1 — 1)
and we see that Hg, (t) = 0. Since C' = C[2¢21222¢] which lives in degree > 0, we see that
Hy,(t) = 2. We now explicitly determine HH(A) and HH,(A).

We begin with the graded vector space Y = HH(A) = ker(})/Im(s}), and consider
each graded piece Y; separately. Due to the three-colourability of & ®), Y; =0 for j =
1,2,4,5. We will first determine V3. A basis for (V ®@g A)S is given by [2411,] @ [1,2044],
24121]) ® [212041], [31121] @ [203111], 4112 @ [20d041], [Li4131]) @ [311i41]s [204131) @ [312141],
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[3l+131] X [313l+1]> and [3l+14l] X [4l3l+1]> for [ = 1, 2,3 A basis for (V XRg A)g is given
by (212121 ® [21214121-1], [31-131] @ [31315131-1), [312121] @ [21204131-1], [202131] @ [31314121-1],
[31-12)) ® [2314131-1] and [2,13)] @ [3121412i-1), | = 1,2,3. Under ph, 21411 ® [1;244]
gives

o ([20011] ® [Li2141]) = 2] [3]([21+13l 1] ® [Bi-1112041] + [112041] ® [204131-114])
= —V[3][4]([214131-1] ® [31-1312141] + [214131-1] ® [31-1212141]),

using the relations in A. We get the same result from considering p5([1;3;-1] ® [3;-114]).
We also obtain (up to some scalar factor)

wo([31-12041] @ [214131-1]) = [312041] @ [204131-131]) + [31-131] @ [31204131-1]
F[212041] @ [204131-121] + [31-121] ® (202041311,

and the results for H/Q([31+14l] ®[4l31+1])7 MIQ([4121_1]®[21_141]) and /1/2([21_1314_1]@ [31+121_1])
are given by the above results by interchanging 1, <+ 4,, 2, <+ 3, for p = [, + 1,1 — 1.
Finally, we also have (again up to some scalar factor)

15([20-12041] @ [2011204]) = [312001] @ [201120031] + [20-131] @ 312041201
+/[3][20201) ® [204120-120) + V/[3][20-131] @ [31201121-1],

po([31-13111] @ [Bi13i1]) = [20301] @ [Bra3i-a2i] + [31-121] @ [20314131-4]
—/B1[313141] ® [31:131-131] — V/[3][31-121] @ [21314131-1).

Then from Im(u)s we obtain the following relations in Y3: [2021] ® [212920] = [2/-12)] ®
220412i1] = —[31-131] ® [31314131-1) = [31-121]) ® [2124131-1] = —[21-131] ® [3131312i-1] =
—[317121] (059 [2l3l+13171] = [217131] & [3121+12l,1], [ = 1,2,3, and thus Yz; = (C[20 ] &
[212:20] = C. R

We now determine Y. A basis for (V @5 A)g is given by [2:121] ® [2i315121-1212141]
[314131) @ [31214131-1313111], [204131] @ [31204131-1312041] and [31412)] ® [2311121-123144], | =
1,2,3. For [ = 1,2,3, we have (up to some scalar)

1o ([204120) ® [23141221212041)) = 2212 © [2314120-120314121-1]
+[2141201] ® [21-131204121-1312044],
P ([34131) @ [3121413121313111]) = [32131 @ [31214131-131214131-1]
+[3141311] @ [31-12314131-1 203144,
1o ([24131] @ [31214131-1312i41]) = [31-131) @ [3124131-1 312141311
—[2041211] ® [21-131214121-1312041],
1o ([Bi4121] @ [2314121-123141)) = [20-12] © [2314120-120314121-1]
—[B11311] ® 31123141311 23144],

which yield Im(i4)s = (V ®s A)S. Thus Vs = 0, and we obtain HH,(A) = C. Then
X1 = 0 and from x775(4)(t) we deduce that X is a graded vector space with Hilbert series
Hy, (t) = t3 + 5.

