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Summary

Recovery of the continuous relaxation spectrum of a viscoelastic mate-
rial from experimental data is an exponentially ill-posed inverse problem.
Different methods have been used to deal with the inherent ill-posedness of
the problem. Most methods use a discrete relaxation spectrum, but this as-
sociates no physical meaning to the spectrum. Empirical models exist for
recovering the continuous relaxation spectrum, but there is no theoretical
foundation for relating these models directly to the mathematical theory of
linear viscoelasticity.

The linchpin of this thesis is in showing that wavelet analysis establishes
natural models for the continuous relaxation spectrum. It is shown that
there exist wavelet transforms which are intrinsic to the theory of linear
viscoelasticity, which give rise to these natural models. In particular, it is
shown that the loss modulus is a father wavelet transform of the continuous
relaxation spectrum at unit scaling.

A modified version of Calderén-Mallat decomposition is introduced, to
express the continuous relaxation spectrum as a sum of continuous wavelets.
Atoms are selected from a transformed dictionary of wavelets to fit the stor-
age and loss moduli data, and subsequently form an approximation for the
spectrum. Several search and pursuit algorithms are introduced, to select
the atoms of the transformed dictionary.

An in-depth account of the wavelet regularization mechanisms acting in
this method of continuous relaxation spectrum recovery is given. It is shown
that the scaling parameter of the wavelets controls the resolution of the
spectrum, whilst the number of basis functions controls the sparsity of the

approximation.
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Chapter 1

Introduction

1.1 Viscoelastic materials.

Most materials which are encountered every day are viscoelastic in nature.
Examples include polymers, plastics, foods, oils and paints. Viscous and
elastic properties simultaneously exist in these materials. Viscoelasticity is
a combination of elastic response and viscous response to applied forces.

Viscoelastic flow is a branch of rheology, which is the science of the defor-
mation and flow of matter. The aim of a rheologist is to obtain constitutive
relations linking the stresses to the deformation of a material, which cou-
pled with the kinetics of the flow and conservation laws, provide a complete
description of the flow of that material and may then be applied to the solu-
tion of engineering problems such as those involved in the manufacturing of
products mentioned above.

A large amount of rheological study has been conducted in the area of
polymeric materials, encouraged by the significant use of these materials
in engineering and manufacturing. The viscoelastic behaviour of polymers
arises from the movement of thread-like, flexible long-chain macromolecules

which occupy a volume considerably greater than atomic dimensions. As

7
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the material undergoes deformation, internal forces develop as a result of
molecular changes in configuration, involving rearrangements on different
scales [79]:

1. Long-range contour rearrangements (slow).
2. Local level rearrangements, e.g. kinks (more rapid).
3. Reorientation of bonds on the chain backbone on the atomic scale.

Consequently, the stresses are influenced on several timescales, which leads to
complex behaviour as the rearrangements take place at different time scales.

The area of viscoelastic theory that is studied in this thesis is the linear
viscoelastic regime. This linear study is helpful in clarifying the molecular
structure of materials, and the molecular weight distribution can be calcu-
lated from linear viscoelastic data. Methods are connected with reptation
based mixing rules (Mead [56], Honerkamp et al. [72], Bailly et al. [75]). It
is also a useful basis to proceed to the theory of non-linear viscoelasticity. In
fact the memory function of the linear regime can be used in the modelling
of non-linear deformations.

The theory of linear viscoelasticity is concerned with a restricted class of
flows which have very small strains and strain rates. This theory characterizes
the materials by describing how they flow, or deform over time, under a given
stress or by the force needed to produce a certain strain. For example, in a
shear flow, stress is the force per unit area in the direction of shear, while
the strain is a measure of deformation of the material.

The field of rheometry (Walters [78]) is the area of rheology concerned
with measurement of the characteristic functions of viscoelastic materials,
which relate the stress and strain within the sample material, by experimen-
tal methods. The behaviour of viscoelastic materials in simple (rheometrical)

flow geometries, such as steady shear flow or small amplitude oscillatory shear
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is obtained with the intention of utilizing this information to predict the flow
in more complex situations. Often it is necessary to ensure the deformations
are sufficiently small that a linear approximation can be employed; the linear
viscoelastic functions being thus determined can be used in non-linear consti-
tutive equations combined with the stress equations of motion and continuity
conditions to model industrial processes involving viscoelastic materials by
computational methods. Another motivation of rheometry is to relate the
molecular structure to the material behaviour, interpreting the motion of the
polymer chains in terms of the relaxation spectrum. More details on linear

viscoelasticity can be found in Ferry [33], Barnes et al. [11] and Gross [39].

1.2 The continuous relaxation spectrum.

An important quantity in the characterization of linear viscoelastic mate-
rials is the relaxation spectrum. The most fundamental use in determining
a materials relaxation spectrum is to gain some deeper insight in to the re-
laxation mechanisms of the material. It reflects the molecular processes oc-
curring at a certain time scale. These depend on temperature and pressure,
but in this thesis I shall assume that all data sets used have been measured
at constant temperature and pressure. Among the processes being reflected
in the spectrum is the molecular structure in a broad sense, characterized by
molar mass distribution and long-chain branching architecture. A rheological
measurement can be understood as the response of the structure, represented

by the spectrum, to the mechanical stimulation [70].

The response of a linear viscoelastic material to small strain excitation
is determined completely by its relaxation spectrum. In an incompressible

shear deformation, Boltzmann’s general linear integral model for viscoelastic
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materials [17] relates the stress o(t) to the strain y(¢) in the form

o(t) = [ " Gt — ()t (1.2.1)

where G(t) is a monotonically decreasing relaxation function. The principle
of fading memory [66] demands that the first derivative 42 is monotonically

increasing, where the memory function M(t) is related to the relaxation
function G(t) by

_dG(t)

M(t) = -—~ (1.2.2)

Bernstein’s theorem [15] states that G(t) is completely monotone (i.e. suc-
cessive derivatives of all orders are alternately monotonically increasing and
decreasing):

IG(t)

—1)" >
)r T 20,

n>0, t>0, (1.2.3)

if and only if G(t) is the Laplace transform of a positive measure u on (0, 00),

G(t) = /0 ~ etsdu(s), (1.2.4)

where the integral converges for all ¢ > 0. Under this constraint G(¢) may

be written in the form

Glt) = G, + / Hr)e 4T (1.2.5)

T

[11], where G is a material constant, given by

G, = lim G(¢t), (1.2.6)

t—o0

and H(7) is an un-normalized non-negative density function associated with

a continuous range of relaxation times 7. H(7)dr is defined as the viscosity
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associated with the relaxation time between 7 and 7 +dr. H(7) is known as
the continuous relaxation spectrum and the total viscosity 1 of the material

is given by

n= /ooo H(t)dr < 00. (1.2.7)

The term G, is included to incorporate viscoelastic solid behaviour. This
represents the fact that, for a viscoelastic solid under constant strain, the

stress will never relax to zero. Conversely, G, = 0 for viscoelastic fluids.

1.3 Inverse problems

Relaxation spectra can only be determined indirectly, that is by perform-
ing an experiment, and solving one or more inverse problems using measured
data from the experiment. Inverse problems arise in a variety of important
applications in science and industry. Many examples are given by Wing and
Zahrt [80], Groetsch [38] and Engl et al. [32]. Unfortunately, a small amount
of noise in the data can lead to enormous errors in the estimates. This in-
stability phenomenon is a result of ill-posedness. Mathematical techniques
that can cope with this type of problem are called regularization methods
(see [32)).

An inverse problem does not necessarily have a solution or even a unique
solution. Furthermore, if a solution exists, it does not continuously depend
on the data, i.e. it is unstable. This leads to the following definition of well-
posedness for identification problems, which was first given by Hadamard
[40]:

Definition 1.2.1 Let X and Y be two topological spaces and K : X — Y
be a mapping from X into Y. According to Hadamard the operator equation

Kz =y, zeDCX,yey, (1.3.1)
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is said to be well-posed, if the following three conditions hold:

1. For every y € Y there exists at least one x € D satisfying Kz = y

(existence).

2. The element z satisfying that Kz = y is uniquely determined in D

(uniqueness).

3. The solution z depends continuously on the right hand side y (stabil-
ity).

If one of these conditions is not satisfied, then the problem (1.3.1) is called
ill-posed in the sense of Hadamard.

If equation (1.3.1) is well-posed, then K has a well-defined, continuous
inverse operator K~!. Direct problems are usually well-posed whereas the
nature of inverse problems often (but not always) lead to ill-posedness as
a characteristic property. Further explanations, theories and examples on

inverse and ill-posed problems can be found in [38].

1.3.1 Oscillatory shear experiment

Despite the abundance of new techniques proposed in recent times, the
simple small-amplitude oscillatory shear experiment is still one of the popular
techniques performed for determining the linear viscoelastic functions [71,78].
This experiment enables the measurement of the real and imaginary parts
of a complex modulus G*(w) as a function of angular frequency w. In the
experiment, the viscoelastic material is positioned between two plates, with
one plate rotating relative to the other (Fig. 1.1). An oscillatory strain is
induced in the material under investigation at a specific, fixed frequency wy
and the resulting stress is measured, which is also of the same frequency, from
which the phase angle § and amplitude ratio can be used to calculate G’(wy)

and G"(wg) at that particular frequency. The experiment is then repeated
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at the next frequency, and so on until the desired range of frequencies has
been covered. Such experiments are termed dynamic since the excitation is

a continually varying function of time.

Angular frequency

U

Figure 1.1: Oscillatory shear flow.

For an angular frequency w and an applied strain

Yoe*t ift>0;
y(t) = (1.3.2)
0 ift<0,

where 7y is a strain amplitude small enough for the linearity assumption to

be justified, equation (1.2.1) can be expressed as

o(t) = / (G +[G(t - ) — Ge]) ()t

—00

= G. / t A(t')dt' + / t [G(t —t') — Ge) 4(t)dt'

= Gu(t) +iwr / (Gt —t') — Gu] e dt!

o0

= Ge(t) +iw /OOO[G(S) — Gle™**ds yoe™*
= Gwh), (1.3.3)
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where G*(w) is a complex shear modulus given by
G*(w) = G + iw / (G(t) — Gl dt. (1.3.4)
0

Substituting equation (1.2.5) into (1.3.4) allows G*(w) to be related to the

continuous relaxation spectrum by

G*'(w) = G. +zw/ / H(t)e™ r—e’""t'dt’

e[ B o] (2] e

= G.+ / wr  H(r), (1.3.5)

1+zw7' T

From equation (1.3.5), G*(w) can be split into real and imaginary parts as

follows

oo 2.2 00 H
G'w) = G+ / —_— Hy)dr+ / _wr A,
0 0

14 w?r? 1+w?r?2 7
= G'(w) +iG"(w),
where
U 2 2 T) '
C'lw) = / ——— (1.3.6)
and
" * wr  H(7)

are known respectively as the storage and loss moduli. The storage modulus
is often thought of characterizing the elastic component of the response and
hence the amount of energy stored per cycle of deformation, and the loss
modulus as describing the amount of energy dissipated per cycle by the
viscous component.

For the rest of this thesis it will be assumed that G, = 0.
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1.4 Complex integral transform relationships

between G*(w) and H(7)

1.4.1 Fredholm linear integral equation of the first
kind

Definition 1.4.1. The general form of Fredholm linear integral equation of
the first kind is

b
/ K(r 2\ f(w\rh::g(qj), cSde (141)
K(z,y)f(y)dy = g(x),
where the functions g(z) and K(z,y) are given, and are called the data-

g

function and the kernel of the equation, respectively. f(y) needs to be de-
termined on the interval a < y < b. The theory concerning integrals of the

form (1.4.1) is discussed by Groetsch [38] and Wing and Zahrt [80]. For

viscoelastic liquids, G*(w) can be expressed from equation (1.3.5) as

. [ dwr H(T)
G(w)—/o R dr. (1.4.2)

Hence, the complex modulus is related to the relaxation spectrum H(T) by

a complex Fredholm integral equation of the first kind, of product type, with
WT
14+iwr
rithmic measure the kernel is translationally invariant, and is a convolution

. In real measure this kernel is dilationally invariant; in the loga-

kernel

kernel.

1.4.2 Stieltjes Transform
Under the transformation z = iw™!, we obtain

* H(r)

0 T—Z

9(2) =G (iz™") =

dr, (1.4.3)
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which relates the complex modulus to the continuous relaxation spectrum by
a complex Stieltjes transform. Under simple regularity conditions on H(7),
for complex values of z, g(z) is analytic in the upper and lower half planes,
and exists as a Cauchy principal value integral when 2z is real. Furthermore,

the Stieltjes-Perron inversion formula [42] for (1.4.3) is

H(r) = ZLm El_i}& [g(T + i€) — g(T — i€)] (1.4.4)
= % 62%1+ Sg( + ie)] (1.4.5)
- ;1;31’31 (G (i + €)]. (1.4.6)

When 2 is real valued, g(z) is a Hilbert transform of H(7), and its inverse is

given by
_ 1 _ l * (. _—1
H(r) = 7rg(T) = 7rG (it7), (1.4.7)

where g(7) and G*(i77!) are defined in terms of principle value integrals.
The inversion here is well-posed. However, it is impossible to calculate the
values of G* on the imaginary axis knowing only sampled values on the real
axis.

An alternative inversion formula is given by the Stieltjes-Perron formula
(1.4.6). The inversion here is equivalent to finding the limit on the imaginary
axis of a function which is analytic in the right-hand half plane. This problem
is ill-posed. In fact, when z is pure imaginary, it will be shown in Chapter 2

that Stieltjes transform inversion is exponentially ill-posed.

1.5 Fourier analysis and Dirac delta func-

tions

Some knowledge of Fourier analysis and Dirac delta functions will be

required throughout this thesis. In this section I will collect together the
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definitions which are needed.
Definition 1.5.1. (The Fourier transform) The Fourier transform
F(p) of f(z) in L%(R) is defined by (see [53])

f(p) = /_ f(z)e " dx. (1.5.1)
The inverse Fourier transform is then given by
1@ =5 [ Twerdp (= Fo) @), (152

If f € L2(R) then so is f. If both f and f belong to L!(R) then both (1.5.1)
and (1.5.2) are valid. An important attribute of the Fourier transform is that
the total area of the graph of a function f(z) is equal to its Fourier transform
evaluated at p = 0:

‘/fmm:ﬂm (1.5.3)
Definition 1.5.2. If f; € L*(R) and f; € L?(R), then the convolution

of the two functions f;(z) and f2(z) is defined by

(hoef)@) = [ " (e - v haw)dy. (1.5.4)

Theorem 1.5.1. (Convolution theorem) The Fourier transform of
the convolution of two functions is the product of their Fourier transforms,

i.e.
Fix 2(0) = filp) ap)- (1.5.5)

Table 1.1 gives a list of some of the important properties of the Fourier
transform that will be used throughout this thesis [53].

