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Abstract

We show that the absolutely continuous part of the spectral function of the one-dimensional
Dirac operator on a half-line with a constant mass term and a real, square-integrable
potential is strictly increasing throughout the essential spectrum (—oo, —1] U [1,00). The
proof is based on estimates for the transmission coeflicient for the full-line scattering
problem with a truncated potential and a subsequent limiting procedure for the spectral
function. Furthermore, we show that the absolutely continuous spectrum persists when an
angular momentum term is added, thus establishing the result for spherically symmetric
Dirac operators in higher dimensions, too. Finally, with regard to this problem, we show
that a sparse perturbation of a square integrable potential does not cause the absolutely

continuous spectrum to become larger in the one-dimensional case.

The final problem considered is regarding bound states, where we show that if the electric
potential obeys the asymptotic bound C' := limsup,,_,., |q(z)| < oo then the eigenvalues
outside of the spectral gap [—m, m] must obey > (A2 —1) < %2, where m is the constant

mass.
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Chapter

Introduction

Quantum mechanics is part of, and in some sense the precursor to, the body of scientific
principles that explains the behaviour of matter and its interactions with energy on the
scale of atoms and atomic particles. Classical physics, including general relativity, explains
matter and energy at the macroscopic level of the scale familiar to human experience,
including the behaviour of astronomical bodies. It remains the key to measurement
for much of modern science and technology; however, at the end of the 19th Century
observers discovered phenomena in both the large and the small worlds that classical
physics could not explain, for example the spectral distribution of thermal radiation from
a black body or the low-temperature specific heats of solids. Coming to terms with these

limitations led to the development of quantum mechanics, a major revolution in physics.

Spectral theory is an inclusive term for theories extending the eigenvector and eigenvalue
theory of a single square matrix to a much broader theory of the structure of operators
in a variety of mathematical spaces. The name spectral theory was introduced by David
Hilbert in his original formulation of Hilbert space theory. For many years, there has been
a strong connection between developments in spectral theory and the need to solve mathe-
matical problems arising in mathematical physics. Indeed one of the milestones of spectral
theory in the first half of the 20th century, the spectral representation theorem for general
self-adjoint operators in Hilbert Space (|65], [60]) was motivated by von Neumann’s and
others’ attempts to understand the mathematical structure of observables in quantum

mechanics. Hamiltonian operators describing the total energy within a quantum system,



an example of a quantum observable, are often represented by differential operators. This
thesis will be concerned with two such differential operators: the Schrodinger operator

and the Dirac operator.

The one-dimensional time independent Schrédinger equation describes the non-relativistic
motion of a particle in a conservative force field which can be represented by a potential
energy; non-relativistic motion concerns bodies moving at less than a significant proportion
of the speed of light. We will be considering the one-dimensional form of the equation

%)

—my Ha@)(@) = (@) (z€) (1.1)

where I C R, ¢ is a real valued potential function which is assumed to be locally integrable

(in the Lebesgue sense) and A\ € C is called the spectral parameter.

The one-dimensional Dirac equation is the relativistic counterpart of the one-dimensional
Schrodinger equation; it is the Hamiltonian of a one-dimensional relativistic particle of
(usually constant) mass m(z) moving in a conservative force field represented by potential

q. It takes the form

dw( )

(@) + m(z)osp(z) + q(@)P(x) = M(x),  (z€l) (1.2)

where I C R, k € R, m,q : I — R are given functions such that m,q € L%OC(I), A s

%al is known as the

the spectral parameter and o1, 09, 03 are Pauli matrices. The term
angular momentum term. Note that the Dirac operator is a first-order matrix valued

operator; the solutions of (1.2) consist of two components.

For fixed A in the upper half plane, we say that the differential equation (1.1) resp. (1.2)
is in the limit point case at a singular interval end-point if there exists only one linearly
independent solution which is square integrable at that interval end-point and in the limit
circle case if all solutions are square integrable at that interval end-point. This result is
known as Weyl’s alternative (cf. [69, Theorem 5.6]). For Sturm-Liouville expressions (of
which the Schrédinger equation is an example) this result goes back to Weyl ([70]). For
Dirac systems a first proof was given by Roos and Sangren ([47], [48], [49]) (we note

that the result follows almost immediately from abstract facts about deficiency indices
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of symmetric operators, c.f. [69] Theorems 5.6, 5.7 and 5.8). The limit point and limit

circle cases are the only possibilities; this classification is independent of .
Let S denote the set of all functions ¢ such that

(1) ¢ is differentiable and ¢’ is locally absolutely continuous *;

2) & (— i +a(@)) € € L3(0, 0);

(3)
sin @€ (0) + cos a&’(0) = 0. (1.3)

S = —% + g(z) can be defined as a self-adjoint operator in L?(0, 00) if functions in the
domain of S are also in S and if co is in the limit point case (|10, Chapter 9 Problem
13]); S is in the limit point case at oo if for some ¢ € (0,00) and k > 0, q(z) > —ka?

(z > ¢) (|69, Theorem 6.6]).

On the other hand, let 7 denote the set of all functions 1 such that

(1) m1,m2 are locally absolutely continuous;
(2) n, (—ioags + Loy + m(z)os + q()) n € L(0, 00)%;

(3)
sin any (0) 4 cos anz(0) = 0. (1.4)

and T be the set of functions satisfying (1) and (2). Then T = —ioy + ko) 4 m(z)os +

q(z) can be defined as self-adjoint operator in L?(0, 00)? if:

(i) in the case k = 0, functions in the domain of T" are also in 7 and oo is in the
limit point case; in fact co is always in the limit point case for both the operator
with £ = 0 and with k& # 0 (|69, Theorem 5.7|, [69, Theorem 6.8]);

(ii) in the case k # 0, functions in the domain of 7" are also in T and both 0 and
oo are in the limit point case (|69, Theorem 5.7]); 0 is in the limit point case if

k| > 3 and m,q € L*([0,00)) (c.f. [16]).

In applications the limit point case is the most frequent; it is also the most important

case for further development of the theory. If the singular end point at infinity is in

1A function g is described as being locally absolutely continuous, written g € ACioc(I), if it can be
written in the form .
g(z) = constant +/ h(t)dt (xel)
0
where h is locally integrable. The derivative of g is then almost everywhere equal to h.

3



the limit point case then no boundary condition is required there to define S or T as

self-adjoint operators; in the limit circle case a boundary condition is required.

Let A > 0 and consider complex-valued solutions of (1.1) and (1.2), whose coefficients
satisfy the conditions required for both operators to be self-adjoint and, for this immediate
discussion, we assume that £ = 0 in (1.2). Define two solutions of each equation, g, vy

such that for the Schrodinger equation

ua(0,A) = cosa Va(0,\) = —sina

ul (0,)) = sin« v),(0,\) = cos a
and for the Dirac equation

(ua)1(0,A) = cos (va)1(0,A) = —sin«

(ua)2(0,A) =sina (Va)2(0, ) = cos a.

As the singular end-point at infinity is in the limit point case we can, given any A with
SA > 0, find a non-trivial solution f(-,\) of (1.1) or (1.2) such that f is square integrable.
Further we know that f is unique up to a multiplicative constant. Thus f may be
expressed as a linear combination of the two solutions u,, v, for any a € [0, 7). Writing
f = Aquq + Bav, we can deduce that A, is non-zero. Indeed, if A, = 0 then f is a
constant multiple of v,, which satisfies the boundary condition at zero. Therefore f is
an eigenvector and A is an eigenvalue contradicting the fact that T or S respectively are
self-adjoint operators which implies that all eigenvalues are real (|45] Theorem VI.8).
Hence, without loss of generality, we may divide through by A, and assume that the

square integrable solution of either equation (1.1) or (1.2) is of the form
fa(x,A) = ua(z, A) + ma(AN)va(z, N). (1.5)

The coefficient my, is called the Weyl-Titchmarsh m-function; given o and A it is uniquely
determined by the condition that f be square integrable. The m-function is a Herglotz

function; this means that it is analytic in the upper half plane with positive imaginary part.



If o = 0 we will, for simplicity, ignore the o dependent notation, i.e. m, will simply be

written m. The mqy(A) functions for various « are related to m(\) through

ma(\) = m(z) cos a + sin «

"~ cosa — m(z)sina

(1.6)

(see [41]). In view of this algebraic connection between the various m-functions we shall
refer mainly to the properties of m(\); however most results may easily be extended to

the general a case.

Herglotz functions, such as the m-function, admit an integral representation, known as

the representation theorem for Herglotz functions (|1]); in the case of the m-function

m(\) = Rm(i) + (Slggo %ms(is)> At /R <t_1A _ t2t+1> du(t),  (L7)

where 1 is a measure defined on Borel subsets of the real line. Further fR fﬁ‘fl)

< oo. For
a given function m(\), (1.7) uniquely determines p. Define the function p(t) (up to an
additive constant) to be such that the p measure of a finite interval p(a, bl = p(b) — p(a);
then p is a monotonic non-decreasing and right continuous function. We shall call y the
spectral measure for the differential operator associated with m(\) and p will be called

the spectral function for this operator.

The m-function, mq () carries the complete spectral information of its related differential
operator S or T, and the spectral measure p,, is itself determined once the m-function is

known.

The spectral measure can be decomposed into its absolutely continuous (iac), singular
continuous (fsc) and pure point (j,,) parts (see also [45, Theorem 1.14, Lebesgue

Decomposition Theorem])
B = Hac + tsc + Mpp-

To each of pgc, flse, ta We may define a corresponding spectral function pac, psc, Ppp-
Investigating the support of each part of the spectral function’s decomposition is the
means by which we gain knowledge about the location of each part of the spectrum of

the corresponding operator.



Consider again the one-dimensional Schrédinger operator S = —% +q. It is well
known that any self-adjoint realisation of S on [0, 00) has essential spectrum [0, c0) if ¢ is
integrable at 0 and ¢(z) — 0 (z — 00). It was expected that for such decaying potentials
the spectrum will be a discrete subset of R for A < 0 and continuous for A > 0; this was

an expectation born out of the study of the hydrogen atom.

Much early work considered conditions on the potential to ensure purely absolutely
continuous spectrum for A > 0. Under certain conditions, e.g. if ¢ € L'([0,00)) the
spectrum can be shown to be purely absolutely continuous for A > 0 [69, Thm 15.3|.
The same result holds for potentials which may be singular at the origin, assuming for
example that fol x|q—(x)|dx < oo (g— is the negative part of ¢). In this case we replace

the integrability condition with ¢ € L!(a, o) for some a > 0 [69, Thm 15.3].

Such results and examples by no means exhaust the kinds of spectral behaviours that
one may encounter; in fact they barely scratch the surface. Even for potentials satisfying
bounds of the form z|g(x)| < const the point spectrum need not be confined to the negative

half-line. As an example (see [43]) take A = 1 in (1.1) and set f(z,\) = %

—% as x — oo and yet f is an eigenfunction

It can easily be verified that g(z) ~
for S with Dirichlet boundary condition having eigenvalue A = 1. More strikingly, in
a situation only slightly more general than the L' case, the essential spectrum can be
far from purely absolutely continuous; indeed Naboko [38] and Simon [58] constructed
potentials such that z|q(z)] — oo (¥ — oo) arbitrarily slowly and S has dense point

spectrum in [0,00). In these examples dense point spectrum is overlaid with absolutely

continuous spectrum.

This can be seen from subsequent work focused on providing sufficient conditions on
the potential to ensure the existence of (not necessarily purely) absolutely continuous
spectrum. Important progress was made in a key paper of Kiselev ([31]). Using techniques
from Fourier analysis, Kiselev considered the class of locally integrable potentials subject
to a power bound |g(z)| < const - z~(3/4%9) for § > 0. Note that this class of potentials is
defined by a pointwise bound; no assumptions on the smoothness or differentiability of ¢
are implied. This was significant as at the time many results about the absolute continuity
of the spectrum on the positive semi-axis for certain classes of decaying potentials, such
as potentials of bounded variation [69, Thm 15.3] or specific oscillating potentials (see,

e.g., [71, 37, 4, 26] for further references) were known but no general relations between
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the rate of decay and spectral properties, apart from the absolutely integrable class, were
known. Under this quite weak assumption, Kiselev was able to show that the entire
positive half-line belongs to the absolutely continuous spectrum. Moreover he was able to
define explicitly a subset of [0, 00) on which the singular part of the measure for A > 0, if

it is non zero, is concentrated.

Further results of a similar nature subsequently started to appear; for example, Kiselev,
Christ and Remling (|9], |8], [46]) showed that for potentials obeying |¢(z)| < C(1 +
\x|)_%_a for large = (¢ > 0), the absolutely continuous spectral measure of S is essentially
supported on [0, 00); note that the examples by Naboko [38] and Simon [58] above satisfy
this condition. We also note that this decay condition is in a sense optimal; indeed there
exist examples of potentials satisfying the bound |g(x)| < const - 2~ /2 for which the

spectrum is purely singular ([32]).

Incidentally, further examples of exotic behaviour in the singular spectrum have involved
the study of sparse potentials, that is potentials which are zero for 'most’ values of x,
but which may tend to infinity, be bounded below by some positive constant or perhaps
decay very slowly to zero, on some sequence of intervals which become more and more
separated at large distances from the origin. Such potentials may give rise to singular

continuous spectrum (see [39]; also very explicit examples are given in [59] and [32]).

In their celebrated paper [11], Deift and Killip discovered that an integral-type condition
on the potential is more natural than a pointwise bound, proving that the absolutely
continuous spectrum of the Schrédinger operator is essentially supported on [0, c0)
whenever ¢ € L?([0,00)). This result is optimal in terms of L? decay, as there exist
potentials belonging to LP, for all p > 2, such that S has no absolutely continuous

spectrum [32].

More recently, Killip and Simon have given an equivalent characterisation of the spectral
measures of Schrodinger operators with square-integrable potentials which includes the

Deift-Killip result [30].

Consider again the Dirac operator. The standard Dirac operator is the fundamental
Hamiltonian in the relativistic quantum mechanics of a massive particle of spin 1/2. In

its original form, the particle mass is a positive constant, but more recently a variable



mass, or scalar potential, has been used in relativistic models of quark confinement (c.f.

references in |73|, Thaller [61] p. 305).

What about the case m = 07 This could, for example, describe the motion of a neutrino; a
neutrino is an electrically neutral, weakly interacting elementary subatomic particle with
half-integer spin. However, as a neutrino does not carry any electrical charge, the addition
of an electric potential would not be of physical interest. In the 1980s, Frohlich, Lieb,
Loss and Yau (|21, 35]) showed that the zero eigenspace of a massless Dirac operator
with magnetic potential plays a critical role in the question of stability of matter. More
recently, massless Dirac operators with a plain electric-type potential, especially in two
space dimensions, has aroused interest as a physically relevant object in its own right;
it has been shown to give an effective description of electron movement in single-atom
carbon layers (graphene) [3]. This has been a motivation for studying the massless Dirac

operator in less than three dimensions, for example see |56].

Many results pertaining to the Dirac operator with non-constant mass term can be
derived from the work on Krein systems (c.f. [33]); indeed Krein systems can be related
to the so called canonical one-dimensional Dirac operator (|13])
0 1 d —=b(r) —a(r
o a ) —at)
10 )dx —a(r) b(r)
Through this relation, many properties of Krein systems carry over to Dirac operators of

this form.

Using harmonic analysis techniques, Martin [36] was able to prove, under the assumption
a,b € L*(0,00), that the whole real line was a support for the absolutely continuous
part of the spectral measure, a result analogous to that in [11]. A weaker result was
again later proved by Denisov ([12]) using wave operator techniques (c.f. [29]), requiring
a € L?(0,00) and b = 0. However, the full result with a,b € L?(0, 00) was settled much

earlier by Krein in [33] (see [13] for more details).

We note that any Dirac operator can be reduced to the canonical form by a suitable
change of variables (c.f. [34] p. 48-50). Indeed, this even includes Dirac operators of the
form T with constant mass; in this case, however, the conditions required in [36], [12] or

[33] (i.e. a,b € L?(0,00)) are never satisfied.



The subject of this thesis will be the standard one-dimensional Dirac operator, i.e. the

Dirac operator with positive constant mass, which without loss of generality we set to 1
.d k
T=—t09— + —01+03+ q(:c)
de x

It is known that the spectrum of such an operator is never purely discrete (see [54]
Proposition 5.1). Indeed, every real interval of length greater than 2 intersects the essential
spectrum of T', which is therefore unbounded above and below; that the spectrum of
the Dirac operator is unbounded below is a striking difference between the Dirac and
Schrodinger operators. As an example, if one only assumes that ¢(z) — 0 (x — o0), the
essential spectrum of T is (—oo, —1]U[1,00). We note, however, that as in the case of the
Schrodinger operator this essential spectrum need not be purely absolutely continuous.
There are examples of potentials such that x|q(z)| — oo (x — 00) arbitrarily slowly and
the operator has a dense set of eigenvalues in the whole or part of its essential spectrum

I54].

One of the most familiar Dirac systems is the Coulomb potential problem (|67] [64]);
this is the case where k € Z\ 0 and ¢ = %, a € R in T It was noted by Plesset [42] and

later Titchmarsh [64] that the spectrum of T for this choice of ¢ continuously covers the

whole real axis save for the interval (—1,1) where it is discrete.

In [64], Titchmarsh actually considered the more general system where either ¢(x) or
q(x) — £, for some constant a, is absolutely integrable towards zero and where ¢(x) is
either "large" or "small" near infinity; further ¢ € C'*(0, 00) such that ¢’ € ACo(0, 00)
was required. When ¢ is small at infinity it was found that the spectrum is discrete in
(—=1,1) and continuous elsewhere. If ¢ is large at infinity then the continuous spectrum
covers the whole real line. We note that the case for ¢ polynomial had already been
observed by Plesset [42]. Erdélyi [17] obtain the same result in the small potential case by
considering ¢ as the sum of short range and long range components, ¢(x) = ¢1(z) + g2(z),
q1(z) = 0 (x — o) and ¢}, q2 € L' (w9, 00). In the large potential case Erdélyi was able

to weaken the requirements in [64] to essential ¢ € ACj,. and

o0 !
[
o 4

and still obtain the same result. It is implicit in both [17] and [64] that the continuous

spectrum is absolutely continuous, indeed continuously differentiable (cf. remarks of

9



Evans and Harris [18]). In [55]|, Schmidt was able to extend Erdélyi’s result to prove
that if ¢(x) is infinite at infinity and 1/q is of bounded variation then the whole real line
is purely absolutely continuous; this extends Erdélyi’s result because the local regularity

of ¢ is reduced from absolute continuity to bounded variation.

The aim of this thesis is to consider the absolutely continuous spectrum of the standard
Dirac operator where the electric potential is small at infinity; indeed we study the Dirac
operator where the electric potential satisfies some integrability condition. It can be
proven that if ¢ is absolutely integrable then the standard Dirac operator has purely
absolutely continuous spectrum in the bands (—oo, —1] U [1,00) [69, Thm 16.7]. It is our
aim to progress from this to consider potentials which are square integrable, producing
an analogous result to [11]. We will then progress on to considering the standard Dirac
operator in three dimensions with a spherically symmetric potential by considering the
one-dimensional Dirac operator with an angular momentum term. We will also study the

effect of a sparse perturbation on the absolutely continuous spectrum.
This thesis is organised as follows:

Chapter 2 is motivated by the paper [11] of Deift and Killip. We show that the absolutely
continuous part of the spectral function of the one-dimensional Dirac operator on a
half-line with constant mass 1 and a real, square-integrable potential is strictly increasing
throughout the essential spectrum (—oo, —1] U [1,00). This fact is proved using estimates
for the transmission coefficient for the full-line scattering problem with a truncated

potential. Indeed the majority of this proof is centred around the inequality

/ AV Tlogla(hidr < 5 [ o).
(—o0,~1]U[1,00) 2 Jr

where a is the inverse of the transmission coefficient, A is the spectral variable and ¢, the
potential, is square integrable with compact support. A subsequent limiting procedure
for the spectral function then completes the proof of the main result of this section. We
also provide a proof of the main result for the Schrédinger case, giving details absent

from the paper of Deift and Killip.