We now consider Y’ = H H,(A), which lives in degrees 8 to 13. Now ker(y}) = N8],
since Y wif(x)w; = 0 for all z € N¥ and N§ = 0. As with HH,(A), Y] = 0 for
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j =8,10,11, 13, due to the three-colourability of £®). We now determine Yy. A basis for
(V @s N is given by [2,2;11] @ [241] and [3;3151] ® [3141], { = 1,2,3, and a basis for N/}
is given by [2,2141] and [3;3141], 1 = 1,2,3. Now p5([2:2041] ® [2141]) = [2001211] — [202044]
and fi5([33141] @ [Bi41]) = [Bira3i-1] = [33i44], 1 = 1,2, 3, thus Yy = (C[202:] @ C[3034])[8].
We now determine Y/,. A basis for N is given by [2;3;:12/-12:2;11] and [3;211131-1313151],
[ =1,2,3. Since pf([1,2;11] ® [214131-1311141] = [214131-12121412;-1] up to some scalar, by
using the relations in A, and similarly uf([4;3;11] ® [314121-1214151] = [315120-131314131-1],
| =1,2,3 we see that Y/, = 0. Thus HH,(A) = (C[2021] ® C[3031])[8], and we obtain
X3 = (C[2021] ® C[3¢3,])[8] and we deduce from x775(4)(t) that Xy = 0.
To summarize:

Theorem 3.12 The Hochschild and cyclic homology of A = A(E® W), where W is any
cell system on E® | is given by

HHy(A) = S&C, HCy(A) = SaC,
HH,(A) = C, HCy(A) =0,
HHy(A) = X,, HCy(A) = X,
HH3(A) gXQ, HO3(A) :0,
HH,(A) = X, HCy(A) = X,
HH5(A) ng, HC5(A) :0,
HHg(A) = X;[24], HCs(A) = X;[24],
HHqy(A) = X;[24), HCK(A) = X;3[24),
HHp(A) = C*[24], HCo(A) = C[24],
HHy (A) = C*[24] & K[24], HCy(A) = K[24],
HHyp(A) = C[24] & K*[24], HCys(A) = C[24],
HHyoui(A) = HH(A)[24), 0> 1, HCoui(A) = HCJ(A)24], i > 1,

where the graded vector spaces C, Xy, X3 and K have Hilbert series Ho(t) = t°, Hy,(t) =
3419, Hx,(t) = 2t° and Hg(t) = 2 respectively.

4 The Hochschild cohomology of A(G, W)

4.1 The Hochschild cohomology complex

In this section we will construct a complex which determines the Hochschild cohomology
of the almost Calabi-Yau algebra A = A(G,W). Each four-term piece of this complex will
be identified up to a shift in degree with a four-term piece in the Hochschild homology
complex (11).

The Hochschild cohomology HH®*(A) of A may be defined as the derived functor
HH"(A) = Ext}.(A, A), that is, the homology of the complex

0 — Homye (Fy, A) — Homye (P, A) — Homye (P, A) — - -

where -+ — P, — P, — Py — A — 0 is any projective resolution of A.
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Following [15], we can make identifications Home(A ®g N, A) = (NS |k =
0,1,2, by identifying ¢ € Homye(A @5 N'®, A) with the image ¢p(1® 1) = 2 € (NEF)S,
We write ¢ = 70— : A®g N(F — A and have ¢(y ® 2) = v 0 (y ® 2) = yap¥(2), for
v e (NCR)S e A 2 e N®. We also make identifications Hom e (A®gV @ N *)| A) =
(V ©g NOR)S[=2], k = 0,1,2, by identifying ¢ € Homu(A @5 V @5 N*®)| A) which
maps 1 ® a ® 1 + x, with the element »  , a® z, € (17 ®s NS We write
¢ =2 g, b@TH0 —: ARsV @3N = A and have ¢(y ® a ® 2) = Y peg, D@ w0
(Yy®a® z) = yr,f¥(2), for i@z, € (Vs NS y e A 2 € N®_ Similarly, we
identify Hom e (A ®5 V ©g N® A) = (V @ NR)S[=2], k = 0,1,2, by identifying ¢
which maps 1®a®1 > y, with the element ) o a®y,. We write ¢ =), o b@y,0—:
A@sV @ NOH = A and have ¢(y @ a ® 2) = yya3*(2), for a @ y, € (V @5 NP)S,
yeA ze N®

