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Abstract

The formation and evolution of protoplanetary disks is simulated by computer modelling,
using the Smoothed Particle Hydrodynamics (SPH) method. The suitability of SPH for
modelling disks is investigated, and problems are identified with the SPH implementation
of Artificial Viscosity in disks with Keplerian velocity profiles.

Analytical and experimental results reveal that the resultant viscous force for a simu-
lated Keplerian disk is in the opposite direction to that produced by linear shear. Applying
Artificial Viscosity only to approaching particles results in a radial force four times larger
than the force in the direction of the orbit. The viscous force can change direction if
temperature, and therefore sound speed, decreases.

Techniques for activating Artificial Viscosity only when convergence is detected are
found to fail in differentially rotating disks. Both the Balsara Switch and Time Dependent
Artificial Viscosity use the SPH estimate of V - v |gpy, which has a low freqency time
varying component which is independent of h, and so cannot be removed by increasing the
number of SPH particles. An alternative method, based on pattern recognition, is shown
to reduce the viscous spread of a differentially rotating ring by an order of magnitude.

We also identify problems associated with the gravitational field of disks. The use of
an annulus to represent a portion of a much larger, continuous disk, may yield unrepresen-
tative results. The edge effects can cause preferential accretion zones, where the Toomre
() parameter is not the same as it would be for the same region of an extended disk.

SPH simulations of Protoplanetary disks produce condensations which do not persist
long enough to collapse. The high tidal shearing forces in a Keplerian accretion disk
disrupt the condensations before they accumulate enough mass to collapse. Including a
more realistic treatment of the thermal physics, and reducing the effective shear viscosity,
makes the situation worse.
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Chapter 1

Introduction

1.1 Introduction and Thesis Plan

Planets are believed to evolve from circumstellar disks around young stars. Our own solar
system has characteristics which indicate that it originated from a circumsolar disk. The
planets are very closely confined to the equatorial plane of the Sun. They all follow nearly
circular orbits in the same direction as the Sun’s rotation, and indeed their own rotations,
the orbits of their satellites and the satellites’ rotations nearly all conform to the direction
of the Sun’s rotation. The theory that all these bodies formed from a disk around the
Sun is a plausible explanation for all these features.

Beyond our own solar system, disks and planets can now be observed around other
stars. The observational evidence is increasingly persuasive that most newly formed stars
have disks which are lost over periods no longer than a few million years. In a systematic
survey, Haisch, Lada & Lada(2001) examined the stellar population in clusters raging in
age from 2.5 to 30 million years, and found that 80% of the stars in the youngest clusters
had disks, this proportion falling monotonically with the age of the cluster. (Haisch et al
2001, lo Curto et al 2006). Since 1995 more than 160 exo-planets have also been found
around more mature stars, and current estimates are that 10% of solar type stars have
planets (Marcy et al 2005). This may be a conservative figure.

While the solar system contained the only known planets, there was always the small
chance that its evolution could be a freak occurrence, perhaps the only planets ever to
have formed. However, the evidence of other, extra-solar planets, and their apparent
abundance, now indicates that planet formation is not rare. The challenge for Astrophys-
ical theorists, therefore, is to explain how circumstellar disks can evolve, over quite short
timescales, into planets. Observations constrain the sizes, masses and temperatures of
the disks and the planet formation timescale. We also have increasing evidence about the
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sizes and orbital characteristics of exo-planets.

The increasing sophistication of simulation techniques and an explosion in computing
power and speed make high resolution computer simulation a practical tool for investi-
gation of this phenomenon. Taking as input parameters the observational evidence for
the characteristics of protoplanetary disks, and simulating the physics which must apply
in the environment around the stars, it should be possible to follow the evolution of the
disks and observe the formation of planets. If the simulated planets look like the observed
planets, that is then persuasive evidence that our models for the formation of planets
from protoplanetary disks are sound. However, despite concerted efforts (eg Bate et al.
2003; Rice et al 2004; Boss 2001; Gammie 2001; Mayer et al 2004), this approach is not
yielding consistent results. For example, Gammie (2001) found that if the cooling time of
the disk was below a finite limit, related to the orbital period at each radius, gravitational
instabilities could occur. Pickett (2000), however, found that cooling had to be instanta-
neous for gravitational instability, while Rafikov (2004) pointed out that neither case can
be reconciled with the observational evidence, as such rapid cooling would require much
more massive, hotter disks, and result in more massive planets, than are observed. Either
our understanding of the physics involved, or the faithfulness with which the simulation
method reproduces the physics, or indeed both, is suspect.

The objective of this thesis is therefore to investigate the evolution of protoplanetary
disks by means of computer simulations, in particular using the Smoothed Particle Hy-
drodynamics technique. Particular attention will be paid to the handling of viscosity in
the simulations. Artificial Viscosity, as used in SPH to capture shocks, is known to cause
problems in the modelling of disks, where excessive shear forces may arise in steady Ke-
plerian flow (Bate 2003), which could introduce artefacts into the simulations. Excessive
shear could result not only in unrealistically rapid transfer of angular momentum, but
also rapid heating of the disks. Both of these could drastically affect the evolution of the
disks and the formation of gravitational instabilities. The precise nature and magnitude
of excessive shearing forces will be established, and alternative methods to avoid this
problem developed.

In the next chapter we review the work done to date in this area, and summarise
the observational constraints. In chapter 3 we review the modelling technique Smoothed
Particle Hydrodynamics (SPH), assess its suitability for modelling the evolution of disks,
and note the details of the code used in Cardiff.

In chapter 4 we explain how disks of SPH particles are initialised to simulate the
characteristics of observed disks, and model the gravitational and orbital velocity profiles
of disks with various mass distributions. Chapters 5 and 6 look in detail at the handling of
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Artificial Viscosity in SPH, a particular problem in SPH simulations of disks. Chapter 7
notes some modifications needed to handle the timing of the calculations, in order to
simulate high speed inner orbits accurately, while saving time on the slower outer particles.

Chapter 8 reports and discusses some of the simulations performed using these mod-
ifications, and chapter 9 summarises the conclusions of the work in this thesis and plans
for future work.

In parallel with the work on the evolution of protoplanetary disks, two papers have
been published on the subject of the structural analysis of star clusters and molecular
clouds (Cartwright & Whitworth 2004, Cartwright, Whitworth & Nutter 2006). These
are attached as Appendices A and B, and also feature in the plans for future work.
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1.2 Mathematical Conventions and Definitions and

Physical Constants

Throughout this document the following naming conventions are used:

Variable name Explanation

v A vector quantity

v; Vector quantity associated with the ith particle.
Vij Unit vector in the direction of v;;

Vij The vector difference v; - v;

Tij The magnitude of r;;

7451 The magnitude of r;;

Vij * Tyj the scalar or dot product of two vectors

Vij X Iy the vector or cross product of two vectors

Reference is also made to the following physical constants.

Abbreviation Definition Magnitude in S.I. Units
1 AU 1 Astronomical Unit 1.496 x 101! m

1 Mg 1 solar mass 1.989 x 103 kg

1My 1 Jupiter mass 1.90 x 10%" kg

c Light speed 2.998 x 108m s7!

G Gravitational constant 6.673 x 107! m3 kg~! s

k Boltzman Constant 1.38 x 10728 JK!



Chapter 2

The evolution of circumstellar disks.

2.1 Introduction

In this chapter we review previous work of relevance to this study of the evolution of
circumstellar disks. This is divided into four sections. First we discuss the observational
evidence for protoplanetary disks and extra-solar planets, and the resulting constraints
on mass, size, temperature and lifetime of disks and planets. Second we summarise the
key results from the analytical work undertaken in the 1960s and 1970s which underpins
all subsequent simulation work on disks, and more recent analyses of viscosity in shearing
rotational flow. Third, we review the literature on simulations of the evolution of proto-
stellar and protoplanetary disks. Finally, we note some published caveats on the use of
Smoothed Particle Hydrodynamics (SPH), particularly in the modelling of disks.

2.2 Observational evidence for protoplanetary disks

and extra-solar planets.

O’Dell (1995) showed that at least 50% of young stars have disks of dust and gas sur-
rounding them. O’Dell’s survey, using the Hubble Space Telescope, produced clear images
of disks at different viewing angles, with the stars at the centre. Evidence for disks around
more distant stars comes from analysis of the spectral energy distributions (SEDs), where
the presence of dust and the kinematics of the disk produce a characteristic SED signature
for circumstellar disks. The most recent, comprehensive survey of young clusters using
this method (Haisch, Lada & Lada 2001), indicated that 80% of young stars initially have
disks. Half of the stars lose their disks in 3 Myr and essentially no disks survive beyond

6 Myr. Disk lifetime appears to be a function of stellar mass, massive stars losing their
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disks more quickly than lighter stars (Haisch, Lada & Lada 2001a, Oliveira et al. 2002).

Visual images of disks show them to have radii of the order of 0.1-1000AU, (O’Dell &
Wong 96, Eisner & Carpenter 2006) and to have dark bands. Side-on images show that
they have a flared profile. Some SED’s have been interpreted as evidence for disks with
gaps, but it has subsequently been shown by Boss & Yorke (1996) that the mid infra-red
dips in the SEDs in question can also be explained by the optical properties of the dust
in the disks.

The masses of disks are usually taken to be around 0.01-0.1M,. This was the range
obtained by Weidenschilling (1977) as a lower limit on the original mass of the solar
nebula, by projecting backwards in time from the present day mass distribution in the
solar system. Subsequent calculations of the mass of dust required to account for the infra
red signatures of protoplanetary disks (Beckwith et al. 1990) also indicate disk masses in
this range. Eisner & Carpenter (2006) have recently identified hundreds of protoplanetary
disks in the Trapezium region with masses in the range 0.13 to 0.39 M, and with radii
of the order of 400AU.

Weidenschilling (1977) found that the surface density of the solar nebular was approx-
imately proportional to 7~%/2, but McCaughrean & O’Dell’s (1996) observations found
opaque inner disks with exponential edges.

Beckwith et al. (1990) found that the temperatures of protoplanetary disks were of

the order of 31K at radius 100AU, assuming that temperature T(r) x r~/2

., Or warmer
(Beckwith et al. 1993). Observations of the solar system’s asteroid belt (Lecar et al.
2006) indicate that the snow line, where temperature is in the range 145-170K, occurred
in the solar nebula at a radius of 2.7AU. Both of these observations would indicate a
temperature of around 300K at 1AU in protoplanetary disks.

The first extra-solar planet was reported in 1995 (Mayor & Queloz 1995), and more
than 160 have now been discovered. Many of the planets are ‘hot Jupiters’ (M Z
0.25Mjypiter, P < 10 days), however this may be associated with the fact that most
detections are made via the Radial Velocity (RV) method, which is less sensitive to light
planets on more distant orbits. Recently, a ‘Very hot Jupiter’ has been discovered (Lo
Curto et al. 2006), with a period of only 2.2 days. As new methods for the detection of
planets improve the detection rate, it becomes apparent that planetary systems around

stars are not rare, and that the planet formation process must be widespread.
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2.3 Analytical predictions for protoplanetary disks

Mestel (1963) investigated the gravitational field of disks, which he showed to be fun-
damentally different from that of spherically symmetric distributions of matter. In a
self-gravitating, spherically symmetric distribution of matter, any matter at greater ra-
dius than the measurement point contributes nothing to the gravitational acceleration at
that point. At any radius within a self-gravitating disk, however, the inward attraction
of matter lying within that radius and the outward attraction of the outward matter are
both significant quantities, and indeed for an infinitely thin disk both quantities are di-
vergent. Their difference, the radial acceleration, is finite. In particular, Mestel showed

1 will have an inward radial acceleration which is

that a disk with surface density ¥ o r~
also proportional to 77!, except in the very central region of the disk. This in turn yields
a flat rotation curve, and such a disk is generally known as a Mestel Disk.

Lynden Bell & Pringle (1974) comprehensively described the evolution of a differen-
tially rotating disk as a result of viscous forces, following the earlier work by Goldreich
and Lynden-Bell (1964) which described a self-gravitating sheet in uniform rotation. The
key result, which we use here, is that viscosity will transport angular momentum from
the high velocity inner regions of a Keplerian disk to the lower velocity outer regions. Ul-
timately, the minimum energy state towards which the disk evolves is a concentration of
all mass at the centre of the disk, with all angular momentum transferred to an infinitely
small mass particle at infinite distance. A particular prediction is that a differentially ro-
tating ring of matter will spread with time, the e-folding time decreasing with increasing
viscosity.