Definition 1.5.3. (The Dirac delta function) The Dirac delta func-
tion () can be obtained by scaling an integrable function g which satisfies

/wﬂﬂﬁ:L (1.5.6)

o0
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Property Function | Fourier transform
f(®) f(p)
Inverse f(t) 2r f (— p)
Convolution (f1* f2)(t) ( ) 2(p)
Multiplication f1(?) f(t) e L F)D)
Translation f(t—to) e~ f(p)
Modulation e~ "ot f(¢) F(p ~ po)
Scaling f(%) || f(sp)
Time derivatives F™(t) (tp)"f(p)
Frequency derivatives | (—t)"f(t) Fm (p)
Complex conjugate @) ( —p)
Hermitian symmetry | f(t) € R f(—p) = f* (p)
Table 1.1: Properties of the Fourier transform [51].
Let
1 t
alt) =3 (%) (157
A Dirac delta function can then be defined as the limit
o) = lin(l) gs(t), (1.5.8)
with the property that for any continuous function f at the origin
/ 5(t)f()dt = £(0), (15.9)
since
liII(l) gs(t) f(t)dt = lin(l)/ g(u) f(su)du. (1.5.10)

The property (1.5.9) is only a symbolic notation of the fact that when a Dirac

delta is applied to a continuous function f, it returns its value at ¢t = 0. The
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symbolic integral over a Dirac is useful notation because it has the same
properties as a usual integral, including change of variables and integration
by parts.

A translated Dirac 6, = 6(t — 7) has a mass centred at 7 and
/oo f@)o(u —t)dt = f(u). (1.5.11)
This means that
fxd=f(u). (1.5.12)

The Fourier transform of § takes the value 1 for all p, i.e.

5(p) = /_ ” 5(t)e Pdt = 1. (1.5.13)

o0

1.6 Previous Work

For a one mode Maxwell model the relaxation spectrum is discrete and

is given by
H(r) =md(r — ), (1.6.1)

where 4 is a Dirac measure. The stress is then related to the strain-rate by

oty =1 /_ " exp [— (t;t')] (. (1.6.2)

1 00 1

A Maxwell element is a model for primitive viscoelastic behaviour, where a
spring and dashpot are placed in series. A generalized Maxwell model with
a discrete spectrum of viscosities and relaxation times can be obtained by
placing simple Maxwell elements in parallel. Each element corresponds to a

different relaxation mechanism in the fluid.
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Most previous work in relaxation spectrum recovery involves determining
discrete spectra, by fitting discrete models to data. The n mode Maxwell

model has a discrete relaxation spectrum

H(t)= Znﬂé('r = Tn), (1.6.3)
The corresponding storage and loss moduli are given by
2,2
it _ T W'y " _ Tl WTn
G'w) = —~ Tp 1+ w2r?’ G'(w) —~ T 1+ w2r?’ (164)

Different ways have been chosen to deal with the inherent ill-posedness
of the problem. Methods for determining discrete spectra include the use of
nonlinear regression {13,61], Tikhonov regularisation [43], maximum entropy
regularisation [30], sampling localisation [5,49] and Prony series [20].

Different methods can give rise to different discrete spectra. There is no
unique discrete spectrum for any given material. As quoted by A. Ya Malkin
[50]: “The discrete relazation spectrum is just a convenient way of repre-
senting experimental data... It has no basic physical meaning”. A further
quote from Chow and Zukoski [23,24] states: “No line spectrum - produced by
whatever method - is ever the true spectrum”. Also, from Dealy and Larson
[29]: “Whenever an empirical expression is fitted to experimental data, infor-
mation is lost and/or error is introduced. Every such manipulation of data
therefore involves a degradation of the information contained in the original
data. ... the use of a discrete spectrum involves the use of an empirical equa-
tion to fit data. The resulting constants have no physical significance, and
the resulting function will have local features that are artifacts of the model
and do not reflect the structure of the polymer. This can cause trouble, for
example if this function is used to infer the molecular weight distribution. For
such a purpose, it may thus be preferable to work with a continuous spectrum
function such as H(t)”.



22 CHAPTER 1.

It is an inherent premise in Boltzmann formulation of linear viscoelasticity
that, for shear deformations at fixed temperature and pressure, a viscoelastic
material has a unique continuous relaxation spectrum associated with it. Em-
pirical models for representing the continuous spectrum have been suggested
by Winter [14] (who attempts to derive an approximate relation between
continuous and discrete relaxation time spectra), Anderssen (7] (who uses
Kohlrausch (stretched exponential) functions), Bailly and Stadler [70] (who
use piecewise cubic Hermite splines) and Malkin [52] (whose central idea is
that the parameters of the continuous spectrum can be unambiguously de-
termined from the experimentally found integral characteristics (moments)
of the viscoelastic behavior of the material: the viscosity, normal stress co-
efficient, and area under the relaxation curve after the cessation of steady
flow).

All the above continuous relaxation spectrum models fall into the class of
parametric curve fitting models. There is no theoretical foundation for relat-
ing these models directly to the mathematical theory of linear viscoelasticity.
The aim of this thesis is to show that wavelet analysis establishes natural
models for the continuous relaxation spectrum. In particular, in Chapter 2 it
is shown that there exist wavelet transforms which are intrinsic to the theory

of linear viscoelasticity, which give rise to these natural models.

1.7 Natural models for the continuous relax-

ation spectrum

Recently, the subject of wavelet analysis has drawn much attention from
both mathematicians and engineers alike. Some view wavelets as a new basis
for representing functions, some consider it as a technique for time-frequency

analysis, and others think of it as a new mathematical subject. In fact, all of
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them are right, since wavelets is a versatile tool with very rich mathematical
content and great potential for applications. Analogous to Fourier analysis,
there are also two important mathematical entities in wavelet analysis: the
integral wavelet transform and the wavelet series [25].

This thesis is concerned with continuous wavelets. The mother wavelet

1 has zero area
/ ) P(z)dz =0, (1.7.1)

~and satisfies strict admissability and regularity criteria
oo 7t 2
0<Cy= / 1l)-(;;—)dp < 00. (1.7.2)
0

Equation (1.7.2) means that 1 admits a scaling function. The father wavelet
(or scaling function), ¢, was introduced by Mallat [53]. ¢ has non-zero area

and is defined by its Fourier transform

(p) = [ / ) ﬂg—)zds] . (1.7.3)

At different time locations, and different time scales (resolution with respect
to time) the mother and father wavelets generate a family of wavelets
r—t

su@ = (5, su@=2o(Y). g

The (continuous) wavelet transform of h € L%(R) at the time ¢ and scale

s is defined by the convolution product

[Whi(s,t) = (hxts)(t), (1.7.5)
where  ¥,(z) = s0(z) = %1/) (%) . (1.7.6)
I define a father wavelet transform of h € L%(R) by
[VR](s,t) = (hxos)(t), (1.7.7)
where  ¢4(z) = ¢so(z) = L(b (f-) . (1.7.8)
] 3, \/E s
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It will be shown in Chapter 3 that, under a transformation of variables,
the loss modulus is a special type of wavelet transform. Recovery of the
continuous relaxation spectrum consequently involves the inversion of wavelet
transforms and it will be shown that the continuous relaxation spectrum can

be expressed as a sum of mother and father wavelets.

1.8 Summary of thesis

In this first chapter I have introduced some of the concepts involved in
materials characterization. One of the ways of characterizing a viscoelas-
tic material is through its relaxation spectrum and it has been explained
that recovery of the continuous relaxation spectrum is an ill-posed inverse
problem.

In Chapter 2 it is proved that recovery of the continuous relaxation spec-
trum is ezponentially ill-posed. Several double integral inversion formulae
are derived for relating moments of the relaxation spectrum to data involv-
ing w™G*(w).

The concept that wavelet transforms occur naturally in the theory of
linear viscoelasticity is introduced in Chapter 3. The Calderén-Mallat de-
composition of the identity [53] is introduced, which gives an inversion for-
mula for reconstructing the continuous relaxation spectrum from its wavelet
transforms, and the spectrum is expressed as a wavelet series. I introduce a
modified version of Calder6n-Mallat decomposition, using father and mother
wavelets from different families, and show that these cross-paired wavelets
form an essential multiresolution analysis.

In Chapter 4, the concept of real-time integrability is introduced. Natural
models for G'(w) and G”(w) are derived analytically, using residue calculus.
In this chapter, I illustrate how well my models can recover a Gaussian

spectrum, from a direct method and from using synthetic data.
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In Chapter 5, I introduce wavelet dictionaries and the regularization
mechanisms acting in my method of continuous relaxation spectrum recovery.
The continuous relaxation spectrum is predicted from two sets of real data,
obtained from an oscillatory shear experiment performed on two polybutadi-
ene polymer blends. In both cases a simple search algorithm is implemented,
which is also introduced in this chapter.

Chapter 6 introduces other dictionaries that can be used to construct
the continuous relaxation spectrum. The main purpose of this chapter is to

- give consistency of results. Also in this chapter I explore families of wavelet
transforms that occur naturally in the theory of linear viscoelasticity, and I
give possible mother and father wavelet pairs that can be used in the recovery
process. Furthermore, error terms in the delta sequence method of relaxation
spectrum recovery are derived in this chapter.

Chapter 7 explores other more advanced search and pursuit algorithms,
for fitting the dynamic data to the models. Orthogonal Matching Pursuit
(OMP), parity reduction, density estimation and residual bisection are all
introduced in this chapter.
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CHAPTER 1.



Chapter 2

Fourier Analysis and Stieltjes

Transform Inversion.

2.1 Stieltjes transform inversion.

In Chapter 1 it was shown that the complex shear modulus is related
to the continuous relaxation spectrum by the following complex Stieltjes
transform

G"(w)=/0oo wr H(r)ﬂ=/ooo H) g ocimt. (210)

1+ dwt T T—2

I will now show that recovery of the continuous relaxation spectrum is an
exponentially ill-posed inverse problem.
The real part of the kernel of (2.1.1) can be written as

w2,r2

1
— = =1+t 1.
T2 5 [1 + tanh(In(wT))], (2.1.2)
while the imaginary part of the kernel of (2.1.1) is

wT

1
W Esech(ln(w'r)). (213)

27
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Consequently, we obtain the following expressions for the real and imagi-

nary parts of the complex modulus, known as the storage and loss moduli

respectively
Cw) = % / [1 + tanh(in(wr))] I—I-i—tldr, (2.1.4)
0
G'(w) = -1—/ sech(ln(w'r))H—(TldT. (2.1.5)
2 0 T
Using the substitutions
H(t) =h(t), G'Ww)=1ia(z), G"(w)=3g90() (2.1.6)
with
z=Ilnw, t=-—InT, (2.1.7)

the storage and loss moduli may then be written in the form

a(@) = / " [1 + tanh(z — )] h(t)dt, (2.1.8)
0@ = /_ ” sech(z — t)h(t)dt. (2.1.9)

From definition (1.5.2), we note that these are a pair of convolution equations.
Consequently, the real and imaginary parts of the complex modulus can be

expressed in convolution form as
91(z) = [1+ tanh(z)] x h(z) (2.1.10)
g2(z) = sech(z)* h(z). (2.1.11)
I will assume throughout this thesis that A(z) € L%(R), which then implies
that its Fourier transform h(p) exists.

Since sech(z) € L%(R), it follows from the convolution theorem for Fourier
transforms (1.5.5) that

@) = [sech()]"(p)h(p). (2.1.12)
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The Fourier transform of sech(z) is calculated via residue calculus, in section
2.3, where it is found that

[sech(z)]*(p) = msech (-gp) (2.1.13)
o 92(p) = msech (gp)ﬁ(p), (2.1.14)

where 32(p) € L%(R) if h € L2(R).
The function tanh(z) is in neither L!(R) or L%(R), but has a derivative

g3(z) = sech?(x) (2.1.15)

which is in both L!(R) and L%(R). The Fourier transform of tanh(z) does
not exist in the classical sense, but can be defined in a distributional sense
(see Kanwal [46]) by

[tanh(2)]"(p) = (ip) ™' 33(p)- (2.1.16)
Let Sz be a space of test functions defined as follows. If ¢ € Sz then
1. ¢(z) € C*(R).
2. Vn > 0, ¢ (z) decays faster than sech(Zz) as z — Foo.

3. There exists a null sequence of test functions ¢, (z) € Sz such that '

lim ¢m(z) = 0. (2.1.17)

Two examples of sequences of test functions that satisfy the above properties
are the sequence of Gaussian functions
1 !m:!z
Om(z) = Ee‘ T, m=12,.., (2.1.18)

and the sequence of sech functions

1
dm(z) = Esech(m)\x) A> g, m=12,.. (2.1.19)
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Consider the inner product

(o,00) = [ o o) tann (3p) do. (2.1.20)

-0

I then obtain

([tanh(z)]"(p), 6(p))

((ip) ' 33(p), 9(p))
= —iw/_ cosech (-;Ip) ¢(p) tanh (%P) dp V¢ €S,
- (2.1.21)

where I have used the fact that
[sech®(x)]*(p) = =p cosech (gp) , (2.1.22)

which is proved later in this chapter in section 2.4. The weight tanh (3p)
introduced into the inner product means that the integral in (2.1.20) exists.
Consequently, I can define the Fourier transform of tanh(z) in a distributional

sense as
tanh(2)]"(p) = —imcosech (gp) . (2.1.23)

I then obtain, in the same sense, the Fourier transform of g,(z), namely
Gi(p) = G'(00)d(p) — wicosech (gp) h(p). (2.1.24)

From equations (2.1.24) and (2.1.14) respectively, I obtain

Ap) = Zsinh (2p) [Gi) - G'(o)5(0)] (21.25)
= %cosh (%p) 92(p)- (2.1.26)

My assumption that h(z) € L*(R) means that §(p) must tend to zero
faster than sech(3p), and |g;(p)| must tend to zero faster than cosech(Zp),
as p — too.
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The factors multiplying g;(p) and g>(p) in (2.1.25) and (2.1.26) have ex-
ponential growth (with index ) as |p| — co. Any noise present in g; and g;
will have its Fourier transform amplified by a factor eZ"l as |p| — oo, which
proves that the problem of determining the continuous relaxation spectrum
from the storage and loss moduli is exponentially ill-posed with index 3.

