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We study a Helmholtz-type spectral problem related
to the propagation of electromagnetic waves in
photonic crystal waveguides. The waveguide is
created by introducing a linear defect into a two-
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extended and aligned with one of the coordinate
axes. This perturbation introduces guided mode
spectrum inside the band gaps of the fully periodic,
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the paper, we prove that guided mode spectrum
can be created by arbitrarily “small” perturbations.
Secondly we show that, after performing a Floquet
decomposition in the axial direction of the waveguide,
for any fixed value of the quasi-momentum Fk; the
perturbation generates at most finitely many new
eigenvalues inside the gap.

Keywords:
periodic structure, photonic crystal,
waveguide, guided waves, spectral

Author for correspondence:
lan Wood
e-mail: i.wood@kent.ac.uk

1. Introduction

The concept of a photonic crystal (also called a photonic
band-gap material) was suggested in 1987 (see e.g. [22]
for a textbook introduction) and has received significant
attention from both the theoretical and experimental
viewpoint. In practice, photonic crystals are often
manufactured using periodic crystalline structures, a
feature of which is their ability to allow, or deny the
propagation of electromagnetic radiation which lies in
a well defined range of the frequency spectrum. We
call ranges where the electromagnetic radiation can
propagate spectral bands and ranges where propagation
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precise in Section 2.

One possible application of photonic crystals is their use for manufacturing highly efficient
optical waveguides which allow propagation of electromagnetic radiation only in a very narrow
range of frequencies. Briefly, these are created by taking some photonic band-gap material
and introducing a linear defect which breaches the periodicity. This may have the effect of
allowing propagation of electromagnetic radiation in a range of the frequency spectrum in which
propagation is not possible without the defect. Waves in this narrow frequency band, sometimes
called guided modes, should then be almost entirely confined to the defect.

An appropriate mathematical model for such materials is given by the spectral problem for
the Maxwell equations, which in the context of polarised waves in two dimensions reduce to the
Helmbholtz equation. We shall study the spectral problem for

—e 1, (1.1)

in R?, where ¢ is the dielectric function (or, equivalently, the square of the refractive index of
the material). The background problem without a waveguide is modelled by choosing ¢ to be
periodic. To model a waveguide in a periodic crystal, we take

e=¢€ep+¢€1

where ¢ is periodic and ¢ is a perturbation supported only in the waveguide, which we choose
as a strip in the z-direction. The precise assumptions on e and 1 will be stated in Section 2.

To establish the existence of guided modes in a band gap of the unperturbed medium
(modelled by —¢ ! A), we must prove that this gap of the unperturbed problem now contains
spectrum of — ! A induced by the perturbation e1. We first note that existence of gaps in the
spectrum of some problems with periodic background media was proved in [10,16,19] and in [17]
for the full Maxwell case. Using layer potential techniques this question hads been studied in
[1-3]. For the physical motivation of linear waveguides in two dimensional photonic crystals, we
refer to [22, Chapter 5]. The mathematical investigation of guided modes in waveguides produced
by linear defects was begun in [4], with further contributions in [7,28,29,32]. The latter two articles
work with the 3D Maxwell equations, rather than the Helmholtz equation. In particular, [28,29,32]
give sufficient conditions for the existence of guided modes in the spectral gap of the unperturbed
problem; these require either the gap to be wide enough or the perturbation to be sufficiently
large.

In this paper, we ask the following question: is there a certain threshold strength of the
perturbation or width of the gap needed to produce spectrum inside the gap? Our analysis shows
that spectrum appears in all gaps of the unperturbed problem under arbitrarily small signed
perturbations (Theorem 4.2). We then proceed to study the structure of the induced spectrum
for fixed quasimomentum £k in the direction of propagation of the guided wave. In particular,
we show that for fixed kz, the eigenvalues introduced into the gap by the perturbation do not
accumulate at the ends of the gap.

It is interesting to compare our results to those available in the literature. In [14,15] the
authors show generation of a finite number of eigenvalues in the gaps by localized perturbations
of the periodic medium. Another of their results in dimension d =3 states that perturbations
with €1 <0 (positive defects in their terminology) need a certain threshold strength to create
eigenvalues in gaps. This is in sharp contrast to our result, where the defect is an infinitely
extended waveguide. In [4, Corollary 1], a result concerning the existence of a threshold for a
two-dimensional waveguide analogous to that in [15] is claimed. This seems to be at odds with
the result of Theorem 4.1 presented here.

Our result is close in spirit to the result in [34] for the periodic Schrédinger equation. There, the
authors use a rather different method to prove that weak perturbations create spectrum in band
gaps of a periodic Schrodinger operator. We refer to [34] for a discussion of weak localization in
the context of quantum mechanics.

!
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In three dimensions, vector-valued equations of the form (1.1), coupled by a curl-condition
(see, e.g. [13]), arise in the study of elastic wave propagation in phononic crystals. As well as
having applications to photonic bandgap structures, the results in the present paper are also
a contribution to the study of the effects of perturbations on the spectrum of linear periodic
differential operators in Hilbert space.