Toomre (1964) investigated the tendency for self gravitating disks to become gravita-
tionally unstable. He showed that pressure forces oppose gravitational collapse on small
scales, while the centrifugal forces present in rotating disks oppose gravitational collapse
on large scales. It is therefore possible to prescribe a relationship between sound speed,
density and rotation speed, which ensures that gravitational collapse is prevented on all

scales. We define the Toomre () parameter as :

@= TGy’
where « is the epicyclic frequency, ¢, the sound speed, ¥ the surface density of the disk,

(2.1)

and G the gravitational constant. A value of Q greater than about 1.5 (the precise critial
value is unknown) is taken to indicate that gravitational fragmentation is impossible.
Kk is given by (Binney and Tremaine, 1987) :
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K= r%m + 40?2 (2.2)

For a Keplerian disk, Q o< 7~%/2 and therefore x = 2, while for solid body rotation, Q is
constant, and k = 2€2.

The evolution of rotating disks as described in Lynden-Bell & Pringle (1974), with
matter in the centre losing angular momentum and falling on to a central object, requires
viscous forces to transfer angular momentum from inner to outer orbits. There remains
some mystery as to what these forces are in real astrophysical objects, and how they work.
The analysis of Hayashi & Matsuda (2001) indicated that in circular shear flow, angular
momentum moved in the opposite direction to that required by Lynden-Bell & Pringle.
from outer orbits to the inner ones. However Clarke & Pringle (2004) used kinetic theory
to explain viscous accretion in Keplerian accretion disks, successfully modelling angular
momentum flow in the outward direction, and crucially, obtaining no angular momentum
flow in a disk in solid body rotation. However, it is interesting to note that both Hayashi
& Matsuda and Clarke & Pringle made simplifying, linearising assumptions at various
points in their analyses, working in inertial frames, in which all particles move in straight

lines, rather than modelling the actual curved trajectories of particles in Keplerian flow.

2.4 Simulations of protoplanetary disks

The observational evidence that protoplanetary disks have only very short lifetimes has
led to increasing confidence that planets are formed by gravitational instability in disks,
as this is the only mechanism to date which appears to form planets within the observed
lifetimes of disks. Boss has used a three dimensional finite-difference hydrodynamics code
to investigate the formation of planets, and to argue in favour of gravitational instability
as the formation mechanism, as opposed to the other possibility, core accretion. Boss
(1993) demonstrated that gravitational instability will result in a measurable wobble of the
central star within hundreds of years. Rocky core building followed by gas accretion would
take much longer before stellar wobble could be detected. In Boss (2000) simulations
yielded planet formation by gravitational instability in a relatively thin disk, 0.091 Mg
within 20AU. The planets formed with eccentric orbits. In Boss (2001), pseudo magnetic
effects were included in the evolution of a protostellar disk, which yielded quadruple star
systems, one of which was about 1M in mass, which was then ejected from the system.
This was a possible explanation for the existence of free floating M size objects.

Pickett et al. (2000) investigated the evolution of protostellar disks, again using a

finite difference code, and found that gravitational instability only occurred in the extreme
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case of a locally isothermal disk, that is, instantaneous cooling. With any more realistic
cooling treatment, clumps did not form. However Boss (2001a) disagreed with this finding,
concluding that with cooling time of the order of an orbit, gravitational instabilities
could form. In Boss (2002), locally adiabatic heating and cooling was found to suppress
gravitational instability, and the modelling of radiative transfer as a cooling mechanism
was found to permit the growth of instabilities. Boss (2003) also looked at the dynamics
of a planetary systems and found that it is difficult to explain the formation of outer
planets because their relative orbital speeds exceed the excape velocity for the Sun, so
they eject each other. Boss suggested that they must form at a radius less than that of
Jupiter and then get slung out to larger orbits.

Mayer (2004) used Smoothed Particle Hydrodynamics (SPH) successfully to simulate
planet formation by gravitational instability. The inner regions of disks from 4 to 25 AU
radius, with mass varying from 0.75M, to 0.125M, were modelled, with temperature and
density profiles contrived to give a Toomre @) less than 1.4. Several planets were produced
on eccentric orbits. The cooling time was set to be proportional to orbital period, and
the cooling rate was found to be crucial for disk fragmentation.

Nelson has used a grid based simulation method to investigate disk evolution. Nelson
et al.(1998) reported 2D simulations of massive disks around protostars up to 1 Mg in
mass. Low mass disks produced filamentary arms, heavier disks larger, grand design
spiral arms. The simulation could not be followed beyond hints of clumpiness developing.
Nelson (2003) found that it was impossible to form ‘hot Jupiters’, that is Jupiter mass
planets within 1AU of their stars, in situ, so they must form elsewhere and then migrate
inwards, a result precisely the opposite of Boss (2003).

Gammie (2001) also found that cooling of the outer regions of an accretion disk caused
gravitational instability, the outcome being non-linear. Depending on the cooling time,
the result was a steady state with cooling balancing the viscous heating, or fragmenta-
tion, or a steady gravito-turbulent state, with density variations at a predictable scale.
Gammie performed simulations in a local shearing box, representative of a portion of
the disk, with local coordinates rotating with an orbiting particle and periodic boundary
conditions. Within the shear box, differential rotation was modelled as linear shear. This
representation of Keplerian shear flow is only accurate to first order.

Rice (2003) used SPH to confirm Gammie’s finding that disks fragment if cooling time
is shorter than 3Q~!, where Q is the local orbital frequency. Rice successfully obtained
gravitationally bound clumps using short cooling times, but for longer cooling times no
clumps formed. Rice et al. (2003a) also reported SPH simulations producing many
gravitationally bound objects from an initial disk with surface density ¥ o« r~! and
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temperature T « 7~1/2, the Toomre @ being 2 at 50AU. In Rice (2004) planetisimals
were planted in a disk, and their evolution found to be affected by ‘drag’ forces which
caused them to accumulate within the spiral structure.

Rice (2003) and Rice et al.(2003a) were promising starting points for our own simula-
tions, so the disk parameters were calculated and checked against the reported values of
the Toomre Q.

Throughout Rice (2003), normalised units of radius and mass are used and the tem-
perature profile of the disk is not spelt out, either in the text or the figures. Instead,
parameters are bundled into the value of the Toomre () parameter for the disk, and we
are given the initial surface density profile ¥ o r~! and the information that temperature
T « r~'/2. If we scale to the parameters appropriate for a protoplanetary disk, then at
Touter = DOAU, in order for @ to fall to ~ 2,

7 C 1/2
Cs(Touter) = Maisk (m) ) (2.3)
and substituting 0.1Mg for My, and 1M for M,, we obtain T ~ 42K at 7 = Toyter =
50AU and T ~ 300K at r ~ 1AU. These are reasonable initial conditions for the disk.

However, as the simulation progresses, fragmentation occurs in the range r ~ 20AU to
r ~ 40AU. If we assume that ) must fall below 1 in this region, we require the temperature
to fall from 66K to 4K at r ~ 20AU and from 47K to 8K at r ~ 40AU. These are very
low, compared with the minimum temperature of 56K used in Mayer et al (2004).

Rice et al. (2003a) and Rice et al. (2004) also report results which, if scaled to the
parameters appropriate for a protoplanetary disk, require disks to have been allowed to
cool to unreasonably cold temperatures. In Rice 2003a, a constant Q disk, mass 0.1Mx
with temperature T o r~'/2, radial extent 1-25 AU is allowed to evolve with different
cooling times. Graphs show that Q falls to less than unity as the disks cool. Figure 3 in
Rice et al. (2003a) shows @ ~ 0.6 at r ~ 21 AU, which indicates T ~ 2K, while Figure 5
in the same paper shows () ~ 0.6 at r ~ 8 AU, requiring 7' ~ 3K. These are implausibly
low temperatures.

In Rice et al. (2004), a disk is described as having surface density ¥ o r~! and a Q
with ‘an essentially flat profile, of the order unity’. Assuming Keplerian orbital velocity
profile, this requires c;, and hence T, to increase with radius. The mass of the disk is
Maisk = 0.25M, which is distributed only out to radius 25AU, a density corresponding
to a 100AU disk of mass 1.0Mg. Even with a disk an order of magnitude more massive
than indicated by observational evidence, very low temperatures are required to achieve

Q ~ 1. We find that a value of @ =1 at all radii, in combination with the density, mass
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and size of the disk, must yield values of T as follows :

Radius (AU) Temperature(K)

25 160
) 32

1 6.4
0.25 1.6

These temperatures are clearly too low, particularly in the neighbourhood of the star,
as observational evidence indicates temperatures in the region of 300K at a distance of
1AU (Beckwith et al.1990, Beckwith et al. 1993, Lecar et al. 2006). The conclusions of
papers involving such extreme physical parameters (Rice 2003, Rice et al. 2003a, Rice
2004) must be viewed with caution.

Lodato & Rice (2004) also used SPH to model non-fragmenting, quasi steady-state
disks, in which the viscous heating was balanced by parameterised cooling, in order to
investigate angular momentum transport. The conclusion was that for light, thin disks
(M < 0.25Mg, h < 0.1R), angular momentum transport is a local phenomenon, so a
viscous treatment may be used for the modelling of the evolution of these disks. More
work was required to clarify the situation for heavier disks.

Rafikov (2004) injected a sceptical note, by pointing out that disks must be able to
cool very efficiently in order for gravitational instabilities to develop into bound clumps.
He noted that for the gravitational instability to form giant planets at 10 AU in a disk
cooled by radiation, the gas temperature must exceed 103 K with a minimum disk mass of
0.7M and a luminosity of 40L.. Masses of bound objects formed as a result of instability
were too large, 10M; at 100 AU. Such protoplanetary disks (and planets formed in them)
are not confirmed by observation.

Another interesting finding on the subject of disk cooling, is that a planet will have a
cooling effect in its locality. Jang-Condell (2003) modelled the radiative transfer of a disk
with a planet already in it. The planet was found to create a well causing a shadow, so
the disk around the planet was cooler.

The evolution of disks once a planet has formed is dominated by fast (Type I) and
slow (Type II) migration of the planet towards the central star (Masset & Papaloizou
2003). Bate (2003) created a stable disk with an embedded planet, and then used SPH to
simulate its evolution, allowing the planet to accumulate gas. Planets could accumulate
up to a few M; without migrating too far, but at 10M; were found to migrate quickly
into the star. The model ignored disk self gravity and did not allow the central star to
move. The shocks predicted by 2D models did not occur. Tanaka (2002) placed a planet
in a disk and observed the migration patterns. Migration times of about 10® yrs were
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found from 5AU in to the star. Schaefer (2004) used SPH to simulate planets embedded
in a non self-gravitating, very thin disk, with a fixed central star. Two planets were found
to clear the gap between them and get captured into resonant orbits. Papaloizou has
studied planet-disk interactions using both a shearing box (Masset & Papaloizou 2003)
and a hydrodynamics code as used by Nelson (Papaloizou 2004), and continues to find
difficulty in forming large hot-Jupiter type planets which then survive beyond the lifetime
of a disk.

The simulations described above all assume that a disk may be treated as isolated in
space, evolving under the influence only of its own self-gravity. However, stellar separation
within a cluster is of the order of disk size, so star-disk or disk-disk encounters are likely.
Boffin et al. (1998) used SPH to model the effect on protostellar disks of close encounters
with other stars. These were shown to result in fragmentation of the disk which could
lead to formation of low-mass companion stars. Such a disruptive effect would be equally
likely on protoplanetary disks.

Watkins et al. (1998) modelled disk-disk encounters and found that they lead to a
shock layer which then fragments to form objects, some of which orbit the stars, some are
ejected. Larson (2001) proposed that angular momentum is distributed via tidal forces in
disks to neighbouring stars, which could cause accretion to be concentrated in short bursts
when stars are in eccentric binaries. Accretion would be concentrated in the periods when

the stars approach each other.

