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Abstract

The study of elastohydrodynamic lubrication (EHL) with rough surfaces results in a
transient problem due to time varying geometry. In conditions where the A ratio (the ratio of
smooth surface film thickness to composite roughness) is low, significant pressure deviations
from the corresponding smooth surface results occur. The relative motion of asperity features
on the two surfaces leads to cycling of these pressure deviations as surface features move
through the nominal contact area. Micropitting, which is a form of surface distress seen in
gears, may well be viewed as rolling contact fatigue at the roughness asperity scale as a result

of this load cycling.

In order to understand the failure mechanism associated with rough surface EHL, a
full theoretical model of lubrication of gear contacts under low A conditions is presented in
this thesis. The model takes account of the real gear operating conditions in terms of loads,
speeds, surface roughness and lubricant properties to predict pressures, film thickness,
temperatures, and friction between the teeth. Subsequent contact stress analysis was

performed to determine the stress history developed in the contacting solids.

Conventional pitting is usually associated with failure beneath the surface of a rolling
contact and in the past has been linked with the occurrence of the maximum shear stress that
occurs in the classical Hertzian solution for smooth surfaces. In this thesis, a numerical
procedure for predicting contact fatigue damage in an EHL line contact between two rough
surfaces is developed to take the features of variable amplitude multiaxial fatigue into
account due to the roughness effect. The way in which the calculated fatigue damage varies
with changes in factors such as slide roll ratio, speed, viscosity, rough surface profiles, and A
ratio adopted for the analysis is demonstrated in a series of numerical examples using

roughness profiles taken from gears in micropitting experiments.
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Chapter 1 Introduction

Chapter 1

Introduction

1.1 Background

Elastohydrodynamic lubrication (EHL) is the lubrication mechanism that protects
highly loaded concentrated contacts between machine elements from surface damage and
wear. Due to the very limited contact area and the high pressure involved, elastic deformation
of the surfaces will occur and the viscosity of the lubricant can be much higher than its value

at atmospheric pressure. Both these effects play a vital role in lubricant film formation.

" Typical examples of highly loaded EHL contacts occur in rolling element bearings,
cams and tappets and gear tooth contacts. The latter case presents particular difficulties as the
surfaces produced by present day gear manufacturing methods have roughness features that
are significantly greater than the predicted oil film. Consequently gears tend to operate in a
regime described as “mixed” or “micro” EHL in which there is significant interaction of
roughness asperities on the two surfaces. Almost all failures of surfaces in rolling/sliding
contact with an EHL lubricant film occur in this regime. Therefore, surface roughness plays
an important role in determining gear lubrication and the occurrence of surface failures. The

work reported in this thesis addresses the fundamental problem of EHL of rough surfaces.

This chapter introduces some fundamentals related to EHL such as Hertzian theory,
lubricant properties, rough surfaces and modes of surface failure. The research objective of
this work is then presented. The organisation of the thesis is outlined at the end of this

chapter.
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1.2 Hertzian Contact

The Hertz theory deals with determining the size of the elastic contact zone for given
geometry, elastic properties and load, and the pressure distribution developed within that
contact zone. This theory assumes that contact between two surfaces is nonconforming and
frictionless, involving small strains, and that each body can be considered as a semi-infinite

elastic solid (Johnson 1985).

When two convex bodies are pressed together, contact is initially made at a point or a
line. As the load increases, the contact patch will grow, forming a circular, elliptical or
rectangular shape. The contact between a pair of spur gear involute teeth is a line contact
problem which is shown schematically in Figure 1.1, where two equivalent cylinders are
brought into contact. If the total load per unit length is w’, the Hertzian semi-contact width

for a line contact is given by (Williams 1994)

fSW’R’
a=.—— 1.1
k'’ (1h

where R’is the radius of the cylinder on an equivalent cylinder/plane contact, and E’is the
reduced Young’s modulus and effectively makes one of the surfaces rigid. If the solids have
radii R, and R;, respectively, Young’s moduli E| and E; with Poisson’s ratios v; and w, R’

and E’can be obtained from

R! R’ Rz (‘)
11 1—v,2+l—v22 3
E' 2\ E E, (13)

The contact pressure distribution within the contact area is semi-elliptical:

x 2
p(x) = p, 1—(;) (1.4)
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The pressure rises from zero at the edges of the contact (x = ta) to a maximum pressure po at

the centre. The peak Hertz pressure is
2w’ wE'
- = ’ 1.5
Po 2R’ (1.5)
and the mean pressure is
T
= 1.6
pm 4 pO ( )

The corresponding stresses for a point (x, z) within the material under this surface

loading are given by (Johnson 1985)

2 2
o, =_&[m[1+ 22+an—22] (1.72)
a m-+n
2 2
Do zZ°+n
o, =——ml- 1.7b
' a ( m2+n2) ( )
2 2
T, =—=——n 1.7
= a [m2+n2] (1.7¢)

where m and » have the same signs (‘+’ or ‘-’) as z and x respectively, and are defined by

m’ =%[\/( 2_x? 422 ) +4x2 +(a2—x2+zz)j| (1.8a)
n’ =%[\/( 2—x2+zz)2+4x222 —(az—x2+zz)} (1.8b)

The stress state beneath the contact is compressive in character. The maximum

principal shear stress 7jmsx = 0.3pg occurs beneath the contact interface at x = 0 and z =

0.78a.
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V=

R Ez, V2

Figure 1.1: Hertz contact between two cylinders.

1.3 Lubricant Properties

In EHL, the properties of the lubricant play a significant role in forming the
lubricating film between the contacting surfaces. The most important lubricant property is its
viscosity (Williams 1994). The viscosity 77 is a measure of resistance to relative shearing

motion and is defined by Newton’s equation:

n=< (1.9)
Y
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where 7 is the shear stress acting on an element of the lubricant in the direction of flow. y is

the shear strain rate (also called shear rate), which is equivalent to the velocity gradient

normal to the shear stress of the element (Gohar 1988), i.e.

j= (1.10)

1.3.1 Temperature and Pressure Effects

Both temperature and pressure have influences on the viscosity of the lubricant. With
increasing temperature, the viscosity falls rapidly. This viscosity-temperature relationship

can be approximated by a simple equation suggested by Reynolds (Gohar 1988):
n =7, expl- BT - T,)] (1.11)

where 77 is the viscosity at reference temperature 7p, 77 is the viscosity at temperature 7, and
[ is a constant. With increasing pressure, the viscosity increases rapidly and this viscosity-

pressure relationship can be approximated by the Barus equation (Gohar 1988):
n=1, exp(ap) (1.12)

where 70 is the viscosity at reference (atmospheric) pressure, a is the pressure-viscosity

coefficient.

Equations (1.11) and (1.12) are only accurate for a limited temperature range and a
relatively low pressure. Because of these limitations, several other equations have been
proposed. One of the most used in EHL is the Roelands equation (Stachowiak & Batchelor

1993), which takes into account the effects of both temperature and pressure simultaneously:
Na =1, expla’ p) (1.13)

The Roelands pressure-viscosity coefficient, & ', is a function of both T and p according to
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-So
. T-138 z
a p=In K 1+ -1 (1.14)
p=1n(,/ {[To _138) 1+ 2p) }
where k and y are constants, Z and S are constant properties for a specific oil, independent
of temperature and pressure. The constant Z can be obtained from o by comparing the

Roelands equation and Barus equation as p tends to zero as follows (Hoglund 1999):

a

. a (1.15)
Zln(no/’()

Temperature and pressure effects on density can also be quite significant due to the
compressibility or the thermal expansion of the lubricant. Based on the density-pressure
relationship used by Dowson and Higginson (1966), Sui and Sadeghi (1991) gave the

following density-pressure-temperature relationship:

I+
= 1-el(T -T, 1.16
P = Po 1+ lp[ ( o)] ( )
where 7 and A are constants, py is the reference density (at atmospheric pressure) and ¢ is the

coefficient of lubricant thermal expansivity.

1.3.2 Non-Newtonian Behaviour

The relationship between the shear rate and shear stress can be described using a

simple function:
y=/@@) (1.17)

If this function is linear, as described by Equation (1.9), then the lubricant is said to be
Newtonian. In practice as the shear rate increases the relationship between shear stress and
shear strain rate is no longer linear and non-Newtonian lubricant effects come into play.
Many non-Newtonian models have been proposed in the literature and typical examples of
models used in EHL analysis are given in Table 1.1 (Mihailidis et al. 1999, Hoglund 1999),

where the characteristic or limiting shear stress, 7 or 7, as well as the exponent # are derived
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from experiments. Some of these models use the concept of a limiting shear stress, which

cannot be exceeded; that is, at limiting shear stress the strain rate becomes arbitrarily large.

In the presence of a pressure gradient this proposed property imposes a maximum possible

speed variation across the lubricant film and it is hypothesised that if this sliding speed

demand is exceeded gross slip between the lubricant and the surface will occur. More details

concerning lubricant behaviour and the models developed in elastohydrodynamic contacts

have been discussed by Moore (1997).

Table 1.1: Functions f'(7) describing the relationship between the shear rate and shear stress

for various non-Newtonian models.

Ree-Eyring (sinh model)

flsinh[i)
n 7,

Bair-Winer (In model)

-1
o m(] _i)
n T,

T
Gecim-Winer (tanh™ model ——
ecim iner ( model) t nh(z' - )
. . . T] -1
Livonen-Hamrock (straight-line model) ——[(1 —/7,)" - 1]
n
Elshark H k( 1 model) :
sharkawy-Hamrock (general mode Iy
my1- (T/ 71)
Lee-H k (circul del) :
ee-Hamrock (circular mode D araEEtl
nyl- (T/ 4 )2
I-n
Power Law z @
n|oz

1.4 Rough Surface EHL

Real engineering surfaces formed by machining or equivalent processes are always

flawed with peaks and valleys. Statistical parameters are widely used to describe the surface
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roughness. Such parameters include height parameters (describing the variation in height)
and spatial parameters (describing how height varies in the surface plane). Some of these
parameters are defined in Table 1.2, where ¢ is the height of the surface measured above the
mean level and L is the length of measurement. More details about rough surfaces and
descriptors can be found in references (Moore 1975, Dagnall 1986, Stachowiak & Batchelor
1993, Williams 1994).

Table 1.2: Commonly used parameters describing surface roughness.

Center line average (CLA) roughness, R, R, = %— _‘;L |¢(x)|dx
Root mean square (RMS) roughness, R, R, = 1/-2— J;Lqﬁz (x)dx
Autocovariance function (ACVF), R(J) R(O) = {1_{2 % LL ¢(x)p(x +6)dx
Autocorrelation function (ACF), P(9), P(5) = R‘,gf)

q

Due to the influence of surface roughness, there are three regimes associated with

rough surface EHL (Olver 2002):

1. Micro-EHL.
2. Mixed lubrication.

3. Boundary lubrication.

In Regime 1, there is a continuous fluid film, but the pressure and film thickness are
subject to local fluctuations due to the surface roughness. In Regime 2, the fluid film is
discontinuous. Part of the load is carried by pressure in the hydrodynamic film, and part of
the load by contact pressure between parts of the surfaces that make direct contact without
the benefit of a hydrodynamic film. In Regime 3, there is some lubricant, which is confined
to the valleys and carries a negligible proportion of the total load. Essentially full solid-solid

contact is obtained in the equivalent Hertzian contact area. A schematic representation of
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these regimes is shown in Figure 1.2 (Olver 2002). This thesis will focus on micro-EHL and

mixed lubrication.

A useful measurement of the importance of surface roughness in EHL is specific film
thickness A, which is the ratio of the minimum film thickness for smooth surfaces to the

composite surface roughness (Gohar 1988):

A= min (1.18)

JRj, +R,,

where R, and R, are RMS roughness values for two surfaces. At lower values of A (i.e. A <
1), it is conventionally supposed that asperity interaction becomes more severe (Williams
1994). The minimum film thickness may be calculated from the dimensionless load
parameter W, speed parameter U, and material parameter G, with reasonable accuracy if the
contact surfaces are smooth, using the well-known formula of Dowson and Higginson
(1966):

hm_in - 1 6W—0‘13G0.6UO.7
Rr

W\ 2\ (1.19)
- 1.6[——) (o) | Lo
EIRI EIRI

Micro-EHL

ot

Boundary lubrication

aan

Mixed lubrication

5577

Figure 1.2: Schematic representation of different regimes of lubrication of rough surfaces.
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1.5 Surface Fatigue Failures

The most important modes of failure of surfaces in rolling contact, as reviewed by
Johnson (1989), include plastic deformation, contact fatigue, wear, scuffing and corrugation.
The complex nature of rolling contact makes it difficult to separate individual failure modes.
This work focuses on surface failure of gears caused by rolling contact fatigue operating in

the micro-EHL or mixed lubrication regime.

Contact fatigue is the surface damage process which occurs when the surfaces of two
bodies repeatedly contact each other. Although the fatigue process is influenced by a number
of factors such as the material and the operating conditions, this mode of failure leads to

crack formation at or near the contact surface. Major rolling contact fatigue failures include:

(a) Pitting.  Pitting is the formation of microscopic surface notches and cavities caused by
rolling and sliding contact fatigue. If full EHL film conditions are achieved and friction at
the surface is comparably low, pitting may develop below the surface, primarily in the

zone of highest subsurface stress due to the Hertzian contact pressure.

(b) Micropitting. Micropitting can be regarded as fatigue failure with a net of cracks
close to the surface. Micropitting is more commonly observed in hardened gears under

mixed lubrication conditions.

(¢) Spalling. Spalling is macro-scale Hertzian contact fatigue leading to the formation of
macroscopic craters in the contact region. Spalling is similar to subsurface pitting, except

that the spalled areas are larger.

(d) Surface distress. Surface distress is micro-scale spalling fatigue of rolling contact

surfaces due mainly to asperity-level normal contact loads.

Some prominent discussions of fatigue failure with regard to mechanism, modes and
predictive methods can be found in Colangelo & Heiser (1987), Johnson (1989), Fernandes
& McDuling (1997) and Suresh (1998).

10
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1.6 Research Objective

Surface contact fatigue is the most common cause of gear failure (Fernandes &
McDuling 1997). Fatigue life can be determined by experiments. For example, Gao at al.
(2005) conducted fatigue tests on a commercially available contact fatigue test rig to
investigate the variation of fatigue lives with A ratios. However, performing such tests is
time consuming, expensive and requires a large number of test samples to produce
meaningful results. Also the results are affected by the test rig and test conditions and may be

difficult to correlate to actual service gears.

To understand the failure mechanism a full theoretical model of lubrication of gear
contacts under low A conditions is needed. The model must take account of the real gear
operating conditions in terms of loads, speeds, surface roughness and lubricant properties,
and be able to predict pressures, local film thickness, temperatures, friction between the teeth
and subsequent stress and fatigue damage. The objective of the work reported in this thesis is
to develop such a theoretical model to assist design against surface contact fatigue, such as

micropitting.

1.7 Thesis Organisation

The basic elements of the fatigue prediction procedure presented in this thesis are
illustrated in Figure 1.3. Each of the chapters in this thesis addresses a specific element of the

procedure as shown in this figure.

Chapters 2 and 3 address EHL analysis taking the effects of temperature, non-
Newtonian behaviour and surface roughness into consideration. Chapter 2 presents numerical
formulations for isothermal problems, and Chapter 3 focuses on thermal effects in rough

surface EHL contacts.

Chapter 4 deals with stress analysis. Distributions and histories of surface and

subsurface stress are determined numerically.
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Chapters 5-7 focus on fatigue analysis. Chapter 5 introduces some theories of fatigue
and reviews models developed for rolling contact fatigue. Chapters 6 and 7 deal with the
numerical evaluation of fatigue performance using critical plane approaches by examining
different affecting factors. Chapter 6 applies multiaxial fatigue criteria, whereas Chapter 7

uses a shear strain based model incorporating cumulative damage analysis.

Chapter 8 draws conclusions based on the previous chapters. Suggestions for future

work are also presented in this chapter.

EHL Analysis

Thermal Non-Newtonian |Rough Surface
Effect Effect Effect

Stress Analysis

A

Fatigue Analysis

Figure 1.3: Basic elements of the fatigue prediction procedure for EHL problems.
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Chapter 2

Rough Surface EHL in Line Contact

2.1 Introduction

The main features of EHL for smooth surfaces are well known from the pioneering
work of Dowson and Higginson (1966). However, most engineering surfaces, particular
those of the teeth of gears, are rough compared to the film thickness. Consequently they
operate under conditions in which asperity-asperity interactions significantly affect both the
deformation and the pressures within the nominal contact region. This regime of lubrication

is described as micro-EHL.

The theoretical study of rough surface EHL has attracted many researchers over the
past twenty years or so. Initial efforts involved stationary idealized roughness features, such
as single irregularities (Goglia et al. 1984a) and sinusoidal surfaces (Goglia et al. 1984b,
Lubrecht et al. 1988, Kweh et al. 1989), and real roughness features (Kweh et al. 1992).
These analyses are limited to simple sliding conditions and the interactions of asperities on
the opposing surfaces cannot be simulated. To study the asperity interactions, transient
(“moving roughness”) effects have to be considered to examine the evolution and
perturbation of pressure and film thickness within the EHL contact. Chang and Webster
(1991) simulated the interactions of two rough surfaces in line contact and roughness features
are modeled by sinusoidal functions. Venner & Lubrecht (1994) investigated indentation and
waviness in transient line contact and results showed the effect of slide roll ratio on the
pressure and film thickness profile. Chang and Zhao (1995) studied the important differences
between Newtonian and non-Newtonian lubricant treatments in transient micro-EHL and

results suggested that the differences would be most pronounced with surface roughness of

13
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short wavelengths. Ai and Cheng (1994) used measured surface roughness and a Newtonian
fluid model in a line contact micro-EHL analysis. The micro-EHL point contact with
measured three-dimensional surface roughness was investigated by Xu and Sadeghi (1996)
and Zhu and Ai (1997). Where real roughness data were incorporated in transient analyses,
however, they are generally of relatively low amplitude compared with the minimum film

thickness in the numerical solution because of the numerical difficulties.

Hughes et al. (2000) and Elcoate et al. (2001) made further contributions to the study
of micro-EHL by developing a new fast solution method suitable for severe rough-surface
thin-film conditions. The essential feature of the method is the full mathematical coupling of
the elastic and hydrodynamic equations in the numerical solution scheme. Film thickness and
pressure are treated as simultaneously active variables throughout the solution process. This
leads to a highly robust and rapidly convergent numerical scheme. Using this technique,
Elcoate et al. (2001) examined the behaviour of real gear lubrication conditions in which
surface roughness is at least an order of magnitude greater than the minimum film thickness.

Later the method was extended to the geometry of point contacts by Holmes et al. (2003a).

- The study of micro-EHL leads naturally to mixed lubrication where part of the load is
carried by pressurised lubricant that separates the surfaces completely, and part of the load is
carried by dry or boundary lubricated contact between asperity features. Mixed lubrication is
a particularly challenging and important regime to understand as the micro-EHL action,
asperity-contact mechanics and lubricant-surface tribo-chemistry all play significant roles
(Chang 1995a). In recent years analyses have attempted to address this situation and different
numerical approaches have been developed. As described by Wang et al. (2004a), three
approaches have been used in mixed lubrication studies: (i) deterministic modeling, (ii)
stochastic modeling, and (iii) interactive deterministic-stochastic modeling. Stochastic
models use statistic parameters to deal with the influence of roughness on lubrication.
Deterministic models directly examine realistic localised asperity contacts. The interactive
deterministic-stochastic modeling, or macro-micro approach, combines the macro-scale

average lubrication analysis with the micro-scale deterministic asperity contact simulation.

14
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Deterministic models are fundamental to mixed lubrication and provide a solid base
for the development, refinement, and verification for other models (Wang et al. 2004a).
There have been a number of reports on deterministic modeling of mixed lubrication. Chang
(1995b) presented a deterministic model for line-contact mixed lubrication problems. The
governing equations of the model are composed of the asperity contact equation and the
equations that govern basic transient micro-EHL problems. Similarly, Jiang et al. (1999) and
Zhao et al. (2001) solved point-contact mixed lubrication problems by partitioning the
contact area into sub areas where lubricant is and is not present. Hu & Zhu (2000) developed
a unified approach for a full coverage of all regions including full film, mixed lubrication and
boundary lubrication. They reduced the Reynolds equation for conditions of very low film
thickness (asperity contact areas). Wang et al. (2004b) extended this model to take thermal
effects into account. However, some of the results (Zhu 2002a, 2002b) produced by this
approach have been shown to be questionable (Glovnea et al. 2003, Holmes et al. 2003b).
More recently, Holmes et al. (2005a, 2005b) have developed a unified approach for mixed
lubrication without any simplifying assumptions. In their method, whenever negative film
thicknesses occurred at individual mesh points during a time step calculation, the Reynolds
equation for that mesh point was deleted from the overall solution scheme and replaced with
the boundary condition of zero film thickness at that point. The values of pressure and film
thickness are still required to satisfy the elastic deflection equation subject to that boundary

condition.

This chapter presents some numerical formulations for EHL line contact with rough
surfaces. The coupled numerical solution method for determining pressure and film thickness
in micro-EHL and mixed lubrication conditions is briefly explained. This solution method
will be used as the EHL analysis tool in this thesis. In this chapter, more efforts are paid to
the representation of measured rough profiles using a Fourier analysis procedure. The
numerical results are presented to examine the performance of this procedure, which is

incorporated into the line contact EHL solver.
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2.2 Governing Equations

The three following effects play a major role in the formation of lubrication films in

EHL (Stachowiak & Batchelor 1993):

e The hydrodynamic film formation,
¢ The modification of the film geometry by elastic deformation,

e The transformation of the lubricant’s viscosity and rheology under pressure.

These effects act simultaneously and mathematical modeling of all these effects with some

assumptions leads to the derivation of the governing equations of EHL.

2.2.1 Reynolds Equation

The fundamental equations of fluid dynamics are based on the following universal

laws of conservation (Tannehill et al. 1997):

e Conservation of Mass (continuity equation),
. ® Conservation of Momentum (momentum equation),

¢ Conservation of Energy (energy equation).

Based on the continuity equation and momentum equation, hydrodynamic lubrication
can be expressed mathematically in the form of an equation commonly known as the
Reynolds equation, which is a simplification of the famous Navier-Stokes equation. The

energy equation is the basis of thermal analysis and will be discussed in the next chapter.

There are several ways to derive the Reynolds equation. It can be derived from the
full Navior-Stokes equation. It is more often derived by simply applying a typical
engineering approach and considering the equilibrium of an element of liquid subjected to
viscous shear and applying the continuity of flow principle. A steady-state Reynolds
equation, including non-Newtonian behaviour based on the Eyring model, was developed by
Conry et al. (1987) using this approach. With the introduction of rough surfaces in the two

contact solids, transient effects must be considered due to the time varying geometries. In the
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following the transient Reynolds equation is derived after Conry et al. (1987) incorporating

the time-dependent squeeze-film term.

Solid 1
Ui
0
r+—r—dz
_»62
p
b T
X —
z|l T
X
A G v D L v L L L -
—
u

Solid 2

Figure 2.1: Illustration of EHL line contact.

Consider the case shown in Figure 2.1 where the two solids are separated by a thin
lubricating film. By considering the elemental volume of the fluid, the equation of

equilibrium in the x-direction can be written as

or _% @.1)

0z Ox

where the shear stress is 7 = 7;; and 7;x can be assumed negligible due to scale effects as
lubricant shear happens predominantly in the z direction. Assuming that the pressure p does

not vary across the film, integration of Equation (2.1) results in
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T=7, + 4 z (2.2)
Ox
where 7, is the shear stress at surface 2. The Eyring rheological model that relates shear

stress to shear strain rate, ignoring the elastic shear term, is

7 o =T_Osinh(_r_) (2.3)
o 7 To
Substituting Equation (2.2) into Equation (2.3) and integrating gives the velocity of the fluid

at point (x, z) as

op
T T2 + 5- N
u—u2+J‘—°—smh X \ds
°n To
(2.4)
op
1_2 7T, + a— z -
=u, +—>| cosh —Z— —cosh(-ij
77 g’i TO TO
Ox
Defining the mid-plane (z = 4 /2) shear stress
op h
T, =T, +—— 2.5
m 2 ax 2 ( )
and a dimensionless function
h 90
=2 (2.6)
27, Ox
where # is the film thickness. Equation (2.4) can be rewritten as
w=u, +2" fcosh| T _ 5+ 225 | cosh| T2 _ 5 2.7)
2nZ T, h T,
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Applying the boundary condition u|,_,=u, , the relative sliding velocity of the two surfaces

can be determined by

Uy —u, = %sinh(-rﬂJsinh(Z) 2.8)

To

Therefore, the mid-plane shear stress can be determined from

sinh| T2 | = 704 =) =z (2.9)
T, T,h sinhX

The mass flow is defined as

M = [ pudz (2.10)

Substitution of Equation (2.7) into Equation (2.10) and integrating yields

M = puyh+ p T ikl o5 | sinb{ P~ 5 || = hoosh| F2— 3
2nz (2% T, T, T,

(2.11)

Toh? | sinhZ . (7, ) sinhZ-Zcosh® T,

= pu,h+p sinh| 2 |+ > coshf —

2n z T, z T,

Substitution of Equation (2.9) into Equation (2.11) leads to
3 : _
M = ph wtu, | ph” op 3(sinh T 32 coshX) coshl Zm

2 1257 ox z 7, (2.12)

=M.+M,

The total flow M comprises of two parts, the Couette flow Mc, which is related to the
entrainment of the fluid and the Poiseuille flow Mp, which is the pressure driven flow. By

defining a mean velocity

(2.13)
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and a dimensionless factor

§=_ 3(smh z —32 coshZ) coshl Zm (2.14)
z 7,

Equation (2.12) can be simplified as

_, ph’ _op
M = puh-2——5 = 2.15
12 ox @15)

Conservation of net mass flow yields

6;;1 a(,oh) 0 (2.16)

where ¢ is time. Substituting equation (2.15) into equation (2.16) and rearranging gives

d ["” J (puh)——(ph) 2.17)

ox\12n ox

Equation (2.17) is the transient Reynolds equation based on the Eyring equation for
the fluid rheology. Removing the last term related to time ¢ results in the steady-state
Reynolds equation. Using hyperbolic identities, the non-Newtonian factor § becomes
(Hughes et al. 2000)

S =

e 2 2
3(ZcoshZ sth)\/ n’(u, —u,)’ = (2.18)

T} t2h*  sinh’ X

with Z defined by Equation (2.6). This demonstrates that S depends on the pressure, film
thickness, siding speed and pressure gradient. Taking a fixed value of unity for factor S

results in the Newtonian fluid formulation.

2.2.2 Film Thickness Equation

As shown in Figure 2.1, the film thickness profile is given by
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h(x,t) = p(x,t) + b (x) +h,(x,0) + h,
2 4 (2.19)
=@(x,t)+ ;—R; — Jp(s, 1) 1n|x - s|ds +h,

where the expression ¢(x, £) is the composite surface roughness. 4, is the separation due to
the geometry of the undeformed solids, #. is the combined elastic deformation of the solids
due to pressure distribution p assumed to be that experienced by semi-infinite bodies in a

state of plane strain, and /,is a constant.

2.2.3 Other Equations

The non-conformal geometry of the contacting surfaces causes an intense
concentration of load over a very small area and extreme pressures (typically >1GPa) in the
lubricant are inevitable. Lubricant viscosity and density may change dramatically under such
a high pressure. For isothermal situations, the viscosity and density dependence on pressure
are determined by the Roelands equation and the Dowson and Higginson relation,
respectively, as described in Chapter 1. These equations can be written in the following

general forms:

1 = 1, explin(, / )1+ zp)* - 11} (2.20)
B 1+
p—polﬂp (2.21)

The load carried by the EHL film is the integral of the pressure distribution and can

be expressed as

w = Jp(x)dx (2.22)
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2.3 Numerical Solutions

Numerical solutions can be obtained by disretization of the governing equations. The
study reported in this thesis is based on numerical analysis of EHL contacts using a novel
coupled differential deflection solution method developed by Cardiff Tribology Group
(Hughes et al. 2000, Elcoate et al. 2001, Holmes et al. 2003a, 2005a, 2005b). Both the
accuracy and the efficiency of the method have been verified by Hughes et al. (2000) and
Holmes et al. (2003a). The essence of the method is that the two fundamental equations

(Reynolds equation and elastic deflection equation) are fully coupled in the solution scheme.