Since k;(z)*1 = 0, I may also formally write the solutions of (2.1.10) and
(2.1.11) as convolutions in the form

h(z) = ki(z)*gi(z) (2.1.27)
= ko(z) * g2(x), (2.1.28)
where the distributions
ki(z) = 5%5 sinh (g-p) e'P%dp, (2.1.29)
1 *° )
ka(z) = 3.3 / cosh (gp) e dp, (2.1.30)

are defined through the inner products
& Y Al el T\ ip v
(a),8(@) = oz [ [ sinn (3p) otaldpde  voe sy,
(2.1.31)
(ka(z),0(z)) = L /oo /oo cosh (zp) er*¢(x)dpdr Vo € SzV
272 J_ oo Jooo 2 7
(2.1.32)

where S%V is the set of all test functions whose Fourier transform lie in the
space Sz. An example of such functions is the sequence of Gaussian functions
of the form

1 —i(2)?
om(z) = 2m3ﬁe (%), m=1,2,.., (2.1.33)

whose Fourier transform

—~ 1 m 2
Im(p) = Ee—%i, m=12,.. (2.1.34)
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is an element of Sz, from (2.1.17). A further example is the sequence of sech

functions
i s s
bm(3) = 53—sech (mx) A>Z m=12., (213
whose Fourier transform
om(p) = %sech(m)\p) A> g m=12,.., (2.1.36)

is an element of Sz, from (2.1.18).

2.2 Double integral inversion formulae

The formulations (2.1.27) and (2.1.28) were previously used by Davies and
Anderssen (1997) [28] and Loy, Davies and Anderssen (2009) [48] in present-
ing the concept of sampling localization. Equations (2.1.27) and (2.1.28) also
enable me to write double integral inversion formulae for H(7) in terms of

G'(w) and G”(w). Returning to the physical variables w and 7, we have
— i = ® 4 : z ip In(wT)
H(r) = -z /_oo/_wG(w)smh(zp)e dpdlnw  (2.2.1)

_ L[ T\ ipln(n)
= 3 /;oo/_wG (w)cosh(2p)e dpdlnw (22.2)

The first of these two equations was discovered by Fuoss and Kirkwood (1941)
[36]. The second was derived by Hussein (1997) [45] in a PhD thesis. It turns
out that these two equations are two examples of several possible double
integral inversion formulae relating functions of the form 7"H(7) to data
involving w™G*(w). In this section I will develop a more expansive list, where
I will show that there exist two separate double integral inversion formulae

for 7™ H (), for each value of n € Z.

For n € Z, I define the moments
M, = / T4 (2.2.3)

0

T
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In particular, for n = 0 and n = —1, I obtain the physical quantities

Mo = mo= / H(r)dr, (2.2.4)
0
(o)
My = G(oo) = / H(T)dg. (2.25)
0
The moments M, exist for a particular n € Z if H(7) has the following
properties:
(1) H(r)~7*" a 7—-0 (a>-1), (2.2.6)
(2) H(t)~7"" as 7500 (B8<-1). (2.2.7)

Using the substitution

T = wr, (2.2.8)
I can express the storage and loss moduli in the following form
© g2 dr
4 ot —
Gw) = /0 7 +x2H(T) pt (2.2.9)
o0
" z dr
= ——H(1)—. 221
¢'w = [ AT (22.10)
Starting with the relationships
7222 ,  wlg?
T2 = " 1va 22.11)
iz ) wz
= wlr— —— 2.
1+z2 Y T T 1 (22.12)
T2n$2 7’2"+1$
= Ww——s 2.2.
1+ 22 “Tra2 (22.13)

it can be proved by induction that

T 2 dr -2 n-1_ ~2(n—1)
[P H(T)]— = Mon-1 =W Moz + ... + (=1)" 0" 0M,
0

1+22
H(=1)"w MG (W) V>0, (2.2.14)
> d
/ 1 _::xz [7'%]{(7')]77- = ‘-"'_IMZn—z - w—3M2n_4 4o+ (_l)n-lw—2n+1Mo
0

+(-1)"w " 1G"(w)  VYn>0. (2.2.15)
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From (2.2.13), it follows that

/oo_i[frz"_lH('r)]gl = w /m L mHEE vnez
0 T 0 T

1+ z2 1422
(2.2.16)
oo oo 2
T 2'n.+1H d_T — —l/ €z 2'nH d_T v 7
-/o 1+x2[T (T)]'r v 0 1+x2[T (T)]‘T nes
(2.2.17)
I can similarly use the relationships
12 wz
722 = Tt (2.2.18)
=202 ,  wiz?
T2 T Y T (2:2:19)
(2.2.20)

to prove by induction that Vn > 0,

©  z? dr '
/ —[T_(2n+l)H(T)]T = w2M_2n — w4M_2n+2 + ..+ (—l)n_lwan_g
0

1+ 2?2
+(=1)"Ww G (), (2.2.21)
vz —n dr 2 4 n—1 2n
/(; 1+ 22 [ H(T)]Tr' = WM_gpp1 — W' M_gniz+ ...+ (=1)""w" M,
+(=1)"w™G' (w). (2.2.22)

Formulae for [ {Z5[r" "V H(7)|L and [° 1Zz[r~2"H(7)]£ can be de-
rived from equations (2.2.16) and (2.2.17). Double integral inversion formu-
lae exist for each of (2.2.14)-(2.2.17) and (2.2.21)-(2.2.22). The following list

contains the first twelve of these formulae.
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3 H(T)

2H(1)

TH(T)

H(r)

T H(T)

772H(7)

773H(7)

/ / w™2G'(w)] cosh (2 ) ePR@)gp dnw,

(2.2.23)

;r%/ / [M; — w™2G'(w)] sinh (g—p) P2 dp dInw
—00 v —00

(2.2.24)

L [P [T -G T\ pipln(wr)
. [_w/_ww (o—w™ G (w)]COSh(2p)e dp dlnw,

(2.2.25)
/ / ~1G’'(w) cosh (—2- ) P dp dlnw (2.2.26)

-1 3 T ipIn(wr
F/_w/_oo o — w™'G"(w)] sinh (gp)e” “ndp dInw,

(2.2.27)
2" [T ¢w)sinh (Fp) efpinen)
72 _/_oo /_oo G'(w) sinh (2p) e dpdlnw (2.2.28)
i ® oo " ™ ipln(wr)
m? /.oo ./_oo G (w) cosh (2”) ¢ dp dlnw, (2.2.29)

i e / e s ipIn(wt)
72 /_w/_ww[a(oo) G(w)]cosh(zp)e dpdlnw

(2.2.30)

i * * " . _7{ ipIn(wr)
2 /_w /_oo“’G (w) sinh (21’) e dp dlnw, (2.2.31)

L w2 [G,(OO) _ G/(w)] sinh Ep eipln(w-r)dp dlnw
2 J o0 J oo 2

(2.2.32)

1 A " T ip In(wT)
5 [ [ ol w6 @) cosh (35) 7" dp dins

(2.2.33)

i e 2 — " H _7_1’ ipln(wTt)
72 /_oo /_ww [M_; — wG"(w)] smh(2p) e dp dlnw.

(2.2.34)
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2.2.1 Existence of Moments

From equation (1.2.5) (for viscoelastic liquids), the relaxation function
G(t) can be expressed as

G(t) = /0 ” Hr)et L (2.2.35)

Comparing the above equation with my definition of the n-th moment of
H(7) (2.2.3), I derive that

&0 = (1 [ HOE
= (=1)"M_(ns1). (2.2.36)

Furthermore, by using equation (1.3.4), with G, = 0, the complex shear mod-
ulus G*(w) can be expressed as the half Fourier transform of the relaxation
function, i.e.

G (W) = iw / Glt)e""dt. (2.2.37)
0
Also, the Laplace transform of G(t) is defined as
L{G)} = / Glt)edt. (2.2.38)
0

If G(t) has a Maclaurin series, then the Laplace transform of G(¢) has an

asymptotic expansion (as s — oo) of the form

Yo, M V2
L{G(t)} Sttt + sy (2.2.39)
where
1 (="

Consequently, a sufficient condition for all negative moments of H(7) to

exist is that the relaxation function G(t) has a Maclaurin series. However,
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in general, not all continuous relaxation spectra lead to a relaxation function
with a Maclaurin series. I now give an example of a relaxation function that
does not have a Maclaurin series, yet I can adjust a scaling parameter o to
get as many moments of H(7) as I like.

Theorem 2.1. If

Int

H(t) = sech (—0—) , (2.2.41)

then for 77 <0 <3 (b€ Z"), there will exist 2b + 1 moments of H().

The reason for the above choice of hyperbolic wavelets in the representa-
tion of H(7) will become apparent over the next few chapters. In Chapter 5,
I will use a sum of translated sech functions, scaled by o, in which I will show
that for a particular set of real data (known as PB1 data), the optimal value
of o is in the range % <o < % Using the above theorem, this means that
the five moments M_3, M_,, M_;, My and M, exist. For this range of values
for o, all twelve of the double integral inversion formulae in (2.2.23)-(2.2.34)

become relevant.

Using equations (2.2.35) and (2.2.41), the relaxation function can be writ-

Gt) = /oo sech (!PU—T) e‘%g
0
= /ooo ésech (ln [sé]) e *ds (s = %)

© 9 %—1
= / 13+ se~"ds. (2.2.42)
0 So

ten as

Since 7, o< M_(n41), if not all of the negative moments of H(r) exist, then

G(t) does not have a Maclaurin series. Indeed, the moments of H(7) are of
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M, = / o (th)it
0 T

(oo}

= e~ (" Dtgech ( ) d¢ (t=-InT1)
o

—00

00 —-(n+ +1)t
= 2 / € -t (2.2.43)
o l+e o

the form

Let b < % <b+1 (ie b+1 < ¢ < ). Then, for M, to exist, we require
—(b+1) < n < b-1. This gives us 2b + 1 moments of H(7), namely
M_y_1,M_y, ..., My, ..., My_3, My_;. Since v, X M_(541), only b+ 1 of the v,
exist, namely 7o, 71, ..., 7. 1 have now shown an example of a well behaved
relaxation function that does not have a Maclaurin series, since only finitely

many of the ~, exist.

2.3 The Fourier transform of sech(zx)

To obtain the Fourier transform of sech(z), I use the same method as
shown by Priestley [64], where the integral [°_sech(z)e**dz was determined.

I have exchanged —ip for a.

sgc\h(p) = / sech(z)e P dzx

oo e—ipz
Let
_ 9(2)
f(z) = hz)’ (2.3.2)
where

g(z) = e (2.3.3)
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and

h(z) = cosh(z).

39

(2.3.4)

The function f(z) has simple poles at z = 1(2n + 1)7i, n € N. The function

f is holomorphic inside and on the contour v shown in the Fig. 2.1 below,

except for a simple pole inside v at z = 71, of residue

9(3) _ _ ¥
h (%)  sinh (Z4)
= —ie3P,

By Cauchy’s residue theorem [64],

2%
3

i

N

iz

Y

Figure 2.1: Contour +.

R o—ipz p T je—iP(R+iy) J =S empe-ipx iz
/—s cosh(z) :c+/0 cosh(R + iy) y+L cosh(z + i) +

— 27 Res (fgz)
= 2meiP.

Denote the second integral by I and the fourth by J. Then

Ills/
0

T 2ePY
Rt mryrenyl8
o |eR’tW 4 e~ (R+w)|

i e—ip(R+iy)

cosh(R + iy) dy

INA

(2.3.5)

0 Z-e—ip(—S+iy)
/ — e
» cosh(—S +iy)

(2.3.7)

(2.3.6)
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So I — 0 as R — oo. Similarly,

N 2eY
< /0 s (2.38)

So J — 0 as S — oo. Letting R and S tend to oo independently, we obtain

omel? © T i T gTPeTipE p
mer = /_oo cosh(z) +/°° cosh(z + i) o

= / Bl e —
I cosh(z) cosh(z + )

oo e—ipz
_ mp 3.
/_m e e, (2.3.9)
since
cosh(z + i) = — cosh(z). (2.3.10)

Consequently, the Fourier transform of sech(z) is given by

© TPz 2me:P
| S -
—oo COsh(z) 1+ e
_ 2m
~ eirfeEP :
= msech (Zrz-p) . (2.3.11)

2.4 The Fourier transform of sech?’(z)

To obtain the Fourier transform of sech?(z), I use the same method (and

the same contour) as I used to obtain the Fourier transform of sech(z) above.

sech’(p) = / sech?(x)e"*P*dr

—00

e 2.4.1
B /_oo cosh?(x) * (241)



24. THE FOURIER TRANSFORM OF SECH?(X) 41

Let
e—ipz

- cosh?(2)’

f(2) (24.2)
The function f(z) has double poles at z = 1(2n + 1)mi, n € N. Since there
exists a double pole at z = %4, I consider a Laurent expansion of f(z) at
z = Zi. The Taylor expansion of eP* at 2z = Ziis

e3P [1 —ip (z _ gz) + ] (2.4.3)

The Taylor expansion of cosh(z) at z = Zi is

. T, 1 mT\2
i (z - Ez) [1 +35 (z - 52) + ] . (2.4.4)
Hence, the Taylor expansion of cosh?(z) at z = Siis
mT\2 1 T \2
S CEEO N Y R § (245)

The Laurent expansion of f(z) at z = i is therefore

e%? [1 —ip (z - %z) + ]
(z - i)? [1 +1(z—%)% + ]
_e%" [1—ip(z— %) +..] [1 —1(z- %z)2 - ]

(- 39)°

The residue of f(2) at the double pole z = Zi is equal to the coefficient of

(2.4.6)

(z - %i)_l in the Laurent expansion. Consequently,

Res (f, gz) = ipe®P. (2.4.7)
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By Cauchy’s residue theorem, as R, S — oo independently, we find that
‘ 0 ,—ipz oo e—tp(a:+1ri) T
————dr — —_——dr =2 'Res(,—i
/ —o0 cosh?(z) * / oo cosh?(z + i) i f 2 )

e—ipT .
1 - TP = -9 3P
(1-e )/ 00 coshz(x) mpe

e 2mp
[,
—oo COsh?(z) e3P — e %P

sech? (p) = mp cosech (g-p) : (2.4.8)

2.5 Conclusion

I have shown in this chapter that recovery of the continuous relaxation
spectrum is an exponentially ill-posed inverse problem. To enable me to do
this, I have introduced aspects of the theory of distributions. I also required
the Fourier transforms of sech(z) and sech?(x), for which I have provided
rigorous derivations.

