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Summary of thesis

The focus of this work is the attempt to detect gravitational waves emitted by
compact binary coalescences (CBCs) using gravitational wave interferometers. We
begin by reviewing the basic theory of gravitational waves and the methods for
their detection, focusing on CBCs. We also briefly describe the laser interferome-
ters that are being used to attempt to detect gravitational radiation.

We describe in detail the search pipeline that has been used to search for gravi-
tational waves emitted from CBCs in data taken by the LIGO and Virgo detectors.
We present the latest results of the all-sky, all-time search and electromagnetically
triggered searches. We introduce a fully coherent, multi-detector analysis that can
be used to search for CBC signals in coincidence with electromagnetically observed
events. Using a number of signal consistency tests, including a coherent exten-
sion of the often used x? test, we demonstrate that the coherent search offers an
improvement in sensitivity when compared to the previous search method. Addi-
tionally we describe an extension of the coherent search that can be used to search
for CBC signals where one of the components has spin. This method is well suited
to searches for neutron star, black hole binaries.

We introduce a “stochastic” algorithm that can be used to create template
banks in arbitrary parameter spaces of arbitrary dimension. We demonstrate this
method in a search for super-massive CBCs in the mock LISA data challenge.
Finally, we present the black hole hunter game, which has been widely used in
outreach projects.
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We will follow the standard convention of using latin indices to denote spatial
vectors (x=1,y=2,z=3) and greek indices to denote space-time vectors (t=0,x=1,

y=2,2=3) and follow the Einstein summation convention

3

atb, = Z atb,

pn=0

. Unless stated otherwise we always use the assumption that ¢ = G = 1.

simplify partial differentials we set:

The Cristoffel symbol is given by:

1
F;pw = §gpa (apgm/ + 6!/90;1 - 3ag,w)

The Riemann tensor is defined as:

R:, =09,I% —9,I% +T# S — Tk TS

vpo ap™ vo ac” vp

The Ricci tensor is:

RHV = Rzau
and the Ricci scalar is:
R = gl-“’R’“”

where g#” denotes the metric tensor of 4 dimensional spacetime.

xiii

(1)

To



Chapter 1
Introduction

At the beginning of the 20th century Albert Einstein published a series of papers,
formulating his general theory of relativity, which revolutionized humanity’s un-
derstanding of gravity. {10, 11, 12]. This theory suggests that gravity should not
be considered a force, as in classical mechanics, but instead as an effect of the ge-
ometry of 4-dimensional space-time. It might appear that bodies are accelerated
by a gravitational force but instead Einstein’s theory suggests such bodies are
travelling along straight line paths, geodesics, in space-time. In most situations,
general relativistic gravity behaves identically to Newtonian gravity. However,
some predictions of general relativity differ significantly.

One of the predictions of general relativity that differed from classical mechan-
ics was that photons interact with gravity. This was also the first new prediction to
be experimentally verified. Photons passing through a strong gravitational field
might be deflected noticeably. This prediction was verified by Arthur Stanley
Eddington in 1919 [13]. He observed the positions of stars in the Hyades cluster
during a solar eclipse. These stars, which appeared very near to the Sun’s position
in the sky at the time of the eclipse, were observed to be shifted slightly from their
normally observed positions. This shift was in agreement with the predictions of
general relativity. General relativity has since passed every experimental test to
which it has been subjected.

Another prediction of Einstein’s theory is the existence of gravitational waves.
This gravitational radiation is emitted by accelerating masses, in a similar manner
to how accelerated charged particles emit electromagnetic waves. There is strong
observational evidence of the emission of this gravitational radiation in binary sys-
tems that are losing energy, almost certainly through gravitational wave emission,
as we describe in section 2.3.

Scientists have been trying to directly observe gravitational radiation for the



last 50 years. However, even the strongest sources of gravitational radiation would
produce waves that, by the time they reach Earth, would induce strains! no bigger
than 1022, Thus, it is not surprising that a direct observation of a gravitational
wave has yet to be made. Nevertheless, there has been excellent progress towards
gravitational wave astronomy over recent years. The first generation of large scale
gravitational wave interferometers reached unprecedented sensitivities and have
undertaken extended science runs. The U.S. Laser Interferometer Gravitational-
wave Observatory (LIGO) [14], the French-Italian Virgo [15] and the German-
British GEO600 [16] detectors now form a collaborative network of interferometers.

The data from LIGO’s fifth science run (S5) and Virgo’s first science run
(VSR1) has been analyzed for gravitational waves from compact binary coa-
lescence [3], stochastic background [17}, unmodelled burst [18] and pulsar [19]
sources. LIGO’s sixth science run (S6) and Virgo’s second and third science
runs (VSR2 and VSR3) ended in October 2010 and yielded the most sensitive
data yet taken; the analysis of this data is ongoing. In the meantime, the de-
tectors are being upgraded to their advanced configurations [20, 21, 22], with the
expectation of a ten-fold improvement in sensitivity. With these sensitivities, it
is expected that gravitational waves will be observed regularly [23]. Furthermore,
with a proposed advanced detector in Japan [24], a possible detector in Australia
[25], and 3rd generation detectors on the horizon [26], the future of gravitational
wave astronomy is promising. There is even an ambitious plan to launch an in-
terferometer into space, called the Laser Interferometer Space Antenna (LISA)
[27].

As the gravitational wave community matures it is essential that a relationship
is built between gravitational wave (GW) and electromagnetic (EM) astronomers.
The GW emission from a source is likely to provide complementary information
to emission in various EM bands, and a joint observation is significantly more
likely to answer outstanding astrophysical questions. Already this relationship is
beginning to mature. A number of EM transients have already been followed up
in GW data [5, 4, 28]. Additionally, infrastructure is also being put in place to
allow for EM follow-up of GW observations [29].

One of the most promising sources of gravitational waves are compact binary
coalescences (CBCs). As two compact objects orbit each other they will lose
energy due to gravitational radiation. This loss in energy will cause the orbit to

decay and the objects will eventually merge. As the objects near merger the energy

1Strain is defined as a fractional change in length. For a gravitational wave detector with
4km arms, a strain of 10722 would translate to an variation in length of 10~!"m.



release and thus rate of decay of the orbit also increases. The gravitational wave
signal emitted by such a merger is often described as a “chirp”; the amplitude
and frequency of the signal increases rapidly before the component bodies merge.
Searches for CBC signals originating at any time, from any direction and with any
orientation have been carried out in data from S5 and VSR1 [1, 2, 3].

CBCs are also an ideal candidate for joint GW-EM astronomy. CBCs contain-
ing at least one neutron star (NS) are expected to emit electromagnetically. Specif-
ically, binary neutron stars (BNS) and neutron star-black hole binary (NSBH)
mergers are the preferred progenitor model for the short gamma-ray burst (GRB)
[30, 31]. It is also possible that these mergers will be observable electromagneti-
cally as orphan afterglows [30], optical [32] or radio transients [33]. Since GRBs
are well localized both in time and on the sky by EM observations, the corre-
sponding GW search can be simplified by reducing the search volume relative to
an all-sky, all-time search. Targeted searches for CBC waveforms associated to
short GRBs were performed using data from S5 and VSR1 [5, 4].

The focus of this thesis is the analysis of data taken from gravitational wave
interferometers to try to detect CBCs. We discuss a number of aspects of this
effort in the various chapters. After giving some necessary background theory we
describe the existing all-sky search and targeted search in detail. These searches
use a “coincidence” technique in which data from each of the detectors is analysed
separately before searching for any potential signal that is seen in coincidence
between the detectors. We then describe an alternative technique, the coherent
search method. We demonstrate that this method offers an improvement in sen-
sitivity over coincidence and apply the technique to the targeted search.

Current search methods only utilize template waveforms that do not include
spin effects. This can mean that such searches are not sensitive to certain systems
where spin has a major effect on the dynamics. We describe how a search can
be performed using template waveforms that include spin, but no precessional
effects. We also discuss how to perform a search using single spin templates with
precession and extend this search to use the coherence technique.

The current searches use a geometrical algorithm to create template banks
to cover the desired range of masses. However, it is not clear how to create a
template bank in higher dimensional parameter spaces, such as for the case of
spinning searches where templates must cover the additional spin parameters as
well as the masses. We present a “stochastic” template placement algorithm, which
can be used to create template banks in arbitrary parameter spaces of arbitrary

dimension. We apply this method to the case of searches for super massive black



hole binaries with LISA, which requires a 5 dimensional template placement.
The layout of this thesis is as follows. In chapter 2 we give a very brief intro-
duction to gravitational wave theory and gravitational wave interferometers. In
chapter 3 we discuss the nature of gravitational wave emission from CBCs and in
chapter 4 we discuss the current, coincidence, searches for CBC signals. In chap-
ter 5 we discuss a “coherent” search method, which could be used to search for
CBC signals associated with GRBs. In chapter 6 we discuss methods for detecting
CBC signals incorporating spin. In chapter 7 we discuss a “stochastic” template
placement algorithm, applicable to any parameter space. This method is applied
to searches for super-massive CBC signals in chapter 8. Finally, in section 9 we
discuss the “black hole hunter” game and how it has been used in outreach projects

around the world.



Chapter 2

Gravitational waves and

interferometers — the basics

The main focus of this thesis is the effort to detect compact binary coalescences
(CBCs) through gravitational wave observations. Before exploring this topic, it
is useful to briefly discuss gravitational waves, their emission mechanism and the
large interferometric detectors that are being used to attempt to detect them. In
this chapter we give a broad overview of these subjects, but it is not intended to
be a detailed description of the concepts discussed herein. If the reader wishes a
comprehensive introduction to gravitational wave theory we would refer them to
(34, 35, 36]. For a detailed description of how modern interferometric gravitational
wave detectors operate we refer the reader to [37].

In this chapter we begin by introducing the basic concepts of gravitational
radiation in section 2.1. In section 2.2 we briefly discuss astrophysical phenomena
that may emit gravitational waves that are powerful enough to detect on the
Earth. In section 2.3 we discuss the observational evidence for gravitational wave
emission from binary systems. Finally, in section 2.4 we discuss gravitational wave

interferometric detectors.

2.1 Gravitational radiation

In this section we will give a brief introduction to gravitational radiation. We will
begin with Einstein’s equations and describe how the existence of gravitational
waves can be inferred. We will discuss how gravitational waves interact with
matter and describe the mechanism by which gravitational waves are generated.

This overview of gravitational radiation is included to provide a foundation

to many of the later chapters, but is far from a comprehensive description of the



subject. For readers seeking more information, we refer them to [34, 35, 36], from

which we drew heavily when writing this chapter.

