CARDIFF

UNIVERSITY

PRIFYSGOL

CARDY®

BINDING SERVICES

Tel +44 (0)29 2087 4949
Fax +44 (0)29 20371921
e-mail bindery@cardiff.ac.uk


mailto:bindery@cardiff.ac.uk




Numerical Simulation of Cracking using Embedded Surfaces

in a Three Dimensional Constitutive Model for Concrete

Siew Chang Hee

B.Eng. (Hons), M.Sc.

Thesis submitted to the University of Wales in candidature

for the degree of Doctor of Philosophy

February 2006

School of Engineering

University of Wales, Cardiff



UMI Number: U585546

All rights reserved

INFORMATION TO ALL USERS
The quality of this reproduction is dependent upon the quality of the copy submitted.

In the unlikely event that the author did not send a complete manuscript
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.

Dissertation Publishing

UMI U585546
Published by ProQuest LLC 2013. Copyright in the Dissertation held by the Author.
Microform Edition © ProQuest LLC.
All rights reserved. This work is protected against
unauthorized copying under Title 17, United States Code.

ProQuest LLC
789 East Eisenhower Parkway
P.O. Box 1346
Ann Arbor, Ml 48106-1346



Abstract

This thesis presents three new three-dimensional constitutive models for cementitious
materials. All three models use embedded damage planes and adopt the theory of contact
mechanics to describe the characteristic behaviour of cracks formed in concrete and other

cementitious materials.

The first of these is a smooth frictional contact model which incorporates a simplified
Mohr-Coulomb yield surface to capture plastic slip planes in concrete. The aim of the
model is to accurately represent the behaviour of smooth construction joints in large
concrete structures. The second proposed model is the dual-surface contact model. The
model employs two contact surfaces, each of which nominally represents a different

component of concrete composite, i.e. coarse aggregate particles and mortar.

The third model is the ‘embedded planes with local plasticity contact’ model (EPLPC).
The model adopts a yield surface, which is similar to the damage surface in strain space,
to capture plastic embedment on crack surfaces. This model, as with the dual-surface
contact model, is developed to simulate crack opening-closing, as well as the behaviour
of aggregate interlock. The models are integrated with a hardening/softening frictional
plasticity component that uses a smoothed triaxial plastic yield surface developed from

that used by Lubliner ez al. (1989).

Each of the proposed models is implemented with a consistent tangent stiffness operator
and return mapping algorithm, similar to that of the Closest Point Projection algorithm.
The models are coded in Fortran77 and implemented in a constitutive driver program, and

also a finite element software package LUSAS.

The models are assessed using a series of stress/strain paths at the constitutive level, and
also validated against a range of experimental data. These include data from uniaxial and
multiaxial compressive tests, uniaxial tensile tests with and without unloading-reloading

cycles, and also tests in which shear load is applied on open cracks.
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Chapter One Introduction

Chapter One

Introduction

1.1 Cracking — Effect and modelling

Cracks are always present within concrete structures, even at early age before the
application of any mechanical load. Although they are often just microcracks, they grow
stably under external loading, coalesce with other microcracks and eventually form large
macrocracks which can lead to complete loss of structural strength. The modelling of
crack initiation and propagation is one of the most essential aspects in the failure analysis

of concrete structures.

Many constitutive formulations for concrete cracking have been established over the
years. The theory of plasticity and continuum damage mechanics are the most commonly
used by researchers to describe the compressive and tensile behaviour of concrete. Other
more powerful models include those of plastic-damage and microplane models. The way

in which these models capture the behaviour of cracks differ from one another.
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Chapter One Introduction

One of the important characteristics governing the behaviour of cracked concrete is
aggregate interlock, which according to experimental evidence, can provide a significant
contribution to the total shear resistance of concrete beams. Also, when cracked concrete
is subjected to cyclic loads, the ability of numerical models to simulate crack opening and
closing is important. Constitutive crack models should be able to simulate the above
behavioural characteristics, and include the gradual reduction of material stiffness on

unloading, and the regaining of stiffness when crack faces regain contact.

The work described in this thesis employs the theories of plasticity, damage mechanics
and contact mechanics in order to develop a comprehensive constitutive model suitable
for the simulation of cracked concrete. The plastic-damage-contact model (Craft) by
Jefferson (2003a, b) was used as a basis for the construction of the constitutive model.
The Craft model has a fairly basic damage-contact component, which is used to describe
the behavioural characteristics of cracks in concrete. Hence, the work presented in this

thesis is dedicated to the improvement of the local embedded plane model.

1.2 Study objectives

The primary objective of the current study was to develop different and improved

interface models that can be coupled into the plastic-damage-contact framework. This

was fulfilled with the development of three different contact models as follows
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Chapter One Introduction

o Dual-surface contact model
. Smooth frictional contact model

*  Embedded planes with local plasticity contact model

Each of the above can be further subdivided into a series of steps required to realise their

development

*  Develop governing equations

*  Derive the return mapping algorithm and consistent tangent stiffness operator

*  Verify the consistent algorithm via a Mathcad implementation

* Develop a computer code in Fortran77 to numerically implement the proposed
theoretical models in both a constitutive driver program and a finite element
program

*  Verify that both the dual contact and embedded planes with plasticity contact model
correctly predict the behaviour of cracked concrete when compared to standard tests
for compressive, tensile and combined loading paths

*  Verify that the smooth frictional contact model correctly predicts the behaviour of

construction joints for compressive, tensile and combined loading paths

1.3 Summary of contents

Chapter two presents a brief review on the behaviour of concrete and also a review on

published literature relating to experimental investigation on the behaviour of aggregate
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Chapter One Introduction

interlock on cracked concrete. Attention then turns to published literature on the various
constitutive models available for modelling concrete. Emphasis here is placed on the four
main types of model that are currently the subject of extensive research. This is followed

by the various approaches used to model cracking.

Chapter three outlines the fundamental theories which form the basis of the theories used
to develop the models in this study. A brief description of the derivation of the tangent

stiffness matrix and stress recovery algorithm is given.

Chapter four details the theoretical formulation of the plastic-damage-contact model,
which is used as a basis of the contact models developed in this study. Detailed
descriptions of the local damage-contact component and plasticity component of the
model are presented. The stress recovery algorithm and derivation of the consistent

tangent matrix are documented.