Applying the functor Hom 4e(—, A) to the periodic resolution (10) we get the Hochschild
cohomology complex:

C o AS[=3h] 42 AS[—2h — 3] 4 (V @5 N)S[—2h — 3] 40 (V @ N’)S[—Qh g

NS[=2h] & (N@)S[=h — 3] &L (V @ NO)S[—h — 3] & (V g N@)S[-h — 2] £
(NEYS[—R] 42 AS[3] £ (V 05 A)S[-3] L2 (V@5 A)S[—2] L2 AS 0 (24)

Proposition 4.1 We have uf = £pl4_;.
Proof: (i) put = —p4: Let a € V and x € A%, Then

pir)(l®a®l)=zom(l®a®l) =1 ®1-1®a)=ax — za.

o (a
So pi(r) maps 1® a® 1+ [a, 7], giving pi(r) = ), g, @ ® [a, 7] = —p3(x). Similarly,
p3(r) maps 1 @a© 1 = ax —zf(a), giving p3(r) = >2,cq, a @ (az — xf(a)) = —pi, (2),
and we also have pg(z) = 37,5, @ ® (az — 2%(a)) = —pf(x).
(i) py = ph: Let @’ € V and for each a € V' let 2, be a homogeneous element in A such
that @ ® z, € (V ® A)S. Then

/@(ZEL’@%)(l@g’@l) = ZE@xaolm(l@g’@l)

acgy acGy
Y @0 ( > Wowhol@l+10be b/)> = ) Way(bay + xb).
a€g1 b,b' Gy bbb’ €G1

So M;(Zaegl a®w,) maps 10d®1 Zb,b’egl Warpy (bxy +xpb"), giving ,ug(zaegl aQr,) =
Y apeg Waby (a @ bry + a @ zpl) ? //2(2?691 a® ;ENa). Similarly, ﬂg(ZaeglN& ® x,) =
Za,b,b’egl Wabbl(a ® bxb' +a® xbﬁ(b )) - M10(2a6g1 a® [Ba) and MTO(Za€g1 a® .Ta) -
S asweg, Waw (a @ by +a @ 82 (1)) = 16(X e, @ © @a)-

(iii) i = —p): For each a € V' let y, be a homogeneous element in A such that a ® y, €
(V® A). Then

B aey)(1el) = > a®y.ou(1el)

acGy acGy
= Y 4@y o) (hebel-10bxb) = Y (by — yb).
a€Gy begy beg1
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SO M?’)(Zaegl a® ya) H}aps 1 ® = Zb€g1 [b’ yb]’ glVll’lg ﬂ§(2a69’1 a® ya) = Zaegl [a’ ya] =
_lull(ZaEQ1 a® ya)' Slmllaﬂy’ M;(Zaegl a® ya) = Zaegl (aya - yaﬁ(&)) = _ﬂé(ZaG% a®

Ya) and fi11 (X ,eg, @ @ Ya) = e, (a¥a — ¥aB%(@) = —15(X0cq, @ © Ya)-
(iv) wi = pho: Let x € A, Then

pi(r)(1®1l)=zoum(l®1l)=x0 ij ® wj = ija:w;,
J J
where {w;} is a homogeneous basis for A and {wj} is its corresponding dual basis. So
pi(z) maps 1 ® 1 > waw), giving pi(z) = 3  wjzw] = pi,(x). Similarly, pi(z) =
32 wirB(wy) = pg(w) and piy(w) = 37, wiwf?(w)) = pi(x). O
Thus we see that we can identify, up to a shift in degree, each four-term portion of
the cohomology complex (24) with a portion of the homology complex (11):

HH'(A) = HH; (A)[-3], i=1,2,
HH'(A) = HH;s ;(A)[-3h— 3], i=3,...,12,
HH"™(A) = HH'(A)[-3h], i=1,2,...,
and the self-duality of the homology complex (11) yields the relations
HH'(A) = HH"'(A), i=1,...,6,
HH'(A)* = HHY (A), i=7,...,11.

