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Abstract

We consider a small random perturbation of the energy functional

(Ul a o) + / W (u(a))da

2
He (AR?)

from A C R? in the H*(R?) Gagliardo semi-norm of u and W is a double well
potential. We show that there exists, as A invades R?, for almost all realizations
of the random term a minimizer under compact perturbations, which is unique
when d = 2, s € (3,1) and when d = 1, s € [1,1). This uniqueness is a
consequence of the randomness. When the random term is absent, there are
two minimizers which are invariant under translations in space, u = +1.

for s € (0,1), where the non local part [u] denotes the total contribution
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1. Introduction

Non local functionals, related to fractional Levy partial differential equa-
tions, appear frequently in many different areas of mathematics and find many
applications in engineering, finance [15], physics [13], chemistry [3] and biol-
ogy [20]. We consider non local functionals representing the free energy of a
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material with two (or several) phases, see [5], on a a scale, the so-called meso-
scopic scale, which is much larger than the atomistic scale so that the adequate
description of the state of the material is by a continuous scalar order param-
eter m: A C R? — R. The minimizers of these functionals are functions m*
representing the states or phases of the materials.

The natural question that we pose is the following: What happens to these
minimizers when an external, even very weak, random potential is added to the
deterministic functional? Does the number of minimizers remain the same, i.e
will the material always have the same number of states (or phases)? Is there
some significant difference in the qualitative properties of the material when the
randomness is added? These are standard questions in a calculus of variations
framework.

Partial answers to these type of questions were recently given in two papers
by the authors in the context of the Ginzburg Landau functional, i.e in the case
where the interaction energy is local and it is modelled by (m, (—A)m) there
(-,-) stands for the L? scalar product and m is taken in a function space which
makes the scalar product finite, see [6] and [7]. Here we consider a functional in
which the interaction energy is non local, i.e. the state of the material at site
x € A depends on the state of the material in all R%. We model this non local
interaction energy using the fractional Laplacian.

This nonlocality of the interaction needs a very different approach compared
to [6] and [7] because of the suitable interpretation of ”boundary condition”
in the case of a long-range interaction. In particular, an extensive part of the
analytical work in the present paper is devoted to so-called minimizers under
compact perturbations, see Definition 2.4.

The interaction energy is given by (m, (—A)*m) for 0 < s < 1, the scalar
product and the function space for m need to be suitable defined. In the extreme
case s = 1 one gets the Ginzburg Landau interaction energy and when s = 0
one gets (—A)® = I where I is the identity operator, so m at site x interacts
only with itself.

We add to this non local interaction energy which penalizes spatial changes
in m a double-well potential W(m), i.e. a nonconvex function which has exactly
two minimizers, for simplicity +1 and —1, modelling a two-phase material.

Finally, we add a term which couples m to a random field 0g(-,w) with
mean zero, variance 02 and unit correlation length; i.e a term which prefers
at each point in space one of the two minimizers of W(-) and thus breaks the
translational invariance, but is "neutral” in the mean.

A functional with the aforementioned properties is the following functional

G (m.i0,8) = [l oy + [ Wmla)de =0 [ gu(ewyme)de, (1)

where

[m(z) — mo(y)[*
[ Hs(ARd)*/dx/ |$_ |d+25 +2/d$/Rd\A |x— |d+25

(2)



denotes the total contribution from A to the H®(R?) Gagliardo semi-norm of
m, if we set m = mg in R%\ A in (2). The Gagliardo semi-norm is given by

2

m(x) —m(y)[? 2 / / Imo(x) —mo(y)|
dx/ dy = |m|s + dx dy .
/]Rd Ré |z —y|d+2s e ae RNA  JRAA | — y|dt2s
(3)

For the minimization problem the term depending only on the value of my
in the Gagliardo semi-norm is irrelevant, since this term is kept fixed trough
the minimization procedure. For dimensional reason the right hand side of (2)
should be multiplied by c4 s, a normalizing constant which degenerates when
s — 1 or s = 0. In the following the constant c4 s does not play any role, so we
replace it by 1.

We are interested in determining the macroscopic minimizers of (1), i.e
minimizers of (1) over sequences of regions A, so that A, /' R? as n — oo.
Namely for any given A and fixed boundary value mg the minimizers of (1)
over any reasonable set of functions will depend on the boundary value my.
Physically one is interested in taking A large enough and to characterize the
minimizers in a region deep inside A and detect if, even so deeply inside, the
boundary condition is felt. In other word A needs to be large to invade R? and we
are interested in characterizing the macroscopic minimizer which we construct
by a limit procedure using minimization on a sequence of finite subsets of R?.

When 6 = 0, i.e without random term, the constant functions equal to +1
are the two macroscopic minimizers: One can obtain the +1 (—1) minimizer
as the limit of the minimizers of (1) when 6 = 0 with strictly positive (strictly
negative) boundary values by making use of the fact that the cost of a ”boundary
layer” near the boundary of large balls is of smaller order than the volume as the
balls invade R¢, a point to which we will come back below, see (4). Alternatively
one can use the energy estimates in [17].

When the random field is added, the constant functions equal to +1 are not
minimizers anymore, due to the presence of the random fields. The question is
to show whether there are still two macroscopic minimizers, each one close in
some topology to the constant minimizers 1 and —1.

We are able to show in d = 2 for s € (3,1) and in d = 1 for s € [1,1)
that for almost all the realizations of the randomness, there exists one macro-
scopic minimizer which is unique under compact perturbations. In this regime
the boundary conditions is not felt by the minimizer. This is an example of
uniqueness induced by random terms. The uniqueness holds only in the limit
A 7 R and is sensitive to the type of randomness added. We will come back
to this point in subsection 2.1. For values of d and s different from the ones
for which we state the uniqueness result we expect, for almost all the realiza-
tions of the randomness, the existence of at least two macroscopic minimizers,
one "close” to the constant minimizer 1, the other ”close” to the constant min-
imizer —1. But this issue is still open. The strategy of our proof is based
on the following steps. We prove first that for almost all the realizations of
the random field there exist two macroscopic ertrema minimizers v™(-,w) so



that any other macroscopic minimizer under compact perturbations u* satisfies
v (w) <u*(-,w) <vT(,,w). This construction requires two limit procedures.
First, for any bounded, sufficiently regular subset of R?, A, and for any K > 0
we determine the minimizers of G; in A with boundary condition vy = K. Since
the functional is not convex there might be many minimizers. Because the set
of minimizers in a bounded domain A is ordered and compact, we can single out
one specific minimizer which we call the maximal K — minimizer. Similarly we
single out one specific minimizer Gy in A with v9 = —K boundary condition,
which we call the minimal K — minimizer. The maximal K — minimizer and the
minimal K — minimizer of G in A have the property that any other minimizer
of G1 in A with boundary condition vg, ||vo|lec < K is pointwise smaller than
the maximal K — minimizer and larger than the minimal K — minimizer of G
in A. Then we let A to invade R? obtaining two infinite volume functions u*%
and we show that they are infinite volume minimizers under compact pertur-
bations of G. At last, we define v*(-,w) as the pointwise limit as K — oo of
u™ K proving again that v* (-, w) are extrema infinite volume minimizers under
compact perturbations. Then we show that for any s € (0,1) there exists a
positive constant C, so that for any bounded, sufficiently regular A ¢ R? | for
almost all the realizations of the random field,

d—2s

vt v — d—1
Gl (U+,W,A)*G1 (’U ,w,A) §C|A| d ]I{SE(%,l)}+C|A| d ]I{SE(O,%)}

d—1

(4)
The minimizers v* (-,w) depend in a highly non trivial way on the random fields
{9(w,w)}zezay. Therefore also the difference GV (v, w,A) — GV (v, w, A)
depends on the random fields in all of Z¢. We take a sequence A,, C A, 41 and

we show that, conditioning on the random fields in A,, (i.e taking the expectation
over only the random fields outside A,,)

F,(w):=E [{Gl(er(w),w,An) —G1(v” (w),w, An)} |3An]

has significant fluctuations, with variance of the order of the volume. Here By,
is the o algebra generated by the random field in A,,. Namely we show that

E[F.(-)] =0,
and for t e R
. (Fa ] 2p?
hn;me[e m} >e 2 (5)

where D? is given in (97). This holds in all dimensions and for all s € (0,1). In
d=1and for s € [1,1), in d = 2 and for s € (3,1) the bound (5) generates a
contradiction with the bound (4), unless D? = 0. When D? = (0 we show that
M = E[fQ(O) vt — E[fQ(O) v~] = 0. Further, we show that pointwise v > v,
therefore E[ [, ) v] = E[[ oy v7] = 0 and v*(-,w) = v7(-,w), for almost all
realizations of the random field. The probabilistic argument has been already



applied by Aizenman and Wehr, [1], in the context of Ising spin systems with
random external field, see also the monograph by Bovier, [2], for a survey on
this subject.

It is instructive to understand what one can say about the functional (1)
when ¢ = 0. Denote J™°(m,A) the functional (1) when 6 = 0. In this case
the constants m(z) = 7 for * € R? and 7 = £1 are the only bounded global
macroscopic minimizers under compact perturbations. To pass to a so-called
macroscopic scale, which is coarser than the mesoscopic scale, we rescale space
with a small parameter e. If D = eA and u(z) = m(e~12) and ug(z) = mo(e~12)
we obtain

J4(u, D) = eQS*d[u]zs(Dde) +ed /D W (u(z))dz. (6)

Functionals with a finite energy on this scale must be Lebesgue almost every-
where close to one of the two minimizers. The second step is to determine the
cost of forming an interface between the spatial regions occupied by these two
different minimizers.

As in the case of the corresponding local functional one needs to normalize
J" (u, D) by a power of e related to the dimension of the interface, which is not
necessarily an integer in this case, see also Lemma 3.2. Computations similar
to the ones done to obtain (4) give for § = 0 a factor of e~4*! when s € (3,1),
€425 when s € (0, 3), and by e %"log 1 when s = 5. Therefore we obtain

. 1
sy + 1 [ W)z, € (3,1)

7200,0) = { [y + < [ W), s € (0.3) (7

€2 1 1

2
S S dz, s=-:.
d%ymmm+mgﬁwwmz =1

The I'-convergence for the functional (7) has been studied by Savin and Valdinoci,
[16]. They show that the functional J*°(u, D) T'— converges to the classical min-
imal surface functional when s € [1,1) while, when s € (0, 3) the functional I'—
converges to the non local minimal surface functional. There are in the litera-
ture other results dealing with I'— convergence of non local functionals, see e.g.
[8], [9], [10] and references therein, but they are different from the deterministic
part of the functional that we are considering, either for the explicit form or
because they do not consider the full interaction of A with all of R%. Physically
this implies that the particles in the domain A interact with all the particles in
R9 and not only with those ones in A, i.e. a sort of non local Dirichlet boundary
condition.