I introduced generalized formulae for double integral inversion formulae
relating moments of the relaxation spectrum to data involving w™G*(w). I
have also given a specific example of a well-behaved relaxation spectrum that

does not have a Maclaurin series.



Chapter 3

Wavelets Transforms in the

Theory of Linear Viscoelasticity

The convolution equations (2.1.10) and (2.1.11) are intimately linked
to continuous wavelet transforms, where the wavelets are constructed from
simple hyperbolic functions. It will be shown that this link leads to a natural

representation of the continuous spectrum as a wavelet series.

3.1 Continuous wavelets

The wavelets that will be encountered in this thesis are real valued func-
tions, which satisfy strict admissibility and regularity criteria. They are
localized in time. Wavelets replace the non-localized trigonometric functions
in the Fourier transform to provide a much more powerful analytic tool.
Definition 3.1. I define a mother wavelet as a function ¢ € L?(R) which

has zero average

/oo Y(z)dz = 0, (3.1.1)

43
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and has the property that there exists a constant Cy such that

00 |70\ [2
Cy = /(; |1p|(§|)| dp < oo. (3.1.2)

This property means that i) can be paired with a scaling function ¢. For
each v there exists a unique real valued function ¢ € L%(R) whose Fourier
transform is defined by

$(p) = [/w W(E)Pd&] . (3.1.3)

¢ is an even function which has non-zero area given by

(0) = (Cy)?. (3.1.4)

1 is often called a mother wavelet with corresponding scaling function ¢. ¢
is also called the corresponding father wavelet for 1.
At different time locations t, and different time scales s (resolution with

respect to time) the mother and father wavelets generate a family of wavelets

z—t

b= 70 (50), bl = 8 (550). @19)

In terms of the original variables w and 7

In(wr)

wne) = 70 (B2), o) = 220 (P2, o)

If the continuous spectrum is represented as a wavelet series, each term in

the series will be centred at a relaxation time determined by a reciprocal

frequency, i.e. 7 = w™!

, and the resolution obtainable from each term will
depend on the scale s associated with that term, small s implying high res-

olution and large s implying low resolution.
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3.1.1 Continuous wavelet transforms

The (contiﬁuous) wavelet transform of h € L?(R) at the time ¢ and scale

s is defined by the convolution product

[Wh(s,t) = (hxvs)(2), (3.1.7)

where  ¢,(z) = vYso(z) = %1{) (—) . (3.1.8)

S

I define a father wavelet transform of h € L%(R) by

[VR](s,?) (hx ¢)(t), (3.1.9)
x

where  ¢4(z) = ¢s0(z) = %q& (—) , (3.1.10)

S

and ¢ € L?(R) is the scaling function associated with a wavelet .

The next statement is a fundamental observation which motivates the
main results of this thesis. Equation (2.1.11) shows that, in terms of log-
frequency z, the loss modulus is a father wavelet transform of the

continuous relaxation spectrum, at unit scaling s =1, i.e.

g(z) = (hxd)(z)=[Vh|(1,2) (3.1.11)
where  ¢(z) = sech(z). (3.1.12)

In physical variables,
G'(w) = %[Vh](l,lnw). (3.1.13)

3.1.2 Autoconvoluted wavelets

I now introduce autoconvoluted wavelets, because the inversion formulae
that I am about to use to reconstruct the continuous relaxation spectrum,
makes use of the autoconvoluted wavelets rather than the wavelets them-

selves. Throughout this thesis I will use the convenient property of the
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Fourier transform of a convolution, which gives

W*9)"®) = W@, (6%9)" @) = O]

The autoconvolution of the mother wavelet is also a mother wavelet since it

has zero area, shown by

(@ x$)"(0) = B(O)]* =0, (3.1.14)
and as long as it satisfies the condition

o0 A 2 N 4
0 |p| 0 |p|
The autoconvolution of the father wavelet is also a father wavelet since it has

constant area given by
($%9)"(0) = [$(O)* = Cy. (3.1.16)

By manipulating equation (3.1.3), using properties of the Fourier transform
given in Table 1.1, I derive the following relationship between the autocon-

voluted mother wavelet and the autoconvoluted father wavelet

Be)P = /p“'i”f—)'zde

3
lxelNp) = /pww@dg
cd aaey @)
--d—p[¢*¢] (p) = —E

Sl = —polédl)
— ip [a($ % H) @] 0)
- [a6-ow)] ®

L)@ = o (o(dx)(a) (3.0.17)
= (¢*¢)($)+-’Ed—(i-(¢*¢)(a:). (3.1.18)
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This proves that the autoconvoluted mother wavelet is equal to the autocon-

voluted father wavelet plus its homogeneous derivative.

3.2 Inversion Formulae

Calderén in 1964 laid the ground for a theory of continuous wavelet
transforms and their inversion by publishing his famous “decomposition of
the identity”.

Theorem 3.1 [19]. Every function h € L?(R) can be decomposed into a

sum over all scales of its wavelet transforms

W) = C%p / ()0, (3:21)
where 1;3 @t = %@” (_?t) (3.2.2)

Remark: The integral in (3.2.1) converges in the L?-norm to h(t). The
integral with respect to ¢t of the function on the right of (3.2.1) vanishes,
while the integral of h(t) on the left does not vanish. So the right-hand side
of (3.2.1) does not converge pointwise to h(t). We shall see how to overcome
this difficulty below using scaling functions.

In this thesis, unless stated otherwise, I will use even functions ¥(t).
Therefore

s () = %s(t) (3.2.3)

and I may consequently re-write equation (3.2.1) as

W) = ci.,, / g x v (0%, (3.2.4)



48 CHAPTER 3.
I can assert that this is a valid decomposition of the identity as follows
h(t) = Z%/Om(h*ws*wa)(t)%j-
= gt [
= gonle)«{ [Cw. *ws)(t)is-]A (p)}v 0
= &0+ { [Cwrvaorof} o
- C%h(t) x { ws(p) } (t)
- -C%h(t) * { w(sp) } (), (3.2.5)
since
@) = 220 (2) = o) = Vab(en),
and consequently
[3.0)] = s [3(en)] "

Using the transformation £ = sp, p # 0, I obtain

~ 2 Vv
W) = Ciwh(t)*{ / w@ds} (t)

= ZhO)* G (@) (wing(312)
¥
= (h*0)(2), since 4(p) = 1. (3.2.6)

Given that the wavelet transforms h x v, of h at all scales s > 0, (3.2.4)

gives an inversion formula for reconstructing h(t) from its wavelet transforms.
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Since the areas of the graphs hx 1, and h x 9, x 1, vanish for all s > 0, then
the restriction of (3.2.4) to any finite scale o

1 [° ds
ho(t) = C—¢/0 (h*zps*z/)s)(t)? (3.2.7)
has a graph of zero area, i.e.

/ ho(t)dt = 0, forall 0< o < oo. (3.2.8)
‘This means that although the integral in (3.2.4) converges to h(t) in the
L2-norm, it will not in general reproduce the area under the graph of h(t),
ie.

lim / " ho(t)dt £ / ” h(t)dt. (3.2.9)

g—00

In 1989, Mallat showed how to overcome this problem by splitting the
integral into two parts [53]

1 [° ds 1
= — s % P -+ = o * Og)(t 2.1
M) = g [ Grvrw) ©F + o (e 0)t) (3210)
1 t
s(t)=—o|-). 2.11

where  @,4(t) 75 (s) (3.2.11)
The sum over all scales s > o can be incorporated into one term, by means of
the scaling function ¢,. This term has the same area as h(t), since [:b:(O)] =
Cyo. Furthermore, if o is sufficiently small, high resolution terms (small
scales) are confined to the integral term in (3.2.10), while the second term

constitutes a low-pass filter applied to h.

I can confirm that (3.2.10) is a valid decomposition of the identity by first
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using equation (3.2.5), with 0 < s <o
) = — [ (hs ne L L )(t)
O = g [ Grver w5+ gt bex b
1 T~ 12ds)V 1
= gty [ ] T O+ gt an))
(3.2.12)

Using properties of the Fourier transform (see Table 1.1), I can manipulate
equation (3.1.3) to obtain

P = —pdip$2<p)
A P(sp) = —pd%&(sp) (3.2.13)

Therefore, using (3.2.13) and the transformation £ = ps, (3.2.12) becomes
1 P d v 1
b =~y { [ EP Ok} O+ gotxdox )
= Gt {500 - 350(on)} (0 + G (b x )0
1 — v 1
= GO {Cu=Fxdon} O+ G (hxdoxdr)®

1 1
= (h* 6)(t) - @(h *¢a * ¢a)(t) + aﬁ(h*qsa *¢a)(t)-
= (hx6)(t). (3.2.14)

3.3 An illustrative example

To illustrate what the effect of changing o is in the Calderén-Mallat
decomposition, I shall give a numerical example in which h(t) is chosen to

be a Gaussian. Let
h(t) = e 7, (3.3.1)
(¢o * $5)(t) (3.3.2)

Il
Q|
w2
&
=5
/N
Q|
—
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I have plotted the Gaussian against its Calderén and Mallat parts for various
values of o in Figs. 3.1 and 3.2. The Gaussian is plotted in black, the
Calderén part in pink and the Mallat part in blue. We see that (Fig. 3.1)
the Mallat term always captures the area under h but if o > % then both
terms are needed to give an accurate representation of . The Calderén
term is small when o < 3. When 0 = & (Fig. 3.2) the Mallat term alone
represents h with a maximum error of 5 x 10~3. This clearly illustrates the
fact that if h(t) is a smooth function then high accuracy can be obtained
even though high resolution terms (i.e. small scales) are excluded.

3.4 FK approximation

Ferry [33] attributes the simplest approximation to the continuous relax-
ation spectrum to Fuoss and Kirkwood [36]. This approximation takes the

form
2 e, _—1

It was derived by Fuoss and Kirkwood in the context of dielectric media, but
is equally relevant in the case of linear viscoelasticity. I shall call approxima-
tion (3.4.1) the FK approximation.

Equation (3.2.10) enables me to derive, in integral form, an expression
for the error in the FK approximation. I believe that no such error term has

so far been available. Let o = 1, and choose
(¢ * @)(t) = sech(t). (3.4.2)
It then follows from (3.1.17), (3.1.16) and (2.1.13) that

(¥ *¢)(t) = sech(t)[l —ttanh(t)] (3.4.3)
and c, = (3.4.4)
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and

1—z2

(3.413)

I can express the error term in the FK approximation as

_ 2 (" ! - (wr)? In(wT) 1—(w'r)% ds dw
E(r) = 7r/0 /OH( )1+(W)%[1+ - {1+(m)%}]s2w'

(3.4.14)
I note that equation (3.4.7) tells me that
/ E(r)dt = 0, (3.4.15)
—o0
which proves that
/ E('r)gz = 0. (3.4.16)
0 T
This result is consistent with equation (3.4.6), since
° dar 2 [* . _;.dr
—=— —. 4.
/OH(T)T W/OG(T)T (3.4.17)

3.5 Autoconvolutions and cross-pairings.

It is conventional to interpret formula (3.2.10) as a means of reconstruct-
ing h from its wavelet transforms hx 1, (0 < s < o) and h x ¢,. In this
interpretation ¢ and ¢ are mother-father pairs related through (3.1.17). The
transforms are “coefficients” in the inversion formula, i.e. (3.2.10) may be

written as

h) = g [ VA 0 ) 5+ V@) x4t
(3.5.1)
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Each of the two terms in (3.5.1) represents a projection of h into subspaces
of L2(R). If the scaling function ¢ is chosen appropriately then these two
subspaces are complementary, i.e. non-overlapping. Discretizations of (3.5.1)
then exist which lead to a multiresolution analysis (see Chui [25], Mallat [53]).

Since the storage and loss moduli give information at one scale only,
namely o = 1, and the inversion formula (3.4.5) requires additional infor-
mation at the smaller scales 0 < s < 1, the formula cannot be used in a
conventional way to recover h(t). In this thesis I choose to interpret equa-
tion (3.2.10) in an alternative manner. This alternative approach involves
pairing a mother wavelet from one family with a father wavelet from a dif-
ferent family. I shall call this approach cross-pairing. In particular I shall
cross-pair the autoconvoluted mother wavelet ¢ x ¢ with the autoconvoluted
father wavelet ¢px¢. The autoconvolutions )+t and ¢*¢ are not conventional

mother-father pairs in general, since
d
(Wxbx$*$)(z) # o [o(p* B+ $) @] (35.2)

The non-conventional relationship between ¥ x 1 and ¢ % ¢ is illustrated
below.

mother father

,‘ﬁonventional pair
-

¢

cogventional pair
PrY ——

cross
pair

B<——> éb.* ¢
Conventional pair

A(z) is the father wavelet conventionally paired to the mother wavelet 9 x

1, whereas B(x) is the mother wavelet conventionally paired to the father
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wavelet ¢ x ¢. A(z) is defined through its Fourier transform as

Ap) = [/p”-’mdsr

Therefore A(z) = 2;/ [/oo '/’lfﬁ) ] ePdp.  (3.5.3)

B(z) can be derived as follows

po = [

'3
- d ~
- B*p) = —P-&;&(P)
S B(x) = 2—17r_ i [—pd—p¢4] e'Pdp. (3.5.4)

In this alternative setting, I view equation (3.2.10) as a decomposition of
h(t) into constituent parts:

ht) = / (W*h)(s, t [V*h](a ) (3.5.5)
where

[W*h](s,t) = (h*¥s%ts)(t) and [V*h](0,t) = (h* s % 65)(2).
(3.5.6)

The terms again represent projection of h into LZ(R), but the subspaces, in
general, will overlap. In the context of this thesis an element of redundancy
in the representation of h(t) is not a matter for concern, given the low-
dimensional nature of the approximations I shall use. Given the sensitivity
of h(t) to the choice of o, an element of redundancy is actually an advantage,
since it does not confine me to a rigid choice of orthogonal subspaces in the

representation of hA.
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I no longer insist that 0 = 1, but rather, choose ¢ as a regularization
parameter in the recovery process. In other words, o controls the strength
of the low pass filter which provides me with a smoothed recovery of h(t).
High resolution terms will be confined to the first term in (3.5.5).