4.2 The Hochschild cohomology of A = A(G, W)

For HHY(A) = ker(u})/Im(ug) = ker(u}), we have HH(A) = HH3(A)'[—3] @ L, where
HH;3(A) = @?;?}HH;»,(A)J- and L = C{u;,(;)|v(j) = j}. Here HHs3(A); denotes the j™
graded part of HH3(A), where the grading here is the total grading inherited from the
almost Calabi-Yau algebra A (not the homological grading).

Then we have the following results for the Hochschild cohomology of A:

Theorem 4.2 The Hochschild cohomology of A = A(AYW, W), where W is any cell sys-
tem on AW is given by

HH (A) = X[-3], HH'(A) = X[-3),
HHS(A) = X*[-3)], HH"(A) =~ X*[-3)],
HHM2(A) = X[-15], HHI(A)=0, j=2,...,58,...,11,

and HH™(A) = HH'(A)[-12] for i > 1, where the graded vector space X has Hilbert
series Hy (t) = 3.

Theorem 4.3 The Hochschild cohomology of A = A(A®), W), where W is any cell sys-
tem on A®) | is given by

HH(A) = X,[-3], HH'(A) = X,[-3],

HH*(A) =0, HH3(A) =0,

HH*(A) =0, HH?(A) =0,

HHS(A) =~ X3[-3], HH(A) = X;[-3],

HH3(A) = X:[-3], HH(A) = X:[-3],

HH'"(A) = X;[-18], HH'"(A) = X;[-18],

HH™(A) = X,[-18], HHi(A) = HHI(A)[-15], i>1,



where the graded vector spaces Xo and X3 have Hilbert series Hx,(t) = t3 and Hx,(t) = t°
respectively.

Theorem 4.4 The Hochschild cohomology of A = A(A®) W), where W is any cell sys-
tem on A©) is given by

HH(A) ~ X[-3] & L, HHY(A) = X[-3),

HH*(A) =0, HH3A) = K*[-3],

HHY(A) = K[-3], HH?(A) =0,

HHS(A) = X*[-3)], HH(A) = X*[-3],

HHB3(A) =0, HH°(A) =0,

HHY(A) =0, HH'Y(A) =0,

HH™(A) ~ X[-21], HH"i(A) = HH(A)[-18], i>1,

where the graded vector spaces L, X and K have Hilbert series Hy(t) = t3, Hx(t) = t3
and Hy(t) = 2 respectively.

Theorem 4.5 The Hochschild cohomology of A = A(AT, W), where W is any cell sys-
tem on A is given by

HH (A) = X,[-3), HH'(A) = X,[-3),

HH?(A) =0, HHY(A) = K*[-3],

HHY(A) = K[-3], HH(A) =0,

HH°(A) = X3[-3], HH™(A) = X3[-3],

HH(A) = X5[-3], HH(A) = X5[-3],

HH'(A) = X;[~24], HHV(A) 2 Xy[~24],

HH™(A) = X,[—24], HH™(A) = HH(A)[-21], i>1,

where the graded vector spaces Xo, X3 and K have Hilbert series Hx, (t) = t3+1°%, Hx,(t) =
t9 and Hy(t) = 2 respectively.

Theorem 4.6 The Hochschild cohomology of A = A(D®® W), k > 1, where W is
equivalent to one of the cell systems given in [20], is given by

HH(A) =~ C*[6k — 3] @ L, HHY(A) = C*[6k — 3] & X*[6k — 3],
HH*(A) = C[-3] @ X[-3], HH3A) =~ C[-3] @ K*[-3],
HHY(A) = C*[-3] & K[-3], HHi(A) = HHI(A)[—6k], i>1,

where the graded vector spaces C, L, X, K have Hilbert series Ho(t) = 2322 33 10k =3,
Hy(t) = (3k(2k—1)+3)t%=2, Hy(t) = 343252 3639 +3 413 and Hie(t) = 6k (k—1)+2
respectively, where for k =1, Hx(t) = 0.