2.1.1 Einstein’s equations

Einstein’s equations are a set of 10 equations that underpin Einstein’s theory of
general relativity. They describe gravity in terms of the curvature of spacetime
due to matter and energy. In the standard tensor notation they are given as

1
R, — §g,“,R = 87T, (2.1)

where R, is the Ricci tensor, R the Ricci scalar and g, the metric tensor of 4
dimensional spacetime as defined in the opening conventions. T}, is the stress
energy tensor, which describes the density and flux of matter (or energy) and
momentum. The components of this tensor can be understood in the following
way [35):

e Ty is the energy (or relativistic mass) density.
o Ty; = T is the energy flux in the ith direction, or the density of --momentum.
e T;; is flux of ¢ momentum in the j direction.

We note that Einstein’s equations describe 10 equalities, rather than the 16 ap-
parent. This is because R,., g, and 7)., are all symmetric.

2.1.2 Linearized gravity

To simplify Einstein’s equations we can consider the case where there is only a
weak gravitational field. The space time metric g, can then be written as the sum
of the Minkowski tensor 7),,, and some small perturbation due to the gravitational
field, h,,

G = N + . (2.2)

To describe the gravitational field as weak we demand that the magnitude of all
components of the perturbation are much less than unity

Jhu| < 1. (2.3)

Einstein’s equations can then be linearized by discarding all terms that are second

order or higher in h,,. It is straightforward to show that the left side of Einstein’s



equations are simplified in the weak field limit according to

1

RIU/ - §gNVR = (aaauﬁau - aaaojlllll/ + auaaﬁlta - nl“’aaaﬁﬁaﬂ) (24)

1
2
where h,, is defined as the “trace reverse” of hy,

- 1 o
huu = h;w - §nuuha- (25)

We note that the indices of h,, can be raised or lowered by a multiplication
with 7,
heB = pekpPv P, (2.6)

this will be used in many of the derviations that follow.

2.1.3 Gauge transformations

At this point it is useful to consider the gauge freedoms present in the weak field
Einstein’s equations. We can apply small coordinate translations to the perturbed
spacetime while still keeping the metric perturbations small. Consider for example

the coordinate transformation
' = z* + £H(x). (2.7)

The metric in the new coordinate system will transform according to

P Oxf 0z° ,
9ul@) = G g 9o (@) = o & Mo (28)

Any coordinate transformation of this form is valid as long as the weak field theory
still holds in the new coordinates

Ihw| < 1. (2.9)

In addition to small coordinate translations, Lorentz rotations of the coordinate
system are also permitted
' = A* . (2.10)

Where A#, must satisfy
AupAuanpa = Nw (211)



and is independent of z. Under this transformation the metric becomes
9(T) = N + APA hpo (2). (2.12)

These gauge freedoms can be utilized to choose a coordinate system that will
help to express the weak field equations in a simplified form. By examining equa-

tion (2.4) one can see that it would be simplified if we were to transform to a set

of coordinates in which
0h, = 0. (2.13)

It can be shown [36] that one can always perform a coordinate transformation
of the kind described in equation (2.7) to acheive this condition. In this Lorentz

gauge Einstein’s equations are simplified to

Oh* = —167TH. (2.14)

2.1.4 Gravitational waves in vacuum

Let us now consider the weak-field equation far from any source of mass or energy,
such that T, = 0. This simplifies equation (2.14) to

Or* =0, (2.15)
which is the well known wave equation. This is solved by the plane wave equation
hHY = AW gikaz® (2.16)

where A is a matrix with constant components and k, is the wave vector k, =
(w, k;), satisfying
k%kq = 0. (2.17)

Thus, the propagation of gravitational radiation as plane waves is permissible in
Einstein’s general relativity.

From equation (2.17), it can be seen that w? =

k;|2. As we have generically
|ki] = w/v we can see that gravitational radiation must propagate at a speed
v = 1. Therefore, this implies that gravitational waves will travel at the speed of
light. Additionally, applying the Lorentz gauge condition given in equation (2.13)
to the wave equation gives k,A*¥ = 0. This implies that gravitational waves are
transverse.



2.1.5 The transverse traceless gauge

We have made use of the Lorentz gauge to demonstrate that gravitational radiation
will propagate in a vacuum as transverse plane waves at the speed of light. There
are however, further gauge freedoms that can be used to further simplify the form
of hy,. These gauge freedoms can always be used to choose a coordinate system
(36, 35] in which

01

=
I

0 (2.184a)
0. (2.18b)

b

The first of these conditions, combined with the Lorentz gauge, will also imply
that A% will have no time or spacial dependance. While equation 2.15 does allow
there to be constant terms in h#*, for the case of gravitational waves these can be
ignored and we can treat h% = 0. The second condition serves to set the trace of
h# to 0. In this case h** = h#*. This is commonly referred to as the “transverse
traceless” (TT) gauge.

Finally, consider a gravitational wave propogating in the z direction, h* can
be written in the TT gauge as

0 0 0 O

0 h hy 0
R = M (2.19)

0 hy —hy O

0 0 0 O

Where we have defined

hy = Ay cos (wt — wz + ¢y) (2.20)
hy = Ay cos (wt —wz + ¢p) . (2.21)

It can be seen that the metric perturbation h,, is now expressed in terms of only
two independent components. A, and A, are the complex amplitudes of the two
components. ¢p is some constant phase offset. Note that here we consider only
a monochromatic gravitational wave; however a gravitational wave with a time
dependant frequency, or a number of coincident gravitational waves are also a
solution.

Thus, despite the fact that Einstein’s equations consist of 10 equalities, we

have demonstrated that gravitational radiation can be expressed in terms of only



two independent components. These components are referred to as the + (plus)

and x (cross) components of gravitational radiation.

2.1.6 Gravitational wave interactions

In equation (2.19) we demonstrated that, by fully utilizing the available gauge free-
dom to set the coordinate system, a gravitational wave can be expressed in terms
of two independent components. Here we examine how a passing gravitational
wave will distort spacetime.

We begin by considering the effect of a gravitational wave passage on a particle
as observed in the transverse traceless coordinate system. It can be shown [36]
that in the TT coordinate system a particle initially at rest will remain at rest
during the passage of a gravitational wave. However, this is simply an effect of the
TT gauge; we have chosen a coordinate system such that this will be the case. It
would be more physically meaningful to calculate a coordinate invariant quantity
such as how the proper distance changes during the passage of a gravitational
wave. To do this let us first write down the equation defining the interval ds? in
the TT gauge (with the direction of propagation of the wave the z direction).

ds® = — dt? + d2* + (14 A, cos (wt — wz + ¢y)) dx? (2.22)
+ (1 — Ay cos (wt — wz + ¢o)) dy* + 2A, cos (wt — wz + @) dzdy.

If we then consider two particles at positions (z,,¥;,0) and (z,y.0) the proper

distance between them at some arbitrary time ¢ would be given by

ds® = (1 + Ay cos (wt — wz)) (21 — £2)° + (1 — AL cos (wt — wz)) (y1 — %)?
+ 2Ax COSs (wt — wz) (a:l - .’1,‘2) (yl - yg) . (223)

It is clear to see that this quantity is time dependent. Take for example the
simplification that y, — y; = 0 this equation would become

ds’ = (14 A, cos (wt — wz)) (z; — 1)?, (2.24)

and the proper distance is

1
ds ~ <1 + §A+ cos (wt — wz)) (1 — x3), (2.25)

where we have used the fact that in the weak field limit A, < 1. To visualize

10



> & (
! $
F@b
6
2H
%
a
$ I,
!
O5GP
$
$
0/
0

((

% J



higher order terms.
We again begin with Einstein’s equations in the weak-field limit,

Oh,, = —167T,,. (2.26)

Consider a source at the origin of the coordinates and a distant observer displaced
by n from the origin. The distance to the observer D is given by D = |n|. It
is shown in [36] that we can find a solution to Einstein’s equations by using the

Green'’s function for the wave equation, this will give us

1
n—x

R (t,n) = 4/d3x T, (t—|n—x|,x). (2.27)

Where x describes the spatial coordinates of the mass elements generating the
gravitational radiation.

We wish to simplify equation (2.27) to understand under what conditions grav-
itational waves would be emitted. As long as an observer is distant from the source

such that |n| > |x|, we can expand the quantity |[n — x| as

2
|n—ﬂ=[%qoﬁ+0(%). (2.28)

Where r is the typical size of the source. Thus we rewrite equation (2.27) as
— 4 3
hu(t,n) = D a’zT,, (t — D,x). (2.29)

Here we have kept only dominant order terms in [n — x|. This can be simplified
further by using the TT gauge. In this gauge ho, = 0 and hyo is constant. We can
therefore drop the timelike components and restrict ourselves to

4
hymm=5%u—m. (2.30)
Where the first moment of the stress tensor 7%, is defined as
Wm:/&ﬂﬁmm. (2.31)

To gain insight into the physical meaning of S;; it is useful to re-express it in terms
of T (the energy density) and T% (the momentum density) instead of T%. We

12



therefore define

M(t) = / 2T (¢,%) (2.32a)
Mi(t) = / d3zT® (t,x) 2, (2.32b)
MY (t) = ‘/daﬂvTo0 (t,x) z'2?, (2.32¢)

where these three quantities are respectively, the mass monopole, mass dipole,
and mass quadropole moments. There are of course higher order terms but we
don’t consider them here. We note that in linearized gravity the mass monopole
is interpreted as the total mass of the source. We can also write the momentum

monopole and dipole as

P = /d%Tm (t,x), (2.33a)
P9 = / dB3xT% (t,x) 2’ (2.33b)

Again we note here that in linearized gravity P* is interpreted as the total mo-
mentum of the system. To express S¥ in terms of the mass multipole moments
we make use of a consequence of the Lorentz gauge condition, 0,T*" = 0, and the

divergence theorem to obtain the following identities [36]

M =0, (2.34a)
M= P (2.34b)
MY = pii 4 pii (2.34c)
Pi=0, (2.34d)
P = 84, (2.34e)
(2.34f)

From these equations, as well as the fact that S% = S7* we obtain the identity
M9 =289, (2.35)

This shows that, as S¥ is the leading term in the expansion of h;;, gravitational
wave radiation has no monopole or dipole component and the leading order term
is the quadropole moment.

If we were to evaluate h;; to higher order in |n — x| we would discover that

13



gravitational waves have higher order components coming from the mass octopole
and higher order moments. We refer the reader to [35, 36] for a discussion of these
higher order terms. We will, in this work, restrict ourselves to considering only

the dominant quadropole term. The equation for h;; is then written as

KIT(t) = %Mi,. (t— D). (2.36)

Thus, the A, and h, components are given by

he =5 (M11 - Mzz) (2.37)
9 .
hx = _Ml2. (2-38)

D

To obtain these equations we have assumed that M,-j is evaluated in the transverse-
traceless frame, with the gravitational radiation propagating along the z direction.
This is commonly called the “radiation frame” whose basis vectors we denote as
Z;. However, it is often easier to evaluate Mi]‘ in a different frame, for example
when considering a binary system it is useful to define a “source frame” in which
the binaries orbit in the z’-y’ plane. We denote the basis vectors in the source
frame as ;.