For ease of notation, I define

¢*(z) = (6x4)(a), (3.5.7)
() = (P*9)(x). (3.5.8)

The cross-pairing I shall predominantly use is

¢*(z) = sech(z), (3.5.9)
¢¥*(z) = sech(z)[l — ztanh(x)]. (3.5.10)

I can now compare the mother wavelet pairings for ¢*(z) = sech(z) formed
from the cross-pairing sense (3.5.10) with its mother wavelet pairing derived
from the conventional Calderén-Mallat sense (B(z)), when ¢ = 1. In the

conventional sense,
B@)xB(z) = ~fal¢" x¢")@)]
= % [z (sech + sech)(x)] (3.5.11)
In Chapter 4, it is proved that
sech(z) * sech(z) = 2zcosech(z), (3.5.12)
which is displayed in Table 4.2 for j = 0. Therefore, we obtain

B(z)x B(z) = a-d; [2z2cosech(z))
= 2zcosech(z)[2 — z coth(z)]. (3.5.13)

A closed form does not exist for B(z), only for its auto-convolution, so I

cannot directly compare B(z) with ¢*(z). I can, however, compare them in
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the Fourier domain. Taking the Fourier transform of both sides of equation

(3.5.11), by using (2.1.13) and properties of the Fourier transform displayed

in Table 1, I find that

B%(p)

. B(p)

[ (aoech(a) wseenia)) ] 9
~p sech(a) #sech(o)]" (0)
—p% ( [sgal(p)] 2)

e (59
7°p sech? (%p) tanh (-;fp) (3.5.14)

m2sech (gp) \/p tanh (-g-p) (3.5.15)

Using the relationship (3.1.17), the Fourier transform of ¢*(z) can be derived

as follows

¥ (p)

| asecti@)| )
—pg;s?c\h(p)

—ﬂpad;sech (-gp)
2

7—r2—p sech (%p) tanh (gp) . (3.5.16)

The two functions (3.5.15) and (3.5.16) are plotted against each other in Fig.
3.4, where they have both been normalized in the sense that they have unit

area. The two mother wavelets, when plotted in Fourier space have a very

similar shape, but have their maxima at slightly different locations.
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The set {9, }(jx)ez2 is called a (wavelet) frame of L*(R) if
(i) any function h € L?(R) can be expressed as a series

hz)= Y Y apiu(a) (3.6.2)

j=—00 k=—00

and (i) there exist two constants A > 0 and B > 0 such that
©
AllRIP< > D7 [(h3)1? < BRI (3.6.3)
Jj=—00 k=—00
If A = B the frame is said to be tight.

In general, the set {¢;,k}(j,k)ezﬁ is not linearly independent, even if the
frame is tight. The following observations are made by Daubechies [26] and
Mallat [53]. To be linearly independent, the set must define a Riesz basis in
L?(R). I shall consider Riesz bases in the next section. A set which is not
linearly independent is said to be redundant. A measure of redundancy is
given by the size of the frame bounds A and B. The frame is redundant if
A > 1. The frame is orthonormal if and only if A= B = 1. If the set is a
normalised Riesz basis then the frame bounds satisfy A <1 < B.

Daubechies [26] has given a sufficient condition for {47 }(;k)ez to be a
frame. Let

BE) = swp 3 [PQWIF@w+e  (364)

1<jwl<2 ;25
and A = ) [ﬂ(gz—k) ﬂ(-%)r. (3.6.5)
Feat?

If the sampling rate a and scale (277) are such that

1 ad — .
= - i *(OF 2 _
Ao a ngllgfgzj;w [Y*(Zw)l* = A >0 (3.6.6)
1 O~ |
amd - Bo= g | sup D [P (Qw) +A| <oo,  (367)
a _15|w|52 j=—o0 |
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then {9}, }¢k)ez2 is a frame of L*(R).

The constants Ay and By are respectively lower and upper bounds of
the frame bounds A and B. If By/Ay =~ 1 then it follows that the frame
is almost tight. If we work with a redundant frame (1 < A < B) then the
representation (3.6.2) is not unique, and the representation will depend upon

the choice of algorithm used to compute the coefficients.

3.6.2 Hyperbolic and Gaussian wavelet frames

One of the benchmark wavelets which defines a frame is the well known
Mexican hat wavelet M(z), defined as the second derivative of a Gaussian

with unit standard deviation, i.e.

N

& _g
M(ﬂ'}) = @6 2
22

= (2®—1)e 7. (3.6.8)

On the other hand, I have found nothing in the literature concerning whether
hyperbolic wavelets of the form ¢* and ¥* can be used to generate frames.
Motivated by the important links with linear viscoelasticity that I have al-
ready demonstrated, I shall in this section establish some key results on which
the work in this thesis depends.

Definitions. Let ¥ denote the set {1}, }(;x)ezz, where

Y*(z) = sech(z) [l — ztanh(z)]. (3.6.9)

Let B denote the set {B;}jr)ecz2, Where

B(z)*xB(z) = %[szcosech(x)]
= 2zcosech(x)[2 — z coth(z)]. (3.6.10)
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Let M denote the set {M;}(jrezz Where M(z) is given by (3.6.8). The
basic wavelets and their corresponding Fourier transforms, which generate
the sets ¥, B and M are shown in Fig. 3.5, with normalizations ||¢*||2 =
IBll2 = ||M]l2 = 1.

Theorem 3.2. The sets ¥, B and M each define frames of L?(R) for a
sampling rate a < 2.

Theorem 3.3. With a sampling rate a < 1, frame B is tighter than
frame W, which is tighter than frame M.
Remark: Theorem 3.2 is also true for certain sample rates a > 2. In
particular, there exist threshold values of a, namely ay > 2, ap > 2 and
ap > 2, for which
(i) ¥ is a frame for all 0 < a < ay;
(ii) B is a frame for all 0 < a < ap;
(iii) M is a frame for all 0 < a < ayy.

We have used Daubechies’ necessary and sufficient conditions (equations
(3.64)-(3.67)) to calculate the frame bounds for ¥, B and M, for certain
values of the sampling rates, and with normalisations ||¢*||s = ||B||2 =
[|[M||2 = 1. These are shown in Tables 3.1, 3.2 and 3.3. Theorems 3.2 and
3.3 are now easily established by viewing the frame bounds shown in these
tables.
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sampling rate (a) Ay By | Bo/Ao
2 1.363 | 3.298 | 2.421
3/2 2.718 | 3.497 | 1.289
1 4.616 | 4.706 | 1.020
1/2 9.313 | 9.331 | 1.002
1/4 18.626 | 18.662 | 1.002

Table 3.1: Estimated frame bounds for the hyperbolic wavelet y; ().

sampling rate (a) | Ao By, | By/Ap
2 5.5561 | 8.688 | 1.565

3/2 8.974 | 10.011 | 1.116

1 14.194 | 14.283 | 1.006

1/2 28.471 | 28.485 | 1.0005

1/4 56.941 | 56.969 | 1.0005

Table 3.2: Estimated frame bounds for the hyperbolic wavelet B; ().

3.6.3 Riesz bases.

Let Vp = clospzgyspan{dyg, : k € Z}. (3.6.11)
The set {d%,k(:c)} is said to be a Riesz basis of V} if it is linearly independent
and there exist constants C' > 0 and D > 0 such that for any y € V, there is

an unique series representation

h(x) = Z bk¢8,k(x),

k=—o00

(3.6.12)
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sampling rate (a) | Ao By | Bo/Ao
2 1.248 | 2.162 | 1.733

3/2 2.133 | 2413 | 1.131

1 3.273 | 3.546 | 1.084

1/2 6.545 | 7.092 | 1.084

1/4 13.091 | 14.183 | 1.084

Table 3.3: Estimated frame bounds for the Mexican hat wavelet M(z).

which satisfies

[e o]

Cliyl? < Y- Ibxl* < DllylI*. (3.6.13)

k=—00

Mallat [53] shows that the inequalities (3.6.13) are equivalent to the following

inequalities on the Fourier transform of ¢*

Vw € [-m, 7], —;- <Y IPw-2kmP < -é- (3.6.14)

k=—00

Theorem 3.4. The set {¢} ; }rez, Where
#*(z) = sech(z), (3.6.15)

is a Riesz basis of the space V; it generates, since

Yw € [~m 7], 0.000414< Y |¢*(w — 2km)[? < 1.00000003. (3.6.16)

k=—0c0
The basis has been normalised in the sense that ||¢ .|| = 1.
Similarly, I define
Vi = clospegyspan{¢}, :k€Z}, Je€Z (3.6.17)
where ¢.(z) = 27¢*(2'z — ka). (3.6.18)



>+F) 1J 8

+E

+E D E +E
7 * f = . 4 1 41 > % ' S'" %
$ D4 1 4 18 :64%1 4 41 '@1
0 D3
1$(*=BdB 8 & 5= 1 $ & ) !
T= ' h).GH m®BX»SQO& : h Q) GO C +BH
$ M . XS BEH [ O GO C .EH
& ''T= G H
$ ! 1*
*
1 8 Pe Ng*3BCh":/B. &G GO C .+H

") a o ( ) $ &



3.7 MRA AND TWO-SCALE RELATIONS 67

3.7 Multiresolution analysis (MRA) and two-
scale relations.
A scaling function ¢ and its sequence of associated subspaces
V; = clospamyspan{¢;x : k € Z}, j € Z, - (3.7.1)
are said to generate a multiresolution analysis if
flz)eV;e f(2x) € Vi, jELZ, (3.7.2)
and
1. the subspaces are nested, i.e. V; C Vjy;

2. the union of the subspaces is dense in L%(R);

vi={0};
jez
4. there can be found a wavelet ¥ and a corresponding sequence of
subspaces W; = closp2ryspan{y;x : k € Z}, j € Z, such that
Vit1 = V; @ W;, where @ denotes a direct sum.

This means that a first approximation f; to a function f € L?(R) may be
found by projecting f onto the subspace V;, and improved approximations
may then be found by adding to the f; suitable contributions at finer scales
from the subspaces W;, Wj,1, Wiio, ..., ie.

f=fitgr+gima+gop2+... . (3.7.3)

If the subspaces W; are orthogonal then the decomposition (3.7.3) is unique,

otherwise the functions g; are not uniquely defined. This means that I can
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modify equation (3.6.21) to cut off all scales ¢ > 27 in the mother wavelet
part. I then obtain a representation for h(t) which more closely resembles a
discrete form of the Calderén-Mallat decomposition

hz) =) aatie(@) + D biadi(@). (3.7.4)
k k

J
j2J

In a multiresolution analysis it is clear that ¢ C Vg, ¥ c Wo, Vo C V] and
Wy C V. Consequently there exist relationships between ¢(z) and ¢(2z),
and between 9¥(z) and ¢(2x), of the form

$z) = ) ad(2z—k), (3.7.5)
k

P(z) = ) bp(2z— k). (3.7.6)
k

These are called two-scale relations, and play an important role in synthesiz-
ing wavelet reconstructions in signal processing.
Taking the Fourier transform of both sides of (3.7.5), I obtain

3 = 3 wd(b)e
k

(p) 1 Z _ikp
So= = =) age 2P (3.7.7)
¢(8) 2%
This requires that gz% has compact support on [—2m,27]. Similarly, from
2
(3.7.6), I derive

¥(p) 1 Z _ik
—_— = —_ bke 1-21), (3-7.8)
¢(8) 2%
which requires fa to have compact support on [—27, 27]. The cross-paired
2
wavelets {¢*, ¢*}, defined by (3.6.9) and (3.6.15) do not satisfy the two-scale
relationships (3.7.5) and (3.7.6), since

#(p) _ sech(3p)
&(g) sech (%p)

(3.7.9)
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Since the two-scale relations only hold exactly in the range —27 < p < 2,
I obtain

() — %& (&) > axe 3P, —00 < p < 00;
€lp) = (3.7.17)
0, -2 < p < 2m.
For |p| > 2w I can express €(p) as follows, by splitting the real line into
intervals of length 4n. So p € [—27 + 47n, 2w + 47n|, n = —00...00. When

n = 0 we get the above interval [—2m, 27]. I observe that €(p) = €(q + 47n),
q € [—2m,2x|. Thus, I now have

aw) 0, =27 < p < 2m, (3718)
€ = A,
o [# 0+ 4mn) - 16 (2 +27n) Toane#2], ol > 2m,

where I have used the fact that e~i3(+4™) = ¢~i3?. By Parseval’s theorem
53],

1
lellz = 5 llellz- (3.7.19)
Consequently, using (3.7.17) and (3.7.18), I obtain

27 n=00 2
lell; = %/_2 { z [¢*(P+47rn) - —¢>*( +27m)zake i%ﬂ]}

n=—oo

n=00
_ . s #*(p)
— % Z / R [d) (p+ 47n) — & ( + 27rn) 6 dp, (3.7.20)
using (3.7.7). When n = 0, the integrand is equal to zero. Also, when |n| > 1,
the integrand is so small that there is a negligible contribution to the sum.

This is because q;;‘(p) is very small for large |p|. For ¢*(z) = sech(z),

lell? = Z—Vjo ‘/21r [sech [p+47m])—sech( [p+4m ]) ﬂ@} dp.

2= sech (£p)
(3.7.21)
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Similarly, I obtain

) - 0, —2m<p<2m (3.7.22)
p =  k o
. [,(/,*(p +47mn) — % (B +2mn) Y, bke_'i"] , |p| > 27

and consequently,

1ol = 5> [ [¢*<p+4m) 5 (2 +2m) gm

e (3.7.23)
For ¢*(z) = sech(z)[1 — z tanh(z)], I find that
lel? = s nf:c,:o /27r { + 4mn)sech (2 p+ 47rn]) tanh (—g[p + 47rn})
m p sech (Zp) tanh (%p) ) °
—sech (Zh) + 47m]) sech (Zp) } dp. (3.7.24)

The series in (3.7.21) and (3.7.24) converge very rapidly, and by calculating

the integrals numerically, it can be shown that
lelle<5x10"* and | pll2<2x 1073 (3.7.25)

Alternatively, using best approximation in the supremum norm it can be

shown that
ll€llo<5x 107 and || pllo< 2 % 1072, (3.7.26)

The coefficient set {ax,bx} is displayed in Table 3.4 for both of the above
cases. By viewing Table 3.4, it is clear that the coeflicients a; compare
relatively well, but the coefficients by have a slightly larger discrepancy. At

finer scales 0 = 277, j > 0, the L? norms of the residuals are reduced, since

| €(2z) [la< 5 x 23 x 10™* and || p(2/z) |l.< 2 x 273 x 1072,
(3.7.27)
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However, there is no reduction in the supremum norms (3.7.26). The first

inequality in (3.7.27) is proved using the following argument

([ [e<2fm)]2dx)%

1

- ( / ~ 93 (X)) dx)§ (X = 2x)

—00

= 2% ( /_ : [e(x)]zd:c)% (z = X)
= 27} | e(@) ||

<5x 278 x 1074 (3.7.28)

Il e(2’z) Il2

The other inequality is proved in the same fashion.

