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Abstract

We obtain central limit theorems for additive functionals of stationary
fields under integrability conditions on the higher-order spectral densities.
The proofs are based on the Holder-Young-Brascamp-Lieb inequality.
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1 Introduction

The problem. Consider a real measurable stationary in the strict sense random
field X, t € R, with EX; = 0, and E|X;|* < 00, k = 2,3, ...

Let the random field X; be observed over a sequence Kp of increasing di-
lations of a bounded convex set K of positive Lebesgue measure |K| > 0, con-
taining the origin, i.e.

Kr=TK, T — .

Note that |K7| = T K]|.
We investigate the asymptotic normality of the integrals

teKr
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and the integrals with some weight function
ST = / w(t) X, dt (2)
teKr

as T — oo, without imposing any extra assumption on the structure of the field
such as linearity, etc.

Motivation. In the simplest cases of Gaussian or moving average processes,
central limit theorems for sums (1), (2) have been often derived by the method
of moments, using explicit computations involving the spectral densities.

We generalize this line of research, establishing central limit theorems for
St and S¥ , appropriately normalized, by the method of moments. Namely, we
represent the cumulants of the integrals (1) and (2) in the spectral domain, and
evaluate their asymptotic behavior using analytic tools provided by harmonic
analysis. All conditions needed to prove the results will be concerned with
integrability of the spectral densities of second and higher orders.

For further discussion of different approaches for derivation of CLT for sta-
tionary processes and fields, see for example [6], [20], [29].

Assumption A: We will assume throughout the existence of all order cu-
mulants ¢ (t1, to, ..., tp) = cump{Xy, ... X, } for our stationary random field X,
and also that they are representable as Fourier transforms of “cumulant spectral
densities”

e,y ey A1) € Ly(RIF=D) k=23 . ie:

Ck)(tlatQa "-atk:) = ck(tl - tk7"at/€—l - tk70) =
Ry (g
:/ et 2=t NGt £ Aes1) dAgd et
(A1, Ap—1) ERA(E—1)

Note: The functions f (A1, ..., Ak—1) are symmetric and may be complex valued
in general.

The Holder-Young-Brascamp-Lieb (HYBL) inequality. We are able to
treat here general stationary fields X;, by making use of the powerful HYBL
inequality. The computation of the cumulants of Sy (or S¥) in the spectral do-
main leads to a certain kind of convolutions of spectral densities with particular
kernel functions (see formulas for the cumulants (5) and (47) below). Similar
convolutions have been studied in the series of papers [1] - [6], under the name
of Fejer matroid/graph integrals.

Estimates for this kind of convolutions follow from the Holder-Young-Bras-
camp-Lieb inequality which, under prescribed conditions on the integrability
indices for a set of functions f; € L,,(S,du), i = 1,...,n, allows to write upper
bounds for integrals of the form

k m
/Sm [T #itr, ) [ (day) (3)
=1 j=1

with [; : §™ — S being linear functionals, and where S may be either torus
[—, w]d, Z1 or R? endowed with the corresponding Haar measure p(dx).



An even more powerful tool is provided by the nonhomogeneous Holder-

Young-Brascamp-Lieb inequality, which covers the case when the above func-
tions f; are defined over the spaces of different dimensions: f; : S™ — R (see
Appendix A).
Contents: We state limit theorems for the integrals (1) and (2) in Sections 2
and 5 respectively, with discussion of the assumptions used and of some possible
applications. The example of Gaussian fields is discussed in Section 3, and an
invariance principle provided in Section 4. The Holder-Young-Brascamp-Lieb
inequality used to prove our results is presented in Appendix A.

2 Main results and discussion

Given a sequence K7 of increasing dilations of a bounded convex set K of
positive Lebesgue measure |K| > 0, containing the origin, let us consider the
uniform distribution on K7 with the density

Pro (1) Lyeryy, t €RY,

- 1
| K|

and characteristic function

. 1 _
or(\) = / iy (t)edt = —— e dt, A e RY.
R (K| Ji,
Define the Dirichlet type kernel
Br)= [ et = |irlor(n), A€ B (@)
teKr

The cumulant of order k > 2 of the normalized integral St is of the form

I;k) = cumk{ 5t .. ST}

Td/2’ 2 Td/2
1
= Tdk/2/ / ekt —th, .., tg—1 — tg, 0)dtq...dty
trk€KT t1€Kp
1
= Fdr/2 Aly ey A
Tdk/2 /(;\1 ..... )\kil)eRd(k—l) fk( ! k 1)

k—1

XAp(A1). Ar(Ap—1)Ar (‘

™

/\Z-> Ay .1, (5)

1

=

where Ap()) is the Dirichlet type kernel (4).

We will need the following assumption on Aj(X) = [, eAdt, A € R

Assumption K: The bounded convex set K is such that:

1/p
@mwwAwm=UdAmw0 <o, Wpspl
Rd



Remark 1 Assumption K and scaling imply
[Az ()], = TG (K). (6)

Remark 2 The constants Cp,(K') and p, in Assumption K depend on Gaussian
curvature of the set K. This fact goes back to Van der Corput when d = 2 —
see Herz (1962), Sadikova (1966), and Stein (1986) for extensions and further
references. Note that estimation of the modulus of the characteristic functions
of the uniform distributions on convex sets is an active area of ongoing research.
Important recent results have been obtained, e.g., in [24], [32], [33] (see also
references therein). In particular, the approach developed in [33] allows to
consider sets with C''-smooth boundary (and does not use any arguments related
to the curvature of the set).

The explicit formula for C,(K) when K is a cube: K = [-1/2,1/2]%, is
1
known: Cp(K) = Cg, where C), = (2 Jr \%V’dz) ", Vp > 1. Note that in

this case p. = 1, and C}, > C, for p1 < py. For a ball Kr = By = {t € Re .
IIt]l < T/2} it is known that

d
) T\ 2 T
2= [ evai= (2T ) s (NG ) /NP2 xR
Br

where J,(z) is the Bessel function of the first kind and order v, and
%
T N
p Y p d + 1?

2
where |s(1)| is the surface area of the unit ball in R, d > 2. In this case

pd/?
pe=FL>1,d>2

4 _—d1-1) <
Cp(K) = (2m)* 2 [s(1)[*” </O p!

The derivation of the central limit theorem for the integrals (1) will be based
on the above estimates for the norms of functions Ar(A) and the important
property stated in the next lemma.