Theorem 4.7 The Hochschild cohomology of A = A(D®*3) W), k > 1, where W is
equivalent to one of the cell systems given in [20], is given by

HH°(A) = C*[6k] & L, HH'(A) = C*[6k] & X*[6k],
HH%(A) = C[-3] & X[-3], HH3(A) = C[-3] ® K*[-3],
HHY(A) = C*[-3] & K[-3], HHY(A) = HH(A)[~6k — 3], i>1,

where the graded vector spaces C, L, X, K have Hilbert series Ho(t) = Zji;l 3t 4 16k
Hp(t) = (3k(2k + 1) + 3)t%%, Hx(t) =3 + Z?Zl 3t3 + % and Hg(t) = 6k* respectively.
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Theorem 4.8 The Hochschild cohomology of A = A(AM™* W), n > 4, where W is any
cell system on A™* s given by

HHY(A) = C*n—3]a L, HHY(A) 2= C*[n — 3],
HH?*(A) = C[-3), HH?(A) = C[-3),
HHY(A) = C*[-3], HH™(A) = HH(A)[-n], i>1,

where the graded vector spaces C', L have Hilbert series Ho(t) = Z;:f (n—j—1)/2|t
and Hp(t) = |(n —1)/2]t" 3.

Theorem 4.9 The Hochschild cohomology of A = A(D)* W), k > 1, where W is
equivalent to one of the cell systems given in [20], is given by

HHO(A) = C*[6k — 3] & L, HHY(A) = C*[6k — 3],
HH?*(A) = C[-3], HH3(A) = C[-3] @ K*[-3],
HH*(A) = C*[-3] & K[-3], HHY(A) 2 HH'(A)[-6k], i>1,

where the graded vector spaces C, L, K have Hilbert series Ho(t) = ZL (@m=1) /3J(
137 /2))t%7, Hr(t) = (9k — 3)t5%73 and Hy(t) = 6k — 4 respectively.

Theorem 4.10 The Hochschild cohomology of A = A(D®*3* W), k > 1, where W is
equivalent to one of the cell systems given in [20], is given by

HH°(A) = C*[6k] @ L, HH'(A) = C*[6k],
HH?*(A) = C[-3], HH?3(A) = C[-3] ® K*[-3],
HH*(A) = C*[-3] @ K[-3], HHY(A) > HH(A)[-6k — 3], i>1,

where the graded vector spaces C, L, K have Hilbert series Ho(t) = ZL Em=2/3) (m,
| (35 +1)/2))t%, Hy(t) = (9k + 3)t* and Hy(t) = 6k respectively.

Theorem 4.11 The Hochschild cohomology of A = A(E®), W), where W is any cell

system on E®), is given by
HHO(A) = X,[-3], HH'(A) = X,[-3],
HH?(A) = C[-3)], HH3(A) = C[-3] & K*[-3],
HHY(A) = C*[-3] & K[-3], HH5(A) = C*[-3)],
HHS(A) = X3[-3], HHT(A) = X3]-3],
HHS(A) = X;]-3], HHO(A) = X;[-3],
HH"(A) 2 X,[-27], HHY(A) = X;[-27],
HH"(A) 2 X,[-27], HH'?(A) = HH(A)[-24], > 1,

where the graded vector spaces C, X5, X3 and K have Hilbert series Ho(t) = t°, Hy,(t) =
34+ 1%, Hx,(t) = 2t? and Hg(t) = 2 respectively.

Theorem 4.12 The Hochschild cohomology of A = A(E®* W), where W is any cell
system on E®* is given by

HH°(A) = C*[5 @ L, HH'(A) = C*[5)],
HH?(A) = C[-3], HH3(A) = C[-3] @ K*[-3],
HH*(A) =~ C*[-3] @ K[-3], HH*(A) >~ HHI(A)[-8], i>1,

where the graded vector spaces C, L, K have Hilbert series Ho(t) = 2t + 12 + 3 + ¢,
Hp(t) = 4t° and Hg(t) = 2 respectively.
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4.3 Concluding Remarks

Thus to the braided subfactor N C M for any pair (G, W) given by a cell system W on
an SU(3) ADE graph G, we can associate the almost Calabi-Yau algebra A(G, W) whose
Hochschild (co)homology and cyclic homology only depends on the original pair (G, W),
or equivalently, on the braided subfactor N C M.
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