2.5 Accuracy of the SPH simulation method

Most of the simulations reported above (Boss, Pickett, Nelson, Rice, Bate etc) have used
the SPH method, and this method has the advantage of being able to adapt efficiently
to handle the wide range of densities and velocities encountered in a Keplerian accretion
disk. However, doubts have been cast on the accuracy of SPH simulations.

Imaeda and Inutsuka (2003) suggested that the density formulation is wrong in SPH
simulations of shear flows. An array of SPH particles with initially uniform estimated
density p was allowed to evolve in a shearing environment, and a clumpy structure evolved,
variation in the estimated density dp being of the order of p. It was suggested that using
a larger kernel, or moving objects with a modified velocity, which ensures that particle
separation stays constant, would remove the problem and improve the accuracy of viscous
transfer of angular momentum. In trials using various viscosity formulations, it was also
noted that use of the Balsara Switch caused the formation of filaments.

Monaghan’s (2006) response was that the problems reported in Imaeda & Inutsuka
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(2006) were caused by poor selection of initial conditions, which are not in any case
sufficiently clearly explained. Batty & Whitworth (in prep) also fail to replicate the very
high noise levels obtained by Imaeda & Inutsuka, and conclude that the reported problems
with SPH simply do not arise in a properly coded SPH implementation.

The importance of correctly resolving the Jeans Mass was first stipulated in Bate &
Burkett (1997), and subsequent workers have taken this precaution in their simulations.
Klein, for example Klein, Fisher & McKee (2004), have reported a tendency of SPH to
cause multiple fragmentations when there are too few particles to resolve the Jeans mass
properly, such fragmentations being artefacts of the simulations. Hubber, Goodwin &
Whitworth (2006), however, refute this criticism, and demonstrate that far from causing
excessive fragmentation, under-resolved SPH simulations tend to suppress fragmentation

or slow it down.

2.6 Conclusion

The short protoplanetary disk lifetimes inferred from observations support the hypothesis
that planets are formed by the growth of gravitational instabilities in protoplanetary disks.
Although there has been some success in simulating the formation of planets, there are
still questions to be answered about the cooling mechanisms necessary to allow planets
to form, the transfer and dissipation of angular momentum, and the survival of planets
beyond the lifetime of the disk, given the theoretical and experimental findings that they
will migrate into the star. The observed preponderence of ‘hot Jupiters’, that is very large
planets in close orbits, is currently difficult to explain.

SPH simulations, particularly by Rice and Mayer, indicate that this is a powerful
method for investigation of these problems. However, we note that attention must be given
to the initial conditions of the disk, and cooling should not be permitted to unrealistically
cold temperatures. It is also important to ensure that sufficient SPH particles are used
to resolve the disk properly.
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Chapter 3

Smoothed Particle Hydrodynamics

3.1 Introduction

The method adopted for simulating the evolution of protoplanetary disks is Smoothed
Particle Hydrodynamics (SPH). This method was introduced in 1977 by Lucy (1977)
and independently by Monaghan and Gingold (1983). Over the subsequent decades it
has been implemented, refined and improved by many workers in the Astrophysics com-
munity, notably in the Cardiff Star Formation group (Whitworth, Goodwin, Kitsionas,
Stematellous, Hubber, Gladwin etc), where a robust Fortran SPH code called Dragon is
now in its 3rd implementation.

As with other finite-element approaches, SPH simulates the physical behaviour of a
fluid by treating the fluid as a defined number of individual elements, whose physical
characteristics are repeatedly calculated and updated. Grid based systems have elements
whose positions are fixed at a predetermined spacing. They can be thought of as virtual
cells, the fluid moving without obstruction between cells. The time-varying physical
parameters describing the contents of the cells, such as density and pressure, are calculated
exactly for fixed sampling points at the centres of the cells, and interpolated between the
sampling points by smoothed interpolation functions.

SPH, by contrast, treats the measurement points as actual physical particles, with the
characteristics of mass, position, velocity, acceleration, and temperature. These ‘particles’
are allowed to interact with one another like real physical entities, moving and accelerating
under the influence of their surrounding particles. Physical quantities such as pressure,
density and sound speed are calculated as functions of the physical parameters of a particle
and its neighbours, using smoothing kernel functions to obtain a statistically weighted
average. This method has proved to give very accurate (indeed, surprisingly accurate)
results in the modelling of fluids in physically verifiable experiments (Monaghan 2005,

15
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Monaghan 2006), possibly because the interaction of the SPH particles so closely imitates
the physical interactions of a fluid at the molecular level.

In astrophysics, SPH has the great advantage that widely varying densities can be
modelled with more accuracy and greater efficiency than can be achieved using grid based
methods. In the formation of planets from circumstellar disks, densities will vary by many
orders of magnitude. Setting up a grid which is small enough to follow perturbations at
the smallest scale will therefore result in very large numbers of cells. SPH, by contrast, in
the mature implementation described here, self-adapts, providing high resolution in both
space and time in high density regions, while efficiently processing far less data in areas
of low density and low accelerations.

For a full description of the operation of SPH see review articles Monaghan (2005)
and Monaghan (1988). Here we describe the operation of the Dragon code, highlighting
important features, and noting any adaptations which have been considered, or found

necessary, to allow the simulation of the evolution of disks.

3.2 SPH Operation

An overview of the operation of the Dragon code in the treatment of disks is as follows.

3.2.1 Initialisation

An array of SPH particles is created having, at this stage, only the characteristics of mass.
position and temperature. The mass of all the particles does not have to be the same, so
it is possible to have one particle representing a star, another a planet and many others,
usually all the same mass, representing the gas of the disk. Chapter 4 describes how the
particles are laid down to achieve the desired initial density profile.

The numerical order of the particles has no correlation with their positions, so the
particles are then sorted using a tree code, so that lists are available of particles in
various regions of the disk. In particular, a list of some specified minimum number of
closest neighbours is calculated for each particle, and the distance A which is half the
distance to the furthest neighbour is recorded for each particle. h is now available for
use as the ‘smoothing length’. Clearly, h is longer in regions of low density and shorter
in higher density regions. This variable smoothing length, in contrast with the fixed
smoothing lengths used in early implementations of SPH, allows for greater resolution of
small high density features.

Using h, the density p and sound speed c are calculated. The gravity, pressure and

viscous forces may now be calculated for each particle, and this information is used to
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calculate an initial velocity v which balances the radial forces calculated for each particle.
This initialisation process is described in more detail in chapter 4.

To ensure accuracy, a timestep must be calculated which is short enough to resolve
the motion of the particles accurately, given the velocities and accelerations they are

undergoing. This calculation is described in chapter 7.

3.2.2 Advancing the particles : the equation of motion

The particles are advanced according to an equation of motion which is symmetric between
each pair of particles ¢ and 7, ensuring that linear and angular momentum are conserved.

The acceleration of particle ¢ is calculated as :

dv; P, P;
dt ij (_2 + p_; + Hij) ViW (rij, hij) — Vb, (3.1)
J v J

where P;, P; and p;p; are the pressure and density at particles ¢ and j, respectively. The
term in brackets represents the acceleration due to pressure and viscosity , and the term
—V¢ is the gravitational acceleration. These are explained in more detail later in this
chapter.

Using this equation, a loop is now entered :

1. recalculate h, p and temperature for all particles;

2. calculate gravity, pressure and viscous accelerations;
3. advance particles to new velocities and positions;

4. create ‘sink’ particles if necessary;

5. repeat.

At specified intervals, the tree and neighbour lists are recalculated, and the length of
timestep is adjusted if necessary to resolve the motion of all the particles. Output files
are also created regularly so that the progress of the simulation can be monitored and

processed offline.

3.2.3 Output

Finally the simulation is halted at some predetermined elapsed time. All of the informa-
tion about all of the SPH particles at that moment is output to a file. This output file

can then be used as an input file for a subsequent simulation, in that case using all the
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stored values of parameters, rather than reinitialising them. Thus a simulation can be

continued if it is producing interesting results.

3.3 Treebuilding

Dragon uses a tree to shorten the process of finding neighbours of a particle, and also to
allow timesaving approximations in the gravity calculation for distant particles. Although
the process of building and stocking the tree is time consuming, it saves more time in the
neighbour-finding and gravity-calculating routines. This is particularly efficient as the
total number of particles increases.

An octal tree is constructed, based on Barnes and Hut (1986). First, a cube precisely
large enough to contain all the particles is constructed and then subdivided into eight
equal sized cubes. As the disks are created symmetrically about a star placed at the
origin of coordinates, the intersection of the top level of cells is also at the origin of
coordinates. The star itself is not included in the tree building. If there are 8 or more
occupants of the cubes, they are divided again to create sub-cubes and the process is
repeated down to the level necessary for each bottom level cell to have no more than 8
occupants. This level is called the leaf level. Every occupied cell is linked to neighbouring
cells via careful housekeeping procedures, so that any particle can be identified with the
correct cell at every level from top to leaf level.

Figures 3.1(a) and (b) show azimuthal and cross sectional views of the tree cells created
by Dragon for a disk of 10000 particles with surface density gradient ¥ o« r~7/4. Note
that the borders of the different sized cells overlap the smaller cells precisely, so the edges
of the largest cells (black) are not visible in the azimuthal plot. Table 3.1 lists the number
of cells required for this disk at each level.

Given that we are looking at disks, which are almost flat, an octal tree is not the
most efficient method to use. After the first 8 cells are created, half of the next level
of potential cells are unused, as cells closest to the z=0 plane are always occupied, and
those furthest away always empty. This is also true for the third and fourth levels, for
which the dimensions of the cells are 1/8 and 1/16 of the diameter of the disk, and so a
single layer of cells is sufficient to enclose a disk whose maximum height is one tenth of
the disk radius, or one twentieth of the diameter. This can clearly be seen in fig. 3.1b
and in table 3.1. Below these levels, the octal tree structure is even less efficient, as the
number of cells occupied drops to about 9% of those available in levels 6, 7 and 8. This
reflects the radial density gradient, as only the central portion of each layer of cells needs
to be subdivided, as is illustrated in fig. 3.1a.
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Table 3.1: Numbers of cells of the tree illustrated in fig. 3.1, compared with the potential number of
cells available. Column 1 is the level of tree, [, column 2 the number of occupied cells at this level, column
3 the number of cells as a percentage of the potential number of cells at this level if all of the previous
level cells had yielded 8 occupied daughter cells, and column 4 the total number of potential cells at this
level, 8. Column 5 gives the colour used for cells at each level in figs. 3.1 and 3.4.

Level  Number of Percentage of 8 Colour
of tree of occupied cells potential cells

1 8 100 8 black

2 32 50 64 red

3 122 48 512 green

4 494 50 4096 blue

) 1294 33 32768 cyan

6 978 9 262144 magenta
7 738 9 2097152 vellow

8 462 8 16777216  orange

9 20 - 0.5 134217728 lime

Trees are more efficient, and save more time when looking for neighbours, if they are
more fully populated with fewer levels. Alternatives to the octal tree, more efficient for
use with disks, were therefore considered. However, it was felt that on balance the Barnes
Hut method should be retained. First, it was found to have many simple and efficient
features. In particular, in order to allocate a particle in a cell to the correct daughter
of eight potential sub-cells, only three comparisons need be made. In turn, the x, y
and z coordinates of the particle are compared with those of the centre of the cell, and
this information is converted into the octal number of the daughter cell. This is highly
efficient, with no squaring or multiplication or dividing involved in the comparison.

It was also apparent that alternatives to the octal tree would need to make use of prior
information about the arrangement of the particles: the fact that they lie within a finite
thickness disk, and are denser towards the centre, for example. Any such assumption of
circularity, density gradient or thickness might potentially influence the outcome of the
simulations. It was therefore concluded that the absence of any such in-built assumptions
is a positive strength of the octal tree, and one less potential source of artefacts. For these
reasons, it was decided to retain the octal tree for the disk simulations.

As the final stage in the construction of the tree, each cell is ‘populated’. The total
mass, centre of mass and the actual extent of the group of particles within the cell, and
the quadrupole moments for gravity calculation, are all stored. Figures 3.1(c) and (d)
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show the cells, colour coded by level as before, but recentred on their centres of mass and
resized according to their contents.

Once the tree is built, it is used to calculate a stipulated number of the closest neigh-
bours of each particle (see Gladwin, 2000, for a full explanation of this process). The
usual number of neighbours stipulated in these trials is 50, with a minimum of 40 and
maximum of 64 allowed. Half the radius within which 50 neighbours are found is stored

as h, the smoothing length for each particle.