/ elﬂdt
teKr

possesses the kernel properties (or is an approximate identity for convolution):

/ P (Ndr =1, (7)
Rd

and for any € > 0 when T — oo

Lemma 1 The function

1 2

(2m)¢ | K| T4

= ALAR(=N), AeRY

(2) _
()= K| T

lim 2 (A)dA = 0. (8)
RN eK



Proof.

The first relation (7) follows from (4) and Plancherel theorem. From Hertz(1962)

and Sadikova(1966) one derives the following assertion: if K is a convex set
and 9~V {K} is its surface area, then for any € > 0

2
/ / eit)\dt
[[Al|[>e |Jte K

is valid. This inequality and homothety properties yield the second relation (8)
(see also Ivanov and Leonenko (1986), p.25).

- -1

dx < §8(d*1) {K} /sind zdz
€
0

To estimate the second-order cumulant Ié?) we will need one more assump-
tion.

Assumption B: The second-order spectral density fo()\) is bounded and con-
tinuous and

1

fz(o) = W

/ (EX;Xo)dt #0.
Rd.

Under the assumption B we obtain from (5) and Lemma 1 as T' — o0

St St 2)
Cqu{Td/2’Td/2}:Va {Td/Q} \K|/ A)dA —

— (2m)?|K]| f2(0). (9)

To evaluate the integral (5) for k& > 3 we consider firstly the case d = 1 (with
K taken to be the interval [—1/2,1/2]) and apply the Holder-Young-Brascamp-
Lieb inequality (see (GH), Theorem A.1 in Appendix A).

Comparing (5), with d = 1, and Lh.s. of (GH), we have in (5): H = Rk~1
and k + 1 functions g; = g2 = ... = g = Ay on R, gpy1 = fr on RF L
linear transformations in our case are as follows: for = (21, ...,z5x_1) € RF!
(@) =aj,j=1,...k—1, (@) = = 2071 @, i1 (z) = Id (identity on R*~1),

Lemma 2 Suppose there exists z = (21, ..., zx4+1) € [0,1]*F such that the con-
dition (1) of Theorem A.1 is satisfied:

214tz (E—Dzgar =k —1, (10)

with
1 1
21 = e =2k = T Rkl = )
b1 Pk+1

where pr11 15 the integrability index of the spectral density fi, that is, suppose
fk()\la . /\k—l) S ka+1 (Rk_l).

Then, the condition (2) of Theorem A.1 will be satisfied as well with such a
choice of z = (21, ..., Zk+1)-




Proof: We must check that for V' C RF~! we have
k+1
dimV <Y z; dim(L;(V)). (11)

j=1

If V. C R*1is such that dim({;(V)) = 1,Vj = 1,..., k, then the r.h.s. of (11)
becomes Z?Zl Zj + 241 dim V', and we need to show that

k
(1= zp41)dimV < sz,
j=1
or i
Zj:l Zj
- Zkq1
but due to (10) the r.h.s. is equal to k — 1, and we have the inequality dim V' <
k — 1, which holds indeed for YV C R¥~! and, therefore, (11) holds even with
all z; different, but satisfying (10).
Let now V' C R¥~! be such that for some indices ji, ..., ji we have dim(l;, (V) =
0, :=1,...,1. When [ = k, we have the trivial case dim V' = 0, otherwise [ can
be in the range from 1 to k — 2, and in such a case we have dimV <k —1—1.
Consider (11): in the r.h.s. we will have [ zero terms and, due to (10) and the
choice z; = ... = zx, (11) becomes

dimV <

dimV < Zl(k — l) + Zk41 dimV,

or
(1= 2gp1)dimV < z;(k —1). (12)
Consider
. RN kz
(1= 2g41)dimV = ﬁdlmv = k—ll dimV
kZl k

< —1-1) = ] _
< k—l(k 1-10)=2z(k lk_1)<21(k’ 1),

that is, (12) holds. W

The following central limit theorem with conditions formulated in terms of
spectral densities may be proved now by the method of cumulants.

Theorem 1 Suppose that Assumptions A and B hold ford =1, K = [-1/2,1/2],
and for k >3

Fu(A1y s Ak—1) € Ly, (RF1), (13)
where p, = % Then, as T — oo
St D
m —>N(0,0'2), (14)

where 02 = 27 f5(0).



Proof: Taking into account (6) and Lemma 2, we apply the Holder-Young-
Brascamp-Lieb inequality and obtain for some C' > 0 the following:

1

_1\_Ek
‘I;k)’ < CTk(l m) QCgl(K)kaHkarl (15)

for p; > 1 and pp41 satisfying (10).
We can choose p; = 2 and come to the bound

19| < 5 1 il (16)

for such a choice of p;, the corresponding index piy1 we obtain from (10):

2(k—1
Pr+1 = %; k> 3. (17)

However, we are able to prove that, in fact, I;k) — 0 as T — oo (that is,
bound in (16) can be strengthen to the form o(1)), requiring still fi (A1, ..., Ak—1) €
Ly, ., (RF1) with the same pj 41 given by (17).

Let us choose in (10) p1 = ... = pg—o =2 (thatis, 2 = ... = Zp_o = %) and
Pr—1 = Dr be close but less than 2 (Z;_1 = Zi close but more than %)

Note that with the above choice of integrability indices the condition (2) in
Theorem A.1 still holds in the case under consideration. Indeed, as it has been
just shown, (11) holds with all z; different, but satisfying (10), for all V C R*~1
such that dim(l;(V)) = 1,Vj = 1,..., k. Next, if for some [ indices ji, ..., j; we
have dim(l;,(V)) =0, i=1,..,[, 1 <I <k —2,thendimV <k —1—1 Let us
write (11) in the form

k
(1= 2p41)dimV < sz dim(Z;(V)).
j=1
or . X
% dimV <Y z; dim(L;(V)).
j=1
The above will hold if we show that
k k
%(k— 1—1) <)z dim(l;(V)). (18)
j=1

There are only k£ — [ non-zero terms in the r.h.s., choose for two those z;, which
correspond to non-zero terms, the values Z; + & = % + &, and for the rest of z;
we take values Z; = 1. Then the inequality (18) becomes

Lk-2)+2(3+9) 1 1
2 2 —_1=D< Z(k=1-= — 3
P (k=1-0) < 5(k—1-2)+2(5 +2),
o k—1-1
%(m +28) < 5 (k—1) 4 2.