To understand the relationship between the source and radiation frames let us
consider this geometrically. Two angles are needed to rotate the source frame into
a frame in which the radiation is travelling in the z direction. This is illustrated in
Figure 2.2. We note that normally there would be three rotation angles involved in
such a transformation. Here the third rotation would correspond to the freedom to
rotate the z-y plane of the radiation frame. For now, we arbitrarily set this angle
to 0 for simplicity. This condition ensures that the x direction in the radiation
frame points in the plane defined by the z’ and 3’ directions in the source frame.
Explicitly, the radiation frame is related to the source frame as

x cosp —sing 0 1 0 0 T
Yy | =1 sing cosp O 0 cost —sine Y (2.39)
-4 0 0 1 0 sint cost z
x’ x
Y |=R| vy (2.40)
Z' z

14



Z Radiation Frame

Figure 2.2: An illustration of the angles that describe the relationship between
the source and radiation frames. Figure originally published in [38].

where the angles, (¢, ) are defined in Figure 2.2. Mj; is then related to M;; by
M;; = Ry My Ry;. (2.41)

Thus, in the radiation frame we can write the h, and h, components of the
gravitational radiation as
1. i
h, = 5 [M{l (cos? p — sin® pcos® ¢)
+ M}, (sin® ¢ — cos? p cos? ()
— My sin® e — My, sin2¢ (1 + cos?6)

+ M, sin psin 20 + Mj, cos psin 2L:| (2.42a)

1

hx D

[(M{I - Méz) sin 2¢ cos L + 2M!, cos 2 cos ¢

— 2M]; cos psin . + 2Mp, sin psin L] : (2.42b)

2.1.8 Power radiated as gravitational waves

Finally, we wish to examine the total power that would be radiated by a source
emitting gravitational waves. This can be calculated by determining an effective
stress energy tensor due to the gravitational radiation itself. The energy flux in a
given direction can then be determined. This flux can be integrated over all sky
angles to give the total energy radiated. The power radiated by a gravitational

15



wave is then given as [36]

dE 1 M 2 ; 2
— = —— [ dQ(h + hY). 2.43
The angle brackets represent that this quantity is averaged over time. In [36] it
is demonstrated that this integral can be evaluated to give the following equation
for the emitted gravitational wave power
dE 1

Py ...n‘j
_( ijM -

1
da 5

5 (% 4)?). (244)

2.2 Gravitational wave sources

In this section we briefly discuss the different classes of physical sources that are
likely to generate gravitational waves of sufficient amplitude to be detectable by
current or theorized gravitational wave detectors. As this work focuses on grav-
itational wave data analysis from compact binary objects we discuss this source

more comprehensively in chapter 3.

2.2.1 Transient sources

A transient or burst source is the name given to an event that releases a large
amount of gravitational energy over a very short period of time, typically less
than a few seconds. Astrophysical events that are believed to result in a burst of
gravitational waves include gamma ray bursts and supernovae explosion as well
as the final stages of a coalescing binary [39, 40, 41, 42].

When performing a search for burst sources nothing is assumed about the form
the gravitational radiation will take, only that the gravitational signal will be of
short duration. Therefore, transient gravitational wave sources could be detectable
even if the source is an object we haven’t discovered or predicted as of yet.

For details of recent searches for burst sources see [28, 43, 44, 45].

2.2.2 Compact binary objects

We will demonstrate in chapter 3 that two compact binary objects orbiting around
each other will emit energy in gravitational waves. This emission of energy will
cause the orbital radius of the system to decay until the two objects eventually
coalesce. When the system nears coalescence the power and frequency of the

emitted gravitational energy will increase, producing a distinctive chirp-like signal.

16



A binary neutron star system at a distance of 10Mpc would produce an observed

—21 a5 we derive in section

gravitational wave amplitude, near merger, of order 10
3.2.6.

Searches for compact binary coalescences are similar to unmodelled burst
searches. However, the fact that the form of the gravitational radiation can be
predicted allows a more sensitive search to be performed. As we will explore in
later chapters, knowing the form of the signal that is being searched for allows
powerful matched filtering techniques and signal consistency tests to be used in
the attempt to detect such signals.

The majority of this thesis is devoted to the quest to detect compact binary

coalescence (CBC) signals.

2.2.3 Periodic sources

A periodic source is a source that emits a continuous, almost monochromatic
gravitational wave. These sources should be present throughout the operational
lifetime of a detector, so the greater the observation time, the better the sensitivity
to periodic sources becomes. The periodic source of most interest to gravitational
wave astronomers is that of a rapidly spinning, slightly spherically asymmetric
neutron star

Such spinning neutron stars will lose energy and spin down over time [46].
This energy loss is due to a number of different mechanisms, including emission of
gravitational radiation [47], though the fraction of energy emitted as gravitational
waves is unclear. To motivate gravitational wave searches for spinning down pul-
sars we can consider the Crab pulsar. This pulsar provides the best opportunity
to detect continuous gravitational waves with current gravitational wave interfer-
ometers [47]. In the extremal case where all the spin down energy is radiated as
gravitational radiation the Crab pulsar would produce a gravitational strain am-
plitude of of 1.4 x 10724 [47]. Although this is below the detector noise floor, the
source can be observed over a timescale of months or years, therefore it is within
the observational limits of the detectors.

Indeed, in [47] an extended period of observation with the LIGO detector
placed upper limits on gravitational radiation from the Crab pulsar, which imply
that less than 6% of the spin down energy of the Crab is emitted as gravitational
waves. For more details on periodic gravitational wave sources, and the current
results of gravitational wave searches for these sources we refer the reader to
[46, 19, 48, 49] and references therein.

17



2.2.4 Stochastic background

As the universe has background electromagnetic radiation, the cosmic microwave
background, so it is believed that at the very earliest moments of the universe a
stochastic background of gravitational waves was generated [50]. As well as the
cosmological gravitational wave background, there is expected to be stochastic
radiation emitted from indistinguishable gravitational wave sources, such as the
large number of white dwarf binaries in our galaxy. It is difficult however to
estimate how strong this stochastic radiation is likely to be and whether or not it
will be observable. Nevertheless, gravitational wave astronomers perform searches
in their data for stochastic gravitational wave radiation.

For more details on stochastic gravitational wave sources and searches we refer
the reader to [50, 17, 51, 52] and references therein.

2.3 Gravitational waves, the observational evi-

dence

Although it was mentioned in the opening paragraphs that we have not yet directly
observed a gravitational wave, we do have strong observational evidence for their

existence. In this section we will briefly examine this evidence.

2.3.1 The Hulse Taylor binary (PSR B1913+416)

The Hulse Taylor binary or PSR B1913+16 is a binary neutron star system, which
is named after it’s discoverers Joseph Taylor and Russell Hulse. It is the most
famous observational evidence for the existence of gravitational waves and won
Hulse and Taylor the 1993 Nobel prize for physics. One of the objects is directly
observed as a pulsar, with pulse period of 59ms and, from measurements of the
variation of the arrival time of the pulses, it is inferred that the other object must
also be a neutron star [53].

From conservation of energy, it follows that if a system is emitting energy in
the form of gravitational waves, then the system must be losing energy itself. In
the case of a binary system we would expect the system to slowly lose rotational
energy as it emits gravitational waves. This loss of energy can be observed by
measuring the time of periastron of the system over a long period of time. If
the system is losing energy, the orbital radius is expected to decrease and thus
the orbital period will also decrease in agreement with Kepler’s third law. Such
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to accurately determine the gravitational redshift, time dilation parameters and
Shapiro-time delay parameters as well as the rate of change of periastron. All
observations have been fully consistent with the predictions of general relativity
[56]. In [56] it is quoted that observations of this system agree with general
relativity with a error of only 0.05%.

2.4 Gravitational wave detection with laser in-
terferometers

The history of gravitational wave detectors stretches back almost 50 years to the
1960’s. The first gravitational wave detector was a resonant bar detector built
by Joseph Weber. In the following years the sensitivity of these bar detectors has
increased, but still has not reached a level where they will be able to detect a source
outside of the galaxy and its nearby surroundings. For a detailed explanation of
resonant bar detectors we refer the reader to [36].

The last ten to fifteen years have seen the development and operation of a
different kind of gravitational wave detector, the large scale laser interferometer.
These massive instruments, requiring large collaborations of people to operate,
are beginning to reach sensitivity levels in which detection of gravitational waves
becomes possible.

In section 2.4.1 we begin by discussing the basic operation of a laser inter-
ferometer, in sections 2.4.2 and 2.4.3 we describe how an interferometer would
react to the passage of a gravitational wave. In section 2.4.4 we discuss current
interferometers and in sections 2.4.5 and 2.4.6 the noise sources that limit their
sensitivities. Finally, we discuss next generation interferometers in section 2.4.7
and a proposed space-based detector in section 2.4.8.

2.4.1 A simple description of laser interferometers

The Michelson interferometer dates back to 1887, when it was famously used to
show the non-existence of the aether. A Michelson laser interferometer consists of
two equal length arms (ideally) oriented at a 90° angle with lasers running along
the length of the arms. The principle of the detector is as follows.

e Laser light is emitted at the centre of the “L” shape and split using a beam
splitter.
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The electric field reflected by the beam splitter and travelling down the y arm will
have an electric field given by
V2

where 1/1/2 is the trasmission coefficient and i/ V2 the reflection coeffiecient.
At the end of each arm the light is reflected. Thus the x and y light returning

E, = i—e™t ikl (2.47)

to the beam splitter is given by

Ea: — \_E/_%eith—i2kL¢ (248)
. EO iwpt—i2kL
E, =i—e"t v, (2.49)

V2

where L, and L, denote the path length along the z and y arms respectively. The
light combining at the beam splitter will again be reflected or transmitted. Thus,
the light exiting the beam splitter toward the photodetector is given by

Eou, = z% (elwrt=2kLe 4 giwrt=2ikly) (2.50)
With some manipulation this can be written as
Eoy, = 1 Ege™tt*E=+Lv) cos (k(L, — L,)). (2.51)
Since the power of a beam of light is proportional to E? we can see that
Pout < 1+ cos (2k(L, — Ly)) . (2.52)

Thus any variation of the relative path length of the arms would cause a variation
in the power incident on the photodiode. Or, if the power incident on the photo-
diode varies with time, it implies that the relative path length of the two arms is
varying.

