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Abstract:

We extend the celebrated Chamley-Judd result of zero capital income tax and show that the steady state
optimal capital income tax is nonzero, in general. In particular, we find that the optimal plan involves
zero capital income tax in investment sector and a nonzero capital income tax in consumption sector. In
a two sector neoclassical economy, interdependence of labour and capital margins alows the
government to choose an optimal policy that involves nonzero tax on capital income. The distortion
created by capital income tax in consumption sector can be undone by setting different rates of labour
income taxes. The optimal plan thus involves zro capital income tax in both sectors only if optimal
labour income taxes are equal. This may not be the optimal policy if marginal disutility of work is
different across sectors and/or the social marginal value of capital is different across sectors. The
difference in social marginal value of capital can be undone by setting different labour income taxes
across sectors. We also show that if the government faces a constraint of keeping same capital and
labour income tax rates across sectors, optimal capital incometax is nonzero.
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Introduction.

In this paper, we show that the optimal capital income tax in a standard two sector
neoclassical economy is nonzero, in general. We follow Ramsey’s (1927) methodology of
optimal taxation and apply Ramsey’ s idea that consumers and firms react to changes in fisca
policy in atwo sector dynamic model of taxation. We are motivated by the celebrated finding
of Chamley (1986) and Judd (1985) that in a one sector neoclassica economy with
competitive markets, the long run optimal policy involves zero tax on capital income. We
examine the strength of this result in a broader class of dynamic general equilibrium models.
We contribute by showing that the long run optimal policy involves zero capital incometax in
investment sector and a nonzero capital income tax in consumption sector. The distortion
created by nonzero capital income tax can be undone by setting different rates of labour
income taxes. We find a set of conditions on labour income taxes and preferences for which
our model recovers the Chamley-Judd result. The condition on labour income taxes is not
confirmed by equilibrium conditions, and the preference restrictions are not general. We
therefore conclude that Chamley-Judd result in our setting is a special and not the genera

case.

The dynamic general equilibrium approach to the optimal taxation problem established in
literature follows Ramsey’s (1927) semina paper that formally recognized that consumers
and firms react to changesin fiscal policy. Literature on optimal taxation of factor incomein
dynamic settings, ever since its advancement and sophistication, has established a set of
celebrated substantive results. A comprehensive survey is presented in Erosa & Gervais
(2001), and in Chari & Kehoe (1999). In the context of standard neoclassical growth model
with infinitely-lived individuas, Chamley (1986) and Judd (1985) establish that an optimal
income-tax policy entails taxing capital at confiscatory rates in the short run and setting
capital income taxes equal to zero in the long run. This result is judicious since a positive tax
on the return from today’s savings effectively makes consumption next period more
expensive relative to consumption in the current period. In an infinitely-lived agent’s mode,
therefore, a positive tax on capital income in the steady state implies that the implicit tax rate
of consumption in future has an unbounded increasing trend. This form of tax distortions is
inconsistent with commaodity tax principle, which is why taxing capital income cannot be
optimal.

The current paper approaches the standard Ramsey problem using the primal approach in a
dynamic general equilibrium set up of atwo-sector model economy with demarcated features.

The main result of this paper is based on the intuition that in a two sector economy, labour



and capital margins are interdependent which is unlike a one sector economy. This
interdependence implies that the optimal policy d capital income taxation depends on the
optimal policy of labour income taxation. Thus in a two sector economy, the optimal policy
may involve nonzero capital income tax rate since the distortion created by this tax can be
undone by differential labour income taxes. When new capita isafina good and used in both
sectors, the socia margina value of capital in the two sectors are very likely to be different.
Additional investment in consumption sector is associated with a social margina value of
capital that is different from the socia marginal value of capita in investment sector. The
Ramsey planner’s optimum satisfies two intertemporal equations for capital accumulation in
two sectors; but capital is produced in one of them. The discounted returns from investment in
both sectors are therefore equa to the social margina value of capital in investment sector.
We show that this equdlity is consistent with the general result of nonzero capital income tax
rate in consumption sector. We argue that a nonzero capital income tax in consumption sector
would not have potentiadl compounding distortion effect, since economic agents have the
option of shifting depreciated capita to the sector where its income is untaxed. The nonzero
capital income tax in the consumption goods sector becomes, in terms of consegquences, a tax
which has uniform distortion pattern, smilar to a period by period consumption tax, for
example.

We find that if the optimal labour income taxes are equal across sectors, one can recover the
Chamley-Judd result in our model. This may hold if the marginal disutility of work across
sectors is same, implying that the before tax wages are same. Such preference restrictions are
not generd. Optimal labour income taxes may be equal across sectors if the socia margina
value of capital is same across sectors, implying that relative price of consumption and
relative price of new capital are equal. Our main result that capital income tax is nonzero in
one sector is therefore based on the deviation of one relative price against the other. If relative
price of investment goods is different from that of consumption goods, it is possible to
tax/subsidize capital income because the distortion caused by the capital income tax might be
undone by the relative price difference. If one assumes that the relative prices are equal, this
would imply that the before tax renta rates of capita are same across sectors. The
decentralized equilibrium is not consistent with this assumption. The nonzero capital income
tax in consumption sector is therefore the general result. We consider the case where the
government faces an ex ante constraint of keeping the two labour income tax rates and the
two capital income tax rates equal across sectors. Restricting the government’s choice of

income taxes ex ante triggers an outcome with both nonzero capital income tax rates.