Acknowledgments: We would like to thank the anonymous referee for
valuable suggestions and comments.




2. Notations and Results

We denote by A C R% a generic open, bounded subset of R?, by A the
boundary of A and by A¢ = RY\ A. We denote by |z| the euclidean norm of
r € R by |A| the volume of A, by diam(A) = sup{|z —y|, z and y € A}
and by dga(r) the euclidean distance from z to OA. A € R? means that the
closure of A is compact. We will consider domain A with Lipschitz boundary
regularity, i.e the boundary can be thought of as locally being the graph of a
Lipschitz continuous function, see for example [4]. Tt is useful to introduce
the following definition. We say that a set with Lipschitz boundary A ¢ R?
is cube-like if H9"1(OA) < C|A|“T and diam(A) < C|A|#, where H9~! is the
d — 1-dimensional Hausdorff measure and C' > 0 is a constant depending only
on the dimension d.

For t and s in R we denote s At = min{s,t} and s V¢t = max{s,t}. For
A C R?, we denote by C*(A), k > 0 an integer, o € (0, 1] the set of functions
continuous and having continuous derivatives up to order k, such that the k-th
partial derivatives are Holder continuous with exponent a.

2.1. The disorder

The disorder or random field is constructed with the help of a family of inde-
pendent, identically distributed random variables with mean zero and variance
equal to 1. We assume that each random variable has distribution absolutely
continuous with respect to the Lebesgue measure and that the Lebesgue density
is a symmetric, compactly supported function on R. The corresponding infinite
product measure on RZ" will be denoted by P and by E[-] the mean with respect
to P. We denote this family of random variables by {g(z,w)}.ezq, w € Q where
we identify Q with RZ®. These assumptions imply that there exists A > 0 so
that

Elg(2)] =0, E[¢*(2)] =1VzeZ and ||gle = sgp lg(z,w)| = A, P- as.
(8)

The boundedness assumption is not essential. Different choices of g could be
handled by minor modifications provided g¢ is still a random field with finite
correlation length, invariant under (integer) translations and such that g(z,-)
has a symmetric distribution, absolutely continuous w.r.t the Lebesgue measure
and E[g(2)*""] < oo, z € Z% for n > 0. The method does not apply when g
has atoms, i.e. its distribution is not absolutely continuous with respect to the
Lebesgue measure, see Remark 4.15. It is not clear to us if this requirement is
purely technical or if the discrete distribution of the random field may cause a
degeneracy of the ground state like in the Ising spin systems [1].

The symmetry of the measure P is essential for obtaining the result. Namely
if P does not have a symmetric distribution, it would be no longer natural to
compare the qualitative properties of the functional (1) for § # 0 with the
functional (1) with # = 0. Therefore in the following we always assume that P
is symmetric.



In this paragraph A C R is not necessarily bounded. We denote by B the
product o—algebra and by By, A C R?, the o— algebra generated by {g(z,w) :
z € A}. In the following we often identify the random field {g(z,-) : z € Z?} with
the coordinate maps {g(z,w) = w(z) : z € Z4}. To use ergodicity properties of
the random field it is convenient to equip the probability space (2, B,P) with
some extra structure. First, we define the action T of the translation group Z? on
Q). We will assume that P is invariant under this action and that the dynamical
system (2, B,P,T) is stationary and ergodic. In our model the action of T is
for y € Z¢

(9(z1, [Tyw]), vy g2, [Tyw])) = (g(21 + Y5 W), s 9 (20 + Y, w)). 9)

The disorder or random field in the functional will be obtained setting for x € A

gi(m,w) =Y g(z,0) T 1 10 (@), (10)
z€74

where for any Borel-measurable set A

() lifzre A
xXr) =
4 0if = & A.

2.2. The double well potential
Next we define the “double-well potential” W:

Assumption (H1) W € C*(R), W >0, W(t) = 0iff t € {—1,1}, W(t) =
W(—t) and W (t) is strictly decreasing in [0,1]. Moreover there exists dy and
Co > 0 so that
1
W)= —(t—1)* Vte (l—6,o0). (11)
2Cy

Note that W is slightly different from the standard choice W (u) = (1 — u?)?.
Our choice simplifies some proofs because it makes the Euler-Lagrange equation
linear provided solutions stay in one “well.” To obtain our uniqueness result we
could replace the equality in (11) by a lower bound on W (t) of the same form.

2.8. The functional

We start introducing the functional spaces in which we define the non local
interaction term.

Definition 2.1. Fractional Sobolev spaces Let D C R? be an open domain
and s € (0,1). We define the fractional Sobolev space H*(D) as the set of
functions f € L*(D) so that

/ (f(x) — f(y)*
DxD

o — g2 dzdy < oo.



This space, endowed with the norm

ooy = Wy + ([ IO g0y )”

DxD

is an Hilbert space. We will say that f € Hi (R%), s € (0,1), if f € H*(Bgr)

for any ball of radius R in RY.

For v € H (R?), A € R? denote

2
(v,w, A) /dz/ |v |d+25| /W ))dz — 9/ g1(z,w)v(z)dz.
A

(12)
Now we introduce some definitions needed to specify “boundary conditions” in
a sense appropriate for non local functionals.
For any A € R and A; C R4, A;NA =0, for v and v in HZSOC(Rd) denote

W((v, A), (u, Ar) —2/dz/A |U|:c—y|d+2)s| (13)

the interaction between the function v in A and the function u in A;. Note
that if A; is not a bounded set, the term in (13) might not be finite. We will
show in Lemma 3.2 that when v € Hj (R%) N L>=(RY) then W((v, A), (v, A1))

loc

is bounded, the bound depends on |A|. When A; = A¢ and u = v we simply

write )
W(v, A) 72/d:c/ |” |d+21| . (14)

Definition 2.2. The Functional For any A C RY, v € Hj (R?) N L>(RY)
we define
G1(v,w,A) = K1 (v,w, A) + W(v, A). (15)

Whenever we need to stress the dependence of Gy on the value of v outside A,
i.e. v(y) = vo(y),y € A, we will write

G°(v,w, A) = K1 (v,w, A) + W((v, A)(vg, A)). (16)

We list some useful properties of the functionals G; and K; that follow imme-
diately from the definitions.

Lemma 2.3.
e [Cy is superadditive, i.e. if A and B are disjoint bounded sets then

Ki(v,w, AU B) > Ky (v,w, A) + K1 (v,w, B),

o (51 is subadditive, i.e. if A and B are disjoint bounded sets then
Gi1(v,w,AUB) < Gy(v,w, A) + G1(v,w, B). (17)



Definition 2.4. The minimizers

1. We say that u € H (RY) N L=(RY) is a minimizer under compact per-
turbations for G1 in A C R if for any compact subdomain U C A we
have

Gi(u,w,U) < o0, Pa.s.
and
Gi(u,w,U) < Gy(v,w,U) P a.s.
for any v which coincides with u in R?\ U.

2. Let vy € L>®(RY) be independent of w € Q. We say that u € H (R%) N
L>®(RY) is a vo- minimizer for Gy in A C R® if for any compact subdo-
main U C A we have

G (u,w,U) < 00, Pa.s.
and
G (u,w,U) < G1(v,w,U) Pa.s.
for any v which coincides with v° in R\ U.
3. We say u is a free minimizer on A if it minimizes K1(-,w, A) in H*(A).

Note that vy will usually be a constant function.

Remark 2.5 (Existence). FEzistence of vo-minimizers (for sufficiently regular
v®) and free minimizers in a bounded Lipschitz set A C R follows from the
compact embedding of H*(A) in L*(A) and the lower semicontinuity of the H®-
norm. We prove the existence of a vo-minimizer in Lemma 6.1 and Lemma
6.2 in the Appendiz. The existence of exactly one minimizer under compact
perturbations is a consequence of the main theorem.

Definition 2.6. Translational covariant states We say that the function
v: R x Q — R is translational covariant if

v(z +y,w) =v(z, [T_w]) YyeZi =zecR% (18)
Our main result is the following.

Theorem 2.7. Take d =2 and s € (3,1) or d =1 and s € [1,1), 0 strictly
positive. Letn € N, A, = (—2,2)43 vy € L®(RY) and uj, be a vo-minimizer
of G1 in A, according to Definition 2.4. Then P a.s. there exists a unique
u*(+,w), independent of the choice of vy, defined as

lim ) (z,w) =u*(z,w) (uniformly on compacts in ) (19)
n—oo

so that

30ne could take any increasing, cube-like, sequences of sets {An }n, An C R? invading R%.
The proof goes in the same way.



u*(-,w) is translation covariant, see (18).

[l[w* (-, w)|loo <1+ Cob|gllec where Cy is the constant in (11).

u*(-,w) € CIO()’CO‘(RG,) for any a < 2s when 25 < 1, u* € CL*(RY) for any
a < 2s—1, when 2s > 1.

Elu*(z,-)] =0, Vo € RY.

Remark 2.8. Since for any bounded set A C R?, C%*(A) C C%B(A) for B < a
and the inclusion is compact, the convergence in (19) holds in C*P, B < 2s
when s € (0, %], because we can find o with 8 < a < 2s. Similarly one obtains
convergence of (19) in C'P, B < 2s—1 when s € (3,1).

Remark 2.9. When 6 =0 in (12), i.e the random field is absent, the minimum
value of IC1(+, -, A) is zero for any bounded A and there are exactly two transla-
tion covariant minimizers under compact perturbations, the constant functions
identically equal to 1 or to —1.

3. Finite volume Minimizers

In this section we state properties for minimizers of the functional G; in any
bounded set A C R?. These properties hold in all dimensions d, for all bounded
A with Lipschitz boundary and for every w € €. The w plays the role of a
parameter. We start showing that to determine the minimizers of Iy in A it is
sufficient to consider functions v satisfying a uniform L*°-bound.