The Lh.s. can be written in the form Z, (k — l355) + 2(1 — &), which shows
that the last inequality holds.

Therefore, we can use the HYBL inequality with the above chosen set of
indices of integrability p;, j =1, .., k.

Then the bound (15) becomes

‘L}k)‘ < CTliﬁC§_2(K)C§k (K)ka||ﬁk+1

= CT 0y *(K)C, (K|l fillpes (19)

where € = ﬁ% —1 > 0 and corresponding P41, obtained from (10), will be such

that
2(k—1)

Dk+1 > Pk+1 = 2 k>3 (20)
(note that we do not need here the exact expressions for py and pr41).
Therefore, for the functions f € Lj,,, we have I;k) — 0 as T — oo, for
k > 3.

Remembering that we are interested in evaluating (5) for the functions fj
which are in L, (as being spectral densities), we summarize the above reasonings
as follows:

(i) for fre L,NL we have obtained the bound (16);

(ii) for fi € L,NLy, , we have obtained the convergence I:(Fk) — 0asT — oo.

It is left to note that

(iii) L, N L, ., is dense in L, N L

Pr+1

(see (20))
to conclude that the convergence Iq(wk) — 0 as T' — oo holds for functions from
L, N Ly, aswell

Indeed, for fr € L, NL

Pk+1

and g, € L, N Ly, , we can write

Pk+1 Pr+1

b

10 (50| < [0 (e = 90)] + 189 (an)

where the first term can be made arbitrarily small with the choice of g in view
of (i) and (iii), and the second term tends to zero in view of (ii) B

To cover the case of general d > 1 we state the next theorem.

Theorem 2 Suppose that Assumptions A, K with p, < 2, and B hold, and for
k>3

FeO, ooy A1) € Ly, (RAF=D)), (21)
where pj, = 2(::21). Then, as T — oo
St D
m — N(070'2), (22)

where 02 = (21)? | K| £2(0).



Proof: We can write for k£ > 3:

1/p
(k) 1
I < Ay, A1) [P dA L d g —
| 1 ‘ = Tdk/2 (/Rd(kl) |fk( 1s-05 Nk 1)| 1 k 1>

q 1/q
« (/ d)\l...d)\k1>
Rd(k—1)

1 k
Ky Wufk”p (HAT”qk/(k—l))
_k—1y_dk
= K,y (Cypyey (B TR0 72| fi ], (23)

-1
AT()\l)...AT()\kfl)AT <_ )\z>

IN

where we applied the Holder inequality for the first step, the homogenous HYBL
inequality for the second step (with K, being the constant coming from this
inequality), and then we applied (6). Here we suppose I%—i—% =1, kq—fl > p* (see
Assumption K), fi € Ly.

Now, with the choice ¢ = @

we get the bound:

k
|19 < K, CEE)I il

o _2(k=1)
where the corresponding index p = =—~.
From this point we can derive the convergence to zero for I(Tk) under the

assumption fr € Ly, p = 2(kk:21), with the reasonings analogous to those used

to strengthen the bound (16) to the form o(1) (see the proof of Theorem 1
above), the reasonings will be even simpler as now we do not need to check the
conditions of Theorem A.1, but can just rewrite (23) in the form

k—1

k _koly dk
1I9] < Ky (Categ oy () TG~ 5 | £ 5,

where 1/§+1/p=1, p > p, ¢ < q and the rest of the proof is preserved. B

Remark 3 For balls and cubes the condition p, < 2 holds.

Remark 4 As a consequence of the above theorem we can state that the CLT
(22) holds under Assumptions A, K with p, < 2, and B, if the spectral densities
fr € Ly(R¥*F=1) k> 3. However, Theorem 2 provides more refined conditions,
showing that for the central limit theorem to hold the index of integrability of
higher order spectral densitiesf; can become smaller and smaller, approaching
to 2 as k grows.

Remark 5 Although the application of the nonhomogeneous HYBL inequality
allows to bound the integral Iéjk) and write the relation for the integrability
indices more straightforwardly, it requires the verification of condition (2) of

Theorem A.1, which we were able to provide here only for the case d = 1. Two



steps procedure with the use of the Holder and the homogeneous HYBL inequal-
ities in the proof of Theorem 2 gives the same results concerning the values of
pr. Our conjecture is that in some particular situation the general condition
(2) of Theorem A.1 can be relaxed in some way. For example, in the case under
consideration we have a particular “symmetric” situation, where arguments of
all the functions belong to spaces R? (g;(\), A € RY, fu(A1,.os Ap—1), i € RY),
that is, H;, i = 1,...,k are all equal to RY, Hyy = (RO)*~1 H = (R9)F1;
some kind of “symmetry” is also present in our special set of functions and
linear transformations. In such a situation we may suppose that it is sufficient
to check (11) not for all possible subsets V' C R *=1) but for only particular
case of sets “equidimensional in projections” in the sense that we consider only
such sets V' for which either dim(l;,(V)) =d, ¢ = 1,...,k — 1, or if for some
1 <jo <k—1dim(,(V)) = d < d, then also dim(;,(V)) = d' < d for all
i=1,...,k — 1. For such sets the validity of condition (2) of Theorem A.l can
be derived by induction. We believe that this condition (2) for the nonhomoge-
neous HYBL inequality requires deeper exploration and address this topic for
further analysis.

The next remark is about a possible condition of the convex sets in form of
the kernel property.

Remark 6 One can assume that the function

k—1
(k) _ 1 A aly
BF (A1 ooy Ap1) = PRI mk_lTdAT(Al)...AT(Ak,I)AT ( Z;A)
has the kernel property on R¥*=1) for k > 2, i.e.:
/ O (A1, s Ae1)dAgdA g = 1, (24)
Rd(k—1)
and for any € > 0 when T" — oo
lim O (A1, ey Ae1)dAgod Mg = 0. (25)

Rd(k—l)\EKk—l

Note that (24), (25) hold for the rectangle K = [—3, %]d (see, for instance,
Bentkus and Rutkauskas (1973) or Avram, Leonenko and Sakhno (2010) and the
references therein). If the higher-order spectral densities fi (A1, ..., A\g—1),k > 2

are continuous and bounded and f(0,...,0) # 0, then
k—1
) _ )| K]

== zﬂi(kl)/Rd(k . (bc(z—]f:)()\l, ...,)\kfl)fk()\17...7)\]€71)d>\1...d)\k;71 ~
3 _

(2m)? | K|*
~ —— — f1.(0, ..., 0),
Td(%_l) fk( )
as T — oo, thus tend to zero for k > 3, and the central limit theorem, Theorem
1, follows.