Chapter five presents the theoretical formulation of the proposed dual-surface contact
model. The decomposition of local stress in the damaged component is explored. The
way in which the contact model parameters are obtained is discussed. Full derivations of
the consistent tangent matrix and stress recovery algorithm are given. The
implementation of the constitutive model is verified by comparisons with previously

published data.
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Chapter One Introduction

Chapter six concerns the theoretical formulation of the proposed smooth frictional
contact model. The introduction of the local slip function is discussed. Full derivations of
the consistent tangent operator and return mapping algorithm are presented. The
numerical implementation of the theoretical formulation using Mathcad is fully
documented. The implementation of the proposed model is verified using a variety of

loading paths.

Chapter seven details the theoretical formulation of the proposed ‘embedded planes with
local plasticity contact” model (EPLPC). The inclusion of the local plasticity function is
discussed, and modification to the softening function is suggested. Complete derivations
of the consistent tangent stiffness matrix and return mapping algorithm are documented,
followed by the verification procedure of the consistent algorithm. The implementation
of the model is verified by comparisons with previously published results, using a variety

of loading paths. Predictions made using the proposed model are discussed.

Chapter eight summarises the conclusions given for each of the proposed model. The

overall conclusions of the work are discussed and further research is suggested.
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Chapter Two Literature Review

Chapter Two

Literature Review

2.1 Introduction

A vast number of numerical models for concrete have been developed over the last 30
years. These developments have been accompanied by the various experiments carried
out which provide better insight into the complexity of concrete behaviour. Under
uniaxial compression, concrete exhibits considerable ductility and non-linearity prior to
reaching its peak stress, whereas in tension, the behaviour is far more brittle. Upon
reaching its compressive limit, concrete losses strength in all directions. In contrast, under
tensile loading, strength degradation is confined to the direction normal to the crack plane
(Jefferson 1989). In biaxial compression, experimental evidence has shown that the
maximum strength of concrete increases by up to 125% of the uniaxial strength (Kupfer
et al. 1969). In triaxial compression tests, the strength and ductility of concrete has also
been found to increase significantly under high confinement (Li and Ansari 1999; Sfer et

al. 2002).
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Chapter Two Literature Review

Under uniaxial loading, concrete generally exhibits linearly elastic behaviour as long as
the uniaxial compressive stress does not exceed 45-50% of the peak compressive
strength /. of the material, and it exhibits nonlinear strain-hardening behaviour when the
compressive stress varies between 0.5, and f,. Concrete demonstrates a strain-softening

behaviour after its peak strength £, has been reached.

On the other hand, concrete has a much lower strength in tension. The material behaves
almost entirely elastically up until 70% of the peak tensile strength f;, after which
nonlinearity takes place and strain softening occurs. In the post-peak regime, microcracks
are developed in an area known as the fracture process zone (Karihaloo 1995), which
results in a continual decrease of the strength of concrete together with an increase in
deformation. These microcracks eventually bridge and coalesce into macrocracks. At this

point, the presence of major cracks jeopardises the integrity of the material.

This chapter gives a review of the type of existing concrete models that are present in
today’s software packages. The first section presents literature relating to experimental
investigations undertaken on concrete specimens. This is followed by outlines of the
various constitutive models that have been developed over the years to describe the
behaviour of concrete material. The last section presents descriptions of the different

approaches available to simulate cracks in concrete.
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Chapter Two Literature Review

2.2 Crack opening-closing and aggregate interlock

When a crack is formed within a concrete material, the crack surfaces are generally rough
and irregular. This is largely due to the coarse aggregate particles, which remain
embedded in one or the other of the crack faces, as shown in Figure 2.1. Parallel
movement between these faces along the crack plane causes projecting particles from one
face of the crack to come into contact with the matrix of the other face. Shear forces can
be transmitted across the crack interface subjected to simultaneous shear and normal
compression. This phenomenon is known as aggregate interlock (also termed interface

shear).

Figure 2.1. Irregular crack surface

When shear is applied to an initially cracked surface, relative slip (shear displacement)
between the faces is accompanied by the separation of the surfaces (dilation) owing to
rough asperities of aggregate and mortar tips projecting across the sliding path. In cases

where reinforcement is present across the crack, the separation of the surfaces generates
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Chapter Two Literature Review

tensile stress in the reinforcement (Ali and White 1999). For equilibrium, elongation of
the reinforcement produces compression forces on the interface. Thus, shear is
transferred across the crack by the action of aggregate interlock, as well as by friction due
to asperities of the aggregates and the surrounding matrix. For the case of reinforced
material, dowel action of reinforcement crossing the crack surface also contributes to the

shear transfer mechanism (Ali and White 1999).

Aggregate interlock has been found to provide a significant contribution to the total shear
resistance of concrete beams (Fenwick and Paulay 1968). A number of authors have
studied the resistance to shear displacement of concrete interfaces in various ways.
However, hardly any attention has been given to the phenomenon of wedging action
which provides the link between normal and shear stresses, on the one hand and crack
opening and shear displacement on the other hand. As far as the mechanism of shear
transfer across cracks is concerned, it cannot be simply described using merely a
relationship between shear stress and shear displacement. A more realistic description of
the mechanism would have to include not only shear stress and shear displacement, but

also normal stress and crack opening (Divakar et al. 1987).

The results obtained from experiments with concrete specimens subjected to
normal-shear loading provide evidence that there is a gradual build up of shear and
compressive stresses, up to a certain limit and then plateau or reduce, when a crack is first
opened in tension and subsequently sheared (Hassanzadeh 1991; Nooru-Mohamed 1992).

However, the level of stresses decreases with increasing crack opening, up to some limit,
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after which no further contact can be regained in shear (Walraven and Reinhardt 1981).

When a material is subjected to alternated loads, the effects of crack closure are of
importance. During load cycles, microcracks close progressively and the material
stiffness increases while the degree of damage remains unchanged. The real
unloading-reloading response of a cracked concrete is highly non-linear, and is neither
the elastic response of plasticity nor the secant response of damage theory. Results
obtained from experiments with concrete specimen subjected to pure tension show that
the slopes of unloading curves vary continuously between secant and almost initial
stiffness, and intersect the zero-stress axis with considerable residual opening. Under
normal-shear loading condition, the unloading stiffness gets closer to the initial stiffness

due to a higher degree of contact between the crack faces.

The simulation of these phenomena is one of the main topics of this thesis. The following

presents a review of current existing numerical models for concrete that can be found in

the literature.

2.3 Constitutive models for concrete

2.3.1 Damage models

The application of continuum damage mechanics theory to concrete dates from the late

1970s. The concept of effective stress was originated by Kachanov (1980) to describe the
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rupture process of metals. The theory is based on the thermodynamics of irreversible
process. The underlying assumption of the theory is that the constitutive properties of the
fracturing materials depend upon a damage variable, which can be a scalar, vectorial or

tensorial quantity.