2.3.1 Differential Deflection Technique

The elastic deflection given in Equation (2.19) is the convolution integration of

pressure with the appropriate weighting function:
u(x) = —— [p(s)tnfx - slds (2.23)
nE'

The numerical calculation of deflection at a point can be reduced to a simple quadrature:

u(x,) = ng—ipk (2.24)

where the influence coefficients gi; depend on the geometry and material properties.

In the differential deflection technique developed by Evans and Hughes (2000)
Equations (2.23) and (2.24) are expressed in a differential form:

o%u(x,)
ox?

= fiiPs (2.25)

The purpose of such a modification is based on the observation that the normalized f;
coefficients decay significantly faster than the g; coefficients as the indices j increase from
zero, confirming that the effect of pressure on the second order derivative of the deflection is

extremely localised.
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The summation of pressure multiplied by the influence coefficients in Equation (2.25)
can be a time consuming process for solving fine meshed problems as it requires O(N %)
operations, where N is the number of nodes. To reduce CPU time, the fast Fourier transform
(FFT) technique has been used to evaluate the convolution integral in Equation (2.25). This
approach reduces the number of operations in the order O(Nlog,N). Therefore, for very fine

meshes the potential time saving can be enormous.

With the differential deflection technique, the film thickness equation (2.19) can be

written in the following differential form:

o*h
ox’

2% 1
= 5;2—+-R—,+ka_ipk (226)

k

2.3.2 Coupled Solution Method

In the coupled method, the Reynolds equation and the film thickness equation are
solved as a set of simultaneous equations. Discretised equations (2.17) and (2.26) are

expressed as

S 4p,+ Bk =R (2.27a)
k=0 k=0
> Copi +Y. Dk = E, (2.27b)
k=0 k=0

For each point i in the computing mesh where py and A are the values of p and & at
the mesh point, and p; and 4 are the values at the neighbouring mesh points k£ = 1,2,..n. that
make a contribution to the discretised equations. For the line contact situation these equations
have a narrow bandwidth (n.) and may be solved by elimination. For a point contact
application the bandwidth increases so that an iterative approach is appropriate. An iterative
approach is also advantageous in mixed lubrication situations for point and line contacts as it
allows the existence or otherwise of a full film at any mesh point to be determined as the

equations are solved.
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When the discretised equations are to be solved iteratively they are organised into a

pair of simultaneous equations in the variables po and ko:

A

A,po +Boh, = R (2.28a)
Copo + Dby = E, (2.28b)
where
R =R - 4,p, - Bh, (2.292)
k=1 k=1
E =E-YCp - Dih, (2.29b)
k=1 k=1

Equations (2.28) are solved using a coupled iterative scheme to update the values of
all the unknown nodal values of p and % by solving Equations (2.29) as a pair of

simultaneous equations in pg and Ao:

prev = BiDo ~EiBy (2.30a)
4,0, - B,C,
new _ EiAO — jéico (2.30b)

®  4,D,-B,C,

Equations (2.28) are solved in this way within each timestep. The rheological
behaviour ensures that coefficients 4; and By are dependent on p and 4 in a highly non-linear
way. Coefficients E; are also pressure dependent in that they contain the pressure terms in
Equation (2.26) for mesh points that are not included in the region k < n.. These factors
require Equations (2.28) to be solved repeatedly within each timestep. However, the coupled
nature of the formulations and the differential deflection technique allow timestep

convergence to be achieved rapidly.
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The strategy described by Holmes et al. (2005a, 2005b) is used to deal with direct

contacts between components having significant surface roughness. If during iteration within

a timestep the value of A, obtained from Equation (2.30b) is negative then Equation

(2.28a) is changed and replaced by the boundary condition 4 = 0 resulting in

B =0 (2.31a)

pe =E/c, (2.31b)

This effectively replaces the Reynolds equation with the boundary condition # = 0, and

applies the deflection equation subject to that boundary condition.

Equations (2.30) are thus used at each mesh point during each iterative sweep and are
replaced by Equations (2.31) at mesh points where the current evaluation of Equations (2.30)

yield a negative value for 4;”". The ease with which contact conditions can be incorporated

using this approach is a further advantage of the coupled differential deflection technique.
Holmes et al. (2005a) have shown that this technique determines that contact occurs at a
mesh point in a way that is entirely consistent with that inferred from a gradual reduction in

viscosity.

2.4 Fourier Representation for Rough Profiles

In this thesis, the profiles of rough surfaces used for the analyses are taken from
Holmes et al. (2004) and shown in Figure 2.2, where in each case the solid metal is below the
profile. These profiles are respectively denoted as (A), (B) and (C) for consistency with that
work. In the figure, profiles (B) and (C) are shown with a negative offset by 2.5 and Sum,
respectively, for clarity. Trace (A) is a profile taken from a well run-in transverse ground
disk used in the scuffing experiments by Patching et al. (1995). Traces (B) and (C) are taken
from FZG micropitting tests at QinetiQ and have been run for several load stages, and as a
result have become run-in to some extent, but close examination shows that they have

sharper asperities than profile (A).
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Figure 2.2: Surface profiles used for analyses. R, values are (A) 0.32um, (B) 0.22um, and
() 031pm.

The roughness features are measured by surface profilometer. Interpolation is
required between measured points in the trace(s) in order to determine ¢ (x, ) in Equation
(2.26) at all time steps. It is also necessary to interpolate between measured points if the
computing mesh is different from the resolution at which the profilometer trace was acquired.
In previous work (Hughes et al. 2000, Elcoate et al. 2001, Holmes et al. 2004, 2005a), each
surface was represented by a family of cubic splines so that it was piecewise continuous with
continuous slope. This property is important as discontinuity in slope with a moving rough
surface leads to a fictitious pumping action due to the consequent variation in the squeeze
film effect. The cubic spline approach avoids this difficulty and ensures that the mesh point
values of the rough surface profile obtained through interpolation are a consistent

representation of the component’s surface finish.
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In the following, an alternative approach is developed where Fourier series methods
are used to represent rough profiles. In this way, the rough surface has not only continuous
slops but also continuous second (and higher) order derivatives. This might be important for
the application of the differential deflection technique, which uses second order derivatives.
Another advantage of using Fourier series is that in order to calculate using a large number of
timesteps, the rough profile can be used repeatedly due to the periodic nature of Fourier

series.

2.4.1 Analysis Procedure

With the use of Fourier series, the real rough surface can be expressed over a length L

in its Fourier polynomial of degree m (Tolstov 1976):

¢(x) = c12_0 + i {a X cos( 2’2’“) +b, sin(%@)} (2.32)

k=1

Fourier coefficients a; (k= 0, 1, 2, ..., m) and b (k= 1, 2, ..., m) can be determined by
Fourier transform (Brigham 1988) or numerical integration (Tolstov 1976). Suppose that
there are N subintervals of equal spacing x = L / N and ¢ is the rough value measured at x; =

i6x. Then the coefficients are

2 2krm
a, =— ) cos| —I | 2.33
k Ni:o (N yt ( a)
288 (2kn
b =—) sin| —i @ 2.33b
" NZ ( v )w (2.33b)

The construction is possible provided 2m + 1 < N.

Another way to determine Fourier coefficients is an iterative algorithm described by
Xu (1994) and is employed in this thesis. If there are 2m+1 sample points in the interval [0,
L] with equal width &x = L / (2m+1), then the first 2m+1 coefficients are determined as

follows:
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(1) Calculate w; and wy:

w2m+2 = w2m+l = O (234)
w, =@, +2w,,cosk@~w,,, i=2m,2m-1,---, 2,1

i+l

2n
2m+1

where 8 =

(2) Calculate a; and by:

a, = L(gﬁo +w, cosk@ —w,)

2m +1 (2.35)
w, sink@

T om+l

In the above calculations, cos(k@)and sin(kf) are calculated by the following recursive

formulas

_ ~1)6 — sinGsin(k — )9
{cos(k@) cos @ cos(k —1)0 — sin@sin(k — 1) (2.36)

sin(k@) = sin @ cos(k —1)8 + cos O sin(k —1)0

Once Fourier coefficients are determined, like the cubic spline approach, the mesh
point values of the rough surface profile are obtained through interpolation by Equation
(2.32). In this thesis, the time step used is At = Ax/22u,, where u; is the velocity of the faster
moving surface and Ax is the mesh size applied in the contact area. That is, the faster surface
moves a distance of Ax/2 for every timestep. Timesteps of this magnitude (or less) were
shown by Holmes et al. (2003a) to be necessary to achieve consistent solutions to the
transient micro-EHL problem. Therefore, the interpolation is only needed once for the faster
moving surface at a mesh spacing of Ax/2. For the slower moving surface, however, the
interpolation is needed at each timestep during the time-dependent solution to accommodate

any values of slide roll ratio, which is defined as

(2.37)

28



Chapter 2 Rough Surface EHL in Line Contact
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Figure 2.3: Schematic representation of moving rough surface.

As shown in Figure 2.3, the EHL computational domain is defined in the interval x; <
X < x; and the mesh size is Ax. To use Equation (2.32) to obtain the roughness profile values
at mesh points, the x value of each mesh point has to be transformed to the loca! coordinate
of the Fourier series, which is denoted as x'to distinguish it from x. The surface is assumed to
move from left to right and the point x'= L lies at x = x) at the time # = 0. At the nth timestep,

1.e. t = nAt, the rough surface moves a distance of d. For the faster surface, d is
d = unht =1’§3‘- (2.38)

and for the slower surface, d is

d=u,nAt=-2.2=2 (2.39)

29



Chapter 2 Rough Surface EHL in Line Contact

From Figure 2.3, the corresponding x’values at mesh points are
(L-d), (L-d)+Ax, (L-d)+2Ax, ---, (L-d)+iAx,
Thus, the values of the rough surface profile at mesh points can be obtained by calculating

#x") using Equation (2.32).

2.4.2 Numerical Results

In this section, the three rough profiles illustrated in Figure 2.2 are represented by the
scheme of Fourier series described in the previous section. The scheme is then incorporated
into the EHL line contact analysis procedure, i.e. the coupled solution method with
differential deflection technique. The operating conditions and lubricant parameters adopted

for EHL analysis are specified in Table 2.1.

Table 2.1: Parameters used for transient EHL line contact analysis.

w' 527 kKN/m 7o 10 MPa

a 0.335 mm a 11.1 GPa™!

Po 1.0 GPa y) 1.68 GPa™
E\, E; 207 GPa y 2.27 GPa™
Vi, ¥ 0.3 K 63.2x10° Pa-s
R, R 38.1 mm ¥ 5.1 GPa™

o 0.0048 Pa-s

Fourier series is used to provide surface heights at intermediate points between the
measured points as required. Figure 2.4 shows three rough profiles with both measured
points and interpolated curves. For clarity, only a small section of each profile in the interval

between 1000pum and 1500um is shown in the figure. The spacings of measured points for

profiles (A), (B) and (C) are dx = 3.53, 1.27 and 1.25 um, respectively. The interpolation
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mesh spacing adopted is Ax = a/200 = 1.67pum. It is clear that both profiles (B) and (C) can
be perfectly represented by Fourier series. For profile (A) Fourier series does indeed
correctly interpolate the measured values, but close examination shows that oscillation
between measured points occurs at some positions. This effect is known as aliasing. Aliasing
occurs if measured points are not taken sufficiently close together (Brigham 1988). The result
is that frequency components outside the range of [-f., /] are aliased into that range, where f;

is the Nyquist critical frequency and given by (Brigham 1988)
Je=7 (2.40)

dx is the spacing of measured points. If dx > 1/2f,, aliasing will result. Therefore, the only

effective way to eliminate aliasing is to adopt a smaller measuring spacing.

To reduce oscillation, one may eliminate high frequency components in the Fourier

series by replacing Equation (2.32) with

#(x) = 320— + Zl{ak cos( 212’“) +b, sin( 21:“ ]} (2.41)

where / < m specifies the selected cut-off point. Figure 2.5 shows the results obtained for
profile (A) with 10%, 25% and 50% cut-off, i.e. / = 0.9m, 0.75m and 0.5m, respectively. Low
frequency components retained in Equation (2.41) capture the essential feature of the original
measured data while simultaneously reducing the high frequency terms. Some features of
peaks and valleys (if they are not noise) may be lost with the cut-off. For this particular case,

the cubic spline approach might be a better choice.
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Figure 2.4: Fourier representation for rough profiles with Ax = a/200: (a) Profile (A), (b)

Profile (B) and (c¢) Profile (C).
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Figure 2.5: Fourier representation for rough profile (A) with high frequency cut-off: (a)
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With representation by Fourier series, each of the three profiles was taken in turn and
simulated in “rough on rough” contact conditions. The same rough profile was used for both
surfaces. An entrainment velocity of # = 25m/s with a slide roll ratio of £ = 0.5 is applied.
Analyses started from the corresponding smooth surface steady state solution, and the rough
surfaces were then allowed to migrate from the entry boundary located at x/a = -2.5 to the
exit boundary at x/a = 1.5. Pressure and film thickness outputs in the contact area at a
specific timestep are presented in Figures 2.6, 2.7 and 2.8 for rough profile (A), (B) and (C),
respectively. At this timestep the roughness of the slower moving surface has already passed
the exit boundary. The mesh size adopted in the figures is Ax = a/200. The two rough
surfaces are shown in their current contact conditions beneath the pressure and film thickness
distributions with a negative offset of 2.5um. Also shown in the figures are the
corresponding results obtained by using the cubic spline interpolation approach adopted by
Elcoate et al. (2001) for comparison. It can be seen that the two approaches give essentially

the same answer.

The sensitivity of results such as those shown above to the mesh size adopted is
clearly of interest. In the following, the rough profile is analysed using three different mesh
spacings of Ax = a/400, a/200 and a/100. Figure 2.9 shows comparisons of measured points
with interpolated curves using different mesh sizes for profile (A). The same comparisons for
profile (B) and (C) are shown in Figure 2.10 and Figure 2.11, respectively. For all three
rough profiles, the interpolation curves for Ax = a/400 and Ax = a/200 are almost identical.
There are minor shape differences when the coarsest mesh Ax = a/100 is used, but this is an
inevitable consequence of the reduced definition of features of peaks and valleys. The
consequent pressure and film thickness distributions using these three mesh sizes are
compared in Figures 2.12, 2.13 and 2.14 for profile (A), (B) and (C), respectively. In these
figures, only small portions of curves in the contact area are shown for clarity. The results
obtained show that there is no significant difference in the predicted pressure and film
thickness profiles as the mesh is varied. The largest discrepancies are seen with profile (A)
and the main cause of this is the relative coarseness of the profile information where the
height measurement spacing was 3.5um, whereas the finest computing mesh used in this

comparison has a mesh spacing of about 0.8um.
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Figure 2.6: Pressure (upper curve) and film thickness distribution for the contact between
two rough surfaces each with profile (A). The two rough surfaces are shown
below in their deflected positions offset by 2.5pm for clarity. Solid lines are
results using Fourier analysis and dotted lines are results obtained by cubic
spline approach.
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Figure 2.7: Pressure (upper curve) and film thickness distribution for the contact between
two rough surfaces each with profile (B). The two rough surfaces are shown
below in their deflected positions offset by 2.5pm for clarity. Solid lines are
results using Fourier analysis and dotted lines are results obtained by cubic
spline approach.
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Figure 2.8: Pressure (upper curve) and film thickness distribution for the contact between
two rough surfaces each with profile (C). The two rough surfaces are shown
below in their deflected positions offset by 2.5pm for clarity. Solid lines are
results using Fourier analysis and dotted lines are results obtained by cubic

spline approach.
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Figure 2.9: Fourier representation for profile (A) using different mesh size: (a) Ax
a/400, (b) Ax = a/200 and (c) Ac = a!/100.
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Figure 2.10: Fourier representation for profile (B) using different mesh size: (a) Ax
a/400, (b) Ax = a/200 and (c) Ax = a!100.
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Figure 2.11: Fourier representation for profile (C) using different mesh size: (a) Ax =
al400, (b) Ax =a/200 and (c) Ax = a!100.
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Figure 2.12: Pressure (upper curve) and film thickness distribution for the contact between
two rough surfaces each with profile (A) using different mesh size. Dashed
lines are for Ax = a/400, solid lines are for Ax = a/200 and dotted lines are for

Ax = a/100.
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=]

Figure 2.13: Pressure (upper curve) and film thickness distribution for the contact between
two rough surfaces each with profile (B) using different mesh size. Dashed
lines are for Ax = a!/400, solid lines are for Ax = a/200 and dotted lines are for
Ax = a!100.
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Figure 2.14: Pressure (upper curve) and film thickness distribution for the contact between
two rough surfaces each with profile (C) using different mesh size. Dashed
lines are for Ax = a/400, solid lines are for Ax = a/200 and dotted lines are for

Ax = a/100.
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2.5 Summary

In this chapter, the theoretical basis and the numerical solution method for isothermal
mixed lubrication in line contacts are presented. Non-Newtonian behaviour based on the
Eyring model is considered after Conry et al. (1987). The solution method outlined and
adopted is the coupled differential deflection method, which has been developed by Cardiff
Tribology Group for several years. The crucial advantage of this method lies in the fact that
film thickness and pressure are treated as simultaneously active variables throughout the
solution process. This leads to a highly robust and rapidly convergent numerical scheme

(Elcoate et al. 2001).

In this chapter, particular attention is paid to the interpolation of rough surface
profiles using Fourier series. Numerical results are presented and comparisons are made with
the results obtained using the cubic spline approach. It is found that, if the measured points
are sufficiently close to each other, Fourier series can represent the rough profile very well.

Otherwise, the cubic spline approach may be a better choice.
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Chapter 3

Thermal Analysis

3.1 Introduction

In Chapter 2, numerical formulations and solution methods for isothermal EHL with
rough surfaces were presented. However, at high rolling speed and high slide roll ratio,
thermal effects may become important, and the minimum film thickness obtained under
isothermal conditions tends to be overestimated. This chapter will discuss thermal effects in

EHL.

‘Many investigators have attempted to model EHL by considering both thermal and
non-Newtonian fluid effects. The fluid rheological models introduced in Chapter 1 were
incorporated in many thermal EHL analyses. The Ree-Eyring rheological model is probably
the most widely used model in the literature; examples are found in the earlier works by
Salehizadeh and Saka (1991), Sui and Sadeghi (1991), Wang et al. (1991, 1992), Yang and
Wen (1992) and recent publications by Yang et al. (2004), Kazama (2004), etc. The Bair-
Winer model is another well-known rheological model widely used in thermal EHL
solutions, such as the work by Khonsari and Hua (1994), Ma (1997), etc. Sharif et al. (2001a)
used a different form of non-Newtonian model, which includes both Eyring behaviour and a
limiting shear stress behaviour, in their thermal non-Newtonian EHL analysis of worm gears.
Other non-Newtonian rheological models incorporated in thermal EHL analyses include the
circular fluid model (Lee & Hamrock 1990, Hsiao & Hamrock 1992, 1994), the power law
fluid model (Prasad & Chhabra 1991, Prasad et al. 1993, Rodkiewicz & Yang 1995), etc.
Yang & Wen (1990) derived a generalized Reynolds equation to incorporate different

rtheological models. Ma (1998) examined the influence of non-Newtonian behaviour of
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lubricants on the temperature, film thickness and traction in an EHL contact using some well
known rheological models. Kumar et al. (2002) investigated the behaviour of thermal EHL
under dynamic loading and assumed the lubricant to be a mixture of Newtonian and Ree-
Eyring fluids. Sharif et al. (2001b, 2004) compared results obtained using different non-
Newtonian models with experiments and showed that the most encouraging agreement
between experiment and theory under the range of conditions considered was obtained by

adopting an Eyring type model.

Three methods, as described by Chang (1992), have been used to incorporate thermal
effects into an EHL model. The simplest method uses the mean temperature across the
lubricant film to evaluate the effective viscosity across the lubricant film. This method has
been widely used due to its numerical efficiency and stability, such as the work by
Salehizadeh and Saka (1991), Chang (1992), Hsiao and Hamrock (1992), Lee and Hsu
(1993) and many of others. More accurate methods accommodate variation of viscosity
across the lubricant film and, therefore, increase computational costs. Mihailidis et al. (1999)
calculated the viscosity at every discrete point in the film as a function of the local
temperature and pressure. Yang et al. (2001) solved the steady-state line contact thermal
EHL problem using a multilevel method by taking account of the variations of viscosity and
density across the film. Sharif et al. (2001b) considered both a mean temperature model and a
local temperature model. In order to achieve the compromise between accuracy and
efficiency, approximations have been made to account for variations of viscosity across the
film. Wang et al. (1991) derived a thermal Reynolds equation, assuming that lubricant

viscosity varies parabolically across the film, for example.

The solution of the energy equation is challenging and requires large computational
time. Furthermore, numerical stability problems can arise considering the dependence of
lubricant viscosity on pressure and temperature. To reduce the complexity of the thermal
problem, Salehizadeh and Saka (1991) assumed a parabolic lubricant temperature profile
across the film. Such an approximation was also employed by Lee et al. (1995), Kazama et
al. (2001) and Kazama (2004). Pandey and Ghosh (1996, 1998) described the temperature

distribution across the fluid film using a Legendre polynomial.
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Most of the above work dealt with the steady-state thermal EHL problem with
smooth surfaces. That is, the energy equation was solved for the film region bounded by the
two smooth surfaces. The surface temperatures were taken as the boundary conditions, which
can be obtained by a well-known integral equation derived by Carslaw and Jaeger (1959) for
a moving heat source. This integral equation has been widely used in thermal EHL models to
determine the steady-state surface temperature. Recently, some researchers have also used
this integral equation to determine the transient flash temperatures for rough surface dry
contacts (Gao et al. 2000, Liu et al. 2001b) and mixed lubricated contacts (Qiu & Cheng
1998, Liu et al. 2002, Wang et al. 2004b). To perform the numerical integration for
temperature efficiently, the fast Fourier transform (FFT) technique has also been widely
used. However, the use of this integral equation for transient thermal problems is impractical
computationally if large timesteps are involved since the whole history of the heat source
needs to be considered at each timestep. To overcome this, Chang and Farnum (1992)
devised the thermal micro-EHL model by extending the thermal domain into the two
bounding solids. In this way, the surface temperature is calculated in the thermal domain
without resorting to the integral equation. Chang (1992) used this thermal model to study the
traction behaviour of EHL line contacts between two rough surfaces. Later, Zhai and Chang
(2000) extended this thermal model for mixed lubricated contacts and Chang and Zhao
(2000) and Zhai and Chang (2001) applied the model to study asperity temperatures in mixed
lubrication. Wang et al. (2004c) also presented a model which calculates temperatures by
solving the transient energy equations in both the solids and the fluid without considering

surface roughness.

In this chapter, a relatively complete thermal EHL model is presented based on the
previous work by Sharif et al. (2001a) and Davies (2005). In this model, the method of
domain extension into the bounding solids, as adopted by Chang and Farnum (1992) and
Zhai and Chang (2000), is applied. This thermal model is then integrated into the isothermal
micro or mixed EHL model presented in Chapter 2 to study the thermal effects due to shear
heating for rough surface EHL line contact problems. Factors affecting temperature, pressure

and film thickness in EHL will be investigated by numerical simulations.
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3.2 Mathematical Modeling

The computing model for thermal EHL line contact problem is shown in Figure 3.1.
The model consists of three domains, Q, Q;, and €,, which represent lubricant film, solid 1

and solid 2, respectively.
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Figure 3.1: The computational domains for thermal analysis.
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3.2.1 Energy Equations

The derivation of the energy equation is not given here and readers may refer to the
book by Suryanarayana (1994) for details. The energy equations governing the temperature

variations in these domains can be written as partial differential equations (PDE):

. Lubricant film (QQ):

pc(a—T+uQZ)=i[ka—T)+—g(k§£J+sT[g‘?-+u@)+ry 3.1
ot Ox ox\  ox oz\ Oz Ot Ox

where:  pis density of lubricant
¢ is specific heat of lubricant
k is thermal conductivity of lubricant
¢ 1s thermal expansion coefficient of lubricant
u is velocity of lubricant
7 1is shear stress
y is shear strain rate
tis time
T is temperature

p is fluid pressure

. Solid 1 ():

or oTr 0 or) o0 oT
—tu,— |=—| k,— |+—| k, — 3.2
plc’(ﬁt “ 6x) ax( : 6x] 82( : 62] (3-2)

where:  p is density of Solid 1
¢ is specific heat of Solid 1
ki 1s thermal conductivity of Solid 1

u; is velocity of Solid 1

e Solid2 (Qy):
or  aT\ o or\ o(, or
O O o9, 9L O, 9L .
pzcz(at “ ax) 6x( 2 6x) az( 2 62) (3-3)
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where:  p, is density of Solid 2
¢, is specific heat of Solid 2
k, is thermal conductivity of Solid 2

uy is velocity of Solid 2

In these equations, the axis set is fixed relative to the contact position. The effects of
changes in specific heat, thermal conductivity and thermal expansivity of lubricant are
neglected and kept constant, and so are the properties of the solids. The density and viscosity

of lubricant are expressed as functions of temperature and pressure.

3.2.2 Boundary Conditions

Besides the governing equations, the boundary conditions must be specified to solve
the thermal EHL problem. The boundaries are defined as illustrated in Figure 3.1. I'; is the
interface between the film and Solid 1, and I'; is the interface between the film and Solid 2.
I'« is the outside boundary which is sufficiently far away from the contact area so that its

temperature variation can be neglected. This boundary condition can be expressed as

T(x,2)=T,, (x,z)el, 3.4)
where T, can take the value of the ambient temperature.

To determine the boundary Iy, in the z-direction, the effective depth of heat
penetration needs to be estimated so that the boundary positions 4; and 4; can be set below
these depths. The temperature in the solid, as an approximation, is governed by the one-
dimensional heat conduction equation:

2
o _, 0T

ol 3.5
ot 0z* (3:5)

Assuming the solid has zero initial temperature and a constant heat flux g is applied at the
surface z = 0, the following temperature distribution (temperature rise) is obtained for the

solid (Carslaw & Jaeger 1959):
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2q, (ot )2 24 z
T(z,t) =—2 (—) wia _ Zerfc (3.6)
B0=7 Wt
cop o k
where the diffusivity ¢ = —.
pc
From Equation (3.6), the temperature rise at z = 0 is given by
1
T, = zi(i’)z 3.7)
k\rm

We define H to be the depth where the temperature rise is R% of surface temperature rise, i.¢.

T(H,t)=R%-T, (3.8)

This gives the penetration depth H as a function of time ¢ for a prescribed percentage R%.

Substituting Equations (3.6) and (3.7) into Equation (3.8) yields

1

(ﬂ)i (e'”z far _ R%)— % erfc

=0 (3.9)
T

H
2t
This gives an H-¢ relationship for a specified R%.

Figure 3.2 shows curves of H-¢ for different values of R% = 0.1%, 1%, 5%, 10%. The
material parameters used for these curves are those for a typical steel namely, p = 7850
kg/m’, k = 48 W/m-K and ¢ = 450 J/kg-K. If the Hertzian contact semi-width @ = 335um and
surface speed u = 25mV/s, then the heat penetration depth during traverse of the contact area

(i.e. t=2a/u) is H =60 um for R% = 1%.

On the two film-solid interfaces, heat flux continuity needs to be satisfied and thus

the following boundary conditions are established:

~k—aa—]:=—klaa—T, zel, (3.10a)
4 4
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Oz Oz
200
10 %
L - - === 5% B
- - 1% e
i e - 0.1% e
£ T ——
3 e o
~ 100 |- g T
us] //,,- e -
sof 7 T __--T"
s ‘/,/ - -
R -
R
Ry
i
s 1 P ! L1 o
0 0.02 0.04 0.06 0.08 0.1
t/ ms

Figure 3.2: An example of heat penetration curves for different percentage values.