3.4 Calculating h,p and pressure forces

Using SPH, any quantity A(r) which varies with position can be approximated by inter-
polation between known values at known positions. At the limit of an infinite density of

SPH particles, over an infinite domain, A(r) is given by

Ar) = / . A(r YW (r — 1/, h)d*r’ (3.2)

where W is the kernel function, which has the characteristics

/ W(r -1, h)d =1 (3.3)
and
}llin(l) W(r—r',h)=0(r—1'). (3.4)

The SPH approximation, where parameter values are calculated and recorded only at

particle positions, is

Jtot

Alr) =) Aj%W(r —1;,h), (3.5)

where A;,m;,r; and p; are the values of A, mass, position and density at particle j. Note

that d°r in eqn 3.2 is represented by 7;’—; in eqn. 3.5 and that the calculation is performed

for the total number of particles in the computational domain, Ji..
An estimate of the gradient of A at position r can also be made, assuming that the

kernel function W is continuous, using

jma,z

VAr) =Y Aj-?vivv(r —1;,h), (3.6)
j=1 J
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where VW (r —rj, h) is the gradient of the kernel function at r.
In particular, the density p; at particle ¢, position r; is obtained, using eqn 3.5,

netb

Emj (rij, h), (3.7)

where r;; = r; — r;. Note that we are now only summing over N ei» neighbours. W is
so defined that it is zero for any pair of particles ¢ and j for which r;; > h; + h;, and
so any particles which are not on the neighbour list for particle ¢ may be omitted from
the calculation. In order to calculate hydrodynamic forces it is necessary to calculate the

gradient of the density,

Nneib
Vo(r) = Y mViW(ry, h), | (3.8)
j=1

and the divergence of the velocity, which as
1
V.v= ;(V(p") —v-Vp), (3.9)

is given in SPH by

(V-v); =

'Dl,—a

Jj=1

neib Nneib
(Z m;v; - ViW(rij, h) —v; - Z m;V;W(ri;, h))
Npei

Z vi; - ViW (15, h), (3.10)

‘C)|.—u

where v;; = v; — v;.
From these quantitities we can derive the hydrodynamic acceleration and the energy

equation. The hydrodynamic acceleration is given by

AR
dt hydro — P
p p
= -V([(Z)-=V 3.11
(p) 5Vp (3.11)

Using the SPH approximation for the gradient of a function, eqn. 3.6, the acceleration
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due to pressure forces of particle ¢ is therefore given by

dV' Nreib i Di Nneib
d l = = Z _;mjviW(rijahij) — —; Z m; VW (ri;, hij)
t hydro j=1 pj P; =
Nneib p p
= - m (% + _;) ViW (rij, hij) (3.12)
j=1 i P

In addition to pressure forces, it is necessary to introduce an Artificial Viscosity which
prevents the interpenetration of streams of SPH particles. This is described separately in

chapter 5.

3.4.1 The kernel function

The kernel function used throughout these simulations is the M, function for 3 dimensions
(Monaghan and Lattanzio 1985), which is converted to a dimensionless form, W (r, h) for

use in the Dragon code. W(r, h) is defined as :

(((1-%+%), 0<q<10

W(r,h) = —54 1(2—q)3, 1<¢<20; (3.13)

0, qg > 2.0;

\

Ir|

where the separation factor ¢ = . Figure 3.2 shows the value of W plotted against ¢/2.

3.4.2 Energy equation

Two equations of state were used in these simulations. First, a locally isothermal equation
of state was used, in which the disk was assumed to be able to radiate any excess energy
instantaneously, maintaining a specified temperature profile.

Secondly a more realistic adiabatic equation of state was used. The disk was initialised
with a temperature profile 7'(r). Heating and cooling due to compression and rarefaction
were applied to the disk as it evolved, and the disk was allowed to cool (or warm) back
to its original temperature profile, with an imposed cooling time set to be a fraction of
the orbital period (cf Rice et al. 2003).

In SPH formulation, the rate of change of energy per unit mass for particle i can be
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Kerne! Function wO vs separation
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Figure 3.2: W (r,h), the dimensionless version of the M, kernel for three dimensions.
plotted against l"l

shown to be

du 17

Jj=1

At any timestep in the simulation therefore, the value of 4 o+ is calculated using

t
eqn. 3.14, and the temperature 7; updated to become

Ty 4 -2 iy (T; — To(r)) (3.15)

3km  dt toool

where k is Boltzman’s constant, /m is the mean gas particle mass for molecular interstellar
gas, To(r) is the original temperature profile of the disk, d¢ the length of a timestep and
teool the cooling time, set to be half an orbital period.

3.5 Gravity calculations.

The acceleration of any particle ¢ due to the gravitational attraction of all the other
particles j, assuming that the particles are infinitely small with all mass m; concentrated
at the position r;j of each particle, is given by,
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Mot
Gm;
Qij = Z "#rija (316)
i/neqj Y

where r;; = |rj;|. In the Dragon implementation of SPH this is modified in two ways.

3.5.1 Gravity Softening

First, gravity is softened for particles approaching within small distances (Hernquist &
Katz 1989). The SPH particles are representative of mass which extends over a distance
of the order of h for each particle. Therefore it is unrealistic to continue to treat the
particles as point masses if they approach within this distance, as very large accelerations

will result. The softened gravitational acceleration becomes

-/\[tot
_Z TEWH (rij, iy )T (3.17)

i#] ’7

The smoothing function W* is obtained from the kernel function, and represents the

fraction of the mass of each particle within the radius r;;. W* is given by
! 2
W*(riy, hiy) = dn / W (ris, hes)ada. (3.18)
0

For the M, kernel therefore,

[ 40¢3 — 36¢° + 15¢5, 0<g<1;
1
W* = 259 80¢° — 90" +36¢° —5¢° —2, 1.0<g<20; (3.19)
| 30, . q > 2.0.

Figure 3.3 shows the form of this smoothing function plotted against separation. The
gravitational attraction of distant particles is unmodified, while the attraction of close

particles is reduced as they approach within the distance h.
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Figure 3.3: The gravity softening kernel function W* plotted against separation 3.

3.5.2 Tree Gravity

Dragon also modifies gravity calculations for distant particles, by making use of the tree
whose construction was explained in section 3.1. A direct calculation using eqn. 3.17 for
N particles will require N2 calculations. The use of the algorithm developed by Barnes
and Hut (1986) reduces the number of calculations so that it scales with Mlog/N.

The algorithm works as follows. For any particle 7, the tree is examined, from the top
downwards. For each cell, its angular size, or ‘opening angle’, as viewed from particle i.
is calculated, and compared with a maximum value permitted, 6,,,,. If the opening angle
is smaller than 6,,,,, then the whole cell is treated as a single object, with the centre of
mass, mass and quadrupolar moments already calculated and stored for this cell. If the
cell is too large, it is opened and the next level of cells are examined in the same way.

Fig. 3.4 shows how Tree Gravity works for a disk. Figures 3.4a and b show the
azimuthal view and cross section of a disk with 10,000 particles, which has been broken
down into cells for the tree-gravity calculation for point 9737, which is situated at the
right hand edge of the disk, marked with an asterisk. It can be seen that most of the
disk has been treated as cells, some of them coloured red, indicating that they are level 2
cells. It is only in the region very close to particle 9737 that gravity has to be calculated
for individual particles, which are indicated by dots. Only 335 calculations are necessary
for this Tree Gravity calculation, rather than the 9999 which would be necessary if all
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particles were considered individually.

Fig. 3.4 shows the same disk, with the cells calculated for particle number 9859, which
is very close to the centre of the disk. This is a less efficient calculation, no level 2
cells being useable as they subtend too large an opening angle from close to the centre.
However, even with this less favourable configuration, the Tree Gravity calculation for

particle 9859 only requires 727 calculations, which again compares very well with 9999.

3.6 Multiple Particle Time Stepping

Dragon makes use of a two step integration scheme and Multiple Particle Time Stepping.
The latter technique omits unnecessary acceleration calculations for particles which are
slow moving and undergoing little acceleration, and simply extrapolates their velocity and
position for a number of time steps, assuming constant acceleration. The time stepping

methods used are explained in more detail in Chapter 7.

3.7 Time trials.

In order to quantify the increases in efficiency achieved by a. Tree Gravity and b. Multiple
Particle Time Stepping, for the particular case of protoplanetary disks, four identical trials
were run with and without these features.

Protoplanetary disk pp10000s, with 10000 particles representing a 0.1 M, disk around
a 1M star was set into Keplerian rotation, with only gravity forces operating. The disk
was evolved through 100 time steps. In this trial, all gravity was calculated directly, with
no use of the tree, and Multiple Particle Time Stepping was also disabled.

In the second run, Tree Gravity was enabled, in a third run Multiple Particle Time
Stepping, and in the final run both Multiple Particle Time Stepping and Tree Gravity.

It can be seen from table 3.2 that the combination of both features achieves a speed-
up of 25 times for 10000 particles. It is interesting to note that Multiple Particle Time
Stepping achieves a greater time saving than does Tree Gravity. However, the time
stepping efficiency will stay the same for larger numbers of particles, as the proportion
of particles requiring short timesteps will remain the same, however many particles are
used. Tree Gravity, on the other hand, will become more efficient, as more particles are
used.
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Table 3.2: Time taken to evolve a 10,000 particle disk for 100 timesteps. Column 1, is the run number,
column 2 indicates whether or not Tree Gravity was enabled, column 3 whether or not Multiple Particle
Time Stepping was enabled and column 4 the time elapsed to evolve the disk for 100 timesteps.

Run Tree Multiple  Time elapsed

number gravity  Particle min:sec
Time Steps

1 no no 55:10

2 yes no 7:75

3 no yes 5:48

4 yes yes 2:22

3.8 Sink Particles

Dragon creates Sink Particles whenever the density in a region exceeds a preset value, and
other criteria indicate that the region has become gravitationally bound. The affected
group of close particles are deleted from the simulation, all their mass and momentum
being assigned to a special sink particle. Sink particles are not included in the tree, and
are treated separately in gravity calculations. In disk simulations, the star is initialised as
a sink particle. The formation of sink particles prevents Dragon from slowing down when
high density regions form, as the high accelerations in such regions will tend to require

very short timesteps.

3.9 Parameters

The parameters used in the simulations of disks are listed in table 3.3.

3.10 Conclusion

The Dragon SPH code makes use of Multiple Particle Time Stepping and Tree Gravity
to achieve efficiency. This is shown to achieve a 25 times improvement in processing time
for a Keplerian disk modelled with 10000 particles.
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Table 3.3: Parameter values used in SPH simulations of disks.

Label Value Description

Niot > 10000 Number of SPH particles in simulations

Npeiv 50 ideal number of neighbours
Noaz 60 maximum number of neighbours
Niin 45 minimum number of neighbours
a 1.0 bulk viscosity term o

I6] 2.0 shear viscosity term 3

n 0.1 viscous soundspeed constant 7
Omar 0.44 maximum opening angle

Taisk  100AU  maximum radius of disk

Mgor 1Mg mass of star

Mg 0.1My;  maximum mass of disk

reink 0.1AU sink radius

Psink 1076 sink density g/cm3

a* 0.1 a* for time varying viscosity

C1 0.2 Timing constant for time-varying viscosity



Chapter 4

Disk Configuration

4.1 Disk initialisation

Correct initialisation of SPH disk simulations is crucial for the validity of the simulations.
There are three stages to this process.

First the SPH particles are generated by a random process to give a disk of the
correct dimensions and with the required surface density gradient and total mass. The
particles are spaced to avoid very close pairs of particles, which could provide the seeds of
gravitational instabilities. At this stage the initial temperature profile is also calculated
and the temperature of each particle is assigned.

Next the vertical height of the particles is generated, in order to yield a disk in which
hydrostatic forces balance gravitational forces in the vertical direction. This is therefore
a function of the temperature and density of the disk.

Finally, the gravitational and pressure forces on all particles are calculated and used
to calculate an orbital velocity which will exactly balance the radial components of these
forces.

In this chapter we first explain the technique used to obtain disks of randomly posi-
tioned particles which conform to a prescribed density profile. The particular character-
istics of the gravitational fields are examined.