Isotropic damage models have been widely used because of their simplicity, numerical
implementation and parameter identification (Burlion et al. 2000). Among the various
scalar damage models that have been developed over the years are those of Simo and Ju
(1987), Ju (1989) and Oliver et al. (1990). The use of a scalar damage variable implies

that the material is assumed to be isotropic, i.e. independent of the crack orientation.

From experimental observations, it has been confirmed that damage is in fact not
1sotropic but has preferential directions. The initially assumed isotropic material becomes
gradually anisotropic. Fichant ef al. (1999) undertook a comparative study to assess the
limitation of scalar damage models in describing the response of concrete subjected to
different loading conditions. They found out that the scalar model is capable of predicting
failure mainly due to uniaxial tension. For multi-axial tension problems, a damage model

that accounts for damage-induced anisotropy in concrete is preferable.

A number of anisotropic damage models have been developed for quasi-brittle materials.
These models differ from one another mainly in the order of the damage tensors
employed to describe the progressive deterioration of the material, for example,

Krajcinovic and Fonseka (1981) used damage vectors, Mazars and Pijaudier-Cabot
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(1989) used a second-order tensor and Carol et al. (1994), Ortiz (1985) and Yazdani and

Schreyer (1990) employed a fourth-order tensor.

The development of microcracks causes progressive degradation of the elastic stiffness.
Under cycling loading, microcracks which have initially opened may close during load
reversal. This causes restoration of the material rigidity, known as the unilateral effect.
This directional phenomenon can be observed in a beam subjected to cycling loading.
Several numerical models, in the context of isotropic and anisotropic damage, have been
established with the incorporation of the effect of microcrack closure (Brencich and

Gambarotta 2001; Dragon et al. 2000; Ju 1989; Thionnet and Renard 1999).

Separate damage criteria have been employed to capture the different responses of
concrete under tension and compression (Comi and Perego 2001; Mazars and
Pijaudier-Cabot 1989). For example, in Comi and Perego (2001), the two damage criteria

used to model tensile and compressive behaviour, respectively, are expressed as follows

yi(6)=Jy —a,0\? +b,h (D), —(1-aD,)k,h,(D,)? @2.1)

v5(0)=Jy +ad\? +b.h (DI, —k.h . (D,) (2.2)

in which /; is the first invariant of the stress tensor and J, is the second invariant of the
deviator stress. a;, b;, k; (i =t or ¢) and o are non-negative model parameters

determined based on the experimental failure envelope and properties of the material. A,
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and h,_ are isotropic hardening-softening functions to control the evolution of the two
failure surfaces. D, and D, are the compressive and tensile damage variable
respectively. In equation (2.1), the presence of the term D, in the tensile damage

function is to take into account the effect of compressive damage on the tensile strength

of the material.

The concept of positive and negative projections of stress and strain tensors has also been
adopted by several researchers (Ortiz 1985; Simo and Ju 1987; Hansen and Schreyer
1995). Mazars and Pijaudier-Cabot (1989) developed a composite damage surface which
was expressed as a double criterion using two thermodynamic forces associated with the

tensile and compressive damage variables, as follows

va=Y.-K.(D,) (2.3)
va =Y, -K,(D,) (2.4)
where

_ a‘// _ 1 T 4 _ +
Y = oD, = 2E( —D,)2 [(l +v)(o® ¢7) v[(tro') ]2]

_ Oy 1 T -
Y. = aD, = 2E (- Dc)z [(l +v)(e™ o) v[(tro') ]2]

2-8



Chapter Two Literature Review

= ! [(1+v)(a*ra+)-v[(tra)+}2]+

1
_E{E(I-D,)

E—(l_—l_l—)_S[(l (e 67) - v[(tra)']z]}

E and v are Young’s modulus and Poisson’s ratio respectively, and y denotes the
thermodynamic potential energy. K, and K, are two separate hardening-softening

functions for tension and compression, respectively.

In the model developed by Ortiz (1985), concrete is treated as a composite material, in
which both mortar and aggregate are modelled separately. The resulting governing
equations for the two-phase material are derived using the theory of mixtures, with the
assumptions that the total stresses are the sum of a scalar multiple of the stresses in each
of the two phases. Ortiz (1985) employed a rate-independent damage model to describe
the behaviour of the mortar phase. In contrast to most of the available damage models in
the literature, the model uses the elastic compliances as the damage variables. The
damage surface, as shown in Figure 2.2, uses the sum of the square of the positive and

negative principal stresses.
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Figure 2.2. Damage surface in Ortiz’s composite damage model

The square of the negative compressive stresses is multiplied by a constant, which is
considerably less than unity. The softening law is an expression that matches the uniaxial
tensile softening curve of concrete. The mortar damage model also allows for some
plastic deformation by the use of the assumption that a proportion of the inelastic strain
increments are plastic. As for the plasticity model, Ortiz (1985) utilised the standard
Drucker-Prager yield function with a non-associated flow rule to model the aggregate
phase. The plastic potential function is also a Drucker-Prager surface. but it has a

different slope from that of the yield function.

In contrast to the basic approach by Ortiz (1985), which was a stress-based formulation,
Stevens and Liu (1992) refined the model to simulate concrete inelasticity using a
strain-based formulation. The original model by Ortiz has been further developed by

several researchers to capture the response of brittle solids under proportional and
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non-proportional load paths (Karnawat and Yazdani 2001), and to model softening and

localisation phenomena (Schreyer and Neilsen 1996).

Labadi and Hannachi (2005) developed a damage surface similar to the yield function in
the conventional theory of plasticity. The loading function was defined in the strain space

and depends on the equivalent strain £ and damage parameter as follows

1+re(L—l)
f=f-K= +1f%£TJs—K (2.5)
f

where

J is a fourth-order symmetrical tensor and K is the softening function. The equivalent
strain was defined, taking into account the asymmetric behaviour of concrete in tension

and compression.
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Tao and Phillips (2005) presented a simplified isotropic damage model capable of
simulating concrete under biaxial stress states. Two damage variables were employed to
capture the different damage criteria under tension and compression. A weighted damage
variable was also introduced to prevent conflict occurring when both tensile and
compressive damage are activated under biaxial or reverse cyclic loading. Under uniaxial
loading, damage is solely governed by the associated damage parameter, whereas under
biaxial loading, both tensile and compressive damage parameters contribute to the

induced damage.