3.3 Numerical Formulations

3.3.1 Control Volume Formulations

The energy equations are discretised using the finite difference method based on the
control volume (finite volume) approach. The problem domain is to be divided up into
control volumes with associated grid points at the centres of the volumes. An example of the

control volume for a point (x;, z;) is shown in Figure 3.3.
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Figure 3.3: The control volumes in the domain.

According to the location of the point (x;, z;), there are six cases to be considered in

the formulations as follows.
M xsz)eQ

Consider a control volume for a point (x;, z;) in the film region, as shown in Figure

3.3. Integrating the PDE for the film, i.e. Equation (3.1), over this control volume gives

pc(a—T+u?1 AxAz=—Azk§—]: +Asz—T— —Axka—T +Axk£T—
ot Ox Ox |1 Ox |1, 0z|, 1 oz, ;.1
2’ 2’ BE BE (3.11)
+¢eT a—p+u@1)AxAz+ryAxAz
ot Ox

The 2 in the subscripts refers to evaluation at the boundaries of the control volume, which is

half-way between mesh points.

The time-dependent temperature term is formulated using the Crank-Nicolson scheme
(Tannehill et al. 1997), i.e.
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} (3.12)

where 7 is the timestep. The spatial derivatives are approximated by finite difference scheme.

n+l aT

or _1|aor
o

o 2| o

For the convection term (i.e. pcudT/0x), if u > 0 the backward difference is used; otherwise
(reverse flow), the forward difference is used. For other spatial terms (conduction in both x

and z directions), the central difference is used. Thus Equation (3.11) can be written as

( k n+l n n+l k n+ n+l n+l1
Tnfl -T" E-Z-(]:‘U +'71"+1J _277'-1 )+ AZZ (]-;j—ll +I:‘,j+l _2Ti,j )
2pC - L = 9 n+l n+l n+l
C W) PO i
ot ox i Ax
(x i (3.13)
E?( ifl,j + 7:‘:1,,' - 2T1n/ )+ E(Txnj—l + T,-,",-+| - 2Tx"1)
1 (o Y " T
/4 P n | n ij  Ti-lj
+el —+u— || I + - pcu
\ ( ot ax) b T TP
Equation (3.13) can be rearranged in terms of unknowns as
LQYI‘.’I;—II + DQTi:sz + UQ]},”]‘T] =R, (3.14)
where
n+l
2pc  pcu 2k 2k op Op
Dy=——+"—t——+——g —+u_ 3.15
A A AT AL (at “ox (3-152)
k
La=-717 (3.15b)
k
Va=-17 (3.15¢)
Ry =5 (T, + 12, )+ 27| +%cx3‘-7}f{‘, +R], (3.15d)
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k n n n k n n n
Zx_?.—(Ti-l,j T, - ZT:‘J)""A'ZT( it Flija = 2T,.,j)
R} = n . . (3.15¢)
op Op . T, -T., 2pc..,
+el —+u—| T" +1y|" — pcu— + T,
(az 6x) w TP N

2 (7)) ey

If point (x;, z;) is located in Solid 1, the differential equation is Equation (3.2) which

does not include the compressive heating and shear heating terms and where the material

velocity is constant. A similar equation to Equation (3.14) can be obtained in the same way

for Solid 1:

where

LQ,]:‘,njt]l +Dq, T.‘,n;l +Uq, 7:";11 =Rq, (3.16)

D 3.17a
S A Ax A Az} G-17)
k
Ly, =- Azlf (3.17b)
k
Ug, = —Az]f (3.17¢)
k
Ro, =5 (1) + 1, J+ PO R, (3.174)
k n n n k n n n
Elz( i-1,j + i+l,j -2]},1)"' Azlz (7:‘,/-1 +7:',j+l _27:'.])
R" = ‘ (3.17¢)
"t e Bm Ty 200,
1% Ax At ij

3) (xi» z)) € Q,

Similarly, if point (x;, z)) is located in Solid 2, the following equation can be obtained:

Lo T + Do T +Uq T = Ry, (3.18)
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where

_2py6 y PG 2k, + 2k,

D (3.19a)
Y Ax A Az
Y (3.19b)
2 AZZ
Ug, = -2 (3.19¢)
2 AZZ
Re, = Z;Z (T + 10, )+ 222 1 R, (3.194)
k n n n k h n n
-A—x%( i-1,j +Ti+1,j _2Ti,j)+ Azzz (];,j—l +7:‘,j+l “ZTi.j)
R, = 2 (3.19)
2 Tn' _ Tn ) 2
i.j i-1,j P2€3 7n
- 0,CU + T"
p2 272 At i,j

@ gy el

For a point (x;, z;) on the boundary, the control volume consists of half fluid and half
solid. Figure 3.4 shows the control volume on the boundary I';. Integrating the PDEs over the

control volume gives

(67‘ aTJ Az (aT aT) Az,
pel —+u— |Ax—+pc)| —+u, — |Ax—
ot Ox

2 ot Ox 2
=<—£ka—T +f‘3kgz —Axka—T +5T{a—p+ua—p)Axéz—+ry'Axéz~
2 ox|l; 2 Ox|,l; oz, 1 ot Ox 2 2
L 2’ 2" )
+J—£klgZ +£k,a—T +Axk,§Z
2 Ox|,_1 ;2 Ox|;,1 ; 0z |; ;.1
’ 2’ Y2

(3.20)

Applying the Crank-Nicolson scheme, Equation (3.20) can be written as the

following finite difference equation:
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n+1 n
Az, J T - Tu

At

Az
2 pc"z—"'plcl 3

e ey —omt)- - 7)

2 +g(_‘?2+u?£j
ot Ox

n+l

Tlnj+l +T}}In+l _%(]:Z“ _ Tn+l ) (321)

i-1,j

+9i{£; (05, + 72, 2 e 5 -1 )- 2520 oy - )}

2 1
Az Az
+—R} +—R;
2 g TS
where
k n n n 2k n n
F(]:'—l,j + i+l,j _27;',j)+ZZ_2(]:',j-I _Ti,j)
' /4 P\ rn | _oln PCU[(rn  on PC n
+8(5[+u5) T+ _"Zx—( i,j"Ti—l,j)+—7;‘,j
k n n n 2k n n
Zx—lz‘(]:’-l,j +]:'+l,j —27:',j)+ 12 ( i+l ‘7:',;)
R;’l = ! (3.22b)
PiCUy (o o 2PC1
‘“k;‘]“(Tij _7;'—1,1)*'—:;_17;,1

In the same way as before, Equation (3.21) can be rearranged as

LT +D.T™ +U. T =R, 3.23)

4, j-1 ntij n4ij+

where
[ n+l A
sl o, 2t 2 (2,,9)
2 M Ax  Ax Az ot Ox
Drl = > (3.24a)
Az | 2pic LI 2k12 + 2k12
2 At Ax Ax Az,
k
Ln = —E (3.24p)
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Figure 3.4: The control volumes on the boundary.

(5) (xis Zj) € rZ
Similarly, the equation for the point (x;, z;) on the boundary I'; is
LT + DT + UL T = Ry,

[P | Lo L, i, j+l

where

-6_t- Ox

r
L )
2| At Ax  Ax° Az

n+l :l

+Azz 20,6, 4 P26ty _'_2]‘722 + 2k22
2 At Ax Ax® Az,

\ /

(3.24¢)

(3.24d)

(3.25)

(3.26a)
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L =-F (3.26b)
2 AZZ
U, =k (3.26¢)
: Az
(AZ k n+ n «| n+ U n+ n
_{[sz (T ] +Tl+1_/) +77 /;CXT—-llj Rinl
R. = . (3.26d)
: AZ n+ n p C,U n+l
k+_2—2[zx_2_2'(Ti—l]j I:H/) ZA; 2T—lj+R :‘
( k n n n 2k n n
F(T ;T Tr+lj 2Tr,j) AZ ( i,j+1 T;/)

Rl"iz = n (3263)

aP P n ~ln pcu n n 2pC n

:’”‘{5‘;"‘“5;) i T _——( ' T—U) +——TI,
k n n n 2k n n

Ax ( i-1,j +]:+1, 2Ti,j)+ 22 (Ti.j-l _Ti,j)

R; =< 2 (3.261)

P2Cy U, n 20,65 o

-2 o \T" -T. T"

\ Ax ( —11) At ij

©® Ii=I

For the special case where direct contact occurs between the two solids, i.e. [} = I,
the fluid film disappears and simple dry frictional heating at the surface between two solids
needs to be taken into account. The control volume at the interface is illustrated in Figure 3.5.
It should be noted that direct contact may not occur at the left and/or right side neighbours. If
this is the case, point (i-1, j) is two surface points and/or so is point (i+1, j). Conservation of

energy in the control volume then gives
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Az or Az
o (é]: +u, 97—ﬂ)Ax——‘- + pzcz(%z—w +u, ——ij——z
x

ot 0. 2 Ox 2
= _s‘_ﬁklﬁ"l +éz_1k1£?1 +Axkla—T (3.27)
2 Cox|l; 20 oxfyl; el
. > s
2 Ox|;_1 2 Ox ;1 ; 0z | i1
2’ 2’ Y2

where u is the coefficient of friction between the solids. The above equation can also be

discretised using the Crank-Nicolson approach and rearranged in the form

L, 7;";11 + Dy, Ti,n;l +Ur ., 7:",111 =R, (3.28)
where
Az, 2 2k 2 |
21 /;ltcn +p1Ac;u1 +Ax12 +AZ|2:'+
1%L !
Dl'|=l'2 - r q (3293)
Az, | 2p,¢, y PGt 2k, + 2k,
2| A Ax A Az}
k
L. =-——% 3.29b
T,=T, Az, ( )
k
U.  =--—L 3.29
I,=T, Az, ( c)
Az | kK (T"” Tn ) Pi6¥1 pas n
2 | A2 i )t A +Rg [+
Rer, = o [k (3.29d)
n+ n PG U n+ n
*22',:szz (7:—11/ +Ti+l,j)+ zAjc ? Ti—l,lj +Rsz]+ﬁ7!u1 "uzl

In Equation (3.29d), R and Ry are defined by Equations (3.22b) and (3.26f).
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Figure 3.5: The control volumes on the boundary where direct contact occurs.

Assembly of all the equations for points in the ith column, i.e. Equations (3.14),
(3.16), (3.18), (3.23) and (3.25) (or Equation (3.28) for a special case), leads to a system of

equations in matrix form:

. . -~ . - ~ .
. . . .
. - . . .
. .

L DU T, |=|R (3.30)

The coefficient matrix in Equation (3.30) is a tridiagonal matrix. For this tridiagonal
matrix system, a technique called the Thomas algorithm (Tannehill et al. 1997), which
modifies the Gaussian elimination procedure to take advantage of the zeros in the matrix of
coefficients, can be used to solve the system very rapidly. In this way, the temperature fields
in the three domains are determined simultaneously column by column by applying the
boundary condition of Equation (3.4). The film-solid boundary conditions (Equations (3.10))

are not applied explicitly because they are already incorporated in the formulations.
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The R terms on the right hand side of the equation contain temperatures at the new
time step (n+1) for the upstream and downstream columns (i-1 and i+1). These have a minor
influence on the energy balance as the predominant heat transfer mechanism is conduction

perpendicular to the film.

To solve the thermal problem for a given EHL pressure / film thickness solution, the
column by column scheme would need to be applied iteratively with the upstream
temperatures taken from the current cycle and the downstream ones from the previous cycle.
This is not the task being undertaken, however, as the temperature distribution within the
lubricant is part of the EHL problem so that the equations need to be solved simultaneously

as discussed in section 3.3.3.

3.3.2 Domain Transformation for Solids

All the above formulations are based on the uniformly-spaced grids in each domain.
For the solids, usually a larger number of grid points are necessary due to the larger size of
domain. To reduce the computation cost without loss of accuracy, a simple stretching
transforiation for solids can be used to cluster grid points in regions of large temperature

gradients, i.e. near the surfaces I'; and I',. This strategy is illustrated in Figure 3.6.

=
Vv %

v

L L

(a) Physical domain (x, z) (b) Computational domain (Xx,Z)

Figure 3.6: Domain transformation for the solids.
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An example of such a transformation can be defined as (Tannehill et al. 1997)

=
I

X

1_1n{(,0+1—z/H)/(ﬁ—1+z/H)} (3.31)
In{(5 +1)/(8 1)}

z

where the stretching parameter 1 < £ < . The inverse of the transformation can be found

from Equation (3.31) as

X=X

, - g BHY-(B-D{B+H(E-DI (3:32)
{(B+DHB-DIT +1

This transformation clusters more points near z = 0 as £ approaches 1, as shown in
Figure 3.7 where different 3 values are used to perform the above transformation with H =

50. The number of mesh points is 11 in this demonstration.

BO e e e e — e — — e — —_—

10

p=101 p=105 p=11 p=12 p=15 =20

Figure 3.7: Mesh grids after domain transformation.
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In order to apply this transformation to the governing equations of the solids, i.e.
Equations (3.2) and (3.3), the partial derivatives with regard to z need to be transformed in

the following way:

2 22 ANGL
) (aTJ G (6T,5Z) Q or oz 0 (6T) a_ QZJ{‘?_ZJ 9T (333

Oz \ Oz 0z\ 0z 0z 0z? oz 62 62 oz ozt oz oz ) 0z°
where
oz 28
== (3.34a)
% Hlp —(1-2/H)) m(B+1)/(B-1) :
ifzg(az) -4p(1-z/H) (3.34b)
o2 BB - (-2 HY  Inf(p +1)/(5 1)

After transformation, the governing equation can be differenced again on the
uniformly spaced grid in the computational domain. With this transformation, modifications
are needed for the formulations where mesh points are located in the solids or at the

interface.

If a point (7, j) is in the solids, an additional term, %r, needs to be formulated. For

T ‘ T -
Solid 1, or _ Tyn =1y, ; for Solid 2, O _ Zin =i . Thus, the coefficients for Solid 1,
oz Az, 0z Az,

i.e. Equations (3.17), become

2
2 2k, 2k (éz ’z
D, = P plclul + 550 —12 (__Z_L] +_k_‘-(a Z'] (3.35a)

.Y Ax  AX oz, Az, \ &z,
2
k, oz
L =———’—(—'] (3.35b)
& A}:‘l2 0z,
2
k, (0z k [0’z
U, =———| =L | - ! 3.35¢
Q, AE]Z (azl ) AE] (6212 J ( )
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k n+ n p n+l n
Ro, =5 _(rm T )+ 'A; L7+ R (3.35d)
k n n n T: - ,‘f,' 2p C n
Axlz (T +7:+1; _2Ti,j)'“plclu1 - = Alt ] T,
e o (e (3.35¢)
74 VA
+— | =T+ T, 2T )+ | —- (T, - T
AElz (azlj ( i,j-1 i,j+1 1,]) AZ] (aZ|2 ]( ij+1 ,1)

The coefficients for Solid 2, i.e. Equations (3.19), become

N2
D ___2,0202 4 P62ty +2kz + 2k, ( 0z, + 2 k, Zz (3.36a)
Y. Ax A A5\ 0z, ) Az, | oz,
_\2 a_
Ly =2 &) K [OF (3.36b)
? Az,”\ 0z, Az, |\ Oz,
2
Ug, =~ 1?2[@) (3.36¢)
Az, \ oz,
k n+ P2C U n+ n
R, =Zx2_2(T"lf +T7 )+ FLER Ry, (3.36d)
Ty -Th, 2
—Zz—(Tn +T5, _znf})_pzczuz - "L+ pAztcz Ly
R = (3.36¢)
: k, (oz 0z
+ _22 (_fg_] (T -1 +T1+1 27:"/)""1{%(“5329(77;—1 —Tlnj)
AZZ aZ2 AZZ azz- ,

For the control volume on the surface, contributions from Solid 1 to the coefficients are

Az, |2 Z
Dsz——‘{ pier , picin 2k }+-§7[92_} (3:37)

At Ax sz Oz,

L, =0 (3.37b)

k (o2
Us, = —*'(az‘J (3.37¢)
1
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and contributions from Solid 2 to the coefficients are
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Az .
In Equations (3.37) and (3.38), —2—‘— and A;—z— are the physical values corresponding to %

and % respectively, and they can be obtained from Equation (3.32).

The above formulations for the solids with domain transformation can be changed

back to formulations with uniform mesh by simply setting z =z,

2_
=1, and g——f—=0.
Oz

4

z
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3.3.3 Solution Procedure

The thermal model is developed based on the numerical formulations described in the
previous sections. This model is then incorporated into the EHL line contact solution
program and the whole thermal EHL solution procedure is illustrated in Figure 3.8. The
dashed box is the thermal module. The iterative scheme used is the coupled solution method
described in Chapter 2. The thermal analysis is carried out once for every trial pressure in the
overall iterative scheme. Energy equations for both film and solids are solved to determine
the temperature distribution within the film corresponding to the current pressure and film
thickness distribution. The downstream temperatures at the new timestep that are
incorporated in the right hand side of the energy equation are taken as those from the
previous cycle. Then the viscosity and density of the lubricant are updated using these
temperatures and pressures to determine new pressure and film thickness distributions. This
iterative process continues until a solution is obtained which simultaneously satisfies all EHL

equations.

For temperature convergence, two levels of criteria are employed. First, changes of
maximum values of the mean fluid temperature and two surface temperatures are checked. If
these changes are less than 0.05°C, then mid-plane temperature and surface temperature at all

mesh points are checked using the following criterion:

new old new old
I;i - 7;1 T2i - TZi
+ max

A 7 T id
! T, ! Iy ! >

<10™ (3.39)

where T, is the mid-plane temperature in the fluid and 7, and 7, are the two surface

temperatures respectively.

The cross-film mean (or effective) temperature is obtained from (Sharif et al. 1999)

r=1{r
= [T(2)dz (3.40)
which is used to determine the effective viscosity and density via Equations (1.14) and

(1.16), respectively.
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Figure 3.8: Thermal analysis procedure for EHL line contact.
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3.4 Results and Discussions

The thermal analysis for the rough surface EHL line contact problem is performed
based on the numerical formulations described in the previous section. The rough profiles
analysed are those shown in Figure 2.2 of Chapter 2. An entrainment velocity of # = 25m/s
with a slide roll ratio of £ = 0.5 is applied unless otherwise stated. The same load is applied
as used in Chapter 2 so that the maximum Hertzian pressure in smooth dry contact is about po
= 1GPa with the semi-contact width a = 0.335mm. The inlet and bulk temperature is 100°C,
which corresponds to conditions used in scuffing tests by Patching et al. (1995). The
material properties for both lubricant and solids are listed in Table 3.1. The mesh spacing
used is Ax = a/200. The timestep used, as in Chapter 2, is At = u;/2Ax, where u; is the
velocity of the faster moving surface. For the solution of the energy equation, 21 uniformly
distributed mesh points across the oil film (in the z direction) are used. The number of nodes

in the solids will be discussed later.

Table 3.1: Material properties used for thermal EHL analysis.

0 0.0048 Pa-s A 1.68 GPa™
a 11.1 GPa™ & 6.4x10™* K
Zo 10 MPa k 0.131 W/mK
K 63.2x10° Pa-s c 2000 J/kgK
P 5.1 GPa 21, P2 7850 kg/m’
o) 846 kg/m’ ki, k 48 W/mK
¥ 2.27 GPa' ci, €2 450 J/kgK
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3.4.1 Determination of Boundary in Solids

From Equation (3.9), the thermal boundary depths of the two solids can be estimated.
As stated in section 3.2.2, this depth is typically around 60um. Based on this estimation, a
simple test is required to check if the depth selected is sufficiently deep so that temperature
variations are negligibly small with increasing boundary depth. For this, thermal analyses are
performed for contact between two smooth surfaces (steady-state) with six boundary depths
of 30, 40, 50, 60, 70, and 80um. The same boundary depth is selected for both surfaces. To
eliminate the influence of mesh size from the comparison, a uniform mesh with a spacing of
lpm is selected across the solids (in the z direction) for all the cases. Figure 3.9 shows the
temperature rise at the two surfaces for these boundary depths. AT} (upper part) is the
temperature rise for the upper surface and AT (lower part) is for the lower surface. It can be
seen that from 50um, the temperature rise is kept unchanged with the increasing thermal
boundary depth. Therefore, the depth of 50um is deep enough to maintain the accuracy of

thermal analysis.

3.4.2 Influence of Mesh in Solids

In the film region, a uniform mesh of a relatively fine grid spacing (21 nodes across
the film) is used. In the solid region, a non-uniform mesh with fine grids near the surface and
coarse grids towards the thermal boundary in the solid can be used to capture the possible
high temperature gradient at the interfaces. This idea has already been employed by Zhai and
Chang (2000) and Wang et al. (2004c) in their thermal EHL analysis. In this section, the
domain transform described in section 3.3.2 is used to investigate the influence of mesh in

solids on efficiency and accuracy of thermal analysis results.
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Figure 3.9: Comparison of temperature rise at the two surfaces for smooth-smooth EHL
contact using different boundary depths. AT (upper part) is the temperature
rise for the upper surface and AT, (lower part) is for the lower surface.
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Table 3.2 lists the CPU time to solve the same thermal EHL problem using different
numbers of nodes across the solids, NZ, and different § values for domain transformation.
The results are obtained from running profile (A) against a smooth surface for 4000
timesteps. The corresponding solution time for an isothermal analysis is 523.4". The
boundary position for the two solids are 4, = h; = 50pm. It can be seen that CPU time for this

comparison is mainly dependent on NZ, not £.

Figures 3.10 — 3.12 compare the results obtained using different mesh spacings. The
number of nodes across the solids applied in these figures are NZ = 21, 11, and 6,
respectively. In these figures, curves denoted as ‘reference’ represent the results obtained
using a uniform mesh with NZ = 51. It is clear that accuracy increases with increasing NZ.
For the fine mesh (e.g. NZ = 21), the transformation is not necessary and may reduce
accuracy. For the coarse mesh (e.g. NZ = 6), the transformation can increase accuracy. Based
on these comparisons it was decided that a reasonable balance between efficiency and

accuracy was obtained with a uniform mesh with 11 grid points.

Table 3.2: CPU time for a series of values of NZ and .

NZ=351 NZ=21 NZ=11 NZ=6
p=11 17'31.7" 13'0.4" 11'32.17 10'50.9"
p=12 17'36.1” 12'57.6" 11'31.8" 10"48.2"
p=15 17'48.6" 13'4.0" 11'25.9" 10"38.3"
p=2.0 17'47.5" 12'54.4" 11'27.6" 1048.3"
uniform 17'28.5" 13'1.7" 11'28.3" 10'44.0"
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Figure 3.10: Comparison of temperature rise at the two surfaces for the case of NZ = 21
using different domain transformations. AT} (upper part) is the temperature rise
for the upper surface and AT, (lower part) is for the lower surface.
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Figure 3.11: Comparison of temperature rise at the two surfaces for the case of NZ = 11
using different domain transformations. AT} (upper part) is the temperature rise
for the upper surface and AT, (lower part) is for the lower surface.
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Figure 3.12: Comparison of temperature rise at the two surfaces for the case of NZ = 6
using different domain transformations. AT} (upper part) is the temperature rise
for the upper surface and AT; (lower part) is for the lower surface.
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3.4.3 Simulation of Thermal Behaviour

In this section, numerical results are presented for thermal EHL analysis. Based on
the previous investigations, 4; = h; = 50um are chosen for the thermal boundary in the solids

and 11 uniformly distributed points across the solids are used for analysis.

Figure 3.13 shows the results obtained from running profile (A) against a smooth
surface at timestep 4000, when the faster surface (rough surface) has moved a distance of
10a. The upper part of the figure shows the pressure and film thickness distributions in the
contact area. The lower part of the figure shows the mean lubricant temperature rise and
temperature rise for two surfaces. Also shown in the figure are the corresponding results for
the case of smooth-smooth contact for comparison. It can be seen that substantial
perturbation to the smooth surface pressure, film thickness and temperature rise has been
developed due to the moving rough surfaces. It is clearly seen that the rise and fall of mean
lubricant temperature is broadly similar to the pressure pattern in the lubricant. This
phenomenon is also observed by using different rough profiles, such as the profile (B)
against a smooth surface (shown in Figure 3.14) and the profile (C) against a smooth surface
(shown‘in Figure 3.15). This can be explained by the fact that, in the region of contact the
dominant heat generating mechanism is shear heating which is related to the pressure
distribution through its effect on the lubricant viscosity. Figure 3.16 shows the pressure
distribution and corresponding compressive heating term, HC, and shear heating term, HS,
for the smooth contact and the rough contact. HC and HS are defined by

HC= ['eT P,y Py (3.41a)
0 ot ox

HS = L”W-dz (3.41b)

It is clear that S has the same distribution pattern as p and is generally much higher than
HC.
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Figure 3.13: Pressure, film thickness and temperature rise distributions at one timestep for
the contact between profile (A) and a smooth surface. AT, AT, and AT; are the
temperature rise for oil mean temperature, upper surface and lower surface,
respectively.

77



Chapter 3 Thermal Analysis

2 8
15 s
« [ ;
[-™
O 1} _ 44 =
~ -~
2 i A~ ~ o =
- s
- N
i / \ /]
0.5 F\\ ~ 2
-\ / \ /’A
L N\
\ / \
B ~
- o fe — o \—f— 74
= 1 - ]
o - 0 1 0
xa
100

AT (°C)

Figure 3.14: Pressure, film thickness and temperature rise distributions at one timestep for
the contact between profile (B) and a smooth surface. AT, AT) and AT are the
temperature rise for oil mean temperature, upper surface and lower surface,
respectively.
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Figure 3.15: Pressure, film thickness and temperature rise distributions at one timestep for
the contact between profile (C) and a smooth surface. AT,, AT} and AT; are the
temperature rise for oil mean temperature, upper surface and lower surface,
respectively.

79



Chapter 3 Thermal Analysis

2E+08
1E+08
ﬂua
s E
] -
N 1
8 T
)
0 T

-1E+08

15 3E+08

1 2E+08
N’;‘
g I
O o0s - 1Ev08 &
N ] ES
o
i { T

; | _
&(} RN
0 - s | ' l\“u,é,#‘ﬂ,ll 0
,4" |
i ty
| N 1 " 1 N
0.5 = 0 . -1E+08
xa

Figure 3.16: Comparison between compressive heating term, HC, and shear heating term,
HS, for the smooth contact (upper figure) and the rough contact (lower figure).
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Sliding in the EHL contact affects the shear stresses and thus the rheological
behaviour of the lubricant and heat generation in the film. The influence of slide roll ratio &
on the temperature rise at timestep 4000 is examined in Figure 3.17. Results obtained for
three slide roll ratios of & = 0.25, 0.5 and 1.0 are compared with the same entrainment
velocity of # = 25mV/s. It is clear that as the ratio & increases, the temperature rises for both

the lubricant and solids increase substantially.

Figure 3.18 shows the influence of the entrainment velocity on the temperature rise.
Three velocity values of & =5, 10 and 25m/s are used with the same slide roll ratio &= 0.5.
The results shown in the figure are the temperature rises at timestep 4000. It can be seen that

as u increases, the temperature rise increases due to viscous dissipation.

In the above comparisons, the temperature for boundary conditions (the oil inlet
temperature and the solid ambient temperature) is 7o = 100°C. Important physical properties
of the lubricant such as viscosity, pressure coefficient of viscosity and density are
temperature dependent. Therefore it is necessary to study the influence of 7 on temperature
rise. Table 3.3, which is taken from Patching et al. (1995), summarises viscosity (77) and
pressuré coefficient of viscosity () at three values of temperature T = 40, 100 and 140°C.
The density is assumed not to change with temperature in this study. Figure 3.19 shows
results obtained at timestep 4000. The slide roll ratio is £ = 0.5 with the velocity # = 25m/s.
It can be seen that with decreased 7' the temperature rise in the lubricant increases due to
viscous dissipation with higher viscosity (70) and pressure coefficient of viscosity (a).