We then explain how a hard core or inhibition technique (Diggle, 1983) is used to
ensure ‘anti-clustering’ of particles.

Finally the calculation of the vertical height and the equilibrium velocity of each
particle is described.

31
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4.2 Self gravitating disks

Disk-shaped sets of particles of varying density gradients may be created using random
numbers R to generate the individual particle positions.
Given a disk with surface density ¥(r), we first calculate the function p(r), where

_ [y E(r)2nrdr
S S(r)2mrdr

p(r) (4.1)

A disk with surface density ¥ is then produced by positioning particles according to

p(r) = R.,

¢ = 2mRo. (4.2)
x = rcos(¢),

Y = rsin(¢),

where R, and R, are random numbers in the range 0-1.
For example, a disk of type 2Da with surface density N oc 7~ is created by positioning
the particles according to

= {2- )R, /2}/*
21Ry,

= rcos(9),

= rsin(¢),

€ 8 © 3
[

where R, and R, are random numbers in the range 0-1.

Datasets may be created with any number of particles, however sufficient particles
must always be used to ensure the resolution of the Jeans Mass (Bate and Burkett 1997)
in high density regions. The Jeans Mass is given by :

6a3

My =~ G3/2p1/2°

(4.4)
For a typical disk with surface density 0.03Mg/AU? , temperature 300K and sound
speed 1km/sec at 1AU from the central star, we obtain a value of M; ~ 0.0025M, and
Jeans radius R; =0.4AU.
All the examples shown here have at least 10,000 particles, which for disks less than
0.1M;, yields a sufficiently small particle mass to resolve the Jeans Mass with a large
safety margin.

Figure 4.1 shows examples of disks produced with « varying from 0 to 1.75, as viewed
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by an observer on the axis of the disk. For comparison, a spherical distribution of particles

is also shown, an arbitrary projection being used.

4.2.1 The effect of density gradient on the rotation curve

Mestel (1979) showed that the Gravitational field of a disk is very different from that of a
sphere. At a radius r from the centre of a sphere, only the mass within the radius needs
to be considered, and exerts the same gravitational attraction as if all the matter were
concentrated in a point at the centre. This is not the same in a disk, where matter outward
of radius r actually exerts an outward force on a particle at r. The total attraction is
therefore the difference between the inward attraction of matter inward of radius r and
the outward attraction of matter outside radius 7.

For each of the disks in fig. 4.1, the sum of the gravitational attraction of all the
particles was calculated for 50 equally spaced test-points from the centre of the disk to
the outer edge at radius Ry. Note that the particles were assumed to be stationary for the
purposes of calculating the distance to the test-points. The gravity of very close particles
was softened to avoid singularities. This was done by adding 0.001R2 to the square of
interparticle distances, so that the value of % could not be greater than 1000R4>.

For all radii the resultant force was found to point towards the centre of the disk, with
no component in the direction of the orbits of the points. This was as predicted for a
stationary, radially symmetrical disk.

The radial component of the resultant force was calculated, and from this, the equi-
librium orbital speed of particles at each radius was calculated from the relationship
v%/r = a, where v is the orbital speed, r the radius and a the acceleration. Radius was
normalised by dividing by the outer radius Rg of the disk. The speed was normalised by
dividing by V; , the orbital speed of a particle at radius Rg about a particle of mass M,
where M is the total mass of the disk.

For each type of artificial disk, 100 realisations were analysed, so that means and
standard deviations could be obtained for the parameters extracted.

Figure 4.2 shows the rotation curves obtained for the five disks and for comparison, a
sphere. All have the same mass and the same radius. It can be seen that the curves are
convergent, with small standard deviations about the means for each point. The same
curves are obtained when the total number of particles within the disks are changed.

Figure 4.2a shows the rotation curve for a sphere, which as expected is a straight line
from zero at the centre of the sphere, to 1 at r=1, where the gravitational attraction
of the sphere is exactly the same as if all its mass were concentrated at the centre, and

therefore v(r) = V. It is not a Keplerian curve, with v(r) oc 77%5, because for any radius,
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Figure 4.2: Rotation curves for (a) 3D0, n constant; (b) 2D0, N constant; (c) 2D1,
N x r71; (d) 2D1.25, N o< r=1%; (e) 2D1.5, N o r~'®%; (f) 2D1.75, N o« r~1". Radius
is normalised to the radius of the disk. Velocity is normalised by dividing by the orbital

velocity at radius =1 about the mass of the disk if placed in a point mass at the centre
of the disk.
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Table 4.1: Rotation curves for disks of varying density. Column 1 lists the disk type. Column 2 gives
the slope of the inner solid body region, %(inner). Column 3 gives the outer radius of the inner region
R;. Column 4 gives the slope of the outer region,%(outer). Column 5 is the maximum orbital velocity

within the disk V,,,;. Column 6 gives the radius at which maximum orbital velocity is reached. Rynqz.

Cluster type

or name J‘f—’:(inner) R; %(Outer) Vimar Rumaz
2D0(N0(T0) 1.0 1.0 1.0 1.6 1.0
2D1(N xr1) 110 .08 03 1.3 1.0
2D125(Noc7"_1'25) 20.8 .06 0.0 1.25 1.0
2D15(No<1"1‘5) 27.8 .06 —0.55 1.7 0.07
2D175(N0(7‘_1'75) 38.9 .06 —-0.7 24 0.06

the mass inward of the radius is o r3. Therefore v(r) x .

Figure 4.2b, for a constant surface density disk, shows a similar straight line, but in
this case the velocity at the edge of the disk is higher than for the sphere, by a factor of
1.45 £+ 0.04. This is close to Mestel’s prediction of 7/2.0.

Figure 4.2c shows the velocity curve for disk type 2D1, N o r~!. This shows an inner
steeply sloping section up to r=0.1, at which v(7) = 0.8V,. The region within this radius
is one of near solid body rotation. Qutside the sharp change of slope at R=0.1, Mestel
predicts that the rotation curve should be flat, but we find that the outer part of the
curve has a small positive gradient, the maximum velocity at the edge of the disk being
1.3V%.

Figure 4.2d shows that it is disk 2D125, N o< 7~ 1'%, that yields a flat outer section.
As « is increased, in figures 4.2e and 4.2f, this outer section becomes negatively sloping,
and the maximum value of v(r) is actually found within the disk, at the outer edge of the
inner region of near solid body rotation.

4.2.2 Outer edge effects

Note that for values of a between 1.00 and 1.5 there is a distinct upwards tilt of the
rotation curve at the outer edge of the disk, where the outward pull of the disk suddenly
falls to zero. This is a real feature of this type of disk, with a sharp edge, and may be
sufficiently steep for v to be proportional to r. That is, a region of solid body rotation
forms. In a solid body rotation zone, material on inner and outer orbits does not pass due
to differential orbital speeds, so nascent structures have more chance to form without being

torn apart by tidal shear. This outermost part of a sharp-edged disk may therefore form
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an optimum zone for the formation of structure and, ultimately, gravitational instabilities.
Table 4.1 tabulates the key features of the five disks: the slopes of the inner and outer
regions, the maximum orbital velocity and the radius at which maximum orbital velocity

is reached.

4.2.3 Inner edge effects

It is a common technique, in SPH treatments of disk dynamics, to omit the central portion
of the disk, and to consider only an annulus' ( eg Mayer et al. 2004, Nelson et al 1998).
This has the undoubted benefit of omitting the particles on the very fast, inmost orbits
in a Keplerian disk. However, this then creates the problem of inner edges.

As pointed out by Mestel, the self-gravitational force at the inner edge of an annulus
is outwards. It is therefore impossible to calculate real orbital velocities for the particles
in these regions, so Figure 4.2 cannot be reproduced for disks with the central portion
omitted.

The outward force is greatest for annuli which are densest at the inner edge. Figure 4.3
demonstrates this phenomenon. Figure 4.3a shows the inward gravitational force plotted
against radius for an annulus with constant surface density N. Figure 4.3b shows the

15 and Figure 4.3c shows

1.75

same plot for an annulus with varying surface density N oc r~
an annulus with an even denser inner edge, surface density N o r=>°. It can be seen
that for all three annuli, there is an inner region where the self-gravity of the annulus is
directed outward from the centre. The magnitude of this outward force increases with the
density of the central region. The maximum value of outward force corresponds precisely
with the inner edge for all three annuli.

The outward force diminishes with increasing radius, for radii greater than the inner
edge of the annuli. The radius at which the radial force is zero varies between the annuli,
being 0.22 for the first disk, 0.13 for the second and 0.12 for the third. Although the
annulus with constant surface density has the smallest outward force at the inner edge,
this annulus has the largest extent over which the force is directed outwards, and for
which, therefore, it is impossible for matter to orbit in centrifugal balance.

The calculation of this inward force is very sensitive to the extent of softening in the

gravity calculation. The gravitational acceleration at a position r; is calculated as

1 An annulus is correctly defined as the portion of a plane bounded by two concentric circles, of any
radii, in the plane. Thus a very narrow ring, or a large disk with only a tiny central hole, may equally
correctly be described as annuli.
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Figure 4.3: Gravity vs radius for annuli. No data points lie within a radius of 0.1Rq of
the centre. The masses of all the annuli are 1 unit. Radius is normalised by dividing by
the outer radius Ry. Gravity is normalised so that one unit is the gravitational attraction
of a point with unit mass at a radius of Ry. A variable smoothing factor ¢ is used in the
gravity calculation (egn. 4.5). (a) Annulus, surface density NV constant, e = 0.03R32; (b)
Annulus, surface density N o< r~1®, € = 0.03R2; (c¢) Annulus, surface density N oc 7~173,
€ = 0.03R%; (d) same as (b) but € = 0.1R2; (e) same as (b) but € = 0.01R2.
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m;r;;
g =—-G ( Y 3/2>, (4.5)
J

(Irsl” +€2)
where € has the effect of softening the acceleration calculated for particles which are very
close to the position r;.

Figure 4.3d shows the same disk as in Figure 4.3b, but the gravity calculation has
smoothed the gravity for close particles more heavily (¢ = 0.03R2 for figs. 4.3a,b and c,
€ = 0.03R2 for fig. 4.3d). It can be seen that the maxima of the self gravity, either side
of the inner edge are much smaller, and the radial force is inward for all radii greater
than 0.1. In Figure 4.3e, ¢ = 0.01R2, and the data is therefore far noisier. In this case,
the maximum outward force is three times larger than obtained in Fig. 4.3a, and there is
once more a region between r=0.1 and r=0.13 for which the radial force is outward and
no stable orbits are possible. Gravity smoothing must be used with care in the analysis
of disks.

An annulus of matter can only be stably set into orbit if it has at its centre a large
mass, such that the gravitational attraction of the central mass is larger than the outward
attraction of the annulus at the inner edge of the annulus.

This creates an interesting problem for the early stages of molecular cloud collapse and
disk formation. Any gap at the centre of an accretion disk will be uncrossable until the
central object is massive enough to provide enough inward force to outweigh the outward
force of the accretion disk. Accretion will not be possible from the disk until enough

material has accreted from elsewhere onto the central object.

4.2.4 Combining disks and central point masses

The experiment which produced Fig. 4.2 was repeated, but this time an annulus was
created with mass 0.1m with values of r from 0.1 to 1.0, and a single object of mass
1m placed at the centre. The orbital velocities for points orbiting at radii from 0 to 1
distance units were calculated, again, normalised to the velocity at distance 1 unit from

1 ijs shown

the 1m point by itself. The result for a disk with radial density profile r~
in Fig. 4.4a, and for comparison, the rotation curve for the point mass m by itself, is
included, as the red dotted line. Clearly there is little difference in the rotation curves for
the central object on its own, and the central object plus disk. However, if the annulus
is made heavier, or compressed into a narrow radial extent, a difference may be seen.
Figure 4.4b shows the result for a 0.1M annulus from radius 0.04 to 0.2 units, as used
in Mayer (2004), while Figure 4.4c is a 1M annulus from 0.06 to 0.5 units, as used in

Nelson (1998). Both curves show a divergence above the red rotation curve, noticeably in
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the region of the annulus, where the slope of the velocity curve is much shallower, and in
the case of Fig. 4.4c, the value of gg is positive in the region of the annulus, rather than
negative. This will result in much lower relative velocities between neighbouring particles

on different orbital tracks.