It has been acknowledged that care has to be taken when generating damage functions for
quasi-brittle materials. Yazdani et al. (2002) reported that an apparent snapback was
observed in the post-peak regime of a uniaxial loading path. This is due to an internal
contradiction developed in the damage model itself, in which snapback is predicted even
though the theory was not structured to model this behaviour. Cope et al. (2005) proved
that by establishing a set of functions with certain characteristics, the formulation could

lead to the construction of a well behaved response in the stress-strain space.

2.3.2 Plasticity models

The largest group of continuum models, for the simulation of concrete, is the group based
on the theory of plasticity. Constitutive models that are based on conventional plasticity
always require an elastic constitutive relationship, the assumption of total strain

decomposition, the definition of a yield surface with an evolution rule, and a flow rule.
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There have been a number of yield surfaces developed over the years. These surfaces
differ from one another by the shape of the yield envelope in principal stress space and by
the number of model parameters employed to define the yield function. The Von Mises
and Tresca criteria are examples of one-parameter yield surfaces, while the
Mohr-Coulomb and Drucker-Prager criteria form the basis of two-parameter plasticity
models. Among the various yield surfaces, the Drucker-Prager yield criterion, in
particular, has been employed and modified by a number of researchers for the
constitutive modelling of concrete (Addessi ef al. 2002; Feenstra and de Borst 1996;
Kang and Willam 1999; Salari et al. 2004; Willam and Warnke 1974). Figure 2.3 shows a

comparison of yield surfaces for plain concrete.

The complex behaviour of concrete under multiaxial load has led to the development of
biaxial and triaxial models using the theory of plasticity. Among the various biaxial
models developed, Chen and Chen (1975) presented a yield surface which is used to
capture both the compressive and tensile behaviour of concrete. The biaxial envelope, as
indicated in Figure 2.4, consists of corners at the compression-compression and
compression-tension boundaries, which leads to numerical instabilities (de Borst 1987).
In addition, the use of plasticity theory to describe the tensile behaviour of concrete has
been found inappropriate since concrete in uniaxial and biaxial tension remains almost
purely elastic up to its fracture limit and does not maintain its original stiffness upon

unloading after the limit, as predicted by the theory of plasticity.
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Figure 2.3. Comparison of yield surfaces for plain concrete; (i) meridian section, (ii)
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Figure 2.4. Chen and Chen yield surface in biaxial principal stress space

Buyukozturk (1977) presented a smooth continuous yield envelope which provides a
good fit to biaxial test data in the compression-compression region. However, the yield
surface is incapable of capturing the behaviour of concrete in the compression-tension
region. Concrete is assumed to behave linearly elastic in the tension-tension region up to
its tensile limit, after which cracking is assumed to occur. Yielding in the
compression-tension region will result in a discontinuity between the

compression-tension and tension-tension regions.

In the 1980s, more attempts were made in the development of plasticity models to
simulate the complex triaxial behaviour of concrete. These included the work by Hsieh ez
al. (1982) in which a four parameter yield surface, similar to that of Ottosen (1979), was
employed to capture the characteristic behaviour of concrete. The model uses a fracture

surface to limit the tensile strength, as well as introducing a crushing coefficient to control
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the amount of cracking and crushing. The addition of the coefficient which relates to the
amount of crushing helps to alleviate the difficulties presented due to the inclusion of a

fracturing criterion into a plasticity model.

Este and Willam (1994) developed a plasticity model named the Extended Leon Model
(ELM), which 1s characterised by an elliptic loading surface in the deviatoric plane. The
model utilises an elliptic function r(6), similar to that used by William and Wamnke
(1974), in which an eccentricity parameter e was introduced to generate a continuous

failure surface, as shown in Figure 2.5.

4(1—e?)cos? 0+ (2e-1)?
2(1—e?)cosO + (2e - 1)\/4(1 —e?)cos’ 0+ Se? —4e

r(6,e) = (2.6)

In the ELM model, an isotropic hardening rule was used to describe the inelastic
behaviour of concrete in the pre-peak regime. The model employs a non-associated
plastic flow rule to control the inelastic dilatant behaviour of concrete. The performance
of the model had been assessed by means of numerical analyses of concrete specimens
subjected to mixed-mode loading. The model was found to provide good prediction of

crack patterns (Pivonka et al. 2004).
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Figure 2.5. Elliptic function

Feenstra and de Borst (1996) developed a composite yield function for the numerical
analysis of concrete structures, either plain or reinforced, which are predominantly in
tension compression biaxial stress states. The model uses a Rankine (principal stress)
yield criterion to limit the in-plane tensile stresses and a Drucker-Prager yield contour for
the compressive-compressive regime in biaxial stress. The composite yield contour

closely matches the classical Kupfer and Gerstle (1973) data.

The plasticity-based approach has experienced difficulties in modelling stiffness
degradation due to progressive damage. However, it has been shown from experimental
evidence that stiffness degradation due to tensile cracking is excessive only when tensile
cracking has fully developed (Wiliam ef al. 1987; Hordijk 1991). Stiffness degradation

due to compressive loading is even less pronounced than stiffness degradation due to
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tensile loading.

Menétrey and Willam (1995) developed a three-parameter concrete failure criteria that is
based on the model originally proposed by Hoek and Brown (1980) for the analysis of
rock masses. The strength envelope was formulated in terms of three independent stress

invariants i.e. the hydrostatic stress invariant £, the deviatoric stress invariant p, and the

deviatoric polar angle 8. These are also known as the Haigh-Westergaard coordinates, as
geometrically interpreted in Figure 2.6, and are related to the three stress invariants i.e.

I,, J, and J;, as follows

£ = T , P =+2J, and cos3f = P 2.7

The failure criterion has a smooth and convex surface in stress space, in addition to
parabolic meridians which intersect the hydrostatic axis at the point of equitriaxial
tension. The deviatoric section changes from triangular shapes at low confinement to
almost circular shapes at high confinement. The failure function was derived such that it
can be generalised to incorporate other strength criteria, for instance the Huber-Mises,
Drucker-Prager, Rankine, and Mohr-Coulomb criteria. An elliptic function after William
and Wamke (1974) was adopted to counter for the presence of sharp comners in the

deviatoric plane.
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Figure 2.6. Haigh-Westergaard stress space

Imran and Pantazopoulou (2001) developed a constitutive model for concrete based on
non-associative, non-linear strain hardening plasticity theory. Volumetric strain was used
as the state variable, which provides measurement of the extent and intensity of damage
in the material. It is possible to determine the degree of stiffness and strength degradation
as well as the ductility for any stress state. In contrast to most conventional plasticity
models, the failure envelope used in this model is allowed to expand (hardening) or
contract (softening) with respect to the deformation of plastic strains. This is due to the
failure being controlled by a continuous damage-drive process rather than a distinct

event.