In this section we have only given a very simplistic description of how an
interferometer works. For a more comprehensive description of the operation of

modern interferometers and the methods used to increase sensitivity see [37, 36].

2.4.2 Response of an interferometer to a gravitational wave

In this subsection we will consider how an interferometer reacts to the passage of a

gravitational wave. Consider a gravitational wave detector with two equal length
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arms pointing along the r and y directions interacting with a gravitational wave
propagating in the z direction. We can calculate the light travel time up each of

the arms by using the fact that for light ds? = 0. Thus for the = axis
0= —dt* + (1 + hy)dz® (2.53)

From integration, the light travel time up the arm is given by,

te = Lo+ v h,dz?, (2.54)

0
where L is the length of the arm when no gravitational wave is incident on the
detector and we have ignored terms that are second order in h,. The integral on
the right of this equation is easily evaluated if we assume that h, does not vary
significantly during travel up and down the arm. This is a fair assumption for the
realistic case of an interferometer with 4km arms and a gravitational wave with

100Hz frequency. The light travel time to travel up the z arm is then given by
t: = Lo(1+ hy). (2.55)

Similarly the light travel time down the arm is evaluted in the same way and has
the same value. However, the light travel time up the y arm is given by

t, = Lo(1 — hy). (2.56)

The difference in the light travel time to go up each arm and back to the beam
splitter is then given by
At = 4Lgh,. (2.57)

Therefore as h, varies, the relative light travel time up the two arms will also
vary. This will then cause variations in the power observed at the photodetector,
allowing us to directly observe the variation in the gravitational field. We note
that in the case described, the change in light travel time has no dependance on
hy. Thus, a single gravitational wave detector is only sensitive to one polarization
of gravitational waves.

There is, however, a large gap between this simple explanation and a gravita-
tional wave interferometer capable of detecting gravitational radiation with am-
plitude |h| ~ 10722, For example consider a gravitational wave detector with 4km
arms and a 500nm laser. To be able to acheive sensitivities to |h| = 10722 the

detector would need to be sensitive to phase changes of order 10712,
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where
h(t) = F+h+ + FXhX' (259)

In this formulation F, and F give the detector response to the h, and hy com-
ponents respectively of the gravitational wave in the radiation frame. Explicitly
these are given by [57]

F.(6,6,9) = —%(1 + cos? ) cos 2¢ cos 2 — cos @ sin 2¢ sin 21 (2.60a)

Fy(0,0,¢) = %(1 + cos? 8) cos 2¢ sin 21) — cos 0 sin 2¢ cos 2y (2.60b)

2.4.4 Ground based interferometers

The last decade has seen the emergence of gravitational wave astronomy. The
Laser Interferometer Gravitational-wave Observatory (LIGO) scientific collabora-
tion has conducted two extended science runs, S5 and S6, taking gravitational
wave data at their design sensitivities. The LIGO detectors are situated in the
United States. One of these in Livingston, LA with a 4km armlength. The other
two detectors are housed in the same beam tubes in Hanford, WA; one with a
4km armlength and one with a 2km armlength. The 2km detector was not ac-
tive during S6. These “initial LIGO” detectors are now being decommisioned in
preparation for the “advanced” detectors as discussed in subsequent sections.

The Virgo scientific collaboration has conducted three science runs in coinci-
dence with the LIGO detectors using a 3km detector near Pisa in Italy. Virgo’s
first science run (VSR1) overlapped the end of LIGO’s S5 while Virgo’s second
and third science runs (VSR2 and VSR3) were conducted during S6. The Virgo
collaboration is currently planning a 4th science run before beginning construc-
tion of their “advanced Virgo” detector. The LIGO and Virgo collaborations have
been working together to jointly analyse their data since Virgo began VSRI1.

In addition to LIGO and Virgo there is a 600m detector near Hannover in
Germany called GEO600, the operation and data analysis from this detector is
carried out in consortium with the LIGO detectors by the LIGO Scientific Collab-
oration (LSC). This detector, while not as sensitive as the others, is often used as
a prototype for new interferometer technology.

2.4.5 Interferometer sensitivities and noise sources

To be able to compare the sensitivities between these detectors and determine
what sources these detectors would be able to detect we have to consider sources of
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noise. There are many sources of noise which effect a gravitational wave detector,

but the ones that, in principle, dominate the limits of our sensitivity are

e Thermal noise: The various components of the interferometer, including the
mirrors will vibrate due to their thermal energy. This noise can be reduced
by employing mirrors which do not have resonance frequencies in the most
sensitive region. Alternatively the detector could be cryogenically cooled as
proposed in the LCGT project [24].

e Seismic noise: Vibrations of the ground will cause vibrations in the mirrors
of the interferometer, which will cause changes in the light travel time up
the arms. These vibrations can be caused by many things, including earth-
quakes, human activity and ocean waves. This noise can be limited by trying
to isolate the mirrors from the ground as much as possible using advanced

suspension systems.

e Shot noise: The number of photons seen at the photodetector in any interval
of time will be poisson distributed. This error in the photon count at any
time places a limit on the sensitivity. This noise source can be reduced

simply by increasing the power of the laser.

e Radiation pressure: Photons hitting the end mirrors exerts a pressure on
the mirrors. This noise source can be reduced by decreasing the power of
the laser, thus reducing the pressure. However, this will increase the shot
noise. A balance must therefore be reached between the radiation pressure

and the shot noise.

An illustration of how the different noise sources contribute to the sensitivity
of the detectors can be seen in Figure 2.6. Here the y axis shows the predicted
contribution of the various noise sources to the overall noise power spectral density
(PSD).

For real detectors the noise PSD is somewhat more complicated than the the-
oretical case described above. Many more noise sources will determine the PSD.
For a more detailed discussion of such noise sources we refer the reader to [37, 36).
Figure 2.7 compares the actual sensitivity of the LIGO,Virgo and GEO detectors
in 2006-2007.

We also refer the reader to the “Space Time Quest” game, which illustrates
how these different sources of noise will contribute to a detector’s sensitivity and
how they can be balanced, within a set budget [60]!
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2.4.6 Non-stationary transient noise sources

In the section above we described the stationary noise sources that describe the
sensitivity curve of gravitational wave detectors. However, the ability to detect
gravitational waves is often dominated by non-stationary transient noise sources.
Such transient noise sources can occur for a variety of reasons. Some of these are
well understood, for example it is known that a truck driving near the instrument
will generate ground motion, which couples to mirror motion. However, the reason
for a lot of non-stationary noise in gravitational wave interferometers is not well
understood. A large number of auxiliary monitors, such as seismometers, operate
around the detectors to attempt to determine the origins of such noise transients
and mitigate their effects.

Non-stationary transients or “glitches” are often mistakenly picked up by the
data analysis software as interesting events. We will spend a lot of time in the
subsequent chapters discussing methods for separating these glitches from gravi-
tational wave signals in the context of searches for CBC signals.

2.4.7 Next generation ground based interferometers

The LIGO detectors are currently being rebuilt to become the “advanced LIGO”
detectors [21]. This upgrade, which aims to reduce the effect of all sources of noise
and increase sensitivity by a factor of 10 over existing instruments, is planned to
be complete around 2014. Virgo will also soon be rebuilt and reconstructed as
Advanced Virgo with a similar increase in sensitivity [22]. In addition to this the
GEO detector is planned to be rebuilt as a detector with high sensitivity in the
kHz range [61].

As well as the planned upgrades to the LSC-Virgo detectors the Japanese
plan to build a cryogenically cooled detector LCGT in Japan [24]. An Australian
collaboration ACIGA has plans to build a large scale interferometer [25]. Finally,
a third generation of detectors designed to replace Advanced LIGO and Advanced
Virgo are already being considered, such as the Einstein Telescope (ET) [62].

2.4.8 Space based interferometers

The most ambitious gravitational wave detector currently under serious develop-
ment is a space based detector called Laser Interferometer Space Antenna (LISA).
LISA is planned to consist of three seperate spacecraft orbiting the Sun in such
a way that the three spacecraft will always form an equilateral triangle. This de-
tector would have an armlength of 5 million kilometers. The LISA constellation
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Chapter 3

Gravitational radiation emitted

by a compact binary coalescence

In this thesis we describe a variety of data analysis techniques that have been used
or can be used to search for compact binary coalescences (CBCs) using gravita-
tional wave interferometers. All of these techniques utilise matched filtering, which
we will describe in section 4.1.1. To acheive optimum sensitivity to CBC signals
when using matched filtering, the form of the signal, as seen by the gravitational
wave detectors, must be predicted as accurately as possible.

In this chapter we will derive the form of gravitational radiation emitted from
two inspiralling compact objects, to leading order in sections 3.2.1 to 3.2.4. We
will also derive the response of a gravitational interferometer to this radiation in
section 3.2.5. We discuss the Post-Newtonian (PN) approximation, which is used
to predict the phase evolution of inspiral systems beyond the dominant term in
section 3.3. We also discuss the effect of higher order amplitude terms in section
3.4. We will then mention the efforts in the numerical relativity community to
predict the gravitational radiation emitted during the merger and ringdown phases
of a CBC in section 3.5. Finally, we discuss waveform families that are used in
the analyses described in later chapters in section 3.6.

3.1 Common definitions

It will be useful to begin by describing the various quantities that are used in
defining a CBC system. These definitions will be used heavily in this and all the
following chapters. A CBC can be completely described by 17 physical parameters,
these are
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e The two masses, (m1,mz)

The coalescence time of the signal at the detector, .

The sky location of the source, (6,¢)

The distance to the source, D

The inclination angle, ¢

The coalescence phase, U,

The polarization phase, ¥

The spin of the two components, (S1,S2)

e The ellipticity of the system and the orbital phase of periastron at ¢..

The masses of the system are often combined in a number of different ways, these

are given by
e The total mass, M = m; + mq
e The chirp mass, M = %
e The symmetric mass ratio, n = m—';’iﬂzmv
® The reduced mass, p = ;4%

We also use the following definitions
e The orbital phase of the system, ¥
e The phase of the dominant mode of the emitted signal, = 2¥
e The orbital angular frequency, w
o The frequency of the emitted signal, f
e The orbital radius of the system, r

e The vector describing the orbital angular momentum, Ly .

Note that the frequency of the dominant component of the emitted signal will be
twice the orbital frequency, as we will show in section 3.2, thus w = 7 f.
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3.2 Quadropole radiation, to dominant order, from
an inspiral

In section 2.1.7 we discussed the nature of gravitational wave emission in a generic
context. In section 2.4.2 we discussed how this generic gravitational radiation
would be observed in a interferometric gravitational wave detector on the Earth.
In this section we will apply these generic equations to the case of gravitational

wave emission from a compact binary inspiral.