For any ¢t > 0 denote by v* =t Av V (—t).

Lemma 3.1. Let the double well potential W satisfy Assumption (HI).
1. For allw € Q, for allv € H*(A) and all t > 1+ Co0||9]lco
Kio,0.0) = K1(00,8) > [ (G5 (¢ = 1) = Blgle) (1la)] =0 (20)
where Cy is the constant in (11) and Ay = {y € A : |v(y)| > t}.
2. Take vo € H}

2R N L®(RY) and t > max{||volloes 1 + Cobllgllec}. The
result stated in (20) holds for G{° (v,w, A). This implies in particular that
minimizers of G}° are bounded uniformly by max{|v°||sc, 1 + Co0||g| oo }-

PRrROOF. We have that for z and y and any function v and w
[v(z) —w(y))® > [v'(z) — w' (y)]*.

We immediately obtain
Kavwd) - Kiehwd) = [ dyWiely) - W)
A¢

-0 X dyg: (y,w)[v(y) — sign(v(y))t],

10



and from Assumption (H1) and the L*>°-bound on g we derive (20). The proof
of (2) is a consequence of (1) by choosing ¢ > max{||vg/co, 1 + Co0||g|lo0 }-

Next we show that the functional (15) is finite when v € H} (R%) N L (R?).

To this aim it is sufficient to show that W(v, A), defined in (14), is finite.
Lemma 3.2. Let v € Hi (R N L*(R?), A € R? and C = C(||v]|c,d, s) be a

generic constant which might change from one occurrence to the other. Suppose
that A is cube-like.* Then we have
1

> (21)

When s € [3,1) denote by B1(0A) = {z € R : doga(x) < 1} we have

W(v,A) <

s € (0,

C|A| T se(i,1)
W(v,A) < [[ollae (s o)) + w1 o 57 (22)
(BHOMI TN oA Tog(|A]), s=1.
When s € [3,1) and v € C%*(B(0A)) for a >s—1
C|A|§ se(L,1)
W(v,A) < 207 (23)
{ CIAI* Tog(|A]), s= 1

PROOF. For any s € (0, 3) we have

d:c Jv(z) —v(y)*
‘ Iw - yld”é
1
gc/dx/ dy7§C/dx/ W
A o o —y|ttee A J{yera: [z—y[>don(x)} [T — YIS
d—2s
d

< C/A |doa (z)|72%dx < C(diam(A)) 725K (OA) <

(24)

For cubes diam(A) < C|A|'/?, where the constant C' depends only on the di-
mension.

When d > 1 and s € [£,1), doa(x) 72" is not integrable anymore over A. So
we split the integral as follows:

|2
/dz/c |$_y|d+2s

) [ o o)
{zeN:dopr(x)<1} yeAN© |$ - y|d+25

_ 2
+/ dx/ dyiw(x) ZEF%)J .
{z€N:don(x)>1} yEAe |z —y

4 Any bounded Lipschitz domain A is cube-like, with C' depending on the Lipschitz constant
and on the dimension.

11



For the last integral, since |z — y| > 1, we obtain proceeding as in (24)

[ [
{z€A:dgn(z)>1} yeAe |‘T - y|d+28

1 1
CIAI'T  se (3:1) (26)
< C/ daA(:L')_QSd:C < 1
{zeA:don(z)>1} C|A|% 10g|A|, 5

We split the first integral of (25) as

[ [ o
{zeN:dop(x)<1} yeAN© |$ - y|d+25

_ / W / 4 1) = vw)P
{z€A:don(x)<1} {yEAc:dan(y)<1} |~’C - y|d+2S
- 2
. | gyl =P,
{z€A:dop(z)<1} {yeAc:doa(y)>1} |$ - ?J|

For the last term of (27), since |z —y| > 1, we get

[ | @) = )P
(wehidon()<1}  J{yeAcdon(m)>1) 1T — Y[

& —1 1
<C dx/ A C|A|dT s€=,1).
{z€A:dpa (2)<1} 1 2
The first term of the right hand side of (27) is obviously bounded when v €
Hlsoc(Rd)
2
v(z) —v(y

/ dx/ %dy < vl e (B an))-
{z€A:don (z)<1} (weAedon(w)<1) 1T — Yl

When v € C%%(B;(0A)) for o > s — & then again arguing as in (24)
@) = )P

1
/ dSC/ d+2s
{zeA:dop(z)<1} {yeAc:doa(y)<1} |$ - ?J|

SCIAIT.  selz).
(28)

Next we prove an energy decreasing rearrangement which allows to show
a strong maximum principle, see Lemma 3.4: Minimizers of G1(-,w, A) corre-
sponding to ordered boundary conditions on A¢ are ordered as well, i.e they do
not intersect. In particular if there exists more than one minimizer correspond-
ing to the same boundary condition they do not intersect.

Lemma 3.3. Let u and v be in Hi (R?) N L¥(R?). Then for all w € Q and

loc
A CR?
Gi(uVv,w,A)+ Gi(u Av,w,A) < Gy (u,w, ) + Gy (v,w, A). (29)
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When uw = v on A€, the equality holds in (29) if and only if
u(z) <wv(z) or v(z)<ulx), as. x€A. (30)

When u < v on A and u < v for some open set in A€ the equality holds in (29)
if and only if
u(z) <ov(z) as. x€A. (31)

2 J(RY N L2(RY), Gy is finite. Let M(x) =
max{u(z),v(x)} and m(z) = min{u(x),v(x)}. It is immediate to verify that
the local part of the functional G; satisfies (29) with the equality. For the
interaction term, for 2 and y in R?, we have that

[m(z) = m(y)]* + [M(2) = M(y)]* < [u(z) —u()]” + [v@@) —v@)]*.  (32)

PROOF. Since v and v are in H?

Namely if both the minimum values in x and y are reached by the same function
either w or v then the equality holds in (32). If m(z) = u(z) < v(x) and
m(y) = v(y) < u(y) then the left hand side of (32) is equal to

[u(z) = u@)]? + [v(@) — ()] + [u(@) — v(@)][uy) - v(y)]

with [u(x) — v(z)][u(y) — v(y)] < 0. The same holds when m(z) = v(x) and
m(y) = u(y). In these last case we will have a strict inequality in (32), and
therefore in (29).

Next we prove (30). If u(z) < v(x) or u(x) > v(z) for all z € R? then the
equality holds in (29). When u = v on A¢ we have also the reverse implication
for x € A. Namely it is immediate to verify that in such case (no matter which
value of u or v correspond to M or m)

W(M,A) +W(m,A) = W(u, A) + W(v, A). (33)

The equality in (29) implies the equality in (32), then (30) holds. Next we prove
(31). Tt is immediate to verify that if (33) holds we must have M(z) = v(x)
and m(x) = u(z) for z € A.

Lemma 3.4. Let u and v in H (R%) N L>(R?) be minimizers of Gy in A, so
that w < v on A°. Then, for allw € Q, u = v or |u(z) —v(z)] > 0 for all
x €int(A). If u < v in an open set in A, then u < v everywhere in int(A).

PRrROOF. Since the result holds for any realization of the random field and A is
fixed we avoid to explicitly write in G; the dependence on w and A. By Lemma
3.3

Gi(uVv)+ Gi(uAv) < Gi(u) + Gy (v). (34)

The conditions on u and v in A¢ yield v Vv = v,u Av = u on A°, and by the
minimization properties of u and v we get Gi(u V v) > Gi(v), Gi(u A v) >
G1(u). This implies that G1(uV v) + Gi(uAv) = G1(u) + G1(v), actually that
G1(uVwv) =G1(v) and Gy(u Av) = G1(u). Therefore u Vv is a minimizer with
condition v on A¢ and u A v is a minimizer with condition u on A¢. Obviously
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the function w := u—uAv > 01in A and in particular w = 0 on A°. Further since
u by assumption is a minimizer and u A v is also a minimizer, they are both
solutions of problem (115) and the regularity results of Proposition 6.3 hold.
Therefore by construction w € C%%(A), a < 2s, when 25 < 1 and w € C*(A)
, a < 2s—1, when 2s > 1. On the other hand, w solves

(—A)’w=V(x) in A,

35
w =0 on A€ (35)

where !
V() = 5[W(u(2)) = W'(u(z) Av(@))]

Since W € C?%(R), see Assumption (H1), by the regularity of u and uAv we have
that V € C%*(A), 0 < a < 2s,when2s <l and V€ C**(A) ,0<a <2s—1,
when 2s > 1. By [19, Proposition 2.8] w, being solution of (35), is in C%*+2s
when o +2s < 1 and in C%*T25~! when a+2s > 1. In both cases the following
argument holds. Suppose there exists xg € A with u(xo) = u(xo) A v(zg), i.e
w(xo) = 0. By the regularity of w we have that

(-8 u)a) = [y o [y Mo,

A |~’00 - |500 -

which is equal to zero only when w(x) = 0 for almost all z € R?. Notice that
the integral is well defined for any s € (0,1) since w is is in C%**2% when
a+2s < 1andin CH**2571 when ar+2s > 1. Since V(zo) = 0 by construction,
if (—A)*w(zo) < 0 we have a contradiction with (35). Hence, in the interior of
A either u = uAwv (in which case u < v) or u > uAw, i.e. v < u. By assumption
u < v in A¢ and by Lemma 3.3 v < w in the interior of A is only possible if
u = v on A°. Next we show that when u = u A v, then either v = v in A (and
this is possible only when u = v on A°) or u(x) < v(z) for = in the interior of
A. Denote by w =u —v > 0. As before, we have that w is a solution of

(—A)’w=V(x) in A,

36
w=wg >0 on A€ (36)

)

where we set wg = v — u, the difference of the boundary data, which by assump-
tion is positive. Arguing as before, assume that there exists xg in the interior
of A so that w(zg) = 0. By the regularity of w we have that

(8 ufen) = [ aEEDBOL [ g, o) i)

A |z — y|d+2s |z — y|d+2s

w(y) / wo(y)
=— [ dy——"— — dy————— < 0.
/A Y lzo — y|d+2s Ae Y lzo — yld+2s

Since V(zg) = 0 by construction, if (—A)*w(zg) < 0 we have a contradiction
with (36). Therefore if wy = 0 in A°, in the interior of A either w = 0 (in which
case u = v) or v > wu. If wy > 0 in some subset of A¢ the only possibility is
v > u in the interior of A.