4.2.5 The effect of density gradients on the Toomre Q parameter

The Toomre Q stability parameter may be used to predict the unstable areas of rotating
disks (Binney and Tremaine, 1987). Q is calculated as

KCg

TGT’

Q= (4.6)

Here & is the epicyclic frequency, ¢, the sound speed, ¥ the surface density of the disk,
and G the gravitational constant. A value of @) greater than about 1.5 (the precise critial
value is unknown) is taken to indicate that gravitational fragmentation is impossible. as
collapse of a fragment will be opposed by outward forces due to pressure and rotation.

Kk is given by (Binney and Tremaine,1987) :

K2 = rdirﬂ2 + 402 (4.7)

For a Keplerian disk, Q o 7=%2 and therefore x = Q, while for solid body rotation.
is constant, and x = 21).

The original derivation of the Toomre Q parameter is valid for an infinite rotating
sheet. However, Q is used as an indicator of stability against gravitational collapse in
simulations of disks, or rather annuli, which are finite in extent (eg Nelson (1998), Rice et
al.(2004), Mayer (2004)). The difference in orbital speed caused by the edge effects of a
self-gravitating annulus, as compared with the same sized region of a complete disk, will
affect the value of Q calculated in the two cases.

A comparison of 2 and the calculation of x using Eqn. 4.7 is shown in Fig. 4.5. It
has been calculated for the 1m disk from 0.06 to 0.5 distance units, around a 1m star.
Compare with the rotation curve shown in fig. 4.4c. The region in which the orbital
velocity rises with radius causes an increase in the true value of , which is higher than Q
throughout the region of the disk, and particularly toward the outer edge. Because of this,
Q calculated using the approximation that x ~ Q will be incorrect (too low). An isolated

annulus is therefore not fully representative of the equivalent region in an extended disk.
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Figure 4.5: Comparison of k, dashed line, and €2, undashed for a 1m disk from 0.06 to 0.5
radii about a 1m star.

4.3 Disk Settling

Figure 4.6 shows that the disk of particles created using the method described in the
previous section has uneven spacing between particles. Figure 4.8a shows the distance
from each particle in the disk to its closest neighbour, the distance being normalised
for all radii by dividing by the smoothing length k. 812 out of 10,000 particles have
neighbours closer than 0.2h, and these are particularly noticeable at the inner and outer
edges. This is due to the rise in h in these regions. Particles near the edges are assigned
larger h values than they would if the disk was continuous. A value of h which gives 50
neighbours at some surface density ¥(r) will only give 25 neighbours if the edge of the
disk runs through radius r. As a result, neighbours which are not abnormally close given
the density distribution are apparently close when divided by h.

This is an important point because gravity and pressure forces are calculated according
to the proximity of neighbours measured relative to the value of h for a particle. Particles
at the edges will therefore experience a reduced gravitational force but a stronger pressure
force than they would with the same distribution of neighbours in a disk which extended
beyond the artificially imposed cutoff radii. This will exacerbate the tendency of an

annulus to spread due to pressure forces, and require adjustment of the initial orbital
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Figure 4.7: Azimuthal and cross sectional views of a disk with surface density profile
(r) o< 7~7/* and temperature T(r) = 300(r/AU)~'/2, particles positioned with anti-
clustering to avoid very close neighbours.
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velocity profile.

In SPH simulations of disks, the disks are usually allowed to ‘settle’, allowing pressure
forces to move close particles apart, before the simulation starts in earnest(eg Mayer et al
2004). Alternatively, they may be set up on uniformly spaced rings, in which case density
gradients must be imposed by giving particles different masses (eg Maddison et al 1996).

An alternative method is used here. Disks of particles can be created without any
close pairs by imposing mutual spacing or ‘anti-clustering’, using the inhibition method
of Diggle (1983). This method can be used in 2 or 3 dimensions to obtain an anti-clustered
but otherwise random array of coordinates. Normally the procedure is to generate a series
of random coordinate pairs (for a 2 dimensional array) within the domain to be populated,
but to discard any points which fall within a preset inhibition radius of a pre-existing
point. This radius is usually defined and constant over the whole domain. Increasing the
inhibition radius results in the array of coordinates approaching a semi-regular, lattice-like
appearance.

This procedure had to be modified in two ways for the purposes of populating our
disks. First, the inhibition radius was not the same at all locations in the disk but had
to be calculated for each point as a function of the radius and surface density profile.
Second, if a particle fell within the inhibition zone of another particle it could not simply
be discarded, as this could interfere with the generation of the correct surface density
profile. The particle was therefore relocated in a new position at the same radius, where
the closest neighbour was no longer too close. If, after 20 attempts, no such location was
found, the particle was placed in its original spot.

Figure 4.7 shows the azimuthal and cross sectional views of a disk created using this
mutual spacing technique, with otherwise identical parameters to the disk shown in fig. 4.6.
The difference is apparent to the naked eye. Figure 4.8 shows the comparisons between
distance to nearest neighbour for the disks created with and without anti-clustering. The
difference is clearly visible, only 100 out of 10000 points lying within 0.2k of a neighbour
in the anti-clustered disk, most of these being at the inner edge of the disk. Note that the
number of very large nearest neighbour distances is also reduced by anti-clustering. By
increasing the inhibition zone of particles, the standard deviation of the nearest neighbour
distances can be reduced, tending towards, although never reaching because of the random

element of the process, the perfect uniform spacing of a lattice.
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Figure 4.8: Distance from each particle to its closest neighbour, expressed as a frac-
tion of h, (a) random particle spacing; (b) particles mutually spaced to avoid very close
neighbours.
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4.4 Setting the height of particles

The thickness of the disk at any radius is set so that pressure support balances the
gravitional attraction of both central star and disk, in the vertical direction.
At any radius r we impose an initial temperature 7'(r), and from this can calculate

the sound speed a from :

a®(r) = (4.8)

where k is the Boltzman constant and m ~ 4 x 10727 kg the mean gas particle mass for
molecular interstellar gas. _
Setting the hydrostatic pressure equal to the vertical component of gravity at radius

r, assuming disk height z(r) we have:

a®(r) - GM,2(r)

2(r) r3

+ 1GX(r) (4.9)

Here the left hand term is the hydrostatic pressure. The first term on the right hand
side is the vertical component of the gravitational attraction of the central object, mass
M., and the second term is the vertical component of the self gravity of the disk.

If we assume that the disk is much lighter than the central object (which is the case

for our simulations) we can ignore the second term and we have therefore,

0 =a0 (7)) (4.10)

Given initial surface density and temperature profiles 3(r) and T'(r) we can therefore
obtain a vertical height for the disk at all radii, z(r), which achieves hydrostatic balance.
The z height of an individual particle is obtained by calculating a random value within the
range —2(r) to 2(r), using an algorithm which yields a Gaussian frequency distribution
within these limits. We used the Box-Muller algorithm (Press et al 1992).

Figure 4.6 shows the azimuthal and cross sectional view of a disk constructed using
the procedures outlined in this and the previous section. A 0.1M, disk was represented
by 10,000 SPH particles, placed in orbit from 1 to 25 AU about a 1M, star. The surface
density and temperature gradients were :

S(r) = Zor 4,

T(r) = 300K (AZ”—U)_W, (4.11)

where the surface density at 1AU, 5 = 0.003Mg/AU2.
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Figure 4.9: Equilibrium velocity versus radius.

4.5 Setting the disk rotating

The final stage in the initialisation of the disk is to set every particle into a stable orbit
around the central star.
The radial component of the gravitational and pressure forces, a,q.4 is calculated, and

then a velocity v, calculated, for which

2

v
__kep Py _arad (4-12)
r

Figure 4.9 shows the variation of vge, with radius for the disk shown in fig. 4.7.

4.6 Conclusion

Modelling the behaviour of selected regions of disks must be done with care. In particular,
an annulus of a disk will have regions at the inner and outer edges where the self gravity of

the annulus changes the equlibrium orbital velocity necessary for stable rotation. This is
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particularly important for the calculation of the Toomre parameter, where the assumption
that the epicyclic frequency x is equal to the angular velocity €2, is incorrect in regions
where the orbital velocity is not precisely Keplerian.

An adapted anticlustering algorithm has been developed to ensure mutual spacing of
SPH particles prior to the start of simulation runs. This is potentially an elegant way of
preparing disks of SPH particles with any variable density profile, without the need for
varying the masses of the particles. It is intended to elaborate this work and publish it

in a technical note.



50

CHAPTER 4. DISK CONFIGURATION




Chapter 5

Artificial Viscosity

A particular concern in attempting to simulate rotating gaseous disks, using SPH, is the
issue of Artificial Viscosity.

Artificial Viscosity was developed for use in SPH simulations of collapsing or colliding
turbulent clouds (Monaghan & Gingold 1983). It causes close, approaching SPH particles
to repel each other, with a force which increases with approach velocity and proximity.
The result is that particles in colliding streams are rapidly decelerated and the streams
do not pass through each other. Such particle interpenetration would be an unphysical

situation which cannot be allowed in a simulation.

5.1 Artificial Viscosity in SPH

To determine whether Artificial Viscosity should be applied between an SPH particle ¢
with position r; and velocity v; and a neighbouring particle with position r; and velocity
v;, the scalar product of v;; - ryj, is calculated. If negative, the particles are approaching

and Artificial Viscosity is included in the calculation of hydrostatic acceleration:

dV,' l:R ]DJ :1 1 ’ = N
= mj — + —= + Hij ——W (’f‘i', hij).rij . (51)
at ; { pip Ry Y
Here the first two terms give the symmetrical pressure forces between pairs of particles,
and the Artificial Viscosity term, II;; is calculated as
(—awcijiij + 5:/#%))/917,, Vi - Ti; <05

0, vij-rij >0,

o1
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where p;; = (p; + p;)/2 is the mean density, ¢;; = (¢; + ¢;)/2 is the mean sound speed, o
and [ are constants (1.0 and 2.0 are typical values) and

pij = hijvij - l‘ij/(Tfj + ). (5.3)

The scalar quantities y;; and II;; are calculated for each approaching neighbour, but
Eqn. 5.2 is a vector summation. The viscous acceleration from particle j, calculated using
eqn. 5.2, acts in the direction r;;, with the gradient of the kernel function W'(r;;, h;;)
reducing the contributions of the more distant neighbours.

This formulation is known to result in high shear viscosity when used in the modelling

of accretion disks (Bate 2000).

5.2 Velocity variation in linear and Keplerian shear

flow

In a light, cool protoplanetary disk of mass My ~ 0.1M orbiting a star of 1My, the
self gravity and pressure forces are small enough for the orbiting SPH particles to be
considered to be in Keplerian orbits about the central star. Orbital speeds are therefore
o 7795, decreasing with increasing radius.

Figure 5.1a shows an azimuthal view of a small portion of an SPH model of a proto-
planetary disk, with arrows to show the direction of the orbital paths of the SPH particles
around a central star, which is below and to the left of the selected portion of the disk.
Figure 5.1b shows the same points, this time with all velocities calculated relative to that
of a central particle, P, which is indicated by a cross. All of the black arrows are converg-
ing particles, v;;-r;; < 0, and all the red arrows are diverging particles, v;;-r;; > 0. They
are not randomly distributed in the field of view, but fall distinctly into four quadrants.
This is characteristic for disks of particles in Keplerian rotation. Using the Monaghan
formulation for Artificial Viscosity, above, all of the black points are decelerated by a
repulsive force from P, while the red ones are ignored. P is accelerated by the sum of the
viscous forces from all black points.

The relative velocities of particles on inner radii are systematically larger than those
of the particles on the outer radii, because orbital speed v oc 7793, When the reaction
forces of all neighbours on the central point are added together, the inner particles are
predicted to outweigh the outer ones, resulting in a net force on P. This force is predicted
to have both a radial component, tending to push point P outwards, and a tangential

component, speeding up P and again, causing it to move outwards.
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dv, linear shear dv, keplerian shear
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Figure 5.2: Relative velocities of neighbouring particles. (a) the relative velocities of
particles in linear shear flow, relative to the central particle marked with a cross, which
is moving in the positive x direction. The centre of rotation is distance r away in the
negative y direction; (b) the same but for Keplerian shear flow, velocity proportional to
y~1/2; (c) the component of v;; in the direction r;; for linear shear; (d)the the component
of v;; in direction r;; for Keplerian shear.
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everything is moving in the x direction, no neighbours have any component of v;; in the
y direction.