In working with experimental data, the storage and loss moduli are rarely
given to an accuracy of less than 1%. Consequently, the choice of an approxi-
mate multiresolution analysis with scaling o < 4 is more than adequate when
working with a cross-pair {¢*,¥*}.

3.8 Choice of primary subspace

In order to give a wider choice of base subspace, which I call the primary
subspace, I no longer insist upon the dyadic scaling o = 277 for the scaling

functions. I now allow resolutions of the form

o = 2_j0'0, JjE€Z, oo €R. (381)

Then ¢f,(z) = ¢*(2705 'z — kaoy'), (3.8.2)

where ¢*(z) = sech (ai) (3.8.3)
0

and aoj' is the new sampling rate. oy is a non-dyadic control on the scale in
the primary subspace. The primary subspace can be kept as Vj by varying

0o accordingly (i.e. o = 0p).
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k| ax (L?) | b (L?) | ax (Minimax) | b (Minimax)
0 | 0.44724 | 0.76911 0.44417 0.75786
1 10.33103 | 0.25317 0.33440 0.26495
2 | 0.18352 | -0.10911 0.17949 -0.12232
3 | 0.10581 | -0.12672 0.11032 -0.11188
4 10.06163 | -0.11473 0.05680 -0.13059
5 10.03746 | -0.08330 0.04245 -0.06668
6 | 0.02228 | -0.06426 0.01718 -0.08134
7 10.01375 | -0.04362 0.01890 -0.02618
8 | 0.00814 | -0.03210 0.00295 -0.04977
9 | 0.00509 | -0.02075 0.01030 -0.00291
10 | 0.00296 | -0.01508 -0.00225 -0.03301

Table 3.4: Coefficients determined by an L? algorithm (Fourier coefficients)

and by Minimax.

3.9 Conclusion

The main purpose of this chapter was to introduce wavelet analysis and
the concept that wavelet transforms arise naturally in the theory of linear
viscoelasticity. I have shown that the loss modulus is in fact a father wavelet
transform of the spectrum at unit scaling in log-time and I have used wavelet
analysis to validate expressing the continuous relaxation spectrum as a sum
of wavelets.

I have introduced the Calderén-Mallat decomposition of the identity, and
used it to calculate the error term in one of the earliest approximations of
the continuous relaxation spectrum. I have also defined a new way of pairing
mother and father wavelets from different families, which I call cross-pairing.

In particular, I have shown that the mother and father wavelet cross-pairing
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(v*(z), #*(z)) = (sech(z)[1—z tanh(z)], sech(zx)) satisfies the respective rigor-
ous constraints of wavelet frames and Riesz bases. In particular, it has been
shown that the mother wavelets associated with sech(z), in both the con-
ventional Calderén-Mallat sense and the cross-pairing method, have tighter
frames than the well-known Mexican hat wavelet for frame sampling rates
a < 1. Furthermore, it has been shown that these cross-paired wavelets can

be used to construct an essential multiresolution analysis.
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Chapter 4

Model Development

4.1 Real-Time Integrable (RTI) Wavelets

It is my purpose in this thesis to represent the continuous relaxation
spectrum in logarithmic time as a sum of wavelets, i.e.

h(t) =3 aatia(t —te) + Y baxdla(t — te). 4.1.1)
k k

J
j2dJ

With the choice
“(t) = h(t) “(t) = h(t)[l Ly h(t)] 112
¢ = Sec ; ) ¢()—Sec ; —;an ; ) ()

in this first section I address the physical constraints imposed on the param-
eter o, and the procedures I must follow to satisfy these constraints.
Every viscoelastic material possesses a finite total viscosity. This imposes

an integral constraint on H(7) and h(t), given by
/ H(r)dr = / h(t)e~tdt < oo. (4.1.3)
0 —o0

I define h to be real-time integrable (RTI) if h satisfies constraint (4.1.3).
The representation of h in (4.1.1) consequently demands that both the father

77
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wavelet ¢* and the mother wavelet ¢* are RTI. For the father wavelet ¢*(t) =
sech (£) to be RTI, I require o such that

* t
/ sech (;) e"'dt < oo. (4.1.4)

Manipulating the integrand of (4.1.4), I obtain

s () -smn (-] o)

To avoid the integrand becoming infinitely large as t — —o0, I require 0 <
o < 1. Thus, ¢*(t) is RTI when 0 < 0 < 1.

Similarly for the mother wavelet 3*(t) = sech (£) [1 — & tanh ()] to be
RTI, I require ¢ such that

/_Z sech (2) [1 - %tanh (é)] e~tdt < co. (4.1.6)

Again this constraint is fulfilled when 0 < o < 1. Consequently, the basis
elements in (4.1.1) are only RTI when 0 < o < 1.

If I choose a primary subspace for which 0 < o < 1, I have satisfied the
physical constraint of finite viscosity. In particular, if o0 = % (neN, n>1),
then 2n — 1 moments exist.

In fitting the data available, it may be necessary to seek a subspace of
the Riesz basis Vj which is RTI for ¢ > 1. The simplest of these subspaces
are of the form of sech triplets

sech (5) +4 [sech (?) + sech (?)] . beR  (417)

I now derive the value of A such that these sech triplets are RTI, i.e.

L) o fos(2) (5 e

(4.1.8)
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The integrand decays exponentially as t — oo for all & > 0. The same is not

true, however, as t — —oo. By adopting the expansion

s () = sl (2) ] (v )
- s(en[ (1) (39 )

(4.1.9)

the integrand can be expressed as

2 [1 +2Acosh (;)] exp [G - 1) t]
2 [1 +2Acosh (%’3)] exp [(g - 1) t]
+2 [1 +2Acosh (%)] exp [(g - 1) t] b (41.10)

By choosing

A= —%sech (2) , (4.1.11)

o

the first term vanishes and all higher terms are integrable provided 0 < o < 3.

I now investigate the positivity of the sech triplet

sech (%) - -;-sech (g) [sech (%—b-) + sech (t;—b)] . (41.12)

Multiplying by the entirely positive function cosh (%) cosh ( 5‘—:—'3) cosh (t;—b),
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)- o () o (22) e (2]}
o (en ()

= °°Sh( b)COSh(t;b) ;fj:hé)) [COSh( )+COSh( b)]
= 2cosh( ) + 2cosh (2b) lCOSh(2+)+2coi1h(())+cos}l( )]
s (%) 200 (2) o (2)]

= 2feosn (2) 1]

>0 VbeR,b>0. (4.1.13)

we find that

e
x cosh (

Qe SOl

+

q

U

IR o

The constraint 0 < o0 < 3 guarantees both the real-time integrability and
positivity of the basis function (4.1.12).

It is also possible to find a subspace of W; (5 < 0) which is RTI for
1 £ ¢ < 3, but it would be unlikely that mother wavelets would be required
in the representation with such low resolution (o > 1).

I therefore construct the following approximations for h for 0 < ¢ < 1

and 1 < o < 3 respectively

h(t) = D b5+ ) apii(t),  5,k€Z, 00 €R,
k 1 k

i%0
(4.1.14)
h(t) = Z dy [% o(t) — —sech ( ) {#5 1t — b) + &b (t + b)}]
+ Z D ocistin®),  Gk€Z bog€R. (4.1.15)
ik

3>0
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4.2 Model Development for G' and G”

To determine the set of coeflicients in the approximation of h I develop new
Riesz bases to fit the storage and loss moduli data. I convolute the estimates
for h from (4.1.14) and (4.1.15) with the respective kernels of equations (2.1.8)
and (2.1.9) to subsequently form models for g;(z) and g,(z). As long as o
is rational, all the required convolutions can be calculated analytically via
residue calculus. Since h consists of a (mother) wavelet part and a scaling
function part, the convolutions required for modeling g;(z) and g»(x) are of

the respective forms

#7x(z) x [1 + tanh(z)], ¥}, (z) * [1 + tanh(z)], (4.2.1)

and (¢}, *sech)(z), (], *sech)(z). (4.2.2)

I will consider values of 0 = n and 0 = 2 (n € N*) for the scaling
function convolutions. For values of -3z < o < X I will construct a homotopic
approximation for the models. Adequate resolution of experimental data has

never required a value of o > % in the mother wavelet part. As a result, I will

merely give results for the mother wavelet convolutions for o = 5 (n € N¥).

4.2.1 Scaling function convolutions for G’

To develop the part of the model for g;(z) emanating from the scaling
function part of A, I require the following convolutions for different values of

o:
z z
sech (;) * [1 + tanh(z)] = o7 + sech (;) * tanh(z) (4.2.3)
The convolution

sech (;) * tanh(z) (4.2.4)
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can be obtained from the convolution theorem for Fourier transforms using
the distribution theory developed in section 2.1. As a consequence of (2.1.22),

I can write
[tanh(z)]"(p) = —imcosech (gp), (4.2.5)
and

[sech (2) wtanh(z)] " () = [sech (2)]" (o) ltenb())" (o)
= —iom’sech (%ﬁp) cosech (g-p) :
(4.2.6)

By taking the inverse Fourier transform, I obtain

_agm; [® eirz . .
L cosh(%p)sinh(%p)dp if z #0;

sech (;) * tanh(z) = 0 ifs_o

(4.2.7)

The pole at p = 0 is integrable. I shall now calculate this integral for different

values of o. Let

1) = cosh (%Z) sinh (%z) ) (428)
f(2) has poles when
(i) cosh (%z) =0
= z= 2’"0_ L, ment (4.2.9)
(i)  sinh (gz) =0
= 2z=2mi, meN. (4.2.10)
Case (i) o=3%, n=2m, meN*

I use the following indented contour (Fig 4.1). f(z) has n simple poles
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— <
N Ak,
1
7
e
-S 7 0 7 R X

Figure 4.1: Contour v

at z = 2mz' (m € N\ {4}, m < n), and one pole of order 2 at z = ni. Let

f(z) = h(z) , where

eia:z
h(z) = sinh (%z) (4.2.12)

Then the residue at the simple poles of f(z) is calculated as follows:

g(2ms)
h'(2mi)
2 e—2mz

Res{f(z);2mi} =

7 cosh (27) cosh (mi)
—2mz

- ( 1)mcos (Zr)

(4.2.13)

Since there is a double pole at z = ni, I consider a Laurent expansion of f(z)

at z = ni. The Taylor expansion of e*** at z = ni is

1
e ™ [1+iz(z —ni) — -2-:c2(z —ni)? + } . (4.2.14)
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The Taylor expansion of cosh (Zz) at z = ni is

—i(z — i) |1+ i ( i)? + (4.2.15)
5 Uz —ni Sagz (2~ ™ . 2.
The Taylor expansion of sinh (%3z) at z = ni is

(-1)% —(z — ni) [1 + (z —ni)? + ] : (4.2.16)

The Laurent expansion of f(z) at z = ni is therefore

1 4 iz(z — ni) +...]

4 n
(1)

(z —nd)?[1 +..]
R +(:gi(252"’)+"'] (4.2.17)

The residue of f(z) at the double pole z = ni is equal to the coefficient of

(2 —ni)~! in the Laurent expansion. Consequently,
4 n
Res(f,ni) = ;g(—l)fwe‘"’. (4.2.18)

Note that

€1—0

lim / f()dz = inRes{f(2);0} = 2, (4.2.19)

lim f(z)dz = inRes{f(z);2ni} = —2ie~2"*, (4.2.20)
€2—

Yez

By using Cauchy’s residue theorem and also by using the same method as
shown in Section 2.3 for evaluating the contour integral, as R, S — oo inde-

pendently and ¢;,¢; — 0, I obtain

0o P J oo m:(p+2m) J
/_oo cosh (Zp) sinh (%p) P= _/oo cosh (Z(p + 2ni)) sinh (Z(p + 2ni)) P
= 2mi ) Res{f(2);2mi}. (4.2.21)

m=0
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Since n is even, I can simplify the above equation by using the fact that

cosh (%(p + 2m)) = —cosh (%p) ,
sinh (g(p + 2m')) — sinh (gp) . (4.2.22)

I consequently obtain

9 00 eipa:
I / d;
[+e™ —o00 COSh (lp) sinh (E ) P
-2z —(n—2)z —(n+2)z
— omi l_ge _ L+ 2 ( 1)—_1 € +Z ( 1) 2+1 e
T Tcos (n) 2-2r) cos )
1 -2 4n n —_
+...— ;r—e nr 4 F(—1)2£B€ nz]
. —2nx 2 -2 —(2n-2
= 2i|l—e ———— (e — e Cn )’)+...
cos (Z)
2( 1)% m_ _ 4an R _nr
+W—)~ (6 (n-2)z _ e (n+2)z) + ?(—1) zze " :l .
/ ” e dp = i sech(nz) [e"® — e ™" — 2 (e _ g=(n=2)2)
—o0 cosh (£p) sinh (Zp) P cos (Z)
—1)3+! 4 n
oot 2O (e ey 20 gy
COS( 2n 7(') ™
. . 2 2(—1)3+1
= 2i sech(nz) | sinh(nz) — ———sinh[(n — 2)z] + ... + —————sinh(2z)
os () cos (%2n

2n n
+—7r (-1)z x]
J_ 2

= 2isech(nz) | (-1 )22—x+smh(nz) + Z

n>2

2(=1

(l)

s1nh[(n — 2j)z] (4.2.23)
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Using equations (4.2.3) and (4.2.7), I finally obtain

sech (nz) % [1 + tanh(z)] = % (1 + sech(nz)