10



3 Gaussian fields

Let us consider how the above method for deriving Theorem 2 can be used in the
situation when the field X (t) is a nonlinear transformation of a Gaussian field.
Note that this kind of limit theorems, often called in the literature Breuer-
Major theorems, have been addressed by many authors. Recently, powerful
theory based on Malliavin calculus was exploited in the series of papers by
Nualart, Ortiz-Lattore, Nourdin, Peccati, Tudor and others to develop CLTs in
the framework of Wiener Chaos via remarkable fourth moment approach (see,
for example, [38], [39] and references therein). We show how CLT can be
stated quite straightforwardly with the use of the Holder-Young-Brascamp-Lieb
inequality.

For a stationary Gaussian filed X (t),t € R? consider the field Y (t) =
G(X(t)),t € RY. For a quite broad class of functions G, evaluation of asymptotic
behavior of the normalized integrals Sy = [, Kk, Y (t)dt reduces to considera-
tion of the integrals [, Hp(X(t))dt, with a particular m, where H,,(z) is
the Hermite polynomial, m is Hermite rank of G (see, e.g., Ivanov and Leonenko
(1986), p.55).

To demonstrate the approach based on the use of the Holder-Young-Brascamp-
Lieb inequality, we consider here only the case of integrals

Sr = Se(HaX(0) = [ Ha(X(0)d, (26)
teKr
where Hy(z) = 22 — 1.
Suppose that the centered Gaussian field X (t),t € R?, has a spectral density
f(A), A € RY. Then we can write the following Wiener-It6 integral representa-

tion:
Hy(X (1)) = /de et OFA) SEON N F )W (dA) W (dX2), (27)

where W(-) is the Gaussian complex white noise measure (with integration on
the hyperplanes \; = +\;,4,j = 1,2,i # j, being excluded). Applying the
formulas for the cumulants of multiple stochastic Wiener-It6 integrals (see, e.g.,
[40] and references therein), we have that the spectral density of the second

order of the field (27) is given by
20 = [ FODFO+ A,
R

which is well defined if f(A\) € Lo(R?), and this condition guarantees also that
the Assumption B holds.

Next, the cumulants of the normalized integral (26) can be written in the
form

e St St
T = cumyg W7.“7Td/2

1

1
= — Ar(A) ... Ar(Ap—1)A - by
Tdk/2 /(Al,...,Akl)eRd<k1> (A1) Ar(Ae-1) T( 2 )

7

11



< [ FOVFOAAD) o O+ AL+ o+ A1) dA Ay .d N1 (28)
]Rd

Now we can repeat the same reasonings as those for the proof of Theorem 2
to conclude that If(pk) — 0 as T — oo, for k > 3, under the condition f(\) €
Lo(R%).

Indeed, the analogue of the formula (10) relating the integrability indices p
for Ap(A) and ¢ for f(A) becomes in this case of the following form: dk% +dk% =

dk, or * +1 =1, We need already f(\) to be in Ly(R?) for a proper behavior
of the second order cumulant, therefore, choosing ¢ = 2, we can take p to be
equal to 2 as soon as p, < 2 in the Assumption K. Note, that in this case we
appeal to the homogeneous HYBL inequality.

Thus, we derived the known result (see, for example, [28]):

Proposition 1 If a stationary Gaussian filed X (t),t € R%, has the spectral
density f(\) € Lo(R?) and Assumption K with p. < 2 holds, then, as T — oo

Sp(Hy (X (t )

4£5Q7;é75£))2 L N(0,0?), (29)
where

o? = (2n)? K| /R FA(N)aA. (30)

As we can see, when taking into consideration the spectral domain, the
application of the Holder-Young-Brascamp-Lieb inequality allows to provide a
very simple proof. Note also that this kind of technique has been used for linear
sequences (which generalize Gaussian fields) as well [5].

Moreover, requiring more regularity on spectral density f(\), we are able to
evaluate the rate of convergence (29) in the following way.

Let us consider

s St(H2(X(t)))
@2m)d|K| T2 [, f2(N)dA

St =

We have for f(\) € Ly(R?) the convergence as T — oo
S 2 N« N(0,1). (31)

We can state stronger version for this approximation, namely, that the conver-
gence (31) takes place with respect to the Kolmogorov distance:

dKOZ(ST,N) = sup |P(S’T <z)—P(N <2)|—0, (32)
z€eR

and also we can provide an upper bound for dKog(ST,N ). For this we apply
the results from [38]: since Sr is representable as a double stochastic Wiener-
It6 integral we can use the Proposition 3.8 of [38] which is concerned with
normal approximation in second Wiener Chaos and gives upper bounds for the

12



Kolmogorov distance solely in terms of the fourth and second cumulants. This
bound is of the form

de(STrN)fgx/écunm(ST)+wpunm(5T)—-DQ. (33)

So, we need only to control the fourth cumulant of S and this can be done with
the use of the Holder-Young-Brascamp-Lieb inequality. Due to this inequality,
analogously to our previous derivations, for f(\) € L,(R%), ¢ > 2, and Ap()) €
L,(R%), with % + % = 1, we can write

kd 1

|cumy(S7)| < CTHA=D =5 Ch(K)||f|[E = CT* G =Dk (k)| 111,

therefore,
. I
dko(ST,N) < Const T~ "7 ¢,

where the constant depends on K and f. Thus, the rate of convergence to the
normal law depends on the index of integralbility of f()\), in particular, for
f(A\) € Ly(RY) we obtain

- 1
dKol(ST,N) S Const W
The above technique can be also used for deriving CLT for S (H,,(X(t))) with
m > 2.

4 An invariance principle

Let us return now to the case of a general random field X; of Assumption A.

In this section we discuss the invariance principle and demonstrate the ap-
plicability of the technique based on higher-order spectral densities and HYBL
inequality in this situation. With this purpose in mind, we introduce some
additional assumptions.

Assumption A*. Let the stationary random field X; of Assumption A be
isotropic of the second order, that is, its covariance function cov(Xy, Xs) depends
only on the distance between the points ¢ and s:

cov(Xy, Xs) = EX X = co(t — 5,0) = B(|t — s|).