Figure 5.2c shows v;; projected onto r;; for each approaching neighbour. Clearly
these vectors do contain components in the y direction. The vector summation in Eqn. 5.4
describes the summation vectors in the directions shown in Fig.5.2¢, and not those of the
relative velocities shown in Fig. 5.2a. To a first order approximation, the vectors sum to
zero, but second order terms are not symmetrical and do not cancel out. Therefore, F;
does have a y component, even for the linear shear case, where no relative velocities have
a y component.

Figure 5.2 b and d show the same plots for a disk in which the particles are in curved,
Keplerian orbits around a star at (z,y) = (0, —rg). The velocity of the centre, reference
point, is identical to that in Fig. 5.2a. Clearly, the magnitudes of the relative velocities
v;; of the neighbours,shown in Fig. 5.2b, are larger than for the linear shear flow shown in
Fig. 5.2a. The direction of each relative velocity vector v;; is also closer to the direction
of rj;. The resultant components of v;; in direction r;; for Keplerian shear, shown in
Fig. 5.2d, are much larger than for the linear shear flow shown in Fig. 5.2c.

The very marked difference between linear and Keplerian shear flows illustrated in
Fig. 5.2 is at first surprising. However, it can simply be proved that the rate of change

of radial velocity with distance along the orbit, % in our coordinate system, is twice as

large as the rate of change of orbital velocity with radius, ‘fiiyx.

Consider the array of points shown in Fig. 5.2b. The central point with coordinates
(0.0) has velocity components (kr, Y 2,0). Any other point with coordinates (x, y) has
velocity components (kr~'/2 cos ¢, kr~'/2 sin ¢), where

r? = (ro+y)*+ 22
. —x
sing = —
T
, + T
cosp = 2 . 0 (5.5)

If we redefine the local cartesian coordinates as centred on point (0,0) and also moving
with that point, the velocity components of any point become (assuming z and y are small
compared with rg)

ve = by +ro)((y + 7o) +2%)Y — ke

k 9 2 2y\ —3/4
= % (1+2>(1+—y+——($ iy)> 1
T To To Ty
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_ Lk (Lly 3y 62, (7YY
r(l)/ 2\ 27y 813 8r2 s rd
—k [z 2y (2 +y2)\ ¥
v = T\ 1+ = 5
7'0 7‘0 7”0 7‘0
-k (z 3zy (13 $y2> )
- = ZL0(5, =2 5.6
Té/Q (ro 2 r2 rs’ e (5.6)
Differentiating v, with respect to y, and v, with respect to x,
dv, k x oy
— = ——— 4 O —_—, —=
i - ()
dvy k x oy
= Lo = 2L 5.7
dz et <r3/2’ rf;/?) (5.7)

Ignoring the smaller terms, therefore, the magnitude of the relative velocity of a particle

distance r;; from our reference particle is twice as large for a neighbour further ahead on

the orbital path, as it is for an equidistant neighbour

on a parallel orbital track. This

applies for any radius. Keplerian shear flow in a disc cannot be approximated to be linear

shear, even at the smallest, or largest, scales.

5.3 Artificial Viscosity: Keplerian shear flow

Using the values of v, and v, in Eqn. 5.6, we can now calculate the radial and tangential

components of F. From Eqn. 5.4, F is given by

7| = TV + YUy
(z2 +3?)
The components of F are therefore
o z(zvy + Yuy)
z (x2 + y2)3/2
y =

(z2 + y2)3/2
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Substituting for v, and v, from Eqn. 5.6,

£ o_ K z* 1y 3y 628\ __ oz [z 3z
T f,«(l)/2 (x2 + y2)3/2 2ry 8713 87k (x2+y2)32 \ry 2712
6
8

_k ( 1
Té/2 (22 + y2)3/2

(5.10)

We now transform the cartesian coordinates x, y into polar coordinates r, 6 centred on the

same origin, so that £ = rcosf# and y = rsin §. Substituting in Eqn. 5.10

- 3 . 157 . 6r
F. = krg 12 (_2_7"0 sin @ cos® 0 + gg sin® § cos® § — 8_7"8 cos* 9)

- 3 15 6
F, = krg 12 (—-—270 sin? @ cos  + Q% sin® @ cos § — .877;% sin 6 cos® 6) (5.11)

The total viscous force due to all approaching neighbours within a circle of radius h
may now be calculated by integrating over the first and third quadrants of a circle of

radius h. We first compute the following integrals:

3r

3 Ea
/ sin 0 cos? 8d6 + / sinfcos?6df = 0
0 e
3n

3 =
/ sin? 6 cos 6d6 + / sin®fcosfdf = 0
0 T
3

3 7
/ cos* 0df + / cos*fdfd = 3m/8
0 ks

3n

2 2
/ sin 6 cos® 0dO + / sinfcos®fdfd = 1/2
0 T

s 3n
/ sin® @ cos® Hdf + / sin®fcos’0df = m/8
0 g
3r

% Eus
/ sin® § cos 8df + / " sin®fcosfdd = 1/2 (5.12)
0 g
Substituting these identities into Eqn. 5.11

h
- 3 157 6r
.7-}=k1/2// ——si 20 + = sin? 20 — — cos*
To A A sin ¢ cos” 6 + g2 Sin 6 cos” 0 g2 08 6 ) rdrdd

T 7o
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_ h /15727 6r23rm
= k 1/2/ —_— d
o \828 828 )
3km h 9
B 64r5/2/ e

kmh3
64r5/ 2

- 157
Fy = 1/2/ / ——sm Gcos9+—5—sm 9cos€—6—sm9005 30 ) rdrdd
15721 672 1
_ ok —1/2/ d
o o \822 82z) "

9% [,
= —167‘5/2/ redr

3
o .

Therefore, for Keplerian orbits F, is 1?2 ~ 4 times larger than F,. F, is in the negative
x direction, opposing the direction of the orbit, while F, is in the positive y direction,
pushing the particle outward from the centre of rotation.

Note, however, that eqn. 5.2 requires a negative coefficient, —a to be applied to this
term. The viscosity acts therefore in the expected direction, speeding up particles in their
orbits, as a result of the faster inward particles. However, there is also a radial force four
times larger, tending to push particles inwards.

Consider again Eqn. 5.11. The expressions for F, and F, contain odd terms in zy? and
in z2y which cancel out when integrated over the first and third quadrants. These terms
can be traced back to the first order terms in the expressions for v, and v, in Eqn. 5.6.
Clearly these first order terms contribute nothing to the calculation of F,. If we omit

these first order terms, we are left with only the second order terms

o = k(3% _62
z 7'(])'/2 87'8 87'(2)

k (3zy
v, = —172'<_2) (5.14)
To

2r;

Figure 5.3 shows the magnitude and direction of the second order terms for relative
velocity, which actually contribute to the calculation of F, and F,. All values of v, are
positive, but v is negative for points where 3y? — 622 < 0, that is points lying within 55
degrees of the x axis.
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Figure 5.3: Relative velocities of neighbouring particles for Keplerian flow. (a) First order
terms for velocity have been subtracted, leaving only the second order terms. Note that
v, is everywhere positive, while v, is negative for values of |y| < v2z. (b) The same as
(a) but now projected onto the relative position vector for each particle. These vectors
are added to calculate F.

The calculation of F requires these vectors to be projected into the direction of each
particle’s position vector. Fig. 5.3 shows these projected vectors. From Eqn. 5.10, we
expect the direction of these second order vectors to switch when 15y? = 622, which is a
line at 32 degrees to the x axis. Fig. 5.3b shows this clearly.

5.4 Artificial Viscosity: Linear shear flow

For completeness, we can also obtain the viscous force for linear shear flow, set up to
mimic the Keplerian flow, as illustrated in Fig. 5.2. The velocity of any point (z,y + 1)

is simply (k(r +y)~*/2,0). Moving to our comoving coordinate system, therefore,

k(y +ro) ™2 — krg/?

k ~1/2 )
= — -1

r3/2(

k 13 3y?
270 8(2)

r—éﬁ
v, = 0 (5.15)
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From Eqn. 5.4, as before, the components of the viscosity force contributed by an

approaching neighbour, are

z(zvg + Yvy)
(22 + y2)3/2
y(zvg + yuy)

Fy = (22 + y2)3/2 (5.16)

Fo =

Substituting for v, and v, from Eqn. 5.6,

k z? ly 3y
F, = -+
7 (e (4 35))

_k Ty ly 3y
7 = g (i (i 33) (5.17)

We now transform the cartesian coordinates x, y into polar coordinates 7, § centred on the

same origin, so that x = rcosf# and y = rsin§. Substituting in Eqn. 5.17

_ 1 3
Fo = kg 1/2 (—g—sinﬁcos26+8—7;sin2000826)

To 'ro
F, = krg'? ! —sin®fcosf + ﬁ sin® @ cos @ (5.18)

The total viscous force due to all neighbours within a circle of radius A may now
be calculated, by integrating over the first and third quadrants of a circle of radius h.
Substituting the integrals of trigonometrical functions from Eqn. 5.12

Fr. = kr _1/2/ / (——sm@cos 0—6-; sin? @ cos? 6> rdrdf
1,3

— 3r?
= kry'/? / ( ) —dr
0 o \873

h
= 3k:;2/ r2dr

64r,
_ knh?
 64rd?
h
_ 1
Fy = kr01/2// ~ L sin?0cos0 + 2L sin? 9cos€)rdrd9
o Jis 2rg 8r2
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Log Fx Keplerian Flow

Log Fx
0
r
L
-+

Log Radius of Orbit

Figure 5.5: Plot of Log F, (tangential acceleration) against log of the radius of the test
particle’s orbit for four different box sizes. Slope of all lines is -5/2. This indicates that F,

is proportional to 52 F calculated for approaching neighbours only, Keplerian orbits.

The results are displayed in Fig. 5.4a. The five different radii of the test particle are
indicated by crosses, 100AU; %, 200AU; o, 300AU; x, 400AU; and squares, 500AU. The
black line indicates the tangential forces, which are negative, and the green line indicates
the radial forces, which are positive, and about 4 times larger than the radial forces in
magnitude, as predicted by the analysis. The plotted lines are straight, which shows that
the magnitude of F is proportional to the size of the neighbour box, and hence to hA.

The procedure was repeated for linear shear, and the results are shown in Fig. 5.4b.
This time both the tangential (black) and the radial (green) forces are positive, and the
magnitude of F, is approximately 1.3 times larger than F;, as predicted by the analysis.

The results from figure 5.4a were replotted on a log log scale against the log of r, the
radius of the test particle’s orbit. These results are shown in figure 5.5. The slopes of the
lines indicate that F, is proportional to r~5/2.

Our previous analysis (see Eqn. 5.13), indicated that the magnitude of Artificial Vis-
cosity is proportional to r=5/2 and h%. At first sight this appears to contradict the above
results. However, the analytical result was obtained by integrating over a circle of radius
h around a test particle. This should result in the area of integration, and hence the
number of neighbours contributing to the viscosity, increasing with A2. In the numerical
experiment, a fixed number of neighbours was used, and so the results should be a factor

h? lower than the results from the analysis. The apparent discrepancy is explained.
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Substituting these identities into Eqn. 5.11, for Keplerian shear,

wkh3

327‘8/ 2

T

Fy, = 0
While substituting into Eqn. 5.18, for linear shear, yields

wkh®

327‘8/2
F, = 0

x

So, for both linear and Keplerian shear, including all neighbours in the calculation
of Artificial Viscosity removes the radial component of the resultant force, but doubles
the tangential component, which remains a decelerating force for linear shear flow, and a
precisely opposite acceleration for Keplerian shear flow.

This is illustrated in Figure 5.6, which is a repeat of Figure 5.4 but with all neigh-
bouring points included in the calculation of Fx and F,. It can be seen that the radial
forces F, have disappeared, but the forces in the direction of the orbit, Fx have doubled
in magnitude.