10



Chapter 3 draws on some well known results of spectral theory to consider the one-
dimensional Dirac operator with constant mass 1, a real, bounded, square-integrable
potential and an angular momentum term. Using the famous theory of Kato-Rosenblum
concerning trace class perturbations and wave operators ([29] Chapter 10, [28], [50], [20])
together with the Gilbert-Pearson theory of subordinacy (|22], [24]) we show that the
absolutely continuous spectrum of this operator is unitarily equivalent to the absolutely
continuous spectrum of the operator considered in Chapter 3. En route to this result we
also prove that the absolutely continuous part of the spectral function of a one-dimensional
Dirac operator on the full line with constant mass and a real, square-integrable potential

is strictly increasing throughout the essential spectrum (—oo, —1] U [1, c0).

Chapter 4 extends the theory pertaining to valued distribution theory developed by
Pearson et al. (see |5, 6, 7, 41, 40]) to incorporate the Dirac operator; these results
are then used to show that the support of the absolutely continuous part of the spectral
measure of the one-dimensional Dirac operator on a half-line with constant mass 1 and
a real, L2-sparse potential is contained within R\ (—1,1). An L2-sparse potential can
be written as the sum of a square-integrable potential and a sparse perturbation; this
chapter is thus complementary to the results contained in Chapter 2. Indeed, an L2-sparse
potential can be seen either as a square integrable perturbation of a sparse potential or
as a sparse perturbation of a square integrable potential and from either viewpoint the
results of this chapter show that the absolutely continuous spectrum does not encroach
into the spectral gap (—1,1). Further, the strength of this result is the lack of hypothesis
required to control the sparse part of the potential.

Although the logical steps employed in this chapter are similar to those in |5, 6, 7|,
significant adaptations had to be made to develop the theory to cover the Dirac operator,
not least the need to incorporate the fact that the solutions have two components. We

also expand on some of the details and steps for which the papers |5, 6, 7| are sketchy.

Chapter 5 is the first and only chapter within this thesis to consider bound states of
the one-dimensional Dirac operator with constant mass 1. We take the result of Kiselev,
Last and Simon ([32]) as motivation to prove that if the electric potential g obeys

the asymptotic C' := limsup,_,. z|q(z)| < oo then, for eigenvalues outside of the gap

11



[—1,1], >,(A2 = 1) < %2 The main tool used to prove this result is a modified Priifer

transformation which was found in [54].
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Chapter

Halt Line Schrodinger and Dirac
Operators with Square Integrable

Potentials

1 Introduction

Consider the one-dimensional Schrodinger operator
2
S=—-——5+q. (2.1)
where ¢ € L} (R). We assume that this operator is in the limit point case at £oo (|69]
Theorem 6.3) so that it has a unique self-adjoint realisation S in L2(R). In this chapter we
will be interested in the self adjoint operator S on the half line [0, c0) with the boundary
condition

u(0) cosa + u/(0) sina = 0, (2.2)

for fixed @ € R. The spectral analysis of S and S is based upon the study of the

corresponding Schrodinger eigenvalue equation
Su(z,\) = —u"(z,\) + q(x)u(z, \) = Mu(z.\) (2.3)

with spectral parameter A € C.

13



In the present chapter we also consider the relativistic counterpart of S, the Dirac operator
.d
T=—ioy + o3 + q(x), (2.4)

1

ioc(R). It is the Hamiltonian of a one-dimensional

where 09, 03 are Pauli matrices and ¢ € L
relativistic particle of mass 1 moving in a force field of potential q. As this formal
differential expression is always in the limit point case at +o0, it has a unique self-adjoint

realisation T in L2 (R)2. We are mainly interested in the self-adjoint operator 71" realising

7 on the half-line [0, 00) with the boundary condition
u1(0) cosa + u2(0) sina = 0, (2.5)

for fixed @ € R. The spectral analysis of T and T is based upon the study of the

corresponding Dirac eigenvalue equation

Tu(z, \) = —ioot/ (z, \) + ogu(z, \) + q(x)u(z, \) = Iu(x, \), reC. (2.6)

At a superficial glance, one could be inclined to think that the question about the existence
of absolutely continuous spectrum of 7' under the assumption of square-integrability of
q was settled long ago by the work on Krein systems, which are closely related to the
Dirac operator (cf. [33, eq. (15)]). Indeed, Denisov’s extensive reworking of Krein’s ideas
includes the result that the wave operators for the half-line operator

d
—2'02% —|—a(x) o1 —i—b(.ﬁlﬁ) o3 (27)

with a,b € L?([0,00)) relative to that with @ = b = 0 exist [12], [13, Thm 13.3]. Thus
(2.7) with square-integrable coefficients will have absolutely continuous spectrum covering
the whole real axis; this had been shown directly by Martin [36] using the method
of [11]. Now 7 in (2.4) can be brought into the form of (2.7) by a pointwise unitary

transformation; indeed, if Q" = ¢, then

. . ) d .
ezazQ re 102Q _ —igy — + e?zogQ o3,

which is (2.7) with a = —sin2Q, b = cos2Q. But then |a|? 4 |b|? = 1, so the hypothesis
that both a and b are square-integrable on [0, c0) is never fulfilled. In fact, it would seem

that a Dirac operator (2.7) with square-integrable a,b will arise very rarely, if ever, in
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physical situations.

The main result of the present chapter is the following analogue of Deift and Killip’s

result:

THEOREM 2.1. If ¢ € L?([0,00)), then the absolutely continuous part of the spectral

Junction of T is strictly increasing in (—oo, —1] U [1,00).

Alongside this we will also present a detailed proof of Deift and Killip’s result both for

interest and comparison. To this end we will also prove

THEOREM 2.2. If ¢ € L?([0,00)), then the absolutely continuous part of the spectral

function of S is strictly increasing in [0,00).

Without loss of generality, we are able to restrict our attention to the case o = 0 in
both our boundary conditions, as the m functions for different « are related by a Mobius
transformation (1.6) (for further details see, for example, [40] Equation (4)). From this
we can deduce that the absolutely continuous parts of the spectral function for two

different values of o have the same essential supports.

REMARK 2.1. Results about the stability of the absolutely continuous spectrum under
finite rank and trace class perturbations (e.g. changes in boundary condition) are well

known (c.f. [27] and [23] Section 3).

This chapter is organised as follows. In Section 2 we prove that the spectral measure
for the operators ¢ and 7 with potential ¢ is the limit of the spectral measures for the
operators ¢, and 7, with truncated potentials, which we equate to ¢ on [0,n] and to
zero on [n,00). This allows us to focus on the case of compactly supported potentials.
Section 3 considers the transmission coefficient and gives a proof for the central inequality

expressed in the following theorem for the Dirac case

THEOREM 2.3. Let q be a real valued square integrable function on [0,00) with compact
(essential) support. Then

/( o )|)\|\/)\2 —1log |a(\)|dA < ;/q2(x)dx. (2.8)

R
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Theorem 4 presents an analogous analysis to that of Section 3 for the Schrodinger case
and proves the following inequality (where k is the non-relativistic momentum variable

defined in Section 4)

THEOREM 2.4. Let q be a real valued square integrable function on [0,00) with compact

(essential) support. Then
/kQIOg]a(kz)]dkg 7T/qz(:z:)dx (2.9)
R 8 Jr

The function a(\) is the inverse transmission coefficient; see Section 3/4 below for details.
The underlying identities for inequalities (2.8) and (2.9) can be found in [19, Page 78|.
A proof of both under additional smoothness assumptions on ¢ is given in [72]. Finally,
in Section 5 we use these inequalities together with the observations in Section 2 to prove

Theorems 2.1 and 2.2.

2 Compactly Supported Potentials and Convergence of

Spectral Measures

For the proof of Theorems 2.1 and 2.2, we shall first prove the result for compactly
supported potentials and then treat ¢ € L?(0,00) as a limit of truncated potentials as
the cut-off point moves to infinity. The spectral measures of the half-line operators with
truncated potentials then converge vaguely to the spectral measure of T" or S respectively,

as our first lemma shows.

Let m, p be the Weyl-Titchmarsh m-function and the spectral function of T', respectively.
For n € N, let ¢, = X[0,,)¢ and let T}, be the self-adjoint Dirac operator associated with
the differential expression

. d
—'LO'Q% + 03+ qn (2.10)

on [0,00) with boundary condition (2.5). We denote its Weyl-Titchmarsh and spectral

functions by m,, and p,, respectively.

From the following Lemma we obtain the required result about the convergence of the
spectral measures. The argument used in the proof of this Lemma follows the argument

from the book of Coddington and Levinson for the derivation of the standard inversion
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formula from Weyl theory [10, Chapter 9 Theorem 3.1|; however, rather than considering
a singular self-adjoint problem on a finite interval and considering the limit as an interval
end-point moves towards the singular limit we consider a problem with a truncated

potential and send the truncation point towards the singular end-point.

LEMMA 2.1. limy, 00 pn = p at all points of continuity of p.

PROOF. Let z € C\ R, and let v : [0,00) — C? be the solution of the initial-value

—sina
cos

problem 7v = zv, v(0) = ( ) Note that the differential equations with potentials ¢
and ¢, are identical on the interval [0,n]. Thus, from Weyl theory (see [10] Chapter 9
Section 2), it is known that the limit points m,(z) and m(z) lie inside a complex circle

of radius
1

Hence |my(z) —m(z)| < 2r,(z) — 0 (n — 00), as the Dirac equation is in the limit-point
case at 0o and hence v ¢ L?(0,00). This convergence is locally uniform; indeed, 7,
depends continuously on z. Thus by Dini’s Theorem ([52] Theorem 7.13), which states
that a monotone sequence of continuous functions with continuous limit function is locally

uniformly convergent, the locally uniform convergence of m,, to m follows.

We deduce from the Herglotz representation of m, (see [40] Equations 5,5") and the

boundedness of (my(i))nen that

= <
e Smy(i) < C

with a constant C independent of n. Thus, Vz € R,

x z 9
’pn(x)’ = ‘/0 dpn /0 71 n AQdPn@f)

Hence, by Helly’s First Theorem, (pn)nen has a subsequence, (py,)jen, which converges

< (2?2 +1) <C(z® +1).

pointwise to a non-decreasing function p. From this we can deduce, by Helly’s Second

Theorem, that VA > 0,

in other words




If x> 1 and A € R such that [A\| > p then we have

p(l+X%) = g+ pX® < i + AP < 202

‘/)\>u

Thus, for all A;, A2 € C\ R

Hence

2
2 () <
/I/\>u p(L+22) ) w

%mnj(/\l) %mnj ()\2)

S 32

- /]R <|A —1A1I2 D —1>\2|2> dpn; (A)

~ oo ) om0 [, (B g 2
= foe, (R~ i) om0+ 55

o (o~ e ) 9o +

1
— — dp(N),
/R<|A—A1|2 |A—A2|2> P

where the first step follows from the Herglotz representation for m,,, the j limit is

calculated using Helly’s Second Theorem and in the final step we sent 4 — co. K is a
constant arising in the estimate of the integrand for the integral over |A| > p on the third

line by % Sending 7 — oo on the left hand side

S RV

%m()\l) %m()\Q) . 1 1 -
-/ (M—w - \A—A2\2> 4pA).

and hence

x d~
JT(W—/ p2+k, weC\R, keR.
R A=y
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Conversely, let ;1 < ps be two points where p is continuous, € > 0. Then

H2 H2
/M \sm(u—i—zadu—e/ /\A—y—za]Qdy+€k(u2_Ml>

-/ / S dudp(N) ek — )

dp(A) + ek(p2 — )

+
42

1
— arctan H

- A) d5(N) + ek(pz — pu).

= / <arctan
R

lim (arctan NZ%)\ — arctan ME_ )\> = WX(MM)()‘)

e—0

Now

uniformly outside any neighbourhood of {1, u2}. As p is continuous at pq, ue we can
choose the neighbourhood of {1, ua} sufficiently small so that its contribution to the
integral becomes as small as we please. Thus
H2 2
lim Sm(v +ie)dv = 7r/ dp(N\), p(0) =0, p right continuous.
e—0
[ (1
As the m-function, m, and the spectral function, p, are linked by the Stieltjes Inversion
formula (|10, Chapter 9 Theorem 3.1 (iv)|), we obtain that
H2 2
w[Cap) =x [, Vi e R\ S,
I I

1 1
where S is the set of points of discontinuity of p, p, which has measure zero. Thus p = p
a.e.. As all subsequences of (py, )nen have the same limit p = p, it follows that p, — p = p

(n — o0). 0

Lemma 2.1 also holds for the Schrédinger case, with only minor cosmetic changes to the

proof.

3 Dirac Case: The Transmission Coefficient

Throughout this section, we will assume that ¢ is a square-integrable function with

compact support in [0, 00). We shall use the function

wA)=¥V2X+1V/A-1 (A€Q),
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where / is the complex square root with branch cut along the negative real axis and
arg ¥/z € (-3, 5] (2 € C), while ,/ is the standard complex square root with branch cut
along the positive real axis and argy/z € [0, 7). The function w is the relativistic substitute
for the momentum variable k = v/ used in scattering analysis of the Schrodinger operator.
Clearly w is analytic in C\ {(—o0, —1]U[1, 00)} and satisfies w(\)? = A2—1 on C. Moreover,

Sw(A) > 0 whenever I\ > 0, and for real A we have

VA2 -1, A€ (—o0,—1]
wA) =9ivVI—X2, Xe(-1,1) (2.11)
A2—1, Xell,0).
By continuity, there is an open neighbourhood € of (—1, 1), encroaching into the lower

half plane, in which Sw > 0. w also satisfies several other useful properties which will be

used extensively:

LEMMA 2.2. Let g € L'([a,b]), —o00 < a < b < co. Then the function w(\) defined above

satisfies

(iii) e s J = +0 (ﬁ) (A = o0) uniformly in z,y € [a,b|;
+0 (%)) A — 00) uniformly in x,y € [a,b].

PROOF. (i) is a simple calculation. For (ii), the case z € R follows by inspection.

Let z € Ct. Then

w(7) = Y+ IV —1= {/-G=D/-GFD)
= (V=1 ¥==1) (V=1-V=+1)

For (iii) we estimate

. % AT
e ey i Pl _ (1
w(w+A) Jz -1 < —O )\

‘ —;’w(wm j! ) )
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uniformly in z,y € [a,b]. Hence (iv) follows, as

6#;)‘) f(fq _ efi(lJr%)f:q — e_%f:qe_mf;q = 6_2if;q <1 + O <’)\1|2>>

(A= o0, x,y € [a,b])

Now consider the Dirac equation (2.6) on the whole real line, extending ¢ by 0 to the

negative half-line. For A € C\ {—1, 1}, the functions

W ' w 4
u(z, A) = S iz, N) = | M e (x el
1 1

(where we write briefly w for w(A)) form a fundamental system of this equation on
all intervals I where ¢ vanishes. If A\ € R\ [-1,1], then w(A) € R\ {0}, and hence
a(, A) = u(-, N).

In particular, there is a solution y(-, A) for such A with the property y(x, \) = u(x, \) for
all z to the right of the support of q. For = to the left of the support of ¢ this solution

can be expressed as

y(xz, A) = a(Nu(x, A) + b(N)a(x, \) (2.12)

with suitable constants a()\) and b()\). Since e¥™? represent right- and left-traveling

waves, the solution y can be interpreted as describing a scattering process of a wave

of amplitude a approaching from the left and split into a transmitted wave travelling

to the right of amplitude 1 and a reflected wave traveling to the left of amplitude b.
b

Correspondingly, t = % and r = 7 are called the transmission and reflection coefficients,

respectively.

For A € R\ [-1,1], y(-, A) is another solution of (2.6). Evaluating the constant Wronskian

of y(-,A) and y(-,\) both to the right and to the left of the support of ¢, we find that
la(\)|> =1+ [b(N\) 2 (2.13)

Thus a()\) # 0, and [t|> = 1 — |r|?, expressing the conservation of the probability current
in the quantum mechanical scattering process.
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For points x to the left of the support of ¢, we obtain from (2.12) that

y1(z, Ntz (z, \)—y2(z, N (z, A) = a(X)(ur(z, N)az(z, A)—u2(z, AN ai(x, ) = 21M_(§\) a(N),
i N =2 A)iia(z, A A)iiy (2, A 2.14
a( )—m(lh(% Juz(z, A) = y2(z, )i (2, A)) (2.14)

with arbitrary < 0. From this formula it is apparent that a is well defined for
A € C\{~1,1}, continuous for A € (CTUN)\{—1, 1} and analytic in C*UQ. Furthermore,

it is immediate from (2.12) that

Al a(A) = lim e ®Ty(x, \) (AeCtuUQ).

1 z——00
The zeros of a in CT U  are exactly the eigenvalues of the full-line Dirac operator T
and hence are all real. Indeed, for such A, y(-, \) is square integrable at oo, and a(-, A)
is square integrable at —oco whilst u(-, \) is not. Thus y(-,\) € L?(R)? if and only if
a(A\) = 0. Further, (2.13) implies that a(A) has no zeros for A € R\ [—1, 1]. Moreover,

we have the following information about the zeros of a.

LEMMA 2.3. The number of zeros of a in CT UQ is finite. On (—1,1), a is real-valued

and all its zeros are simple.

PROOF. For the first statement, see |25, Cor. 3.2, bearing in mind that ¢ has compact

support. If A € (=1, 1), then w(\) =iv1 — A2, so

V1=)2
y($,)\) — A—1 6—\/1—)\2:E c RQ
1

for x to the right of the support of gq. As all coefficients of the Dirac equation (2.6) are

real, y(-, A) is real-valued throughout, in particular

1-)\2 1-)\2

aN [ ]+ A = 40,0 € R?,
1

which implies that a(\),b(A) € R. The last statement can be proved as [63, Lemma
2.12]. O
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DEFINITION 2.1 (Fourier Transform). Suppose f : R — C is an integrable function. The

Fourier transform of f is the function f : R — C given by

f@%iéeﬁmﬂmm (€ €R),

The inverse Fourier transform of f, denoted by f is the function
o= [ e (cen).
R

In the proof of Theorem 2.3, we shall on several occasions use the following observation
about the function sin(2R|z|)/|x|, which is not absolutely integrable and has an R-
independent envelope, but nevertheless turns out to generate an asymptotically diagonal
integral kernel in a weak sense as R — oo. The square integral of ¢ on the right-hand

side of the inequality (2.8) arises in this way.

@) -y e R\ {0}
LEMMA 2.4. For x € R the function f : x — is everywhere
1, z=0

continuous and [, f(x)dx = m. Furthermore, for compactly supported q € L?(R),

] 51n2R|x—y|) —_ 2
g [ [ S gy Gy = [ o

PROOF. It is clear that f is continuous for x € R\ {0}. For the case x = 0 we

consider the inequality

cos(z) < sin(z) < 1

(z € R\ {0})

x ~ cos(x)

sin(x)

Since cos(z) — 1 as  — 0 we can infer that is continuous at z = 0.

For the integral, we first note that f is an even function, so it is enough to consider the

integral on the half line. Let o be an arbitrary real constant and define the function g by

g(a) = /000 e v Sin(w)dw.

Differentiating with respect to o gives us

dg d Ooefawsin(w)

da  da /g w

dw.
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Now

d oo o0
/ e wSin(w) / w0 w)dw = —/ e~ ““sin(w)dw
da J (904 w 0

Recalling that €™ = cos(w) + isin(w) we have that

_%/me—aweiwdw:% 1 _%—OZ—Z': —1 '
0 —a+i a?+1  a?2+1
Thus
dg -1 = dg /°° 1
49 _ — YWia=| ——d
da  o?2+1 /0 da " 0 a?+1 @
giving us
lim g(p) — ¢(0) = — lim arctan(p) + arctan(0).
pP—00 pP—00
Now,
0 .
lim g(p) = lim e v Sm(w)dw =0
p—00 p—oo Jy w
and
: T
- plggo arctan(p) = -5
Thus
*° sin(w) T
0) = dw ="
9(0) /0 L W=7

and fR Smx dx = 7 follows.