The set of policies which generates allocations that can be implemented as competitive
equilibrium, as this paper advocates, prescribes that the optimal steady state capital income
tax for capital goods sector is unambiguoudly zero, but the steady state optimal capital income
tax for consumption goods sector is only conditionaly zero. The set of conditions for which
the celebrated Chamley-Judd result can be established, as characterized in three experiments
using variants of utility functions, are neither inferred by the model nor justified by simple
intuitions. In general, the steady state optimal capital tax for consumption goods sector can
therefore be nonzero.

The Decentralized Economy.

Time is discrete and runs forever. The economy has two production sectors indexed by j,
where | = C, X denotes the consumption and investment sector, producing perishable
consumption goods and new investment goods, respectively. There is a continua of measure
one of identical, infinitely lived households, of identical firms in sector C that own a
technology with which consumption goods can be produced, and of identical firmsin sector X
that own a technology with which new capita goods can be produced. The representative
household is endowed with initial capital stock, with the property rights of the firms, and with
one unit of time at each period. Firms combine capital and labor, the two factors of
production, for fina production. All households have identical preferences over intertempora

consumption and work. The representative household derives utility from consumption (C;)

and disutility from work. Working time in sector | is denoted by n ;- Household's

preferences for consumption and labor service streams {c, ,n, ,n,, },, can be defined by the

utility function over infinite horizon:

b'u(c,ng,ny) )

Qo

U(Cy,Cryereeens Negy Neg yeveeny Nygy Nyg o) =

—
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0

where the subjective discount rate is b and b 1 (01). The utility function satisfies

regularity conditions. The household purchases new capital goods and rents capital to the
firms for one period. Capital decays at thefixed rated T (0,1) . Firms return the rented capital

stock next period net of depreciation d , and pay unit cost of capital employed, equal to T .

The consumption sector’ s technology is:



¢ +g £ Fc(kct ’nct) (2.1)

where g, is exogenoudy determined government consumption expenditure. The investment

sector’ s technology is:
Xq + X, EF (K, ,N,) (22

where x;, denotes new investment goods. The technology F (k;,n;) satisfies standard

regularity conditions and exhibits constant returns to scale. The government finances the
exogenous stream of consumption expenditures {gt}fzo solely by linearly taxing income from

capital and labor employed in both sectors. Throughout the paper, the assumption that the
government has access to some commitment device, or a commitment technology that allows

the government to commit itself once and for all to the sequence of tax rates announced at
time 0, is maintained. The government taxes labor income and capital income at rates t tj per

unit and qti per unit, respectively. The government runs a balanced budget each period. The

government’s budget congtraint for al timet can bewritten as:
gt :t tCWci nct +t tXWxt nxt + qtcrct kct + thrxt kxt (3)

The consumption good is the numeraire. Let p, denote the relative price of a new capital

good. The representative household chooses alocations in order to maximize discounted
lifetime utility subject to:

Ct + pt[kd+1 + kxt+1] £ (1- t tc)Wct nct +(1- t tX)WXt nxt + pt[kd R[C + kxt Rtx] (4)

where R/ © [p;*(L- g/)r, +(L- d)]. The representative firm in sector j competitively
maximizes profits. Competitive pricing ensures that returns are equal to their margina vaue

products. This implies  that the equilibrium factor prices are
Fo = Fe(t), Wy = Fe(t),r, = pR(t).w, = pFL ().



Definition (Competitive Equilibrium): A competitive equilibrium is an allocation

(G, 9,n,, N, %, X,, K., K,), a price system (W_,W,,I_,I,,P) and a government policy

x?'¢c?
t°t*,q°Qq”) suchthat
(a) Given the price system and the government policy, the allocation

(G, N, N, X, X, kc, kX) solves the representative household’s problem;

(b) Given the price system, the allocation (C,d,nNn_,K.)solves the problem of the

cl''c

representative firm in sector C;

(c) Given the price system, the allocation (X, X,N kx)solves the problem of the

X 1

representative firm in sector X;

(d) The markets clear.

Given the assumption about the utility function, the household’ s budget constraint is satisfied
with equality in equilibrium. The government policy, the household's budget constraint and
the two resource condgtraints imply that the government budget congtraint holds in

equilibrium. Given tota time endowment at each period for the household, define
A:R? ® Rwith A (strictly) convex, such that the total time allocation constraint can be
written as A(n, ,n,, ) £1. For (strict) convexity of the function A:R? ® R, imposing
separability, the household's utility function is (non) linear in labour. Combining the
necessary conditions derived from the representative household's problem, the necessary
conditions derived from the firms problems, the resource and time alocation congtraints, it

can be shown that the (competitive) equilibrium dynamics is characterized by the
Transversality conditions together with the following system of equations in the set of

X

unknowns {Ct1kcl’k><t Ny Ny Ty T s Wiy, W, P L ,qIC,th}:

A(ng.n,) £1 (5a)

¢ + T, =F°(ky,ny) (5p)

Kaur T Ky =F (K, ny) +(1- d)(ky +K,) (5¢)

unc(t):- uc(t)(l-ttc)wd (5d)

unx(t) =- uc(t)(l- t tX)Wxt (5e)
u(t) _ bpu o

e R &
uc (t) —_ bpt+l X

uc (t + 1) - pt R+l (5g)

re = Fe(t) (5h)



W, =F(t) (5i)
e = Py Fe(t) (5)
W, = p, Fr () (5K)

Equation Ga) represents the time alocation constraint. Equations Gb) and (5¢) represent
goods market clearing conditions. The rest of the equations are the set of equilibrium
conditions derived from household's and firms optimization problems. A few observations
deserve attention here. Note (5f) and (5g) together imply that after tax returns from capital are
equal in a competitive equilibrium, but not the before tax rental rates. Note also that with (5d)
and (5e), a non-unitary marginal rate of substitution of labor across sectors would imply that
after tax wage rates are not equal in equilibrium.