Grassl et al. (2002) developed a hardening law and combined it with a three-parameter

yield surface developed by Menétrey and Willam (1995), as depicted in Figure 2.7, to
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describe the behaviour of plain concrete in triaxial compression. The hardening law
differs from those in other plasticity theories by using the volumetric component of the
plastic strain increment as the hardening parameter. The overall formulation is simplified

and can be easily implemented by means of an implicit backward-Euler algorithm.

tensile meridian

compressive meridian

PH
0
3.5
2.5
0.5
1 0 q -2 B

Figure 2.7. Deviatoric and meridian sections ofthe yield surface by Grassl et al. (2002)
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More recently, Park and Kim (2005) developed a plasticity model that uses three
independent failure surfaces to simulate more accurately the behavioural characteristics
of concrete in various stress states. These failure surfaces correspond to the three
orthogonal stress components, which are the volumetric and deviatoric stress components
respectively. The idea behind the development of the model is merely based on the
success of the microplane model, which suggests that independent stress-strain
relationships should be applied to the decomposed volumetric, deviatoric, and tangent
components. The model also accounts for dilatancy due to compressive damage by

adopting a non-associative flow rule.

2.3.3 Plastic-damage models

The progressive formation of microcracks under load is difficult to model by classical
plasticity, in particular the gradual degradation of material stiffness. This behaviour can
be captured using the theory of continuum damage mechanics. Nevertheless, the theory
by itself is incapable of simulating the effect of dilatancy for concrete under multiaxial
loading. This phenomenon, on the other hand, can be described well by the theory of
plasticity. Plastic flow simulates permanent deformation. It does not affect the elastic
properties, nor lead to any strain softening. A number of researchers have explored the
combination of plasticity and continuum damage theories in order to properly model the
constitutive behaviour of concrete in compression or tension (Ekh et al. 2003; Lubliner

1989; Luccioni and Rougier 2005).
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Experimental evidence has shown that concrete exhibits a certain degree of ductility
before failure under compressive loading with confining pressure. This observation is
represented in Figure 2.8. In tensile and low confining pressure regimes, the damage
surface dominates, and brittle behaviour is simulated. As the confining pressure
increases, the behaviour becomes ductile due to the activity of the plasticity surface.
However, the amount of ductility is limited as the stress is prevented from reaching the
plasticity surface by the damage state. As the confining pressure increases further, the
material becomes more ductile with no strain softening. The plasticity surface dominates

and prevents the stress from reaching the damage surface (Yazdani and Schreyer 1990).

Shear Damage surface

Plasticity surface

»

Pressure

Figure 2.8. Representation of plasticity and damage surfaces

One of the plasticity-based damage models is the so-called Barcelona model, developed
by Lubliner er al. (1989). The model employs a fracture energy based scalar damage
variable to represent all damage states. Two other variables, i.e. elastic and plastic

degradation variables, were also introduced to simulate stiffness degradation. These
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variables are coupled with the plastic deformation in the constitutive relations to facilitate
calibration of the parameters with experimental results. The model employs a
Drucker-Prager typed yield criterion, as depicted in Figure 2.9, and a Mohr-Coulomb

plastic potential function for non-associated deformation.

Figure 2.9. Yield envelope in plane stress space by Lubliner ef al. (1989)

Luccioni et al. (1996) adopted the same plasticity model developed by Lubliner et al.
(1989) and employed the concept of effective stress in developing the damage model. The
evolutions of both plastic strains and stiffness degradation were obtained by solving
simultaneous equations formed using the consistency conditions. By relating the
hardening variables to the energy dissipation in each problem, correct energy dissipation

of the whole problem was attained.
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Lee and Fenves (1998) developed a similar plastic-damage model to that of Lubliner et al.
(1989) to characterise the cyclic behaviour of concrete. The model employs the same
concepts of fracture-energy based damage, but with two damage variables to describe the
different damage processes under tensile and compressive loading. The original yield
function used in the Barcelona model was modified by including multiple hardening
variables. In the Barcelona model, the dimensionless constant £, which is used to define
the yield surface, is derived using the initial tensile and compressive strengths of the
material. Lee and Fenves (1998) modified the yield function F, as expressed below, by

redefining S in terms of the current tensile and compressive strengths of the materials,

both of which are a function of the respective damage variables, x, and «_ .

F(a,tc)=1 la [a,,1,+,/3./2 + ﬂ(rc)(d'ma,()]—cc(x) (2.8)
—“%p
where
px) =<1 gy (1 +ay)
- C, (K) ﬂ ﬂ

¢,(x) and c.(x) are the tensile and compressive cohesions respectively. &,.,,, denotes

max

the maximum principal stress and a is a constant parameter. The evolution of the yield

surface is governed by the damage variables, which in turn are functions of the equivalent

plastic strain.
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In the plastic-damage model, the uniaxial strength functions are factored into two parts
corresponding to the effective stress and stiffness degradation. The constitutive relations
for the elastoplastic response are separated from the degradation damage response. The
model also introduces a simple thermodynamically consistent damage model which is
capable of simulating the effect of damage on elastic stiffness and also its recovery during

crack opening and closing.

Yazdani and Schreyer (1990) presented a combined plastic-damage model for plain
concrete. The model was developed within the general framework of the internal variable
theory of thermodynamics. The pressure dependent damage model, with both hardening
and softening features, is capable of simulating both cleavage and compressive cracking
due to the combination of shear sliding and crack opening. The anisotropic damage
model, together with a classical von Mises plasticity model with strain hardening, is able
to describe the characteristics of concrete such as dilation with shear and enhanced
ductility with increased confining pressure. Another advantage of the model is its
suitability for computer implementation. Figure 2.10 shows schematic diagrams of the

combined plastic-damage model.

2-25



Chapter Two Literature Review

~

v

8- .

Elastic domain
6 (¥) <0 a

7
4 /
/
/

2- , Damage suriace

Ve

7

] )\

_—_—_”__//

-2 T T T Y L 1
-2 1] 2 4 6 8 10 12
(a) Yield envelope
Genersalized Limit
Shear damage syrface
/ Plasticity surface
path |
path 2 path 13
e L
Pressure

(b) Plastic-damage surface

Figure 2.10. Combined plastic-damage model by Yazdani and Schreyer (1990)
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Another significant contribution to the development of plastic-damage model can be
found in the work by Meshke et al. (1998). A multi-surface elastoplastic damage model
was developed to simulate plastic deformations as well as stiffness degradation. The
model employs the maximum tensile stress criterion to control cracking. To simulate the
postcracking characteristics of concrete, a hyperbolic softening law was introduced,
which can be easily calibrated to the fracture energy release rate. The model uses a
hardening/softening Drucker-Prager yield surface to capture the behaviour of plain

concrete under mixed tensile-compressive and multiaxial compressive stress states.