However, the effect of T on the temperature rise of the two surfaces is very limited.

Table 3.3: Viscosity (7) and pressure coefficient of viscosity (a) as a function of

temperature.
Temperature (°C) o (Pa-s) a (m*/N)
40 0.0250 1.60x10°
100 0.0048 1.11x10°8
140 0.0024 0.96x10% J
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Figure 3.17: Temperature rise distributions at one timestep for the contact between profile
(A) and a smooth surface with different slid roll ratios & = 0.25, 0.5, and 1.0:
(a) oil mean temperature, (b) upper surface, and (c) lower surface.
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Figure 3.18: Temperature rise distributions at one timestep for the contact between profile
(A) and a smooth surface with different entrainment speeds # = 5, 10, and
25m/s: (a) oil mean temperature, (b) upper surface, and (c) lower surface.
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Figure 3.19: Temperature rise distributions at one timestep for the contact between profile
(A) and a smooth surface with different inlet temperature values 7, = 40, 100,
and 140°C: (a) oil mean temperature, (b) upper surface, and (c) lower surface.
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The predicted pressure and film thickness distribution under thermal EHL conditions
examined above is compared with corresponding isothermal results in Figures 3.20 to 3.23.
In these figures, solid lines are thermal results and dotted lines are corresponding isothermal
results. Figure 3.20 shows the results at one timestep for the three rough profiles against a
smooth surface. The slide roll ratio is £ = 0.5, the velocity is # = 25m/s and the inlet
temperature is T = 100°C. It can be seen that considering thermal effects does not
significantly alter the pressure and film thickness distribution for these cases. Figure 3.21
shows the results obtained for the contact between profile (A) and a smooth surface with
three slide roll ratio values, i.e. £=0.25, 0.5 and 1.0. The same velocity and inlet temperature
are maintained. It can be seen that with increased slide roll ratio, thermal effects become
stronger and the differences between thermal and isothermal results increase. Figure 3.22
shows the results obtained for the contact between profile (A) and a smooth surface with
three velocity values of # =5, 10 and 25m/s and £ = 0.5 and T»= 100°C. Once again, only a
small difference in the pressure and film thickness distributions between thermal and
isothermal results for these cases. Figure 3.23 shows results obtained using different inlet
temperature values of T = 40, 100 and 140°C. For the case of T = 40°C, the viscosity is
much higher than that in the other two cases (see Table 3.3). This increases the predicted film
thickness significantly and also slightly reduces the pressure. The thermal effects cannot be
ignored for this case. For the other two cases, inclusion of thermal effects does not

significantly alter the pressure and film thickness distribution.

The pressure, film thickness and temperature distributions obtained from contacts
between two rough surfaces each with the same profile are shown in Figures 3.24 to 3.26 for
the three profiles. The slide roll ratio is & = 0.5, the velocity is # = 25m/s and the inlet
temperature is 7o = 100°C. In all three cases, the mean oil temperature can be seen to follow
the variation of pressure. Corresponding pressure and film thickness distributions for
isothermal conditions are also shown in the upper part of each figure for comparison. It is
seen that the pressure and film distribution predictions are essentially unchanged by the

inclusion of the thermal analysis in these cases.
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Figure 3.20: Pressure and film thickness distributions at one timestep for the contact
between: (a) profile (A) and a smooth surface, (b) profile (B) and a smooth
surface, and (c) profile (C) and a smooth surface. Solid lines are the thermal

results and dotted lines are the isothermal results.
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Figure 3.21: Pressure and film thickness distributions at one timestep for the contact
between profile (A) and a smooth surface with different slide roll ratio: (a) &=
0.25, (b) £=0.5, and (c) £= 1.0. Solid lines are the thermal results and dotted

lines are the isothermal results.
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Figure 3.22: Pressure and film thickness distributions at one timestep for the contact
between profile (A) and a smooth surface with different entrainment speed: (a)
u =5m/s, (b) u = 10m/s, and (c) # = 25m/s. Solid lines are the thermal

results and dotted lines are the isothermal results.
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Figure 3.23: Pressure and film thickness distributions at one timestep for the contact
between profile (A) and a smooth surface with different inlet temperature: (a)
Te = 40°C, (b) T = 100°C, and (¢) Tw = 140°C. Solid lines are the thermal
results and dotted lines are the isothermal results.
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Figure 3.24: Pressure, film thickness and temperature rise distributions at one timestep for
the contact between two rough surfaces each with profile (A). Pressure and
film thickness distribution for corresponding isothermal case is also shown in
the upper figure in dotted lines for comparison.
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Figure 3.25: Pressure, film thickness and temperature rise distributions at one timestep for
the contact between two rough surfaces each with profile (B). Pressure and
film thickness distribution for corresponding isothermal case is also shown in
the upper figure in dotted lines for comparison.
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Figure 3.26: Pressure, film thickness and temperature rise distributions at one timestep for
the contact between two rough surfaces each with profile (C). Pressure and
film thickness distribution for corresponding isothermal case is also shown in
the upper figure in dotted lines for comparison.
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3.5 Summary

A solution method for thermal effects in transient, rough surface EHL line contacts
has been presented. The numerical formulation is based upon the full energy equation for the
fluid film and solid surfaces. A control volume approach, which includes a domain

transformation in the solid surfaces, is used within an efficient solution scheme.

The formulation includes the effect of transitory “dry” contacts between asperities in
which the fluid film breaks down and heating is due to Coulomb friction. Results are
presented which demonstrate thermal effects in disc machine tests using roughness profiles
acquired from the surfaces used. Under realistic operating conditions or load, rolling and
sliding speed, temperature increases of the order 100°C are predicted, but these changes do

not produce a significant effect on the pressure and film thickness profiles within the contact.
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Chapter 4

Elastic Stress Analysis

4.1 Introduction

When two bodies in contact under load are non-conforming, the resulting contact
areas are very small and the contact pressures are very high. Therefore it is essential to know
the values of stresses acting in such contacts in order to assist machine design. For the
Hertzian contact, these stresses can be determined from the analytical formulae as described
in Chapter 1. For the real surfaces which are rough rather than smooth, the contact stresses
will significantly differ from the Hertzian stress distribution. Therefore, the analysis of

roughness-induced stresses is a fundamental problem in the study of mixed lubrication.

The solution to a rough contact problem is to find the surface displacement that
satisfies the condition of compatibility of deformation and the associated contact pressure
that satisfies the equilibrium condition. As described by Liu et al. (1999), three aspects of
work for rough contact problems are needed: (a) descriptions of rough surface profiles; (b)
expressions for the pressure-deformation relationship; and (¢) methods and techniques to
solve the contact equations. A large number of works on solving rough contact problems
have been published in the literature (see review papers by Bhushan (1998), Liu et al. (1999)
and Adams and Nosonovsky (2000)). A detailed account of the principles involved in using
numerical elastic contact techniques on measured rough surfaces was presented by Sayles
(1996). More recently, Allwood (2005) reviewed solution methods for elastic rough contact
problems and assessed their performance with emphasis on their solution speed, accuracy

and memory requirements.
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Once the pressure distribution is determined, the calculation of subsurface stress
fields for a line contact problem is straightforward using the formulae given by Johnson
(1985). Bailey and Sayles (1991) evaluated the complete subsurface stress field under a
pressure distribution obtained using the contact model of Webster and Sayles (1986) for real
rough surface contacts. Their studies have shown that roughness-induced stresses are
significantly higher than the maximum stress in a comparable smooth contact. The same
contact model was also used by Kim and Olver (1998) to determine the pressure distribution
in the contact. The pressure distribution was then used in turn to determine the stress
distributions and the stress histories of a specimen loaded by a counterbody rolling-sliding
over it. Their numerical results show that stresses near the surface layer can be many times
higher than in an equivalent smooth contact, and the roughness on the counterbody greatly
~ increases the number of stress cycles during each passage of the contact when sliding is
present. Hu et al. (1999) presented a numerical model for the elastic contact of rough
surfaces based on fast Fourier transform (FFT) and minimisation of complementary energy.
The subsurface stresses caused by the contact were analysed and the results showed that high
frequency roughness could lead to very sharp impulses and significant oscillations in the

pressure distribution.

Recently, many contact models have been developed to address more complex rough
contact problems such as layered contact, three-dimensional contact, elastic-plastic contact,
etc. Yu and Bhushan (1996) calculated surface and subsurface stresses for nominally flat on
flat rough surface contact. Three-dimensional rough surfaces were generated by the computer
with specified standard deviation of surface heights and correlation length. Mao et al. (1997)
developed a numerical technique for evaluating the subsurface stresses arising from the two-
dimensional sliding contact of multilayered elastic bodies with rough surfaces under both
normal and tangential forces. Nogi and Kato (1997, 2002) investigated the influence of a
hard surface layer on the limit of elastic contact and concluded that the limit of elastic contact
is highly dependent on the layer thickness and the surface roughness. Kadiric et al. (2003)
employed a layered contact model developed by Cole and Sayles (1992), which is an
extension of the numerical rough surface contact model of Webster and Sayles (1986), to
investigate the effects of a coating layer in the substrate on the contact pressure and

subsurface stress distributions. Peng and Bhushan (2001, 2002) investigated three-
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dimensional contact behaviour of layered elastic/plastic solids with rough surfaces. The
surface deformation and pressure distributions were obtained based on a variation principle.
The surface and subsurface stresses were determined and the von Mises stress yield criterion
used to determine the onset of yield. Mihailidis et al. (2001) presented a model to determine
the asperity pressure distribution at the contact of two rough cylinders, assuming elastic-
perfectly plastic deformation. The effect of roughness on the subsurface stress field was
investigated using numerically generated rough surfaces. Mayeur et al. (1995) presented a
numerical elasto-plastic model for rough contact based on a boundary integral formulation.
The material was assumed to obey the von Mises yield criterion with linear kinematic
hardening. Liu et al. (2001a) developed an elasto-plastic rough contact model based on an
elasto-plastic finite element method (FEM) with the incremental form of a simplex-type
algorithm. They also used the von Mises yield criterion to determine the onset of plastic
deformation. Kogut and Etsion (2003) studied the contact of rough surfaces based on the
Greenwood-Williamson plasticity index ¥ and found that up to ¥ = 0.6 the contact is purely
elastic; ‘¥ = 1.4 marks the transition from entirely elastic to elastic-plastic; and ¥ = 8 marks

the transition from elastic-plastic to fully plastic behaviour.

In a rough surface EHL contact, an appropriate EHL analysis is used to calculate the
pressure, surface shear stress, and film thickness profiles in the contact area. The calculated
pressure and surface shear stress are then used to evaluate the surface and subsurface stress
distributions in the contacting bodies. The stresses are affected by the lubricating film
separating the opposing rough surfaces and the level of rolling and sliding. Elsharkawy and
Hamrock (1991) studied subsurface stresses in micro-EHL line contacts using a simple
sinusoidal wavy surface. The effect of the amplitude and wavelength of the surface on the
pressure, surface shear stress and film thickness profiles, and hence on the subsurface stress
pattern in the solids were presented. Tao et al. (2003) presented numerical results for EHL of
gear teeth using real surface profiles obtained from micropitting tests carried out on an FZG
gear testing machine. The EHL model adopted was based on the line contact model of
Elcoate et al. (2001) that solves the elastic and hydrodynamic film thickness equations
simultaneously. The subsurface maximum shear stress was found to be much higher than for

the corresponding smooth surface case and is close to the surface. Hooke and Li (2002, 2003)
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presented an inverse approach that allows the pressures and stresses predicted by EHL
analyses to be checked. A Fourier transform method was applied to calculate stresses from
pressures in order to reduce computational time. Zhu et al. (2003) performed transient
contact stress analyses for different types of rough surfaces in mixed lubrication problems of

point contacts.

To reduce the computational time, fast numerical methods have been utilized for
solving rough contact equations and subsequent stress evaluation. Polonsky and Keer (1999)
developed a fast method for the numerical analysis of rough contacts by combining a
multilevel multisummation (MLMS) algorithm with an iteration scheme based on the
conjugate gradient method (CGM). Another fast method was developed by Nogi and Kato
(1997) by combining the fast Fourier transform (FFT) with a CGM-based iteration scheme. A
serious limitation imposed on FFT-based methods is that they are not strictly applicable to
nonperiodic contact problems. FFT application to such problems introduces a periodicity
error in the numerical solution. The periodicity error can be reduced by extending the contact
domain, as suggested by Nogi and Kato (1997), Hooke and Li (2002), etc. Polonsky and
Keer (2000) compared MLMS and FFT by applying them to an example contact problem.
Colin and Lubrecht (2001) also compared the two methods for elastic deformation
calculations. It has been shown that to achieve accuracy comparable to that of MLMS, the
grid on which FFT is performed needs to be extended far beyond the contact area, which
results in a dramatic increase in the computation time. To overcome periodical extension
error associated with FFT, Ai and Sawamiphakdi (1999) decomposed the solution into two
parts: a smooth part and a fluctuation part. The smooth part is solved analytically and the
fluctuation part is solved by using a FFT-based method. Liu et al. (2000) presented a discrete
convolution and fast Fourier transform (DC-FFT) algorithm, which avoids any error
associated with FFT at a cost of only doubling the domain dimensions of a contact problem.
The DC-FFT algorithm has been used to calculate contact stress fields by Liu and Wang
(2002) and Zhu et al. (2003).

In this chapter, the stress distributions and stress histories in the contact bodies are
determined for the EHL line contact with rough surfaces. The two contacting bodies are

assumed to behave elastically so that their stress states remain elastic. The stress fields are
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calculated numerically. The numerical method adopted is chosen based on its accuracy and

efficiency as determined in comparisons with other methods.

4.2 Mathematical Modeling

In the EHL line contact problem, the stresses may be calculated to a good
approximation by considering each body as a semi-infinite elastic solid (Johnson 1985). The
semi-infinite solid is shown in cross-section in Figure 4.1. The boundary surface is the x-y
plane and the z-axis is directed into the solid. Surface pressure p(x) and shear stress g(x) act

on the surface over the region from x; to x.

The pressure p(x) can be obtained by solving the EHL line contact problem. The
shear stress g(x) is determined as part of the solution. Since the mid-plane shear stress 7, in
the film can be determined from Equation (2.9) in Chapter 2, the shear stresses existing in the

film at the two surfaces are

h op
=7 +-L 4.1
TI Tm 2 ax ( a)
h op
-7 - 4.1b
2-2 Tm 2 ax ( )

where £ is the film thickness. Therefore, the shear stresses acting on the solid surfaces are
q, =-T, (4.2a)
q, =71, (4.2b)

If direct contact occurs and no film exists at a point, the shear stress at that point is

determined as the friction force of metal on metal:
g, =—p-p (4.32)

g, =pp (4.3b)
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where 4 is the coefficient of friction in direct contact. In this thesis, = 0.1 is assumed unless
specified otherwise. Different signs are added in the above equations assuming the bodies

have velocities with u; > u.

In a line contact the semi-infinite body may be considered to be in plane strain since
the thickness of the solid is large compared with the width of the contact region (Johnson
1985). Thus, the state of stress at any point is determined by the three components, o, o;
and 7,,. These stress components at any subsurface point (i.e. z > 0) due to the complete

distribution of p(x) and g(x) are given by (Johnson 1985)

22 s p(8)(x=9)ds _ 2 (s g(s)(x=5)’ds
'[" [(x—s)2 +zZ]2 4 '[" [(x s +z ] (#42)
_ 22 p(s)ds 22 n q(s)(x — s)ds
j [(x s) +z] '[ [(x -5)? +z] (4.40)
_ 22 w p(s)(x—s)ds 2z e g(s)(x=s)°ds s)2ds
I [(x 5)? +z] ‘f [(x s)2+z] (#40)

On the surface (i.e. z = 0), the stress components can be determined by the boundary

conditions, i.e.
o, =—p(x) (4.52)
7. ==q(x) (4.5b)
o; on the surface can be determined by the strain and Hooke’s law, i.e.

) )

£, = %[(1 -vHo, -v(l+v)o, ]

2(1 v?) f () ;¢
X S (4.6)

where E is the Young’s modulus and v is the Poisson ratio. This gives
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% g(s) 4o (4.7)

2
o, =-p(x)-—
T Xx—S

The integrand in Equation (4.7) has a singularity at s = x and changes sign. The value

required is the Cauchy principal value of the integral.
Under conditions of plane strain, 7, = 7, = 0 and

o, =v(o,+0,) (4.8)

v =

Figure 4.1: Semi-infinite solid in line contact.

4.3 Numerical Methods

Evaluating the integrals in Equation (4.4) is inherently time consuming, especially for
a fatigue analysis such as is presented later that requires a transient stress analysis procedure.

Therefore, seeking an efficient and accurate numerical method to determine the stress
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components throughout the contacting bodies is necessary. In the following, three methods
are evaluated, namely the Direct Integration Method, the Hooke-Li Method and a DC-FFT
Method.

4.3.1 Direct Integration Method

In this method, the integrals in Equation (4.4) can be divided into a set of solutions
for the uniform load steps p; and g,. It is relatively straightforward to calculate the stresses
due to each step with uniform load and the actual stresses are obtained by summation of these
solutions. Performing the integrations and using the notation shown in Figure 4.2, Johnson

(1985) gives equations for the stresses as

o -Z{ Zi[2(6,-6,)+ (sin291—sin292)]+—2(-1L[4ln(r]/rz)—(003201—cos202)]} (4.9a)
/4

ot PN ' “rean

o, = Z{ - Zi[2(6, -6, ) (sin 26, —sin 26 )]+ (cos 20, —cos 20 )} (4.9b)
= Z {p_” (cos26, —cos 28, )- -2‘17"; [2(6, - 6,)+(sin 26, —sin 26, )]} (4.9¢)
where
tanf,, = —————— 4.1
12 = ~ Ax (4.10a)
(x—x)F '2_

2
n2 =\/[(x—x,)¢%x-} +2° (4.10b)
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Figure 4.2: Notation used to define subsurface stresses for a uniform load at the surface
where surface tractions p; and g; are applied at position x;.

4.3.2 Hooke-Li Method

The Hooke-Li method (Hooke and Li 2002) is a method for evaluating elastic stresses

for a semi-infinite line contact solid based on Fast Fourier Transform (FFT) technique.

P(w) and Q(w) are defined as the Fourier transforms of the pressure p(x) and traction

q(x), respectively, i.e.

P@)= [ p(x)e?™dx (4.11a)

O(w) = j“; g(x)e ™ dx (4.11b)

For positive o, if the Airy stress function is selected as

{P(e) + 20| P(0) - Q@) ]l e

¢= (270)’

(4.12)
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then the stress components vanish as z becomes large and satisfy the equations of equilibrium

together with the compatibility equation and the boundary conditions:

ox=%‘:g, azz—g—;?, T, =—§:§Z (4.13a)

{gx_ + g;}{g s _Z;ﬁ} -0 (4.13b)

O'ZIFO = —P(w)e*™, ‘r_w|z=0 = -Q(w)e*™ (4.13¢)
This yields the stress components as

(0, +0.)/2 = -|P(w) - iQ(w)]e "**™ = F,(w)e*™ (4.14a)

(0, - 0.)/2 = 2ro|P(0) - iQ(@)]+i0(w)}e ™ e*™® = F,(0)e*™®  (4.14b)
7. = i2ma|P(0) - iQ(0)]+iQ(w) e ™™ = F,(0)e*™ (4.14c)

Thus, the actual stresses can be obtained via inverse fast Fourier transform (IFFT), i.e.

(0'_V +O‘z)/2<—IF—FT-F,(a)) (4.15a)
0. -0)2< L _E () (4.15b)
ro L F(w) (4.150)

4.3.3 DC-FFT Method

Based on Equation (4.4), we define the following influence coefficients, which are

independent of the pressure distribution:

2 x’z

X z)=———~—"—
1 7 (x* +2%)?

(4.16a)
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2 z?
c,(x,z2) = —————
2 7 (x2 +2%)?

2

xz
e(xz)=-2 2
B 7w (x*+2%)?

2 x*
c,(x,2)=—————
o 7 (x? +2%)?

Thus, Equation (4.4) can be rewritten as

o, (x,z)= Jj’ p(s)e,(x—s,z)ds + '[:2 q(s)c, (x —s,z)ds

o.(x,z)= Jj:z p(s)c,(x—s,z)ds + I:z q(s)e;(x = s,2)ds

Xy

t (x,2)= L p(s)e,(x —s,z)ds + [:: q(s)c,(x ~s,z)ds

(4.16b)

(4.16¢)

(4.16d)

(4.17a)

(4.17b)

(4.17¢)

It can be seen that the stress components can be obtained by calculating the

convolution of normal and tangential tractions with influence coefficients. We assume that

there are N points in the x domain and the mesh size is Ax. Then Equations (4.17) can be

written in the following form of discrete convolution:

o )= Y Apec =k, )+ gee, (i =k, )}

k

N-

0., /) =Y Apic,(i=k, j)+q,c; (i —k, j)}Ax

k=0

N-1
.G J) =D Apies(i =k, ) +que,(i =k, )}Ax
k=0

(4.18a)

(4.18b)

(4.18¢c)
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It can be seen that the discrete convolution approximates the continuous convolution within
the error introduced by rectangular integration. If the mesh size Ax is made sufficiently small,

then the error introduced by the discrete convolution is negligible (Brigham 1988).

By taking the Fourier transform, the convolution of any two functions in the space
domain x becomes the product of their individual transforms in the new domain w. Therefore

the stress components can be calculated efficiently by using FFT and inverse FFT (IFFT) as

follows:
o (x,2) 2L P(w)C,(w,2) + O(@)C, (@, 2) (4.19)
0. (5 )T p(w)C,(@,2) + Q(@)C, (@, 2) (4.19b)
7. (52«2 p(w)C,(@,2) + Q(@)C, (@, 2) (4.19)

where
0 PRI (4.20a)
O(w) £—T——q(x) (4.20b)
Co(@, )¢ (x,2) (4.20¢)
C,(0,2) 0 (x,2) (4.20d)
Cy(@, )¢ (x,2) (4.20¢)
Co(0,2) 2L ¢ (x,2) (4.20f)

The Discrete Convolution and FFT (DC-FFT) method stated by Liu et al. (2000) is

adopted to calculate stresses in Equation (4.18). Assume there are N uniformly spaced points
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in the x direction. To apply the FFT algorithm for a particular value of z, usually N is an

integer of power of 2. If this is not the case, the domain is expanded to a power of 2 with

zero-padding. In the z direction, a uniform distribution of mesh points is not necessary.

Therefore, the z values can be selected in such a way that dense mesh points are placed in the

near-surface region and sparse mesh points are placed in the deeper region. The steps of the

procedure for stress calculation using DC-FFT are summarised as follows:

(D

@

€)

4

)

Expand pressures {p} and {g} to a virtual domain of 2N with zero-padding only, as
illustrated in Figure 4.3.

Expand coefficients {c,}, {c2}, {c3} and {cs} to a virtual domain of 2N with zero-
padding for the term with index i = N and with wrap-around order for the terms of i €

[N+1, 2N-1], i.e.
¢;i=0,i=N; ci=cian, I € [N+], 2N-1]

where ¢ represents ¢, ¢;, ¢3 and c4. Figure 4.3 shows both original and virtual domains
for all the series of {p}, {q}, {ci}, {c2}, {c3} and {c4}.

Apply FFT to {p}, {q}, {c1}, {c2}, {3} and {c4} as described by Equation (4.20) in the
virtual domain to obtain {P}, {Q}, {Ci}, {C3}, {C3} and {C4}.

Form the right hand sides of Equation (4.19) by complex multiplication of the terms
{P}, {0}, {Ci}, {Ga}, {G5} and {Ca}.

Apply inverse FFT (IFFT) as described by Equation (4.19) and discard the terms with

index i€ [N, 2N-1] to obtain the stress components.

Since coefficients ¢;, ¢z, ¢3 and ¢4 are only dependent on the locations (x, z),

calculations of these coefficients and their Fourier transforms only need to be executed once

during a transient stress analysis and they can be stored as global data for later use.
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Figure 4.3: Illustration of zero-padding and wrap-around order to apply DC-FFT method.
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4.3.4 Comparison of the Methods

In this section, comparisons of the above three candidate methods considered, namely
the Direct Integration Method (DIM), the Hooke-Li method and the DC-FFT method, are
made to demonstrate their accuracy and efficiency. In the following, the principal shear stress

is investigated for comparison, which can be expressed by

‘r, =\/(G-‘ ;") +72 4.21)

4.3.4.1 Comparison between DIM and the Hooke-Li Method

Figure 4.4 shows the contours of 7; under Hertzian pressure obtained from the
Hertzian theory, DIM and the Hooke-Li method. The mesh size is Ax = Az = 0.01a and the
number of nodes is NxM = 301x200. The Hertzian pressure is pop = 1GPa. In implementing
the Hooke-Li method, the number of pressure points is expanded to 10 times the actual
number with zero padding to ensure accuracy (Hooke and Li 2002). It can be seen that the
DIM is more accurate than the Hooke-Li method since the DIM only involves discretisation
error whereas the Hook-Li method also involves periodic error. The CPU time of the two
methods for different mesh size is summarised in Table 4.1. With finer mesh sizes, the
Hooke-Li method takes less CPU time. It should be noted that finer discretisation does not
improve the accuracy due to periodic error (Polonsky and Keer 2000). To improve accuracy,

more zero padding is needed, but efficiency will inevitably be reduced.

In the Hook-Li method, the computational domain has to be expanded to several
times the physical domain to reduce the periodic error in the target domain. To reduce the
periodic error further, the real EHL pressure can be divided into two parts: Hertzian pressure
and deviation. For the Hertzian pressure, the stresses can be obtained analytically. For the
deviation part, the Hook-Li method is applied. The stress components can then be obtained

by addition.
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Theory
— — — — DIM

------- Hook-Li

Figure 4.4: Contours of the principal shear stress under Hertzian pressure using the
Hertzian theory, DIM and the Hook-Li method. (Note that solid and dashed

contours are coincident.)

Table 4.1: CPU time (seconds) of DIM and Hooke-Li under Hertzian pressure.

CPU time (s)
Mesh DIM Hooke-Li
h/t
(t) (r2)
Ax=0.01, Az=0.01, NxM = 301x200 7.70 114 0.674
Ax=0.005, Az = 0.01, NxM = 601x200 29.7 25.9 1.14
Ax = 0.0025, Az = 0.01, NxM = 1201x200 1183 54.9 2.16
Ax =0.00025, Az=0.01, NxM = 12001x200 12768 509 25.1
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Figure 4.5 shows EHL pressure distributions for smooth surface and rough surface
examples. The two parts of the pressures, Hertz and deviation, are also given. The mesh size

is Ax = 0.02, Az = 0.1 and the number of nodes is NxM = 201x20.

Figure 4.6 is the contour of 7, for the smooth pressure shown in Figure 4.5. Solid
lines are DIM results, and the other two are the results obtained from the summation of the
Hertzian part and the deviation part to which the Hook-Li method is applied. Dashed lines
are the results without domain expansion and dash-dotted lines are the results with double-

sized domain.

2
+ — — — - Smooth pressure
P - ——- Rough pressure
L Hertz pressure -~
1.5 — — —- Smooth Deviation /o
T ~ Rough Deviation | !
1 e
o L
°-1 ~
T) L
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-1 IR R A ! | 1 | I SN W' L

Figure 4.5: EHL pressure distributions.

Figure 4.7 is the contour of 7; for the rough pressure shown in Figure 4.5. Solid lines
are DIM results, and the other two are the results obtained from summation of the Hertz part

and the deviation part to which the Hook-Li method is applied. Dashed lines are the results
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with double-sized domain expansion and dash-dotted lines are the results with 4 times

expansion.

xX/a

DIM

— — — - Hook-Li (1)

-~ Hook-Li (2)

Figure 4.6: Contours of the principal shear stress under smooth pressure using DIM and

the Hook-Li method (the number in the bracket is the factor of domain
expansion).