Finally set gg := q(5%-) and f(t) = 22 (£ € R\ {0}). Then

//S‘”R =D o) do o) dy = g [ [ ES (5 de at dn

=or . Q<2£))(n) A(T2)dn = 0= (f * ansar) = 5= (F* s i)

= g i) = 5 [ FOl()Par

Now

i) = 2 (22,

m s

and therefore continuing from above

7 [ ilgpar =2 [ oy <2RA> par= [ 7 ( )|@<<>|2d<
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As f = X[-1 1),

(2R|x —
i [ [ S e ) dy - hm/ (O = 12 = llal

R—o00

=|’:U

We now proceed to prove Theorem 2.3. Consider A € CT U €; then Sw > 0, where we
write w briefly for w(\). Let y be as in (2.12), and define associated functions a(x, \),
b(z,\) (x e R,A € C\ {—1,1}) by setting

y(xz, A) = a(z, Nu(x, \) + b(x, N a(z, )

for all x € R. By comparison with (2.12), a(z, ) = a(A) and b(z, A) = b(A) to the left of
the support of ¢, while a(z,\) =1 and b(z, A) = 0 to the right of the support of g. We

shall now derive an integral equation for the function a.

The function w(z, ) := e~* ) a(B)dt—iwNay (1 \) satisfies the differential equation
w' = (o1 + io9\ — iw)w +iq(l — o2)w

Indeed,

/

w' = [(ig—iw)y+y e e T = (ig—iw)w+ios(A—q—03)w = (01 +ioaA—iw)w-+ig(1—o2)w

Treating the potential term as a perturbation, we note that the equation in which the

term involving ¢ is dropped has the fundamental system

=,

_w() iw(N) szw()\)x

o(z,A) = e (u(z, \), Uz, \)) = 1ere , (x e R,A e C\{-1,1}).
1 G—sz()\);t

Writing w = ¢ A, we find that A(z, \) = e*ifzooq(a(x A))) In particular, A(z,\) = (§) for

x to the right of the support of ¢, and A" = ¢/(1 — o9)igpA. This yields the integral

equation
A = (o) = o [ a0 ACN
with
B z(w o )\) — 2wt
(I)(t) N 2wt (w+)\)



Iterating this equation twice, we obtain the following identity for the top entry of A,

et gz, A)

= Al(.%', )\)

:1+A1)/ qdt + — // {21“’(3t)—m_1w)2}dsdt
TR

{ je2iw(s— t) ie%w(r—s) i€2iw(7‘—t)

] a(r,\)

(w-i—)\) W+ wHA w—A
) ;521w ) ;o — 21wt
+ [ieZZ“J(St’") - (;17)2 +ie2ws _ (Zew] b(r, A)}dr dsdt (2.15)
w w —

Now, from the differential equation for A, we see that

, _ (@) Au(m, \) ig(r)e 2N Ay (2, \)
Aj(x,\) = CwW) (@) + ) o0
Ay, \) = Cig(x)e? N A (@, ) ig(x)Ag(z, )

w(X) IRZONIZIEVEDY
and so, solving each as a first order differential equation,

00 s efin()\)t

% (o] i t
Ay(z, A) = estoeor s q—/ a e TG 2 9 4y (¢, N dt

= w®A)
As(z,\) = /Oo Weuww J2 4, (¢, Nt (2.16)
Hence eliminating A,
Ai(z,A) = emmrn J
/ / 2i(s—t) oo e ommm 194 (5, N)ds dt.  (2.17)

We now assume that |A|, and hence |w/, is large enough so that |e«®@X)+X) J: q‘ < 2 and

o | ]

this can be achieved in view of Lemma 2.2 (iii) and (iv), respectively. Hence, noting that

7 t
e @M (@M)TN) J.q

g(s emffq) dsdt < 1.

2

|a| = |Ai|, we obtain from (2.17) that

la(-, N |loo < 2+ Ha(,2>\)|oo

26



which implies that ||a(-, \)||c < 4, for such values of A\. Thus, substituting (2.16) and
(2.17) into (2.15)

Lif=q R A 1/°° /Oo diw(s—t) _ L
e a(z, \) 1+w()\+w)/x qahf—i—w2 ) q(t)q(s) q e Dty dsdt

1 00 o0 OO iein(s—t) ,l'e2iw(r—s) ieQz’w(r—t)
- [ e

i o 1 R e ) i i u
X {ew(“”“) = + 2 / / Q(T)Q(p)ehw(u_p)ew(wﬂ) I apzm= I 1A (u, )\)dudp} drdsdt

;o 2iwr e 21w
_ / / / je2iw(s—t—r) _ te 1 je2iws _ te !
A+ w)? (w—N)?

2@wp
x {/ quzdew 50794, (p, )\)dp} dr ds dt

)
=1 R dt i szs t)d dt
i <A+ )/ e / / ;
+>\ w(p— L [P
—“’T / / / / a(0)a(s)a(r)a(p) === 1Ay (p, Ndp dr ds i
T t s T

+0 <|A1|4> (IA| = o0).

i
W+A3  w+A w+A w—A

We now take the limit x — —oo. Furthermore, using equation (2.17) we can substitute
for Aj(x, \) in the above equation. The 6-fold integral which arises can be moved directly
into the asymptotic term. Using Lemma 2.2 (iii) to handle the first term from (2.17) we

obtain:

e_iffoooqa()\): lim e e 9a(z, )

T—r—00

? 22w(s t)
=1 ds dt
t T ()\+ /C] + / / S
w+/\ / / / 2“"(7" dr ds dt
—% / / / / 1(Da(8)a(P)a(p)P =TT I 94p dr ds di
—oo Jit s r

+0 (,;’4) (A = o). (2.18)

Consider the anticlockwise contour in the complex upper half-plane yp parametrised

by A0) = VR2e?? +1 (0 € [0,7]), with R > 1. This contour is chosen so that
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w(A(B)) = Re®; it follows that dA = i*° 46 = ¥ dw. Then

)\U.)()\) IOg eiffoooqa()\) d)\:/ /q + = / / Zzws t) ds dt
/YR [ } {)\ +w
/ / / €2 =) dr ds dt
(w—A
- M/ / / / a(1)q(s)q(r)q(p)e?=® =D I 1 ap ar ds dt
- —oo Jt s r

+0 <|A2> }dA (1A = o0). (2.19)

We now consider each integral term on the right-hand side in turn. The first one evaluates

/th,
R

to

[m (A?W/qut) dA:z’(/qut) LRA(A—m)dA:

which is purely imaginary.

2iR? B 2ivVR? +1
3

To treat the second term, we apply the symmetrisation rule which states that

F e LYR?), F(z,y)=F(y,z) ((z,y)€eR?) — /Z /;OF(Q:,y) dy dx = ;/R? F.

(2.20)
Indeed notice that we are only integrating over the upper left triangle of the smallest
square of side length [inf supp(q), sup supp(g)]. Call this triangle 77 and the integral over
the triangle ZT;. Then, defining %e%‘*’(z_y) = f(z —vy),

:Ha:/m/mf( Wa(v)a dﬁy—/mwau—y| y)a(2)dzdy
//fly—z dzdy—/oo " Hy — Da()a(=)d=dy = TT

where T5 is the lower right triangle. Thus
1 1
ITy = (T + T1) = S(Z(T U Ty)) = / / £(lz = yha(w)a(z)dydz.

We also make a change of variables in the contour integral, using w to denote the
transformed variable by a slight abuse of notation.
The transformed contour is 7% := w(yr), in fact a simple semicircle. Since
A - .
/ L Bl gy = / 2=t duy = —sin(2R|x — y|)/ |z — y),
TR w(A) TR
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/ / / )e? = ds dt d\ = / // YyeXls=tgs dt dx — — /q2
vr ¥ YR 2w 2 R

(R — o0) by (2.20) and Lemma 2.4. For the third integral in (2.19) notice that

Adx  dw (WA A)dA A -wHt 2w)dw L 1 L
W (w—A)  ww-—2A) w N w B wA+w) ’
Hence

/ 2N / / / )21 dr ds dt dX
’YRw w—=A
:/ i<—2 +A >/ / / )e2< =) dr ds dt dw
w w
R

:_22/ / / sin Zf_rt_t q(t)q()()drdsdt+o<;> (R — o0)

noting that the length of the contour 4% is O(R). This is purely imaginary up to the

error term. For the final integral term in (2.19), we have

/ (w A)2 / / / / Q(p>€2iw(p7t)€“+‘*)ffqdpdrdsdtd)\
/ A [4w? +4(X — ww—i—()\ w)?]
TR
X / / / / a(Da(s)a(r)a(p)e* P e=e= I Y dr ds dt dx
—oo Jit s r
:4/ / / / / a()q(s)a(r)a(p)e*™ e 2 ) qdpdrdsdtdw+0<11%>
vg J—oo Jit s r

(R — o) where we used Lemma 2.2 (iv) in the last step. By an integration by parts,

/ " ()R [l agy — i 4, / 2 T ag2ieo-t) g,
r 2 .
Indeed,

/ q(p)€2iw(p—t)e—2i Jr dp

e

_ % { lim [e—zi N quiw(p—t)]p:Oé 9w /00 o2 Ir q62iw(pt)dp:|
p=r r

a—00

. . 0o
_ % lim {6—22 I qe2zw(a—t)} . %emw('r—t) + w/ o2 I q621w(p—t)dp.
r
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AsSw >0and o —t > 0,
‘622' e q62iw(o¢—t)‘ _ ’e—QQw(a—t)’ =0 (Od N OO)

Thus

4/ / / / / q(t)q(s)q(r)q(p)ein(p_t)e_Qifrpqdpd?“ds dt dw
Vg J —oo Jit s T
= —2i/ / / / a®)q(s)q(r)e? =t dr ds dt dw

v J—ooJr s

—i—/ 4w/ / / q(t)q(s)q(r) {/ e~2 07 a2t gy | dr ds dt dw. (2.21)
g —oo Jt s r

This leaves us with two integrals to consider. Performing the contour integral first, we
see that the first term is purely imaginary. The remaining integral can be resolved by
repeated integrations by parts, starting from the innermost integral. Observe that for

any z € R and x > v and by integrating by parts

/ q(x)e*% [ q |:/ o2 1> quiw(yv)dy:| dx

— 1'6_27; fzoo q /Oo 62i fy"o qe2iw(y—v)dy + L 627:&)(2_1}). (222)
2 - 4w

Thus, by an integration by parts, the last term in (2.21) equals

/ / / a(t)q(s)e?* ) ds dt dw
vg J—oo Ji

" / 20 / / q(t)q(s)e—%ff"q[ / &2 07 020 g | ds gt dw. (2.23)
05 —o0 Jt

S
Again we have two integrals to consider. Referring back to the treatment of the second
integral (page 29), after symmetrisation the first term in (2.23) tends to -3 [, ¢ as

R — oo by Lemma 2.4. We can again apply (2.22) to the second integral in (2.23), then
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integrate by parts in the innermost integral, giving

/ 2 / a(t) / g(s)e "0 [ / e%ffqe?iw(p—t)dp} ds dt dw
TR —00 t s
= _/ u)/q(t)e_%ft‘x’q [/ e2ifp°°q62iw(p—t) dp] dtdw—|—2/ q/ do
% R ¢ 2/ . "
- _/ / at) e f;”q/ g(p) e® " 1200 dp dt dw
Vg J —o0 t

_ [ [ i [tq SM2R(p — 1))
- / ) / a(t) q(p) € S apan.

Taking the real part, symmetrising and applying Lemma 2.5 twice, we find that

R ( / 2w /_ Z q(t) /t b q(s)e 2) [ / T fp""qe%w(p—t)dp] ds dt dw)
= /_Z /too q(t)q(p) cos (2/;61) Wcﬂpdt
= ;/O; /Z q(t)q(p) <cos (Q/I)Ooq) cos (z/too q) + sin (2/poo q) sin (2/too q)) de(
— ;r/_z ¢ (t) |:COS2 (2 /too q) + sin? (2/t h

o0

q)] dt = ;T/_OO 2 (t)dt

as R — oo. This cancels out the first term of (2.23). In summary, (2.19) comes down to

lim R [ Aw()) log [e_iffoooqa()\)} dr=-" /R ¢*(z)dz. (2.24)

R—o00 YR

Let 0 < € < 1 and consider the closed contour ff =I'r. UI': Uygre where
YRe =TrN{A:e <O}, Te=[-1+ie,1+ig], Tre=[2x_,—1+ic|U[l+ic, ]

Here sy are the points where the contour yp intersects the line A = e. In ad-
dition, we consider the two-component contour 75 . = 7r \ 7re- Recalling that

Aw(N) log [eiif—)ooo qa()\)} = O(1) (J\| = o0) from (2.18), we see that

%[YG Aw(A) log [eii J2 qa()\)} d\ = O(e) (e = 0).

R,e
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On the other hand, we find using Cauchy’s Integral Theorem that

R [ () log [e*i ffioqa(x)} d\

TR,e

= %(/F Aw(A) loga(N) dA +/ Aw(A) log a(N) dX + log [e—iffooo q] /

Aw(N) d>\>.
FR,EUFE

(2.25)
By Lemma 2.2 (ii), it is clear that Rw(—p + ie) = —Rw(p + i) and Sw(—p + ic) =
Sw(p + ie). Hence the imaginary part of the integrand of the last integral in (2.25) is

odd, and the logarithmic factor is purely imaginary. Thus the real part of the last term

in (2.25) vanishes.

The first integral in (2.25) can be rewritten as
Aw(A) loga(N)dA\ = Aw(A) log |a(N)]| dX+ i Aw(A) arg a(A) dA.
Tr. Tre Ir.e
Now it is clear that

lim & Aw(A) arga(A) dA =0,

e—0 FR,E
as arg a(\) is real and bounded and 3(Aw(A)) — 0 uniformly. Thus we need only consider
lim Aw(A) log |a(N)] dX = lim (t+ie) w(t+ie) log |a(t + ic)| dt.
e20Jrp. e20 ) (—VRTHT,~1]u[1,VRZ+1)
In view of (2.14),
li 1 =
Jim Aw(A) logla(A)] =0

for real \; also a is continuous and has no zeros in R\ [—1,1]. Thus (¢t + ie) w(t +
i€) log|a(t + ie)| is bounded uniformly in € on (—vR?+1,—1]U[1,vVR? + 1), and by

dominated convergence

lim R Aw(A) loga(N) dX = / Aw(A) log |a(N)|dX.  (2.26)
20 Jrge (—VRZHL, 1)UL, VREHT)

Finally we consider the second integral in (2.25),

/ Aw(A) loga(N) dA

g

1

1
:/ (t + i) w(t + ic) log|a(t+is)|dt~l—i/ (1 +i8) w(t + ie) arga(t + ic) di.
—1 —1

(2.27)
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For the first of these integrals, we note that a has a finite number of distinct zeros in
the interval (—1, 1), which we label 1, ..., S in increasing order. The (real) logarithm
function is integrable at zero and so, by dominated convergence and (2.11), this integral
tends to the purely imaginary limit

/1 Fuo(t) log a(t)] dt = /1 ity/T— 2 log |a(t)| dt
—1 1

as € — 0. Concerning the second integral in (2.27), we note that, by Lemma 2.3, a()\) is
real for A € (—1,1). Therefore, between any two zeros of a on (—1,1), the argument of a

is constant. Thus we need only consider the argument of a at a zero 3;. We write

a(A) = (A = B) b(N),

where b is analytic and non-zero in some neighbourhood €2 of 3;. The respective arguments
satisfy
arg a(A\) = arg(A — B;) +argb(\)

and arg b(\) is continuous at 3;. Therefore, if we consider a()) on the intersection of
{A 1 SA = e} with B z(8;), the ball of radius Ve and centre f3;, the argument of b is
almost constant and thus the change in the argument of a between the left and right ends
of this interval is ~ —2arccos 1/, which tends to — in the limit € — 0. The limiting
values of the argument of a thus have the form

M
arga(\) = arga(—1+0) — 7 Z X(Brm,1)(A) Ae(=L,D)\{Bili=1...M}).

m=1
Thus, bearing in mind (2.11),

1
ilim [ (A4 ie)w(A +ie) arga(A + ie) dA

e—0 -1

1 M 1
:—arga(—l—l—O)/l)\\/l—)\zd)\—i—WZ/ A1 — A2dA
- m=1 m

- _g -2k, (2.28)
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Hence, by (2.24), (2.25), (2.26), (2.28) and (2.11),

E 2 _ . lf q
5 /Rq él_r}r;oil_rg(l)ﬂ%[m’s Aw(A) log {e R a()\)} d\
= / MV A2 — 1log |a(N\)] dX + gZu — B2)5. (2.29)
(—00,—1]U[1,00) m

This completes the proof of Theorem 2.3.

4 Schrodinger Case: The Transmission Coefficient

The following is a more detailed exposition of the paper of Deift and Killip [11], which
has served as a basis for the Dirac treatment in Section 3 (which is, however, more
complicated). It is included here for the purposes of comparison and also because the
paper for Deift-Killip is cursory on some of the details. We also take a slightly different
approach here in that we consider truncated approximations to the potential rather than

continuous approximations.

Throughout this section we shall again assume that ¢ is square integrable and supported
on a compact subset of [0,00). For each such ¢ it is well known that for every k € C,

there exists a solution to
—"(x) + q(z)¢(x) = K*¢(z), VreR (2.30)

such that ¢(x) = e** for all = to the right of the support of ¢. Moreover, for each z,
¥(x) and ¢'(z) are analytic functions of k (this follows from 1) being a solution of the
above equation with an analytic boundary condition).

To the left of the support of ¢, 1 must satisfy the free Schrodinger equation (i.e. (2.30)

with ¢ identically zero) and so take the form

Y(x) = a(k)e™® + b(k)e ™+, (2.31)

As 1 depends analytically on k, so do a and b. Since e

represents waves propagating
to the right/left in the time dependent picture, it is natural to term t = é and r = g the
transmission and reflection coeflicients respectively. We are now in a position to prove

Theorem 2.4.
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PROOF. We begin by rewriting equation (2.30) as an integral equation. Let u,w be

two linearly independent solutions of the homogeneous equation

" + k%) = 0. (2.32)
The inhomogeneous equation (2.30) can be written as a system of equations as follows:

/

P 0 1 () 0
= +
g —k* 0 Y’ qy
P u w ..
We let S := = QP for & = and some unknown P; this is known
w/ u/ w/
as the variation of constants method. Then S’ = ®' P + ®P’, allowing us to deduce that
0
OP = . Since u,w are linearly independent solutions, we know that det ® is
qy

non zero; hence ® is invertible. Thus, as u, w are continuous ¢ is integrable with compact

support and 1 is continuous,
1 <[ —w
P(z) = / qpdt+C, (z>0).
xr

Therefore

1

u(z)w'(z) -

e [ (el — e gt d.
(2.33)

We have assumed that u,w are any linearly independent solutions of (2.32); thus u(x) =

e and w(x) = e~ is sufficient. This gives from (2.33)

; (9]
w(x) _ Clezkx + Cgeilkx + 217]{: <ezkxfzkt _ ezktfzkx> Q(t)w(t) dt.
x
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Multiplying by e~*? and defining v(z) = e~*%1)(x) we obtain

) i 00 )
v(x) = 1 + coe” 2T 4 o7 /x (1 - e%’f(t*@) q(t)v(t) dt.

ikx

Since we have chosen our solution to the right of the support of ¢ such that i(z) = "%,

v(z) =1 to the right of the support of ¢ and so we have that ¢; = 1 and ¢ = 0. Thus

v(z) =1+ ﬁ h (1 - e%’f(t—ff)) q(t)o(t) dt, (2.34)

is an integral form of the equation (2.30).

To proceed we first note that

o) =1+ g5 [ 1= lauiy)dy
= <1 + i /:o q(y)v(y)dy> ek <—2Zk /:O egikyg(y)v(y)dy),
Eq Eo

where we notice that for x to the left of the support of ¢, 1 and F, are constant. This

—2ikx

gives us by comparison with (2.31), noting that 1 and e are linearly independent,

oo

@) =1+ 5 [ ey

We solve this by repeated substitution for v(-) from (2.34).