Hansen et al. (2001) combined the theories of plasticity and damage mechanics to
develop a multi-surface anisotropic plastic-damage model for plain concrete. A parabolic
extension of the classic two-invariant Drucker-Prager plasticity model was adopted to
capture the degradation of frictional strength of concrete, as well as the dilatation of
materials under shear. The model employs a Rankine-type anisotropic damage model
which was introduced by Carol ef al. (2001). A second-order damage tensor was used to
describe anisotropic damage. The model is capable of modelling stiffness recovery due to

the closing of microcracks.

Shen et al. (2004) presented a fully coupled plastic-damage model to simulate the
history-dependent plastic-damage behaviour of massive structural concrete under
confinement. The model employs a Drucker-Prager yield criterion based on the work by
Menétrey and Willam (1995), with a non-associated plastic flow rule. In this model, the

damage evolution is coupled with the increase of plastic strain. The model is capable of
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simulating accurately both uniaxial tension and compression cases, as well as multiaxial

compression with hydrostatic confinement stresses.
Salari et al. (2004) developed a fully coupled plastic-damage model for concrete, in
which the decrement of the plasticity threshold is associated with the change of a scalar

damage variable. The model controls plastic behaviour using a pressure-dependent

Drucker-Prager yield criterion as follows

F,(6,8,,D) =a,l, ++[J, —(1- D)k (2.9)

in which @, and k are the Drucker-Prager friction and cohesion parameters,

respectively. D denotes the scalar-valued damage parameter. A non-associated flow rule

was employed, which requires a plastic potential function of the form

G(6.8,) = B, + 7, (2.10)

where £, is a dilatation parameter used to control inelastic volume expansion. The

damage loading function used in the model was derived as follows

F,(Y,,D)=Y, —r,(D) @.11)
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in which

¥ =2 Ko(er) +m [*lo(der)

m=m, fore;, >0 and m=m, for &l <0

Y, 1s the volumetric thermodynamic conjugate force for damage. K, and o,, denote the
undamaged bulk modulus of the intact material and mean nominal stress, respectively.

¢, and g” are the volumetric parts of the elastic and plastic strain, respectively and r, is
the energy resistance function. m, and m_ are model parameters, which were introduced

in the damage function to capture the tensile and compressive behaviour of quasi-brittle
materials separately. The use of a single scalar damage indicator hinders the model to be

used for cases where load reversal takes place.

2.3.4 Microplane models

The development of microplane formulations dates back to the year 1938, when Taylor
(1938) came up with a brilliant idea of characterising the constitutive behaviour of
polycrystalline metals by relations between stress-strain vectors acting on planes of
various orientations within the material. Using Taylor’s idea as the starting point, Batdorf
and Budianski (1949) successfully formulated the theory, famously known as the ‘slip
theory of plasticity’ and developed a realistic model for plastic-hardening metals. The slip

theory is based on the assumption that the stress vectors acting on the various slip planes
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in the material are the projection of the macroscopic stress tensor, or in other words,
statically constrained. This constraint creates material instability when a strain-softening
constitutive law is introduced, and thus, lacks of the ability to model damage in

quasi-brittle materials (Bazant 1984).

This led to the emergence of the microplane model, later labelled M1, which was first
devised to describe tensile failure of concrete (Bazant 1984; Bazant and Oh 1985; Bazant
and Gambarova 1984). The microplanes can be interpreted as weak links between
aggregate particles and the cement matrix. The microplane theory differs from the slip
theory in that instead ofthe static constraint, the kinematic constraint is introduced in the
microplane theory. The strain vectors on each plane are now assumed to be the projection
of the macroscopic strain tensor, as shown in Figure 2.11. Despite satisfactory results
predicted in tension and shear, the formulation is incapable of capturing the

volumetric-deviatoric interaction observed under compressive stresses for concrete.

Aggregate Microplane
Microplane

Figure 2.11. Decomposition of macroscopic strain tensor on the microplane
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BazZant and Prat (1988a,b) extended Model M1 to describe the behaviour of postpeak
softening damage in both compression and tension. The model, labelled Model M2,
introduces a volumetric-deviatoric split of the normal stresses and strains on the
microplanes. This allows for the simulation of high inelastic deviatoric strain on the
microplanes parallel to the direction of compression or by slip on inclined microplanes.
However, it was found that the separation of normal strains into the volumetric and
deviatoric parts led to excessively large positive lateral strains being developed in the tail
of softening under unixaxial tensile stress (Jirasek 1993). This is due to the localisation of
tensile strain softening into the volumetric strain, while the deviatoric strains on the strain

softening microplanes undergo unloading.

The microplane model of BaZant and Prat (1988a,b) was further improved by the
inclusion of the non-local continuum concept, which enables the new model to describe
cyclic loading, rate effect, cracking and nonlinear triaxial behaviour (Ozbolt and Bazant,
1992). The non-local continuum concept (Eringen and Edelen, 1972), which will be
discussed later in Section 2.4.2, was introduced in the form of non-local damage
(Pijaudier-Cabot and BaZant 1987; BaZant and Pijaudier-Cabot 1988) to provide a
method for controlling localisation and preventing spurious mesh sensitivity. The concept

also allows for correct modelling of the size effect (BaZant and Lin, 1988).

The concept of stress-strain boundaries was introduced into the microplane level within

the development of model M3 (BaZant et al. 1996a, b). The boundaries and elastic

behaviour are defined as functions of different strain components. This facilitates the
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simultaneous modeling of tensile, compressive and shear softening behaviours of the
material. A strain-independent linear frictional-cohesive yield surface was introduced,
which relates the normal and shear stress components on the microplane. To remedy the
drawback encountered in model M2, an additional softening tensile stress-strain

boundary was employed, which is defined in terms of the total normal strains.

An alternative solution for the pathological behaviour of the microplane M3 model was
introduced by OzZbolt et al. (2001). The improved model preserves the conceptual
simplicity of the model formulation based on the kinematic constraint approach,
however, the kinematic constraint is relaxed at the microplane level. This was achieved
by splitting the microplane strain component into the effective and relaxed part using the

discontinuity function, which is related to the volumetric stress-strain relationship.