The Ramsey problem.

We follow the primal approach to the Ramsey problem, in which the government can be
thought of as directly choosing a feasible alocation, subject to constraints that ensure the
existence of prices and taxes such that the chosen allocation is consistent with the
optimization behaviour of household and firms. This approach is similar to those of Lucas &
Stokey (1983), Jones, Manudlli and Ross (1993 & 1997), Chari & Kehoe (1999) and
Ljunggvist & Sargent (2000). We introduce a single present-value budget constraint for the

household. Note that in equilibrium R, © R® = R*. Condder, therefore, household's time T
budget constraint:

Cr - -t 'I(E)WcTncT - (-t 'I)'()WxTnxT £ p, RT[ch + kxT] - pT[ch+1 + kxT+l] (62)

Q X
Let OQ R, ° 1 be the numeraire. Divide (6a) by the period T term p, (O R, and evaluate

s=1 s=1
the resulting expression at time T-1. Then add these two and eval uate the resulting expression
at time T-2. Iterating this procedure (and finally adding the time O expression) and taking the

limit of both sidesof thesumas T ® ¥ resultsin the following expression:

¥ _(1-t°¢ -(1-t X
§ S el L £ Rk, 4 ()
=0 POR

s=1
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where lim oy kjﬁl% ng =0 isdready imposed since the present discounted value of
s=1 7]

the capital stock in sector j, j = C, X in period t evaluated using period t market prices is
asymptotically zero as t® ¥ . Expression (6b) is the household's present-value budget
congtraint, which says that the present value of consumption expenditures net of (net) labor
earnings cannot exceed the value of the net initial assets. Assume that (6b) binds, i.e. there are

1
. - : : 0

no unused resources in the limit. Define the Arrow-Debreu price, g °© p{%% R,z such
s=1 4}

that (6b) becomes:

y
o’ (1- t {)Weng +a A (-t )Wen, + RKeo + Rokyo (7)

0 t=0

Qo

X
aqc =

=0

—
—
1l

with g = p,*. The first order conditions from household's utility maximization problem

with budget constraint (7) include:

bt
=2l (@)
Po Uc(0)
j _ " unj (t)
(1- tt )th —m (8b)

The formulation of the representative firms problems is unchanged, implying that the
necessary conditions from firms problem are also unchanged. Use (8) to substitute out prices

and taxesin (7) in order to derive:

é. bt[uc(t)ct +unc(t)nd +unx(t)nxt]' pouc(o)[R():ch + R(;(kxo] = 0 (9)

=0

—

with RS = R, the time O definition of R’ gives

— (1 - qOC) Flfc (0)

= 10
(1- 97) Fa(0) o

0

such that (9) may be rewritten as:



¥
a bt[UC(t)C[ +unC(t)nd +unx(t)nxt]_ V\(CO’nCO!nXO!q(;:!q(;() = O (11)

=0

—

c X él' ¢ FCC O l:l C X
Where \MCO’ nCO’ nxoiqo !qo ) ° é%ﬂuc(o)[ R) kCO + RO kXO]
d1-a)FA(0g

Expression (11) is, therefore, the intertemporal constraint that involves only allocations and
initial capital income tax rates that can be implemented in a competitive equilibrium, and is
known in literature as the implementability constraint of the corresponding Ramsey problem.
The Ramsey problem for the government, therefore, is to choose alocations to maximize

welfare subject to the two (binding) resource constraints and the implementability constraint.

Let F 3 O bethe Lagrange multiplier on (11), and define®

V(Co NNy, F) © UG, Ny Ny ) + FU (DG + U (DN + U, (DN,] (12.1)

With {Clt, CZt}:é:o as a sequence of Lagrange multipliers on the two resource constraints, for
given government revenue target T, and initid capital endowment k,, the problem is

therefore to fix initia capital income tax rates ¢, and q,° and choose allocations to maximize

welfare subject to (5b), (5¢) and (11). The necessary conditions for an optimum for this
problem due to changes in dlocations are:

C, V. (t)=cy, "t31 (12.2a)
Ny iV (t)=-c, FE(t), "t3 1 (12.2b)
n,: V. (t)=-c, FX(t), "t31 (12.2c)
Kys:Cy =b[Ccy, FRo(t+)) +cC,,,(@-d)], "t30 (12.2d)
Ko :Cy = be, [RX(t+1)+(1- d)], "t30 (12.2¢)
c,:V.(0)=c,, +FW,, (12.2f)
N Ve (0) = - €36 FS(0) + F Wiy, (12.29)
Ne:V,(0)=-C,F,(0)+FW_, (12.2h)

2Thefollowing expression (12.1) is commonly referred to as the Pseudo utility function which combines the utility
function and the infinite horizon part of the implementability constraint.