3.2.1 Time domain waveforms in the radiation frame

We begin by modelling the compact binary inspiral, assuming that there is no
eccentricity and that the component bodies have no spin. Apart from CBCs
with extreme mass ratios, it is believed that as the system nears merger any
ellipticity that would have any effect on the system would have been radiated away
[64, 65, 66]. We will explore how the presence of spin will effect the dynamics of a
CBC in chapter 6. We also ignore the effects of, for example tidal effects in BNS
systems, by modelling the objects as two point masses.

Therefore we model the inspiral as two point masses orbiting in circular orbits
with no change in the direction of orbital angular momentum over time. We set
our coordinates such that there is no motion in the z direction and the z direction
is aligned with the orbital phase at t =0

z(t) = r(t) cos (/Otw(t’)dt’> (3.1a)
y(t) = r(t) sin (/otw(t’)dt’) (3.1b)
z(t) = 0. (3.1¢)

The radius and frequency are time dependent due to energy loss to gravitational
waves in the system. To fit this into the generic form given in equation (2.42) we
need to calculate the second differentials of the second mass moment. The second
mass moment for two objects in orbit is given by [36]

MY = px*(t)2(t). (3.2)
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If we differentiate this with respect to time twice we obtain

t
My, = — My = 2ur?w? cos (2/ w(t’)dt’) (3.3a)
0
t
My = —2ur%w? sin (2/ w(t’)dt') (3.3b)
0
Mlg = M23 = M33 = 0, (33C)

where we assume that rw > 7. When this is not true the system is not really in
circular motion. Thus, by combining these expressions with equations (2.42a) and
(2.42b) we obtain the following expressions for h, and hy

_ 2uwtr?

hy = =% (1 + cos® 1) cos (®(t) + 2¢) (3.4a)

2,2
hy = —zli;;—r2cosasin (®(t) + 2¢), (3.4b)

where the gravitational wave phase is defined as

®(t) = 2/:w(t')dt'. (3.5)

We now wish to simplify the equation by expressing r in terms of w. To dominant

order, this is given by Kepler’s law

my + me
2 == —?“——. (3-6)
We can then write h, and hy as
2
hi(t) = —5M5/3w(t)2/3 (1 4 cos® ) cos (®(t) + 2¢) (3.7a)
hy(t) = —%Ms/sw(t)”s@ cos ) sin (®(t) + 2¢) . (3.7b)

3.2.2 Energy loss in the system

Now we wish to investigate how w varies with time, due to emission of gravitational
radiation causing energy loss in the system. Firstly, we must quantify how much
energy is being lost to gravitational waves. Equation (2.44) gives us a general
formula for the energy loss, to dominant order

dE

1
dt 5<

e l1g 1 eeet
MM = 3(8*3)?). (38)
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We then perform a further differentiation on equation (3.3) to obtain the third

differentials of the second mass moment

t
M1 = =My, = —4pr’u®sin (2/ w(t’)dt’) (3.9a)
0
t
M1z = —4pr®w? cos (2/ w(t’)dt') (3.9b)
0
Mz = My; = My = 0. (3.9¢)

The power radiated by the system is then calculated by inserting equation (3.9)

into (2.44). Using the assumption that for circular orbits (sin® ®(t)) = (cos? ®(¢)) =

3 we get

dE oiit
dt

which is the total radiated power of the system, to dominant order.

P=-

_ %2_( M), (3.10)

3.2.3 Phase evolution of the system

Now we have an expression for the radiated energy we can calculate how the

frequency will vary with time. Consider the total energy of the system

Byt = _mimy + m;:’bz _ _m;:ng
= — (M°w?/8)'", (3.11)

differentiate this with respect to time and insert it into equation (3.10) to get
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= (Mw)'? = M5/3%w‘1/3w. (3.12)

This formula can be rearranged to give the change in orbital frequency with respect
to time, w, as o6
W= €M5/3w“/3. (3.13)

The orbital angular frequency can then be expressed as a function of time, by
integrating this equation from a fiducial time ¢, with fiducial frequency wp

—-3/8
w(t) = (_-2-2—6/\45/3 (t — to) +w0‘8/3) . (3.14)

From examination we can see that there will always be a time ¢ when w will

become infinite. For simplification let us take this as our fiducial time, which we
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will call t., this can be thought of as the time of coalescence. This choice serves

to set wy 8/3 t0 zero. If we then define

T=t,—t (3.15)

w can be re-expressed in terms of T as

w(r) = (%)—B/SM“”’S, (3.16)

-3/8 ,
Now ®(#) can be evaluated by comtl (7} ™/* A(-5/83.5) and (3.16)

T\ 8
(1) =2 / 5 (3) M384r! (3.17a)
te
T \5/8 t. 5/8
&(r) =2 (m) —2 (SM) . (3.17b)

Finally, this allows h, and hy to be evaluated in the time domain by combining
equations (3.7),(3.16) and (3.17b).

3.2.4 Frequency domain waveforms

It is often useful in gravitational wave searches to express h, and hy in the fre-
quency domain. This can be done by performing a Fourier transform on kA, and
By

Firstly, to express 7 as a function of frequency, equation (3.16) is rearranged,

remembering that w = n f, to get

5

= %(Wf)-8/3/\4-5/3, (3.18)

7(f)

Inserting this into equation (3.17b) gives

R Ry t. \>*
<I>(f)—16f M 2\ s (3.19)

and the time domain waveforms can be written in terms of the frequency

hy(r) = %MW (mf(7))*® (1 + cos® 1) cos (B(f (7)) + 2¢) (3.20a)

2
ho(T) = —5M5/3 (7£(7))*"® (2 cos i) sin (B(F(1)) + 2p). (3.20Db)
To convert this into the Fourier domain, iL+ and h, , waveforms a Fourier transform
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could simply be performed on the time domain waveforms. However, performing
a Fourier transform numerically can often be computationally expensive and it is
therefore useful to have an analytical formula for the frequency domain waveforms.

This can be obtained by using the stationary phase approximation. The sta-
tionary phase approximation is defined in the following manner [67]. Given some

function
h(t) = A(t) cos(4(t)), (3.21)
where 1 dA i
Adt <K U (3.22)

at all t, The Fourier transform of h(t) can be approximated as

W) ~ 2A() (ﬁ%)/ exp[-i (st -0 -T)]. (329

where t' is defined as the time at which

de(t)
— =nxf. .24
20—y (324
The stationary phase approximation can be applied to h, and h. to give analytical
formulae for the frequency domain waveforms. To evaluate these frequency domain

waveforms we first need to evaluate %. Using equation (3.16) and w = 7w f we get

dt ~  dr 320«

: , (3.25)

ﬂ_ a3 (T)—H/BM—s/s

this can be expressed in terms of frequency by substituting equation (3.18)

& _%

2 =T M, (3.26)

The stationary phase frequency domain waveforms can then be written, to domi-

nant order, as

1/2
he(f) = —;— (i) MP8n=2/3 =7/8 (1 4 cos® 1) exp [z (27rft’ —®(f) - % - 290)]

96
(3.27a)
i (f)__l 5 1/2/\45/6 ~2/3 £~17/6(9 (ot — @ T
f)=-55 T f (cosa)exp[z(wf — (f)+Z— cp)]
(3.27b)
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We have now expressed the h, and h, components of the gravitational wave

produced by a compact inspiral system in both the time and the frequency domain,

to first order.

3.2.5 Detector response to a compact binary inspiral

Now we wish to calculate the strain that would be observed at a gravitational
wave detector due to the passage of a gravitational wave emitted by a CBC. To
do this the expressions for h, and hx can be combined with equations (2.59) and

(2.60)

h(T) =F hy (1) + Fxhx(7) (3.28a)

= (—%(1 + cos? 0) cos 2¢ cos 2y — cos fsin 2¢ sin 21/;)
(%Mm (wf(7))*? (1 + cos?t) cos (B(T) + 2¢))
+ (%(1 + cos? ) cos 2¢ sin 2 — cos O sin 2¢ cos 21/})
(-2 M7 (r ()" 2005 ) sin (2(7) +20))
With some manipulation it is possible to write this as
h(r) = A(D,1,6,%, )M (£(7))** cos (B(M, ) + ®o(t, ¢,6,%,4)),  (3.29)

where A is a constant amplitude term and ®, a constant phase offset. Or equiva-

lently in the frequency domain as

h(f) = AD,0,0,%, )M f P exp [i (@M, £) + &olt, 0,6, ,6,t))]

(3.30)
This implies that a single gravitational wave detector could not disentangle the
various orientation angles and distance. With a single detector one could only
recover an amplitude term and a phase offset. Nevertheless, being able to write
h(t) in this form does make the task of data analysis easier, as we will explore in
the next chapter. We note that if the phase evolution is evaluated to higher order
it will depend on 7 as well as M and time/frequency.
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3.3 Higher order phase terms

The gravitational waveform derived in equation (3.20) is only accurate to the
dominant term both in amplitude and frequency because of various assumptions
we made when deriving it. With ground based interferometers it is hoped that
gravitational wave emission from CBC systems will be detected up to and including
the merger. It is therefore vital that the phase evolution of the system is modelled
as accurately as possible.

The Post-Newtonian (PN) formalism allows the phase evolution of the system
to be predicted with much higher accuracy than the derivation given in the pre-
vious section [68, 69]. The PN expansion uses perturbative techniques to expand
the phase of the system to higher order. Generally the expansion is performed
around (wM f)'/3.

As we have demonstrated, the dominant term in the time domain phase evo-
lution is a multiple of f=3/3. The next term, the “1 PN” term enters at f~3/3, the
“1.5 PN” term enters at f~2/3 and so on (there is no 0.5 PN term proportional to
f~%/3). Current non-spinning PN expansions generally include all terms up to 3.5
PN order [68].

There are a number of different methods of constructing the PN expansion and
these produce waveforms which are not identical when expressed to the same PN
order. A detailed explanation and comparison of the various PN approximants
can be found in [68].

3.4 Higher order amplitude terms

As well as higher order terms in the phase evolution there are also higher order
amplitude terms. These higher order amplitude terms arise from the octopole
(and higher) moments and therefore the phase of these terms is not necessarily
twice the orbital phase. A study of these higher order amplitude terms and how
they might affect our ability to detect CBC systems can be found in [38], but the
importance of these higher order amplitude terms is much less than the higher
order frequency terms.

For the current generation of gravitational wave detectors it is not vital to have
waveforms including higher order amplitude terms for detection of CBC systems
[38]. However, when the next generation of gravitational wave detectors comes
online, it will be increasingly important for the signal models to be as accurate as
possible, this will involve including higher order amplitude terms. In this thesis
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we will only consider the dominant amplitude term.