2k
8k3 / /y / 27,k(z y)][l _ eQik(w—z)]q(y)q(z)q<w)dydzdw

62ik(z—y)][1 - eQik(w—z)][l - e2ik(u—w)]
s )L
X

q(y)q(2)q(w)q(u)v(u)dudydzdw. (2.35)

oek) =1+ 50 [ ady - [T [T1- I atededy
Y

We consider in more detail the four-fold integral in (2.35). Define

16/ / / / 2R — 2iw=2)[] _ G2ik(u—w)]

x q(y)a(z)a(w)q(u)v(u)dudydzdw.
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Then

/supp /supp /supp /supp Wlla(2)llg(w)llg(u)lv(w)|dudydzdw.

Choosing k large enough so that ﬁ fsupp(q) q(z)dx < %, (2.34) gives

1

<1

(m)dﬂfllvlloo,

supp

giving ||v]|oo < 2. Thus |f(k)| < M for some M > 0. Thus,

f()

<W_>0 k — oo

and so we can write I; = O(k—*). Returning to the integral equation for a we have

a(z, k) =1+ o ). q(y)dy — 4kg/ / [1— e**EVg(y)g(2)dydz

-3 / / / o2ik(z— y)][l — 62““(”’_2)]Q(y)q(Z)q(w)dydzdw

It is now our aim to show, for vz an anticlockwise contour parametrised by k(6) = Re'.

6 € [0, ], that
lim / k%oga(k)dk:—”/q?(az) dz
R—o0 YR 8 R
We know that for |u| < 1, log(14+u) = > .02, %u” Define w = a — 1. Then

considering k initially large enough so that |a(z, k) — 1] < 1

2 3

loga(xz, k) =u— % + % +O(k™%
_ i o o o 2zk (z—y)
s5n | 1Wdy — 5 / / la(y)q(z)dyd=

8k3 / / 21k (z2— y)][l — 622’k(w72)}q(y)q(z)q(w)dydzdw
z Yy

+ 8]12 </;O aly )dy) 8%3 (/ dy)/ / G y)} q(y)q(z)dz=dy

— 2423 </:o q(y)dy>3 +O(k™).

If we consider the two-fold integral in more detail it is possible for us to perform a

symmetrisation procedure in the same way as we did for the Dirac case on page 28,

with the function f instead defined by 1 — e?*(>=¥) = f(z —y). Incorporating this
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symmetrisation into our expression for loga(z, z) and introducing our chosen contour

integral and limit,

lim [ E*loga(k)dk

R=00 Joyp
= Jim [ (5 [atwas e g [ [ emeyoyanay
/ / / ML — 2 g(y)g(2)g(w)dydzdw
+7 z)de / / = Vg (y)q(2)dyd=

/:oq( )dx) + Ok 2)}dk.
ik
L2

/ z)dx + = / / Ziklz=yl g (2)q(y)dady
- é{ [ e e ey dyazan

_ /:O g(z)dz /:o /yoo[1 = #MEVNg(y)q(2)dydz + % </:o (J(ﬂf)dx>3 }

+ O(k‘Q)}dk.

We will now consider each term in turn; note first that the asymptotic term vanishes in

the limit and further that

ik k
lim/ Z/ ¢(z)dzdk = lim [—/ de}/ q(z)dz = 0
R—o00 YR 2 R R—o0 R 2 R

Recognising the term

‘ 1 i sin(2R|z — y|)
lim / //eszlac qu dxd dk——— lim [/ ——q(x)dx| q(y)dy.
Al s ) (x)q(y)dxdy Rl A ) ey (x)dx | q(y)dy

we see that we can apply Lemma 2.4 from page 23 to obtain

1 .
lim / //emk'my'q(m)q(y)da:dydk:—W/q2($)d$.
R—o0 ”YR8 RJR 8 Jr
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We now have only to consider

lim / / / 2zk: (z—y) _ 2ik:(w—z) +e%k(w_y)]q(y)q(z)q(w)dydzdw
R—o0 ’YR
1/ [~ 3
—/ q(x )dﬂs/ / - 2Zk(z_y)]Q(y)Q(z)dde+3</ q(ﬂf)d$> Hdk‘
T T Y T
(2.36)
Consider the integral f dk As —a <ell:k) = ie'* we can write
eiak 1 . a isk
— +Z/O e"*ds

and so

ik 1 a o )
/ € dk:/ dk:—H'/ / e""kdsdk:m—i—i/ / ¢F dlds
YR k YR k Yr Y0 0 Jvr
« R o
— i / / e Fdkds = mi — 2 / sin(sh)
0 J-R 0 S

is an even function of s, and so

iak a o
/ €k =mi—i / sin(sk) ;o
i K —a

aR _;
=1 |:7T — / Sm(y)dy] — 0, pointwise as R — 0o, a > 0
—aR Y

in(sR)
Now smss

Consider « equal in turn to each of 2|z — y|, 2|w — z| and 2w — y|. Then

iak
/ k dk — 0, almost everywhere as R — oo
R

and fm e Zk

by the dominated convergence theorem. Considering (2.36) again we are now left with

Aijr;o . - = / / / (w)dydzdw
—/ da:/ / 2)dydz + ; (/; q(x)d:c>3}}dk
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If we consider the integral

/ / / q(v)q(2)q(w)dydzdw = / d(x)dx = / G(r1x) dx, where 7w € S?
T Y z S WS\“T/)—/

1 / B 1 i
1 dxdx =g [ i
6 ﬂ_%;g 7S 6 cube

where we have used that

[inf supp(q), supsupp(q)]® = {(z,y, z)|inf supp(q) < z,y, z < supsupp(q)}

= {any two or three of z,y, z are equal} U{(z,y, 2)|z # y # z # =}

set of measure 0 =5

where
S={r<y<zlU{y<z<ziU{r<z<ylU{y<z<zlU{z<z<ylU{z <y <z}

Thus

A /m [_ Z;{/:o /yoo /:o q(y)q(z)q(w)dydzdw

Collecting the above results we see that all terms in the integral expansion for loga(z, k)
vanish except one. We have thus shown that
lim [ K2 loga(k)dk = —~ / ¢ (a)dz
R

R—o0 VR 8

Since a may have zeros, log(a) need not be analytic in the upper half plane. However,
at any point (k) > 0 where a(k) vanishes, equation (2.30) must have a L?(R) solution.
This follows because our solution v (z) outside of the support of ¢ has the form
a(k)e®® 4+ b(k)e=™** 2 < infsupp(q)
Y(x) =

ikx

e, x > sup supp(q)
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Further, since we are in the limit point case, only one such solution exists (see [10] page
231 Corollary 2). This solution is an eigenfunction. Thus a(k) vanishes precisely when &2
is an eigenvalue; these eigenvalues are negative real numbers. Indeed, as we take Sk > 0
and self-adjointness implies that the eigenvalues are real, k € ¢{R. Since ¢ is compactly
supported, there are only finitely many such eigenvalues (indeed, as per [57], less than
1+ [ [xq—(2)|dx). Let {ifm} enumerate the zeros of a. These zeros can only be of finite
order. Indeed, since a is an analytic function of k, we can write its Taylor expansion

around any point ko,

0 ()
a(k) = Zan(k —ko)", a;= fz,(!kO) # Ofor at least one 7.
n=0
Assume that a has a zero of infinite order at £ = €. Then, the Taylor expansion of a
around € would reduce to

a(k) =a(e) =0, Vk.

This is a contradiction, as a(k) = 0 only when k2 is an eigenvalue, which is a finite set of
k from above. Thus all zeros of a are of finite order. Define the corresponding Blaschke

product for the upper half plane,

kE—iBm\*™
B = 1;[ (k: T jgm> ,  Quy the multiplicity of the zero 3.

Note that it can be shown that alphan, = 1 for all m. Then log(Bt) = log(£) = —log(%)
is analytic in the upper half plane, where ¢ is the transmission coefficient. This follows
because a is analytic in the upper half plane, and B has zeros only at the points where

a = 0. Thus % is analytic in the upper half plane, and the logarithm of an analytic function

is an analytic function. Now a(—k) = W and B(—k) =], <_k_i/8m> = (B(k)) (for

—k+iBm
k € R). Thus
Sos(B-R)i(~)] =3 | ~log 5| =3 | —log ek | = g Bk | = 9l tog( (k)L
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S(log(B(k)t(k))] is an odd function of k € R. Thus, using that |B| =1
/k21ogya( )ydk_/(log\ay log\B])dek—/log‘ )dek_/%log B) k2dk

:/R(%log (§> —i—z\slog(B))dek—/log (B> k2dk

= /(log(a) — log(B))k*dk = lim / [—log(a) + log(B)]k*dk
R R

R—o0

™

=— / ¢*(z)dz + lim log(B)k2dk
8 R R—o YR

where in the eighth equality we have used, in an essential way, the fact that a and B

have exactly the same zeros. Now

. ) k—iB
1 log(B)k?dk = 1 / 1 ( : m)kzzdk
Rféo/m os(5) Rféo%: e B\ E+ B

Thus, for k large enough, we have

Y R S e R e &)
g [ (5 am{<—wmk—’“2 <—?>2+§(—?)3>
(e () + 5 () rou)a
- g Sl [ (o 25 )
=S s,

Now m

as Sk > 0 implies that 5, > 0 for all m. This provides our desired estimate (2.9). O

5 Dirac Case: The Spectral Function

We now proceed to prove Theorem 2.1. We shall show that for all compact subsets
K C R\ [-1,1] of positive Lebesgue measure, p(K) > 0. This implies the statement

of Theorem 2.1; indeed, assume A € R\ [—1, 1] is not a growth point of the absolutely
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continuous part of the spectral function, pg.. Then there is € > 0 such that pac([A —e, A+
e]) = 0. Let B C R be an open set of Lebesgue measure < ¢ such that psing(R \ B) = 0.
Then K := [\ — e, A +¢] \ B is compact and has positive Lebesgue measure, so by the
above

0 < p(K) = pac(K) < pac([A — €, A +¢]),
a contradiction.

The proof of the above statement will use the following estimate (see [11])

LEMMA 2.5. Let A C R be open and let w € L}, (2),w > 0. Let (pn)nen be a sequence
of absolutely continuous non-decreasing functions which converge to a non-decreasing

function p at the points of continuity of p. Let K C A be compact and of positive Lebesgue

hir;sogp/l(log (’z‘) ﬁ < log (Z((?)) , (2.37)

measure. Then

where w(K) = [, w.
PROOF. Let
¢n(z) =max{0,1 —n-dist(z,K)}, (re€R,neN).

Then supp(¢n(x)) C [inf K —1,sup K +1]. Further, (¢5)nen is a non increasing sequence

converging to yx pointwise as n — 0o, the characteristic function of K. Thus

o) = [ xc(a)dp = Jim_ [ om(@)dp= tin i [ 6(e)dpy > msup [ g,

m—oon—oo Jp n—00

where the second equality follows from the monotone convergence theorem, the third by

Helly’s integration theorem and the inequality from the fact that ¢, > xx. Thus

p(K) : /p; w : / Pn) W
log (5 ) >1 1 Pn = > log (P2 ) ——
o (w(K)> =R e w w(i) TR Ji P e ) ()

where the last inequality follows from Jensen’s Inequality (see [51] Theorem 3.3). H

From Lemma 2.1 and Lemma 2.5 we see that it is sufficient to prove that

Jo(Groe(50) ) = o (s [Py o)

is bounded above uniformly in n for some positive weight function w. As g, is square

integrable with compact support, the Titchmarsh-Weyl m-function for the Dirac equation
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associated with (2.10) with boundary condition (2.5) can be expressed in terms of the

solution y of (2.12),

m ()\):yn,Z(O,)\):Z)\—lan()\) b ()\) Z)\_l 1+Tn()\)
n yn,l(O, )\) w()\) ()\) by, ()\) w(}\) 1_7"11()\)7

denoting by a, and b, the coefficients of y,, and by 7, the corresponding reflection

coefficient. Conversely 7, (\) = 2283128\:3%8; Thus

, , 4%(771”)\—1—20 Z(Al)
‘tn(/\)’ =1- ’rnO‘)‘ =

A)
(A4 i0) + 2=Df*
for a.e. A € R\ [—1,1]. Now the spectrum is purely absolutely continuous in this set
because the potential has compact support, and so (see [24]) 0 < lir% Smp (A + ie) < o0
e—
and (A —1)/w(A) > 0. Consequently

lim |my, (A + ie) + iAtie—1)

A—1 2 . 2

w(\)
> (Z&i)

(A€ R\ [~1,1]). Thus we can estimate

1 dw(A

T A—=1 50
Now let § > 0 and apply Lemma 2.5 with A := R\[-1-¢, 1] and w(X) := |A — 1|/(47V A2 — 1)

(A € A). For any compact set K C A of positive Lebesgue measure, we find using Theo-

rem 2.3 and the facts that |a,| > 1 and

A=1] VX2 -1 _VA2-1
N_—1  [A+1 — ¢

(Ae A)
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that

g A

:_1/10 A3 im0 mp (A +ig)w(A) ) A —1] O\
ar Jie 8 A1 Vv

1 A
< / log]an(/\)]u\/)\2—1d)\
2w K 0

L log |an(A)] N V/A2 — 1dA (2.38)
271'(5 R\(fl,l)

<1/ 2<1/ 2
=15 o=y

Thus the integral in (2.37) is bounded below independently of n € N, and so p(K) > 0.

This concludes the proof of Theorem 2.1.

Remark The inequality (2.38) is rather a bad estimate for large values of \; indeed, the

bounded factor \‘/% is replaced with the upper bound l%'\/ A2 — 1, which grows as A2

for A — £oo0, in order to fit the estimate (2.8).

In fact, the assertion of theorem 2.1 will already follow if

Aw
/( 1U{1,00) N1 log |an(A)[ dA

is bounded above. Estimating this integral by the method of Section 3 turns out to be
easier due to the better decay properties of the integrand, and gives, instead of (2.8)

M-
Aw M1 — N2
M og(an(A) dA = —v2r log lan (i)] — AVL =N
/(—oo,—uuu,oo) Nl og(an(N)) V2rlog |ay(i)] Wn;/ﬁm N1

< —v2rlog|an (i),

where, again, the §,,, m € {1,2,..., M}, are the zeros of a. More generally
/ A g lan(N)]dA < —v2r log an(ia)|
(oo 1JU[1,00) A + 07
for any a > 0. This means that to obtain an equivalent result to Theorem 2.1 (page 15)
one only needs to show that there exists an o > 0 such that |a,(ia))| - 0 as the cut off
point of the potential tends towards infinity. This seems to be a very weak condition and
its relation to the L? condition in Theorem 2.1 is somewhat obscure. Note that if we
consider a constant potential, for which the assertion of Theorem 2.1 clearly does not
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hold, then |ay,(ic)| — 0 for all & > 0 (n — 00).

6 Schrodinger Case: The Spectral Function

We now proceed to prove Theorem 2.2. Again it is enough to show that for all compact
subsets K C R\ [—1, 1] of positive Lebesgue measure, p(K) > 0. From Lemma 2.1 and

Lemma 2.5 we again see that it is sufficient to prove that

Jo(ros (S = o (s [Py o)

is bounded above uniformly in n for some positive weight function, w. As g, is square
integrable with compact support, the Weyl-Titchmarsh function for the Schrédinger
equation associated with (2.1) with boundary condition (2.2) can be expressed in the

form

and so (where 9 is given by (2.31))
o fan(k) =bu(k)\ . (1 —ru(k)
mn(k2) - (an(k)+bn(k)> - ( )

using r = g. We can rearrange this to give

ik — my(k?)
rn(k) = m

Thus for k% € K, k > 0 (i.e. A = k% +40)

N
tal? = 1= prd) =1 - o

ik + my ik — m,
_ (ik +mp)(ik — my,) — (1K — my) (ik + M)
(ik + my) (ik — my,)

ik, 4 ikmy, — ik, - ikmy, 2 (mg, — M)
—|ik 4+ my, |? ik + my,|?
4kSmy,
= | + ik]?
43m,,

S—p o 88 |k — imn)? = (k4 Smp)? + (Rmp)? > k2
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where the last two inequalies uses the fact that I(m,,) > 0 for such k, as it is a Herglotz
— A

function. Choosing w(\) = =,
Sy (A + 10)] > 1 ( (4%mn> >
—log |2 L (N ) dh = — —1lo VA dX
/K < s [ mw(A) (A) ir Jy g N
(\.«
- = <—10g (4“’"") 2k:2dk> < 1/ log | -
4 k2cK,k>0 k 2 k2€K k>0 t

1 1 1 1 1
g/ 1ogk2dk§/10gk2dkg/q§dx
T Jk2eK k>0 t T JR t 8 Jr

1 2
- dz,
S/R‘Ix

which proves the required uniform boundedness.

2
k2dk

n n

IN

47






Chapter

Spherically Symmetric Dirac Operators

with Square Integrable Potentials

As discussed in the introduction, the Dirac operator is the fundamental object in rela-

tivistic quantum mechanics. Its classical form in three-dimensions is
T3 = —ia-V+ag+ V(x).

In the present chapter we are concerned the assumption that V' is a spherically symmetric
function; more precisely, V(x) = q(|z|) (x € R3). If this is the case then the operator T
is spherically symmetric in the sense that rotations in space lead to unitarily equivalent

operators.

In practice the one-dimensional Dirac operator most commonly arises from such a three-
dimensional Dirac operator with a spherically symmetric potential by separation of
variables in spherical polar coordinates (cf. [69, Appendix to Ch. 1]). On the other
hand T3 is then unitarily equivalent to the direct sum of the countable family of these
one-dimensional Dirac operators on the half line z > 0,

. d k
Ty, = —iog— + —01 + 03 + q(a:)
dr =«

01
where o1 = is the third Pauli matrix and k£ € Z \ {0} (In the case of a

10

rotationally symmetric two-dimensional Dirac operator, k € Z — %) The additional
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angular momentum term %O’l introduces a singularity at 0. This singular end-point is
in the limit-point case if [k| > % and ¢ is less singular at 0; indeed ¢ € L'([0, %]) (which
follows from ¢ € L?(]0,00))) is sufficient to ensure limit-point case at zero [16]. As the
operator is always in the limit-point case at oo (see [69, Thm 6.8]), this means that it

has a unique self-adjoint realisation Tj.

The main result of this chapter is the following

THEOREM 3.1. Let ¢ € L?([0,00)) N L>®([c,0)), (¢ > 0). Then the absolutely continuous

part of the spectral function of T is strictly increasing in (—oo, —1] U [1, 00).

Let H1, Ho be Hilbert spaces and T : H1 — H2 be a bounded linear operator. Then there
is a unique bounded linear operator T™ : Ho — H1, called the adjoint of T, such that
(Tx,y)2 = (z,T*y)1 for points = € H; and y € Hy (see [68, Section 4.4]). This notion of
an adjoint operator can also be extended to the unbounded case, in which case we require

the operator T to be densely defined on H; (see [45, Section VIII| for more details).

A bounded linear operator A over a separable Hilbert space H is said to be in the trace
class if for some orthonormal basis {¢,,}5° ; of H the sum tr|A| = Zzozl((A*A)%cbn, &n)
is finite.

Further, a bounded linear operator A over a separable Hilbert space H is said to be a

Hilbert Schmidt operator if trA*A < co.

In the following, we denote by S] the space of trace-class operators and by Sy the space

of Hilbert-Schmidt operators.

Amongst the set of all unbounded operators there are certain ones which admit a detailed
treatment and are important for applications; these are the closed operators. Let T be
an operator from H; to Ha, two Hilbert spaces. A sequence u, € D(T) is said to be
T-convergent to u € H; if both {u,} and {T'u,} are Cauchy sequences and u,, — u. We
call T a closed operator if, for any sequence {u,,} € D(T') such that w,, — w and T'u,, — v

(n—o00),ue D(T) and Tu = v.