Consolidating (12.2) yields the following five equations:

Fie(t) _ Fe(t+1) ) ’
V(1) =0 bV, (t+1) T [F(t+1)+(1- d)], 31 (13.1a)
Vnc (t) =- Vc (t) F:c (t)' 131 (131b)

_. Fie(t) ’
Vi (1) =- V() =0 Frt), tel (13.1¢)
Vnc(o) = [F VVcO - Vc(o)] F:C(O) +F WncO (131d)

. Fe(0)

an(o) - Vc(o) ka((o) an(o) +F VanO (1318)

Let N denote the set of policies for which a competitive equilibrium exists.

Definition (Ramsey Equilibrium). A Ramsey equilibrium is a policy h in N, an
allocation rule C(.), and a price system R(.) ={w; (.), r;(.), p(.)} forj=C, X, such that
(a) The policy h maximizes welfare subject to the resource constraints (5b) and (5c) and

implementability constraint (11).

(b) For every h', the allocation Gh'), the price system R('), and the policy h’

constitute a competitive equilibrium.

First, note that Ramsey equilibrium requires optimality by households and firms for all
policies that the government might choose. Hence for a given value of the initial price level p,

for which the Transversality condition is satisfied, an allocation {q Ny, N, 'kd+11kxt+1}:€:0 and

amultiplier F that satisfy the system of difference equations presented by (13.1) will
characterize the Ramsey equilibrium. Using the resulting Ramsey alocation, one can then

compute the Ramsey equilibrium values of al endogenous variables of the system.

The Steady State Optimal Policy.

Consider acasein which thereisa T 2 O for which g, =g foral t3 T . Assume solution

to the Ramsey problem converges to a time-invariant alocation, so that alocations are

10



constant after some time. Then because V. (t) converges to a constant, the time invariant

version of (13.1a) implies:

1= b[FL+(1- d)] (14.13)

Proposition 1: The steady state optimal tax rate on capital income from investment

sector is zero.

Proof: Steady state version of (59) is:
1=b[(1- q")F,+(1- d)] (14.1b)

(14.1a) and (14.1b) together imply q* =

Proposition I sfinding is similar to what Judd (1985) and Chamley (1986) find using a one-
sector modd. Thisresult isintuitive, sSince a nonzero tax rate on capital income in steady state
would mean that distortions created by the tax evolves exponentialy over time, contrary to a
uniform digtortion that might be created by smple labor or consumption taxes (see Judd
(1999) for details). One cannot distort intertemporal margins because that leads to cumulative
distortions. One way the current modelling approach differs from a conventiona one-sector
competitive model is how savings and capital accumulation occurs across sectors. Note that
households pay a strictly positive relative price for the new capital goods and rent it out to
firms in anticipation of income from investment. Firms return the rented capital stock net of

depreciation. Of these two installed capital stocks, only K, is required to produce future

capital goods. Hence if capital income from K, istaxed in a steady state, this will induce

compounding nature of distortions.

The optimal policy is different in general for capital income tax in consumption goods sector.

1-t*)FXu . L
For t® ¥, o ®é(l- wﬁc +(1- d)u which  implies that
qt+1 é (1 t )Fnc nx
(1 t ) FoUn u . _
1= bé(l- WFI«:-F(L d)g holds for t® ¥ . Together with (14.1a), this
nc ™ nx u

F Fo €d-t°)u,
implies g° = ( ) G- The government’s set of policies N for which a

kc nx e(l t ) ncU
competitive equilibrium existsis therefore:

11



I FXFC é1-t°)u, U
N=eee X ( X) i=1-q°Y (14.1¢)
T F F e(l t )uncu
Proposition 2: If the utility function is separable in consumption and labour and

linear in labour, and if the government sets the labour income tax rates equal across sectors,
the steady state optimal tax rate on capital income from consumption sector is zero.

Otherwise, it is not zero.

FXFS &1-t)u FoFe V
Proof: Consider q° =1- & e( o 4, and recall —~—= = — whichis
kc nx e(l t ) nc U ch an an

derived from the Ramsey equilibrium system defined by (13.1),.

SinceV,. =u,. +F [u,C+ U, +NUcct MUl

cnc ¢ nene X 'nXnc.

FoFo e(1-t °)u
wCt U, +nu.. +nu. . 1,theterm ( Wy ¢ —1 if and
kc nx e(l t ) nc U

only if (@) the utility function separable in consumption and labour and linear in labour, for

and,V, =u, +F[u

whic

nx nx

Unless both conditions are satisfied simultaneously, q°© * 0.

Notice that for utility function defined by (1), it is not explicitly assumed that utility is linear
in labour, and that the marginal rate of substitution of labor across sectors is unitary. The first
simplification is common in literature that deals with similar models, which (together with
separability of utility function in consumption and labour) dramatically simplifies the

expressions of V,; by ruling out the second and cross derivatives of labour services. The

second simplification (unitary margina rate of substitution of labour) would imply that after

tax wages are equal across sectors. One way to abstract from this assumption is to assume that
utility is derived from leisure, and that u,. = u, = u,. Such smplifications are not obvious

where there exists some intratempora adjustment cost of labor across sectors (see for
instance, Huffman & Wynne (1999)). For such a class of utility functions where

. \% u
A:R? ® R isdtrictly convex, V”° =—" does not necessarily hold. The more important

nx u nx

(than preference specification) condition is one on optimal labour income taxes. Notice that if

—~ =t 1-¢° _{d-t) ,and if t, >t _ capital incomeis subsidized. Thisis aclassic
\Y u (1-t )’

12



result on optimal policy in the sense that distortion caused by one instrument can be undone
with another one®.