Further development on the microplane model has been made, within which a
work-conjugate volumetric-deviatoric split was introduced (BaZant et al. 2000a). The
microplane model M4 also presents strain independent horizontal boundaries for the
normal and deviatoric stresses on the microplanes. These boundaries enable the model to
capture the yield capacity due to the smooth roundness of stress peaks in unconfined
compression and tension. In this model, the linear frictional yield function presented in
model M3 was replaced with a frictional non-linear boundary. This is to remedy the
incorrect prediction of high stresses with very high hydrostatic pressures. The way in
which the material parameters are identified was explored with a new fitting procedure

introduced. A method to control the steepness and tail length of post-peak softening was
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presented along with damage modeling with a reduction of unloading stiffness and
crack-closing boundary. The performance of model M4 was further improved by

developing the model within a thermodynamically consistent framework (Carol et al.

2001; Kuhl ez al. 2001).

Most of the microplane models described so far were developed for small strains, except
for model M3, which has been generalised to finite strain. BaZant et a/. (2000b) modified
the microplane M4 model by introducing the back-rotated Cauchy (true) tensor as the
stress measure. Green’s Lagrangian tensor was introduced due to the strain tensor
conjugate to the back-rotated Cauchy (or Kirchoff) stress tensor being unsuitable because

of its path dependency.

In the latest microplane model MS, Bazant and Caner (2005a,b) employed hybrid
constraints, i.e. static and kinematic constraints, to better simulate the tensile cohesive
fracture by removing the incorrectly predicted excessive lateral contraction or expansion
and stress locking at very large postpeak tensile strains. The kinematic constraint was
used to describe hardening nonlinear triaxial behaviour, and coupled with the static
constraint which is responsible for the simulation of cohesive tensile fracture. A new
iterative algorithm was introduced to facilitate the coupling procedure and thus, overall
convergence properties. The cohesive softening stiffness matrix, which is based on the
fracture energy of concrete and the effective crack spacing, was used as the predictor and
the hardening stiffness matrix as the corrector that returns the current stress point to the

stress-strain boundaries. This method is in contrast to the classical iterative return
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mapping algorithm for hardening elasto-plastic behaviour, in which the roles of predictor

and corrector are interchanged.

2.4 Computational modelling

Tensile failure in heterogeneous materials like concrete involves the initiation of
microcracks, after which the softening processes continue with crack growth, branching
and coalescence into a dominant crack which separates the material. Numerous numerical
tools have been developed to simulate cracking in concrete. The discrete and smeared
crack concepts are traditionally the two most popular methods adopted by researchers to

simulate the behaviour of cracked concrete.

2.4.1 Approaches to modelling cracking

In the discrete crack approach, a crack is introduced as a discontinuity in the geometry of
the structure (Ngo and Scordelis 1967). In this approach, the crack is formed when the
nodal force at the node ahead of the crack tip exceeded a tensile strength criterion. Crack
propagation is simulated by splitting the node into two and assuming the tip of the crack
to propagate to the next node. The procedure is repeated when the tensile strength
criterion is violated at this node. One of the advantages of discrete models is their
applicability to relatively coarse finite element meshes. In addition, discrete models can

reproduce anisotropy that arises naturally in a cracked material.

2-34



Chapter Two Literature Review

However, there are also a few drawbacks which limit their applicability to model
cracking. Among these is the mesh-induced directional bias in crack representation which
1s inevitable if the crack path is not known a priori. Another drawback of the discrete
crack approach is the continuous change in topology during the propagation of cracks.
This process requires the application of intensive remeshing techniques, which are
computationally expensive especially in three-dimensional finite element analysis. The

efficiency of the approach is also greatly reduced in the case of multiple crack situations.

In the smeared crack approach, fracture is represented in a smeared manner, in which an
infinite number of parallel cracks with small opening are distributed over the finite
element. The idea is based on experimental observation, whereby small cracks are formed
within a heterogeneous material, and linked up at the later stage of the loading process to
form dominant cracks. The smeared crack approach is preferable to the discrete as it does
not involve remeshing techniques and continuous change of mesh topology. The
deterioration process of the material is captured using a non-linear constitutive relation
with strain softening. The propagation of cracks in the volume that is attributed to an
integration point is simulated by a deterioration of the stiffness and strength at that
integration point. The weakness of smeared crack models is their proneness to mesh
sensitivities. There exist two types of mesh sensitivities, i.e. mesh sensitivity with respect
to the shape of the finite elements, and mesh sensitivity with respect to the size of the

elements (Petrangeli and OzZbolt 1996).
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Probably the earliest smeared crack model for concrete cracking was by Rashid (1968). In
this approach, a crack is assumed to form when the maximum tensile stress in the element
exceeds a critical value. The constitutive equation is then modified such that the stress
normal to the crack plane becomes zero. This representation of a complete loss of
stiffness at the onset of failure leads to numerical difficulties. The crack model also

exhibits pathological sensitivity to the mesh size.

The inclusion of the shear retention factor improves the capability of fixed smeared crack
models by taking into account the interaction between tensile and shear components of
the tractions. It can be regarded as a representation of some effects of aggregate
interlocking and friction within the crack. Traditional smeared crack models for concrete
fracture suffer from stress locking, i.e. by spurious stress transfer across a widely open
crack. For fixed crack models with a nonzero retention factor, locking is mainly due to
shear stresses generated by a rotation of the principal strain axes after the crack initiation.
Later improvements treated the retention factor as a function of the crack opening,

decaying to zero as the crack opens wide.

In the rotating crack model (Rots 1988), the crack is always orientated in a direction
normal to the principal stress. This prevents the build up of spurious stresses tangential to
the crack. The use of the shear retention factor is also omitted because the shear stiffness
coefficient is uniquely defined by the assumption that the axes of principal stress and
strain coincide. However, stress locking is still observed due to the poor kinematic

representation of the discontinuous displacement field around a macroscopic crack.

2-36



Chapter Two Literature Review

2.4.2 Regularisation techniques

Upon closer observation of a fracture, it appears that it is often preceded by the formation
of a process zone in which damage and other inelastic effects accumulate. This
phenomenon is commonly known as strain localisation, or localisation of deformation.
Strain localisation occurs in the form of the localised accumulation of microcracks in
concrete under low confining pressures. The inadequacy of conventional continuum
models to simulate the behaviour of softening materials has been recognised since the
mid 1970s. Among the various problems encountered are the ill-posedness of boundary
value problems, excessive damage localisation on refined mesh and pathological spurious
mesh sensitivity. In the continuum approach, non-local and gradient enhanced models

have been shown to be effective in overcoming such a problem i.e. mesh dependency.