Let T be a closed operator on a Hilbert space H. A complex number A is said to be in
the resolvent set p(T") of T if A — T is a bijection of D(T') onto H with a bounded inverse.

For all X in the resolvent set of T we call (A — T)~! the resolvent of T" at \.
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The theory attached to wave operators gives a useful set of techniques for studying the
absolutely continuous spectrum. Let 17,75 be any two self-adjoint operators on a complex

Hilbert space H and t € R. We then define Q4 (75, T}) by the equalities

D(Qy(Tz,Ty)) = {f eH: tliin ettt g exists}
— OO
Qi (T, ) f = lim e " f for f € D(Qx(Ty, Th))
—> 00

The operators Q. (T5,T}) are isometric; indeed this follows since e®*?2e~#T1 is unitary for
all t € R. Further, Q4 (T5,T1) are linear operators. Q1 are used to describe motion in
a quantum mechanical system; they are called the wave operators and S = Q% Q_ the
scattering operator.

We denote by T}, 4c, k = 1,2 the spectrally absolutely continuous parts of T}, that is the
part of T}, in the space Hjy, 4. of absolute continuity for 7j. The orthogonal projection on
H} ac Will be denoted by Py, k= 1,2.

In general, wave operators will not exist unless 77 has purely continuous spectrum.

However, it happens frequently that
Wi = Wi (Ty, Ty) = s-lim 27411 py (3.1)
t—=o0

exist even when the wave operators do not exist. For this reason, it is more usual

to consider the limits (3.1) rather than the proper wave operators. Wy are called the

generalised wave operators associated with 17 and Ty, If W exists it is partially isometric

with initial set H q. and final set My C Haq4c ([29, Theorem 3.2]). If My = Hogqe,

W, is said to be complete. A similar definition applies to W_. If W, or W_ exist and

are complete, T is unitarily equivalent to T5 ; this is useful if the absolutely
1,ac 2,ac

continuous spectrum for 75 is known and results about the absolutely continuous spectrum

of T} are required.

In order to prove Theorem 3.1 we shall use the following corollary to the Kato-Rosenblum

perturbation theorem (c.f. [29, Thm 4.4]).

THEOREM 3.2 (|29, Thm 4.12]). Let Hy and Hs be self-adjoint operators in a Hilbert
space such that
(H2 — Z)_l — (Hl — Z)_l S 51
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for some non-real z. Then the generalised wave operators Wy (Hga, Hy) exist and are
complete. In particular, the absolutely continuous parts of Hi and Ho are unitarily

equivalent.

The theory of subordinacy was first developed for one-dimensional Schrodinger operators
by Gilbert and Pearson in their papers [22]/[24]; it was extended to the Dirac equation
with spherically symmetric potentials (respectively the separated Dirac operator) by
Behncke ([4]), and further to the one-dimensional Dirac operator with locally integrable

potential by Amar (|2]).

The method of subordinacy is advantageous in several respects. In the first place, only
very general requirements need to be met, for example that the electric potential is locally
integrable and the operator is in the limit point case at the singular end points. Moreover,
in principle a complete analysis of the spectrum can be achieved by considering only real
values of the spectral parameter A\. Further, and most interestingly, in order to identify
the absolutely continuous spectrum of the operator it is only necessary to consider the

behaviour of solutions at the limit end points.

Let T be an operator defined on an interval [¢,00), ¢ > 0, which is regular at ¢ and
singular at oo, with the further requirement that the operator is in the limit point case at
oo. Further, we impose a boundary condition at ¢. Then a non-trivial solution us(z, A)
of Tu = Au, A € R, is said to be subordinate at infinity if for every linearly independent

solution u(z, ) of Tu = A\u

o 2Vl
N—oo ||u(z, N)||n
where || - || denotes the L?[c, N]? norm, where d = 1 in the Schrédinger case and d = 2

in the Dirac case. In the case where T is singular at both end points, the definition for a
solution to be subordinate at ¢ is equivalent, except the L?[c, N]? norm is replaced by

the L2[c + +, 00] norm.

From the Gilbert-Pearson theory of subordinacy (|24], [22]), as well as its extension to

Dirac operators (4], [2]), it is known that a minimal support of the absolutely continuous
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spectral measure of a self-adjoint Dirac operator L on (a, 3) is given by
Mace(L) = {\ € R : no solution of Lu = Auis subordinate at 5} (3.2)
if a is a regular, § a singular end-point, and

Mac(L) = {X\ € R : no solution of Lu = Auis subordinate at 5} (3.3)

U{X € R : no solution of Lu = Auis subordinate at o}

if both end-points are singular. We recall that a subset .S of R is said to be a minimal
support of a measure v if ¥(R\ S) =0 and v(Sp) = 0 = mes Sy = 0 (Syp C S), where mes

denotes the Lebesgue measure. Further define

DEFINITION 3.1 (Essential Closure). We define the essential closure of a set ¥ as

—E€ss

YU ={AeR:V¥e>0,mes((A—e,A+e)NX)>0.},

where mes represents the Lebesgue measure.

=SS

It follows immediately that if ¥; C ¥p, then ¥y C 5y .

3 €SS

LEMMA 3.1. The set of growth points of pac is given by M, .

PROOF. Let A be a growth point of ps.. Then, recalling the definition of a minimal

support, for all € > 0
0 < pac(N=e,X+¢)) = pac((A—e, A+ ¢€) N Mye).
As pgc is absolutely continuous with respect to the Lebesgue measure, this implies that
mes (A —e, A +¢) N Mqye) >0,
and hence A € MZS(;S We now let A\ € ﬂ(;is Then for all e > 0
mes (A — e, A\ +¢&) N M,g.) > 0.
As [(A—e, A+ &) N My C Mge,

0 < pac((A—e, A +e) N Mage) = pac((A—e, A +¢)),

and hence )\ is a growth point of pge. U
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(3.2) and (3.3) imply that
Mac(H) = Mac(Hg) U Mac(H). (3.4)
Thus

THEOREM 3.3 (|22]).
Oac(H) = 0ac(H) U UaC(HcB) (3.5)

where ¢ € (o, B) and HY is the operator restricted to [c,3) and HE that to (o, ] with

some boundary condition at c
PROOF. Let A, B be sets and let A\ € AU B™". Then, for all £ > 0
0<mes((A—eg,A+e)N(AUB)) =mes({(A—e,A\+e)NA}U{(A—e,A+¢e)NB})
<mes({(A—g,A+e)NA}) +mes({(A—e,A+¢e)NB}).

Thus for all € > 0, mes ({(A —&,A+¢)NA}) >0 or mes({(A—e,A+e)NA})>0. By
the monotonicity of measure, this implies that either mes ({(A —e, A +¢) N A}) > 0 for
all e > 0 or mes ({(A —e,A\+¢e)NA}) >0forall e >0. Thus A € A or B”". Hence

A e APUB®™. On the other hand, as A* ¢ AU B™ and B*” ¢ AU B™ we know that
AT UB®™ c AUB®™. Hence AU B™ = A UB"™". This, together with Equation (3.4)

and Lemma 3.1, gives the result. O

Thus we can draw the following conclusion from Theorem 2.1.

COROLLARY 3.1. Consider the self-adjoint Dirac operator on R

. o d
T:—202@+03+q (x € R).

If ¢ € L%(R), then the absolutely continuous part of the spectral function of T is strictly

increasing in (—oo, —1] U [1, 00).

We now consider

. d k
T, = —ioca— + 03+ —o1 + q(x)
dzx T

in L?((0,00)), where |k| > 1 and ¢ € L?([0,00)) N L>([0,00)). Then, by [53, Lemma 3],
the operators T and

~ d B

Ty = —iogo -+ o3+ wz)os + q(x),

54



with p(z) =4/1+ % — 1 and §(z) = q(x) + 2(127% (z > 0), are unitarily equivalent.
Obviously ¢ € L?([0,00)) N L>®([c,00)) and pu € L((c,0)) N L?((c, 00)), where ¢ is fixed

by the hypothesis on ¢ imposed in Theorem 3.1.

Consider also the operator on R,

d
H = —7:0'2% + o3 + fi(x)os + ¢(x) (x € R),

where ¢ is the even extension of X[ )¢ to the whole real line and /i is the even extension of
X[e,00) to the whole real line. The transformation u(x) = o3v(—2) then turns Hu = Au
into Hv = Av (follows as both ¢ and fi are even functions of z). Because of this symmetry,
the sets

{\ € R : no solution of Hu = Auis subordinate at co}

and

{\ € R : no solution of Hu = Auis subordinate at — oo}

coincide. As the differential expressions for H and T}, are the same near +o00, (3.3) then
implies that
Mac(H) C Mac(Ty). (3.6)

Define two further operators on R, namely

d d
Hy = —i02@+03+@($)a Hyy = —i02%+03-

As both H and Hg have the form Hgy + F', where F' is a bounded perturbation, all three
operators have the same domain. From [44, Thm XI.20] and a simple modification of its

proof, we obtain the following statement.

LEMMA 3.2. Let ¢ € L*(R) N L¥(R). Then
p(Hoo — A) ' € Sy, (Hoo — )~ 'p € Sa.

PROOF. Let F : L2(R) — LE(R) be the Fourier transform. Then F(—i-1) = ¢F,

where £ is the operator of multiplication with the variable in LE(R). Further FHooF ' =

02€ + 03, and thus ]:H&)l}"_l = "zgfﬁ Hence

_ _1 (02§ + 03
Hyl = F 1<§2+1 >]—“.
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Therefore

(pHos )y / / e~ 2mily—) mf(x)dmg

=/¢(y)g(y—x)f(x)dx,
R

where G(§) = ?2?21‘713, (¢ € R), and * represents the inverse Fourier transform. As

Q({)ELZ( G(x) € L2(R). Thus

/R / o) 16 — ) Pdady = / o(y)? ( / |g‘<:c—y>|2dm) dy < |GIlIg|2 < oo.

Hence, by [45, Theorem VI.23], o(Hoy — A\)~! € Sp. To show that (Hgy — \) "l € So,
note that as ¢ € L®(R), pf € L*(R) and so F(pf) is well defined. Thus

(o)) = [ [ e TELD o) e

- / G(y — 2)p(x) f (),
R

where G is defined as before. Also, as before, the integral kernel G(y — z)p(x) is square

integrable and hence the result follows. O

Thus, taking A € C\ R and using the Second Resolvent Identity |68, Theorem 5.1|, we
find

(H=XN""=(Ho=N)"" = (H =N (—fio3)(Ho — \) ™"
= (H = X) " (—fo3)(Hoo — A) ™" = (H — A) ™ (—=fio3)(Hoo — \)~'G(Ho — A) ™
= (Hoo — N) ™" (—V/eos\/ 1) (Hoo — N) ™" + (H — )" (fios + §)(Hoo — A) ' (—fios) (Hoo — A) ™"
+ (H — X) "' ios(Hoo — A) "' q(Hoo — A) ™!
+ (H — N Yaos(Hog — \) " G(Hoo — M) "Lg(Hg — M) 7L e 8.
Here we used Lemma 3.2 together with the facts that S35 C S; and that S; and Ss
are invariant under multiplication with bounded operators |45, Section VI.6]. Thus, by
Theorem 3.2, the absolutely continuous parts of H and Hy are unitarily equivalent. By

Corollary 3.1, this implies that H has absolutely continuous spectrum on (—oo, —1]JUJ[1, 00).
Thus (3.6) and Lemma 3.1 give

€SS rwl =

(=00, —1] U [1,00) C 04e(H) = Mon (H) C Moo (Tx) = 0ae(Th),
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and Theorem 3.1 follows.

REMARK 3.1. We note here that the analogous result for Schréodinger operators follows
immediately from the result of Deift and Killip (|11]); indeed, the Schrédinger operator
with angular momentum term has the form

2

C=——>
dx?

C
+Q($)+?> T E (0,00)

where C'is a constant. If g is square integrable then, by using Gilbert-Pearson subordinacy
to sidestep the singularity at zero, as we did in this chapter for the Dirac case, and

absorbing the angular momentum term x% into the potential, the result follows.
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Chapter

The Dirac Operator with an L2-Sparse

Potential

1 Introduction

A real valued, locally integrable function @) defined on the half line [0, 00) is said to be
an L2-sparse potential if, given any 6, N > 0, there exists a subinterval (a,b) of [0, o)
such that b —a = N and f; Q(z)%dz < 6. In other words, if @ is L2-sparse, one can find
arbitrarily long intervals on which the L? norm of Q is arbitrarily small. Any L2-sparse
potential is a sum Q1 + Q2, where @ is a sparse potential and Qo € L?. Here sparse
means that arbitrarily long intervals exist on which the function is identically zero. An

L?-sparse potential can thus be viewed as a perturbation of a sparse.

Given an Lg—sparse potential g one can deﬁne the one—dimensional Dirac operator
7 —1 dr (v) (4.1)
= 10 g x), .
2 +o03+4¢

where 09,03 are again Pauli matrices. We again note that as this formal differential
expression is always in the limit point case at 400, it has a unique self-adjoint realisation
T in L2 (R)2. In the present chapter we are interested in the self adjoint operator 7' on

the half-line [0, 00) with a boundary condition at zero.
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In the paper [5] it was shown that the spectral theory for the Scrodinger operator
d2

12 +q, (z€][0,00), q € L*sparse)

§:

can be closely linked to the theory of value distributions for real-valued functions, and
in particular value distributions for functions which are defined as boundary values of
Herglotz functions. It was further shown that the support of the absolutely continuous
part of the spectral measure of ¢ is contained within [0, 00). This was the culmination of
the papers [6] and [7], in which the results seen in [41] and [40] were extended to show
how spectral theory for Herglotz functions and differential operators is related to and
dependent on the geometrical properties of the upper half plane.

The following definition of a value distribution appears in [6], and it is the one which we

will use here. We also recall that mes(-) is used to represent Lebesgue measure.

DEFINITION 4.1. Let A, B C R be Borel subsets. Let
M : (A, B)— M(A,B),

be a mapping satisfying the properties:

(i) A~ M(A, B) defines a measure on Borel subsets of R, for fixed B
B +— M(A, B) defines a measure on Borel subsets of R, for fixed A
(ii) M(A,R) = mes(A). Hence the measure A — M(A, B) is absolutely continuous
with respect to Lebesgue measure. Indeed, if mes(A) = 0 then M(A,R) =
mes(A) = 0. The result then follows from M(A, B) < M(A,R) = 0;
(iii) The measure B — M(A, B) is absolutely continuous with respect to Lebesgue

measure.

Then M will be called a value distribution function.

Let G4 : R — R be a Lebesgue measurable function. Let A, B C R be Borel subsets. Let
the map V: (A, B) - RU {oco} be defined by

V(A, B) = mes(ANG;(B))

where G;l(B) ={X € R; GL()\) € B}. It is clear that V satisfies the requirements of the
Definition 4.1 and thus we call V the value distribution of Gy. Indeed property (i) follows

from the properties of the Lebesgue measure; property (ii) is clear as G4 is an everywhere
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real function; property (iii) is equivalent to mes(G;'(S)) = 0 whenever mes(S) = 0. We
are chiefly concerned with the important case that G is almost everywhere the boundary
value of a Herglotz function; in this case we can write (|6] Equations (9), (10))

V(4,B) =~ / lim 6(G(\+ ie), B)d\,

™ JAe—07F

where 0(z, B) denotes the angle subtended at a point z € C* by the Borel subset B of R.

We note that we define the angle subtended by a Borel subset B C R at a point z € CT

by
0(z, B) = /B% (a L Z) da. (4.2)

Indeed, considering this idea geometrically for an interval B,

6+d6

Im(z)

Re(z) <-- x-Re(z) -—> X Borel Set x+dx

Sz Sz

f = arctan (JU :\?RZ> , 04 df = arctan <x+daz—ﬂ%z> i
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Thus

df = arctan <3:+da:—§Rz> — arctan <$ ;%Z>

Sz Sz
1 , (T — Rz
= —_ arctan = dx
Sz Sz
dx Sz dx

which gives us the result above.
Further, for A € R, we define (), B) = mxp(\) where xp is the characteristic function

of B. For complex argument z € C* we define w(-, B, F') by
1
w(z,B,F)=—0(F(z),B). (4.3)
T

Unless 21,22 € CT are two points close to the real axis, 6(z1, B) will be close to 6(z2, B)
if z1 is close to z2. Defining an estimate of separation 7(-,-) of points in the upper half

plane by
|21 — 2|

S(21)V/S(21)

we can give a quantitative expression to how close 0(z1, B),0(z2, B) are. Indeed, the

v(z1, 22) = (21,22 € CT), (4.4)

following is given in [7]| (Proposition 2)

LEMMA 4.1. The estimate of separation (-, -) given in (4.4), may be expressed in terms

of angle subtended, given by (4.2), as

o 1B B
V(21,22) = e V/0(z1,B)0(z9, B)

(4.5)

We note, however, that this measure of separation is not a metric as it does not satisfy
the triangle inequality. It can, however, be related to a metric; indeed |7, Proposition 1]
tells us that

) 1
v(z1,29) =2 81nh(§D(z1, 29)),

where D(z1, z2) is the hyperbolic distance defined for z1, zo in the upper half plane, H, to
be

D(z1,z2) = inf{lengthy (o) : ois a piecewise differentiable path with end points z1, 22}
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and where lengthy is defined for a path o : [a,b] € R — H to be

[ [Pl
lengthH(a)—/O%(z) =/ %a(t)dt

Value distribution for boundary values of Herglotz functions is closely connected with the
geometric properties of the upper half plane, regarded as a hyperbolic space. To see this

if £y, Fy are two Herglotz functions satisfying

W(EH(Z),EE(Z))'< €.

for all z such that 3z = d and Rz € A then the value distribution associated with Fs,
Vo(A, B), is then a good approximation to the value distribution V; (A, B) associated
with F1(z). Indeed

Vi(A, B) — V2(A, B)| < emes(A) + 2E4(d). (4.6)

(see |5] Equation (4)). E4(d) is an error estimate and, as shown in [6] and [7], E4(d) is
an increasing function of d and limg_,o Fa(d) = 0 for a fixed Borel set A (see Appendix

A for some further details concerning E4(d)).

Let (-, \) be a solution of
Ty = Ay(z, A) (4.7)

for A > 0. We will henceforth use z to denote points in the upper half plane; A\ will
be reserved for real values. Let u(:, z),v(+, z) be two further solutions of (4.7) forming a

canonical fundamental system at 0, i.e.

ur vV 1 0
(0,2) = (4.8)
Uz V2 01

where v satisfies the boundary condition endowed to the operator at 0. As we are in the
limit point case, we can use these solutions to uniquely define the Weyl m-function by

u(-, 2) + m(2)v(-, z) € L*(R)?

or, for f(-,2z) € L*(R)? a non trivial solution

::jb(O,Z)
jﬁ(ovz)'
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It is the aim of this chapter to demonstrate that the spectral theory of the Dirac operator
can be linked to the theory of value distribution. We provide a link between the value
distribution and the m-function for points in a subset of the absolutely continuous

spectrum. This result is analogous to Theorem 1 of [6].

THEOREM 4.1. Let A be a Borel subset of an essential support of the absolutely continuous
part pae of the spectral measure p for the Dirac operator, T, acting in L?*(0,00)? with
|A| < co. Then we have, for any Borel subset B of R

lim [mes <{)\ € A Z—?(N, ) € B}) - i/AH(mf(/\),B)d)\] = 0.

N—oo

This link is then used to prove

THEOREM 4.2. Suppose that q is L?-sparse. Then the support of the absolutely continuous

part of the spectral measure of T is contained within (—oo, —1] U [1,00).

This chapter is organised as follows: in Section 2 we define value distributions and the
measure of separation which becomes our method of estimation. The fact that the
m-~function can be defined as the ratio of solution components motivates Section 3 in
which we consider the asymptotics of % In Section 4 we consider estimates of the
canonical fundamental system for L'-bounded potentials, comparing them to solutions
with zero potential. In Section 5 we consider another ratio of solutions, %, which is
closely related to the m-function for the problem with an L?-sparse potential. We are
able to relate this ratio to z—f which we have in turn related to the m-function for the free
operator. In Section 6 we prove some results about value distributions and the absolutely

continuous spectrum, culminating in a proof of Theorem 4.1. In Section 7 we prove

Theorem 4.2.