3.5 Numerical relativity

The PN theory has allowed us to model the phase evolution of the inspiral part
of the signal accurately. Perturbation theory also offers us a way to model the
ringdown part of the signal. However, there is no theoretical model for the merger
component of a CBC. Here we must rely on numerical modelling to provide us
with waveforms that contain a merger component.

Recent advances in numerical relativity have allowed for the production of
many waveforms containing the very late inspiral, merger and ringdown phases.
These waveforms can be combined with inspiral waveforms generated using the
Post-Newtonian approximation to produce “complete” inspiral, merger and ring-
down (IMR) waveforms.

A recent review of numerical relativity and a list of waveforms that are cur-

rently available can be found in [70, 71].

3.6 Waveform models for analyses

There are a number of options for waveform models that can be used in data
analysis. In [68] it is demonstrated that PN waveform models containing only
the inspiral are sufficient for searching for CBC systems with a total mass below
12M,, with current detectors. The authors of [68] recommend using the “Taylor
F2” frequency domain waveform family in such cases because it is the fastest
waveform to compute. Taylor F2 waveforms are computed from a PN expansion of
the stationary phase waveforms. This is in contrast to the Taylor T1-4 waveforms,
which perform various PN expansions on the time domain waveform [68].

Above a total mass of about 12M, the merger and ringdown components of
the signal become important, inspiral only waveforms would be expected to pick
up noticeably less signal-to-noise ratio (SNR) than complete IMR waveforms. Here
the “EOBNR” waveform model, which attaches a numerically produced merger
and ringdown to the inspiral signal produced by the effective one-body (EOB)
model, is generally used [72].

In chapter 6 we describe the physical template family, used to model single
spin systems. This is an extension of the Taylor T4 model [68]. The coherent
search described in chapter 5 uses the same architecture as the single spin search

41



discussed in chapter 6, it therefore uses the Taylor T4 model to produce inspiral

waveforms.
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Chapter 4

The coincidence search for

compact binary coalescences in
LIGO and Virgo data

The LIGO and Virgo collaborations have performed many “all-sky” searches for
compact binary coalescence (CBC) systems in the data taken by their interferom-
eters [73, 74, 75, 76, 77, 1, 2, 3]. These all-sky searches attempt to detect CBC
systems that have originated from any sky location, with any orientation and at
any time when data is taken. While these all-sky searches have not yet made a
direct detection of gravitational waves, they have allowed for upper limits to be
placed on the merger rates of compact objects [3].

Input from electromagnetic (EM) observations has also allowed “triggered”
searches for CBC signals to be performed [5, 4]. This is where an EM observation
is made of some event whose progenitor might have been a CBC. The time and sky
location of the event is sent to gravitational wave astronomers who then search
their data for any coincident signal. Short GRBs are especially interesting for
CBC triggered searches because the favoured progenitor model for a short GRB
is a BNS or NSBH merger [30, 31]. Triggered searches have not yet made a direct
detection, but are able to place lower distance limits on the progenitor of these
events, assuming that it was a CBC.

The layout of this chapter is as follows. We will begin by discussing the
matched-filtering techniques that make these searches possible in section 4.1. We
then, in section 4.2, discuss in detail the all-sky search that has been used to
produce the most recent results [1, 2, 4]. Finally, in section 4.3 we discuss the
triggered search used to search for CBCs in coincidence with EM observations.

It is worth noting at this point that current searches use the “coincidence”
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method where data from each of the detectors are analysed separately before
searching for coincident events between them. In chapter 5 we will discuss an al-
ternative coherent method, which simultaneously analyses data from all detectors;
we then apply this to the triggered search.

Additionally, these searches use template waveforms that do not incorporate
spin effects. While it is expected that there will be good sensitivity to most
spinning systems, an improvement in sensitivity can be gained, in certain regions
of parameter space, by using templates that include spin effects. We explore this

in detail in chapter 6.

4.1 Gravitational wave data analysis

Gravitational wave signals in the data taken by intereferometric detectors are not
likely to be easily distinguishable from the noise. Therefore, a lot of the work
currently being carried out by gravitational wave astronomers is aimed at being
able to detect a weak signal buried in the noise produced from the detectors.

The problem of extracting signals from a noisy data stream is one that has
been faced in other contexts for a long time [78]. For example, radio signals are
often distorted by background noise and recovering the original signal can be dif-
ficult. The matched-filtering techniques discussed in this chapter were developed
in the context of radio signal extraction and have been adapted to the detection
of gravitational wave signals [78].

4.1.1 The matched-filter

The purpose of matched-filtering is to determine whether a known signal is present
in a noisy data stream. We remind the reader that the form of a CBC signal in a
gravitational wave detector is known, as we discussed in chapter 3. In this section
our derivation follows closely those given in [78, 36].

Let us begin by considering the data output by a gravitational detector s(t).
This data is given by

s(t) = h(t) + n(t), (4.1)

where n(t) is the detector noise, which we will assume to be Gaussian with zero
mean and stationary. h(t) is a gravitational wave signal that we wish to extract
from the noise. We wish to determine how likely it is that h(t) is present in the
data.

Before we describe the optimal matched-filter let us consider a naive approach.
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One might assume that if we wanted to determine if h(t) is present, we could
simply multiply s(¢) by h(t) and integrate over all time. If no signal is present,
the expected value of this is zero, with some error. If, however, there is a signal
present the expected value would be the integral of h%(¢) over all time. If a value
is obtained that is substantially larger than the expected deviation due to noise
alone, then it could be inferred that the signal A(t) is likely to be present in the
data.

It is not clear, however, that the process of multiplying by h(t) is the “optimal”
method of extracting the signal from the data. Let us now consider a more general
filter. Let us impose some linear filter K(t) on s(t). We want to determine the
filter K(t) such that the SNR is maximized for the signal h(t). We can write this
filter as

m= / " K()s(t)dt = / " K(H)h(t)dt + /  K(t)n(t)dt. (4.2)

We note that this is equivalent to the frequency domain representation

/ " K(#)s(t)de = / T RS, (4.3)

where the tilde represents that the quantity has been Fourier transformed. We
note that for real data one would have a finite length of data with a finite sample
rate, so the integral would become a summation over all discrete time points, or
discrete frequency points. For this derivation however we will assume that the
data is continuous.

To evaluate the optimal form of K(t) we want to find the filter that would
maximize the signal-to-noise ratio (SNR). This optimal SNR is defined as popt =
S/N, where S is the expected value of m when the signal h(t) is present and N is
the rms value of m when no signal is present [78, 36].

Let us first consider N. Recalling that we imposed the condition that the noise

is Gaussian and stationary we can write

(AR = 8(f = £)S3(F), (4.4)

where we have defined Sd as the two-sided noise power spectral density (PSD).
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Therefore we can express N as

N = <m2> lh=0
=/_ /_ K*(HK(f) 7 (H)n(f)) df df’

-/ T RS, (4.5)

To evaluate S, the expected value of m with a signal present, we use the fact that
the average value of the noise, at a given frequency is zero, (7(f)) = 0 to obtain

S = /_ " K(t)h(t)dt = /_ " RHRP)S. (4.6)

Thus, we can express the SNR as

JX FRNRS)
(=, ap sumikr)

(4.7)

Popt =

This equation can be simplified if we define the inner product between two real
time series a(t) and b(t) to be

) = [~ Sy

)
=4 Re / - wdf, (4.8)

where the second line of this equation comes about because S¢(f) = S¢(—f) and
we demand that a(t) and b(t) are real functions, such that a(f) = a*(—f). Sa(f)
denotes the one-sided noise PSD, which will be used in the rest of this work, it
is related to the two-sided noise PSD by S, (f) = 254(f) for positive f. We can
then re-express the SNR as

_ _(ufh)
Popt = (wu) 172’ (4.9)
where 4 is given as )
(f) = K ()Sa(f). (4.10)

It is then clear that p will be maximized when u is proportional to h. Thus the
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maximum value of the optimal filter K(f) is given by

> h(f)
K(f)=A=—%, 4.11
(N =455 (11)
where A is an arbitrary constant. We have now calculated the optimal filter for
a given signal in Gaussian, stationary noise. The optimal SNR for a signal h is
given by
popt = (h[R)'/?. (4.12)

To filter the data to determine if the given signal is present one would calculate
the matched-filter SNR as "

mt = Ty ’Er,ll)l) - (4.13)
Note that the constant A will cancel between numerator and denominator. If a
signal is present we would expect p2; to follow a non-central x? distribution with
1 degree of freedom and non-centrality parameter pﬁpt. If no signal is present the
distribution of p?; simply becomes a x? distribution with 1 degree of freedom. We
are keen to emphasize that the matched-filter SNR, p, s and the optimal SNR,
popt are not equivalent. There can be confusion between these two quantities as
both are commonly referred to as simply SNR. In this work we will clearly state
which of the quantities we are referring to when we introduce a SNR.

At the end of this derivation it is worth reminding the reader that we have
assumed that we know the exact form of the signal, up to an overall amplitude
factor. However, a CBC signal is characterised by a large number of physical
parameters. It is thus necessary to filter the data against a set of templates,
called a template bank [79]. If one were to naively create this template bank
to cover all the physical parameters, the size of the bank would be far too large
to filter with the current computing infrastructure. However, it is possible to
analytically maximize over a number of the parameters and greatly reduce the
size of the template bank.

For the non-spinning coincidence search, we will discuss template bank place-
ment and the maximization technique in sections 4.2.3 and 4.2.4. We also describe
matched-filtering techniques in the context of a coherent search in chapter 5 and
spinning searches in chapter 6
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4.1.2 The likelihood

Alternatively, this can be considered from a Bayesian perspective and the like-
lihood ratio can be calculated. This is the ratio of the likelihood of obtaining
the given data assuming a signal h is present in the data and the likelihood of

obtaining the given data assuming no signal is present.
As before we assume that the noise is Gaussian and stationary. The probability

of a given noise realization ny occuring is given by [36]
p(ng) = N exp {— (no|no) /2}, (4.14)

where N is a normalization constant.