The CPU time is summarised in Table 4.2. The number in parentheses indicates the

size of computation domain to which the methods are applied.

Table 4.2: CPU time (seconds) of DMM and Hooke-Li with EHL pressure for case
with Ax = 0.02, Az = 0.1 and NxM = 201x20.

Smooth pressure Rough pressure
DIM Hook-Li Hook-Li DIM Hook-Li Hook-Li
(NxM) (NxM) (2NxM) (NxM) (2NxM) (4NxM)
0.15 0.03 0.05 0.15 0.05 0.12
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From these simulation results, it can be seen that after decomposing the EHL pressure
into two parts, the Hook-Li method’s accuracy can be improved with less zero-padding so
that the efficiency can be improved too. More zero-padding is required for rough pressures
than for smooth pressures. In improving its accuracy further, the efficiency of the Hoook-Li

method will be reduced, however.

2
1.5 [
DIM

g { — —~ — = Hook-Li(2)
—-————— Hook-Li (4)

0.5 I

R R @m“' Z
-1 0 1

x/a

Figure 4.7: Contours of the principal shear stress under rough pressure using DIM and the
Hook-Li method (the number in the bracket is the factor of domain
expansion.).

4.3.4.2 Comparison between DIM and DC-FFT

Figure 4.8 shows the contours of 7, using DIM and DC-FFT for four cases
considered: (a) Hertzian pressure, (b) EHL smooth pressure, (c) EHL rough pressure, and (d)
EHL rough pressure with surface traction g(x) = w-p(x), 4 = 0.05. The smooth and rough
pressures are those shown in Figure 4.5. For all cases, both methods have the same level of
accuracy in that the contours drawn are coincident. Regarding the CPU time, cases of
different mesh size, running on different machines using both methods were tested and the

results are summarised in Table 4.3. It should be noted that the time listed in Table 4.3 does
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not include the time for calculating the coefficients c¢;, ¢, ¢3 and ¢4 and their Fourier
transforms. This time is a fixed overhead as the coefficients need only be calculated once in a
transient stress analysis. The CPU time of DIM can be 7~9 times the CPU time of DC-FFT
for N = 1201. From Table 4.1, the CPU time for DIM is about twice the CPU time for the
Hook-Li method for N = 1201. Therefore, DC-FFT is found to be both more accurate and

more efficient than the Hook-Li method and will be applied for later transient stress analysis.

2

0.5

-1 0 1
x/a

(©

Figure 4.8: Contours of the principal shear stress using DIM (solid lines) and the DC-FFT
method (dashed lines) under (a) Hertzian pressure, (b) EHL smooth pressure,
(c) EHL rough pressure and (d) EHL rough pressure with friction. In all cases,
the contours are co-incident.
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Table 4.3: CPU time (seconds) of DIM and DC-FFT using three different computer systems.

PC Workstation 1 Workstation 2
Number
of nodes DIM DC-FFT DIM DC-FFT DIM DC-FFT
t/t H/t nht
@ | @ | T | @ | T @ | @ e
NxM= 1 606 | 003 | 20 | 0033|0017 | 1.941 | 0.011 | 0.005 | 22
201x20
NM= "\ 5591 | 011 | 5372 | 0225 | 0.088 | 2.557 | 0.095 | 0.023 | 4.13
601x20
NxM =
e | 2283 | 025 | 9132 | 1278 | 0.196 | 652 | 0384 | 0.057 | 6737

4.4 Transient Stress Analysis Using DC-FFT

For transient EHL line contact analysis with rough surfaces, both normal pressure p
and tangential traction g are functions of time ¢ and consequently so are the stresses. The
coefficients 4y, k», k3 and k4 are not time dependent so that FFT calculations for the
coefficients only need to be executed once during the transient analysis process if stored. The

FFT for p and g, the convolutions and inverse FFT are calculated for each timestep.

The operating conditions and lubricant parameters adopted for transient line contact
analyses are specified in Table 4.4. The speeds for the two surfaces are #; = 50m/s and u; =
25m/s, respectively. This corresponds to conditions used in scuffing tests by Patching et al.
(1995) for ground and superfinished hardened steel disks operating at high sliding speeds and
lubricated with a gas turbine engine oil at a temperature of 100°C. Thermal effects are not
considered in stress analysis and subsequent fatigue analysis since the pressure distributions
are essentially unchanged by the inclusion of the thermal analysis. Both surfaces have the
rough profile (C) which is shown in Figure 2.2 of Chapter 2. It is the most aggressive of the
three used by Holmes et al. (2004). The transient stress analyses are then performed and a

stress state of plane strain is examined in the form of von Mises equivalent stress:
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Oum = ——\/ (0.‘ -0, )2 + (ay -0, )2 +(o,-c ) +61_° (4.22)

Table 4.4: Parameters used for transient line contact analysis.

a 0.335 mm y 2.27 GPa™
E\, E 207 GPa K 63.2x10° Pa-s
Po 1.0 GPa y) 1.68 GPa™!

R 19.1 mm Vi, 1o 0.3
w' 527 KN/m 7o 10 MPa
a 11.1 GPa™ P 5.1 GPa™
o 0.0048 Pa-s

4.4.1 Stress Distribution in the Contact Area

The transient pressure and shear stress at the lubricant/solid interface developed in the
EHL contact are determined from transient EHL line contact analysis. The contours of the
von Mises equivalent stress, oy, for both bodies are shown in Figure 4.9. The corresponding
pressure and shear stresses at a particular timestep are also shown in the figure. It can be seen
that the stress distribution in the contact area of the two bodies is effectively the same at each
instant in time. This is because for full film situations the shear stresses, ¢, and g3, on the two
surfaces are small compared to the pressure p and their magnitudes are about 3%-5% of p
values. The only difference in loading of the two surfaces is seen in the values of these
surface shear stresses. Also shown in Figure 4.9 is o,,, for the corresponding smooth surface
EHL solution. Comparing the plots indicates that the effects of the pressure deviations are
most apparent close to the surface of the material, as might indeed be expected. Peak values
for oy, of 0.97 GPa, 0.88 GPa, 0.73 GPa and 0.69 GPa are associated with the localised high
pressures at x/a =-0.82, -0.22, 0.04 and 0.4, respectively.
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Figure 4.9: Contours of o, / GPa for the two rough surfaces which are subject to surface
loading. (a) Pressure (p) and surface shear stress (g; for the upper surface and
q: for the lower surface); (b) Contours of o, for the upper solid; (c) Contours
of o, for the lower solid; (d) Contours of o, for corresponding smooth-
smooth contact case.
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4.4.2 Stress History at Fixed Points in the Contacting Materials

Information regarding stress history at fixed points within the material is very
important for assessing possible failure of the material. Due to the effect of fluctuations in
stress with time, the material becomes vulnerable to fatigue. Therefore the stress history at
fixed points in the contacting materials is crucial in attempting to assess the damage caused

by EHL contact fatigue.

Figure 4.10 shows the variation of stress distributions within two fixed volumes of
material with areas of 2axa for both solids, as they pass through the contact area. The results
at four different timesteps are given. The lower part of the figure illustrates the EHL pressure
distribution at the illustrated timestep together with the current positions of the two material

volumes under consideration.

The stress histories at one asperity location on each body are plotted in Figure 4.11.
These are the asperities within the volume considered that experience the greatest stress
amplitudes. The lower part of Figure 4.11 is for the slower moving surface. It can be seen
that significant cycling of o, occurs in this example with amplitudes of at least the
magnitude (0.55 GPa) of the maximum smooth surface value. The most aggressive cycling is
seen to occur at and just below the surface. Traces with considerable cycling of o, are
shown at the surface of the asperity and at depths of 0.01a (3.4 um) and 0.05a (17 um). The
cycling amplitude has diminished considerably by 0.2a (67 pm), and has hardly changed the
stress level in comparison with the smooth surface result at depths of 0.5 (167 pm) and

beyond.

The upper part of Figure 4.11 shows the corresponding picture for the asperity
selected on the faster moving surface. The cycling amplitude of o, is the same as for the
slower moving surface, which is to be expected as one of the asperity collisions whose
consequences are seen in these figures takes place between the two asperities in question.
Again the cycling amplitude is largest close to the material surface. The significant

difference, however, is in the number of stress cycles experienced by asperities on the two

117



Chapter 4 Elastic Stress Analysis

surfaces. For the slower moving surface there are eight cycles and for the faster moving

surface there are four (or possibly five) cycles.

(@)
-3 2
(b)
1 i 1 1
-1 0.5 0 0.5 1
x/a
il N

|
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©

(d)

Figure 4.10: Distributions of oy, / GPa in the 2axa material volume for both the faster and
slower moving surfaces at timesteps: (a) 2200, (b) 2400, (c) 2600 and (d)
2800. The corresponding pressure distribution and the position, relative to the
EHL contact, of the material volumes considered are also shown in the figure.
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Figure 4.11: Variation of of g, / GPa with time during transit of the contact at depths of
z/la =0, 0.01, 0.05, 0.1, 0.2 and 0.5 for two asperities from rough surfaces for
contact with £ = 0.67. The upper figure is the faster surface, and the lower
figure is the slower surface.
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This situation is demonstrated more clearly by considering sinusoidal surface profiles
so that the results form a repeating pattern without being influenced by variation in the
detailed shape and spacing of the true rough surface asperities. Figure 4.12 shows the
transient variation of o, at asperity tips for micro EHL contact between two sinusoidal
surfaces with wavelength a/4 and amplitude 0.5 um. The amplitude is chosen to produce
significant pressure deviations from the Hertzian with peak pressures of 2.85 GPa being seen
during the transient line contact analysis. The pattern described above for Figure 4.11 is seen
again in Figure 4.12, albeit more distinctly because of the repetitive nature of the surface
profiles. The cycling amplitude of o, is again largest close to the surface, and the number of
cycles seen by the two surfaces is nine for the slower surface and four (or five) for the faster

surface.

The reason for the difference in the number of stress cycles experienced by asperities
on the two surfaces may be gleaned from computing the number of times asperity features

pass each other during their transit of the Hertzian contact zone. The slide roll ratio is defined

as

f=t=_—L 72 (4.23)

is
t, = —, t, =— (4.24)

The distance moved relative to the other surface during this time is given by the product of
the traverse time and the sliding velocity
_ 2au _ 2au;

dl - s dz -
U u,

(4.25)
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If A; and A, are the (average) spacing of asperities of micro-EHL significance on the two
surfaces, then the number of asperity collisions to be expected during traverse of the contact

area will be

N, = 2au, ’ N, = 2au, (4.26)
Ay Uy Ay
Written in terms of slide roll ratio, the expressions for Ny and N, become
- 4ca N, =264 (4.27)

B R 2

If these ideas are applied to contacts between sinusoidal surfaces for the case of
Figure 4.12 where the slide roll ratio is £ = 0.67, the calculated values are Ny = 4, N, = §,
which corresponds with the pattern seen in the figure. If different wavelengths are considered
for the two surfaces, for example a/4 and a/6, the time variations of o,,, are shown in Figures
4.13 and 4.14. Figure 4.13 shows the case where A4 = a/4 and A, = a/6, and the case where A,
= al6 ;md A2 = a/4 is shown in Figure 4.14. If a different slide roll ratio is considered, for
example & = 0.4, the variation of oy, for the case where A, = a/8 and A; = a/4 is shown in
Figure 4.15. Also shown on the figures are the corresponding values of N, and N, calculated
from Equations (4.27). Table 4.5 summarises the outcome of a number of transient stress
analyses of EHL contact between sinusoidal surfaces. The values of N; and N, calculated
from Equations (4.27) and observed in the transient analyses are given in the table, and may
be compared to confirm the validity of the equations. A + sign is added to the observed
cycles where an additional low amplitude embryonic cycle can be seen in the contact inlet.
The change of the entrainment velocity (with the same value of &) is found to have little

effect on the stress cycle rate, and is limited to the + symbols becoming full cycles.

The good correlation between calculated and observed cycle numbers confirms the
applicability of the argument leading to Equations (4.27). In a real rough surface situation the
appropriate asperity spacing wavelength depends on the separation between surface asperity

features that generate a significant micro-EHL pressure response.
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Figure 4.12: Variation of of o,,, / GPa with time during transit of the contact at depths of

zla =

0, 0.01, 0.05, 0.1, 0.2 and 0.5 for two asperities from sinusoidal surfaces

with A4 = A; = a/4 and &= 0.67. The upper figure is for the faster surface, and
the lower figure is for the slower surface.
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Figure 4.13: Variation of of &, / GPa with time during transit of the contact at depths of
z/la =0, 0.01, 0.05, 0.1, 0.2 and 0.5 for two asperities from sinusoidal surfaces
with A; = a/4, A4 = a/6 and &= 0.67. The upper figure is for the faster surface,
and the lower figure is for the slower surface.
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Figure 4.14: Variation of of oy, / GPa with time during transit of the contact at depths of
z/la =0, 0.01, 0.05, 0.1, 0.2 and 0.5 for two asperities from sinusoidal surfaces
with A; = a/6, A, = a/4 and &£ = 0.67. The upper figure is for the faster surface,
and the lower figure is for the slower surface.
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Figure 4.15: Variation of of o, / GPa with time during transit of the contact at depths of
z/la= 0, 0.01, 0.05, 0.1, 0.2 and 0.5 for two asperities from sinusoidal surfaces
with 4, = a/8, A; = a/4 and & = 0.4. The upper figure is for the faster surface,
and the lower figure is for the slower surface.
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Table 4.5: Calculated and observed numbers of stress cycles.

Calculated Qbserved
& A A2
N1 N2 Nl N2
al4 al4 4 8 4 + 8+
al6 al4 4 12 4+ 12+
0.67
(=50, 1=25) al4 al6 6 8 6 8+
al/8 al4 4 16 4+ 16 +
al4 al8 8 8 8 8
al4 al/4 4 8 5 9
al6 al4 4 12 4+ 13
0.67
(=25, 1=12.5 ) ald al6 6 8 6+ 9
al/8 al4 4 16 5 17
ald al8 8 8 9 9
al4 al4 2.67 4 3 4
_ al6 al4 2.67 6 3 6
04
(1=45, 1,=30) al4 al6 4 4 4+ 4+
a/8 al4 2.67 8 3 8+
al4 al/8 5.33 4 5 4
4.5 Summary

In this chapter, an elastic stress analysis is performed for EHL line contact with rough
surfaces. Accuracy and efficiency of the computer program using Discrete Convolution and
FFT (DC-FFT) have been tested by comparison with other numerical methods. Results for

the transient variation of von Mises equivalent stress at surface asperities are presented.

Transient variation in the stress pattern experienced by contacting rough surfaces in
rolling/sliding contact as they pass through the load bearing area shows significant cycling.

The effect is associated with asperity "collisions" and the cycle rate experienced can be
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deduced from the kinematics, load and asperity spacing. The stress cycling can have large
amplitudes and when this occurs the effect is greatest close to the surface. Such stress cycling
may be expected to be closely related to contact fatigue and subsequent failure by

micropitting, pitting, or spalling.
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Chapter 5

Theories of Fatigue — A Review

5.1 Introduction

Rolling contact fatigue is a common mechanism for failure of the surfaces in an EHL
system and is seen as the limiting factor controlling the operational life of rolling element
bearings. Conventional pitting is usually associated with failure beneath the surface of a
rolling contact and in the past has been linked with the occurrence of the maximum shear
stress that occurs in the classical Hertzian solution for smooth surfaces. Another example of
fatigue in rolling/sliding contacts is micropitting which is seen in gears and may well be
viewed as rolling contact fatigue on the scale of surface asperities. Although the severity of
the EHL contact can be assessed qualitatively by pressure and film thickness within the
contact, it is desirable to evaluate the fatigue life quantitatively using a fatigue model which

takes account of the true surface loading, particularly when roughness is present.

This chapter opens with an introduction to some of the fundamentals of fatigue.
Advanced topics such as mean stress effects, multiaxial fatigue and variable amplitude
fatigue are then discussed. Finally, theories of rolling contact fatigue are presented in the
form of a brief literature review of the models developed. The fatigue analysis carried out for

EHL line contact with rough surfaces will be reported in the following two chapters.
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5.2 Fundamentals of Fatigue

5.2.1 Fatigue of Materials

Fatigue is a progressive failure that occurs in a material subjected to repeated, cyclic
or fluctuating loading. Fatigue failure may occur at a nominal stress level well below the
ultimate strength of the material. There are three stages in the process of fatigue: crack
initiation, crack propagation, and fracture (Boardman 1990). The process may be described
as the creation of microscopic cracks due to repeated local plasticity, growth of microscopic
cracks and propagation of dominant cracks until a critical size is reached, whereupon failure

occurs.

Fatigue behaviour is dependent upon a wide range of factors under service conditions.
Studies have shown that mechanical properties, composition, microstructure and
macrostructure significantly influence the fatigue life of a material subjected to cyclic
stressing. In addition to material properties, fatigue life is also affected by other factors such
as the type of the applied loading (bending or torsion), loading pattern (constant or variable
amplitude loading), stress concentration, manufacturing process, surface roughness,
operating temperature and environment, material imperfections, etc. (Boardman 1990). With
so many factors involved, predicting the fatigue life of a given component is very
complicated. A thorough understanding of these factors is essential to prevention of fatigue

failure.

5.2.2 Cyclic Material Behaviour

In a fatigue test, the specimen is loaded so that the stress is cycled between maximum
and minimum values, as shown schematically in Figure 5.1. The stress range, the stress

amplitude and the mean stress, respectively, are defined as

(5.1a)
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= Zoax ~ Tmin (5.1b)

G, = min (5.1¢)

Ratios of two specified stress values in one cycle are sometimes used. Two

commonly used ratios are the stress ratio R and the amplitude ratio A:

R = Znin (5.22)
o.max

A4=2e (5.2b)
g

With this definition, there are five conditions that R can take ranging from —1 to +1
(Boardman 1990):

e Fully reversed loading, R = -1

o Partially reversed loading, -1 <R <0

e Zero-to-tension loading, R=10

e Loading between two tensile stresses, 0 <R <1

e Static loading, R=1

Materials subject to cyclic loading generally exhibit either cycle hardening or cycle-
softening. As shown in Figure 5.2 (Hertzberg 1976), stress and strain controlled tests are
used to show both the cycle hardening and cycle softening responses. The purpose of these
tests 1s to produce a stabilized stress-strain hysteresis loop which is shown in Figure 5.3
(Dowling 1998). The size of the hysteresis loop is defined by the stress range Ao and the
strain range Ae¢. The cyclic strain range Ae comprises two components, the elastic strain
range A&, and the plastic strain range Ag,:

A
As = As, +As, = -F" +As, (5.3)
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where E is the elastic modulus.

Hysteresis loops from tests at several different strain amplitudes can be plotted in a
common stress-strain diagram, as shown in Figure 5.4. A line connecting the tips of loops is
called the cyclic stress-strain curve, which represents a relationship between stress amplitude
o, and strain amplitude ¢, for cyclic loading. If the resulting cyclic stress-strain curve is
above the monotonic stress-strain curve, the material is the one that cyclically hardens, and
vice versa. The Ranberg-Osgood equation is commonly used to describe cyclic stress-strain
curves upon summation of the elastic strain amplitude &, and plastic strain amplitude &,

(Dowling 1998):

Eg=Ep tEp = % +(0“ )n (5.4)

where H'is the cyclic strength coefficient and #’is the cyclic strain hardening exponent.

O-max

Omin

One cycle

Figure 5.1: Nomenclature to describe cyclic stress. The variation of stress o with time ¢ is
shown.
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Figure 5.2: Cyclic material behaviour under (a) stress control and (b) strain control.
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Ag —

Figure 5.3: Stable stress-strain hysteresis loop.

Cyclic o-& Curve

v

Hysteresis Loops

Figure 5.4: Cyclic stress-strain curve.
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5.2.3 Fatigue Life

Fatigue life is the total number of stress cycles required for a fatigue crack to initiate
and grow large enough to produce catastrophic failure, that is, separation into two pieces

(Boardman 1990). In this thesis, the fatigue life is expressed in terms of total life.

Fatigue data are usually obtained from a fully reversed, constant amplitude fatigue
test and presented in the form of S-N curves (also referred to as Wohler’s curves), where
applied stress (S) is plotted against the total cycles to failure (V). A complete S-N curve may
be divided into two portions, the high-cycle (low stress) range and the low-cycle (high stress)
range, although they are not completely separable. Consequently, fatigue problems can be
conveniently divided into two categories, namely high-cycle fatigue (HCF) and low-cycle
fatigue (LCF).

In HCF, a large number of cycles are required to cause failure and macroscopic
plasticity or yielding does not dominate the behaviour. Since under these conditions the usual
elastic relationship between stress and strain applies, HCF curves are usually represented by
stress amplitude (o) as the ordinate, and number of cycles to failure (NV)) as the abscissa, as

indicated in Figure 5.5. This stress-life relationship can be described by the Basquin relation
as (Dowling 1998, Suresh 1998)

c,=a,(2N, ) (5.5)
where o7is the fatigue strength coefficient and b is the fatigue strength exponent.

In Figure 5.5, the symbol o is called the fatigue limit or endurance limit. Below this
stress level, the specimen may be cycled indefinitely without failure. For materials which do
not exhibit such behaviour, a fatigue limit is often defined as a specific long life, say 107 or
10® cycles (Dowling 1998). Another term is fatigue strength, which is used to specify a stress
amplitude at a particular life of interest. For example, the fatigue strength at 10° cycles is the

stress amplitude corresponding to Ny = 10°.
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In LCF, the lifetime is limited to a relatively small number of cycles and the material
is subjected to stress levels that produce considerable macroscopic plastic strains. Under
these circumstances, the linear relationship between stress and strain is invalid, and LCF
curves are usually represented by the total strain amplitude (&,) as the ordinate and number of
cycles to failure (N)) as the abscissa as indicated in Figure 5.6, where both the ordinate and
the abscissa are on logarithmic scales. The elastic strain amplitude is related to the fatigue
life by the Basquin relationship:

c. =%=G—g(21vf)b (5.6)
The plastic strain amplitude is related to the fatigue life by the Coffin-Manson relationship
(Dowling 1998, Suresh 1998):

£,0 =€/ (2N,)° (5.7)

where.¢7 is the fatigue ductility coefficient, ¢ is the fatigue ductility exponent. (Note that
powers b and c are intrinsically negative.) Combining Equations (5.6) and (5.7) gives an

equation relating the total strain amplitude and life (Dowling 1998, Suresh 1998):
e =ZLON Y +e QN ) (5.8)
a ™ E S S ! .

From Figure 5.6, it can be seen that the total strain is asymptotic to the plastic strain
component in the LCF region but asymptotic to the elastic strain component in the HCF
region. The crossing point of the elastic and plastic strain lines is identified as the transition

fatigue life, N,, which can be obtained by using &, = &a:
1

1 o’ b
N, = 5[—%} (5.9)
&y

The value of N, may be the most logical point for separating low-cycle and high-cycle fatigue
(Dowling 1998).
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Figure 5.5: Stress-life relationship.

o} IE

Figure 5.6: Strain-life relationship (Note that both &, and Nyare in log scales, and powers
b and c are negative and their lines are accordingly illustrated).
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5.2.4 Estimating Fatigue Parameters

The fatigue parameters (o, b, €7 c) can be determined experimentally. The values
obtained for several materials are available in references (Boardman 1990, Hertzberg 1976,
Zahavi & Torbilo 1996). In the absence of experimentally determined values, these

parameters can be related to other material properties and estimated.

From Equation (5.4), the plastic strain term of the cyclic stress-strain curve gives
o, =H's" (5.10)

Eliminating Ny between Equation (5.5) and Equation (5.7) and combining with Equation
(5.10) yields relationships for the constants of the strain-life curve and those of the cyclic

stress-strain curve (Dowling 1998):
n' = (5.11a)

1
9y

H = —& (5.11b)
(8})

However, the above relationships are satisfied only approximately. In some situations where
the data do not fit the assumed mathematical form very well, there may be large

inconsistencies among these parameters.

The fatigue strength coefficient for steels with hardness below S00HB can be

approximated in MPa using the ultimate strength of the material, ¢, i.e. (Boardman 1990)
o =0, +345 (5.12)

The fatigue ductility coefficient can be approximated by the true fracture ductility, &,

in a tension test as (Boardman 1990)

, 100
€f %Sf =1n[m) (513)
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where %RA is the percentage of the reduction in area at fracture.
p g

For steels the fatigue strength exponent b is usually about —0.085 and the fatigue
ductility exponent ¢ is usually about —0.6 (Boardman 1990). For most metals, b is in the
range of —0.05 to —0.12 and c is in the range of —0.5 to —0.7 (Suresh 1998). Based on an

energy argument, Morrow determined b and c as (Hertzberg 1976)

!

—n
- 5.14a
1+ 50 ( )
o (5.14b)
1+5n' '

5.2.5 Approaches to Fatigue Design

There are two major approaches used for fatigue life estimation, namely total-life

approach and defect-tolerant approach (Suresh 1998).

The total-life approach is the classical approach to fatigue design. It may be the
stress-based method for the high-cycle fatigue, or the strain-based method for the low-cycle
fatigue. The strain-based method can also be used for high-cycle fatigue design where elastic
strains dominate. Since the crack initiation life constitutes a major component of the total
life, the stress-based and strain-based methods represent, in many cases, design against
fatigue crack initiation. A drawback of the total-life approach is that the choice of a definition

for crack initiation is ambiguous.

The defect-tolerant approach uses the methods of fracture mechanics to calculate the
number of cycles required to propagate a crack to a critical size. In this approach, materials
are considered as inherently flawed and the size of the pre-existing flaw has to be detected.
However, inspection of cracks, especially small ones, is an expensive process. If no cracks
are detected, an initial crack size is estimated. However, the results are sensitive to the choice

of the initial size.
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5.3 Mean Stress Effects

The descriptions of fatigue life given above are obtained from fully reversed fatigue
loads where the mean stress o;, = 0. Fatigue tests show that the S-N curve is generally a
strong function of the applied mean stress and increasing the mean stress in the tensile
direction is accompanied by a decreasing fatigue life. To take into account the mean stress
effects, a normalized amplitude-mean diagram (Dowling 1998) can be plotted using different
combinations of the stress amplitude and mean stress providing a constant fatigue life. Let
o, be the fully reversed stress amplitude with zero mean stress, g, and o, the yield strength
and ultimate strength of the material. Three well known models, the Soderberg relation, the
modified Goodman relation and the Gerber parabola relation, are described, respectively, by

the following expressions (Dowling 1998, Suresh 1998):

9a 4 In (5.15a)
Gﬂ" Opo
9a 4 Im (5.15b)
O-ar O—u

2
%4 +[&J = (5.15¢)
O-ar o-ll

and are illustrated in Figure 5.7.

The discussions of the advantages and disadvantages of these models can be found in
the references (Zahavi & Torbilo 1996, Dowling 1998, Suresh 1998). As a general rule-of-
thumb, the Soderberg line is overly conservative whereas the Gerber curve is hazardous. The
Goodman line intercepted by the yield line (i.e. line ACB in Figure 5.7) is considered to be
the most suitable for design purposes (Zahavi & Torbilo 1996).
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Gerber parabola

OCar | .
Goodman line

Yield line

Soderberg line
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Figure 5.7: Normalized amplitude-mean diagram.

Morrow proposed a modification of the Goodman line by replacing o, with o7} in

Equation (5.15b) (Dowling 1998):

Ze 1 0m o (5.16)

gy

ar

Since fully reversed tests are generally employed to obtain the constants, the Basquin

equation needs to be written as
o, =a, (2N, ) (5.17)

Substituting for o, in Equation (5.16) yields the Morrow equation which accounts for mean

stress effects:

o, =) -o, JoN, ) (5.18)
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The relationship between the plastic strain amplitude and the fatigue life can be
obtained by using Equation (5.10), (5.11) and (5.18):

o f-'f—:,ﬁ'i(sz)”} (5.19)

Thus, from Equation (5.4) the strain-life relation for nonzero mean stresses can be written as
(Dowling 1998)

O'}—O'm b ' Op > c
&, =T'(2Nf) té&; 1—;_,— (2Nf) (5.20)
S

A modified version of Equation (5.20) is often used (Dowling 1998):

a

O-'f_o-m b [ c
g, =———"(2N,)" +£;(2N)) (5.21)

In Equation (5.21), the effect of the mean stress is restricted to the elastic strain domain.