(37)
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Note that there may be a priori several minimizers with the same boundary
conditions, as our functional is not convex.

Next, given vg € Hj, (R%) N L>(RY), we single out two special minimizers
of G1 in A, one is the largest minimizer of G; in A with vy boundary conditions
(defined a pointwise supremum), the other is the smallest minimizer of G in
A with —vg boundary conditions. We call them the vg— maximal and the vy—

minimal minimizer of G in A.

Lemma 3.5. Existence of maximal/minimal minimizers.
Let A € R be a Lipschitz bounded open set and vo € Hy (R?) N L>°(RY).

loc

1. The set of minimizer of G1° on A is compact, i.e. any sequence of minimiz-
ers has a limit in C%*(A), a < 2s for s € (0,1/2] or CL*(A), a < 25 —1
for s € (1/2,1), which is still a minimizer.

2. The set of minimizers has a maximal and minimal element with respect to
pointwise ordering of functions

PROOF. A sequence of minimizers of G7° on A is a sequence of functions with
energies converging to the infimum, so the same techniques as in the proof of
the existence of minimizers apply.

For the second part, let us define a function @ : A — R by u(z) := sup{v(z) :
v minimizer}. We have to show that @ is a minimizer, in particular that it has
sufficient regularity. Fix a point xg in the interior of A. We can find a sequence
of minimizers {v, }nen (which for the moment may still depend on () such that
vn(20) = @(x0) and such that the sequence v, (x¢) is increasing. By Lemma 3.4,
Un(x) < vp(z) for all m > n and all z € A. Define now o(x) := limy, 00 vy ().
We know from the first part of the Lemma that the sequence of minimizers
{vn }nen has a convergent subsequence which converges to a minimizer. So the
pointwise limit ¥ must be minimizer, moreover v < 1.
If there exists 1 € A such that 9(z1) < @(z1), then there must be a minimizer w
such that w(zq) > 9(z1). But 9(zg) = @(zo) > w(zo), contradicting Lemma 3.4.
So © = @, which is therefore the maximal minimizer and pointwise maximum
over the set of minimizers. The proof for the minimal element is done in the
same way.

This allows us to define the following object:

Definition 3.6. Given vy € Hj (RY) N L>®(RY), we say that ut (u~) is the

vo— mazximal (vo— minimal) minimizer of Gy in A if
o ut(z) =wo(z), (u”(2) = —vo()) for = € A",
o ut, (u”) is a miminizer of Gy in A according to (2) of Definition 2./,

o if 4 is any other minimizer (if more than one) of Gy in A so that u(z) =
vo(z), (a(x) = —vo(x)) for x € A¢, then u(x) < ut(z) (a(x) > u (z)) for
xz € A.
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4. Infinite volume covariant states

In this section we construct two functions v*(-,w) on R? which we denote
macroscopic extrema minimizers or infinite-volume states. They are obtained,
as explained in the introduction, through a two limits procedure. We first show
that for any K > 1 4 Cp0]|g|lco, where Cp is the constant in (11), the K—
maximal and minimal minimizers of G in A,, as n — oo converge in a suitable
way to u™ . Then we define the v*(-,w) as the pointwise limit, when K — oo
of u™%. We show that the v*(-,w), constructed in such a way, are minimizers
under compact perturbations and they do not depend on the boundary values.

Theorem 4.1. [infinite-volume states] For almost all w € ), there exist two
functions vt (x,w), v~ (z,w), * € R, having the following properties.

o If2s < 1, then vi(-,w) € C.(RY) for all o < 2s. If s € (3,1), then

loc

vE (- w) € O (RY) for all v < 25 — 1.
e vt (-,w) are translation covariant.
o
vH(z,w) = —v (2, —w) xR (38)

o vt are minimizers under compact perturbations in the sense of Def. 2.4,

(1).

[0 (@)lloe <1+ Cobllglloo, (39)
where Cy is the constant in (11).

o Let A, = (—%,2)%, neN, we have

1imn7d/A vE (z, w)dz = m*, (40)

where m* =E [f[_; 134 vE(z, )dx} ,and mt = —m~™ > 0.

e Given vy € L>®(RY), let w,(-,w) be a minimizer of G}°(v,w, A,,) according
to Definition 2.4, then uniformly on vy

v (z,w) < liminf w, (z,w) < limsup @, (z,w) < v (2, w), (41)
n—oo n—00

where the convergence in x is uniformly on compacts.

These v*(+,w) infinite volume minimizers will be obtained as limits of the so-
called K-maximal/minimal minimizers.
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Proposition 4.2. Let K € R, K > 1+ Cof||g|lec and uFX € HE (RY) N
L>(R%) be respectively the K —mazimal and the K —minimal minimizers of Gy
in A, = (=2, 2)9. We have that P—a.s.

T 202
lim v (z,w) = v (2,w) pointwise and uniformly on compacts in  x.
n—oo
(42)
Further

o If2s < 1, then uH¥(-,w) € C (R?) for all o« < 2s. If s € (5,1), then

loc

uEE (L w) e CH*(RY) for all o < 25 — 1.

loc

o uHE(

-, w) are translation covariant.

) uTE (L w) = —um B (L —w), P—as. (43)

Remark 4.3. As in Remark 2.8 the convergence in (42) holds in C*P, B <
a < 2s when s € (0, %] and in CYP, B < a, o <25 —1 when s € (%,1).

PRrROOF. We start proving the existence of u™%. For z € Z¢ denote by
uz k= y2HE (W) the maximal minimizer of G7 in the domain z + A,
so that uZ (- w) = K in R?\ (24 A,,) and respectively u? — & := u2 =K (. w)
the minimal minimizer of G in the domain z + A,, , so that v =% (. w) = - K
in R\ (z 4+ A,). If 2= 0 we write u;-X. Without loss of generality we assume
for the next paragraph z = 0.

By Lemma 3.1, (2), ||uf¥|« < K for any n. Therefore u;"* < K on
A \ Ay, for m > n. Lemma 3.4 implies that for any = and w (and n > ng(x)
) the sequence {u; "% (z,w)}, is decreasing. Moreover it is bounded from below

by —K. Hence, reasoning in a similar manner for u; %

ut K (z,w) = 1171;11 uF B (z,w)

exist and are measurable as function of w. We start analyzing the case 2s < 1.
As the u>% are bounded and minimizers, they are on each fixed cube @ Holder
continuous of order o < 2s for any 2s < 1, uniformly in n, provided @ C A,,, see
Proposition 6.3. This implies that subsequences converge locally uniformly to a
Holder function of order av < 2s. As the entire sequence converges pointwise, the
limit of any subsequence must coincide with u**, which is therefore a locally
Holder continuous function of order v < 2s. The same argument for general
2 yields monotone limits u** X, When s € (%, 1) the argument goes in the
same way, the only difference is that by Proposition 6.3 the minimizers u;} %
are uniformly bounded and uniformly with respect to n in C1® with a < 25 —1
on each fixed cube @ which does not depend on n.
To show that u® X are translational covariant, notice that, by (9)

udTE(0,w) = u T (2, T Lw).
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Take m large enough so that A, + 2 C A,,. We have that > (2,T_,w) =
ud K0, w) > ul ™5 (0,w), since m > n. Then letting first n — oo and then
m — oo we get v E (2, T_,w) > u®T¥(0,w). The opposite equality follows
in the same way by taking A,, € A, + z. Note that we used in the proof
that the boundary condition is translation invariant. Next we prove (43). It is
immediate to verify that

GE(v,w,Ay) = GTE (—v, —w, A) = GT 8 (w, —w, Ay), (44)

(see notation (16)), if we set —v = w. Therefore if u ¥ (-,w) is the maximal
minimizer of G (v, w, A,,) we have that w, (-, —w) = —u} (-, w) is the minimal
minimizer of G7 X (w, —w, A,) in A,,, i.e wy(-, —w) = u;, (-, —~w). Then letting
n — oo we get (43).

Next we show that the states u™ ¥ are indeed minimizers under compact

perturbations. In the proof we will only use that the boundary condition is
bounded by K and has the regularity of a minimizer, but not that it is actually
a constant.

Proposition 4.4. Let K € R, K > 1+ Co||glloo and u™¥(-,w) be the func-
tions constructed in Proposition 4.2. Then, for any A € R%, we have that

G WP E b A) < G (u,w, A),

for any measurable function u which coincides with ut 5 (-,w) in A°. The same

holds for u=*¥.

PRrROOF. Denote shortly u™% = u*. We argue by contradiction. Assume that
there exists a bounded set A and a measurable function u so that GY~ (u,w, A) <
GY (u*,w,A). Let A, be so large that A C A,, and let u;>* be the K —maximal
minimizer of G in A,,, see Definition 3.6.

For simplicity we drop the dependence on w and denote

By =Gy (u',A),  By=GY (w,A),  E,:=Gful A

By assumption there exists a § > 0 such that Ey + 6 < FE;. The aim is to
construct a function w, such that if E; +§ < E; then GX(u,,A,) < E, for
some n large enough, which gives a contradiction.

Step 1: By (15)

£ = ’Cl (U*v A) + W((U*v A)a (’U,*, AC)) (45)
By = ’Cl (u, ) + W((ua A)v (u*a AC)) (46)
E, = Icl(u:zryKaA)+W((U7er7KaA)7(u:zﬁKaAn\A))+K1(U7J§1K’AN\A)

+ W)™ A \ ), (A7), (47)
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Step 2: Next we show that for any ¢ > 0 there exists n. s.t. for n > n.

K1 (w5, M) — Ky (u', M) <€, (48)
A= W((u A), (" A \ A)) = (), (™ A \ M) < e (49)

The bound (48) follows immediately from Proposition 5.2 with D = A, the
regularity properties of the minimizers and Remark 4.3. To show (49), fix
R >0 so that A C Bg/2(0) and require n so large that Br(0) C A,. Note that
we can choose such R to be bounded uniformly in n. We upper bound A in (49)
as following:

A <|L] + L2,

he [ [ OZCER BN R,
— Zaz

1 A JBronA |Z _ Z/|d+23 )

he [ [ EOZCER WD T,
= zadz .