We also suppose that the field X; is mean square continuous.
Note that in this case covariance function B(u), u € RL, has the following
representation:

mm:Awn@mmwy

where G(+) is a finite measure on [0, 00) and the function Yy(-) is defined by
_ gta-2)/2p (¢ (2-a)/2
Ya(u) =2 r 3 Jia—2)/2(u)u , u>0,

13



J(a—2)/2(-) is the Bessel function of the first kind of order (d — 2)/2.

In the case under consideration, when the spectral density of the second
order fo(\) exists, this function is such that fo(A) = f(JA|]), and the measure
G(-) has the density

g =[s(MIFAXTE X e Ry,

where |s(1)| = 27%/2 /T(d/2) is the area of the unit sphere in R? (for more detail,
see, e.g., [28]).

Consider the space C[0, 1] of continuous functions with the uniform topology.
We will state below the invariance principle (or functional central limit theorem)
for the measures Pr, induced in the space C|0, 1] by the stochastic processes

1 1
YT(U) = WSul/dT = m /tGUI/dKT Xtdt, u e [0, 1] . (34)

We will need one more additional assumption which, together with Assump-
tion A*, will help to handle the asymptotic behavior of the variance of Yz (u).
Let us reconsider first the variance of the functional

Sy = S(Kr) = / X,dt. (35)

teKr

Taking into account Assumption A*, the variance of the above integral can be
expressed in terms of the covariance function B(u) of the field X} in the following
way:

VarSy = / / B(|t — s|)dtds = |K7|*EB(pag)
Kr JKr
d(T)
= |K|PT* / B(u)dFg, (u),
0

with p,3 being the distance between two points a and § chosen independently
and randomly in the set Kt according to the uniform distribution, Fg,.(u) =
F,. ;(u) is the probability distribution of pss, d(T) is the diameter of K7. (Here
the so-called “method of randomization of the covariance function” is used, see,
e.g. [28], Sections 1.4, 1.5.)

In the case of averaging in (35) over the balls v(R) (centered at the origin of
radius R), the density of the distribution function F,(g)(u) can be calculated in
the closed form (see, [30], and also [28], Lemma 1.4.2), which gives the possibility
to analyze the asymptotic behavior of VarS(v(R)).

In particular, the following asymptotic relation takes place:

VarS(w(R)) = ¢(d)BRY(1 4 o(1)) as R — oo,

provided that [~ 2?7 !B(2)|dz < oo and 8 := [ 2971 B(2)dz # 0; here c(d) =
47dd=1T=2(d/2) (see, [28], Lemma 1.5.1).

14



Moreover, if the density f(\) is continuous in the neighborhood of the point
A =0, f(0) # 0 and f()\) is bounded on [0, c0), then

VarS(v(R)) = (2m)*|s(1)|Rf(0)(1 + o(1)) as R — oo

(see, [28], Lemma 1.5.5).
Considering the covariance between S, and St,, we can derive:

ESr, S7, = E/ Xtdt/ Xsds:/ / B(|t — s|)dtds
teKrp, s€Kr, Kr, YK,

= K> (WT5)" EB(pag);

where now p,g is the distance between two independent random points « and 3
chosen according to the uniform distribution in K7, and K, correspondingly.
Denoting by Fkr. ir, (u) the probability distribution of p,g, we can write

(d(T1)+d(T2))/2

ESt, Sr, = |K|? (TyT3)* / B(w)dFx,, iy, (u). (36)
0

Assumption A**. Properties of the second-order characteristics of the field
X; of Assumption A* and the properties of the set K allows for the asymptotic
representation

ESt, S7, = (min{T}, To})* ¢(K, BV G)(1+ o(1)) as Ty 4+ Ty — oo,

where with notation ¢(K, B V G) we mean a constant representable in terms
of the set K and the covariance B(u) or the spectral function G()\) (spectral
density f(A)). In what follows we will denote ¢(K, BV G) simply as ¢(K).

Remark 7 Conditions for validity of Assumption A** for the case of balls v(R)
can be deduced in the spirit of the results of Section 1.5 of [28], basing on (36)
and the exact formula for the density of the distribution function F,(g,),v(r,) (%)
available for this case (see also [34]). Namely, this density is of the following
form (see Lemma 1.4.3 in [28]):

\IJv(Rl),v(Rz) (u) = 2(d72)/2r(d/2)d2ud/2(RlRZ)d/Q (37)

X/ P~ 2 J a2y /2 (up) Jas2(Rip)Jas2(Rap) dp, w € [0, Ry + Rol,
0

where J,(u) is the Bessel function of the first kind of order v. This formula
allows to write down the expression for the covariance ES(v(R1))S(v(R2)) in
the closed form and evaluate its asymptotic behavior. In particular, if the
spectral density f()) is continuous in the neighborhood of the point A = 0,
f£(0) # 0 and f()) is bounded on [0, 00), then

ES(v(R1))S(v(R)) = (min{ Ry, Ro 1) |0(1)|(27)L£(0)(1+0(1)) as Ri+Ry — oo.
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For other sets the formula for the density analogous to (37) is not known. This
issue belongs to an interesting area for further research in geometric probability
but go beyond the scope of the present paper.

Assumption A**, which is introduced here as a technical assumption, allows
to deduce the asymptotic expression for covariances when checking the conver-
gence of finite dimensional distributions in our proof of the invariance principle
below. Asymptotics for higher-order cumulants in our approach are stated via
the integrability assumptions on the spectral densities of the field. Note that in
the existing literature on this topic another approach is exploited, namely, as-
sumptions of weak dependence are introduced in the form of some kind of mixing
or association for random fields (see, e.g. [31], [7] and references therein).

Consider the Brownian motion, that is the zero mean Gaussian random pro-
cess b(t),t € [0,1], such that b(0) = 0 a.s., Eb(t1)b(t2) = ¢(K)|K|min {t1,t2} .
Note that for the ball K = v(1)

Eb(t1)b(t2) = (27)%f2(0) [v(1)| min {t1,t2}, t1,t2 €[0,1].

In what follows we will use some definitions and terminology from the book
of Billingsley (1968).

It is known that the stochastic process b(t),t € [0,1], induces the probability
measure P in the space C[0, 1] with uniform topology.

We will prove now that the measures Pr, induced by the process (34) con-
verge weakly (=) to the Gaussian measure P in the space C[0,1] as T — oo.