This particular analytical result has a very sharp intuition. Since capital is produced in a
different sector, nonzero capital income tax in the consumption sector is similar, in terms of
consequences, to a smple consumption tax which has uniform distortion pattern. Since

capita is freely movable across sectors, and following propostion 1, it is feasible for the
household to purchase new capital goods, invest the new capital k, and both forms of the

depreciated old capital goods in the capital goods sector. The next period capital to produce
consumption goods is available through production of new capital goods. Hence, the
depreciated capital good from consumption sector is transferred to investment sector for
production. The household earns capital income from consumption sector in each period, gets
taxed at a nonzero rate, and can avoid the compounding tax liabilities by shifting depreciated
capital to the other sector.

The intuition also can be drawn from the deviation in social marginal values of capital in two
sectors. To see this more clearly, consider the Ramsey problem, but through Chamley’s
(1986) approach. Using linear homogeneity property of the production functions, one can
rewrite the government budget constraint:

g, = F°(ky,ng) + p, F(k,,n,)- Tk, - T.K, - W,n, - w,n, (15.1)
where T, © (1- g/ )r, and W, ° (1-t/)w,,. Thus the government's policy choice is

constrained by (15.1), the two resource constraints and decentralized equilibrium conditions.

The Lagrangian of the government’s problem is:

3 We keep the preference specification general in order to capture all possible results. Our main result isin no way
driven by particular preference specification. Even if one assumes commonly used specification with

U.. = U, = U,,ourmain result and main intuition are unchanged.

13



E:ébt{u(q,nct,nxt)
t=0
ty t[FC(ka1na)+ Py Fx(kxt1n)<t)- F;tkct - Fxth - \Tvana - \Tvnnn - gt]
+f11[FC(kct’nct)' C - gt]

[ (K ) + (LAY +K,) - Ko - K]
0, [Une () + U, (OW, ]+ m, U, () + U, (O, ]

MU0 2, E+ s + Pl )}

t

+my[u,(0)- %uc(tw{'r;ﬂ +pa@-d}} 152)

The solution to this problem gives the set of Ramsey equilibrium conditions. Consolidating

and using decentralized equilibrium conditions, one derives:

¢ _ 1 é_ unc(t) u

i e (16.1)
t yt e Fc(t) ]IH
& 1 é u(t) u
= =" L0 (16.2)
X
t ytpt e Fx(t) ZtH

Notice first that optimal labour income tax rates in both sectors depends crucially on the
sociad marginal value of capital, f, and f, . The Euler equation equivaents of Ramsey

equilibrium are:

f 2t = b& t+1[ pt+1 Flz;(t + 1) - F‘><1+1] +f 2t+1[|:é<(t + 1) + (1_ d )]} (171)

fo =bY IR (D) - T ]+ FOE+D) +F (- )} (a7

for changes in k,,, and kg,,, respectively. These have straightforward interpretations.

Condition (17.1) states that a marginal increment of capital investment in investment sector in
period t increases the quantity of available capital goods a time (t+1) by the amount

[F. (t +1) +(1- d)], which has socid margina value f ,,,, . In addition, there is an increase

in tax revenues equal to [p,,, Fy (t+1) - T,,,], which enables the government to reduce

other taxes by the same amount®. The reduction of this excess burden equals

* In equilibrium, note that [Pu P (t+1) - Ty 150 il is

14



Y il Py Fa (6 +1) - T,,,,]. The sum of these two effects is period (t+1) is discounted back
by discount factor b , and is equad to the sociad margina vaue of the initia investment in

investment sector in period t,given by f ,, .

Condition (17.2) states that a marginal increment of capital investment in consumption sector

in period t increases the quantity of available consumption goods at time (t+1) by the amount

Fe (t+1), which fes socid marginal value f ;. This increment is adjusted by capital

depreciation in investment sector, which has social marginal value f .., . Thus the aggregate
increment in the quantity of available consumption goods net of depreciation at time (t+1) in
socid marginal vaueisequa to [f ,,, F.(t+1)+f,,,(1- d)]. Thefirst term is due to an
increase in capital in consumption sector, while the second terms stands for an indirect

increase in production of consumption good through increase in depreciated capital in

investment sector. Thus the social marginal values of capital in two sectors are in genera
different. The increased tax revenue equa to [F (t +1)- r,,,] enables the government to
reduce other taxes by the same amount, and the reduction of this excess burden equals

Y ulFe(t+1) - r,,,]. The sum of these two effects in period (t+1) is discounted back by

the discount factor and is equal to the social margina value of the available capita good in
period t.

The steady state versions of (17.1) and (17.2) imply that

q° 1¢ FX u
__észi lu

(18)

and unless the term in parentheses is zero, the capital income tax in consumption sector is
nonzero. Moreover, it is straightforward to show that if u,, =u, =U,, itispossbleto undo
the difference in social marginal value of capital by setting labour taxes equal across sectors.
To see this, impose U, = U, =U, in (16.1) and (16.2), combine these with (13.1b) and

H H é Fkxx l:l_ B X —¢ C
(13.1¢) and (18), which gives that g‘ 2 —¢ - flg— ouU t*=t°.
ke
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Constrained tax choice.