? A JAL\BR(0) |z — 2/|d+2s

I, is estimated (in a very rough way) by Proposition 5.2 with D = Bg. For I,
since |u*| < K, |u"%| < K we have

K oo
1| g// 87,d+2dzdz’§8KC’(d)|A|/ P21 < K|A|C(d)R2".
A Jri\BR(0) |2 — 2/|4T28 R/2

Here we used the integrability of the kernel at infinity. In conclusion, by choosing
first R sufficiently large, depending on €, and then n. large depending on R we
obtain (48) and (49) for all n > n..

Step 3: In the same way as [y above we use the integrability of the kernel at
infinity to get

IW((u*, A), (u*, Ay \ A)) = Wi((u", A), (u, RT\ A)))|
< 4KC(d)|A|/ r 2 L < K|A|C/(d)R™ < e
R/2

for R and n sufficiently large. So

E, >E1 — 3¢+ Ky (ureryKvAn \ A) + W((u:zr’Ka An \A)v (Ka Afz))

50
>Ey + Ky (w5 Ay \ A+ Wr (w5 AL\ A), (K, AS)) 46 — 3e. (50)

Step 4 Now we construct a function on A,, such that its energy in this cube
with K b.c. approximates the first three terms in the last line of (50), which
will lead to a contradiction. Define a function u,, which is equal to u in A and
equal to u,l® outside a boundary layer of width 1 of A:

u(z), if €A,
un(x) =1 ul(x) if € R%: dist(z,A) > 1,
u*(z) + U(z)(u K (z) —u(z)) else
G51)
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where ¥ : R — [0,1] is a smooth cut-off function nondecreasing in dist(x, A)
with U(x) = 0 if dist(z,A) < 1/2 and ¥(x) = 1 if dist(z, A) > 1. Notice that
U, —u* — 0in C%(A,, \A) for a < 2s. By the equality u*(z) + U (z)(u ¥ (z) —
u*(x)) = u K (2)+[1—-W(2)](u* (z) —u K (x)) which we will use in the following
we get also that wu,, — u,>% — 0 in C%%(A,, \ A) for a < 2s. Set

= [W((u, A), (w”, A%) = W((u, A), (un, %))

o Cd,|u _“(|z)'_;|§i(i)_“"(z)'
oo [ ax OB S HBE @)

As un(x) = u*(z) for € A° and dist(z,A) < 1/2, the integrand vanishes
unless |z — 2’| > 1/2. For R as in Step 2 we estimate Is by splitting A® =
(AN Bg(0)) U (A°\ Br(0))

Iy < C)AIRJu* — | () + [AIC(@R K.

Choosing first R large and then ny depending on R and €, we obtain that for
n > ng, |I3] < € and hence, see (46),

By > Ki(u, A) + W((u, A), (ii, A%)) — €. (52)
By definition of u,
W((u, A), (tn, A%)) = W((u, A), (tn, An \ A)) + Wi (u, A), (K, A7),
we therefore obtain
By > Ky (u, A) + Wi((u, A), (un, An \ A)) + W((u, A), (K, A7) —e. (53)

Step 5 By (51) and (53)

G (tn; M) Ki(u, A) + W((u, A), (tn, An \ A)) + W((u, A), (K, A7)
+L1 (tn, An \ A) + W((un, A \ A), (K, A7)
< Byt e+ Ki(un, Ap \ A) + W((tn, An \ A), (K, A7)).
Therefore

By > G (tin, An) — € = Ku (0, A \ A) = W((tn, An \ A), (K, A7) (54)
By (50) if we show that

|K1 (n, A \ A) — Ky (u A N A)| <€ (55)
W (s A \ A), (K A5)) = W((uh ™ A0 \ A), (K A7) <€, (56)

then
E, > —6e+ 6 + G (un, An)
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for n sufficiently large. As e was arbitrary and FE,, is minimal value with K-
boundary conditions, this means § = 0 and hence u* is a minimizer under
compact perturbations. Next we prove (55) and (56). Estimate (55) follows by
applying Proposition 5.2 since u,, — u, % — 0 in C%*(A,, \ A) for a < 2s. Note
that the difference is equal to zero for dist(xz, A) > 1. Estimate (56) follows by

/ dzdz/“?Tn(Z)—KP—|U:§’K(2)—K|2‘
(An\A)XAS |z — 2/|d+2s

) K
< AK dzdz’|un(z) uy ™ (2)]

|Z _ Zl|d+2$
{dist(z,A)<1}N(A,\A) X Br(0)°

< 2AAK ||Jut " — u*||Lw(2A)C(d)/ rm 2 dr < 2AAK |luh T — u || poo (aa) O (d) R
R
where we used that u,, = u¥ for dist(z,A) > 1 and R is chosen as large as
possible with Br(0) C A,,.
Next we show that ||ut¥] is bounded uniformly on K.

Lemma 4.5. Let u™%(z,w) the functions constructed in Proposition 4.2, see
(42). Then uniformly in K
[u=F (@)lloe <1+ Cofllglloc P —aus., (57)

where Cy is the constant in (11).

PRrOOF. Take Ag = [—3, 3]? and A, = (=%, 2)9, ie. |A,| = n?|Ag|. Define for
z € Z% and for any C* > 1+ Cp0)|g|l o
A, = Aotz B"(w)=|{zecA,: |u"E(z,w)>CTY
- Z Ho e A, : [u™5(2,w)] > CT}.
ze€N,NZ3
+.K

Since u is translation covariant

{x €A, : |u+’K($,w)| >CTH =z €A |u+’K(ac,Tzw)| > O}
Hence we obtain

B'w)= > Hzeho: [utF(a, Tw) > CT}.

zEN,NZ4

If [{x € Ay : JutE(2,w)| > CT}| =0, P— almost surely then B"(w) = 0, P— a.
s. for all n, and we obtain the claim. Suppose that the claim is false. Assume
that for some n > 0

E{|{z € A : [u""(z,w)|} = |Ao|n.
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Therefore by the ergodic theorem B"S;”’ — 1 almost surely. Fix an w in the set
n

of full measure where this holds, and treat it from now on as parameter. There
exists ng (depending on w), such that for n > ng, B"(w) > nn/2 > 0.
Now define a function

Ct AutBE v (=CT), if {z: dist(z,AS) > 2},

v(x) =4 uhk if € RY: {x: dist(z,AS) <1} UAS
D(x) else,

(58)
where ®(z) is a smooth interpolation between u*¥ and C* A ut ¥ v (=CT).
By Lemma 3.1 there exists a constant ¢ > 0 which depends on K, 8, Cy and
llg]loc such that

K15 Ay) > Ki(v,An) + ¢| B"| > K1 (v, A) + cgnd. (59)

Note that ™% is a minimizer and has therefore higher regularity. The cutting
and interpolation procedure retains Holder regularity. (For the cutting, note
that it is the application of a Lipschitz function. For the interpolation, note that
the cut-off can be chosen smooth, with a uniform bound on the first derivative.)
So we have sufficient regularity to apply Proposition 5.1 for A,,, and we know
that for any given € there exists n. sufficiently large so that for n > n,

W@, An), (w5, A7) = W((v, An), (w7, A7) > —2¢[An]. (60)

From (59) adding and subtracting W((u™%, A,,), (u™5 AS)) we get

+. K

Gy (R AL > Ka(v, Ay) + W((u™E A, (whAS)) + en/2(2n)?
Taking into account (60) we obtain
Gy (W AL 2 GY T (0, M) — 2 A + en/2(2n)

Choosing n sufficiently large we get G”lﬁ’K(v,An) < G”lﬁ’K(u*"K,An), which
contradicts the fact that ™% is a minimizer under compact perturbations.
Note that the proof works for all C* > 1+ Cf||¢||oc, which proves (57).

Definition 4.6. Infinite volume states Let K € R, K > 1+ Cp0||g]|o and
uBE (-, w) the functions constructed in Proposition 4.2. We define the infinite
volume states v*(-,w) be the following pointwise limit:

Klim utE =¥, P—a.s. (61)
— o0

The limit is well defined since |[u™(-,w)||oo < 1+ Cob||gllee and the sequence
{ut B (- W)} is increasing ({u™X(-,w)}k decreasing) in K.

In the next lemma we show that the v* inherit the regularity of u** and that
convergence in (61) holds in a stronger norm.
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Lemma 4.7. Let K € R, K > 1+ Cy0||g|loc and u™%(-,w) the functions
constructed in Proposition 4.2. Then v*(-,w) defined in (61) are in Cloo’s‘(Rd)
for any a < 2s for2s <1, and Cllo’?(Rd) for any a < 2s—1 for 2s > 1. Further
for any A € R? the convergence in (61) holds in COP(A), B < a < 2s when

s €(0,1], and in C*P(A), B < a <2s—1 when s € (3,1).

PROOF. By Proposition 4.2 {u=%(-,w)} x is bounded and in C>* for any a <

loc
25 for 25 < 1, and C% for any o < 2s — 1 for 25 > 1. This implies that
subsequences converge locally uniformly to an Holder function of order a < 2s
when 2s < 1 and when 2s > 1 to a function in Cllo’? for o« < 2s—1. As the entire
sequence converges pointwise, the limit of any subsequence must coincide with
vT | which is therefore a locally Holder continuous function of order o < 2s
when 2s < 1 or when 2s > 1 a function in C’llo’ff with o < 2s — 1. From this and
the compact embedding of Holder spaces, see Remark 2.8, we deduce that u® %
converge to v+ on any compact set A in C%?(A), 8 < a < 2s when 2s < 1 and

on CHA(A), B < o when a < 25 — 1.

The following lemma states that pointwise limits of minimizers under com-
pact perturbations are minimizers under compact perturbations. As we could
not find an appropriate result in the literature, we prove it here in the form
needed for this paper.

Lemma 4.8. Let % : RY — R be a family of uniformly bounded (in L>)
minimizers under compact perturbations of Gi, see Definition (2.4). Assume
that {U*} converges pointwise to a function U : RY — R. Then ¥ is a minimizer
of G1 under compact perturbations.

PROOF. In the following w is a parameter, so we avoid to write it explicitly.
We show the lemma by contradiction. Assume that ¥ is not a minimizer under
compact perturbation. Then there exist a compact set (which we may assume
to be a cube) A and a measurable function u so that G¥ (u,w, A) < GY (¥, w, A).
Denote A = AU {z € R : dist(z,A) < 2}

By =Gy (V,w,A), Ey = GY (u,w, A), Ey = Gipk(\llk,w,Al).