An additional relationship is the Smith, Watson, and Topper (SWT) equation
(Dowling 1998):

T, =00, (Omax>0) (5.22)

ar max — a

It predicts that no damage will occur when Omax < 0, where by definition 6i.x = o, + o, For
the strain-based method, it assumes the life for any situation of mean stress depends on the
product omax&s. Let o, and &, be the fully reversed stress and strain amplitudes, and note that

for o;, = 0, Gmax = 0. Thus,
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.. =0,.¢E

=a;(2N,)”Fg—(2Nf)bfg;(sz)C] (5.23)

r 2
- ("2 ) N, P +ole, 2N, )

5.4 Multiaxial Fatigue

The discussion up to this point has dealt with the fatigue for loading on the basis of
uniaxial cyclic stresses, such as pure axial tension and compression, pure bending or torsion.
However, in many practical applications components are subjected to multiaxial cyclic
stresses due to complicated geometries and loadings. In this section, the multiaxial fatigue

theories are discussed for both the stress-based approach and the strain-based approach.

5.4.1 Stress-based Approach

5.4.1.1 Effective Stress Approach

Similar to the von Mises yield criterion, the amplitude of the effective stress can be

written as (Dowling 1998)

_ 1

o, =—=
V2

AV 0-20 )2 + (UZu - 0-3(1 )2 + (0-311 - O-la )2 (524)
la

where o, (i = 1, 2, 3) are the amplitudes of principal stresses. In terms of the amplitudes of
the stress components, the effective stress amplitude can also be calculated by (Dowling

1998)

o, == —j? \/ G"m -0, )2 + (0' va — O )2 + (O'z” -0, )2 + 6(113),,1 +7 fm + rzzm) (5.25)

The effective mean stress can be calculated from three principal mean stresses:
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G, =0,,%0,,+0,,=0_,+0,+0, (5.26)

An alternative form of the effective mean stress is based on the octahedral shear stress

7.2 o) o) o) 527

With the use of effective stresses, the multiaxial stress situation is transformed into an
equivalent fully reversed uniaxial stress and Equation (5.18) can be written as (Dowling

1998)
5,=(0) -5, )N, ) (5.28)

This effective stress approach is limited to proportional (in-phase) loading (Fatemi
and Socie 1988). Other drawbacks are that the differing effects of axial tension and
compression mean stresses may not be accurately captured and the orientation of fatigue

cracks is not quantitatively determined.

5.4.1.2 Multiaxial Fatigue Criteria

Like the effective stress approach, multiaxial fatigue criteria can be applied to reduce
a given multiaxial stress state to an equivalent effective uniaxial stress condition, which can
be compared to uniaxial fatigue data. Unlike the effective stress approach which uses the
stress-life relationship, multiaxial fatigue criteria compare the stress state to the fatigue limit
or the stress level for a fixed fatigue life. Of the numerous criteria that have been proposed
(You & Lee 1996, Papadopoulos et al. 1997), two groups of stress-based criteria (i.e. criteria
for high-cycle fatigue) are briefly discussed here.

5.4.1.2.1 Stress Invariant Based Criteria

The ingredients of these fatigue criteria are the hydrostatic stress and the second
invariant of the stress deviator which have the same magnitude for all directions. The result is
that these criteria are easy to use. However, the orientation of the potential fatigue damage is

by no means specified.
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In terms of stress components, the hydrostatic stress, oy, is defined as
= l( +0, + ) ' (5.29)
o, = 3 o, to, +o, .

The square root of the second invariant of the stress deviator is defined as

\/._]_2_ e —\71—6_\/(% -0, )2 +(0'), -0, )2 +(o, —O'x)z +6(r_0,2 +r),22 +ra2) (5.30)

Sines Criterion

This criterion is based on the amplitude of the second invariant of the stress deviator

and the mean value of the hydrostatic stress, written as:
Joa ¥RO,, <A (5.31)

Fatigue failure occurs if this inequality is not fulfilled. The parameters ¥ and A can
be obtained from a torsion test (i.e. \/J,, =7, 0,, =0 and 74 is the fatigue limit for pure
torsion) and a repeated bending test (i.e. /J,, =0,/ V3, Cum=0,13, and oy is the

repeated bending fatigue limit):

3

=29 _[3 (5.32a)
Uub

A=1, (5.32b)

Since the limit o, is seldom available, oy, is usually obtained from the fatigue limit
on the fully reversed bending oy and the ultimate tensile strength o, using the Goodman
relation (for the repeated bending, o,, = oa) (Papadopoulos et al. 1997):

T (5.33)

Op="——"""
a0 l+o,/0,
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Crossland Criterion

The Crossland criterion differs from the Sines criterion only concerning the influence
of the hydrostatic stress, which appears in the Crossland criterion formula in terms of its

maximum value:
oy + RO <A (5.34)

The parameters ¥ and A can easily be obtained from a torsion test (i.e. ,/J 20 = Tafs

Ohmax =0) and a fully reversed bending test (ie. ./J,, =0,/ V3, Ohmax =04 13)-

Application of the criterion in these two cases provides:

3
g=29_f3 (5.352)
T,
I=1, (5.35b)

5.4.1.2.2 Critical Plane Based Criteria

In these criteria, the fatigue failure assessment is performed in a plane called the
“critical plane” where the amplitude or the value of some stress components or a combination
of them attains its maximum. The orientation of the initiated crack coincides with orientation

of the critical plane.

The orientation of the critical plane is defined by the spherical coordinates (¢, 6) of
its unit normal vector n. @ is the angle between n and the z axis and ¢ is the angle between
the projection of n onto the x-y plane and the x axis (Figure 5.8). The reference coordinate
axes, x, y and z, are marked on the figure with the axis of the fatigue testing specimen as the x

axis.
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AP

Figure 5.8: Coordinates for definition of critical plane.

Findley Criterion

The Findley criterion determines the critical plane (¢, 6.) by maximizing a linear

combination of 7, (shear stress amplitude) and 6; max (maximum value of the normal stress):
(¢.6.): maxlz, (,6)+ Ko, . (0.6)] (5.36)
Fatigue failure occurs if the following expression is not fulfilled:
70 (00 0.)+ KO (0,0.) S A4 (5.37)

where ¥ and A are determined from the fatigue limits on fully reversed bending and torsion

tests (Carpinteri & Spagnoli 2001):

2-0, /T
et Sad s (5.38a)

= 2,/0'4 /r“f -1
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Oy

2,/0'(4 /T, =1

Matake Criterion

A= (5.38b)

According to the Matake criterion, the critical plane is the plane on which the

amplitude of shear stress reaches its maximum, that is:
(¢,0.): maxz, (,0)] (5.39)
Then the criterion is written in the same form as the Findley criterion:
7 (00,0.) + KO, e (9,0 < A (5.40)

where ¥ and A are determined by applying the equation to two limit cases: fully reversed

torsion (ie. 7,(¢.0,)=7, and o, . (9..0,)=0) and fully reversed bending (i.e.

7,(p.,0,)=0,/2 and 0, ., (¢,..0,) =0, /2). This yields:

. 2‘!’af

K= -1 (5.41a)
O,

A=t, (5.41b)

McDiarmid Criterion

The McDiarmid criterion uses the same definitions of critical plane and criterion
inequality as the Matake criterion, i.e. Equations (5.39) and (5.40). But the material
parameters ¥ and A are determined in a different way by employing the concept of case A
and case B cracks. Case A cracks propagate along the surface of the specimen, whereas case

B cracks propagate inwards from the surface. ¥ and A can be expressed as

TAB

20

u

K= (5.42a)
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Z=7, (5.42b)

where the shear stress fatigue limit, 7, , is equal to 7, or 7, depending on which case the

critical plane corresponds to. For combined bending and torsion, case A cracks develop with

the critical plane of 6, =90° and thereforer, z =7, =7,,.

Dang Van Criterion

The Dang Van criterion (Dang Van et al. 1989) has a different form from the previous
critical plane criteria in that the current stress value is considered. If the mean shear stress 7,

is determined on a plane, then the current shear stress amplitude on the same plane is defined

as (Ekberg 1997)
7, () =|e(®) —7,,| (5.43)

where 7(¢) is the shear stress at time ¢. Then the Dang Van criterion is written as the

combination of the current amplitude 7,(f) and current hydrostatic stress oy() on the plane:
7,(t)+Ko, ()< A (5.44)

where ¥ and A are determined by fully reversed torsion tests and fully reversed bending

tests as (Ciavarella & Maitournam 2004)

T

g=3le 3 (5.45a)
Oy 2

A=t, (5.45b)

5.4.2 Strain-based Approach

5.4.2.1 Effective Strain Approach

The effective strain amplitude can be written as the summation of the elastic and

plastic parts:

149



Chapter 5 Theories of Fatigue — A Review

I
Sl

F =—94F (5.46)

where the effective stress amplitude is defined by Equation (5.24) and the effective plastic

strain amplitude is defined in terms of amplitudes of principal plastic strains (Dowling 1998)

~ 2{(&,,,]2 (Aspz]z (Ag”
Ep =T + + (547)
3 2 2 2

where &,; (i = 1, 2, 3) are the principal plastic strains. Thus, the strain-based expression based

as

on the effective strain becomes

— G} - 6-—m b ’ c

g, =T(2Nf) +&7(2N,) (5.48)
The application of the effective strain approach is limited to combined loadings that

are in-phase or 180° out-of-phase (Dowling 1998). If the loading is nonproportional to a

significant degree, a critical plane approach is needed.

5.4.2.2 Critical Plane Approach

In this approach, the stresses and strains acting on the critical plane are used to assess
fatigue damage. There are two distinct modes of crack initiation and early growth, namely
growth on planes of high tensile stress (mode I) and growth on planes of high shear stress
(mode II) (Dowling 1998). For tensile cracking, the SWT relationship, i.e. Equation (5.23)
can be used. The quantity &, is the amplitude of normal strain for the critical plane and Gy is
the maximum normal stress on the same plane as &. For shear cracking, a relationship

suggested by Fatemi and Socie (1988) can be used:

ya(1+K%'“;£j=%(2Nf)"+y;(2Nf)“ (5.49)

o
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where y, is the amplitude of shear strain on the critical plane, and Op,x is the maximum
tensile stress normal to the plane of #,. K is a material constant, K = 0.6 to 1.0, G is the shear
modulus, and o7 is the yield strength for the cyclic stress-strain curve. The shear fatigue

strength, 7, and shear fatigue ductility coefficient, 7, are determined from fully reversed

tests in pure shear.

5.5 Variable Amplitude Fatigue

Under service conditions the fatigue load usually varies randomly, hence the variable
amplitude fatigue behaviour should be addressed to achieve accurate lifetime prédictions. To
deal with random loading, several major problems have to be solved. One is how to identify
complete stress cycles as induced by the load spectra. An effective cycle counting method is
required to determine the stress cycles and corresponding stress levels. Another problem is
how to sum up partial damages resulting from these different stress levels. To achieve this, a
cumulative damage theory must be applied. If multiaxial fatigue must be dealt with, the

problem of random loading becomes extremely complicated.

5.5.1 Cycle Counting

A cycle counting scheme is employed in fatigue analysis to reduce a complex
irregular loading history to some simple form of cycle (i.e. constant amplitude cycle).
Various counting methods have been developed to achieve this, such as Level Crossing
Counting, Peak Counting, Simple Range Counting, Rainflow Counting, etc. (Society of
Automotive Engineers 1988). Amongst these methods, the rainflow method has been widely

used and may be the best approach for cycle counting (Dowling 1998).

The classical rainflow counting method is based on the cyclic material behaviour and
counts cycles by identifying closed hysteresis loops in the stress-strain response. This is
illustrated by the example given in Figure 5.9 (Anthes 1997). The stress-time history at the
left leads to the stress-strain path in the middle that forms the closed hysteresis loops shown

at the right. The cycles identified for this example are (3-4), (5-6) and (1-2).
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Since the rainflow counting method was introduced by Endo and colleagues in 1968
(Dowling 1998), several variants of the method have been developed (Downing 1982, Glinka
& Kam 1987, Nie 1991, Zhu et al. 1993, Anthes 1997). The source codes of computer
programs written in FORTRAN can also be found in the literature (Downing 1982, Glinka &
Kam 1987). Wide applications of the rainflow method led some researchers to optimize the

procedures and offer standards regarding the method (Amzallag et al. 1994).

strain hystel‘eSiS lOOpS

Figure 5.9: Example ofthe classical rainflow cycle counting method.

5.5.2 Cumulative Damage

Fatigue damage increases with applied cycles in a cumulative manner which may lead
to fracture. The problem of summing partial damages resulting from different load cycles is
dealt with by cumulative damage theories. Since the introduction of the damage
accumulation concept by Palmgren, a variety of cumulative damage theories have been
developed (Fatemi & Yang 1998, Rao et al. 2001). A thorough, comprehensive literature
review of cumulative damage theories was given by Fatemi and Yang (1998) who define six

categories:
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e Linear damage rules

e Nonlinear damage curve and two-stage linearization approaches
e Life curve modification methods

e Approaches based on crack growth concepts

e Continuum damage mechanics models

¢ Energy-based theories

Though many damage theories have been developed, unfortunately, there is no
indication at present that any cumulative damage theory will give predictions significantly
better than all other proposed theories. The applicability of each theory varies from case to
case. Consequently, the Palmgren-Miner linear damage rule is still predominantly used in
design, although it has deficiencies of load-level independence, load-sequence independence

and lack of load-interaction accountability (Fatemi and Yang 1998).

The Palmgren-Miner rule is the simplest and most commonly used theory to predict
the fatigue life of a structure subjected to variable amplitude loading. The basis of this theory

is the linear damage concept:

D, =i (5.50)

That is, if a stress amplitude oy; gives a life of N cycles and the structure is subjected to N;
cycles, it suffers a damage fraction D;. D; has a value less than or equal to unity. Failure is

then predicted to take place when the total damage

D=) "D, =ZNL}'21 (5.51)

5.6 Rolling Contact Fatigue

Rolling contact fatigue is the principal mode of failure of rolling surfaces when the

surfaces repeatedly touch each other (Johnson 1989). Some prominent failure modes, as
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described in Chapter 1, include pitting, micropitting, spalling and various other types of

surface distress.

5.6.1 Repeated Contacts and Shakedown

The stress situation in contact is more complex than in standard bending or axial
fatigue. The material response to repeated contacts can be in any of the four possible ways as

illustrated in Figure 5.10 (Johnson 1989):

(a) Perfectly elastic  If the maximum stress does not exceed the yield stress of the material,

the behaviour will be perfectly elastic.

(b) Elastic shakedown The elastic limit is exceeded and thus the plastic deformation will
take place and lead to the build-up of residual stresses during early cycles. Generally such
residual stresses are protective and make plastic deformation in subsequent cycles less

likely. Consequently, the steady state of cyclic deformation is purely elastic.

(c) Plastic shakedown (cyclic plasticity)  The steady cyclic state consists of a closed plastic

stress-strain loop without any accumulation of plastic strains.

(d) Ratcheting (cyclic creep or incremental collapse)  The steady state consists of an open
cycle of plastic stress and strain and plastic strain is accumulated with each cycle of

stress.

In terms of the Tresca yield criterion, the elastic shakedown limit for Hertzian line

contact without friction is (Johnson 1985)
Po _4 (5.52)

where py is the maximum Hertzian pressure and k is the shear yield stress. For the case
involving both rolling and frictional sliding, the shakedown limit is a function of the friction
coefficient, . For a low friction coefficient (¢ < 0.3), yielding occurs beneath the surface.
For higher values of friction (# > 0.3), the yield point moves to the surface and the
shakedown is found to be (Johnson 1989, Suresh 1998)
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Po _

. % (5.53)
Thus, pure rolling has a shakedown limit which is 4u times larger than the shakedown limit
for tractive rolling with x> 0.3. This behaviour can be illustrated in a shakedown map, which
has been given by Johnson (1989) for a perfectly plastic and a kinematically hardening
material in line contact. Morales-Espejel et al. (1999) analysed the shakedown process for
both dry (with different friction coefficients) and rough elastohydrodynamically lubricated

contacts. The results showed that the roughness produces a reduction of the required yield
load.

Stresso [T TTTTTTTTTTTC

(®) (d

Strain &

N U A Y AR e

Figure 10: Material response to cyclic loading: (a) Perfectly elastic; (b) Elastic
shakedown; (c) Plastic shakedown; (d) rachetting.
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5.6.2 Models for Rolling Contact Fatigue

Rolling contact has a wide range of engineering applications such as the rail/wheel,
rolling bearings, traction drives, gears and cams (Johnson 1989). Therefore, the
understanding of rolling contact fatigue has become a crucial problem for reasons of both
safety and economy. It is no surprise that it has attracted the attention of many researchers for

many years in both experimental and theoretical studies.

The rolling contact fatigue process is influenced by a large number of parameters and
tests have been performed to evaluate the roles of these parameters. For example, surface
treatments such as shot-peening (Girish et al. 1997, Guagliano et al. 2002), surface hardening
(Wilkinson & Olver 1999), improved surface finish (Krantz et al. 2001), etc. can improve
pitting fatigue life of gears significantly. Widmark and Melander (1999) studied
experimentally how a number of factors, including the effect of carburizing steel alloy
composition, the sequence order of grinding and carburizing and the effect of shot peening,
influence the contact fatigue resistance. Stewart and Ahmed (2002) reviewed investigations
of various surface coatings on the rolling contact fatigue performance. Other important
parameters which influence rolling contact fatigue include relative slip (Kimura et al. 2002),
lubricant viscosities and additives (Song et al. 1996, Fernandez Rico et al. 2003, Krantz &
Kahraman 2004), inclusions and operating conditions (Nelias et al. 1999), thermal effects
(Hohn & Michaelis 2004, Seireg 2001), etc. With so many parameters involved, design work

to determine rolling contact fatigue life is extremely difficult.

So far, many mathematical models for predicting rolling contact fatigue have been
published including, as classified by Tallian (1992), engineering models and research
models. The engineering models are practical but empirical, presuming that several material
and environmental parameters are known. To establish these parameters, a large number of
life tests are required. These models try to calibrate the final life equations to the
experimental data and their applications may be limited. Tallian (1992) and Kudish & Burris
(2000) reviewed tens of engineering models. Most reviewed engineering models are mainly
adopted for rolling bearings. Representative engineering models are those by Ioannides and
Harris (1985), Tallian (1992, 1996, 1999), Zaretsky (1994), etc. These models grew out of
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the Weibull and Lundberg-Palmgren theories and were originally developed for rolling
bearings. In the Ioannides-Harris model, the survival probability is expressed as an integral
over the stressed material volume and the integrand includes the fatigue life and the effective
stress above a fatigue limit. The Tallian model attempted to include many of the factors
influencing life, such as contact geometry, material fatigue parameters, defect severity,
applied normal and frictional stresses, A ratio, etc. In the Zaretsky model, the Weibull
equation was rewritten by making the stress exponent independent of the Weibull slope. Like
the Ioannides-Harris model, Zaretsky (1987) and August and Zaretsky (1993) developed a
generalized methodology for system life prediction that uses an elemental stressed volume

approach.

The research models are based on theories of material fatigue failures and therefore
often require complete information of stress-strain behaviour of the material under repeated
rolling contact. Most fatigue models for general loading, as described in previous sections,
can be applied to rolling contact fatigue problems. For example, Ekberg (1997) developed a
fatigue life model for rolling contact with application to rail/wheel damage based on the
Dang Van criterion; Kim et al. (2003) calculated the maximum Hertz pressure corresponding
to the material fatigue limits and the site of crack initiation using the Matake, the Crossland
and the Dang Van fatigue criterion; Sraml et al. (2003) analysed crack initiation with moving
Hertzian contact pressure and Coulomb friction using the Coffin-Manson relation, the
Morrow equation and the Smith-Watson-Topper (SWT) equation, and later Dang Van
criterion (Sraml et al. 2004); Ringsberg et al. (2000) assessed the initiation of cracks using
the Dang Van criterion, the Coffin-Manson relation, the SWT relation, and a ratchetting
failure model for elastic shakedown, plastic shakedown and ratchetting material responses;
Ringsberg (2001) presented a strategy for rolling contact fatigue crack initiation based on the
failure model proposed by Jiang and Sehitoglu (1999), which is a mixed ‘shear’ and ‘normal’
crack model; etc. These models are for crack initiation, assuming that nearly all the life
consists of the initiation phase. For crack propagation, a number of solutions to simulation of
surface pitting have been obtained based on fracture mechanics, such as the work by Glodez
et al. (1998), Flasker et al. (2001), Datsyshyn and Panasyuk (2001), Kudish (2002), Kudish
and Burris (2004), etc.
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The study of EHL with rough surfaces leads naturally to a better understanding of
micro-EHL or mixed lubrication. Mixed lubrication is a particularly challenging and
important regime to understand as, in truth, almost all failures of surfaces in rolling/sliding
contact with an EHL lubricant film occur in this regime. The A ratio has been widely
recognized as a dominant factor in determining the fatigue life for this situation. Some
experimental work has been performed to predict the relation between the fatigue life and the
A ratio for gears (Gao et al. 2005). In the low A regime, however, fatigue life depends more
strongly on surface roughness than on film thickness and the occurrence of micropitting is
more load dependent than the A ratio (Chiu 1997). In recent years theoretical analyses have
begun to emerge for mixed lubrication and some recent developments seek to extend the
evaluation of pressure variation to include their effect on fatigue life due to roughness and
cyclic loading. Ioannides et al. (1989) applied the Ioannides-Harris model to study the effects
of lubricant films, roughness, contaminants and residual stress on fatigue life. The same
model was used by Kim and Olver (1997, 1998) to study the fatigue failure in rolling sliding
contact with rough surfaces. Ai (1998) used material’s S-N-P curve with an effective stress
based on damage accumulation theory to evaluate the surface roughness effect on contact
fatigue life under lubricated conditions. Tallian (1999) extended his rolling bearing life
prediction model to cover variable operating conditions including the A ratio. Epstein et al.
(2003a, 2003b) calculated fatigue life in mixed lubrication using the Zaretsky fatigue model.
The effects of surface texture on fatigue life were presented by a variety of surfaces with

different finishes.

5.7 Summary

In this chapter, various aspects of the theory of fatigue are presented. Models for
rolling contact fatigue have been reviewed. For mixed lubrication problems, only a limited
number of papers has been published to predict the effects of surface roughness on fatigue
life. Most of the models used for the evaluation of fatigue life are engineering models. For a
comprehensive understanding of the mechanisms of fatigue under mixed lubrication

conditions, it is necessary to apply both engineering and research models.
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As stated in this chapter, a number of models have been proposed for the prediction
of fatigue damage. Since many influencing factors exist in fatigue analysis, there is as yet no
universally accepted method (Fatemi & Socie 1988). However, it has been reported that
better predictions are often achieved using a critical plane approach (Chu 1995, You & Lee
1996). Therefore, the critical plane approach will be used in the next two chapters for

analysing fatigue damage in mixed lubrication line contacts.
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Chapter 6

Fatigue Analysis — Applying Multiaxial

Fatigue Criteria

6.1 Introduction

As is well-known, surface contact fatigue is the most common failure mode of
surfaces subjected to repeated contacts. A typical example is fatigue failures in gears
(Fernandes & McDuling 1997). As stated in Chapter 5, rolling and sliding contact involves
complex time-varying loadings and like many engineering components and structures stress
states are multiaxial rather than uniaxial. However, it is usual to rely on uniaxial fatigue test
data for life prediction in practice. Consequently, several multiaxial fatigue criteria have been
proposed to reduce the multiaxial stress state to an equivalent uniaxial stress condition. Some
of these criteria are based on the critical plane approach, which often gives better fatigue
predictions than other approaches. In the following, multiaxial fatigue criteria based on the
critical plane approach are used to perform fatigue analysis for the EHL line contact with

rough surfaces.

6.2 Multiaxial Fatigue Criteria Based on Critical Plane

Approach

The criteria based on the critical plane approach, such as the Findley criterion, the

Matake criterion, and the Dang Van criterion, are applied to the EHL line contact fatigue
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analysis. The review of these criteria was given in Chapter 5. These criteria can be written in

a general form as
A+KB< A (6.1)

Fatigue failure occurs if the inequality is not fulfilled. Parameters 4 and B are related to the
stress components on the critical plane and ¥ and A are material constants. k¥ and 1 take
different values for different criteria, and can be determined from the endurance limits under
fully reversed bending and fully reversed torsion tests. A summary of these parameters is
given in Table 6.1, where 7, and 6;,max are the shear stress amplitude and maximum value of
the normal stress on the critical plane, respectively. oyrand 7, are the endurance limits under
fully reversed bending and fully reversed torsion, respectively. The Dang Van criterion uses
the current values of the shear stress amplitude on the critical plane, 7,(f), and hydrostatic

stress, ox(f), and ¢ is time.

Table 6.1 Expressions of parameters for criteria considered.

Criterion A B K A
2-0,/7, Oy
Findley T, On,max
2,/0'af/r(,f -1 | 2Jo, /7, -1
2z,
Matake Ta On,max -1 T
O,
T, 3
Dang Van 7a (1) o (f) 33 Ty
Oy

The analysis procedure to use the critical plane approach is divided into two steps: (1)
to determine the critical plane based on parameters 4 and B; (2) to assess the fatigue behavior
using Equation (6.1). From Table 6.1, it can be seen that calculation of the amplitude and
mean value of the shear stress acting on the critical plane is required to apply these fatigue

criteria in the first step.
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In a general three-dimensional non-proportional loading case, the evaluation of the
amplitude and mean value of the shear stress on a plane is not a trivial problem. The
definition of 7, and 7, has been given by Papadopoulos (1998), in what is called a minimum-
circumscribed circle proposal. It is based on the construction of the minimum circle
circumscribed to a plane curve described by the shear stress vector on the plane. The radius
of the circle is defined to be the shear stress amplitude and its centre defines the tip of the
mean shear stress vector. Algorithms to determine 7, and 7, , such as the points combination

algorithm, the incremental method and the optimization method, have been presented by

Bernasconi (2002).

Since the EHL line contact is a plane problem, only the x-z plane should be examined.
This simplifies the calculation of 7, and 7, because the shear stress on the critical plane
becomes a scalar. As shown in Figure 6.1, the normal and shear stress history on a plane can

be calculated from its directional components by (Timoshenko & Goodier 1970)
o(t)=0,cos’@+0,sin’ 6 +2r_ sinfcosd (6.2a)
t(t)=17_(cos’ @—sin’ 0) + (o, ~ o, )sinfcosh (6.2b)

where @1is the angle between the normal of the plane and the x-axis. Thus, the amplitude and

mean value of the shear stress on the plane are determined by

7, =-m__min 6.3a

4 2 ( )
T +T .

T - max min 6.3b

n T (6.3b)

where Tmax and 7yin are the maximum and minimum values of the shear stress on the plane,
respectively. The Dang Van criterion uses the current shear stress amplitude, which is

calculated as (Ekberg 1997)

7,(0) =le(t) -7, (6.4)
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Figure 6.1: Definition of a critical plane.

Once parameters 4 and B are obtained, the next step is to evaluate the fatigue failure.
A fati;gue parameter (FP) is defined from Equation (6.1) as
A+ kB

FP="— (6.5)

With this definition, if FP is greater than unity, fatigue failure is expected to occur. For the
Dang Van criterion, since both 4 and B use current stress values, the fatigue parameter is

defined as

A+EB) 66)

FP = max( —
1 A

where the maximisation is carried out over time (¢).