We can then estimate the probability of a given realisation of data if we make
the hypothesis that a signal is present with parameters given by & by taking
no = s — h(&;) and inserting this in the above equation to give us the conditional
probability

p(s|h(&)) = Nexp{— (s — h(&)|s — h(&)) /2} (4.15)
1 1
= Nexp {(hls) ~3 (hl|h) — 3 (s[s)} . (4.16)

Similarly the probability of obtaining the given realization of data if no signal is

present is obtained by setting ng = s to give

p(sl0) = Nexp{—(s|s) /2} . (4.17)

We then define the likelihood ratio

p(s|h(&))
p(s|0)

As we will see later on, this is often used as the log likelihood ratio

A(h(E)) = = exp ((#ls) = 3 4l (419
A= logA = (hls) — % (hlh). (4.19)

It would now be useful to try to relate this back to the matched-filter SNR. To
do this we remember that the matched-filter SNR was maximized over an overall
amplitude, whereas the likelihood formula is not. If we were to write h = Ahy and
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Science run Start time | End time

LIGO - S5 | 4 November 2005 | 30 September 2007
Virgo - VSR1 18 May 2007 30 September 2007
LIGO - S6 July 7 2009 October 20 2010
Virgo - VSR2 July 7 2009 January 11 2010
Virgo - VSR3 | August 11 2010 October 20 2010

Table 4.1: The duration of LIGO and Virgo science times.
extract A from the log likelihood we obtain
AZ
log A = A(hls) — 5 (h|h). (4.20)

This can then be maximized over A to get

1 _
Nvts.a = 5700y = 12 (4.21)

Thus the log likelihood, maximized over amplitude, is easily related to the matched-
filter SNR.

4.2 An all-sky, all-time search for compact bi-

nary coalescences

The LIGO and Virgo detectors have recently completed two joint science runs.
The durations of these science runs are given in Table 4.1 and the sensitivities of
the detectors to BNS inspirals during these science runs can be seen in Figure 4.1.
With science runs spanning many years and the ability to detect BNS systems
up to 40Mpc and NSBH and binary black holes (BBH) systems up to greater
distances, the challenge is now to detect CBC signals buried in the detector noise.

The “ihope” search pipeline has been used to search for CBC signals originating
at any time, from any direction and with any orientation in the data taken in
LIGO’s fifth science run (S5) and Virgo’s first science run (VSR1) [1, 2, 3]. This
technique is also being used to perform the same search on data from LIGO’s sixth
science run (S6) and Virgo’s second and third science runs (VSR2 and VSR3). The
search utilizes the “coincidence” technique in which data from all of the detectors
is analysed separately, before looking for events which are coincident between

detectors.
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The ihope implementation described here is used to search for CBC systems
whose total masses lie between 2 and 35 M, with a minimum component mass of
1 M. This “low mass” search is very similar to the “high mass” search described
in [72]. The reason for the split is that the “high mass” search is used to search for
CBC systems that merge within the sensitivity band of the instrument, therefore
template waveforms incorporating the merger and ringdown must be used.

In this section we begin by giving an overview of the ihope pipeline in section
4.2.1. We will then describe the stages of the pipeline in detail in sections 4.2.2
to 4.2.12. Finally we will present the latest results of the search in section 4.2.13.

In Figure 4.1 and in subsequent text, we will refer to the various detectors

using the following acronyms

e H1: The 4km LIGO instrument at Hanford. Operational in all LIGO science

runs.
e H2: The 2km LIGO instrument at Hanford. Operational in LIGO’s S1 - S5.

e L1: The 4km LIGO instrument at Livingston. Operational in all LIGO

science runs.

e V1: The 3km Virgo instrument at Cascina. Operational in all Virgo science

runs.

4.2.1 Pipeline overview

The steps of the pipeline are described in detail in the following sections. What
follows is a brief overview of these steps. An illustration of the various steps in
the pipeline is given in Figure 4.2.

As this is a coincidence search, the first stage of the pipeline is to determine if
there is any loud SNR event in any of the detectors. For each detector the process
is to

e Create a template bank to cover the full range of masses.
e Filter the data against every template in the bank for each detector.
e Retain a “trigger” whenever a loud SNR is observed.

This results in a list of single detector triggers for each detector. The lists are
then examined for any triggers that are coincident between detectors. A trigger
is discarded if it is not seen in more than one detector. Coincidence is determined

using the masses of the templates as well as the observed time.
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If the data taken by gravitational wave interferometers was Gaussian and sta-
tionary then the task of data analysis would stop here. A significance would be
attached to all of the triggers and the likelihood of a CBC signal being present
would be determined. However, the data taken is neither Gaussian nor stationary.
Non-Gaussian transients or “glitches” often match well with the templates and are
seen with a high SNR. It is vital to be able to distinguish such noise transients
from real CBC signals and discard or downweight triggers that are due to noise
transients.

A two-stage pipeline is therefore utilized. A second matched-filter is performed
on any trigger that is seen in coincidence. However, during the second matched-
filter a number of signal consistency tests are calculated, such as the powerful,
but computationally expensive x? test [80]. These tests are then used to separate
glitches from gravitational wave signals. In addition to these signal consistency
tests, triggers are also discarded that come from times when the detectors are
known to be likely to produce glitches.

To determine if a signal is present in the data, the background rates of different
types of triggers are estimated. These are used to associate a false alarm rate
(FAR) to any trigger that survives the signal consistency tests. If no significant
triggers are observed then upper limits on merger rates can be computed.

The figures that are shown in this section, unless indicated otherwise, were
generated using results from this pipeline run on one month of data in S5. During
this month all three LIGO detectors were operational. Virgo was not operating
at this time. This month was the third month analysed in the search reported
in [2]. In a number of the plots we have made use of simulated signals in the
data to demonstrate the tuning of the pipeline. The mechanism by which such
simulated signals are made into the data is described in section 4.2.10. For these
plots the simulated signals were taken to be a set of BNS inspiral signals, uniformly
distributed in distance, coalescence time, sky position and orientation angles.

4.2.2 Search initialization

The analysis pipeline begins with the calibrated h(t) strain data taken from each
of the instruments. Obtaining this calibrated data from the detector is not a
trivial task, but we will not discuss these issues in this work. For details on the
calibration of the detectors we refer the reader to [81, 82].

Given the calibrated data the coincidence analysis can be initialized. The first
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step is to determine the available “science” data for each instrument!. The data
is then split up into blocks of 2048s duration, which are analysed separately. This
value is chosen because of memory limitations and to ensure that as many CPU
cores as possible are utilized. One noise PSD is calculated for each block and is
used to analyse all the data in that block. The calculation of this noise PSD is
described in [67].

These blocks of data are then further separated into 16 overlapping 256s seg-
ments. The first segment begins at the start of the block, the next 128s later and
so on. Each of these segments is matched-filtered separately. The reason for over-
lapping the segments is that the finite length of filters means that the process of
Fourier transforming the data will corrupt times at the beginning and end of each
segment [67], which cannot be analysed. Additionally, the length of a template
should not exceed the length of available data preceeding the point being analysed.
As an example, consider a matched-filter that is performed with a template of 10s
duration; one could not search for a signal that coalesced 5s from the start of a
segment. To be conservative and ensure that these boundary issues are avoided,
64s on either side of each segment is discarded. Thus, only the middle 128s of any
segment is analysed. This does mean that the first and last 64s of any block is not
analysed and therefore the blocks must overlap to ensure that all available data
is analysed. However, the first and last 64s of any stretch of continuous science
data is never analysed. Additionally, a stretch of data that is shorter than 2048s
in length is not analysed by the pipeline as there is not sufficient data to reliably
calculate a PSD.

As a final note, because the different detectors will not be taking data at the
same times it is not required that the times of the blocks are the same in all
detectors.

4.2.3 Generating a template bank

To perform a matched-filtered search that would recover any CBC system with
minimal loss in SNR over a given range of parameters one must filter the data
against a set of waveforms or “template bank”. The computational cost of any
gravitational wave search is directly proportional to the number of templates used.
It is therefore vital to have a method that enables one to place a template bank
using as few templates as possible.

For the case of matched-filter searches for non-spinning CBC signals this prob-

'We note that “category 1” data is not included as we will explain in section 4.2.7
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lem is well explored [83, 84, 85, 86, 87, 88, 79]. Here, it is only necessary to place
templates to cover the two dimensional parameter space of the masses. Other
parameters enter only as amplitude or phase corrections, which are maximized
over analytically when matched-filtering, as we show in section 4.2.4.

The basic idea of current template placement algorithms is to place a grid of
templates using a hexagonal geometrical placement algorithm [83]. The spacing
between the templates is determined from calculating the mismatch between tem-
plates, where the mismatch M M between two templates described by parameters
¢!, €% is given by [84]

MM =1 (h(E)[h(E), (4:22)

where the templates are normalized such that for any set of parameters (h(&")|h(§")) =
1. This mismatch can be interpreted as the loss in optimal SNR that would be
incurred by searching for h(£') with h(£?). The template banks are created such
that no point in the parameter space would have a mismatch of larger than 0.03
with the closest template in the bank. This value is chosen such that signals in the
data will be recovered with close to the optimal SNR and the number of templates
will not become excessive.

Explicitly calculating the mismatch between various points in parameter space
can be computationally expensive. Therefore, the parameter space metric is nor-

mally used to approximate this. This metric is given by [84]

_15° (h(©)In(E)) (4.23)

g7 (&) = > ocoE,

which describes the distance between two templates infinitesemally separated in

parameter space
1— (R(€)Ih(E — 6€) = D _ g7 (&) 66 6¢;. (4.24)
ij

This can be used as an approximation of the mismatch between two templates
with non-infinitesimal separation. The approximation holds as long as the metric
is roughly constant in the parameter space between the templates. For mismatches
of 0.03 the metric is a good approximation [84] and is used when placing the
template banks.

While the problem of placing templates for a non-spinning CBC search is solved
by the hexagonal lattice method, it is not yet clear how to place template banks
in higher dimensional parameter spaces, such as might be needed for searches for
CBC signals including spin. We will discuss the difficulties of placing template in
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higher dimension arbitrary parameter spaces in chapter 7, where we discuss the
possibility of using a stochastic placement algorithm to place template banks in

generic parameter spaces.

4.2.4 The matched-filter

The next stage in the pipeline is to matched-filter every template in the template
bank against all the data that has been taken by the detectors. We begin by de-
riving the maximized matched-filter statistic that is used in coincidence modelled

searches for CBC systems.
We demonstrated in equation (3.29) that a CBC waveform observed by a grav-

itational wave detector can be expressed as
h(r) = A(D,,6,%, )M (f(1))** cos (B(M, 0, 7) + Bo(1, 0, 6,%,9)), (4.25)

where 7 is defined as the time until the binary system will merge, the other
parameters are defined as in section 3.1. We remind the reader that the frequency
evolution will depend only on the masses and coalescence time of the system. All
other parameters enter the waveform as an amplitude or phase offset.