By assumption there exists a § > 0 such that Ey + 0 < E;. The aim is to
construct a function @, for some k large enough, such that if Fs + 0 < Ej
then Gipk (\i/vk, A1) < Ej, which gives a contradiction, since U¥ is by assumption
a minimizer under compact perturbations. The proof is similar to the one in

Proposition 4.4.
Step 1: By (15)

Ey = Ki(®,A)+W((F,A), (T, A%)) (62)
Ey = Ki(u,A)+W((u,A), (¥, A)) (63)
B = Ki(T* Ay) + W((TF, Ay, (TF AS)) (64)
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We write Ej as
Ek = Icl(\llkaA) + W((\IlkaA)a (\Ilka AC)) + Bk;
where
By = K1 (WF, A\ A) + W((FF, A\ A), (5, A9)).
Step 2: Next we show that for any e > 0 there exists k. s.t. for k > k.

|IC1(lI/kaA) - K:l(\IIaA” <€ (65)
A= |W((\117A)5 (\Il, AC)) - W((\pkvA)a (\kaAc)” < €. (66)
The (65) follows immediately from Proposition 5.2 with D = A, the regularity

property of the minimizers, see Lemma 4.7. For (66), fix R > 0 so that A C
Bpr/2(0). We upper bound A in (66) as following:

A< |L|+ |,

Lo [ [ MOV VR,
A JBrON\A |z — 2/|d+2s ’

he [ [ ORI W,

SN \Br(0) |z — z!|d+2s -

I, is estimated (in a very rough way) by Proposition 5.2 with D = Bg. For I,
since |¥| < C*, |WF| < C* we have

8C+ =
| < // Y qeds < 8C+C(d)|A|/ =21 < CHA|C!(d) R
A JrRa\BR(0) |2 — 2/|TF28 R/2

Here we used the integrability of the kernel at infinity. In conclusion, by choosing
first R sufficiently large, depending on €, and then k. large depending on R we
obtain (65) and (66) for all k& > k..

Step 3: By (65) and (66) for k sufficiently large

Ey, > FE1 —2¢+ B, > Ey + 0 — 2¢ + By. (67)

Step 4 Define a function Tk which is equal to v in A and equal to ¥¥ outside
a boundary layer of width 1 of A.

N u(z), if z €A,
Uk(z) := < Wk(x) if € RY: dist(z,A) >1  (68)
U(z) + ®(z)(VF(x) — ¥(x)) else

where @ : R? — [0, 1] is a smooth cut-off function nondecreasing in dist(x, A)
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with ®(x) = 0 if dist(x,A) < 1/2 and ®(x) = 1 if dist(x,A) > 1. Then
Iy 1= V(. A), (2, AC)) W((u,A), (5, A%)|
Ju(z) — (|2 — |u(z) — TF()]?
| [0 [ ar A=Y )= T

/ & / dz,2u(z)[‘1/k(z’) —W()] + [Tk(2) — T()][TF () + T(2")]

|Z _ Z/|d+2s

= |f 0= [, g PRGN = W]+ (WA — W) + () |

|Z _ Z/|d+2s

The last equality holds since \/1;7“(:0) = U(x) for z € A° and dist(z,A) < 1/2,
therefore the integrand vanishes unless |z — 2’| > 1/2. Take R so large that
A C Bx(0) and split A® = (AN Bg(0)) U (A°\ Br(0)). We obtain

Is < C(d)| A RUY — UF|| e (1) + [A|C(d, 0, Co, |l gl o) R,

For any e take Ry (€) so that for R > Ro(e), |A|C(d, 0, Co, ||g]|c)R™2* < &, then
take Ky depending on ¢, so that that for K > Ky, |I3] < € and hence

By = Ky (u, A) + W((u, A), (U, A%) > Ky (u, A) + W((u, A), (IF, A%)) — . (69)

By definition of Wk

W((u, A), (WK, A%)) = W((u, A), (TF, Ay \ A)) + Wi ((u, A), (85, AS)).
‘We therefore obtain
By > K1(u, A) + W((u, A), (U5, Ay \ A)) + Wi ((w, A), (I%,AS)) —e.  (70)
Step 5 By (68) and (70)
GV (TF, Ay) = K1 (u, A) + W((u, A), (T, Ay \ A)) + W((u, A), (I, A%))
FACH (TR, A\ A)  W((TF, AL\ A), (TF, A9)) (71)
< By + e+ Ky (TF, Ay \ A) + W((TF, Ay \ A), (TF, A9)).

Next we show that for any ¢ > 0 there exists k. so that for & > k.
’Kl(\i/vk,Al\A)—lcl(\I/k,Al\A) <e (72)
VAR, A\ ), (5, 49)) = W5, A1\ ), (5, A9)| <. (73)

Assuming that (72) and (73) hold, we obtain from (67) and (71) that

Ek>E2+5—26+BkZ—4€+5+Giyk(ifk’A1)
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for k sufficiently large. As e was arbitrary and Ej is minimal value with W*-
boundary conditions, § = 0 and hence ¥ is a minimizer under compact pertur-
bations. .

To prove (72), we notice that WF(z) = U(z) + ®(x)(¥F(z) — ¥(x)) =
Uk (2) + (1 —@(2))(¥(z) — ¥*(z)) and ®(z) = 1 when dist(z,A) > 1 and || ¥* —
Tk HCU B(AI\A) —7 0 for 8 < a < 2s when s € (0 ] and ||\I/k \I/kHCl B(AI\A) — 0
for 8 < o when s € ( 1). Therefore by Proposition 5.2 for k large enough

61 (5, A\ A) = K2 (5, A1\ A)| < e

Note that the difference is equal to zero for dist(xz, A) > 1. Next we prove (73).
We have

/‘ 95 (2) = T ()2 = [9(2) — UF ()2
(A1\A)x A |z — 2/|d+2s

_ / Laiortenrn) [[Wh(z) — Wk ()2 — [WF(2) — ()2
(A1\A) X A T |z — 2/|dt2s
U (z) — U (z)|
S C ]I 1st( z, A T JAd19<
(AT\A)xAS {dist(z,A)<1} |z — 2/[d+2s

< CIAPE W = Wy [ 7 e < CIATE 0 = ¥ i <

if k> ke.

Now we can prove the main theorem:

Proof of Theorem 4.1 Let v* be the infinite volume states defined in (61).
The existence and the first three properties of v* are established in Proposition
4.2 for u™¥ and they are inherited by the limit. Lemma 4.5 establishes the L>
bound for u** which is inherited by the limit as well. The proof that v* are
minimizers under compact perturbation is done in Lemma 4.8. Next we prove

(40). We have

(74)

Z / HTow,w)de = ) / v (2, T_,w)de.

1
z€N,NZ4 2

Since [vE(z,w)| < (1 + Cof|g|l«), by the Birkhoff’s ergodic theorem, see for
example [12], we have P— a.s

1
lim E/A t(r,w)dz = hm — Z / (x,T_,w)dx

z€A Nz 3:3]

=E




It remains to show (41). Let w, be as in the statement of the theorem
and fix x € A,,. Denote K = max{||%o||c0, (1 + Co0||gls)}. Let u¥X the K—
maximal and the K'— minimal minimizer of Gy in A, see Definition 3.6. By
Lemma 3.4 we get that u,, ¥ (z,w) < w,(z,w) < uf X (r,w) for v € R% Then,
by (42), uniformly for any compact set of R? containing = we have
(

v (z,w) < v (2, w) < liminf o, (z,w) < limsup b, (z,w) < uHE(z,w) < vt (z,w).
n

n

The first and last inequality hold since {u™ ¥} is increasing ({u="%}x de-
creasing) in K. The (41) follows. O

In the next Lemma we bound uniformly in w the difference between the
energy of the two extrema macroscopic minimizers vE.
Lemma 4.9. Let A € R?, cube-like, vF be the infinite volume states constructed
in Theorem 4.1. There exists a positive constant C depending on 0, d, s, Cy
and ||gl|o, so that P— a.s.

_2s 1
CIAIT, s €(0,3),
1 1
|G1 (v, w,A) — Gi(v™,w,A)| < { CIA| T, s€ (3.0, (76)
1 1
C|A|dTlog|A|, 5= 35

PROOF. Let the cut-off function ¥ : R? — R be a smooth nondecreasing
function in dist(z, A°) with ¥(z) = 1 if dist(x,A°) > 1 and ¥(z) = 0 if
dist(z, A°) = 0. Set

0=V + (1 -V )v. (77)

The function @ is equal to v~ when x € A® and equal to v* when z € A,
dist(z, A°) > 1 and interpolates in a smooth way between these values. Since
v~ is the minimal — minimizer in A we have

Gi(v™,w,A) <GY (G,w,A). (78)

We will show that
GY (4,w,A) < Gi(vT,w,A)+ M(s) (79)
where we denote shortly by M (s) the right hand side of (76). Therefore from

(78)
Gi(v7,w,A) — Gi(vh,w,A) < M(s). (80)

In a similar way we can show that
Gl(v+awaA) 7G1(v_awaA) < M(S) (81)
Then, from (80) and (81) we get (76). Next we show (79). By definition

GV (@i, w, A) = K1 (i, w, A) + W((i, A) (v, A%)). (82)
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Denote by
Op = {z € A : dist(z,A%) < 1}.

By definition of @, see (77), we have
Ki(t,w,A) = K1(vF, 0, A\ 0r) + K1 (@,w,00) + W((v", A\ 04), (@, 04)). (83)

By adding and subtracting K (v, w,d5) and the interaction term W((v*, A\
9a), (v, 04)) we get

K1 (i, w, A) = Ky (v, w, A) + [Kl(ﬂ,w, o) — Ki1(vh,w, 8A)]

DV, A\ 08, (3,01)) — W((w, A On), (oh00)] .

For the second term of (82) we add and subtract W((vT, A), (vT, A¢)) obtaining
W((i, A) (v, A%)) = W((v", A), (v, A))+[W((@, A), (v, A%)) = W((0F, A), (v, A))] .