—_n—2

n2n . I 2(-DF |
(—l)f—;x + sinh(nz) + ; é-(—%—);)— sinh[(n — 2k):z:]] )

(4.2.24)

The results for n =2 (j = 1) and n = 4 (j = 2) are displayed in Table 4.1.
Also, the result for n = 2 is plotted in Fig. 4.3(a) (in red).
Case (ii): o=2 r=2m+1, meN
The integral I now have to calculate is
e ] eip:c
d; 0). 4.2.25
/_oo cosh (£p) sinh (3p) p (=#0) ( )

For this case I use the same indented contour as shown in Fig. 4.1, except

for the height of the contour is now 2ri. Let

eizz
fz) = cosh (%z) sinh (zzr_z)
f(2) has r + 1 simple poles at z = 2mi (m € N, m < r) which have the same
residue as shown in (4.2.13) (n exchanged with r), and one simple pole at

z=ri. Let f(2) = %, where

(4.2.26)

) eimz
i(z) = W, (4.2.27)
k(z) = cosh (%z) . (4.2.28)

Then
Rotsonm) = 200
% e~ Te
7 sinh (§4) sinh (%4)

r12
- (_1)—‘2'—‘?7"6—". (4.2.29)
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Note that

Iim/ f(2)dz = imRes{f(z);0} = 2i, (4.2.30)
€1—0 Yey
lim/ f(z)dz = inRes{f(2);2ri} = 2ie 2. = (4.2.31)
=0y,

I again use Cauchy’s residue theorem to show that, as R, S — oo indepen-

.dently and €;,€e; — 0, I obtain

00 e"” p 00 eia:(p+2ri) p
/_oo cosh (Zp) sinh (3p) P= /_w cosh (£ (p + 2ri)) sinh (¥ (p + 2ri)) P

= [1-e? / e dp
—oo COSh (;‘—rp) sinh (%p)
1 2 %= 2 rm1 e (=12 2 1 e Ttz
= omi|-— S ()P S
m [w 7 cos (Z) toet 7r( 1) os () + 7r( D cos (4l7)

—(2r—-2)z
2e + 16—27': + (_1)%227::6_"]

to 7 cos ("—;—lﬂ) s

= 2i|l+e - 2 (e + e_(zr‘z)”) +...+ ____2(—1)%1 (e—(r—l)x + e—(r+1)w)
cos (%) .o T—1

cos (52n)
+2(—1)%i're‘”}

0 eirz
d - 2. h (Y - coe

/_oo cosh (Zp) sinh (%p) p = 24 cosech(rz) [cosh(m) s (5) cosh[(r — 2)z] +
2(-1)7

r—1

W COSh((L') + (—1)ﬁ2ir:|

(4.2.32)
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Using equations (4.2.3) and (4.2.7), I obtain

‘ sech (rz) % [1 + tanh(z)] = —:;(1 + cosech(rz) [(—1)%—11" + cosh(rz)

1 2(—1)*
+ ; cos (En) cosh{(r — 2’“)-"3]]) | (4.2.33)

The result for 7 = 1 (j = 0) is given in Table 4.1.

Case (iii): o=m, meN+\({1}.

In this thesis the largest integer value of o > 1 that I have needed to fit
G’ and G” data is 0 = 2. The subsequent scaling function convolution for G’

when o =2 is

0o ipT
sech (f) * tanh(z) = —im / i dp. (4.2.34)
2 —oo cosh (mp) sinh (Zp)

Let
eiz:::

" cosh (m2)sinh (%2)

f(2) (4.2.35)

I again use the contour shown in Fig. 4.1, but this time the height of the
contour is 2i. f(z) has two simple poles within the contour at z = 3i and

z= %i, with residues

Res{ f(z); -;—i} = —-‘{T—ie-%, (4.2.36)
Res{f(z);gi} = ge'%”, (4.2.37)

respectively. There are also two isolated simple poles at z = 0 and z = 2i,

which have the following residues:
2
Res{f(z);0} = - (4.2.38)

Res{f(2);2i} = —=e . (4.2.39)



4.2. MODEL DEVELOPMENT FOR G' AND G" 89

Also,
\lim / f(2)dz = imRes{f(z);0} = 24, (4.2.40)
€—0 Yey
elzi_I% f(z)dz = inRes{f(2);2i} = —2ie~%. (4.2.41)

Yeo

I again use Cauchy’s residue theorem to show that, as R, S — oo indepen-

dently and €;,e2 — 0, I have

00 eipz d 00 eiz(p+2i) J
_/_oo cosh (mp) sinh (%p) P= /_eo cosh (m(p + 21)) sinh (%(p + 21)) P

oo ipx
= [1+e7%] / ¢ ( dp
H

—oo Cosh (7p) sinh
= 2ifl-e@ V2 (et - e

. /; : o (7rpc;}:inh =) dp = 2i sech(z) [sinh(x) — v/2sinh (%)]

=21 [tanh(x) — /2 sech(z) sinh (E)] . (4.2.42)
2
Consequently, using equations (4.2.3) and (4.2.34), I obtain

sech (;) * [1 + tanh(z)] = 27 [1 + tanh(z) — v/2sech(z) sinh (g)] .
(4.2.43)

The result for m = 2 (j = —1) is given in Table 4.1.

4.2.2 Scaling function convolutions for G”

To develop the part of the model for g»(xz) emanating from the scaling
function part of h, I require the following convolutions for different values of

ag.

sech (g) x sech(z). (4.2.44)
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j sech(2/z) % [1 + tanh(z)]

-1 27 [1 + tanh(z) — v/2sech(z) sinh (£)]

0 7[1 + coth(z) — cosech(z)] (z #0)
T (x=0)

371 + tanh(2z)] — 2zsech(2z)
2 | 3 (1 + sech(4z) [sinh(4z) — 2,/(2) sinh(22) + a )

Table 4.1: Scaling function convolutions for fitting G’ data, with ¢ = 277,

By taking the Fourier transform of (4.2.44), and using the convolution theo-

rem,

[sech (g) * sech(x)] A (p) = on’sech (%p) sech (-;Ep) .

(4.2.45)
By taking the inverse Fourier transform, I obtain
sech (3) xsech(z) = 2L / ~ e dp.  (4.2.46)
o 2 J_. cosh (%p) cosh (%p)
I shall now calculate this integral for different values of o.
Case (i): c=% n=2m, meN*
I use the contour displayed below in Fig 4.2. Let
eiza:
f(2) (4.2.47)

~ Cosh (£2) cosh (%2)

Within the contour v, f(z) has n simple poles at z = (2m + 1)i (m € N,
m < n — 1) and a simple pole at z = ni. Let f(z) = %%, where

eiza:
9(z) = ——=— ) (4.2.48)

h(z) = cosh (%z) (4.2.49)
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2ni

N

Y

3

Figure 4.2: Contour v

Then
g[(2m + 1)

Res {f(2); @m+1)i} = $ra )i

2 e—(2m+1):z:
- ;cosh (%'ni) sinh (2—"‘2—“11)
2 e—(2m+l)x
= (-1 — . 4.2.50
1r( ) b eos (2tlr) ( )
Now let f(z) = %%, where
i(2) = _e (4.2.51)
J cosh (32)’ o
k(z) = cosh (é%z) . (4.2.52)
Then
L jna)
Res{f(2);ni} = Ko ]
2n e e

7 cosh (%m) sinh (%z)

- 2?"(—1)%“1(3-“. (4.2.53)
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By Cauchy’s residue theorem, as R, S — oo independently, I obtain

o0 eire p ) iz(p+2ni) i
/_oo cosh (Zp) cosh (Zp) P /_oo cosh (Z(p + 2ni)) cosh (¥(p + 2n1)) P
_ —2nz i eip:c
= [L+e™] /_oo cosh (Zp) cosh (Zp) ap
—(2k+1)z

2 = e 2n, .
= 2mi |54 -1 k+1 (-1 241, —nx
T I:ﬂ,z;( ) o5 (L) (_2_,%1_7() + - (-1)2" e

00 eirT n-1 e[n—(2k+l)]a: n
dp = 2sech(nz B | L mm—— (. )} 71)
/:oo cosh (Zp) cosh (Zp) (nz) [;( ) cos (Ztlr) (=1)
(1
= 2sech(nz) |2 Z &)—(—Wcosh([n—— (2k 4+ D)z) + (-13n| . (4.2.54)
k=0
n>2

Consequently, using equation (4.2.46), I obtain

sech (nz) x sech(z) = %sech(nz) ((—1)%7;

k=0z2

+ z‘j _2A-DF cosh[(n — (2k + 1))x]) (4.2.55)

cos (2k+1
The results for n =2 (j = 1) and n = 4 (j = 2) are displayed in Table 4.2.
Also, the result for n = 2 is plotted in Fig. 4.3(a) (in blue).

Case (ii): o= r=2m+1, meN

The integral I now have to calculate is

°° s d 4.2.56
/;oo cosh (Zp) cosh (%p) - (4.2.56)

For this case I use the same contour as shown in Fig. 4.2, except for the

height of the contour which is now 2ri. Let
eizz

cosh (%’r-z) cosh (12'-2) )

f(z) = (4.2.57)
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f(2) has r — 1 simple poles at z = 2m + 1)i (m e N\ {31}, m <r 1)
which have the same residue as shown in (4.2.50) (n exchanged with r), and
one double pole at z = ri. To calculate the residue of the pole at z = ri,
I construct a Laurent expansion of f(z) at z = ri. By exchanging n for r
in (4.2.14) and (4.2.15), I obtain respective Taylor expansions for €*** and
cosh (£2), at z = ri. The Taylor expansion of cosh ($z) at z = ri is given
by

(—1)1;—’gz'(z —ri) [1 + é (g)2 (z—ri)? + ] : (4.2.58)

Hence it can be shown that the Laurent expansion of f(2) at z =i is

rae "1 +iz(z —ri) — ..
(z —11)?

_ ‘%(_1) (4.2.59)

The residue of f(z) at the double pole z = 74 is equal to the coefficient of

(2 — ri)~! in the Laurent expansion. Consequently,

4r

Res(f,ri) = —;(—1)%‘12':86‘”. (4.2.60)

By Cauchy’s residue theorem, as R, S — oo independently, I obtain

o e'PT J oo giz(p+2ri)
_/_Oo cosh (£p) cosh (Zp) P \/;oo cosh (Z(p + 2ri)) cosh (Z(p + 2ri))

) I a—,

—oo cosh (£p) cosh (Zp)

dp
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2 r—1 e —(2k+1)z
= T ize ™ + —z D
2 VM
’C#r 1

0o e
,/ oo cosh (Tp) cosh (% p)

elr—(2k+1)]

e (2kE1 ) )

2r - U
= 2cosech —(-1 + Y (-1
cosech(rz) - (-1) 7z 2 (- cos (EH

k#r 1

k=—

= psinh ([r — (2k +1
= 4cosech(rz) %(_1) z+ Z( 1)+ sin (c[:;S (%:r_) )z)

r>3

(4.2.61)

Consequently, using equation (4.2.46), I obtain

=17

sech (rz) * sech(z) = —2;7Ecosech(ra;) (( 1)= -

5
Z; — (%H )smh[(r— (2k + 1))x]). (4.2.62)
23 .
The result for r =1 (j = 0) is given in Table 4.2.

Case (iii): o=m, meNT\{1}.

When o takes integer values, I derive the following simple equation for

sech (£) xsech(z) in terms of the results for sech (mz)*sech(z) given in cases
(i) and (ii).

sech (%) *sech(z) = /oo sech (z - ;—i—) sech(s)ds

= m / ” sech (z — t) sech(mt)dt (mt =s)
= m secol.; (mz) % sech(z). (4.2.63)

The result for o0 = 2 (j = —1) is given in Table 4.2 below.
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g sech(2/z) % sech(z)
-1 2msech(z) [v2cosh (Z) — 1]
0 2zcosech(z) (z #0)
2 (z=0)
msech(2z)[v/2 cosh(z) — 1]
2 | msech(4z)[A% cosh(3z) — B~% cosh(z) + 1]

‘Table 4.2: Scaling function convolutions for fitting G” data, where A = 2++/2
and B=2—+/2, and 0 = 277.

4.2.3 Wavelet convolutions for G/

To develop the part of the model for g;(x) emanating from the mother
wavelet part of h, I require the following convolutions for different values of

g

[1 + tanh(z)] * sech (—j—) [1 - %tanh (;)] = tanh(x) % sech (;) [1 - ;tanh (g)]

= tanh(z) % dix [a: sech (g)]

= % [tanh(z)] * [a: sech (%)]
= sech®(z) * [a: sech (;)] , (4.2.64)

where I first used the fact that the mother wavelet sech (f) [1 ~ Z tanh (%)]

has zero area, and then used the derivative property of convolutions. Using
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equation (2.1.22) and properties of the Fourier transform, I find that

2 _ 21A E A
(sech (z) * [x sech ( )]) (p) = [sech?]” (p) [x sech (a)] (»)

= (oot (39)) (iom e (222)))

2.3

= -z 27r ip cosech (zzr-p) sech (U—;p) tanh (%zr—p)
_ ond sinh (%p)
-T2 Zpsmh (2 p) cosh? (& p)

(4.2.65)

By taking the inverse Fourier transform of (4.2.65), I obtain

@) o £ foson (2)] = = (%) [ Lo :;zfziip)

_ (__)2 d / smh( p) e’
- 2/ dz J_o sinh (%p) cosh® (% )

(4.2.66)

I consider values of o0 = %, where n = 2m, m € N*, when calculating the
above convolution. Let
sinh (& 2) e**

1) sinh (%2) cosh? (Zz)

(4.2.67)

Using (4.2.9) and (4.2.10), it is clear that f(z) has simple poles at z = 2mi
(m € N) and double poles when z = (2m — 1)ni (m € N*). When using
the same contour as shown in Fig. 4.1, f(2) has n simple poles at z = 2mi
(m € N\ {4}, m < n), and one pole of order 3 at z = ni. Let f(2) =

where

h(Z) !

sinh (£ 2) =
9(2) cosh? (£2) ’

h(z) = sinh (g-z) (4.2.69)

(4.2.68)
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Then the residue at the simple poles of f(z) is calculated as follows:

9(2mi)
k' (2m3)
2 sinh (%m) e~ 2mz

 cosh? (Zn5) cosh (mi)

= %(—l)mi tan (-Tgﬂ') sec (%w) e~ 2™ (4.2.70)

Res{f(z);2mi} =

From (4.2.70) note that

Res{f(2);0} = Res{f(z);2ni} =0 (4.2.71)
elliin’0 —[kl f(z)dz = elziin»o [162 f(z)dz =0. (4.2.72)

Since there is a triple pole at z = ni, I consider a Laurent expansion of f(z)
at z = ni. The Taylor expansions of e and sinh (%z), at z = ni, is given
in (4.2.14) and (4.2.16), respectively. Also, from (4.2.15), it can be seen that

the Taylor expansion of cosh? '21an) at z = ni is given by

- (%)2 (2 — ni)? [1 n -i,l,; (-2%)2 (2 — ni)? + ] : (4.2.73)

Furthermore, the Taylor expansion of sinh (2—7;{'2) at z = ni is given by

i [1 + = (—;)2 (z — ni)? + } . (4.2.74)
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Consequently, the Laurent expansion of f(z) at z = ni is given by

8—7;2(—1)%“"12'6_"1 [1 +ix(z —ni) + 3 [(5’%)2 — xz] (z —ni)? + ]

(2 — ni)? [1 + {é (2)*+1 (;’—n)z} (2 — ni)? + ]
8n?