In equation (4.21), we showed that the log likelihood ratio maximized over

amplitude can be written as

AlMax,4 = %%LII}LT)) (4.26)

Further to this we wish to maximize over the phase offset. To do this we rewrite

h in terms of two components
h(’l‘) = ho(T) COSs q’o + hW/Q(T) sin q)o, (427)
where ho(7) and h,/2(7) are given explicitly by

ho(T) = A(M, D,1,0,0,9,9) (f(1))** cos ((7))
_hw/Z(T) = A(My D) L, P, 97 1/), ¢) (f(T))2/3 sin (@(T)) . (428)

The log likelihood can then be written in terms of ho(t) and h,/(t) as

Mg = 1 [(slho) cos ®o + (s|hn/a) sin @]
Max,A ) (holho) )

(4.29)
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where we have made use of hg = iﬁ,,/g. This is identically true when using wave-
forms generated in the frequency domain using the stationary phase approxima-
tion. In this form it is possible to maximize the log likelihood over the phase
offset, ®o. Thus, we obtain the final maximized form of the log likelihood ratio
for a single detector matched-filter CBC search

p* _ [(slho)® + (slhny2)’]

A Max =— = , 4.30
asta20) = 2 (holho) (430

where we have defined p to be the maximized, matched-filter, single detector
SNR. We note that as A and ¥, have been maximized over, the statistic will only
depend on the masses and coalescence time. It will have no dependence on the
other “extrinsic” parameters.

To calculate p at all times an inverse fourier transform on the matched-filter
is utilized [78]

(slh)(te) = / ) —S(f;[f((}f)f ey, (4.31)

where t. is the coalescence time of the signal. This quantity will be complex; if hg
is used as the template waveform then the real component will give (s|ho)(t.), the
imaginary component will give (s|hx/2)(t.). Fourier transforms can be computed
efficienctly using the FEFTW algorithm [89]. For the low mass ihope searches ho is
calculated directly in the frequency domain using the “Taylor F2” waveforms as
described in section 3.6.

Equation (4.30) gives the maximized SNR that can be calculated at all times
in the segment being analysed using equation (4.31). It is easy to show that the
expected distribution of p? in Gaussian noise will follow a x?2 distribution with two
degrees of freedom. Triggers are retained only where the SNR at that point in time
is larger than 5.5 and is the largest SNR within a small time interval. This value is
chosen empirically such that the number of triggers in the pipeline is limited to a
manageable level. The value of 5.5 may initially seem rather large; the probability
for a x? distributed statistic with 2 degrees of freedom to give a value larger than
(5.5)% is 2.7 x 10~7. However, consider that there may be approximately 1000
independent trials at any point in time due to the range of masses being covered
and an independent trial at least every 0.1 seconds in time. We would therefore
expect to see such events in even a few hundred seconds of data. It is not at all
surprising to see a large number of p > 5.5 events in a year of observing time in
Gaussian noise.

The distribution of triggers obtained by filtering 1 month of S5 data in the H1,
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H2 and L1 detectors is shown in Figure 4.3. As can be seen on the figure there
are a huge number of triggers, including a large number which have been found
with an SNR of at least 100. Clearly this is not the distribution of triggers that
would be expected from Gaussian noise. This illustrates that a single detector
search, using only SNR to rank triggers, would have no realistic hope of detecting
a gravitational wave. Much of what follows is focused on separating these noise

transient triggers from gravitational wave signals.

4.2.5 Determining Coincidence

The next stage of the pipeline is to perform coincidence tests between the triggers
that are produced for each of the detectors. Any trigger is discarded that is not
seen in “coincidence” in at least two detectors. To be coincident, triggers must
have occured at the same time and with similar masses.

The exact definition of coincidence, which is used in the most recent CBC
searches in LIGO and Virgo data, is given in [90]. This uses a similar approach
to that of template placement to define a “distance” between two triggers in two
different detectors. This distance, calculated using the parameter space metric
given in equation (4.23) is known as the “ethinca distance”. Triggers are only
considered to be coincident if their ethinca distance is less than a preset threshold.
The threshold is empirically set at 0.5 by investigating the distribution of the
ethinca distance that simulated signals are recovered with; as we demonstrate in
Figure 4.4.

In Figure 4.3 we show the distribution of single detector events after this co-
incidence cut is applied. We can see from comparing the first two rows of Figure
4.3 that the coincidence cut has reduced the number of triggers, but that some of
the loudest triggers are still present after the coincidence test has been applied.

It is clear that a large number of noise triggers pass the coincidence test.

4.2.6 Second stage matched-filter

The “standard” x? test (often just x? test) [80], which we describe in detail in
section 5.3, tests whether a potential trigger has the expected power in a number
of different frequency bins. It is one of the most effective methods for separating
non-Gaussian noise transients from gravitational wave signals. Unfortunately it
is also very expensive to calculate; a matched-filter must be calculated for every
frequency bin used in the x? test. In the low mass search this is 16 frequency bins.
Thus, it is desirable to only calculate the x? test when necessary. A two stage
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pipeline is therefore utilized. In the first stage, matched-filtering is performed
and coincidences determined without calculating the x? test. A reduced template
bank or “triggered bank” is then created for each block of data, containing only the
templates that formed a coincidence within that block. The matched-filtering and
coincidence is then performed a second time using the triggered bank. However
this time the x? test is calculated for every trigger at this second stage. We discuss
how the x? test is used to separate noise events from real signals in section 4.2.8.

4.2.7 Detector characterization

To reduce the number of triggers due to non-Gaussian noise in the analyses, it is
useful to try to identify times during which noise transients are likely to occur.
These glitches are normally caused by one of two reasons. Firstly there might
be a problem with the operation of the detector that produces noise transients.
For example the H1 and H2 detectors share the same beam tube. If one of these
detectors is “down” and not taking science data the process of returning it to
taking science data can affect the operation of the second detector. The second
reason is that there might be some environmental feature that produces glitches in
the detector data. For example seismic activity is known to couple to transverse
motion in the mirrors and can produce transient noise events.

For these reasons the detectors are continually monitored by a host of sensors,
which monitor the internal and external conditions. A lot of effort within the
LIGO and Virgo collaborations is spent in trying to identify data that is likely to
contain glitches and identifying, and if possible removing, the internal or external
cause. For more details of these activities see [91, 92, 93, 94, 95, 96].

To consider this from the point of view of the data analyst it is sufficient to
know whether the data should be analysed or not. The end product of the detector
characterisation process is to assign all data a data quality category. Analyses for

CBC signals treat these data quality categories in the following way?

e Category 1: Data marked as category 1 indicates that the detector is not
operating correctly. This data are not used for any part of the analysis.
The analysis blocks discussed earlier contain no category 1 data as it would
corrupt any estimate of the noise PSD. An example of a category 1 flag
might be if the data is unable to be calibrated and h(t) is not available.

2Note that there is also a category 4, but for CBC searches this category is only used when
following up interesting triggers. In the ihope pipeline category 4 data is treated equally to data
with no category.
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e Category 2: Data marked as category 2 indicates that some mechanism
known to have a strong correlation with glitches was active at the time this
data was taken. The analysis blocks can contain data marked as category 2,
as it can be used to estimate a PSD. However, any trigger occuring during
time marked as category 2 is discarded. This is referred to as “vetoing” a
trigger3. An example of a category 2 flag is when a hardware injection is

being made into the data.

e Category 3: Data marked as category 3 indicates that some mechanism
known to have some correlation with noise transients was active at the time
this data was taken. Category 3 data is analysed and false alarm rates are
calculated for coincident triggers occuring during category 3 data. Category
3 data is, however, discarded when calculating upper limits. An example of
a category 3 flag might be that there is elevated seismic noise at the time
the data is taken..

e No category: Data that does not have a category assigned to it indicates that
there is no understood environmental or internal cause of noise transients

active at that time. This data is analysed normally.

Results obtained from category 3 data and “good” data are treated separately.
We will discuss how these separate results are dealt with in 4.2.9.

To ensure that the detector characterization efforts would not lead to gravita-
tional wave signals being vetoed more than would be expected by random chance
we use hardware injections (see section 4.2.10 for details). These hardware in-
jections simulate the response of the detector to a gravitational wave signal. The
“safety” of detector characterization is assessed by ensuring that the percentage of
these hardware injections vetoed by data quality is consistent with the percentage
of the total data vetoed.

As an example of the amount of analysis time that is lost to data quality
vetoes, we can consider the case of the third month in the analysis in [2]. For this
month, there is approximately 1.2 million seconds of data that is coincident in
at least two detectors after category 1 times have been removed. After category
2 and category 3 times are removed the figure is reduced to approximately 1
million seconds, though the majority of the lost time is category 3 time and is still
analysed.

3Triggers can also be vetoed by signal consistency tests as we explore in section 4.2.8.
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4.2.8 Effective SNR and signal-based vetoes

The next stage in the pipeline is to apply signal consistency tests. Any trigger that
does not have the expected characteristics of a CBC signal should be discarded.
Currently the most powerful test for doing this is the x? test, which we derive and
explore in section 5.3. An SNR consistency test can also be utilized if a signal is
seen in coincidence between the H1 and H2 detectors.

In this subsection we begin by describing how the x? and SNR consistency
tests are used to discard triggers that do not have the characteristics of a CBC
signal. We then describe how triggers are ranked using a combination of SNR and
the x? and explain how this “effective SNR” is defined.

Vetoing triggers with x?

The value of the x? combined with the SNR is used to rank triggers, thus down-
weighting high SNR triggers with poor x%, as we will describe. Additionally,
triggers are vetoed based on the x? values around the time of the trigger. The “r?
veto duration” is the duration in which the x? is above 15 per degree of freedom
within 6s of the trigger. The value of 6s for the time window of has been chosen
empirically [97].

The cut on this is illustrated in Figure 4.5. Below an SNR of 12, triggers are
discarded if they have a r? veto duration longer than 0.002s; above this the cut is
dependent on SNR as demonstrated in the figure. There is a big discontinuity in
this cut at SNR 12, but no triggers that are vetoed would be potential detection

candidates. This values are also chosen empirically, as described in [97].

The H1, H2 SNR consistency cut

For events seen in coincidence between the H1 and H2 detectors a SNR consistency
test is applied. These two detectors have aligned arms, as they share the same
vacuum tubes, therefore the ratio of SNRs seen in H1 and H2 should be equal
to the relative sensitivity of the detectors. As can be seen in Figure 4.1, the H1
detector is normally twice as sensitive as H2 so one would normally expect a signal
to be observed in H1 with twice the SNR as the same signal seen in H2.
Formally the SNR consistency cut can be expressed in terms of “effective dis-
tance”. For a single detector trigger the amplitude and phase are maximized over.
The orientation angles, source sky location and the distance which form the am-
plitude parameter cannot be separated. Instead an “effective distance” can be

determined, this is defined as the distance at which an optimally oriented and lo-
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