(85)
Taking into account (82), (84) (85) we get that

GY (i,w,A) =GY (vF,w,A)+ Ry +Ro+ Ry (86)

where

Rl = [Icl(’ﬁ,w,a/\) — ICl(U+,w,(’)A)] ,
Ro = [W((U+’ A \ 5/\), (@, al\)) - W((U+’ A \ a/\)’ (U+’ a/\))] ’ (87)
Rs = [W((@ A), (v7,A%) = W((v",A), (v, A))].

Since Ry and R3 are difference of positive terms and @, v~ and v™ are smooth
enough we can apply (23) of Lemma 3.2 to each single term obtaining

[Ro| < M(s),  [Rs| < M(s).

Next we estimate R1. We have

a(x) — a(y))? — (v (z) — vt (y))?
mi< [ @ | 4 [(B@) — Gw))? - (vt () — vt ()]

|z —y|?+2e
+ |W (a(z)) — W (v (2))| da + 9/ |91(z,w) [@(z) — vt (2)] | da
Oa O

|(a(x) —a(y))* = (v (z) — vt (y))?]
< /aA dx /aA dy

|z — yldt2s

(88)

d—1
+ C(Co, 0, llglloo) A+

where C(Cp, 0, ||g]|«) is a constant which depends only on 6, the bound on the
random field, see (8) and the interaction W. We need some care to estimate
the integral term in (88) since the integral might be singular. We exploit the
regularity of the minimizers. Recall that for s € (0, 1], vt € C.%(RY) for @ < 2s

loc
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and for s € (3,1), vT € CL%(R?) for @ < 25 — 1. The same regularity holds by
construction for u. Therefore

/'/ [(@(x) — a(y))® — (" (z) — vt (y))?]
oa JOa

|z — gyt

1 1
2C _ 0, - 89
g /aA /6A |z — y[dt2s—2a s € (0, 2] (89)

- 1 1
20/ / 1 el
ox Jon |7 —y|dt2s=2 (2 )

We have that when s € (0,1], 25 — 2a < 0 and when s € (1,1), 25 —2 < 0.
Therefore both terms on the right hand side of (89) are integrable and bounded

by C|A|“T.

The quantity defined next plays a fundamental role.
Definition 4.10.

1. For a cube A CR"™ we define Bp as the o-algebra generated by the random
field in A.

2. Let v¥(w) be the infinite volume states constructed before. We define

Fn(w) =E [{Gl(UJr(')a S An) — Gl(vi(')’ "A")} |BAn] : (90)

Remark 4.11. By definition F,(-) is Ba, measurable and by the symmetry
assumption on the random field {g(z,-),z € Z¢}

E[F.(-)] =0. (91)
Namely v* (z,w) = —v~ (z, —w) for x € R%. This implies that
G1(vT(w),w,Ap) = G1(v7 (—w), —w, Ay) (92)
and by the symmetry of the random field we get (91).

Next we want to quantify how v*(w) changes when the random field is modified
only in one site, for example at the site i. We introduce the following notation:

w0 () =w(z) z#1, w=(w(),w?) i,zez

The v (-, (w(0),w®)) is then the state v when the random field at the origin
is w(0), and vT (-, (W(0) — h,w®)) the state vt when the random field at the
origin is w(0) — h, and the same definition is used for the infinite volume state
v (-, (-,w'®)) and for the finite volume minimizers v, (-, (-, w(®)).

Now we are able to state the following lemma:
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Lemma 4.12. For A€R?, 0 € A, h > 0 we have

9h/ v (w(0),w®)dz
Q(0)
> Gy (v (w(0) = h,w®), (W(0) = h,w @), A) — G (vT (w(0),w®), (wW(0),w™), A)
> Gh/ v (w(0) — h,w@)dz
Q(0)
(93)
where Q(0) = [-1/2,1/2]¢. The same inequalities hold for v=.

PROOF. Let A,, be a cube centered at the origin so that A C A,,, K > (1 +
Co0||glloo)- Let v = vE be the K— maximal minimizer of Gy in A,, see
Definition 3.6. Remark that v, is measurable with respect to the random field
g(z,w), z € A, N Z4. We have

G1(v;} (@(0), ), (w(0),w ), A) = Gr(v;f (W(0) = h,w @), ((0) — h,w®), A)

= G1(v (w(0),w @), ((0),w), A) = G1(v;f (w(0), ), (w(0) — h, (), A)
+ G103 ((0), 0 ), (W(0) = h, @), A) = G1 (v (w(0) = h, ), (w(0) — h, @), A).
(94)

By explicit computation, see (12), we have that
Gl(U:{ (w(O), W(O))a (w(O), W(O))’ A) - Gl(U:{ (w(O), W(O))’ (w(O) - h’w(O))’ A)
= fht?/ v (w(0),w®)dz.
Q(0)
The last line in (94) is nonnegative, because v (w(0) — h,w(®)) is a minimizer
of Gy in A, when the random field is (w(0) — h,w(®). Therefore
Gi(vy (w(0) = h w(o)) (@(0) = h,w @), A) = G1(v} (w(0),w), (w(0),w), A)
< h# / w@)da.

By splitting

Gl(vi{(W(O),w(O)),( (0),w(0)),/\)*Gl(v+(W(0)*h W @), (@(0) = h,w @), 4)
= G1(v;] ((0),w”), (w(0),w ), A) = G1 (v (w(0) = b, @), (w(0), ), A)
+G1(v] (w(0) — R w(o)) (@(0), @), A) = G1 (v (w(0) = h, ), (w(0) — h, (@), A)

we obtain in a similar way
Gi (’U+ (0) h w(O)) ( (0) - hvw(O))v A) -Gy (’U: (w(())a w(O))v (w(O),w(O)), A)
> ho / — h,w@)dz.

30



To pass to the limit note that the cube Q(0) remains fixed. Denote by M the
smallest integer such that A C Bj/(0), where Bjs(0) is a ball centered at the
origin of radius M.

By the smoothness of the minimizers, see Proposition 6.3, v;7 € C%(B,(0))
with o < 2s when 2s < 1 and in CV*(Bys(0)), o < 1 —2s when s € [$,1). Fur-
ther the sequence {v; },, uniformly converges to v*¥ in By(0) and |[vHE| <
14 Co0||g||so uniformly in n and K. By Lebesgue’s Theorem on dominated con-
vergence, we may pass to the limit under the integral as n — co. By Definition
4.6 {vH 5} i pointwise converges to v+ when K — oo, then applying again the
Lebesgue’s Theorem on dominated convergence we pass to the limit as K — oo
and the claim is shown. The corresponding statement for v~ is proved in the
same way.

Remark 4.13. From Lemma 4.12 we have that
w(0) — v (w(0), w)dz
Q(0)
s nondecreasing.
Corollary 4.14. Let w(i) be the random field in the site i which has probability

distribution absolutely continuous w.r.t the Lebesgue measure. We have that
Gi1(vT(w),w, A) is P-a.e. differentiable w.r.t to w(i) and

G (vE (w),w,A) B ot
O i) - 9/Q<z> (

z,w)dz.

PRrROOF. It is sufficient to consider the case ¢« = 0. By applying Lemma 4.12 for
w(0) and @(0) = w(0) + h we see that left and right derivatives exist and are
equal if s — fQ(O) vt (s,w®)dz is continuous at s = w(0). By Remark 4.13 this
happens for Lebesgue almost all s, hence by the assumptions on the random
field P-a.e.

Remark 4.15. When the distribution of g is not absolutely continuous with
respect to Lebesgue measure Corollary 4.14 does not hold. We still can show
Lemma 4.12 but we can only estimate from above and below the difference in
the energy which appears when the random field is modified in one site.

Theorem 4.16. Let F,(-) be defined in (90), we have that ®
1

1m

I

[Fn()] = 2, (95)

5limy— 00 Xn D 7 denotes convergence in distribution of the random variables X, to a
random variable Z.
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where Z stands for a Gaussian random variable with mean 0 and variance b2,

defined in (103) with
10°(1 + Cobllglloe)? > B > D? (96)

where
D* =E|E[FIBO))]. (97)

B(0) is the sigma -algebra generated by g(0,w) and Cy is given in (11).

The proof of this theorem is done invoking the general result presented in the
appendix and proceeding in the same way as in [7]. To facilitate the reader we
recall below the main steps of the proof.

PRrROOF. We decompose F,, as a martingale difference sequence. We order the
points in A,, NZ% according to the lexicographic ordering. In the following i < j
refers to the lexicographic ordering. Any other ordering will be fine but it is
convenient to fix one. We introduce the family of increasing o— algebra B, ;,
i€ A, NZ% where By, is the o— algebra generated by the random variables
{g(2),2 € A, NZ% 2z < i}. We denote by

Bn,O: (@,Q), Bn,i CBn,j ZS]) iGAandv .7 GAn mZd'
We split

Fo= Y (B[Fu|Bni] —E[FulBnia]) = Y Yo (98)

1€ZINA, i€ZANA,

By construction E[Y,,;] =0 fori € Z4N A, E[Y,|Bnk] =0, for all 0 < k <
1 — 1.

Denote
1

Voim iz 2o EViBu]. (99)

i€EN,,NZ

By Lemma 4.17 stated below we have that V,, — b2 in probability and b? satisfies
(96). By Lemma 4.18 stated below we have that for any a > 0

1 2

€N, NZ4

converges to 0 in probability. We can then invoke Theorem 6.4, stated in the
appendix. The correspondence to the notation used in the appendix is the

. . d . F, Yn.i .
following. Identify |A,, N Z%| with n, Wl < Sp, oW <~ X, and
B.i ¢+ Fni- Then (95) is obtained.

Before stating Lemma 4.17 it is convenient to introduce a new sigma-algebra
B'Z-S generated by the random fields {g(z,w),z € Z¢, 2z < i} where < refers to
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the lexicographic ordering. Define for i € A,

Wilk] = E [G1(v* (@)@, An) = G (v (w),w, An)|BF] o)
-E [Gl(er(w),w,An) — Gl(vf(w),w,An)|Bi§_1} .

Note that W; is a random variable depending on random fields on sites smaller or
equal than ¢ under the lexicographic order. In particular it does not depend on
the choice of the cube A,, provided i € A,,. The proof of this last statement uses
that the random field has a distribution continuous with respect to Lebesgue
measure. In particular the proof relies on Corollary 4.14 and it is done in [7,
Lemma 4.9].