A further variation was attempted, this time reversing the polarity of y;; when cal-
culated for receding particles. In physical terms, this would result in neighbour particles
being decelerated as they approached and then accelerated again once they had passed.
This was predicted to remove the tangential force while doubling the radial force. Unfor-
tunately when this was tried in practice, it was found to be unstable, as receding particles

very rapidly accelerated, increasing both v and r, which further increased the acceleration.

5.7 The inclusion of the term in p?

Equation 5.2 includes a second term in ,u?j, which has been ignored so far in this analysis.

(—awcijpij + ﬁu#?j))/ﬂij’ y Vi Ty <0
I, = (5.21)
O’ V'ij . r,-j >0

Again, this term is calculated as a scalar quantity for each neighbouring particle 7, and
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then accumulated in a vector summation, each component being added in the direction

of rj; to give the total force on the particle 7. This can be expressed as :

Lp.l)2
G = Zgij — Z Mfij (5.22)
J

7 |I‘ij[4
So,

(zvy + yuy)?

[g| (.’132 + y2)2

The components of G are therefore

gx =

2
g, - y(zv: +yv,)* (5.23)

Substituting for v, and v,

g _ k_2 1 9$3y2 B ﬁlﬁy?’ g$5y N O($3y4 x5y2 £E7)
T e \(22+92)32 \ 4 r? 8 r3 4} re g T

k? 1
S S L s e
Gy o ((x2+y2)5/2( 4 rk 8 3 4 1} ( réord 0 ord

Transforming into cartesian coordinates as before,

k2 4
G, = P (4;:3 sin? 6 cos® 9 — 8ir0§ sin® 6 cos® 0 + 197% cos® fsin 0)

2 4
G, = l:—o (4—202- sin® 0 cos? § — % sin 6 cos? 6 + f—:g cos? 0 sin? 0) (5.24)

The required trigonometric identities are :

bus 3r

/ * 6in2 6 cos® 0df + / * sin20cos®0dd = 0
0 T

ud 3m
/ sin® 6 cos® 0dO + / sin® @ cos® 0df =

0 L

D] =
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™ 3r

3 = 1
/ sin @ cos® 8d6 + / sinfcos®6df = 3
0 T
™ 3

/ * sin® @ cos? 0df + / " sin*@cos?0dd = 0
0 T
3

/ * sin 6 cos? 6d6 + / * sintfcos20dh = 1%
0 . - . ‘

/ sin? @ cos* 0df + / sin?fcos* 8df = % (5.25)
0 e

Substituting these identities into Eqn. 5.24, for Keplerian shear, and integrating as

before over a circle radius h,

k2R3
% = T
To
9rk2h3
= — 5.26
Gy 12873 (5.26)

The numerical experiment was repeated, this time calculating G for approaching neigh-
bours only, varying h, the size of the neighbour box and r, the orbital radius, as before.
The results are shown in figures 5.7 and 5.8.

Figures 5.7 and 5.8 show that G, and G, are zero for linear shear flows, while Kep-
lerian flows produce negative G, and G,. However, referring to Eqn 5.2, we see that this
component of viscosity is multiplied not by a negative parameter, —a, but a positive one,
(3. Therefore the contribution of the second term in eqn 5.2 acts in the opposite direction
to the first for Keplerian flow. From the slopes of the lines in fig. 5.8, the magnitude
of this term is proportional to ry*, which is as predicted in eqn 5.26 and h, which is a
factor of h? lower than the h® indicated in eqn. 5.26. Again, this discrepancy is due to the
fixed number of neighbour points used to calculate G, instead of the number of neighbour
points being allowed to increase with h2.

The opposing direction of the first and second terms in Eqn 5.2 will only be of concern
if, in smooth stable orbit,

QG = /81/“1']"

that is, if p;; is of the order of half the sound speed, if o and 3 are set to values 1.0 and
2.0 as usual. Figure 5.2 showed that the relative velocity of neighbours and hence p;;

varies in magnitude for different neighbours of a point, increasing with the magnitude of



(

|

<

H4

44

%

5

(9N

Hp

2+? %

-AH?

$(
5 TC

Hp

1

+ %

&7

e+

& (

% !
(9N

%

91!

Hp

Hp



5.8. CONCLUSION 69

Therefore the two terms in the Viscosity formulation in eqn. 5.2 may accumulate to
act in the same, or opposing directions, depending on the temperature of the disk and
the distances between pairs of neighbouring particles.

In a simulation of a disk using this formulation of viscosity, therefore, a change in the
temperature of the disk, decreasing the sound speed, could result in the resultant accel-
eration due to Artificial Viscosity changing direction, as the second term in u? becomes
larger than the first, and the viscous force acts to slow down, rather than accelerate, the
particles in orbit. The precise balance between density gradient, and its effect on h, and
the gradient of the velocity profile, is important in trying to predict the effect of Artificial
Viscosity in differentially rotating disks.

5.8 Conclusion

The use of Artificial Viscosity to prevent interpenetration of particle streams is known to
cause angular momentum transport through high viscous shearing forces, when used in
Keplerian accretion disks (Bate 2000). We have demonstrated that, using the standard
formulation for Artificial Viscosity with uniform surface density Keplerian disks, angular
momentum transport can change direction, depending on the temperature and hence the
sound speed, of the disks. This is not a physical effect, but an artifact of the simulation.

The direction of the resultant shear force for Keplerian orbits is in the opposite direc-
tion to that obtained for linear shear with the same velocity profile. The curvature of the
orbits causes a larger effect than the velocity gradient. Linear shear does not approximate
Keplerian shear at any dimension or at any radius of orbit.

This finding is of particular interest because of the use of ‘shearing box’ approximations
to circular shear flow (Gammie 2001, Masset & Papaloizou 2003). Clarke & Pringle (2004)
also use a first order approximation to circular shear flow in obtaining the result that
angular momentum flows from the centre of a Keplerian disk outwards. Our finding that
the direction of angular momentum flow is controlled by the second order terms (eqn 5.14)
indicates that first order approximations may yield inaccurate results.

The calculation of the key u parameter is vulnerable to noise. Some of this is simply
Poisson noise, and increasing the density of particles will help to reduce this. Of more
concern is the systematic problem that the calculation of u is highly sensitive to the
relative positions and velocities of neighbouring particles. |

We also note that Artificial Viscosity when applied to Keplerian disks causes a radial
force four times larger than the tangential force, pushing particles inwards. Using all
particles, not only the receding particles, in the calculation of Artificial Viscosity, removes
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the radial component of force, but doubles the tangential component.
It is apparent that Artificial Viscosity should be switched off as far as possible, when

a disk is rotating stably and there is no real convergence, to avoid the unpredictable

consequences of these problems.



Chapter 6

Switching off Viscosity

6.1 The Balsara Switch

In the last chapter we demonstrated that the standard implementation of Artificial Vis-
cosity in SPH fails to distinguish between particles overtaking in a smoothly rotating
Keplerian accretion disk and particles which approach because of genuine convergence.
Clearly it is preferable to discriminate between the two types of approaching particles and
apply Artificial Viscosity only in the case of genuine convergence.

A well known tool for enabling the rapid switch-on of Artificial Viscosity in the presence
of a shock, is the Balsara Switch (Balsara 1989), which works as follows. The viscosity
coefficients « and § in Eqn 5.2 are set to the values required to capture shocks (a =1.0,
$=2.0). A multiplicative factor is then calculated for each particle i, being

IV'VI,;
IVxv]i+|V-v]’

where v is the velocity field and the derivatives are evaluated at r;.

B = (6.1)

The viscous acceleration between each pair of particles is then multiplied by the mean
of the values of B, thus

(B; + B;)
II;; — 5

It can be shown that in a Keplerian disk, with all matter orbiting in centrifugal balance

- IL;; (6.2)
about a mass M, | V x v | and | V- v | at radius r are given by :

MG 1/2
0

|V-v| = (6.3)

71
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| V x v | is therefore finite while | V - v | is zero, and hence B is zero for all r. However,
if particles start to converge at a particular location, | V - v | increases, so B increases,
approaching a limiting value of 1.0, when | V- v |[>| V x v |. Multiplying the viscosity
coefficients by the Balsara factor should effectively switch off the Artificial Viscosity, when
a disk is rotating stably with Keplerian velocity profile, but switch it on, selectively, for

any points involved in an area of true convergence.

6.2 Noise problems with the SPH implementation of
the Balsara Switch

In SPH simulations B is calculated for each particle using eqn. 6.1, substituting numerical

estimates V - v |spg and V X v |gpy for the true values of V-v and V x v :

m; Vij - Ty .
V-visen = Y L —L=LW (|| hy),

= ps | Ty | R
m; Vis X Tys 7
Vxvisen = Y #“—J”TB—;WI (Irij |, i), (6.4)
j J ¥ i

(6.5)

where W;; is the gradient of the kernel function, r;; = r;—r; the position vector of particle
¢ relative to its jth neighbour and v;; = v; — v; the relative velocity.

From eqn. 4.12, the value of B should be zero for a stably rotating disk of particles in
Keplerian orbits, where there is no convergence. However, as Figs. 6.1a and b demonstrate,
this does not happen in practice in SPH simulations.

Figure 6.1a shows the value of B calculated for 10,000 SPH particles in stable Keplerian
orbits around a star, plotted against their radius in AU. The disk, mass 0.1M, was set up
with randomly positioned particles, such that surface density ¥ o< 7~7/¢ and the thickness
of the disk was 0.1r with an approximately Gaussian density profile in the z direction.
Temperature was set to T = 375K (r/AU)~/2 and a locally isothermal equation of state
applied. The particles were set in circular orbits solely under the influence of the gravity
of the central star, with no pressure or viscous forces operating. After 20 time steps B was
calculated for each point. B can be seen to vary from 0.0 to about 0.6 with some values
as high as 0.8, the mean value for this disk being 0.22. Figure 6.1b is a face-on view of
the disk, with colour coding indicating the value of B for each particle. Yellow indicates

B < 0.2, through orange for medium B to red for B > 0.6. High B value particles occur
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at all radii but are not scattered randomly over the disk, rather they appear to form
alignments.

From eqn. 6.1, a non-zero value of B will result from a large positive value of V - v |spH,
which will occur quite correctly when particles are moving away from each other, not con-
verging. The calculation of B was therefore corrected so that it was only calculated for
particles with converging neighbours, giving negative values of V - v |gpn, and set to 0
otherwise. This resulted in the change shown in fig. 6.1c and d. The colour-coded az-
imuthal view of the disk fig. 6.1c, shows that the high B value particles are now found
at all radii, but the alignments of particles are now predominantly in the ‘leading’ direc-
tion (the disk is rotating in an anti-clockwise direction). For completeness, B was also
calculated, incorrectly, for particles with positive V - v |spg and set to zero for negative
V - v |spH, which yielded fig. 6.1d. Here the high B value particle form ‘trailing’ strands.

Figure 6.2 shows an enlargement of part of fig. 6.1c, to enable a closer inspection of
the alignment features.

Fig. 5.1b in the previous chapter showed that the neighbours of a particle in a Kep-
lerian disk fall into four quadrants of approaching or receding particles. The calculation
of V- v |gpu will add together positive values of v;;.r;; from receding neighbours and
negative values from approaching ones. If there are many neighbours and they are evenly
distributed, V - v |gpyg will be small, as the positive and negative components cancel out.
However, if there are few neighbours, Poisson noise will cause V - v |gpg to increase in
magnitude.

In order to quantify the dependence of B on neighbour numbers, the number of neigh-
bouring particles used to calculate B for each particle in the disk used in fig. 6.1 was
varied from 16 to 75, which resulted in the mean A increasing from 0.59 to 1.07 AU. The
results are tabulated in table. 6.1, and show that increasing the number of neighbours did
reduce the mean value of B. However, using more than 60 neighbours had no benefit, as
B fell from 0.31 (for 16 neighbours) to 0.20 (for 60 neighbours), and then stayed constant
if the number of neighbours was increased further. This was because increasing the radius
of the neighbour sphere included neighbours with much larger absolute values of v;;.ry;.
The noise introduced by adding together all these larger positive and negative values was
therefore even larger than the noise introduced by adding a small number of small positive
and negative values from the nearby neighbours.

Calculating B only for particles with a negative value of V - v |gpy resulted in a
smaller mean B value, approximately half that obtained when B was calculated for all
particles, the smallest value, 0.08, obtained when 60 or more neighbours were used in the
calculation of B.
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