2 Asymptotics of Z—f

As discussed in the introduction and in more detail in Section 6 (see Equation (4.9)) it
is clear that the m-function is dependent on the ratio of the components of a square
integrable solution solution f(-,z) of Equation (4.7). We will not approach this ratio
directly; we will instead relate it to solutions we have a greater knowledge of. Thus, we

begin our analysis by considering such a ratio of solution components as the potential is
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varied, initially the solution v(-, z) defined above i.e. the solution satisfying the boundary

condition at zero. Bearing in mind our need to consider Herglotz functions it will

become evident that we must use the ratio —Z—f rather than Z—f Before proceeding,

however, we require the following result; we use the notation for the Liouville bracket,

[f,gl(x) = fi(x)ge(z) — fa(x)g1(x).

LEMMA 4.2. Let f be a solution of the Dirac equation (4.7). Then

1. Fl@) —m/ STt + [£.7)(0),

Further, if f1 #0

PROOF. The first result is a standard calculation using the fact that the components

of a solution of the Dirac equation (4.7) must satisfy

/

o1 =(z2—q+1)p2

¢h=(1+q—2)p1.
The second result follows easily. O

LEMMA 4.3. Let z € C* and let v,0 be solutions of (4.7) for potentials q,q respectively,
satisfying the initial condition v(0, z),0(0, z) = ((1)) Then, for x € (0,00), —*(z,2) and

—&(z,z) are Herglotz functions and

vy B ) o Uola®) — ) |w<>12dt>%
7( v1< 2) 751( ’ ) ST PdnE (4.10)

Further, if we assume that ¢ € L*(R) and we set § = 0 and denote by v° the solution of

1
|22 —1]

0 2 1 L 3
V2 V5 Clz* — 1|4 / 9
——(L ——=(L < — 4.11

where C' is a positive constant.

(4.7) with zero potential then, for any L > we have the bound

PROOF. Let z € CT. We begin by noting that, for all zg > 0, vi(zg) # 0. Indeed,
if this were not the case, v(z) would be a Dirichlet eigenfunction for the complex

eigenvalue z of a regular boundary value problem on [0, o] with a boundary condition at
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zero. Further, by Lemma 4.2

5 (_112> (2) = w,0](x) 268z [y ol (H)v(t)dt + [v,0](0)  2iSz [ o (t)v(t)dt

= = >0
v 2i|vy |2 2i|vy |2 2i|vy |2

(4.12)

(x € [0,00)) with a similar result for ©. Thus, as < (—Z—f) S (—%) > ( we can consider

V2 U2 w2 ST
y (_1)1(1'72)7_61(1'72’)> == vlv il ==
S(=2)S(=%) S(=2)S(=%)

By a similar calculation to that of Lemma 4.2

[0, v](x) = /Ox(q(t) — )" o(t)dt, (z € [0,00))

and thus we have (using equation (4.12))
v, 0 Jita =207
Y <_U2(x,Z),_’l~)2(x,Z)> = {0 9 1 T |~9 1
' ' Sz (Jo [01?)2 (Jg 1917)*
1
< (fox lg — 6‘2’7”2) ?
Sz (fy 192)2

on application of the Cauchy-Schwarz Inequality, proving (4.10).

(x €[0,00))

Proceeding to the second statement of the Lemma, we know from the first that

1
0 T 12(,.0(2) 2
V2 (% ‘Q| |U |
1 (-2,-%w) < Up 1) "y € o, 00).
oo 3z (fy [0°P)
The solution of (4.7) with ¢ = 0 can be expressed as:
a(z) V221 a(z) V22T
o(z,2) = eVETE 4 e WVETE (4.13)
iB(2) —iB(2)
where the ratio
Blz) _ V22 -1
alz)  z+1

is fixed by the equation and we are considering the square root which takes values in the

upper half plane (as in Chapter 2 Section 3).
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Applying the initial conditions (4.8), we obtain an explicit expression (up to a constant

multiplier) for v°:

1 z+1 1 z+1
W)= | WVFEL | eVerle 2| WESL | omiVESlE () 00))  (4.14)
1 —1

We write V22 — 1 = a + ib, where a,b are real and b > 0. We also write A(z) = Z\;‘%

Thus
‘UO‘Q (@) = 1 A(z)(elame=br _ g—iaz cbe) Az) (e iame—br _ giaz cbr)
4 (efiamebx + eiaxefbx) (eiaxebx + efia:tefbx)
= i {‘A(z)‘Q <€2bz _ e2iaz _ Ziaw | eﬂbx) I <e2bx 4 e2iax 4 2iax | eﬁbx)}
= % [|A(z)‘2 (cosh(2bz) — cos(2azx)) + (cosh(2bx) + cos(2ax))}

= (7“4(2)2'2“) [cosh(2bx) - (:38:23) cos(2ax)}

< (w) (cosh(2bz) + 1).

Thus, using Lemma 4.3
(S lal?(t)(cosh(2bt) + 1)dt)=

RE (foL [COSh(th) - (:28:2;) Cos(2at)} ahf)é

V2 ’08

v (-2m-%w) <

, (L €]0,00))

Considering the numerator, we find
L L
/ ¢*(t)(cosh(2bt) + 1)dt < (cosh(2bL) + 1) / ¢*(s)ds.
0 0
Considering the denominator for a # 0, we attain
L A -1
/ cosh(2bt) — % cos(2at) | dt
0 |A(2)]” +1
_ (sinh(2bt)  [|A(2)]* =1 sin(2at) ’L
N 2b JA2)|” +1 2a 0

_ sinh(2bL) [ |A(2)" =1 sin(2aL)
Y (yA(z)|2+1) 2a (4.15)
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On the other hand, if a = 0, we have to consider

t (1AEIP -1
/0 [cosh(th) <|A(z)|2 " 1)

_sinh(20L) [ JA(2)] -1 I (4.16)
= 5 ,
20 |A(z)|"+ 1
We shall assume that L > | 12 R This condition, along with v22 —1 = a + b,
2
implies that L > \f%n’ n = max{|a|,b}. Indeed, should L < ﬁ and L < ﬁ then
|22 1| =a® +1? < % a contradiction. We will consider each case in turn.
First consider the case L > m This case can only occur for a # 0 (as |a] > b > 0).
Now
|A(2)]> =1 sin(2aL) _ sin(2aL)‘ _ 1 _ L _ 1 sinh(2bL)
A(z)> + 1 20 || 2 |2 V2" V2 2b

and it follows that

sinh(2bL) <|A(z)\2 - 1) sin(2aL) _ ( L1 ) sinh(2bL)

2b AP +1 2a V2 2b

(z)

. inh
—2—, which occurs when |a| < b. As 222

We now consider the case L > is an increasing

V2b)?
function,
sinh(2bL) > Lsinh(v/2) (4.17)
2b V2
whereas
]A(z)i — 1 sin(2alL) < sin(2aL)‘ <L (as0)
AP +1)  2a 2
follows from Smx(m) < 1. On the other hand, for a = 0, it is easy to see that
AP -1
ACE=1) ) o p
|A(2)|” + 1
Thus, using equation (4.17) it follows that
v/2sinh(2bL)
S - @ 7
2bsinh(v/2)
and so we obtain as a bound for (4.15) (the a # 0 case)
sinh(20L)  (|A(2)]> — 1 sin(2aL) _ sinh(2bL)  V2sinh(2bL)
2b |A(2)] + 1 2 T 2b 2bsinh(v/2)
2 inh(2bL
(1o Y2 ) sinhed ), (4.18)
sinh(v/2) 20
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and in fact obtain the same lower bound for (4.16), the a = 0 case.

Noting that sinhv/2 < 2 we see that the bound for L > ﬁ is also sufficient for the

L> ﬁ case and thus we have the estimate

NI

0 L 2

V9 U5 1 (1+cosh(20L)) [y q
2, -21)) < —

7( v1( ) v?( )) - Q2 (1 NG )sinh(QbL)

sinh(v/2) 2b
1 _1

1 </L 2)2 V2 2 <2b(1+cosh(2bL))>é

BETAV sinh(v/2) sinh(2bL) '
Now

(14 cosh(2bL)) (24 cosh(2bL) — 1) 2
sinh(2bL) sinh(2bL) sh(eor) T tanh(bL)
2b 2
2(——— <Z4om<2y]22—1+26<4y/]22 -1
< <Smh(2bL)+b)_L+ b<2y/|z | +2b < 44/|z B

and (4.11) follows. O

Using Equation (4.14) it is easy to see that

0 221l | | 71
lim ——2(L) = — lim ¢ + =Yz
L5000 Lovoo 2t (e2imL _ 1) z41
iVze—1

0
Thus we can find a bound for the difference between —Z—% and its asymptotic limit, in
1

particular a bound for the separation . This leads us to the following result:

LEMMA 4.4. With z € Ct and v°(x, 2) defined as in Lemma 4.3, for any L > ——

we have the bound
09 RV V2|2 + 1|Va2? + b2e L
v(—U%(L),z 0 )g |2+ 1 -
7 la + aRz + bSz] \/ sinh(2bL) + sin(2aL) (%)

ProoF. Explicitly, we have

U(Z)( ) ivz2 —1 e—bxeiaa: + e—iaaceba:
[ x = — T .
U? z+1 e—bregiar _ o—iaz b

(ia _ b) 67217:1: _ 622'(1:1: 4 672iax _ €2bx
z+1 |€fbmei(m: _ efiaxebz|2

2(ia — b) (sinh(2bzx) + isin(2ax)
z+1 < |e—bremm _ e—zaxebz|2 ) (ZL‘ S [ ,oo))
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Thus we have

N (_ o) (@) 4 {2@'@ —b) <sinh(2bx) +isin(2ax)>]

U(lj z+1 ‘e—bxeiax _ e—iaa:eba:’2
2 (ta—10) , . .
= ‘e—bxeiam _ e—iaacebac‘Qg |: 241 (Slnh(be) + zsm(an))]

2 {% <m sinh(2bx)> S <a sin(2ax)>

- ‘e—bxeiaa: _ e—iaa:eba:‘Q z41 z+1

N (bsi:liibx)) N (@'b sin_?;zx)) ]
B 2 [g (z’asinh(2bx)(z+ 1)) N (asin(an)(z—f— 1)>

T |e—bzgiar _ e—ia:ceboc‘Q |Z 4 1|2 ‘Z 4 1’2
g (bsinh(be)(z+ 1)) g <ibsin(2am)(z+ 1)) }
|2+ 1]2 |z + 12
B 2 {asinh(?ba:) bsin(2ax)  aRzsinh(2bx)
e—bzpiax —e_iaxebe |Z+1|2 |Z+1|2 |Z+1|2
n aSzsin(2ax) | bSzsinh(2bz) bRz sin(2ax)}
|z + 1]2 |z 4+ 12 |z + 1]2

2

- |Z + 1‘2’e—bx€iax _ e—iaxebx|2

[(sinh(2bx)(a 4+ aRz + bS2) + sin(2az)(aSz — bRz — b)] .

Also
5[ 22 —1 _g ia—b _5 (tla—0b)(z+1) :(a—i—aﬂ%z%—b%z)‘
z+1 z+1 |z + 1|2 |z + 1)?
Lastly
0 2 _ 1 0 ib
YOS P AL _ ‘—v%(az) _ot
vy z+1 vy z+1

| i(a+ib) [eTbreiow 4 emiazebe 2i(a + ib)
| 241 e—breiaxr _ o—iaxpbx - z41

e /a2 + b2 (e—bxeiax + e—ia:cebx) + (6—bazeia:c _ 6—iaz6bx)
- ’Z + 1| e—bzolar _ p—iax bz

24/ a2 + b2€—ba:

= |Z + 1He—bxeiax _ e—iaxebx’

(x € [0,00)).
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Putting these results together at x = L we find
4/ e

0 2
v Vze—1
Y _%(L)a ¢
vy z+1
|Z+1|‘€7bL€iaL—67iaLebL|

\/‘ZH|4|i(_abt‘;iitb§jl%m|2 [(sinh(20L)(a 4+ aRz + bz) + sin(2aL)(aSz — bRz — b)]
V2|2 + 1|Va? + b2e

la + aRz + bSz|4 [sinh(20L) + sin(2aL) (%)

3 Estimates of u(x,2) and v(z, z) for L'-bounded

Potentials

In this section we consider solutions u(x, z) and v(z, z) of Equation (4.7) on a fixed inter-
val 0 < x < N, subject to initial conditions (4.8) at x = 0. We compare these solutions
to the corresponding solutions u"(z, z), v%(z, z) with zero potential, again satisfying (4.8)

at x = 0, which we know explicitly.

In order to carry out this comparison, we will have need of the following Gronwall type

inequality:

LEMMA 4.5. Let f,g:[0,-) — [0,00). Let ¢ > 0 be constant and let f,g satisfy

g(x) < ¢ /0 et /O f9. (x>0). (4.19)
Then

g(x) < clel f —1), (x>0).

PRrROOF. fe™ Jof > 0, and so multiplying both sides of (4.19) by this expression and

integrating gives us

/; {f(s)e_ fosf(t)dtg(s)} ds < c/; {f(S)e_ Jo 1t /05 f(t)dt} ds

w [ ien [ sy as
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Integrating the last term by parts:

/“{ﬂ@aﬁﬁ@ﬁ/ﬁﬂwmwﬁ}dy—/%ﬂ@aﬂﬂwﬁm@w—awﬁmﬁ/%ﬂwmwﬁ,
0 0 0 0

and so the above becomes

/m F()g(t)dt < cels FBdt /m {f(s)e_ J3 rwa / f(t)dt} ds.
0 0

0

Integrating the right hand side by parts twice gives
Hg(t)dt < clelo TWdt _ 11— ¢ [ f(t)at
f(t)g(t)
0 0
and again using (4.19)
mm—c/ﬁﬂwﬁScwﬁﬂwﬁ—H—C/‘ﬂww,
0 0

and the result follows. O

We will also require the following result about matrix norms.

LEMMA 4.6. The Frobenius Norm

n n
A1 =325 1442
i=1 j=1

is sub-multiplicative, i.e. ||AB||r < ||A||F||B||F-

PROOF. Let A € C™*" B € C™" and z € C". Then, using || - ||2 to denote the

Euclidean norm and A;, to denote the i-th row of A,
2 2 201,112 2 2
1Az|[3 =Y [Aual* < D | Ail3ll2ll3 = [|AlF]|2]5,
i i
and thus the Frobenius norm is compatible with the Euclidean norm. Thus it follows that

IABI[E =D IIABLlI3 = Y IABul3 < D INAIEIBG13 = [|Al[E Y |1Bull3 = [|AIEIBI

j j J J
where A,; represents the j-th column of A. O
We now use the notation | - | to represent either the Euclidean norm or Frobenius norm.

We now present a proof of the following relatively standard result which is essentially an

exercise from [10].
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LEMMA 4.7. Let K be a fized compact subset of CT, and let N > 0 be fived. Let u(x,z)
and v(z,z) be solutions of Equation (4.7) on the fized interval 0 < x < N, subject to
initial conditions (4.8) at x = 0 and let u®(x, ), v°(z, 2) be the corresponding solutions
with zero potential, again satisfying (4.8) at x = 0. Then, given any € > 0, there exists a
0 > 0 such that for any potential function q satisfying fo lg(t)|dt < &, we have, for all
z € K and for all x € [0, N],

lu(z, 2) —uo(z,2)| <e, |v(z,2) —wvo(z,2)| <e.

PROOF. Let M be the 2 x 2 matrix given by M(x,z) = [u(z,2),v(x,z)] and let

My(z, z) = [ug(x, 2),vo(z, z)]. Now consider

d . dMy . L dM
— My M = Myt Mo+ M=
dx de 0 + Mo dx
dM  dM, 0 —1
= My |5 = S0 M| = Mt M

We note that det M = 1. Indeed, det M is the Wronskian of two linearly independent

solutions of (4.7) forming a canonical fundamental system at 0. Hence we can show that

4 00 . ([0 -1 .
qM, - M = qAMy, "M, qM, - M =qBMy M

where A = (=09, ud)T (ul, 1)) and B = (=, u3)T (u3,v9). On the other hand

0 -1 0 —f

—1 2
M; =

0 0 0

Thus

diM 'M =q(A+ B)M; ' M,
X

which implies that
My M(z) =T+ /Ox q(t)(A+ B)(t)My * M (t)dt.
Thus, for x > 0,
Mg 0 (a) -1 < [ “lg@)] - 1A+ Bl(dt + / Cg@)] - 1A+ BI() - Mg M (2) — Tt
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An application of Lemma 4.5 now implies that
N
Mg M(2) —T] < exp ( [ ol 14+ B\(t)dt) “1, (zeo,N)
0
Thus, Vz € [0, N]
|M(z) — Mo(x)| < [Mo()| - [Mg ' M(z) -1

<t (e ([ tatol 14+ Biyar) -1)).

and the result follows by noting that |A|, |B| and |Mp| are bounded on [0, N] and z € K,

and using that

|u = wol(z) < [M(z) — Mo(x)], [v—wol(x) <[M(z) - Mo(x)| (2 € [0,N]).

The following corollary is a straightforward consequence of the previous Lemma.

COROLLARY 4.1. Let K be a fized compact subset of CT, and let N > 0 be fived.
Then, given any € > 0, there exists a & > 0 such that for all potential functions q
satisfying fON lg(t)|dt < &, we have for all z € K and all solutions u,v,ug, vy defined as

in Lemma 4.7.

N N
/ S(al (t, z)v(t, z))dt—/ S(ad (t, 2)vo(t, 2))dt| < e.
0 0

4 Estimate of —jﬁfgg for Potentials Subject to an
L?-type Condition

Before proceeding with the main result of this section, we first prove the following lemma

LEMMA 4.8. Let z € Ct. Further let u®, v° be solutions of (4.7) with ¢ = 0 subject to
the initial conditions (4.8). Then

/OO I([a]Tv%)dt = oo
0
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PROOF. Using (4.13) and the initial conditions we can deduce that

uO(:U’z) _ 1 iVz22—1x + 1 e—i\/zQ—lx‘
2 -/22—1 2 o 21
? z+1 t z+1
and so using (4.14)
T
1 el Vz2—1z + el Vz22—1x z+1 [ei\/z271:p o efi\/z271x]
LU UES S (e I (v
i 2271[61’ 22—1x et 22—1x] el 221z +6—i 22—1zx
z+1
1 z+1 Vz2 -1
= - - sin(22RV/ 22 — 1
2 <\/Z2 -1 z+1 ) ( )

i z+1 22 —1
+ = + sinh(2234/ 22 — 1).
<\/z2—1 z+1 ) ( )

Let vVz—1=a+i8, ¥z+1=~+1id, where these square roots are as in Chapter 2
Section 3. Then, as z € C*, o, 3,7,6 > 0. Then

z+1  ¥z24+1  (ay+68)+i(ad — B7)
V22—1 Vz—1 Vz—1? ’

and similarly

2 -1 (ay+9B) +i(ad — By)
z+1 | ¥z + 1)2 .

Thus, for large z,

ad — ad —
S ([@%7 (z, 2)0° (2, 2)) = % {(\/%‘72) - ft/%’@] sin(2zRV 22 — 1)

1[(a7+55) (ay +48)
2[[WVz—1P2  |¥z+1P

~ C(z)sinh(223v/ 22 — 1)

] sinh(223v 22 — 1)

where C(z) > 0, and thus S ([a°]70?) is not integrable. O

We also require a further lemma, which calls upon the following results. These follow by
a simple calculation using Lemma 4.2 and that the Wronskians of u,v and uw,v are 1 at

the point N.

LEMMA 4.9. Let u(-,2), v(-, 2) be solutions of Equation (4.7) subject to initial conditions

4.8). Let N >0 and z € Ct. Then
(
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(4.20)

(4.21)

where for simplicity u,v represent the solutions u(-,z), v(-,z) and W represents the

Wronskian.