According to Billingsley (1968), we have to prove that:

(i) the finite dimensional distributions of (34) converge to those of the Gaus-
sian process b(t),t € [0,1];

(ii) the family of probability measures {Pr}rso is relatively compact in

o, 1].
To prove (ii) let us check that Kolmogorov’s criterion in the form
E|Yr(uz) — YT(ul)\4 < const |ug — u1\2, 0<u; <up <1, (38)

for weak relative compactness of probability measures {Pr} is satisfied (see
again Billingsley (1968)).
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Consider

1
E[Yr(v) = Yr(w)' = 75

1
= [ E [X;, Xy, Xy, Xy, ] dtydtodtsdty
K7

4
/ X,dt
tevt/d K \ul/¢ K

Tod

1
— ﬁ /;4 [C4(t1 — t4,t2 — t4,t3 — t4,0)
K

T
+ea(ty — ta,0)ca(ts — tq,0) + ca(ts — t3,0)ca(te — t4,0)
+co (tl —t4, O)CQ (tg — i3, O)]dtldtzdtgdt4

= Lh+1+13+ 14 (39)

(We have denoted here Kp = oYKy \u'/ K.
We can write

3
1 ) ) 3
L o= — AL A2, A it gt / —ita 230 gty d g dad\
1 Tzd/}%3df4(17273)]1:[[/1h6”]} I?Te ! 40A10A20A3
1 3 3
_ ﬁ/m £ 229 [T [ART(AJ-)} A, (3 A dhdradrs. (40)
j=1

Jj=1

Now we can repeat here the chain of inequalities (23) with k =4, p =3, ¢ = 3/2
to obtain the following bound (supposing f4 € L3):

2}4. (41)

9 2
dA}

1
1] < Ky o Il {27,

Consider

4

{/Rd/f( eitAdthA}1/2 _{/Rd

{m Kl — (ru )}

J

{5,

/ eit)\dt
K

by Parseval’s identity.
Therefore, under the assumption f; € L3(R3?) (which is covered by the
assumptions of Theorem 2)

I < const (v —u)?.

Next, consider

. 2
CQ(tlftQ,O)dtldtQ:/ fQ(A)/~ e’(tl’m’\dtldtgd)\:/ fg(/\)’Af(T()\)' dn.
R4 R4

/K Rz

2
T
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Supposing f2(A) to be bounded we get

/ CQ(tl - tQ, O)dtldtg S const /
K2 Rd

which implies that each term I}, j = 2,3,4 in (39) is bounded by

2
Ag. ()\)‘ X = const (21)4 K|T (v — u)

(42)

const(2m)4| K |(v — u)?.

Hence, (38) holds if we suppose that the second order spectral density fs is
bounded and f4 € Ls.
We can summarize the above arguments in the next lemma.

Lemma 3 Suppose that Assumptions A, K and B hold, and fy(A1,A2,23) €
L3(R3%). Then the familly of measures Pr, induced by the stochastic processes
(84) is relatively compact in the space C|0,1].

Let us show now the convergence of the finite-dimensional distributions, that
is, the above statement (i). Let cy, ..., ¢, be fixed constants and consider the
random variable Zp = T—4/2 3™ i=1¢Y7(uj). We have EZr = 0 and convergence
of the variance will hold under the Assumption A**. Consider now the cumulant
of the general order k > 3 :

cump{Zr, ... 27} = Tdk/Zcum;c ch/ g )dt, ..., (43)

Z / g dt}

Due to the multilinearity property of cumulants, the last expression can be
represented as the sum of k-th order cumulants of the following form

1
Wcumk{ / e X(t)dt, ..., / e X(t)dt}, (44)

where u;, € {1,...,m},l = 1,...,k. To evaluate the asymptotic behavior of the
above cumulant we write it in the following form:

7 i,
—_— . cr(ty — thy ooy th—1 — tg, 0)dty...dtg
Tdk/2 thU;IidKT t1€u1/dKT

; /
= =g (A1, Ap—1)
Tdk/2 My Ap_1)ERAE-D)

XAuydT()\l)...Au%/d ()\k 1 1/d ( Z/M) d)\lmd)\k—l,
J1 Jk— 1

where Ayi/ar(A) = [cpag, € dt and [Aar ()], = TP O (u, K).
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Now we can apply exactly the same reasonings as those in the proof of The-
orem 2 to get the convergence of each term (44) to zero as T — oo, under the
conditions of integrability of the spectral densities (21) and, therefore, conver-
gence to zero of the cumulants (43) of all orders k& > 3.

Summarizing all the above we come to the following result.

Theorem 3 Suppose that conditions of Theorem 2 and, in addition, Assump-
tions A*, A** hold. Then Pr = P in C|0,1], where the measures Py and P
are induced by the stochastic processes (34) and b(t),t € [0,1], respectively.

Remark 8 To summarize, the invariance principle is stated here under some
conditions on the integrability of spectral densities and some technical assump-
tions introduced to manage the behavior of the second order cumulants (As-
sumptions A*, A**), as we intended here to stress on the points where the
HYBL inequality works. However, we would like to note once more that these
additional assumptions hold for the balls (K = wv(1)) under appropriate as-
sumptions on the covariance or spectrum (which are available in the literature);
therefore, here we have presented a new proof of the invariance principle for
this case, which do not rely on some forms of mixing conditions or association,
but uses conditions in terms of higher order spectral densities instead. Note
that the essential element for establishing the validity of Assumption A** is the
possibility to deduce the exact formula for the density of the distribution func-
tion for the distance between two points chosen independently and randomly in
the sets K7, and Kr,. Such kind of problems are of ongoing research interest
in geometric probability and related applied areas (see, e.g., [18], [21], [44] and
references therein). This problem deserves a separate study. As long as the new
progress in this area is achieved, Assumption A** can be stated for new classes
of sets and, therefore, new classes of sets will be covered by Theorem 3.

5 Non-homogeneous random fields

We discuss now the central limit theorem for non-homogeneous random fields
of special form.

Assumption C: For a given § > 0, assume that a real (weight) function
w(t),t € R, is (positively) homogeneous of degree f3, that is, for any a > 0, it

holds that
w(at) = w(aty, ..., aty) = aPw(t), te R

Assumption D: Assume that there exists

wi(\) = / w(t)e ™ A e R
te
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Under Assumptions C and D

wr(N) :/ B w(t)edt = T Pw, (AT), A € R
teKr

Ezample 1. The function ws (t) = ||t]|”,v > 0, is homogeneous of degree 3 = v,
if v > 0. For example if d = 1, K = [0,1] and v > 0 is an integer,we obtain

. 1 v . 1 vooiA 1
wy (N) :/ tVelrdt = — 0 / et = — O -1 ——, AeRL
teo,1] v NV te[0,1] v ON A

Ezxample 2. Another example of the homogeneous function of degree 3 > 0, is
wa(t) = |t; + ... + tq|”, where again 3 = v, if v > 0.