Non-iocal continuum models, in general, consider the interaction of particles. Within a
non-local continuum, the stress at a point depends not only on the strain at that point but
also on the strain field in the neighbourhood of that point. The approach consists of
replacing a certain variable by its non-local counterpart obtained by weighted averaging
over a spatial neighbourhood of each point under consideration. These spatial averaged
state variables are introduced into the classical constitutive relations. The non-local
continuum models preserve material stability by avoiding localisation. They also produce
solutions that are free from mesh sensitivities. Bazant (1984) and Bazant et al. (1984)
introduced the concept of non-local averaging to strain-softening materials. The method

was later improved by Pijaudier-Cabot and BazZant (1987) who developed a non-local
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damage theory. Other constitutive models include the non-local smeared crack model
(Bazant and Lin 1988a), the plasticity-based model with softening yield limit (BaZant and
Lin 1988b) and the non-local microplane model (Bazant and OZbolt 1990; Ozbolt and

Bazant 1992).

Despite the success of non-local continuum models in generating mesh-objective
solutions, the regularisation technique has not been without its drawbacks. In particular,
for integral models, the difficulty encountered when dealing with a complex shaped
structure, the need to change existing computing codes due to the implementation of a
consistent numerical solution procedure, the presence of inconsistent tangent operators
which dramatically degrades convergence characteristics, have all limited their

usefulness (Peerlings et al. 1996).

Addessi et al. (2002) developed an elasto-plastic non-local damage model to simulate the
mechanical behaviour of cementitious materials. The local damage model is regularised
by the introduction of the Laplacian damage variable in the loading function, which is
related to the material characteristic length that controls the size of the localisation zone.
The fact that the damage evolution process is now governed by the differential equation

makes the evaluation of the tangent constitutive matrix more difficult to perform.

Enhanced gradient models have been developed in recent years to overcome the

limitations of classical continuum models for softening problems through the inclusion of

higher-order gradient terms and an internal length scale related to the specific material (de
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Borst 2001; Askes and Metrikine 2005; Peerlings et al. 1996). One of the basic features of
higher-order models is the need to generate fine meshes in the localisation zone for
capturing high strain gradients. Hence, prior knowledge of the failure zone is necessary.
This hinders the applicability of higher order models for large-scale three-dimensional

problems due to the high computational costs involved.

Despite the success of both non-local and gradient-enhanced continuum models in
generating mesh-objective solutions, it has been found that the use of a non-local
dissipation-driving state variable results in an incorrect prediction of damage initiation
away from the crack tip in mode-I problems. Also, the approach was found to produce

wrong failure pattern in certain cases of shear band problems (Simone ez al. 2004).

The concept of strain or displacement discontinuities embedded into standard finite
elements has been explored by several researchers as a method of overcoming the mesh
dependency of classical continuum models and the dependency of discrete models on
mesh alignment, when separation is only possible at element interfaces. The choice of an
appropriate constitutive model suitable for implementation in an element with an
embedded discontinuity is governed by the type of the discontinuity, i.e. weak (strain)

and strong (displacement) discontinuity (Mosler and Meshke 2003; Oliver et al. 2004).

For models incorporating weak discontinuities, it is sufficient to postulate a continuum

stress-strain law (Sluys and Berends 1998). Two discontinuity lines are incorporated into

the strain field to form a localisation band. This approach avoids the need to deal with
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unbounded strains as a result of a displacement jump, but the ability of such an approach
to overcome mesh-alignment dependence and to reproduce full mode-I crack opening is

questionable since elements are not kinematically enhanced.

Models with strong discontinuities, in addition to a stress-strain law for the material, also
require a traction-separation law governing the behaviour of the embedded crack
(Larsson and Runesson 1996). The embedded crack is represented by a single
discontinuity line in the displacement field. The embedment of discontinuities within
elements allows the use of relatively large elements compared to the width of the
localisation zone, making the method suitable for three-dimensional and large scale

applications (Simo et al. 1993).

Stress locking that appears in smeared crack models can be eliminated by improving the
kinematic representation of highly localized fracture. According to Jirasek (2000), the
techniques of incorporating a discontinuity (of strain or displacements) into the interior of
a finite element can be classified into three different groups, i.e. statically optimal
symmetric (SOS), kinematically optimal symmetric (KOS), and statically and
kinematically optimal non-symmetric (SKON). The SOS formulation works with a
natural stress continuity condition, but it does not properly reflect the kinematics of a
completely open crack. On the other hand, the KOS formulation describes the kinematic
aspects satisfactorily, but it leads to an awkward relationship between the stress in the
bulk of the element and the tractions across the discontinuity line. The SKON formulation

deals with a very natural stress continuity condition and is capable of properly
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representing complete separation at late stages of the fracturing process, without any

locking effects (spurious stress transfer).

Conventional embedded crack approaches have been found to predict incorrectly the
direction of the displacement discontinuity at the onset of cracking (Jirasek and
Zimmerman 2001a,b). It has been suggested that diffuse damage at early stages of
material degradation is adequately captured by a model dealing with inelastic strain,
while highly localised fracture is better represented by a displacement discontinuity. In
order to simulate such a cracking process, Jirasek and Zimmerman (2001a,b) developed a
delayed embedded crack model (DEC), which may be described as a smeared crack

model with transition to an embedded crack.

The DEC model employs the smeared crack approach immediately at the onset of
cracking to describe the displacement discontinuity, and activates an embedded crack at
later stages when the crack has reached a certain critical crack opening. At every material
point, the crack is smeared until it reaches a critical opening value, after which a
displacement discontinuity is introduced into the respective finite element. The DEC
model is capable of producing results free from stress locking. However, the use of the
smeared crack approach results in the formation of a cracking band which is biased by the
orientation of finite element mesh. This problem can be alleviated if the smeared part of

the model is reformulated as non-local.
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Sukumar et al. (2000) employed the extended finite element method (X-FEM) to alleviate
shortcomings associated with meshing of the crack surfaces in existing methods. The
finite element approximation was enriched by additional functions through the notion of
partition of unity (Babuska and Melenk 1997) to model the presence of cracks, voids or

inhomogeneities. The enriched displacement approximation can be written in the form

u=izv,(a, +isvja,.,] 2.12)

i=l j=I

where n denotes the number of nodes of the finite element model; N, (i=1,2 .. n) are
the standard shape functions; a; (i=1, 2 .. n) are the standard displacement degrees of
freedom; ¥ L (J=1, 2 .. m) are the global enrichment functions; and E,.j are the additional

degrees of freedom as