Lemma 4.17. Let V,, be the quantity defined in (99). For all 6 > 0

lim PV, — % > 6] =0, (102)
where Wy is defined in (101)
b =E [WZ]. (103)
Further
16%(1+ Cofllgllc)? = b > E (B [F|BO)])°] (104)

where Cy is given in (11).
Lemma 4.18. Let Uy(a) defined in (100). For any a > 0 for any § > 0
lim P[U,(a) > 0] = 0.

n—oo

For the proof of Lemma 4.17 and Lemma 4.18 see [7].
Lemma 4.19. For A C R, 0 € A, we have

L = — v (z,w)dz v (r,w)dx
oS BB =08 | [ ot dalBo)| 48 | [ (e 0)aslB0)
where Q(0) := [—1/2,1/2]%. Further
0
E [&U—(O)E[an(o)]] — —20m™,

where m™ is defined in (40).

PRrROOF. The proof follows from Corollary 4.14 after taking conditional expec-
tations. Further, by Theorem 4.1, we have

0

E [aw—(o)IE[Fn|B(O)]] = —6E lE

/ vt (2, w)dz| B(0)
Q(0)

(105)

+0E |E

/ v~ (2, w)dz|B(0)
Q(0)

1 =0[-mT +m~] = —20m™.
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Lemma 4.20. [If
E | (E [F,|B(0)))*| =0 (106)

then m™ =m™ =0, see for the definition (40).

PROOF. Denote f(w(0)) := E[—F,|B(0)]. Set s = w(0), (106) can be written as
[ F?(s)P(ds) = 0. This implies that f(s) = 0 for P> almost all point of continuity
of the distribution ¢(0). By Lemma 4.19 and by bound (39) in Theorem 4.1 we
have that (1 4+ Collglle8)8 > f'(s) > 0 almost everywhere. If f(s) = 0 for P
almost all point of continuity of the distribution g, then f’(s) =0 for P almost
all point of continuity of the distribution of w(0). But if f'(s) = 0 then from
Lemma 4.19 we get m™ =m™ = 0.

Proof of Theorem 2.7 Applying Theorem 4.16 we get the following lower
bound on the Laplace transform of F),(w) defined in Definition 4.10:

' 2,2
liminf E [et%} > e (107)

n— o0

where D? is defined in (97). It is immediate to realize that (107) and the results
stated in Lemma 4.9 contradict each other in d = 2 for all s € (%, 1) and in
d =1 for s € [,1) unless D? = 0. On the other hand when D? = 0, Lemma
4.20 implies

mt=-m~ =E l/ v (x, )dx] =0. (108)

(=331
Now (41) implies that P-a.s. v+ (z,w) > v~ (x,w) for all z € R?. This and (108)
imply that v*(z,w) = v~ (2,w) as. By (41) P— a.s. and uniformly for any

compact of R? containing 2 we have that

v (z,w) < liminf v (z,w) < limsupu’ (z,w) < vt (z,w).

n—00 n—oo
Since v~ = vt, P— a.s, we obtain that
lim inf v’ (2, w) = limsup v’ (z,w) = u*(z,w) = v* (z,w)

n—00 n—o0

uniformly on compact of z. The properties of the minimizer stated in Theorem
2.7 therefore follow from the corresponding properties of v, see Theorem 4.1.
Further we have

Efv* (2, )] Zsymm —E[v™ (2, )] Zunique ~E[v*(z,)], 2 R’

This implies for any x € R?, E[v*(z, )] = E[u*(z,-)] = 0. O
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5. Technical Lemmas

Proposition 5.1. For any e > 0, for allv € C’loof‘ NL®RY), a > s — %, for all
cubes A large enough

W(v, A) < €|Al. (109)
The proof is an application of Lemma 3.2, see (21) and (23).

Proposition 5.2. Take D € R? and assume that u, — u in C%*(D) for
s < a<2s, then

I, = / [u(2) = uGP = Jun(z) = un (D1 ] < C’(d) K| D|(diam(D))%lu—u]| co.e,

|Z _ Zl|d+25

which tends to 0.

PRrROOF. Note that

[[u(z) = u(2)[* — |un(2)
= |[u(2) = u(z) + un(2)

n(zl | ’
n(2)][u(z) —u(z') = (un(2) — un(2))]|
u(z) = u(2)| + [un(2) = un(2)]) (J(u(z) = un(2)) = (u(z) = un(2))])

lullco.e + llunllco.o)lz = 2'[* - |

— U
— U

IAINA

[u — upllcoa|z — 2|

As a convergent sequence is bounded, there is a K > 0 such that (||u/co. +
[ unllco.e) < K. So

I, < dzdz’

/ [u(2) — u(z)? — [un(2) — un(2)]?]

|Z _ Z/|d+25

< KHu—unHCU,a/ 2 e
DxD

2
C(A)K|D|u —unncm/ 14y
0
< C'(d)K|D|(diam(D))%||u — un | co.e — 0

where 6 = 2(av — s) > 0. Note that we need only « > s.

6. Appendix

We collect in this section general results about fractional laplacian scattered
in the literature and recall the main probabilistic result used to prove Theorem
4.16.
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6.1. Minimizers of the functional (16) on open bounded Lipschitz sets.

We recall here some basic results assuring that the minimization of the func-
tional (16) in an open, bounded Lipschitz set has solution. In the following w
plays the role of a parameter. It is kept fixed and the results hold for all w € Q.

Proposition 6.1. Let A € R? be a Lipschitz bounded open set and ug : R — R
be a measurable function. Suppose that there exists a measurable function
which coincides with ug in A° and such that G1(@,w,A) < co. Then there exists
a measurable function u* such that

G (u*,w,A) < GY°(v,w, A)

for any measurable function v which coincides with ug in A€.

PrOOF. Take a minimizing sequence, that is, let u; = up in A° so that
G1(ug,w,A) < Gy(t,w,A)

and
klim G1(ug,w,A) = inf Gy (v,w, A)
— 00 v

for any v which coincides with ug in in A¢. Then by the following compactness
result, see Proposition 6.2, up to subsequence, uj converges almost everywhere
to some u*. By Fatou’s Lemma we conclude.

Proposition 6.2. Let A € R? be a Lipschitz open set and F be a bounded
subset of L>(A). Suppose that

|f(z) = f)P?
]Sclellf)/dx/ |$_ |d+25 < 0.

Then F is precompact in L?(A).

For the proof of Proposition 6.2 see [14, Lemma 6.11]. The proof is based
on the classical Riesz-Frechet-Kolmogorov Theorem. Some modifications are
needed due to the non locality of the fractional norm. If A is not Lipschitz then
Proposition 6.2 does not hold. One can find counterexample, see for example
[4, Example 9.2].

Next we show that minimizers of the functional (16) solve the Euler -
Lagrange equation (115) and prove some regularity results.

In the following, A, vy and w are kept fixed, therefore we write G1° (v,w, A) =
G1(v). To derive the Euler Lagrange equation for the minimizers of G (v) we
compute the Frechet derivative of G1(v). For w € C§°(A) we have that

G1(v+tw) = Gi(v) + 2t / dx / ay L lxﬂ Efffi? — w(y)]
(110)
/ )_VO(.Y)] W(X) 2
+t/Adx[W (v)+9g1]w+4t//\dx/cdy s +0(t2),
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where W(-) is the derivative of W (-) with respect to its argument. Then the
Frechet derivative computed in v is the following linear operator defined for
w € C§°(A) as the following

DyG1(w) =2 /A dz /A ay 2@ = o)l - [wiz) = wiy)]

|z — y|dt2s

/ [v(@) — vo(y)]w(x)
+/AdSC[W(’U)+991]’LU+4/AdSC/Cdy | .

T — y|d+23

(111)

At this point one is tempted to split the first integral in (111) in two terms and
exchange = with y in one of the terms to obtain

[v(z) — v(y)]

However we cannot always do that. The inner integral in the first integral in
(111) might not be absolutely convergent. So in general it can be defined only
as a principal value. In such a case

/Adw/Ady [v(x) — U|(y)] [w(@) —wly)] _ /Adxw(x) lim dy [v(z) —v(y)]

x — y|*tee >0 B @) lw -yt
(113)

where B, (z) is a ball of radius r > 0 centered in z.
From (111) and (113) we deduce that a minimizer of G7° (v, w, A) is a function
v € HJ N L which solves

loc

2 / dew(z)(—A)*v)(x)

T — y|d+2s

(114)

We identify the problem stated in (114) to the following Dirichlet boundary
value problem for the corresponding FEuler-Lagrange equation:

S, 1 "(v in w
(~A)v =5V @) +6n] A weQ (115)

v =1y in A°.

We recall the following regularity result proven in [19, Proposition 2.9].

Proposition 6.3. Let w = (—A)*u in R? so that ||ulle and ||w||e are finite.
If 25 < 1 then u € C%® for any a < 2s, and

[ullgo.e < Cllfulloo + [[w]]oo]

for a constant C' = C(d, s, ).
If 25 > 1 then u € CH® for any o < 25 — 1, and

[ullere < Cllfulloe + [[w]loo],

for a constant C' = C(d, s, ).
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We remark that the above results are valid for solution in the viscosity sense of
(115) in bounded domains. The minimizers solve the Euler-Lagrange equation in
the distributional sense (in H~*), but both notions of solution are equivalent by
Servadei and Valdinoci, [18], leading to a local regularity theory for minimizers.

The main tool to prove Theorem 4.16 is the following general result which
we reported from [11], see [11, Theorem 3.2 and Corollary 3.1].

Theorem 6.4. Let S, i, ©=1,...ky be a double array of zero mean martingales
with respect to the filtration F, ;, Fni C Fnt1: @ = 1,... ky with Sy i, = Sh,
so that Sy i = E[Sy|Fn,i]. We assume that ky, T oo as n 1 oo. Denote

Xn,i = Sn,i - Sn,iflv

kn
Vn = ZE[XZ,A-Fn,ifl];
1=1
kn
Una =D EIX: iz 50y o1l

i=1

Suppose that
o for some constant b> and for all § > 0, lim,,_, P[|V,, — b%| > 4] = 0,
e for any a > 0 and for any § > 0

lim P[U,(a) > d] =0, (Lindeberg condition)

n—oo

then in distribution 5
lim S, = Z,

n—roo

where Z is a Gaussian random variable with mean equal to zero and variance
equal to b2.
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