Ezample 8. The function ws(t) = [|t1]” + ... + [t4]7|” is homogeneous of degree
B=vy,ifv>0v>0.

Ezample 4. All arithmetic, geometric and harmonic averages of |t1], ..., |tq| are
homogeneous functions of degree one.

Under Assumption C we investigate below the asymptotic normality of in-
tegrals

S = / w(t) X, dt
teKp

as T — oo.
‘We denote
1
W2(T) = / WAty = - / wr(V)[2 dA. (45)
teKr (27T) R4

Assumption E: Let the finite measures

2
pr(dy) = S FdA C? A ER?
Jra lwr (M7 dA

converge weakly to some finite measure pu(d)\), and the spectral density fa(A) is
positive on set B C R? of positive p-measure (u(B) > 0).

We recall that the weak convergence of probability measures means that for
any continuous and bounded function f(\) as T — oo

lim / () = / ().

Then we have that the variance

£ [Wsif)] = gy B0, o] [ e =
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~ (2m)¢ /R (a0 [ fa(u(d) = o* > 0.

as T — oo, under Assumption B.
It turns out that we need the following
Assumption F:

P 1/p
d/\) < oo, Vp>p,>1.

Cpw(K) = [lur(N)]], = (/R

/ w(t)edt
teK

Then by scaling property we obtain the following formula:

d

_1
[wr (W], = T*20C, W (K),
and in particular

1 2 1 d 2
W2(T) = / w2 (t)dt = 7/ wr (W dh = o [14490, ,(K)]
rerer )i Jou TN g ’
(46)
Similarly to the proof of Theorem 1 we obtain that the cumulant of order
k > 3 is of the form

(k) _ St St _
I’ = cumy {W(T)’m’ W(T)} =

5 Lo,
= — w(ty)...w(ty)cer (b1 — ti, ooy ti—1 — tg, 0)dty...dtx, =
W(T)k ti€Kr treKT
1

- 7W(T)k /(,\1,,“,,\,¢,_1)6Rd<’“1> wr (A)wr(A2)..wr(Ap—1)wr(=Ap — ... — A1) X

ka()\la-~-;)\k71)d)\1---d)\k717 (47)

and then with the same reasonings as those used for derivation of the formula
(15) we obtain for some C' > 0 the bound

kd(1— )
Ck (K)”fk"PkJrl = CT_VCk (K)Cik (K)”fk”pk+l’

(k)
‘IT ‘S CT%CS,H)(K) p1,w p1,w 2,w

where

Similarly to the proof of the Theorem 2, we come to the restrictions on p;
and pg11, and, therefore, derive the following

Theorem 4 If Assumptions A, B, C, D, E and F hold, and for k > 3

fk:()q, ey )‘kfl) €L, (Rd(k—l))7
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where py, Q(kk:;)

. Then, as T — oo

S
w(T)

2 N0,
where 0% = (2m)? [ou f2(A)pu(dX), and the finite measure p is defined in assump-
tion E.

This theorem can be applied to the statistical problem of estimation of un-
known coefficient of linear regression observed on the increasing convex sets.

Remark 9 Analogously to Section 4, the invariance principle for the above
situation can be considered and Theorem 3 can be extended to the analog of
Theorem 2. We just point out the key steps here.

First, we note that for the monotonically increasing function V(T') := W2(T)
(with W2(T) given by (45)) there exists the unique inverse function which we
will denote V(=1 (T). Then we make the modification in the definition of the
process (34) and introduce the corresponding limiting process.

Instead of (34) we consider the process

1

Y7 (u) = W

/ wt) Xydt, ue0,1]. (48)
teVED (u)Kr

Consider the multiparameter Brownian motion of Chentsov’s type (see [42]
for example), that is the zero mean Gaussian random field b(t),t € R%, such
that

(1) b(t) =0, if t; = 0 for at least one j € {1, ...,d};

_ d L .
(ii) Eb(t1)b(t2) = [] min {tgﬂ,tgf)} = (tl@,j - 1,...,d) Jle{1,2).
j=1
Define now the process

LY (u) = (&(K))? / db(t), wel0.1], (49)
teV=D (u)K
where ¢(K) is coming from the asymptotics for the second order cumulants
of the process (48) (under appropriate assumptions which can be formulated
analogously to Assumption A** of the previous section).
Note that L (u) is the Gaussian process with zero mean and the covariance
function

plur,up) = ELE(ur) L (up) = &(K) [V (u) KNV (ug) K
= &(K) |K[min{ (VD (ur))?, (VD (ug))%}
= C(min{u17u2})2H, uy,up € [0,1], (50)
where H = W‘lzm and

C = oK) K| (/K w?(1) dt>_c'$ﬁ .
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From the above expression for the covariance function p(u;,us) we have

plaur, auy) = a®

p(ur, uz),

which means that the process LY (u) given by (49) is a self-similar process with
the self-similarity parameter H = 2(#&2/3) < 1.

From (50) we also obtain

B [(Lig (u2) — L (w1))?] =C(u3™ —ui™),
for uy < ug, which entails the following equality in distribution:
Lit(ua) = L () £4/C(u3" — i) 2,
where Z ~ N(0,1), and thus we can write
E|Lj (uz) — LY (u1)|**=E|Z|** C*|u3" — uif|F

with E|Z|?* = 7=1/22FT(k+1/2). Since the function f(u) = u? (y < 1),
u € [0,1], is Holder continuous with the Holder exponent 0 < a < +, then
|udf — u2H| < constlug — ui|*? and for any k > 1 we obtain:
E|LY (ug) — LY (uy)|** <const|ug — uq [P/ (4+28),

Taking £ > 1+ %, we have the exponent in the right hand side dfgﬁ > 1,
that is, the process L'} (u) satisfies Kolmogorov’s criterion. Thus, the stochastic
process (49) induces the probability measure P in the space C|0, 1] of continuous
functions with the uniform topology.

Analogously to the derivations of the previous section, basing the proof of
weak compactness of measures P induced by the stochastic processes (48) on
Kolmogorov’s criterion in the form (38), we must check now that

4

1
w(t)Xdt| < const|v — u\z, 0<u<ov<l.