The previous analysis concluded that the government’ s optimal choice of steady state capital
tax rates may vary across sectors. Consider, for instance, a class of utility functions for which

\% u
— = holds®. The government’s set of policies for which a competitive equilibrium

u

nx nx

exists would then be;

X c (1't C)l;l
:O’l- =
q q (1_t X)g

~ 1 C 4 X oC X
N zi(t it q .9 )
|

implying that the government sets a limiting zero tax on capital income from consumption
sector if and only if it sets labour income tax rates equal across sectors. Hence given that
particular class of utility functions, for any subset of Ramsey policy that prescribes varying
labour income tax rates across sectors, the optimal steady state tax on capital income from
consumption sector is nonzero. Here we consider a case where the government faces a
congtraint to keep these taxes equal across sectors, i.e. same labour income tax rates and same
capital income tax rates across sectors In principle, it is predictable that such additional
constraints in the Ramsey problem would necessarily worsen Ramsey equilibrium outcome
relative to the one proposed earlier. Our prescription of a nonzero tax on capital income from
consumption sector is backed up by a clear intuition that such a capital tax will not have
compounding distortion effects as long as the government keeps the other capital income tax
zero. If the government’ s choice of capital income tax rates is constrained to be same ex ante,
the only optimal rule for the government would be that both capital income tax rates are zero.
Hence in a Ramsey problem with constrained tax choice, any nonzero optimal tax on capital
income would be an outcome with lower welfare than the one proposed earlier.

To test it formally, note that since the after tax returns to capital are equal across sectorsin a
competitive equilibrium, constraining capital income taxes to be same is tantamount to
constraining pre-tax returns to capital across sectors to be same. In other words, one can test

the restriction of equal capital income taxes across sectors by incorporating the additional

congraint F. (t) = p, F, (t)," t in the Ramsey problem. Substituting for the equilibrium

® One may consider the utility function as u()) = In c, +[1- n, - n,] whichis supported by the lottery
argument of Hansen (1985). This functional form is popular in real business cycle literature.
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relative price of new capita goods, and imposing the constraint that government keeps the

C X

|abor income tax rates same across sectors, the additiona constraint becomesF—"XC . F—”CX = .
u
kx nc

nc

Unc
Consider, therefore, the Lagrangian form of Ramsey problem with constrained tax choice for

the government,

¥ _
3=§ b{V(c,nen, F)

t=0

+Clt[Fc(kct’nct)- C - gt]
+C o [F (K, Ny ) + (- d) (Kot +Kie) = Keror = Kyeaa]
e F Up, U ey
} FV\(C ncO’nxO’qOIqO)

ke _nx
C -

3 €y e
eF I:nc uncu

(19.1)

where {CJl ,Cp,C St}io is a sequence of Lagrange multipliers on the two resource constraints

and the additional tax choice constraint. The necessary conditions for an optimum for this

problem for changesin consumption, labor supply and one period ahead capital stocks are:

¢ :V.(t)=c,, "t3 1 (19.23)

(t) I chnc(t) ch (t) Fncnc(t)[,]_ \I, unxnc(t) _ Uy (t) uncnc(t) l,'la
@eF 07 Fe®  [FLOF p 1 ue® (U0 pg
"3 (19.2b)
ech (t)l annx(t) F (t) Fkxnx(t)u |, nxnx(t) unx(t)uncnx(t)[,jl:J
'V (t)=- t
MtV CaFul)- Caee IR T TIROF L UL® o
"t3] (19.2¢)

N, : V., (t)y=-c, F(t)-

eFX (t +1) I chkc (t +1) ch (t +1) Fnckc (t +1) '-,JI},J
3t+1AFkX(t A F ) [P g%
(19.2d)

C b 1t+1 Fk(z:(t+1)+C2t+1(1 d)

o+l *

i
iC
T

| EFS (t+1)1 FX (t+1 FX(t+D)F%, t+1uUP
Koz Co =D Cop[Fpt+D)+(1-d)]+cCy e (DT F( ) (t+1) (t+1)

i & (rD)] FA+D)  [Fa(+D éﬁ%
(19.2¢)

Consolidating (19.2) yields three necessary conditions for a Ramsey equilibrium, and the one
of interest is:
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0NN PPN ()

Ve gy =P8t Ve

[FA(t+D) + (1= d)] + CouulQualg- CalL ]
u

(19.3)

Where Q,,, and L, are terms comprising derivatives of F°(.) and F*(.) , evaluated at time
t+1 and t, respectively, defined as™

Qt+1 0 } I:r:(x éFlfckc _ chFncckc LEFX +(1 d)g FC ?F:xkx F:kaf(kx L:Bid B 1@‘51

. X € C LE X X X ue X
T Fkx é I:nc [Fnc] F 1] Fnc é F [Fkx]2 e Fkx l%l%

IFX Fac  FeFuc U Fio &P PP W 1

ke nckc

x €-c € - X X
TFkx eF [Fnc]2 0 Fnc eF [Fkx]2 %Fkx

t

Recall the otherwise equivaent condition derived from Ramsey problem without tax choice

congtraint. Fora T 2 O for which g, =@ fordl t3 T, and assuming convergence of the
solution to the Ramsey problem to a time-invariant alocation, the time invariant version of
(13.18) implied 1= b[F, + (1- d)], which acted instrumentally for the proof of proposition
1. With the current Ramsey problem, for t ® ¥ , 1=b[(1- q*)F. + (1- d)] ill holdsin a
Ramsey equilibrium. Unless 1= b[F, + (1- d)] holds from the time invariant version of
(19.3), it istrivia that q* * 0 visavis q°* 0. In proposition 3, it is formally proved that
1=Db[FR, + (1- d)] doesnot hold in Ramsey equilibrium with constrained factor income tax.