We now use these identities to prove the following convergence lemma, analogous to the

the result proved for the Schrédinger equation in [6].

LEMMA 4.10. Let u(-, z), v(+, z) be solutions of Equation (4.7) subject to initial conditions

(4.8). Let m® be any constant such that SmM > 0. Then, for any N > 0 and for all

z € CT we have the estimate

, —U—2(Nz) _ug(N,z)+m(1)v2(N,z) < 1
vy ur(N,z) + mWu (N, 2) ) VII +1)

where the integral I is defined by
N
I(N, 2) = (32) / S@ (z, 2)o(x, 2))da.
0

PRrROOF. Using equation (4.4) we have at z = N

01wy +mMy,

- ) u2+m(1)7_)2
72 b2 up A Wy ) _ ‘ ot ur+m(HDuy
o EY ’
IENEE
U1 ur+mMvy

Thus, using Lemma 4.2 and W(u,v) =1,

2
Jorl - fur +m O,

= (% u +my
o v wrmOen)  f |- + v
0w+ (0,7} + mD, @+ mo)(N)
_ AW (u,v)[?
[0, 7](N) [ + mWv, 7 + mVz](N)
4

- [[v,@] (N [u + mWv, 7 + m<1>@](N)] '
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As m) € C+, we can write m™) = Rm™) 44V, Y > 0. Then,

— [v,7][u +mDv, @+ mV7]
= —[v,7][u, @] — 2i[v, V]S[u, 7] RMD)
— 2iY [v, 0R[u, 7] — ([v, 7)) 2[RmY)? = ([v,7])?Y 2.

This is of the form A 4+ BRm® 4 C[RmWV)? — a(Y) with A,C > 0 and B € R. Indeed,

as we have seen,

N N N N
A= —[o,ol[u = - U 2i%z|v|2d:v} V 2iszyu\2dx] :4(%z)2/ |uy2dx/ lv[2dz
0 0 0 0

N N
B = —2i[v,v]S(u, v] = —2i [/ 2i$z|v\2d:c] Su, v] =2 [/ 2%z|v\2dx] Su, v]
0 0
2

C = —(jv,7))? = — [/ON 2i§‘sz\v[2dx] —4(32)2 (/ON \dex)

We can bound A 4+ BRm® + C[RmM]? below by A — %, and so we obtain

2

o w2 ug+mWuy B 4
T\ T g, ) T (e, ]+ 20 [o, 5R[w, 7] + ([0, 5)2Y 2 + [S[u, T
Since
[u—iYv,u—iYv] = [u,d] + Y?[v,7] + 2iY [u, 7]

Su —iYv, 7] = Su, 0] — (Y [v,7]) = Su, 7]

we can re-write the above in the form

2 <_vz’_U2+m“)W> - 4

U1 a4+ mWyy [u—iYv,u—iY][v,7] + [S[u — iYv,7]]2

Considering equation (4.21) applied to the functions u—iY v, v, subtracting [R[u — iY v, v]]?

from both sides, and substituting for [$[(u — iYv,?]]? we obtain

o v2 _ug—l—m(l)vg - 4 B 4
T\ e, ) T I—Ru—iYu,o]?  Ru— Vo, oP—1
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Now,
R[u —iY0,7)]? — 1 = [R[u, 7] + R[—iYv,7)]? — 1

N

N 2
= [2%z/ (@l v)dr + 1+ Y%z/ |U\2d3:] -1
0 0

_ (sz/ON 3@ ) + Yol d:n>2—|—2 (%z/ON 23 (@v) + Yof?] d:v)

> 41% + 41,

and the result then follows. O

The following three lemmas will also be required for the proof of Theorem 4.3 to follow.

LEMMA 4.11. Let f(-, z) be a solution of (4.7) satisfying S (— 2&8’2) > 0 with fi(z,2) #

0 (x>0). Then for allz >0, ¥ <_}?gi§) > 0.

ProoF. Follows by Lemma 4.2. O

LEMMA 4.12. For any e > 0 and any K C C* compact, we can find an N > 0 such that

V2 P 1
(hea-5) < Ty

for all z € K and solutions f of the Dirac equation (4.7) satisfying the conditions

S (_fQ(O,Z)
fl(O,Z)

) >0 and fi(x,z) #0, (x> 0).

PRrROOF. By Lemma 4.11, & (—ﬁéii;) > 0. We can write

fa(x, 2) ug(z, 2) + mMuy(z, 2)

fl(x’z) ul($,2)+m(1)01($,2)

where m™) is given by —m() = —2582 Thus Sm™® > 0 and the result follows from

Lemma 4.10. O

LEMMA 4.13. Let z € Ct and u(-, 2), v(-, 2) be solutions of Equation (4.7) subject to

initial conditions (4.8). Then
N
\II(N):/ (@l (z, z)v(z, 2))dx
0

s an increasing function of N.
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PROOF. Since we are in the limit point case, we have only one square integrable
solution for a given spectral parameter; v(-, z) cannot be this solution else z would be a
non-real eigenvalue in violation to the Dirac equation we are considering being self-adjoint.
Thus, v(-, z) ¢ L*(]0,00))? and so

N

lim lv(z, 2)|2dx = oo,
N—o0 0

fON S(@lv)dx
Jo' [of?de

Using Lemma 4.9 and dropping the dependence on z, z in the notation for brevity

uniformly over compact subsets of C*. Consider the ratio and its derivative.

d foN (@ v)dz B % (fON %(ﬂTv)d:c> fON lv|2dx — ﬁ (fON |v\2dx> fON S(ulv)dx

N = 2
o (i oo
~ S(u) fON lv]2dx — |v]? fON S(ulv)dx
= 2
(Jo tof2dz)

(£550) o+ i 1 - 500

%Sz
(foN |U|2di19>2
(ulv — atv)[v,v] + |v]?(2 g 2R[u, v))
432 (fON ]v|2d:c)

_ (ulv —alv)[v,v] + |v]2(2 — [u,v] — [@,v])
45z ([ of2d)’
(u1v1 — urv1)W(v,) 4+ v101(2 — W(u,v) — W(u,v))
432 ( Iy |v\2dx)2

(U2 — Uav2)[v, V] + v212(2 — [u, 7] — [x, U])

43z (fON |v|2dm>2

Now, using W(u(N),v(N)) = W(u(N),5(N)) =1

(ulvil - 171171)[% U] + 0171(2 - [u7§] - [ﬂv U])
= (w101 — wyv1) (V102 — vaU1) + (V101 (2 — W1 D2 + uQTT — TTv2 + Ugv1)
= (UQ’Ul — ulvg)ﬁ + ('UQ'Ul — ulvg)v% + 2v101

2 2 _ —\2
= —v] —U1° + 20101 = —(v1 — 07)%,
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with a similar result for the other numerator. Thus

d Y S@)dr (0 —17)° — (v~ 73)°

N 2
AN [5 JulPda A4S (fON |v|2dx>

_ (Sv1(N, 2))2 + (Sve(N, 2))? >0,

Sz <f0N ]v(x,z)]%lac)g -

from which it follows that the ratio of integrals cannot decrease with V. O

We can now state an estimate of convergence of — }?Ex

/22—
2) 4o g ZZ_Hl based on an L? type

z
z,2)

condition on the potential.

THEOREM 4.3. Let K be any fized compact subset of CT. Then, given any € > 0, there
exist 0 > 0 and N > 0 such that for all L > N and for all potential functions q satisfying
the L? bound

L
/ lg(t) 2dt < 6,
0

the corresponding solution of (4.7), f(x,z), satisfying the condition <_§jggz;> > 0,

also satisfies the estimate

'y<—f2(L’Z),i 22_1> <e (4.22)

forall z € K.

PROOF. Note that the separation (21, 22) between two points 21,z € C* does not
satisfy the triangle inequality. However, we have the following substitute: If 21, z9, 23 € C*

and it is given that
v(z1,29) < a, (z2,23) < B, 0<a,B<2
then it follows easily (see [5] Theorem 1) that
v(21,23) < V2(a + B).

As a simple consequence, the three inequalities (21, 22) < §,7(22,23) < § and (23, z1) <
&, with 0 < ¢ < 1, together imply that v(z1,24) < €. If we define u,v,u’,v? as in the
previous lemmas, then in order to verify (4.22) it will be sufficient to show that if z € K,

we can find an N large enough so that we have the following three inequalities at © = L,
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L>N,

v v L0 0 =
”( }cf( >‘2<L>><2= v(—2<L>,—3<L>)<g, v(‘3<L>,iZ+11><g,
(4.23)

Given any ¢ > 0 and compact subset K C C*, we fix N to satisfy, for all z € K, the

three inequalities

N 12
/0 S(ad vo)dt > —— S (4.24)
2 1 2 2,—bN
V2|2 + 1|Va2 + b2e <%7 (4.25)
la + aRz + bSz|4 /sinh(20N) + sin(2aN) (%)
1

That N may be chosen to satisfy the first of these inequalities for z € K follows from
the fact that f I (ag Tvg)dt = oo, by Lemma 4.8, and that, for fixed N, the integral
fo Uo vo)dt depends continuously on z for Sz > 0. In the second inequality we have

V22 —1 = a + ib, where both a and b are bounded for z € K (indeed a = b = 0 iff

€ [—1,1]). We also note that \/m is bounded for z € K. From Corollary 4.1 we
know that, for z € K, the integral fo (al'v)dt is close to fo (g vo)dt provided that
fo lq(t)|dt is sufficiently small. In particular, inequality (4.24) implies that there exists

0o > 0 such that, for all z € K, we have

N N N N 6
/ ()]dt < 8y —> / S(@Tv)dt > / S(@lug)— / (S(@v) — S(@hvy)| > ——
0 0 0 0 ez
(4.27)
Having fixed the values of N and &g, define § > 0 to satisfy
52
o< — 4.28
<% (428)
Clz# —1]1
Ol ~ 13 Vo < vz € K. (4.29)
R

Here C' is defined in Lemma 4.3. Now suppose that L. > N and fo lq(t)|?dt < 6. Using

the Cauchy-Schwarz inequality

/ "ot < (N / ) rq<t>12dt) "< (6N

=

(NI
Oq
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Hence (4.27) implies that

N
/ S(alv)dt > b
0

ez’

By Lemma 4.10,4.12 and 4.13 we have, for any solution f of (4.7) satisfying & (—%) > 0,

f2 2 ) 1 €
(=7 L), ——=(L)) < <,
< f1 v1 Sz fOL S(aTv)dt 6
our first inequality from (4.23). The second follows from Lemma 4.3 combined with

(4.29), using fON lq(t)]?dt < §. Lemma 4.4 combined with inequality (4.25) completes the

proof of the inequalities (4.23), and the proof of the theorem. O

REMARK 4.1. Generally L? smallness is seen as a less sever restriction that L! smallness,
but here it is used to prove L' smallness for a particular case in order to prove that
vy (—%(L), —%(L)) < § (e > 0). This gives the impression that the results of this

chapter can be proven for the case with L!-sparse potential (and, incidentally, this is true

and requires fewer preliminary results).

We now explore some consequences of Theorem 4.3 in the case of L2-sparse potentials.
Let g be an L2-sparse potential. Then a sequence of subintervals {(ax,br) C Rt }ren can
be found such that, with L = by — ay,

b

lim L, = oo, lim (q(t))%dt = 0.

k—o0 k—o0 ag

Given A C R, fixed bounded and measurable, having closure A, and given any € > 0, we

first of all find d > 0 such that F4(d) < %S(A). E 4(d) is the error estimate defined in

(4.6), and from (4.6) we deduce that
Vi(A,S) —Va(A,S)| < 2emes(A) (4.30)
provided v(Fy, F») < € for all z € K, where K C C" is compact and defined by 3z = d,

Rz € A.

By Lemma 4.11 we can use Theorem 4.3 to define §, N such that for all L > N and for

all potentials g satisfying [|q|[z2(0,z) < 52, we have

fo(L,z) V22 -1
7<_f1(L,z)’Z z+1 ><€’ (4.31)

82




where f(+, z) is a solution of the Dirac equation (4.7) for which

*(5i05) -

Take kg sufficiently large so that for k > kg we have Ly > N and such that the bound

!l L2 (ag an+L0) < 52 is satisfied by our sparse potential g.
We now apply (4.31) with L = Lj, where f is a suitably chosen solution of (4.7), but
with potential modified by an appropriate change of x-coordinate. There are two separate

cases to be considered:

(1) Firstly, define f(z,2) = v(x + ag, z) for 0 < z < Lj. Then for = € [0, L], f(-, 2)

satisfies (4.7) with potential ¢(x + ay). Moreover, we have

Ly, bk
/ (alt + a))2dt = / (q(0)2d < 5.
0

ak

Hence (4.31) is satisfied in this case, and we have

vo(bg,2) V22 —1
fy( Ul(bk,z)7z z+1 <&

From (4.30) we now deduce that the respective value distributions for the

Herglotz functions —Zigg:g and 7Y ;251 differ by at most 2e mes(A) Vk > ko.

(2) Secondly, let F(-,2) be a non-trivial solution in L?(0,00)? of (4.7), with sparse
. . . .4
potential g. Then the m-function m® (z) for the Dirac operator H = —ioa - +
03 + q acting in L?(ag, 00)? is then given by

FZ(aka Z)

m%(z) = Filar.2)

We can now define f(-,z) by
f(z,2) = 0oF(by —x,2), 0<x <L,

so that f(-,z) satisfies the Dirac equation with potential ¢(by — z). Since

S (%) > 0, we also have

*(03) 0
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In this case, an application of (4.22) with L = Lj, results in the estimate

v(m

and it follows as before that the respective value distributions for the Herglotz

functions m® and ¢~ ;251 differ by at most 2e mes(A) for all k > k.

The following theorem summarises the situation regarding asymptotic value distribution

in the case of L2-sparse potentials.

THEOREM 4.4. Let v(-,\) be the solution of the Dirac equation at real spectral parameter

A, subject to initial conditions v(0,\) = . in the case of an L?-sparse potential q.
1

Let {(ay, br) C RT} be a sequence of subintervals for which limy_(by — ag) = oo and

limy_s oo ff: lq(t)|?dt = 0. Then, for Borel subsets A, B of R, |A| < oo, we have

1 1 VAZ -1
. - ag P -V -
khm O(mi*(N), B)dA = / 0 (z N1 ,B) X

AJ)\2
and  lim mes ({)\EA : WeB}) —1/0<i)\1,—B> d\
A

k—o00 s A+1

5 The Absolutely Continuous Spectrum and the Value

Distribution

In this section we prove Theorem 4.1, giving a relation between the value distribution

and the m-function for points in subsets of the absolutely continuous spectrum.

For any Herglotz function, F, we define a translated Herglotz function F° = F(z + i6)
(6 > 0) and set
1
w?(\,B,F) = w(\ B, F°) = —0(F(\+1id), B).

T
where w, 6 are defined in (4.3) (page 62) and (4.2) (page 61) respectively. Before proceeding
with the main result of this section we require two preliminary results; the first appears

in [7] (Theorem 1)
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LEMMA 4.14. Let F(z) be a arbitrary Herglotz function, and let A be a set of finite

measure. Let B be an arbitrary Borel subset of R. Then we have

/w()\,B;F)d)\—/w‘;()\,B;F)d)\‘ < Ey(d) = 1/ O(\ 4 i6, A°)d, (4.32)
A A A

s

where E4(0) — 0 for § — 0. Further E4(0) is a non-decreasing function of . Since
E4(0) is independent of B, F, the bound is uniform over all sets B and all Herglotz

functions F.

LEMMA 4.15. Let A be a Borel subset of an essential support of the absolutely continuous
part pae of the spectral measure p for the Dirac operator, T, acting in L*(0,00)%. Let

Aé%’r C A be defined by
AT ={Ne A|Smy(\) < rorlmy(\)| > R},

where m4 (A) = limg o m(A +49) and m(z) is the Weyl-Titchmarsh m-function. Then

lim, 0, RB—o0 mes(Aé%’r) =0.
PROOF. Aé:i’r can be written as
AFT={r e A|Smy(\) <r}U{X e A|jmy(\)| > R},

and so it is enough to prove that each of these two sets can be made small independently.

Starting with the first set, assume the contrary, i.e.

E>0:Vr>0 ]{A6A|%m+(>\)<r}|2%.

In particular this must be true for the sequence r, = 1. Let i, = {A € A|Sm4(A) < rp}.

Then J3e >0 : Vn € N |a,| > 5. Further, for all n > 1, a1 C o, Thus
€
de >0 : |mn€NOén‘ > 5

Now

() an C{X € AISmi(N) =0}.
neN

An essential support for p,., the absolutely continuous part of the spectral measure, is all
A € R at which the boundary value m. (\) of m(z) exists with strictly positive imaginary
part (see |24| Proposition 1). Hence we can assume that Sm(A) > 0 for all A € A,

providing our contradiction.
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The fact that we can choose R > 0 such that
€
[{A € Affm (M| > B} < 5,
follows by a similar process to the above combined with Lemma 1 of [24]. U

We now have the machinery to tackle the proof of Theorem 4.1

Let m(z) denote the Weyl-Titchmarsh m function for 7. As we know, an essential support
for pgc is given as the set of all A € R at which the boundary value m4 (\) of m(z) exists
and has strictly positive imaginary part (see [24] Proposition 1). Hence we can assume
that Sm4.(\) > 0 for all A € A.

Let € > 0. We wish to form a finite partition of the set A
A=AF"UA U4 U UA,,

where 4;NA; =0, i # j, AN A; = 0 for all i, mes(AZ™") < emes(A) and mes(4;) < oo,
j > 1. Further, we would like to associate to each j > 1 a constant m) with positive
imaginary part such that v(m4 (\),m0)) <& (A € A;). The way in which we do this is as
follows: Points A € A at which |A| or [m ()] are large, or at which S(m. (X)) are small put
into AOR’T. More precisely, by Lemma 4.15 we know that IR, > 0 such that we can make
mes(AJ") < emes(A). The range m.y (), as A runs over A\ A", is contained in C' c C*.
C={Xe A|Sm4(N) > ror|my(N)| << R} and thus, as |A| is bounded because A is
bounded, C' is bounded. The Heine-Borel Theorem then tells us that C' is compact and
therefore it has a finite cover. Indeed, Vz € C, 3r, > 0 : Vy € B, _(z), 7(y,2) < . Then
{B;.(z) |z € C} is an open cover of C. The fact that C is compact then implies that
there is a finite subcover {Brzj (2j) 25 € C, j € {1,...,n}}. Thus we can find a partition,

with n < oo,
c=Ja,

with C1 = B, (21)NC, C;j = (B, () NC)\UZ| Ci (ie. C;NCy = (i # j)). Further

T'zl

we have Vj =1,2,...,n

21,22 € Cj = ~(21,22) <¢

Finally, take A; = (4\ Ag) Nm'(C;) and mU) = m, ()\;) for any fixed \; € A;. This
defines a partition satisfying the above properties which we desired.
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By Lemma 4.14 we know that there exists a dp > 0 such that for an arbitrary Herglotz

function F', Borel set B C R, 6 € (0,00) and j = 1,2, ...,n we have the bound

/ w‘S(A;B;F)d/\—/ w(\; B; F)dA| < €] 4], (4.33)
A A

J J

where w?(\; B; F) = %G(F(A +1i6), B). That dy can be chosen independently of j follows
from the fact that there are only finitely many sets A;, so we just choose dp = min 58.

We now complete the proof by showing that, for j > 1

%IA B)d)\ is close to the integral 1 fA (Z?E%’i;iﬁj;ij&%;; , B) d;

ii) mes ({)\ € AJ; 52 (N,)) € }) is close to = fA ( x;ﬁﬁﬁﬂ% f\‘g ) dX for

all N sufficiently large.