= m(qﬁ“m*” [1 +ix(z — ni) + -;- [(%)2 - xz] (z —ni)® + ]

<=3 (14 ) -

- WUl e+ {32 -]

N =

m3(z — ni)d

_% (%)2 (1 + %)2 }(z —ni)? + ] .

(4.2.75)

The residue of f(z) at the triple pole z = ni is equal to the coefficient of

(2 — ni)~! in the Laurent expansion. Consequently,

Res(fimi) = 22CUT, (&)~ () -] e
(4.2.76)

Hence, by Cauchy’s residue theorem with R, S — oo independently, I obtain

/ *  sinh (£p) P _ /°° sinh [ (p + 2ni)] e +2n)
—oo sinh (%p) cosh? Zp) P —oo Sinh [% (0 + 2m)] cosh? [Z(p + 2ni)) P
—onz sinh (Zp) e
= d
[1+e7] ./_oo sinh (Zp) cosh? (Zp) p
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= 27rz{—2 ki( 1)* tan (k ) sec (%r) e~ 2k

k23

ARG G s}

~[*®  sinh(£p)e®P _ 2n?(=1)% [/ m\2 /m\2 2
“ ./o0 sinh (Zp) cosh® (Zp) dp = 2sech(nx){ 32 [(%) - (_2_) — 3z ]

e () (i)
- 4sech<m>{”“’;;?% (G- -a]
_ kgl( 1)* tan ( > (%) cosh [(n — 2k)z] } (4.2.77)

Using (4.2.66),

tanh(z) * % [z sech (nz)] = —-Zr—zgd— |:sech(nm){ 2(3:;)% [(%)2 — (E)2 - 3x2}

.."32%_1(_1)’“ tan ( ) sec (-Zw) cosh [(n — 2k)z ]

k=0

k=%-1

_ (%)zsech(nx){ Z( 1)¥(n — 2k) tan (—W) ( )sinh[(n—Zk)a:]
(

_ﬂz2+ntanh(nx)[ i 1) [( ) g) _3x2]

32
- k:zi:_:(_l)" tan (S')r) sec (%w) cosh [(n — 2k)z] ] } (4.2.78)

I list the following table of results for n =2 (j = 1) and n = 4 (j = 2). The
result for n = 2 is plotted in Fig. 4.3(b) (in red).

w2
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(sech(27z)[1 — 2'z tanh(27z)]) * [1 + tanh(z)]
%sech(2z) [(n? + 1622) tanh(2z) — 16z]
2 — I sech(4x) (8\/5 sinh(2z) — Bz

—4tanh(4z) [4v/2 cosh(2z) — $42% — 5])

Table 4.3: Wavelet convolutions for G’ data, where o = 279,

4.2.4 Wavelet convolutions for G”

To develop the part of the model for g;(z) emanating from the mother
wavelet part of h, I require the following convolutions for different values of

(o

sech(z) * dix [x sech (;)] . (4.2.79)

Using (2.1.13) and (4.2.65), it can be shown that the Fourier transform of
(4.2.79) is given by

[sech(x)*diz [ seh (2 )]] (p) = [sech()]" (p)* [ E sech( )]] ®)

= —32—3? sech () sech (p) tant ()
o3 sinh (—2-p)
2 pcosh (-’%p) cosh? ("’2—"?) '

(4.2.80)

By taking the inverse Fourier transform, I obtain

sech(:v)*% [a: sech (i—)] = (2—7[)2/00 psinh (5p) e dp

2 o COSh ( p) cosh? (%p)
_ (_)2 d sinh (%p) e'®
2/ "dz J_4 cosh (Zp) cosh?® (""p)
(4.2.81)
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For the same reason as in section 4.2.3, I will only consider values values of

o =1, where n = 2m, m € N*. Let

sinh (2—’;-2) et*®

4.2.82
cosh (%z) cosh? Z2) (4282)

f(2) =

Using the same contour as displayed in Fig. 4.2, f(2) has n simple poles at
z=(2m+1)i (m € N, m < n — 1) and a double pole at z = ni. I calculate

the residue at the n simple poles as follows. Let f(2) = FE—%, where

sinh (%’;z) et*®

— , 4.2.83
9(2) cosh? (£ 2) ( )
™
h(z) = cosh (52) . (4.2.84)
Then
) N g[(2m + 1)q]
Res{f(z);(2m + 1)i} = W{@m 1)
2 sinh (ZpHlyi) e~ (mile
" wsinh (2t 7i) cosh? (22t mri)
2 sin 2m+1,n.) e—(2m+1)z
= Z(-m
7r( ) cos? (22tlr)

2 m 2m+1 2m+1 —(em+1)z
= 7r(-1) sec ( 7 7r) tan ( o 7r) e .
(4.2.85)

Since there is a double pole at z = ni, I consider a Laurent expansion of
f(2) at z = ni. The Taylor expansions of ™%, cosh® (£2) and sinh (ZXz),
at z = nt, are displayed in (4.2.14), (4.2.73) and (4.2.74), respectively. The

Taylor expansion of cosh (%z) at z = ni is given by

(-1)% [1 + Zr;(z ~ni)?+..|. (4.2.86)
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Hence it can be shown that the Laurent expansion of f(2) at z = ni is given
by

(=1)5+ (2?”) Pt ”L(:“’_(Zn i")fi) + ] (4.2.87)

The residue of f(z) at the double pole z = ni is equal to the coefficient of

(2 —ni)~! in the Laurent expansion. Consequently,

Res(fini) = (=1)3 <27?)2ze_"“.
(4.2.88)

Hence, by Cauchy’s residue theorem with R, S — oo independently, I obtain

/ ©  sinh(£p)e"® / ®© sinh (£ (p + 2ni)) e*®+2n9)
o cosh (Zp) cosh® (£ p)

_ —onz e sinh ( p) e'rr
N [1 te ] /;,o cosh (Ep) cosh? (%p) dp

—oo cosh (Z(p + 2ni)) cosh? (Z (p + 2m)) ap

B 288, ., 2k +1 2k+1 \ _kene m\? .,
= 2m[ Z( 1)*s ( 5 ﬂ)tan (—2—5—#) +(-1)3 — | ze

k=0

0o inh (X e 2 2
/ sinh (7p) e —dp = i sech(nzx) [(_1)5 (%?) *

o cosh (Zp) cosh? (Zp)

z k +1 2k+1 \ i (2kt1)e
+ Z( 1)*s ( )tan( e

= i sech(nz) [4 2( 1)* sec (2k2: 17r) tan <2k2: 17r) sinh ([n — (2k + 1)]z)

+(-1)% (-;?)235]

(4.2.89)
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Using (4.2.81),

sech(z) x [z sech (n2)] = (=) & {sech(nm) [( pic
+4Z( 1)*sec (2k+1 )tan (2k 17r) sinh([n-—(2k+1)]a:)]}

YES

+4 ni(—l)k[n — (2k + 1)) sec (2’621_ 17r) tan (2’62:; 171') cosh ([n — (2k + 1)]z)

k=0

(Qn)

—n tanh(nz) [( 1)3

+4 Z( 1)* sec (2’“ +1 ) tan (2’“2: 177) sinh ([n — (2k + 1)]:::)] } (4.2.90)

I list the following table of results for n =2 (j = 1) and n =4 (j = 2). The
result for n = 2 is plotted in Fig. 4.3(b) (in blue).

J (sech(27z)[1 — 29z tanh(27z)]) % sech(x)
1 = sech(2z) (\/ﬁ cosh(z) — 4

~2tann(22) [VEsinh(a) - 2] )

2 = sech(4z) (%B% cosh(3z) — %A% cosh(z) + &

—4 tanh(4z) [53% sinh(3z) — 1A% sinh(z) + %(x)] )

Table 4.4: Wavelet convolutions for G” data, where A = 2+ /2 and B =
2 -2, and 0 = 277.
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to approximate h. In order to ensure that these triplets are members of Vj,
I need b to be an integer. By trial and error, I discovered that the best fit
was achieved with b = 2 in the sech triplet. This gives rise to a one term

approximation of the form

B~ b (d500) - 5@ ) + 85,00]) . (434

where b, is a constant to be determined.
I determine b, in a direct method by minimizing the unweighted sum of

squared residuals

S 1A, (4.35)

J

where
1 " .
Bo(t) = 1(0) = b G500) ~ goech g5 o(6) + 90a0)]) . (436)

evaluated on the discrete point set t; = 0.5j, j = —16,...,16. This gives
rise to the approximation, displayed against the actual spectrum, in Fig.
4.4(a), with by = 1.0889 and a root mean square (RMS) error of 0.332%.
The maximum error of 1.20 x 1072 is shown in Fig. 4.4(b).

However, the correct method to determine b, is through fitting my con-
voluted models for g;(z) and g2(z) (developed earlier in this chapter) to the
storage and loss moduli data for the Gaussian spectrum. I calculated numer-
ically the noise-free storage and loss moduli data for the Gaussian spectrum
at the sample points ¢; given above. The data is plotted with the Gaussian
in Fig. 4.5. I simultaneously fit my models for g;(z) and go(z) to the data,

by minimizing the unweighted sum of squared residuals

S AN+ [8a(t), (4.3.7)
J J
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where

Aq(t5)
Aa(t;)

G'(t;) — ar(¢)), (4.3.8)
G"(t;) — 92(¢5), (4.3.9)

and where
(@) = by (Gh0(e) — 530265, o) + 65,(0)]) w1 + tanh(o)],
(4.3.10)
n(a) = b (#30(0) = oech(Didh (o) +85,(0)]) xsech(a).
(4.3.11)

I obtained a fit to the data of 0.087% (b; = 1.0871) and a recovered
spectrum with a fit to the Gaussian with an RMS error of 0.336% (Fig.

4.6(a)). The maximum error in the recovered spectrum is 1.09 x 10~2 (Fig.
4.6(b)).

4.3.2 Calderén enriched approximation

Although I can get a very good approximation for the Gaussian using Vp
alone, I can increase the accuracy of the approximation further by enriching
my basis with elements of the space W;, defined in (3.6.19) and (3.6.20),

where
Vi) = 28y*(2z - ka), (4.3.12)
with sampling rate a = 1 and
¥*(z) = sech(z)[l — ztanh(z)). (4.3.13)

I choose basis functions from W; centred at the point of maximum residual

in the sech triplet approximation, illustrated in Fig. 4.6(b). This gives rise
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to an enriched approximation for A of the form

) b (850(6) = Jsech (e o(0) + 630
+arglUi,o(8) + Va0, 43.14)

where b; and a,; are now the constants to be determined. The form of the
approximation is chosen to guarantee symmetry.

I determine b, and a,; in a direct method, in the same way as explained
in the sech triplet approximation. This gives rise to the approximation,
displayed against the actual spectrum, in Fig. 4.7(a), with b; = 1.0872 and
a1,2 = 0.0122 and a root mean square (RMS) error of 0.133%. The maximum
error of 4.61 x 1073 is shown in Fig. 4.7(b).

I simultaneously fitted the models for g,(z) and g»(z) to the storage and
loss moduli data (Fig. 4.8(a)), in the same way as explained in the sech
triplet approximation. We obtained a superb fit to the data of 8.47 x 1073%
(by = 1.0867, a;2 = 0.0132), and a recovered spectrum with an RMS error
of 0.136%. The maximum error in the recovered spectrum is 4.77 x 1073
(Fig.4.8(b)).

I can increase the accuracy of our approximation even further by enriching
my basis with elements of the space W5. I choose basis functions from W5
centred at the point of maximum residual in the first enriched approximation,
illustrated in Fig. 4.8(b). This gives rise to an enriched approximation for h
of the form

) ~ b (65000 - JsechDdEo(0) + 85,00
+a12[Y] _o(t) + 97 2(2)]
+ a2y o(t) + ¥32(8)] + a23[¥3 _s(t) + ¥33()],
(4.3.15)

where by, a2, a2 and ay 3 are now the constants to be determined.
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In the direct approximation, I have b; = 1.0870, a;2 = 0.0114, a3 =
0.0037 and ay 3 = 0.0068, with an RMS error of 0.0142% (Fig. 4.9(a)) and a
maximum error of 2.92 x 1072 (Fig. 4.9(b)).

I simultaneously fitted the models for g;(z) and go(x) to the storage and
loss moduli data (Fig. 4.10(a)). I obtained a remarkable fit to the data with
an RMS error of 6.14 x 1074% (b; = 1.0867, a; 2 = 0.0115, az2 = 0.0056,
az3 = 0.0034) and a recovered spectrum with an RMS error of 0.0409%. The
maximum error in the recovered spectrum is 1.11 x 1073 (Fig. 4.10(b)).

The coefficients and RMS error values from the three direct approxima-
tions of the Gaussian given above are displayed in Table 4.5, whereas those for
the three approximations of the Gaussian using the storage and loss moduli
data are given in Table 4.6.

sech triplet | Calderén enrichment | Calderén enrichment
(W1) (W1 and W3)
b 1.0889 1.0872 1.0872
a2 0.0122 0.0114
Q2,2 0.0037
az3 0.0068
Spectrum (%) 0.332 0.133 0.0142
RMS error
Maximum error | 1.20 x 102 4.61 x 1073 2.92 x 1073

Table 4.5: Direct approximations of the Gaussian.
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