Ve

/tev<—1J(u)KT \V (D (w)Krp

(51)
The same derivations as those in Section 4 will lead to the expression for the
right hand side of (51) in the form of the sum Iy + Iy + I3 + I, where now the
function w(¢) will be involved and correspondingly in the formulas (40), (41)

and (42) Ag (M) will be changed for A}E(T(/\) = LekT w?(t)dt with K7 being

now of the form Ky = VU (0) Ky \VED (u) K.
Therefore, supposing f> to be bounded and fy € L3, we come to the following
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bound

E

4
teVED (0)Kp \VED (u)Kp
t
cons {\/I%d Ko

9 2
= const / / w(t)e™dt| d\
Ri |JteKr

= const(2r)*? {/tef(T w2(t)dt}2. (52)

(Note that (52) can be compared with the formula (1.8.11) in [28], which gives
more general result, namely, the bounds for odd order higher moments).
Using (46) we can derive

/ w?(t)dt = / w?(t)dt
teKr teVED (0 Kp \VED (u) K

— VTV () = V(TVED (u))
Td+2ﬂ(v(v(—1)(v)) _ V(V(_l)(u)))
TH28 (v — ). (53)

From (46) we know also that V(T) = (27)~2¢T9+25 const, which combined with
(53) and (52) gives (51). Therefore, weak compactness of measures Pr induced
by the stochastic processes (48) takes place under the conditions that the second
order spectral density fs is bounded and the fourth order spectral density f; is
in Lg.

To prove the convergence of finite-dimensional distributions of (48) we can
consider the sum Z7 = V(T)~1/2 > iy ¢ Y4 (uj) and argue analogously to the
corresponding derivations in Section 4, introducing also some additional condi-
tions to guarantee the convergence of variance. However, in this general case,
the conditions for appropriate asymptotic behavior of variance, if formulated
analogously to those in the previous section, will look rather artificial. We be-
lieve that this point can be investigated further elsewhere for particular sets
Kr.

IN

AY (/\)’211)\}2

Appendix A. The homogeneous and nonhomoge-
neous Holder-Young-Brascamp-Lieb inequalities

We have mentioned already in the introduction that the Holder-Young-Brascamp-
Lieb inequality gives the possibility to evaluate the integrals of the form (3)
under conditions on integrability indices of functions f;.
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The Holder-Young-Brascamp-Lieb inequality was clarified and considerably
generalized recently by Ball [8], Barthe [9], Carlen, Loss and Lieb [14], and
Bennett, Carbery, Christ and Tao [11], [10], the end result being of replacing
the linear functionals with surjective linear operators: [;(x) : S™ — S™,j =

.k, with N¥ker(1;) = {0}.

Followmg the remarkable exposition of [10], [11], we give the formulation of
this inequality in the way the most relevant to the context of the present paper
(see Theorem 2.1 of [10]).

Let H, Hy, ..., H,, be Hilbert spaces of finite positive dimensions, each being
equipped with the corresponding Lebesgue measure; functions f; : H; — R,
J =1,...,m, satisfy the integrability conditions f; € L,,, j =1,...,m.

Theorem A.1 below specifies, in terms of certain linear inequalities on

zj=—,3=1,...,m,
by

the “power counting polytope” PCP within which the Hélder inequality is valid.

Theorem A.1 (Nonhomogeneous Holder- Young-Brascamp-Lieb inequality). Let
Li(z),j =1,...,m be surjective linear transformationsl; : H — H;, j=1,...,m
Let fj, j=1,...,m be functions f; € L, (u(dr)), 1 < p; < oo defined on Hj,
where p(dz) is Lebesgue measure.

Then, the Hélder- Young-Brascamp-Lieb inequality

(@) J, T stemao]< 5, TT1s0,
holds if and only if
(1)  dim(H) =z dim(H
J
and
(2) dim(V) < Z z; dim(! ), for every subspace V C H.

Given that (1) holds, (2) is equivalent to

(3) codimpg (V) > Z zjcodimg, (1;(V')), for every subspace V C H.
J
Here dim(V') denotes the dimension of the vector space V and codimp (V')

denotes the codimension of a subspace V C H.
Note also that any two of conditions (1), (2), (3) imply the third.

We recall now Theorem C.1 of [6] in which the homogeneous HYBL inequal-
ity is stated simultaneously in the three cases:

25



(C1)  p(dw;) is normalized Lebesgue measure on the torus [—, 7|4, and M
has all its coefficients integers.

(C2)  p(dz;) is counting measure on Z?, M has all its coefficients integers,
and is unimodular, i.e. all its non-singular minors of dimension m x m have
determinant +1.

(C3)  u(dz;) is Lebesgue measure on R%.

The domain of validity of the generalized Holder’s inequality is specified in
terms of linear inequalities on z; = p;~!, j = 1,...,m, which involve the rank
r(A) of arbitrary subsets A of columns of the matrix M or “dual rank” r*(A)
defined by a dual matrix M* whose lines are orthogonal to those of M.

Theorem C.1 (Homogeneous Holder- Young-Brascamp-Lieb inequality).

Let 1;(z) = 2*ay,j = 1,..., k, be linear functionals l; : S™ — S, where the
space S is either the torus [—m,m]%, Z9, or RY. Let M denote the matriz with
columns oj,j =1,.... k.

Let fj, j =1,...,k be functions f; € L, (u(dx)), 1 < p; < oo, defined on
S, where p(dx) is respectively normalized Lebesgue measure, counting measure
and Lebesque measure, z; = p; ', j=1,...,k, and z = (21, ..., 2k).

The Hélder-Young-Brascamp-Lieb inequality (GH) will hold (with K,, =
K, (2) < o) throughout the “power counting polytopes” PCP defined respec-
tively by:

(c1) sz <r(4), VA

jEA
(c2) Z zj >r(M)—r(A°), < Z(l —zj) <r*(A) VA
jeA JjEA
k
(c3) sz = m, and one of the conditions (c1) or (c2) is satisfied.
j=1

Notes: 1) The domain of convergence (for fixed (1, ...,1x)) is called " power
counting polytope” PCP, cf. the terminology in the physics literature, where
this polytope was already known (at least as integrability conditions for power
functions), in the case nj; = 1,Vj. Note that a general explicit form of the facets
of PCP when n; > 1 for some j, has not been found yet.

2) Some related and interesting inequalities and an application to an analysis
of integrals involving cyclic products of kernels can be found in [17].
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