Consider a T 2 O for which g, =0 fordl t3 T, and assume that the solution to the

Ramsey problem (19.1) converges to a time-invariant alocation. The time invariant version
of (19.3) is:

FC FC

V.—==bV,—<[R+(1-d)]+c,S (19.4a)
kx Fkx

Where

TFX ?chkc FieFroc VB[R +(1- d)]- 10 Fg anXxkx PP UEL- b (1- d) UM

ke' ncke

LE X u X X ue X
T F é F [Fnc] F G l:nc é F [Fkx]2 1] I:kx %

® The time notations attached to the derivatives are omitted in defining Q,,, and L ,, without loss of generality,
just to avoid notational clutter.
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In order to prove that both capita tax rates are nonzero, it is sufficient to provethat St O,

which in turn implies 1t b[F. + (1- d)].

Proposition 3: For a steady state solution to the Ramsey problem (19.1) and a
corresponding Ramsey allocation, the two associated steady state tax rates on capital income

are nonzero.

Proof: Suppose not, and hence S = 0 such that (19.4a) implies1 = b[F + (1- d)].

Fr éFe. FoFSL. U FSéFY, FrFn.U
nx X' kcke ke' ncke ke X7 onxkx nx' kxkx '>Oand[1- b(l- d)]>0, fOf

Since —x €c c u "¢ € x X
I:kx éFnc [Fnc]2 CI I:nc eFkx [Fkx]2 H

S=0,itmust bethat b[F+ (1- d)]- 1> 0, whichisacontradiction.

Thus if the government faces atax choice constraint, the Ramsey equilibrium outcome
comprises taxing capital income from both sectors at a strictly nonzero rate. This policy
cannot be optimal since it leaves no way to avoid compounding tax liabilities. With this tax
plan in the scheme, the household will not be able to avoid the compounding tax liabilities by

simply shifting depreciated capital.

Utility functions.

In this section we characterize the optimal steady state capital income tax for consumption
sector associated with the Ramsey equilibrium (13.1) with a variant of commonly used utility
functions. Huffman & Wynne (1999) propose a class of utility functions that captures the idea
of intratempora labour adjustment cost assuming that shifting labour across sectorsis costly.
Their proposed functional form characterizes strict convexity of the function A: R? ® R
relevant to the current paper. Jones et. a (1997) present a useful specification of a utility
function where the planner is unable to distinguish between income from two types of labour.
We consider these utility function specifications for experimenting the key analytical results,

acknowledging that there may be many other interesting cases to consider.
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Equal marginal disutility of labour:

Consider the broader class of utility functions:

- - l_s -
U(ct,na,nm)=[CteXp(1 :“ N -1 (20.1a)
-S

with s 3 0, the inverse of eadticity of intertempora substitution. Consider u(.) as a special

caseof U(.) wheres ® 1.Ass ® 1, using|'Hopita’srule, it is possible to show that
u(c,,ng,ng)=Inc +(@- ng - ny) (20.1b)

Specification (20.1b) that characterizes utility linear in labour services can be justified by the
lottery argument of Hansen (1985). In the context of the current paper’ s analytical tractability,

such utility functions simplify the expressions of V; by ruling out the second and cross

derivatives of labour services. This specific form also exhibits unitary marginal rate of
subgtitution of labour across sectors. While this simple assumption that workers receive equal
margina disutility from different sectors is typicaly held in a subset of multi-sector genera
equilibrium models, empiricaly, tere is strong evidence againg it for the case of the US
industrial sector. The BLS survey 2002 reports suggests that injury related incidence per 100
worker varies greatly across different industrial sectors, and incidence rates are relatively
higher in goods-producing sector as compared to the service producing sector. Hence, one can
argue that such utility functions are increasingly stylized and ignores the empiricaly
supported evidence of varying didiking for jobs across sectors.

The set of policies for the government which can be implemented in a competitive
equilibrium, given (20.1b), is presented by:

X c (1't C)u
=0,1- = /
q q (1_t X)g

~ 1 C 4y X oC X
N :i(t it q .9 )
|

which states that the optimal steady state capital income tax for consumption sector is zero if
and only if the government keeps the two labour income tax rates equal across sectors. Now
consider competitive equilibrium condition which states that the margina rate of substitution
of labour must equal the relative after tax wage rates. Given (20.1b), the marginal rate of

substitution of labour across sectorsis one. Thisimplies the after tax wage rates across sectors
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are equal (and not the tax rates). Hence for N, the government’s optimal choice of labour
income tax rates may or may not be equal across sectors, athough both choices will generate
alaocations which can be implemented as a competitive equilibrium. In the particular policy
choice where labour income tax rates vary, the government taxes capital income from

consumpti on sector at a nonzero rate.

A possible extension to this specification may be to consider varying marginal disutility of
labour across sectors maintaining the assumption that utility is linear in labour services. The

smplest form that specifies this idea is perhaps u(c,,n,,n,) =In(c,) +[1- n(ny, n,)]
wheren :R? ® R isaconvex function and linear in its two arguments, such that Moo = 0

adn,, =n, . = 0. In order to incorporate the non-unitary marginal rate of substitution of

neny
labour in this functional form, one can define a parameter >0 suchthat n, =m, . Due

to the empirical evidence from US industria sector, it is sensible to assume that ! 1.

Invoking this specification yields the same policy set for the government as given by N , and
same conclusion holds.