Since the critical plane through a given material point is not known before the
analysis, FP has to be examined on all the candidate planes in order to identify the critical
plane. Further, the above analysis procedure has to be repeated for all the material points to

be examined.
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6.3 Estimation of Failure Probability

The fatigue model developed by Ioannides and Harris (1985) is used to estimate the

failure probability. The model can be written as
1 = (Te —7y )C
n— = 4N IV—TdV 6.7)

where S is the probability of survival, N is the fatigue life, 7, is equivalent stress, 7, is the
threshold fatigue limit stress below which no failure would occur, z' is the stress weighted

average depth, and V is stressed volume. 4, e, c, and h are empirical constants to be
determined from experimental data. The depth factor and the fatigue limit stress have been
discussed by many researchers (Zaretsky et al. 1996, Kim & Olver 1997, Epstein et al.
2003b) and some of these authors prefer to ignore these parameters. Thus, the following form

will be used in this study:
Int=4N* [z av 6.8
nE - J.V Te ( . )

The equivalent stress 7, can be chosen based on multiaxial fatigue criteria in different
ways. loannides et al. (1989) listed some examples of criteria including maximum Hertzian
pressure, orthogonal shear stress, maximum shear stress, maximum surface traction, von
Mises stress and maximum shear amplitude regardless of plane and direction, and employed
a Dang Van type modified shear stress in their fatigue analysis. This Dang Van type
equivalent stress was also used by Kim and Olver (1997, 1998). Epstein et al. (2003a, 2003b)
used the orthogonal shear stress in their fatigue analysis and stated that using different forms
of equivalent stress had only a minor effect on the final results. In this study, the equivalent

stress is calculated based on the Dang Van criterion as

r,=FPxJ = m’ax[ra (t) + Ko, (1)] (6.9)
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6.4 Numerical Results

The critical plane based multiaxial fatigue criteria are evaluated for the EHL line
contact between two rough surfaces each with the profile (C), which is the most aggressive of
the three shown in Figure 2.2 of Chapter 2. The parameters used to specify the EHL problem

are given in Table 6.2.

Table 6.2: Parameters used for transient EHL line contact analysis.

a 0.335 mm ¥ 2.27 GPa'
E\E; 200 GPa K 63.2x10° Pa.s
Po 1.0 GPa A 1.68 GPa™

R 0.0191 m Vi, 1 0.3
w’ 527 kN/m 70 10 MPa
a 11.1 GPa’' P 5.1 GPa™

As shown in Figure 6.2, sections of the two surfaces of size 2axa (shaded) are
selected for fatigue analysis, where a is the Hertzian semi-contact width. The selected
material is located at —4 < x/a < -2 at the start of the analysis and then passes the contact area
and moves to 2 < x/a < 4. The stress history of the material during its traverse of the contact
area is determined using the DC-FFT method as described in Chapter 4. The mesh is set up
for stress and fatigue analysis in such a way that dense grids are used near the surface to
capture the possible high stress gradients due to asperity contact. In this study, 20 depth
levels are examined, i.e. zZa = 0, 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.1, 0.2,
0.3,0.4,0.5, 0.6, 0.7, 0.8, 0.9, 1.0. In the x direction, a uniform mesh with 201 grid points is

used. Thus, the total number of material points for stress and fatigue analysis is 4020.
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-4 3 ) -1 0 1 2 3 4 xla

Figure 6.2: Volumes of materials for fatigue analysis.

The critical plane is defined by 0, which is the angle between the normal to the
critical plane and the x-axis, as shown in Figure 6.1. The fatigue damage is computed for 0° <

0< 180° with an interval of 1° to search for the critical plane.

The material assumed for the two solids is SAE4340 (BS970:En24) whose hardness
is HB = 409 and ultimate tensile strength is gu= 1470MPa (Zahavi & Torbilo 1996). Its
fatigue limit at N = 107 cycles under fully reversed bending can be approximated by

(Ciavarella & Maitoumam 2004)
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o, =1.7HB =1.7x 409 = 695(MPa)

and the fatigue limit under fully reversed torsion can be estimated by (Dowling 1998)

O-af
7, =—L =695x 0.577 = 401(MPa)

NE

Figure 6.3 shows contours of calculated FP for a section of the slower moving rough
surface using the three criteria. The slide roll ratio considered is £ = 0.5, with entrainment
velocity # = 25m/s and viscosity 70 = 0.001 Pa-s. The slower moving surface is examined
because its asperities are subject to a higher number of stress cycles in traversing the contact
than are those of the faster moving surface, as described in Chapter 4. The shape of the
profile is also included in the figure. Fatigue failure zones (in black colour) are those where
FP 2> 1. It is clear that failure zones are concentrated near the surface of particular asperity
features for the three criteria considered. The extent of the islands of high FP values
calculated indicates that the material subject to fatigue damage is separated by areas that are
not subject to anything like the same level of damage. This may suggest that the surface
distress phenomenon of micropitting could be expected in this kind of lubrication situation
with micropits whose characteristic dimensions may be inferred from the typical sizes of the
islands of high FP values. For the current example which uses a rough surface profile taken
from FZG gear testing this dimension would be of the order 50 pm. A summary of the
application of these criteria to this analysis is presented in Table 6.3, which records ten
asperities which have highest FP values. The ten asperities are labelled with letters of A to J
and identified by the distinctive arrows in Figure 6.3. It can be seen that the Findley criterion
and the Matake criterion give almost the same results. Using the Dang Van criterion, the
calculated FP values are slightly lower for this case study and the sequence of asperities with

decreasing FP values is reordered.
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Figure 6.3: Contours of fatigue parameter fdr fatigue at 107 cycle

using (a) Findley, (b) Matake, and (c) Dang Van criteria. The top plot is the
surface profile.
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Table 6.3: Ten identified asperities with'highest FP values by three fatigue criteria.

Findley Matake Dang Van
Index
FP Asperities FP Asperities FP Asperities
1 2.060 J 2.085 J 1.651 H
2 2.036 D 2.053 D 1.605 J
3 1.976 H 2.000 H 1.579 G
4 1.811 I 1.825 I 1.468 D
5 1.797 E 1.810 E 1.444 I
6 1.789 A 1.804 A 1.399 C
7 1.766 C 1.780 C 1.331 E
8 1.747 B 1.767 B 1.327 A
9 1.551 F 1.570 F 1.215 B
10 1.321 G 1.294 G 1.212 F

Figure 6.4 shows the FP values plotted against x/a at depth levels z/a = 0.0, 0.01,
0.05, 0.1, 0.2 and 0.5 using these criteria. As the FP exceeds unity at a position, fatigue
failure is predicted to occur. It can be seen that FP values have their greatest fluctuation at
and near the surface, such as depths of 0.01a (3.4pum) and 0.05a (17um), due to the influence
of roughness. Deeper in the subsurface where the stress is hardly affected by the roughness,
for example at depths of 0.2a (67um) and 0.5a (169um), FP lines become flat and lower.
The highest damage values occur at the depth level of 0.01a (3.4pm), which is just below the

surface.
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Figure 6.4: Distributions of fatigue parameter (FP) at 10’ cycles at different depth levels
by using (a) Findley, (b) Matake, and (c) Dang Van criteria.
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To assess the fatigue damage at a particular depth level, the probability of failure F is
determined by the Ioannides-Harris model, where F = 1 — S. The exponents, e and c, take the
values adopted by loannides and Harris (1985): e = 10/9 and c = 31/3. Following the strategy
used by Kim and Olver (1997), the parameter A is assumed to be related to the tensile
strength of the material as follows:

A= (6.10)

where V.. is the reference volume, which can be determined experimentally for a specific
material. For comparative study of fatigue failures under different contact conditions, the
actual value of V. is not important and is taken as the material volume considered in this
study, i.e. Vs = 2a x a. The element volume for a stressed point at a depth level is chosen as
AV = Ax x z,;, where Ax is the mesh size in the x direction and z, is a reference spacing in
the z direction for a depth level. A small value of z,,= 10™a is chosen in this study by a trial
and error approach. If z,.r is too large, the variation of the failure probability across the near
surface layer, which has greatest stress gradients, may be overlooked. On the other hand, if
Zrer 18 too small, then the calculated failure probability may be far smaller than unity.
Therefore, the calculated F values obtained in this way are only stated for comparison. To
predict actual fatigue life in practical application, experiments are required to determine these

parameters in order to use the Ioannides-Harris model.

Figure 6.5 shows the probability of failure F against the depth level z/a for the case
shown in Figure 6.3 based on the Dang Van equivalent stress. (Note the logarithmic scale for
F in this and similar figures). It can be seen that F increases drastically starting from the
surface and reaches the highest value in the near surface layer and drops sharply with deeper
depth. Figure 6.6 compares the probability of failure F for four contact conditions: (i)
smooth-smooth, (ii) smooth-rough, (iii) rough-smooth, and (iv) rough-rough. (The first
surface has a higher speed than the second one. For example, smooth-rough implies the faster
surface is smooth and the slower surface is rough.) The same slide roll ratio, velocity and
viscosity are used for this comparison, i.e. £= 0.5, # = 25m/s and 7= 0.001 Pa-s. It can be

seen that fatigue risks, in order of severity, are those of rough-rough, rough-smooth, smooth-
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rough and smooth-smooth. Their corresponding maximum FP values are summarised in
Table 6.4. It is very interesting that two surfaces for case (ii) and case (iii) are the same but
reversed, but they may have significantly different fatigue performance. This phenomenon
has already been observed by Kim and Olver (1998) by examining the stress history and they
concluded that sliding has no influence on case (ii) but a significant influence on case (iii).
Except for the smooth-smooth contact, the fatigue risks for the other three cases are highest
near the surface due to the influence of roughness and drop quickly deeper in the subsurface.
For the smooth-smooth case, the highest fatigue risk is located near the Hertzian maximum
shear stress zone as expected. All the four curves approach the same probability of failure in

the zone where the roughness effect is no longer active.

10° -
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Figure 6.5: Fatigue failure probabilities versus depth for the slower moving surface.
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Figure 6.6: Comparisons of fatigue failure probabilities versus depth for four contact
conditions.

Table 6.4: Maximum FP values obtained using the three fatigue criteria for four contact

conditions.
Findley Matake Dang Van
Smooth-smooth 0.644 0.647 0.489
Smooth-rough 0.940 0.951 0.873
Rough-smooth 1.762 1.774 1.261
Rough-rough 2.060 2.085 1.651
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The effect of slide roll ratio on fatigue is studied with & values of 0.25, 0.5, 0.75 and
1.0 and the same entrainment velocity # = 25m/s and the viscosity 7 = 0.001 Pa-s. The
contours of calculated FP for the slower moving surface using the Dang Van criterion are
shown in Figure 6.7. The volume of failure zones (black colour) is seen to increase with
increased £ values and the location of these failure zones is unchanged. Their corresponding
maximum FP values obtained using the three fatigue criteria are summarised in Table 6.5.
Figure 6.8 compares the corresponding F' curves across the depth for the four slide roll ratios.
It can be seen that higher sliding generally leads to greater failure probabilities. In this
comparison it is necessary to point out that the “collisions” experienced by each asperity on
the surface will differ according to the specified slide roll ratio. The number of “collisions”
during a traverse of the contact area will increase with slide roll ratio due to the increase in
relative velocity of the surfaces, as shown and discussed in Chapter 4. Also the part of the
opposing surface passing through the contact area in direct interaction with the section
considered will change according to the sliding speed specified. Therefore, it is not surprising
that the maximum FP value obtained does not strictly increase with increasing slide roll

ratio, as observed in Table 6.5.

Table 6.5: Maximum FP values obtained using the three fatigue criteria for different slide

roll ratios.

Slide roll ratio (&) Findley Matake Dang Van
0.25 2.187 2.214 1.553
0.5 2.060 2.085 1.651
0.75 2.138 2.155 1.420
1.0 2.328 2.280 2.810
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Figure 6.7: Contours of fatigue parameter (FP) at 107 cycles obtained using the Dang Van
criterion for the section of the slower moving surface illustrated in Figure 6.3
with different slide roll ratio: (a) £= 0.25, (b) £= 0.5, (¢) £= 0.75, and (d) £ =
1.0.
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Figure 6.8: Comparisons of fatigue failure probabilities versus depth for different slide roll
ratios.

The effect of entrainment velocity on fatigue is studied with # values of 15, 20, 25
and 30nm/s and the same slide roll ratio £ = 0.5 and the same viscosity 70 = 0.001 Pa-s. The
contours of calculated FP for the slower moving surface using the Dang Van criterion are
shown in Figure 6.9. Comparing these contours shows that by using different velocity values
the calculated differences in the FP values appear to be minor. This is in agreement with the
observation seen by Shaw (2003) that rotational speed does not have a strong influence on
micropitting occurrence in gear tests. Figure 6.10 compares the failure probability against the
depth for these four cases. Only minor differences are seen between four curves once again
indicating velocity has no strong influence on fatigue. The largest discrepancies are seen at
the near surface layers (z/a < 0.05) and the failure probability tends to increase with
decreasing velocity. This can be explained by the fact that increasing velocity will lead to
increasing film thickness and decreasing asperity interactions. Since the Ioannides-Harris
model is very sensitive to the stress term due to the high value of exponent ¢ (= 31/3), a
single high stress value may lead to high failure probability. Table 6.6 lists the corresponding

maximum FP values obtained using the three fatigue criteria.
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Figure 6.9: Contours of fatigue parameter (FP) at 107 cycles using the Dang Van criterion
for the section of the slower moving surface illustrated in Figure 6.3 with
different entrainment velocity: (a) u = 15, (b) u =20, (¢) u =25, and (d) u =
30m/s.
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Figure 6.10: Comparisons of fatigue failure probabilities versus depth for different
velocity values.

Table 6.6: Maximum FP values obtained using the three fatigue criteria for different velocity

values.
Velocity (u ) Findley Matake Dang Van
15 m/s 2.140 2.159 2.364
20 m/s 2.627 2.611 3.218
25 m/s 2.060 2.085 1.651
30 m/s 2.045 2.064 1.630
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The effect of viscosity on fatigue is studied with 75 values of 0.001, 0.002, 0.004 and
0.008 Pa-s and the same slide roll ratio &= 0.5 and the same velocity # = 25m/s. Figure 6.11
shows the FP contours calculated for the siower surface using the Dang Van criterion. The
volume of failure zones (black colour) is seen to decrease with increased 79. The maximum
FP values obtained using the three fatigue criteria are summarised in Table 6.7. The A ratios
are also listed in the table for comparison. It is clear that increasing viscosity will improve
the fatigue performance. At 7 = 0.008 Pa-s, the three fatigue criteria may give different
answers; that is, the Findley criterion and the Matake criterion predict fatigue failures,
whereas the Dang Van criterion predicts no fatigue failures, but the trend with increasing
viscosity is the same for each model. The corresponding curves of failure probability against
the depth level are shown in Figure 6.12. It can be seen that fatigue failure probability
decreases with increasing viscosity. This is due to the fact that greater viscosity generally
leads to an increase in film thickness; as a result asperity interaction decreases and thus the
micro-EHL phenomenon becomes weak. This observation is in agreement with the

experimental results presented by Fernandez Rico et al. (2003).

Table 6.7: Maximum FP values obtained using the three fatigue criteria for different

viscosity values.

Viscosity (1) A ratio Findley Matake Dang Van
0.001 Pa-s 0.384 2.060 2.085 1.651
0.002 Pa-s 0.611 1.927 1.947 1.554
0.004 Pa-s 0.973 1.627 1.645 1.336
0.008 Pa-s 1.548 1.170 1.184 0.974
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Figure 6.11: Contours of fatigue parameter (FP) at 107 cycles using the Dang Van
criterion for the section of the slower moving surface illustrated in Figure 6.3
with different viscosity: (a) 770 = 0.001, (b) 770 = 0.002, (c¢) 770 = 0.004, and (d)
770= 0.008Pa-s.
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Figure 6.12: Comparisons of fatigue failure probabilities versus depth for different values
of viscosity.

6.5 Summary

In this chapter, three critical plane based multiaxial fatigue criteria, namely the
Findley, the Matake, and the Dang Van criterion, are applied to fatigue analysis for EHL line
contact of two rough surfaces. The influence of roughness on predicted fatigue damage is
investigated. From the numerical results it can be seen that the fatigue damage increases and
moves to the near-surface layer when roughness is present. Prominent asperities are, not
surprisingly, subject to greater damage risks than those of similar shape that are at a lower
level than their neighbours. The investigation has shown that the various multiaxial fatigue

criteria considered give similar results for this particular application.

The effects of slide roll ratio, entrainment velocity and lubricant viscosity on fatigue

are investigated using the three criteria considered together with the Ioannides-Harris fatigue
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model. The results have shown that slide roll ratio and viscosity have a stronger influence
than velocity on fatigue. Decreasing slide roll ratio and increasing viscosity can improve

fatigue performance.
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Chapter 7
Fatigue Analysis — Applying Variable

Amplitude Multiaxial Fatigue Theories

7.1 Introduction

In Chapter 6, several critical plane based multiaxial fatigue criteria were applied to
fatigue analysis for EHL line contact problems. These criteria concern a specific fatigue life

and only deal with the boundary between safety and failure for that life.

For the micro or mixed lubrication problem, the stress history shows that severe stress
cycling with variable amplitude occurs in the material during the traverse of the contact area,
especially close to the surface. Consequently, it is reasonable to apply variable amplitude
multiaxial fatigue theories to analyse the effects of rough surfaces on fatigue. This chapter
presents a variable amplitude multiaxial fatigue damage estimation procedure based on a
critical plane approach. Numerical simulations are performed and results are presented for

several cases of line contact of rough surfaces.

7.2 A Shear Strain Based Critical Plane Approach

7.2.1 Fatigue Models

As stated in Chapter 5, a number of fatigue models have been proposed for the
prediction of fatigue life of components subjected to a complex loading. Although there is no
universally accepted approach to fatigue analysis, it has been widely recognized that better
predictions are often achieved by critical plane models. Critical plane models are based on a

physical interpretation of the fatigue process whereby cracks form and grow on critical
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planes (Bannantine & Socie 1992). In such an approach, stresses and strains are often

evaluated for a number of planes at the same spatial position to determine the critical plane.

Cracking behaviour is dependent on material type and loading magnitude (Bannantine
& Socie 1992, Jiang 2000). As shown in Figure 7.1, materials generally exhibit shear, tensile
or mixed cracking behaviour (Jiang 2000). For tensile cracks, cracks are initiated in the
direction of maximum normal amplitude and a fatigue model based on the Smith-Watson-
Topper (SWT) parameter can be used to estimate the fatigue life:

(o))

Omax€y = E (ZNf )2b + 0'}6'} (2Nf )b+c (71)

where &, is the amplitude of normal strain on the critical plane and Omax is the maximum
normal stress on the same plane as &, For shear dominated fatigue damage, cracks are
formed in the direction of maximum shear amplitude and a fatigue model proposed by

Fatemi and Socie (1988) resulted in better correlation of fatigue lives:

o 7
1+ K—% |=—2N, ) +y.2N
r1exZe )= Lon, Y eron, ¥ 02
where y, is the amplitude of shear strain on the critical plane, and on,x is the maximum
tensile stress normal to that plane. For the material with mixed cracking behaviour, cracks are
initiated on the maximum normal planes for tension loading but on the maximum shear
planes for torsion loading. A model combining both shear and normal components was

developed to consider the different cracking behaviour (Chu 1995, Jiang & Sehitoglu 1999):

() )
E

+JATAY = (2Nf )Zb +0o g (2Nf )W (7.3)

max 8{1

where omax and &, are the maximum stress and the strain amplitude, respectively, normal to
the crack plane; Ay and At are the shear strain range and the shear stress range, respectively,
on the crack plane. J is a material constant and should be obtained from tension/torsion tests.
If J = 0, Equation (7.3) is reduced to the Equation (7.1) for tensile cracks. Equation (7.3)

predicts shear cracking if J takes on a large value.
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Figure 7.1: Fatigue cracking behaviour under tension and torsion loading: (1) shear
cracking, (2) tensile cracking and (3) mixed cracking.
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For rolling contact fatigue initiation, there is evidence that cracks take place in shear
under hydrostatic compression (Johnson 1989). Therefore, the Fatemi and Socie (1988) shear

strain model will be used to predict the variable amplitude multiaxial fatigue damage in this

chapter.

7.2.2 Numerical Procedure

The procedure to estimate the fatigue damage of a material subjected to variable
amplitude multiaxial loading is presented in Figure 7.2. This procedure is based on the
Fatemi and Socie (FS) shear strain based critical plane model. The critical plane can be
defined as the plane of maximum shear strain range, Aymax. Alternatively, Bannantine and
Socie (1992) defined the critical plane as the plane experiencing maximum damage, Dyax-
Comparing the predicted and experimental lives, Kim and Park (1999) concluded that either
the A%max plane or the Dpax plane can be accepted as the critical plane. Since the latter
definition accounts for the cumulative damage effect for variable amplitude loading, it is

followed in this chapter.

As shown in Figure 7.2, for each material point and each plane, the solution

procedure can be divided into the following steps:
o  Establish stress and strain histories for the material point.

e Rotate stresses and strains to the plane analysed and obtain shear and normal

stress and strain histories.
e  Count cycles based on the shear strain history on the plane analysed.

e Estimate the damage for each identified cycle, using the Fatemi and Socie shear

strain fatigue model.

e Calculate the total damage by summing the damages of all identified cycles,

using the Palmgren-Miner cumulative damage theory.
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Determine the stress and strain histories:
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Rotate stresses and strains to the plane analysed:
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o

L. {o(8),0:(1), Te(t)} = {0(8), (0}
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Count y (#) using rainflow counting method. For each cycle, calculate shear
strain amplitude and maximum normal stress:

(7{19 O-max)la (7aa o'max)2, “eey (}’aa O-max)n

'

For each cycle, determine the fatigue life:

Nn, Np, ..., N

'

Cumulative damage:

n

p=%_L
SN,

Figure 7.2: Procedure of fatigue analysis for EHL line contact.
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7.2.3 Cyclic Stress and Strain Fields

To apply the FS fatigue model, it is necessary to determine the subsurface stress and
strain fields developed under the contact in the region of interest throughout the load cycle.
The stresses are evaluated in Chapter 4 assuming the stress field remains elastic (or
experiences elastic shakedown under repeated contact if the contact pressure doesn’t exceed
the shakedown limit). Of course, plastic deformation is inevitable at the asperity and
microstructural scale even under the lightest loads, especially during early cycles of load.
This is also the case in most fatigue tests to determine the fatigue properties for materials.
Therefore, the effect of plasticity at the asperity scale is assumed to have already been taken

into account by fatigue parameters.

Since the stresses remain elastic at the macroscopic scale, the Hooke’s law is used to

evaluate the strains. For plane strain, they can be written as

1
£ = —Ef{(l —vz)o.‘r —v(1+v)o-z} (7.42)
£, = %{(1 —vi o, ~v(1+v)o, ) (7.4b)
< 2
Vo= o= %, (7.4c)

Since the critical plane is not known before the analysis, all the candidate planes have
to be examined in order to identify the critical plane. The effect of the applied loading on a
plane is determined by a tensor rotation of the stresses and strains to this plane. Since this is a
plane strain problem, only planes within x-z plane need to be examined. The normal and

shear stress on a plane is thus obtained by (Timoshenko & Goodier 1970)

o=0_cos’@+0c, sin’ 0+2r_sinfcosf (7.52)
r=1_(cos’ @—sin’ @) + (o, — o, )sinfcosd (7.5b)

where @ is the angle between the normal of the plane and the x-axis. In the same way, the

normal and shear strain on the same plane is determined by
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e=¢,c08’O+¢,sin’@+y_sinfcosd (7.62)
r_ &(cos2 0 —sin’ ) + (¢, — ¢, )sinfcos O
5 5 . &, (7.6b)

7.2.4 Cycle Counting and Damage Cumulation

The rainflow counting method developed by Amzallag et al. (1994) is employed on
the shear strain history y(f) to extract loading cycles. Application of the rainflow counting
method requires a preliminary treatment of the shear strain history to extract extrema. A
simple method is used to determine if a point in the history is a peak or valley point. For
example, three successive points denoted by i-1, 7, i+1 have shear strain values 7.;, % and %+,
respectively. If (y;, =y, ¥,y —7,) 20, then the ith point is not an extreme and will be
removed from the strain history. Otherwise, it is an extreme and kept. In such a way, the

strain history contains only extrema.

According to Amzallag et al. (1994), there are two possible types of cycle that can
occur for four successive extrema in the load history as illustrated in Figure 7.3. The strain
histofy (the left hand side) can be transformed in the form of stress-strain relationship (the
right hand side) to see if a cycle is formed. The four extrema are labeled by 1, 2, 3 and 4, and

the corresponding strain values are y, %, y and . Strain ranges are determined by

Ay, =l72"’y1|> Ay, =|73"72 , and A73=|74_73|- If Ay, <Ay, and Ay, < Ay;, then the

cycle represented by its extreme values » and ys is counted.

Once a cycle is counted by the rainflow counting method, the shear strain amplitude
and the maximum normal stress can be determined for that cycle. If the cycle is represented
by its extreme values, ¥ (¢;) and y(#,), at two instants #; and #,, then the shear strain amplitude

is determined by

1
Va :‘2‘|7(11)"7(t2)| (7.7)
and the maximum normal stress during that cycle is

O e = max{o (1)} (7.8)

1St<t,
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Figure 7.3: Principle of cycle extraction.

Thus the fatigue life Ny, or fatigue damage, 1/N;;, associated with each cycle of shear

strain acting on the plane being analysed is determined using Equation (7.2). Iterative

techniques must be employed to solve Equation (7.2). In this thesis, a simple bisection

method is applied assuming Ny lies between 1 and 10%. At each step of the bisection

algorithm, the right-hand side is evaluated at the logarithmic midpoint on the interval [N}, N>]

which contains the solution, i.e. InN, =(InN, +InN,)/2. Nyis regarded as the solution if

the relative difference between the left-hand side (LHS) and right-hand side (RHS) of

Equation (7.2) is less than 10, i.e. [LHS — RHS| < LHS x10™*.

The total damage is obtained using the Palmgren-Miner cumulative damage rule so

that the damage, D, is
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2, 1
D=2~ (7.9)

i=l

where 7 is the number of cycles and Nj is the fatigue life for the ith cycle. The critical plane

is identified as the plane with the maximum damage, i.e.

D,.. = max {D(6)} (7.10)

0°<6<180°

A value of Dy,y equal to unity then corresponds to fatigue failure. In the following, the

calculated damage D refers to the damage on the critical plane.

7.3 Damage Distribution by Weibull Analysis

To account for the effect of damage randomness due to randomness of rough surface
asperities, a statistical approach can be used to give a damage distribution for a particular
depth beneath the surface in the materials based on the calculated damage values for all the
material points at that depth. The damage probability density function is naturally skewed
towards low damage and the Weibull distribution is thus an appropriate stochastic model to
use for this purpose. The damage distribution expressed in the 3-parameter Weibull

cumulative density function (CDF) has the form (Meeker & Escobar 1998)
p-yY
F(D)=1-exp —(—EJ , 0su<D, n,B>0 (7.11)
n .

where 7 is the scale parameter, £ is the shape parameter and u is the location parameter. If x4
= 0, the 3-parameter Weibull distribution becomes the 2-parameter Weibull distribution.
These two distributions are identical except that the 3-parameter Weibull distribution is

shifted by a distance of u.