We begin with the proof of (i):

It can be shown that

ua(N, A) + my (N va(N, A)
ur (N, A) +ma (Mo (N, A)’

m} (\) =

(16] Equation (5)). Hence, for fixed N, A, the mapping from m.(A) to m¥ ()) is a Mébius
transformation with real coefficients and discriminant one. By Lemma 2 of [6], the

Gamma separation is invariant under Mobius transformations, and so

. (mf o us (N, \) + mPDus(N, \)

Ul(N,)\)—i—m(J)vl(N’)\)) ’y(m+( )’m )—67( € A45,) = )

Using Equation (4.5) we can deduce that

ur (N ) +m@ v (NA)?

/ ug(NA )+mD vy (N,N) S) N
ul(N A)4+mDwvy (N,N)°

‘9 mY (%), ) 0 (“Q(N’A”M”“N’” 5)|
sup <e

which implies that

uz (N, A) + mD vy (N, \) B
ul(N, )\) + m(j)vl(N, )\)7

3=

o(m¥ (\), B) —9(

Integrating with respect to A over A; leads us to the bound

)+ mDuy(N, N
/"( B)dx - / ( +m<>1<N,A>’B>dA
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We now proceed with the proof of (ii):

For j > 1 define A?- = Aj+1i6 C CT. As A; is bounded, we know that Ag is a compact
subset of C*. Hence Lemma 4.10 and Lemma 4.13 implies that we can find an Ny such
that V5 > 1, N > Ny andzEA?

)
N _@(N’Z)’_ug(]\f,z) +T ' va(N, 2) <e.
U1 uz(N, z) +mDvy(N, 2)

In a similar way to part (i) we can now deduce that

N :
/9<_”2(N,A+¢5),—B>cu—/ g (2N A+i0) M s(NA+D0) g )y
A vy A ua(N, X +i6) + mD vy (N, X + i6)

1

s

< emes(A4;).

. : . . . uy _ ug(NA+id)+mP vy (N A+id)
This bound is valid for all j > 1 and N > Njy. Noting that both —72 and (N Ei8) 1T 0o (N A170)

are Herglotz functions, we see that we can use inequality (4.33) to compare these two

integrals in the limit § — 0. We know that

1 . V9 . V2

— lim 6 ——=(N,\+1id),—B | d\ = mes )\eAj;—v—(N,)\)e—B
1

T JA; 6—0t V1
V2
= mes ({)\ € Aj; v—(N7 A) € B}) ,
1

and this, together with (4.33), allows us to arrive at the bound (for a suitably small
do > 5)

m)
mes({)\EAj;W(N,/\)EB}>—1/ 9 _uz(N,)\)—FT‘vQ(N,)\)’_B d\
vy T Ja, uz(N, X) + mDuy(N, \)

< mes<{AeAj;”2(N,A)eB}> —1/ e(-”(N,Am),—B) d\
U1 T JA; U1
'5) 4 77700 :
+ 1/ 0<—U2(N,)\+i5),—B>d)\—1/ g (e A0+ TN AL0) o)
T Ja, U1 T Ja ua(N, X +i6) + mDug (N, X + id)

+‘1/ p ug(N, A+ i6) + mPDug(N, A + i6) B\
T Ja; ug(N, X + i) + mDvy (N, X +id)’

< 3emes(4;).
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Using the identity 6(—«, —B) = (@, B) to obtain

)
U1 mJa, \u2(N,X) +muy(N, X)

< 3emes(4;),

(as our solutions u, v are real) which holds for all 5 > 1 and N > Ny and completes the

proof of (ii). Combining the results of (i) and (ii) now yields

< 4emes(4;),(j > 1,N > Ny).

1
mes <{/\ € Aj 2(N,\) € B}) — / o(m¥ (\), B)d\
U1 ™ Aj
We chose mes(Aé%’T) < emes(A), and so we have (for all N > Ny)

‘mes ({)\ c A; %(N, ) € B}) - jr/AH(mf(/\),B)d)\‘

n
<
J=0

mes <{)\ € Aj %(N, ) € B}) - % /Aj 0(mY (\), B)dA

<2 mes(AOR’T) +4e Z mes(A;) < 6cmes(A).
j=1

This concludes the proof of Theorem 4.1

6 Spectral Analysis

Having extended the theory pertaining to value distributions to incorporate the Dirac

operator, we can now prove Theorem 4.2.

Suppose the contrary, i.e. that we can find a subset A of [—1, 1] for which ps.(A) > 0,
where pg. is the absolutely continuous part of the spectral measure, . Then mes(A) > 0,

and we may also suppose that A is a subset of the essential support of pgc.

Now, as in Theorem 4.4, we define intervals (ag,by) and set Ny = %. Then Ny
can be seen as either the left hand endpoint of an interval (N, by) or as the right hand

endpoint of an interval (ag, Nj). Theorem 4.4 then implies that

. 1 Ny, 1 VA2 -1
- == _ 4.34
klg&ﬂ/AQ(mjL (A), B)dA TF/AG (z AT ,B | d, (4.34)

whereas

. . Q}Q(Nk,)\> _1/ . )\2—1
kli)rgomes ({)\EA (Ve ) 63}) = AO e B | dx. (4.35)
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Since A is a subset of the essential support of p,., we also have by Theorem 4.1 that

. ~ v2(Ng, A) _1/ VA2 -1
kli)ngo [mes ({)\EA : 7@1(1\%)\) €B - AH Zi)ﬁ—l , B | dA

Equations (4.34)-(4.36) now imply that

1 VA2 -1 1 VA2 -1

However, 1 V;‘j_;l € R™ for A € A, and taking B = R~ we see that the left hand size of

=0. (4.36)

(4.37) is strictly positive, whilst the right hand size is zero. Hence we have a contradiction

and the theorem is proved.
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Chapter

Bound States of the Dirac Operator for

O(%) Potentials

Consider the one-dimensional Schrodinger operator

d2

I + q(x). (5.1)

w =

It is well known that any self-adjoint realisation of s on [0, 00) has essential spectrum
[0,00) if g(z) — 0 (xr — o0). Many results have been proven about the absolutely
continuous spectrum of this operator (see Chapter 3 Introduction for references); however,
it is also an interesting area of study to consider the bound states of this operator,
in particular finding results either bounding the maximum eigenvalue, the number of

eigenvalues or finding a bound for a sum involving the eigenvalues.

Von Neumann and Wigner [66] considered Schrodinger operators of the form (5.1) as
a means of constructing an example of a Schrédinger operator acting in L?(R3) with
specially symmetric potential which decays to zero at infinity for which there is a positive
eigenvalue, i.e. an eigenvalue embedded in the continuous spectrum; the significance of
this example was that it contradicted the physical intuition at the time. It was believed
that if the potential decayed to zero at infinity, no positive bound states could occur.
Eastham-Kalf subsequently showed that if |g(x)| = o(z™!) (z — 00), s has no positive

eigenvalues; further, if limsup,_, . z|q(z)| = C' < oo any eigenvalue A must obey A\ < C?
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(c.f. [14, Section 3.2|, the original result is due to Wallach). On the other hand, Eastham-
McLeod [15], with further developments by Thurlow [62], showed how to construct
potentials g(x) of the type g(x) = %, with f(x) — oo as © — oo such that a prescribed
countable set of isolated points represents embedded positive eigenvalues of s. Later,
Naboko ([|38]) described a technique which, given an arbitrary countable (possibly dense)
set S of rationally independent numbers in R, allows the construction of a potential q(z)
satisfying |¢(z)| < @ with C(z) — 0o (x — 00) monotonously at an arbitrarily slow
given rate such that the corresponding Schrédinger operator has S among its eigenvalues.
More recently Simon (|58]) described a different construction which does not require
the rational independence assumption. Kiselev, Last and Simon proved the borderline

case in [32, Theorem 4.1], showing that if ¢(x) obeys C' = limsup,_,, z|¢(z)| < oo then

»u = Au has at most countably many positive eigenvalues, A € R. They also showed that

02
S < S

We are again going to consider the relativistic counterpart of sz, the Dirac operator

T = —m% + 03+ q(x) (2 € (0,00)) (5.2)

with the boundary condition
u1(0) cosa + u2(0) sina = 0,

for fixed o € R.

It is known that the spectrum of this operator is never purely discrete [54]. However, as

shown by K. M. Schmidt considered in [54], there is a suitable potential ¢ satisfying

C(x
o) < S @ e 0.00)),
with lim, o, C(2) = oo for which the operator has a prescribed set of eigenvalues dense

in the whole or part of its essential spectrum.

Our aim is to prove what could be thought of as a boundary case to [54] using a similar
method to that of Kiselev, Last and Simon [32]. We consider the Dirac operator (5.2)
where ¢ is real valued, locally integrable and C' := limsup,_, .. x|¢(z)| < co and aim to

prove
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THEOREM 5.1. Assume that C' := limsup,_,. |q(z)| < co. Then > (A2 —1) < i

(IAn] > 1).

REMARK 5.1. We note that it is the intention that the summation is taken only over

eigenvalues in the essential spectrum.

As in [32], there exists an zg € RT such that, by increasing C,

lq(z)] < (z € [20,00). (5.3)

1+ |z
Indeed,

C = limsup z|q(z)| = lim (supy\Q(yN)
T—00 yZI

T—00
implies that for all ¢ > 0 there exists an zp such that lsupyzxo yla(y)| — C’ <e. Thus

C+etsup, ’
lq(z)| < CHEtRala@l < € (5 ¢ [, 00)).

Before proceeding with the proof of the result we need to state three standard estimates;

we must also define a modified Priifer transformation which is integral to the proof.

LEMMA 5.1 ([32] Lemma 4.3). Let f,g € C'[1,00) such that

g fI+1f e LY.

/ f kx+g(x

is bounded as N — oo for any k # 0.

Then

LEMMA 5.2 ([32] Lemma 4.4). Let {e;}Y, be a set of unit vectors in a Hilbert space H
so that

a= NZ(ei,ej) <1
i#]

where (-,-) is the inner product on H. Then

N
D g el < (1+a)llgllZ,
=1

for any g € H.

LEMMA 5.3. Let f € L'(-,00). Then liminf, . z|f(z)] = 0.
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We define the standard Priifer transformation of a solution of 7u = Au by

. sin(9(x, \))
u(z, ) = R(z, \) . , (5.4)
cos(¥(x, \))
where R is called the Priifer radius and ¢ the Priifer angle (c.f. [69, Section 5.16]). It

can easily be shown that
V' (2,)) = A — q(z) 4 cos(20(x, \)), (5.5)

and

(log R)'(z, \) = sin(20(z, \)), (5.6)
where -/ denotes differentiation with respect to . However, this usual Priifer transfor-
mation falls short of our requirements for the proof. Indeed, we wish the equation for
the Priifer radius to be homogeneous in q. We therefore consider a slightly modified
transformation with [A| > 1

@) = Ry [ V@D (5.7)

—1_%\ sin((z, A) + %)
where R is called the modified Priifer radius, ¥ the modified Priifer angle and x = v/ A2 — 1.

It can be shown that (see [54] Section 2)

9 (2, \) = 5 + g(x) A + sin(29(x, )\))7 (5.8)

KR

and
q(z)

K

(log R) (z,)\) = — cos(29(x, A)), (5.9)

With these tools we can now proceed with the proof of Theorem 5.1; it suffices to show

that for each N < oo

N 2
Y -1< “
n=1 2

Assume that 7u = Au has N distinct eigenvalues A1, ..., Axy. Define R, (z,\) to be the
modified Priifer radius corresponding to the L? solution u(z, \,); we normalise u so that

Rn(0,A) = 1. Then, by (5.7), Ru(-, \n) € L?*(0,00). Thus

N
Z |Rn('v /\N)|2 € Ll(ov Oo)a
=1
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which implies, by Lemma 5.3, that liminf, oo 2 >.%_ | |Rn(2, A,)[2 = 0. Thus there

exists a positive sequence {Bj;};en such that B; — oo (j — 00) and

Ru(Bj, M) <B;?, (n€{l,..N},j€N).

=

Thus
B q 1
/ — log Ry, (y, A\n)dy = log Ry, (B;) < —= log B;.
0o dy 2

By (5.9), this means that

Bil aly) 1
/0 (— cos (29, (y, )\n))> dy < —3 log B;. (5.10)

Kn
Consider the Hilbert spaces H; defined by

H; = L*{(0, B)), (1 + x)dx}.

Then in H; we have using (5.3)

2

dr = C?log(B;j + 1) = C*log B; + O(1).
(5.11)

X

B Bi o
lallz,, = / @)1+ 2)de < /
J 0 o 1

Consider

o) 1 cos(29,(y, A\n))

Wy =— X[0,8,](¥);
Jap oty Y

; . 2
where y is the characteristic function and NT(LJ ) = fOBJ W

(ne{l,..N})

dy. Then

< Bi 1 cos?(29, , An
e 1By, = [ @On(y ) (1 4 )y — 1.

Ny (+1y)?

Thus {eg )}ﬁle are a set of unit vectors in ;.

Notice that ¥, (x) — kpz and 2(9y, = 9p,) — 2(kp % Ky ) have derivatives that are O(z 1),

(x — 00). Indeed

() = mna) = ) 2L g 0,00,
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Thus

/Bj cos (20, (y)) cos(20,,(y)) — %5"7”

0 1+y
! /Bj c08(2(In(y) = () + 02D (y) + Iun(9))) = S
2 J, 1+y

= 13‘%/&' ¢t (2(kn—hm)y+2(In—0m)=2(kn—rm)y) | oi(2(kn+rm)y+2(In+0m)=2(rkntrm)y) _ g5
2 Jo

1+y

dy

dy

dy

=0(1) (j = o)

by Lemma 5.1. Hence, as

NOND (), ey, = / ’ 608(21%(@/1))508(2%(@/)) dy
0 Y

Bj Cly
nm —2 4+ 0(1
/0 “Lrow)

=9

dnmlog(B; +1)+0(1), (j — o0)
we can conclude that
N9 = %logBj +0(1), (j— o) (5.12)
(e, ef)) = O((log By)™Y), i#k (j— o0). (5.13)

Thus, by (5.10)

(qQ@UH;:/Bj_q@%wd2&A%Am>@F<_nnbgBj:__ finlog B
J 0 A /N7’(Lj) B NT(LJ) \/% lOg Bj + 0(1)

1 _1
:_mnlogBj (1+120(;)') zz_nnlogBj (1+O<l 1B')> P
./%logBj 08 j ./%logBj 08 j

1
:_7by%(LJO(11>>:_¢$NE%+O<QlB>v
% IOg Bj 2 og Bj log Bj 0og L
= —V2kn(log B;)Z + O(1). (5.14)

As N is fixed and B; — oo as j — oo we may choose j large enough, by (5.13), so that
Lemma 5.2 applies. Thus

N
Y 1@ e ) P < (1+O((log B) ™) [lall3, -

n=1

96



Thus, by (5.11) and (5.14)

| /\

N
Z|\f/£n (log B;) )z + Z N, |2

< (1+O((log B;) ™)) lallZ,

< (1+O((log B;)™ 1)) (C*log B; + O(1)) .

and hence N
2 (Z ;@i> log B; < C%log B; + O(1),

SO
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Chapter

Further Research

The results of this thesis have settled the question regarding the absolutely continuous
spectrum for a one-dimensional Dirac operator with a square integrable potential and
extended this to the three-dimensional case, albeit with an additional boundedness as-
sumption. Further, the techniques of value distribution theory have been modified and
applied to the one-dimensional Dirac operator to allow the study of square integrable per-
turbation of sparse electric potentials. A bound on the sum of the relativistic equivalent
of the momentum variable has also been described. However, some further prospective

areas of research have been opened.

An interesting question which arises from Chapter 2 is whether Theorem 2.1 is optimal
in terms of LP decay. Is it the case that for all LP spaces with p > 2 there exist examples
of electric potentials for which there is no absolutely continuous spectrum? This question
has already been answered in the affirmative by both Pearson [39] and Kiselev, Last and

Simon [32] for the Schrodinger case as detailed in Chapter 2.

Another interesting question arises from the remark at the end of Chapter 2 Section 5;
although it is possible to prove the result of Chapter 2 using this rather rough estimate,
it raises a question: is it possible to relate the transmission coefficient and potential more

effectively, and if so, could this lead to either a simpler proof or a different result?
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In [30], Simon and Killip give necessary and sufficient conditions for a positive measure
to be the spectral measure of a half-line Schrédinger operator with square integrable
potential. By doing this they were able to improve the result of Deift and Killip discussed
in Chapter 2 and bring it into the context of sum rules. It would be interesting to produce

an analogous result for the Dirac operator case.

In Chapter 3 the need to introduce an L*° condition on the potential to proceed with
the chosen method was unfortunate. However, it is my belief that this condition is not
a requirement and thus it should be possible to have a complete analysis of the Dirac

operator with square integrable potential in up to three dimensions.

'U2(xv)‘)
? vi(z,A)?

Finally in Chapter 4 the ratio of solution components which occurs throughout
the chapter is a tantalising motivation towards a potential simplification of the results
of this chapter, or at least the possibility of a different approach. Indeed, if we were
to consider only real values for the spectral parameter A, this ratio is the tangent of
the Priifer angle and so many of the results reduce to deducing the rate of increase of
the Priifer angle as well as the number of passes through the interval [0, 7]. If some
progress could be made in this direction it would greatly simplify the theory not only by

simplifying the results themselves but by reducing the need to move into the complex

plane.
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Appendix

The Error Estimate E 4(6)

The aim of this note is to give some further details about the error estimate £ 4(0) which
appears in Chapter 4 as part of a bound for the difference between value distributions for
two different Herglotz functions. These details are due to Breimesser and Pearson and

appear in |7, 6].

Let G(z) be a Herglotz function with boundary value G4 () defined as in Chapter 4.
Further, let V(A, B; G) be the associated value distribution function for G as in Chapter

4.

For practical applications it is difficult to estimate V(A, B; G); indeed, if we were to use

the formula

WA&@—/w@&@M
A

where

w(A, B,G) = lim w(A+1i0,B;G), (A€R), (A1)

6—0t

(see Chapter 4 for details) there would be difficulties because the determination of
w(A, B; G) through (A.1) requires knowledge of the behaviour of the Herglotz function

close to the real axis, where precise bounds are not easy to obtain.

In order to broach this problem, we consider a translation away from the real axis. Indeed,

define the translated Herglotz function G° by G°(z) := G(z + id), with § > 0. Further,
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set

w%A&Gy:wMJiG5:%MGM+M%BL

as per Equation (4.3).

An application of the Lebesgue dominated convergence theorem shows that (for mes(A4) <
o0)

WARQ:g&AJQEQMZAMARQM (A.2)

The following theorem has the suprising consequence that, for any fixed A, this limit is

uniform over all Borel sets B and over all Herglotz functions G.

THEOREM A.1 (|7] Theorem 1). Let G be an arbitrary Herglotz function and let A be a

set of finite measure. Let B be an arbitrary Borel subset of R. Then we have

/&m&@w-/mx&®M§EM) (A.3)
A A

where E4(0) = 0 for 6 — 0 and E4(9) is a nondecreasing function of 6. Since E4(0) is

independent of B and G, the bound is uniform over all sets B and all Herglotz functions

G.

The theorem shows that the convergence of the integral used in (A.2) to determine the
value distribution V is uniform over B,G. As remarked in [6], and proven in [7], an

explicit bound in (A.3) is obtained by setting
1
EM®:/9M+ﬁA%M (A4)
TJA

where A€ is the complement of A. By making this choice for F4(J) it is possible to
show that (A.3) is optimal; indeed, equality can be attained with the choice B = A° and
G(z) = z. Further, as per [7] Corollary 1, if A is chosen to be an interval, A = (a,b), it

is straightforward to deduce using (A.4) that

Ea®) = 2= orctan <b6a> + %log (1 4@ _2a)2> .

T 1)

If we consider both Theorem A.1 and Equation (A.2) together, it is clear that we are

able to carry out an estimate, the the order E4(d), of the value distribution function V
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through the evaluation of [, w?(\, B; G)dA.

As a final remark, using (A.4), we see that F4(0) < mes(A) and, by symmetry, F4(d) <
mes(A°). Hence E4(d) < min(mes(A), mes(A€)). As detailed in [7] Lemma 1, it can then

be deduced that F4(0) is finite if and only if either mes(A4) < oo or mes(A€) < oco.
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