I ntratemporal labour adjustment cost:

This functional form, as mentioned earlier, is in the spirit of Huffman & Wynne (1999).
Assume there exist some intratemporal adjustment cost of labour across sectors, and consider

the following utility function:

u(G. Ny N,) =In(G) +1- z [y ny” +(1-y )ny"] ¥} (20.1¢)

Wherew £ -1,z >0 and 13y 3 0. This specification of the utility function alows for the
idea that it is costly to reallocate labour from one sector to the other. Note that with
w=-1z=2 and y =%, (15.1c) reduces to In(c,)+{1- n, - n,}, which exhibits
unitary marginal rate of substitution of labour across sectors, and is tantamount to saying that

the household receives equd disutility from labour services from the two sectors. In the
context of the current setting, the restrictions w=-1 and y =} together imply that

margina rate of substitution of labour across sectors is equal to one. There is an issue, of

course, that how these costs should be interpreted here, which | will not focus in detail.
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The margina rate of subgtitution of labour across sectors for this specification, for all

permissible valuesof w , is:

i1
w

Ue _ yzn " yn® +(@-y)n"T
Uno  (L-y )zn* 'y n™ +(L-y )]+

For any w <- 1, which can be interpreted as the adjustment cost parameter, the optimal
seady dtate tax rate for capital income from consumption sector is:

yzn 'ty n +(1-y)n "1 A+ F) - Fnu,,
(1-y Jzn;"yn;" +(@- y "1 ¥ @+ F) - Fn,u

l)Itji‘(l—tc)unxl)
A X u
1ge(l-t u e

+n,u

anC]

c_. &
q =1-¢
g8 +n.u

ncnx nxnx

With u 10,u 10,u 10and u

ncnc nxnx ncnx

1 0. Thisimplies the set of policies at the

nxnc

government’ s choice which can be implemented in competitive equilibrium comprises of g°
which is nonzero, even in the case when the government sets labour income tax rates equal
across sectors.

Two types of labour:

This particular functional form where labour services are of two specific types is due to Jones
et. al (1997), and is intended to represent the case where the planner is unable to distinguish
between income from two types of labour. A probable rationale for this utility function may
be the often realized and empirically supported fact that producing capital goods is typically
more skill-intensive than producing manufacturing consumption goods. The example
considered therefore features one household that sells two types of labour in the market. Jones
et. a (1997) invoke this specification with an ex ante restriction on the choice of labour
income tax rates. | will consider the unconstrained version. Consider the following utility

function:

¢ (@- n)%* (- n,)*
1-s

u(c, - ng1-n,)= (20.1d)

with s 3 0,and g; <0. Themargind rate of subtitution of labour across sectorsis:
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unc — gc(l- nx)
unx gx(l- nc)

Since now the utility function has cross derivatives of consumption and labour supply, it is

useful to state the following expression:

Vi _ e F{Y}- (1+F)A- n)* (- n)* 0
Vo, O, 6F{Z} - @+F)(1- n)*(1- n)% 8

where

Y o n(L- n)%(g; - DA- ny)** +n,(1- n ) g, (1- n)* - (1-5)(1- n ) (1- ng)* T
Z° ny(1- n)*ge(1- )™+ (1- n)* (g, - DA- n)* - (- 5)(L- n)* (L n)*

It is straightforward to notice that for all permissible values of the parameter g, the condition

Vv
V

nc — uﬂC

does not hold. This implies the set of policies a the government’s disposal for

nx u nx

which a competitive equilibrium exists (i.e. which can be implemented in a competitive

equilibrium), N :_I'_(t ‘9,999 =0 Vie €0 )U“Xg—l- qCE, prescribes that an
T

) € u-—
an e(l' t X) unc a
ex post choice of equal labour income tax rates is not sufficient to guarantee zero steady state

tax on capital income from consumption goods sector.

Concluding remarks.

The paper formulated a two-sector neoclassical production model with infinitely-lived agents
in order to analyze the optimal income taxation problem (the Ramsey problem) and examine
celebrated optima capital income taxation principle. The extension of one-sector model to a
two-sector version with endogenous capital good s price makes it convenient to scrutinize
sector specific optimal capital income taxes in the steady state. The analysis reached a
startling conclusion. We find that the optimal capital income tax is nonzero, in genera, and
the nonzero tax rate is optimal since its distortions can be undone by setting different labour

income tax rates. We find that while it isoptima to set along run zero tax on capital income
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from investment sector, the optimal steady state capital income tax for consumption sector is
nonzero in general. For a standard class of utility functions that has desirable properties, this
result holds, and the set of conditions for which this tax rate is zero is in no way inferred by
the equilibrium conditions. We aso find that if the government faces a constraint to keep
factor income tax rates same across sectors, the optimal capital income tax is nonzero.

Our main result is based on the intuition that if capital is produced as afina good, its relative
price is different than that of consumption goods. This is tantamount to having different socia
marginal value of capital in two sectors where it is used. This difference allows the
government to tax/subsidize capital income in one sector and undo the distortion by setting
different labour income tax rates. This paper thus advocates that the government’s long run
tax policy comprises of three incometax instruments --- the two labour income tax rates and
nonzero tax on capital income in the consumption sector --- al of which have uniform
distortion pattern. Capital income from consumption sector can be taxed at a nonzero rate
optimally without creating compounding distortions in the long run as long as the other
capital income tax is set at zero. This alows economic agents to shift depreciated capita to
the untaxed sector and avoid the compounding capital tax liabilities.
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