To fit the calculated damage data to a Weibull distribution, the method of median
rank regression is applied in this thesis to estimate all three parameters. Equation (7.11) can

be transformed to a simple form for a line:

Y=mX+b (712)
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where
Y= ln[ln(—l——ﬂ |
I=FD) (7.13a)
X =1n(D - u) (7.13b)
m= (7.13¢c)
b=-fnny (7.13d)

If n is the sample size, rearrange the n calculated damage values in an ascending order,

ie. D,<D,<...<D;<...<D,, where D; denotes the ith smallest damage. F(D;) can be

approximated by Benard’s median rank (Abernethy 1996):

i-0.3
n+0.4 (7.14)

F(D) =

If the location parameter u is known, then a corresponding ordered set of (X, Y;) can be
obtained from Equations (7.13a) and (7.13b). The two unknowns m and b can be evaluated
using a traditional least square method (LSM) by solving the two simultaneous equations as

follows (Ayyub & McCuen 1996):

n 1 n
_ng'ZgXH
n=— L[ 2 (7.152)
St 1(3x)

i=1

n

Y,
=1

1 n n
b=;[§x—m2)¢) (7.15b)

i=1
Then, the shape and scale parameters are calculated as follows:

p=m (7.16a)

el 3]
F; (7.16b)
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The goodness of the fit can be assessed by the correlation coefficient (R), which
measures the degree to which the measured and predicted values agree. The square of the
correlation coefficient (R*), which is called the coefficient of determination, represents the

fraction of the variance of the output explained by the regression model and is given by
(Ayyub & McCuen 1996):

3y (@ -7y
RY = 1=l

- j(y o (7.17)

~

where Y, denotes the estimate of the observations on Y; obtained from the regression model

and Y is the mean of ¥;. The closer R? is to unity, the better is the model performance.

The complexity of the above method to estimate the Weibull parameters arises from
the fact that the location parameter y is also unknown. In order to find u that corresponds to
the best fit, the least square method above is used to fit the data for all values of y in the
interval {0, D], where D; is the smallest calculated damage and is selected as the upper limit
to make Equation (7.13b) applicable. The correlation coefficient R is used as the criterion to
determine the best fit value of g The value of x that corresponds to the maximum R? is

taken as the estimated location parameter. This is obtained by a trial and error approach.

7.4 Fatigue Analysis Results and Discussion

In this section, the application of the shear strain based critical plane approach for
damage calculations is demonstrated in the line contact situation. The parameters used to
specify the EHL problem are the same as given by Table 6.2 in Chapter 6 unless otherwise
specified. The material used for the damage modelling is SAE4340 steel (BS970:En24)
whose material properties can be found in Zahavi and Torbilo (1996) and are listed in Table
7.1. The shear fatigue strength and shear fatigue ductility coefficient in Equation (7.2) can be
estimated by (Dowling 1998)

'
v S " ’
TG, U ~3¢) (7.18)
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As described in Chapter 6, sections of the contacting materials of dimension 2axa are
selected for fatigue analysis, where a is the Hertzian semi-contact width. The selected
material is located at —4 < x/a < -2 at the start of the analysis and then passes through the
contact area during transient analysis, moving to 2 < x/a < 4. The calculated damage is the

damage in such a traverse of the contact area.

As in Chapter 6, the critical plane is defined by 6, which is the angle between the
normal of the critical plane and the x-axis. The fatigue damage is computed for 0°< 6 <180°

with an interval of 1° to search for the critical plane.

The profiles of rough surfaces used for the analyses are shown in Figure 2.2 of

Chapter 2 where they are denoted as profiles (A), (B) and (C).

Table 7.1: Material parameters of SAE4340 steel.

b -0.091 £y 0.48

c -0.60 o 2.0 GPa
E\E, 200 GPa fo 8 827 MPa

K 1.0 Vi, W 0.3

7.4.1 Damage Distributions

Calculation of damage as described in Section 7.2 was carried out for the contact
between two rough surfaces each with profile (C) (denoted as ‘C-C’), and with slide roll ratio
& = 0.5, entrainment velocity ¥ = 25m/s and viscosity 7p = 0.001Pa-s. As in previous
chapters, the upper surface is the faster moving surface and the lower surface is the slower
moving surface. Figure 7.4 shows contours of damage obtained for both the faster and the
slower moving rough surface in passing through the contact area once. The length of profile
considered is 2a and its shape, which is the same as that in Figure 6.3 of Chapter 6, is also
included in the figure. The contours are chosen to vary logarithmically in value as the
difference in D between the areas subject to most and least calculated damage is up to five

orders of magnitude. It can be seen that the accumulated damage calculated is concentrated
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near the surface of particular asperity features and the islands of high D values calculated are
separated by areas that are not subject to anything like the same level of damage. This

observation is in a good agreement with that presented in Chapter 6.

The damage value depends on the shape of the asperity, but also on its height relative
to the local surface height envelope. Prominent asperities are subject to greater damage levels
than those of similar shape that are at a lower level than their neighbours. Table 7.2 lists
damage values in decreasing order for ten asperities shown in Figure 7.4 with letters A to J
for both the faster and slower surfaces. These asperities selected are the same as those in
Figure 6.3 in Chapter 6. It can be seen that damage values at these asperities for the two
surfaces can be very different because the “collisions” experienced by each asperity differ

according to the sliding speed.

Table 7.2: Damage values of ten asperities for both the faster and the slower surfaces.

Index Faster Surface Slower Surface
: Damage, D Location Damage, D Location
1 1.235x10™ A 1.043x10™ ]
2 7.649x107 C 8.493x107 G
3 3.864x107 B 4.854x10° H
4 1.400x10 H 3.845%x107 D
5 9.620x10° D 3.287x10° I
6 4.834x10°° I 3.230x107 C
7 7.783x107 F 2.887x10” E
8 2.692x107 E 1.618x10” A
9 2.269x107 G 9.226x107® F
10 7.791x107 J 6.119x10° B
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Figure 7.4: Contours of subsurface damage calculated for both faster (upper figure) and
slower (lower figure) moving surfaces during transit of the contact area with £
= 0.5 and go = 0.001Pa-s. The rough profile is shown in the figure above the
contour plots.

196



Chapter 7 Fatigue Analysis — Applying Variable Amplitude Multiaxial Fatigue Theories

Figure 7.5 shows distributions of the critical planes determined for both the faster and
slower surfaces using the FS model for this case study. The critical plane is represented by a
straight line segment at every point. The length of the line represents the magnitude of the
damage value at that point. The direction of the line is the critical plane which is the possible
plane on which the crack may be initiated by the accumulated damage. Most critical planes at

points with large damage value are oriented at an angle with the contacting surfaces.

To study the inherent scatter existing in the calculated damages due to surface
roughness, the Weibull distribution, i.e. Equation (7.11), is used to fit the distribution of
calculated damage values for all the material points at a particular depth beneath the surface.
Three parameters 4, 77 and f at each depth are estimated using the regression method
described in Section 7.3. These statistical parameters together with the coefficient of
determination (R?) for the case of the slower surface at the depths considered are listed in
Table 7.3. The value of S increases with increasing depth indicating that damage distribution
has a narrower band in the deeper layers and thus corresponding variations of damage in the
x-direction due to the roughness effect are smaller. The variation of 77 with the depth shows
that damage reaches the largest value near the surface (z/a = 0.01) due to micro-EHL
pressures, decreases with increasing depth and increases slightly around z/a = 0.5. For all the
depths listed in Table 7.3, the values of R* are greater than 0.9. The average value of R is
0.96 and the maximum value is 0.99. A graphical interpretation of the linear relationship
between In{In[1/(1-F)]} and In(D-p) is presented in Figure 7.6 for typical depth levels of z/a
= 0.0, 0.01, 0.02, 0.05, 0.1, 0.5. The magnitudes of the corresponding R? are also given in
the figure. This visually confirms the validity of the 3-parameter Weibull model for the

damage distribution.
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Figure 7.5(b): Distributions of critical planes determined for both faster (upper figure) and slower (lower figure) moving
surfaces in the near surface layers (0 < z/a < 0.1) for the section of material of 0 <x/a < 1, whose rough profile is
shown in the figure above the vector plots.
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Table 7.3: The Weibull parameters of damage distributions and corresponding correlation

coefficients at a series of depths for the slower surface.

z/a 7] yij n R
0 5.870E-19 0.174 2.190E-11 0.92
0.01 1.860E-17 0.191 3.360E-07 0.98
0.02 4.590E-15 0.257 2.310E-07 0.99
0.03 7.570E-13 0.295 1.400E-07 0.99
0.04 4.060E-12 0.309 9.780E-08 - 095
0.05 1.120E-11 0.303 5.770E-08 0.95
0.06 1.820E-12 0.312 3.900E-08 0.92
0.07 2.170E-12 0.319 2.810E-08 0.94
0.08 3.950E-12 0.345 2.340E-08 0.93
0.09 5.930E-12 0.386 2.050E-08 0.96
0.1 7.220E-12 0.416 1.770E-08 0.97
0.2 2.040E-10 0.619 8.970E-09 0.96
0.3 5.960E-10 0.681 9.700E-09 0.94
0.4 1.920E-09 0.771 1.010E-08 0.97
0.5 3.870E-09 0.959 1.070E-08 0.98
0.6 6.070E-09 1.000 9.920E-09 0.98
0.7 7.570E-09 1.160 8.880E-09 0.98
0.8 7.490E-09 1.770 7.740E-09 0.97
0.9 7.280E-09 2.150 5.920E-09 0.96
1.0 7.690E-09 1.470 3.180E-09 0.97
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In{In[1/(1-F)]}

In{In[1/(1-F)]}

(1) za =0

R2 = 0.9231 o’
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Figure 7.6: Graphical representation of the damage distribution calculated using the LSM
at depth levels of z/a = 0, 0.01, 0.02, 0.05, 0.1 and 0.5.
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Figure 7.7 shows the cumulative Weibull distributions of damage in terms of 1-F for
the slower surface at a series of depth levels. Three extra depth levels, i.e. z/a =0.001, 0.002,
and 0.004, are given in this figure to examine the variations of damage in the very near
surface layers. The curves are plotted so as to give the probability that the damage level is
greater than the abscissa value. Thus for the z/a = 0.01 case, for example, about 20% of
material points at that depth experience calculated damage greater than D = 3x10 during a
single pass through the contact area. The curves show that calculated damage is greatest at
the z/a = 0.01 level as might be expected from examination of Figure 7.4. At the greater
depth of z/a = 0.5 the level of damage has reduced by three or four orders of magnitude in

comparison.
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Figure 7.7: Cumulative damage distributions for slower moving surface of the case with &
= 0.5 and 70 = 0.001Pa-s at a series of depths beneath the surface.
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In two parameter Weibull life data analysis, the parameter 7 is approximately equal to
the mean-time-to-failure (Abernethy 1996). Similarly, it is helpful to define a characteristic

damage at a given depth level as
D . =n+p (7.19)

which gives a probability of 1-F =1/e=0.368 for all damage distributions, regardless of
the value of B Figure 7.8 shows the variations of D, versus the depth for both faster and
slower surfaces. The calculated damage variation for the case with smooth surfaces is also
included in the figure. It can be seen that for the rough surfaces D, increases drastically
starting from the surface and reaches the highest value in the near surface layer due to micro-
EHL pressures. Then D, drops rapidly as depth increases, and increases again slightly in the
maximum shear stress zone corresponding to the macro-EHL pressure. Comparing the curves
for the faster and slower surfaces, it is clear that the damage for the slower surface is greater
than that for the faster surface in the near surface layer. This is because asperities of the
slower moving surface are subject to higher numbers of stress cycles in traversing the contact
than are those of the faster moving surface, as described in Chapter 4. This conclusion is in
agreement with the unexplained observation seen in micropitting experiments with gears
(Shaw 2003). That is, micropitting takes place preferentially in the root of the pinion tooth
(slower surface) without occurring on the meshing tip of the wheel tooth (faster surface).
Therefore, the slower moving surface is examined in the following analyses. At the greater
depth where the roughness effect is no longer active, the two surfaces have the same damage

levels which become close to the damage level for the case with smooth surfaces.

To investigate the sensitivity of damage distributions with respect to sections of
materials selected, three different sections of materials in the slower surface are selected to
perform fatigue analyses. Profiles of these sections of materials are shown in Figure 7.9 and
they are denoted (1), (2) and (3). After the calculated damage values are obtained and fitted
to Weibull distributions, variations of D. along the depth are plotted in Figure 7.10.
Comparing the curves in Figure 7.10, the difference between them is minor and the damage
level is limited to the same order of magnitude. From a statistical view point, distributional

robustness is satisfied.
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Figure 7.8: Variations of the characteristic damage D, versus the depth for the faster and
slower moving surfaces for the case with & = 0.5 and 79 = 0.001Pa-s. The
variation of the calculated damage for the smooth surfaces is also included for

comparison.
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Figure 7.9: Profiles of three sections of materials selected in the slower moving surface for
the case with £= 0.5 and 7 = 0.001Pa-s to perform sensitivity analysis.
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Figure 7.10: Variations of D, versus the depth for three sections of materials shown in
Figure 7.9.

7.4.2 Effect of Slide Roll Ratio

The effect of slide roll ratio on fatigue damage is studied in this section for the
contact of C-C with a range of & values between 0 and 1.5 and &= 0 means pure rolling. The
viscosity is kept constant at 770 = 0.001Pa-s and the entrainment velocity is # = 25m/s.
Figure 7.11 compares the damage contours obtained with these values of £ for the same
section of rough profile illustrated in Figure 7.4. In general increased & values lead to higher
calculated values of D and the location of the damage hotspots is unchanged. The volume
subject to a damage level of 10" surrounding the peak damage locations is seen to increase.

This observation is in agreement of the results presented in Chapter 6.
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Figure 7.11: Contours of subsurface damage calculated for the section of the slower
moving surface illustrated in Figure 7.4 during its transit of the contact area

with 7o= 0.001Pa-s and £ = 0 (upper figure), 0.25, 0.5, 0.75, 1.0, 1.25, 1.5
(lower figure).
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The effect of & on damage probabilities is seen in Figure 7.12 which shows the
cumulative damage distributions at a high damage depth level of z/a = 0.01 for each value of
¢ considered. The variations of characteristic damage with the depth levels are shown in
Figure 7.13. Both figures show that higher sliding leads to greater damage probabilities. In
general the highest damage probabilities occur at depths in the range 0 < z/a < 0.05 except for
the case of pure rolling where there is no stress cycling due to asperity collisions within the
contact area. The highest D values obtained are listed in Table 7.4. The corresponding
locations are also given in the table. It should be noted that in this comparison, the number of
“collisions” experienced by each asperity on the surface will differ according to the specified
slide roll ratio. Also the part of the opposing surface passing through the contact area in
direct interaction with the section considered will change according to the sliding speed
specified. This last factor introduces an inherent variability into these comparisons that could

only be removed by using an unrealistic sinusoidal profile for the faster surface.
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Figure 7.12: Cumulative damage distributions at a depth of z/a = 0.01 beneath the surface
for a series of & values.
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Figure 7.13: Variations of D, versus the depth for a series of & values.

Table 7.4: Maximum calculated damage for a range of &.

Slide roll ratio, & Maximum damage, Dmax Location
0 7.612x107 H
0.25 5.474x107 D
0.5 1.043x10™ J
0.75 1.178x10™ D
1.0 1.053x10° A
1.25 2.840x10™ D
1.5 9.347x10 A
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7.4.3 Effect of Viscosity

The effect of viscosity on fatigue damage is considered for the contact of C-C with &
= 0.5, u = 25m/s and a series of 7y values, i.e. 770 = 0.001, 0.002, 0.004, 0.008, 0.016 Pa-s.
The corresponding dry contact analysis (denoted as 10 = 0) is also included for comparison.
Figure 7.14 compares the damage contours obtained with these values of 7. The cumulative
damage probabilities are shown in Figure 7.15 at a depth of z/a = 0.01 for each value of 7
considered. The corresponding distributions of characteristic damage D, versus the depth are
shown in Figure 7.16. It can be seen that the fatigue damage decreases with increased 7.
With lower viscosities, the highest damage occurs near the surface. With greater viscosities,
for example 70 = 0.008 and 0.016 Pa-s, the damage levels near the surface are reduced
drastically and the highest damage occurs in the deeper layer. This observation is slightly
different to the results presented in Chapter 6, where the Ioannides-Harris model gives the
highest failure probability near the surface for the case of 7 = 0.008 Pa-s. The difference can
be explained by the fact that D, can be regarded as a mean value of damage, whereas the
Ioannides-Harris model is very sensitive to the highest stress value. From the contour for the
case.of 779 = 0.008 Pa-s in Figure 7.14, it can be seen that the highest damage still occurs near

the surface.

The most severe situation by far is that of dry contact, in which the characteristic
damage D, is greater than that of the case of 70 = 0.001 Pa-s by three orders of magnitude at
the depth of z/a = 0.01. At the surface z/a = 0, the difference can be up to six orders of
magnitude due to the drastic increase of the surface friction in dry contact (An assumed

coefficient of friction of 0.1 was used in this work).

The calculated highest D values are listed in Table 7.5. The A ratio values for the
cases with lubrication are also given in this table for comparison. The A ratio increases with
increasing viscosity and thus the fatigue damage decreases. However, this calculation by no
means implies that the greater the A ratio, the better the performance. Thick lubricant films
have disadvantages such as high power losses or high operating temperatures and a level of
understanding beyond the A ratio is necessary to optimise operatiﬁg parameters (Cann et al.

1994).
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Figure 7.14: Contours of subsurface damage calculated for the section of the slower
moving surface illustrated in Figure 7.4 during its transit of the contact area
with £ = 0.5 and 7o = 0 (upper figure), 0.001, 0.002, 0.004, 0.008, 0.016

(lower figure) Pa-s.
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Figure 7.15: Cumulative damage distributions at a depth of z/a = 0.01 beneath the surface
for a series of 77y values.
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Figure 7.16: Variations of D. versus the depth for a series of 7 values.
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Table 7.5: Maximum calculated damage for a range of 7.

Viscosity, 770 (Pa-s) A ratio Maximum damage, Dyax Location
0 - 5.265%x10” C
0.001 0384 1.043x10™ ]
0.002 0.611 6.579x107 J
0.004 0.973 2.095x10? J
0.008 1.548 1.768x10® H
0.016 2.448 3.490x10° H

7.4.4 Effect of Roughness

The influence of roughness on the fatigue damage can be further investigated by the
use of different rough profiles. Three groups of contact conditions are considered by

combinations of different rough profiles. These contact conditions are as follows:

¢)) A-A, B-A and C-A. That is, the profile (A) is considered as the slower surface
and the opposing surfaces are, respectively, profiles (A), (B) and (C).

2) A-B, B-B and C-B. That is, the profile (B) is considered as the slower surface
and the opposing surfaces are, respectively, profiles (A), (B) and (C).

3) A-C, B-C and C-C. That is, the profile (C) is considered as the slower surface
and the opposing surfaces are, respectively, profiles (A), (B) and (C).

Contours of damage obtained for a section of material of 2axa within the slower
surface are shown in Figures 7.17 to 7.19 for the three groups of contact situations with & =
0.5, # =25m/s and 770 = 0.001 Pa-s. The upper part of each figure is the corresponding shape
of the rough profile considered as the slower surface. In each group of these contact
situations, profile (C) as a faster moving surface generally causes more localised damage
near the surface asperities than other two profiles and thus the volume surrounding the peak

damage levels are larger.
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Figure 7.17: Contours of calculated damage of the slower moving surface (A) with £ =
0.5, # = 25m/s and 70 = 0.001 Pa-s for (i) A-A, (ii) B-A and (iii) C-A. The
rough profile is shown in the upper figure.
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Figure 7.18: Contours of calculated damage of the slower moving surface (B) with £ =
0.5, u = 25m/s and 70 = 0.001Pa-s for (i) A-B, (ii) B-B and (iii) C-B. The
rough profile is shown in the upper figure.
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Figure 7.19: Contours of calculated damage of the slower moving surface (C) with £ =
0.5, u =25m/s and 7o = 0.001Pa-s for (i) A-C, (ii) B-C and (iii) C-C. The
rough profile is shown in the upper figure.
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The cumulative damage probabilities at the depth z/a = 0.01, where the maximum
damage occurs, are shown in Figures 7.20, 7.21 and 7.22 for contact situations of group (1),
(2) and (3), respectively. The corresponding variations of D, versus the depth are shown,
respectively, in Figures 7.23, 7.24 and 7.25. Making comparison of results for the profiles in
each group, it is clear that profile (C) causes more damage to the slower surface than profile
(B) and profile (B) causes more damage to the slower surface than profile (A) in the near
surface layers. In the deeper layers, the differences using three profiles are minor due to the
fact that the roughness effect is no longer active. Therefore, profile (A) can be regarded as
the least aggressive profile and profile (C) the most aggressive one. This is consistent with
the conclusion drawn by considering the line contact behaviour of these profiles in terms of
extreme pressure and film thickness behaviour (Tao et al. 2002). The maximum calculated
damage for these cases is listed in Table 7.6. The A ratio is also listed in the table for
comparison. The largest difference of the calculated maximum damage values is seen
between the A-A and the C-C contacts, but the A ratio values for these two cases are
essentially the same as the profiles have similar roughness values. The A ratio value for the
B-B case is highest, but the calculated damage is intermediate. These observations indicate
that besides the A ratio, the shape of the asperities is an important property of the surface as

far as fatigue calculations are concerned.

A further comparison was undertaken at the higher viscosity value of 770 = 0.008 Pa-s.
Contact damage was calculated for the conditions of group (3), i.e. A-C, B-C and C-C.
Contours of damage obtained for a 2axa section of material within the slower surface are
shown in Figure 7.26 and corresponding D, curves are shown in Figure 7.27. It can be seen
that damage levels for the three profile pairs are essentially the same due to the low number
of significant asperity collisions within the contact area. The asperities still move past each
other in the same way as for the previous cases considered, but this occurs without generating
micro-EHL pressures of the same magnitude between the asperities. As a result the effects of

roughness are reduced with higher viscosity.
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Figure 7.20: Cumulative damage distributions at a depth of z/a = 0.01 beneath the surface
for A-A, B-A and C-A.
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Figure 7.21: Cumulative damage distributions at a depth of z/a = 0.01 beneath the surface
for A-B, B-B and C-B.
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Figure 7.22: Cumulative damage distributions at a depth of z/a = 0.01 beneath the surface
for A-C, B-C and C-C.
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Figure 7.23: Variations of D, versus the depth for A-A, B-A and C-A.
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Figure 7.24: Variations of D, versus the depth for A-B, B-B and C-B.
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Figure 7.25: Variations of D, versus the depth for A-C, B-C and C-C.
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Figure 7.26: Contours of calculated damage of the slower surface illustrated in Figure 7.19
with the case of rj0= 0.008 Pa-s for (i) A-C, (ii) B-C and (iii) C-C.
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Figure 7.27: Variations of D, versus the depth for A-C, B-C and C-C for the case of 77y =

0.008 Pa-s.

Table 7.6: Maximum calculated damage for different combinations of rough profiles with &=

0.5 and 7 = 0.001 Pa-s.

Rough profiles A ratio Maximum damage, Drmax
A-A 0.372 4.104x10°
B-A 0.434 7.040x10°°
C-A 0.378 1.490x10”
A-B 0.434 2.992x107
B-B 0.542 3.778x10°
C-B 0.443 1.048x10™
A-C 0.378 2.866x107
B-C 0.443 3.761x10°
C-C 0.384 1.043x10™
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The relationship between the maximum calculated damage, Dp.x, and the A ratio for
Tables 7.5 and 7.6 is visually shown in Figures 7.28 and 7.29, respectively. It can be seen
that Dmax changes with A monotonically for the case with viscosity variations, but this is not

true for the case with rough profile variations.
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Figure 7.28: Variations of D, versus the A ratio for the case of viscosity variations.
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Figure 7.29: Variations of D, versus the A ratio for the case of profile variations.
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7.5 Summary

A numerical procedure to estimate the cumulative fatigue damage in a rough EHL
contact is developed in this chapter. The procedure is based on the critical plane approach
and the Fatemi-Socie shear strain model. The plane of maximum damage is treated as the
critical plane. The rainflow cycle counting method is applied to quantify fatigue cycles from
the shear strain history. The Miner-Palmgren linear damage rule is used to compute the
cumulative damage. The effects of slide roll ratio, viscosity and surface roughness on fatigue

damage are demonstrated in numerical analyses and can be summarized as follows:
e Higher sliding generally leads to greater calculated fatigue damage.
e Increasing viscosity generally leads to decreasing calculated fatigue damage.

e Surfaces with smaller roughness may provide longer life; however, the shape of

the asperities also plays a significant role.

The numerical results have shown that particular asperities can sustain calculated
damage levels that are significantly higher than those experienced by the surrounding
material. The location and size of the area within the material for which high damage is

calculated is consistent with the type of surface damage seen in micropitting.
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Chapter 8

Conclusions and Future Work

8.1 Conclusions

A numerical procedure for predicting contact fatigue damage in elastohydrodynamic
lubricated line contacts between two rough surfaces is presented in this thesis. Various

aspects of this procedure are described in detail in the previous chapters.

The coupled solution method incorporating a differential deflection technique is used
to determine the pressure and film thickness distributions in rough surface EHL problem. The
Eyring rheological model is adopted to account for the non-Newtonian effects. Real (or
measured) roughness is included in a transient line contact analysis. Interpolation is
necessary for real roughness data whose measuring spacing is different from the
computational mesh size. The use of Fourier series is demonstrated and comparison with the
cubic spline approach is made. Numerical results have shown that the two approaches give

essentially the same answer.

Thermal effects are considered by solving the energy equations. Numerical results
have shown that the temperature rise is dominated by shear heating. With increased slide roll
ratio, speed, viscosity and pressure coefficient, the temperature rise is found to increase.
Generally, temperature rise has little effect on the pressure distributions, although it plays an
important role in scuffing failures. Therefore, thermal effects are not considered in the

subsequent contact stress and fatigue calculations.

Elastic stress analysis is performed to evaluate stress fields and stress histories

experienced by the contacting bodies. The DC-FFT method is adopted to determine the
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convolution integrals for the three stress components in a plane strain problem. The accuracy
and efficiency of the approach is demonstrated by comparison with other approaches.
Numerical results have shown that stress deviations and cycling are most apparent close to

the surface of the material due to the presence of surface roughness.

Fatigue damage is predicted by applying the loannides and Harris (1985) damage
model together with multiaxial fatigue criteria (such as the Findley criterion, the Matake
criterion, and the Dang Van criterion), and the Fatemi and Socie (1988) shear strain model
together with the rainflow counting method and the cumulative damage theory. Various

factors affecting fatigue damage are investigated numerically. The results obtained have

shown that:

¢)) Prominent asperities can sustain calculated damage levels that are significantly higher
than those experienced by the surrounding material. The highest damage levels occur

in the near surface layer due to the presence of surface roughness.

2) Both the height and shape of surface asperities play a significant role in fatigue
calculations. A ratio alone is not enough to describe the severity of contact between

two rough surfaces regarding fatigue calculations.

3) The damage for the slower surface in a contacting pair is generally greater than that
for the faster surface because asperities of the slower moving surface are subject to
higher numbers of stress cycles in traversing the contact than are those of the faster

moving surface.
4) Increasing sliding generally leads to an increase in the calculated fatigue damage.

) Increasing viscosity generally leads to decreasing calculated fatigue damage.

8.2 Future Work

Contact fatigue in gears is a complex problem and has attracted many researchers in

both theoretical and experimental studies. As stated above, this thesis introduces a numerical
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procedure to predict the contact fatigue damage in rough surface EHL. Due to time

constraints, there are still many important issues not considered in this study. The following

gives a list of tasks that may be considered in the future for further investigation:

ey

(€))

3)

4

Some of the conclusions drawn in Section 8.1 are already verified by experiments. To
further study the validity and applicability of the procedure for prediction of fatigue
damage in rough surface EHL, more well designed experiments are required to

correlate numerical results with experimental results.

The work reported in this thesis assumes that the material is homogeneous. That is,
the material properties are independent of position. Real gears are often treated by
surface hardening, surface coatings, etc. to increase the resistance to fatigue damage.

Therefore, the variation of material properties should be considered for such cases.

The work reported in this thesis assumes that the material is perfect. That is, there are
no voids, inclusions or initial cracks. If these initial impurities are considered, an
approach based on crack propagation, such as that proposed by Kudish (2004), may

be required.

Residual stresses, which are produced in machining process and heat treatment or
created due to plastic deformation especially during the early contact stages, are
widely recognized to have an effect on fatigue life. Therefore, measuring and
modeling residual stresses are very important for predicting the fatigue damage

correctly.
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