Our paper is structured as follows: in section 2, we introduce the operators to be studied and
remind the reader briefly of the Floquet transform. Section 3 contains some preparatory material
on the band functions and Bloch functions, which will play an important role later on. In section 4,
we use variational arguments to prove the existence of guided mode spectrum. Finally, in section
5, we consider the question of non-accumulation of eigenvalues at the ends of the gap.

We remark that the existence part of our results carry over to the three-dimensional Helmholtz
equation, where certain non-degeneracy assumptions on the band structure have to be imposed,
see [8].

2. Formulation of the problem

We first consider the fully periodic background problem in R?. We will make the following
assumptions throughout the paper.

Assumption 2.1. Let eg € L°°(R?) be a positive bounded function such that €y Ve 1°°(R?) and which
is periodic in both x and y. For simplicity, we will assume that the basic cell of periodicity is [0,1]?, i.e. that
eo(z +1,y) =eo(z,y) =eo(z,y + 1) for all (z,y) €R®.

For any open set O C R? we denote by Lgo (O) the weighted L?-space with norm given by
2 2
Jul, = | col@)lut@)f? dz.
(@]
A 2D-periodic crystalline structure may be modeled by an operator Lg in L2, (R?) given by
Lou=——2—Au  with domain D(Lo) = H2(R?).
co(z,y)

This is a self-adjoint operator. A standard tool in the analysis of periodic problems is the Floguet-
Bloch transform. We will state here some of the results used in this paper and refer the reader to

[26,36] for proofs and more background on the theory. The Floquet-Bloch transform U, associated
with the periodicity in the z-direction is

(U f) (@, y, k) = (2m) /2 3" e*™ fla —m,y), 1)
meZ
where (z,y) € 2:=(0,1) x R, k € [-m, 7] and f € L% (R?) is a function of compact support. Uy
is then extended to a map Uy : Lgo (R?) — Lgo (£2 x (—m, m)) by continuity.
We now consider an operator family Lg(kz) on the strip {2 parametrised by ki € [—m, 7).
Lo(kz) is the self-adjoint operator in L2, (£2) given by
1

Lo(ka)u=— A
olks)u ol y)

2.2)

defined on the space of all functions u € H%(£2) which satisfy the quasi-periodic boundary
conditions

ik ou _ ik, Ou
u(l,y)=e"u(0,y) and == (1,y)=e" 7-(0,y). (2.3)
It follows from the general theory [26,36] that L is the direct integral of the operators Lo (kz):
S~
Lo= j Lo (ks )dks. (2.4)

[7‘“—’7‘-]

H
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As a consequence, the spectrum of the problem in the plane is

o(lo)=|J  o(Lo(ka). (25)

ke €[—m,m]

Moreover, in view of periodicity in the y-direction, similar arguments apply for each operator
Lo(kz) and the spectrum of the operator Lg(kz) is

o(Lotka))= | o(Lo(ke.k)),

ke[—m,7]

where Lg(ks, k) is the operator — A in Lgo((O 1)?) whose domain consists of those

En (T eo(z,y)
H2((0, 1)2)—functions satisfying quasi-periodic boundary conditions in both the z- and y-
directions: ,

u(1,y) = e u(0,y), %(Ly)—ezk 7u(0,y),

(2.6)
u(e, 1) = e™u(z,0), §¥(x,1)=e* G4 (x,0).

For notational simplicity we shall refer to the additional parameter as k rather than k.

We now turn to the problem which is our main interest in this paper. We perturb the original
periodic problem in the plane to consider a wave-guide W =R x (0, 1) inside the 2D-periodic
crystalline structure. This new problem is modeled by an operator L acting on LZ(R?) with
domain H?(R?) given by

withe(z,y) =¢eo(z,y) +e1(z, y).

Assumption 2.2. The perturbation e1 € L™ (R?) is supported in W, in the x-direction it is periodic with
period 1 and it is such that inf eg 4+ €1 > 0.

Q Q
L] L] L] o o o
L] L] L] ES E3 % W
L] L] L] o o o

Figure 1. The background problem and the vertical strip {2 on the left. The right shows the problem with the horizontal
waveguide W added.

In view of the periodicity in the z-direction we can use the Floquet-Bloch transform (2.1) to
generate, as in the case of Lo, a selfadjoint operator family L(k.) on the strip {2, acting in the
space L2(2), parametrized by ks € [, 7] and given by

1
g0t €1

L(kg)u:=—

with domain in H?(2), subject to the quasi-periodic boundary conditions (2.3). As before, the
spectrum of the waveguide problem L is

o= | oLk)): @7

ke €[—m,m)

H
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The chief goal of this paper is to compare the spectra of Lo and L. In view of (2.5) and (2.7), this
amounts to comparing the spectra of Lo (kz) and L(kz). In [4, Lemma 10] it is shown that the
essential spectra of these two operators coincide. Therefore, o(L(k,)) can differ from o(Lq(kz))
only through the introduction of extra eigenvalues inside or at the endpoints of the spectral
gaps of Lg(kz). In particular, the eigenvalues of L(k;) cannot accumulate at any point inside
the spectral gaps.

In this paper, we will assume that there is a gap in the spectrum of Lg(kz), which we denote
by (ro, p1). As Lo(kz) is a non-negative operator, we will assume throughout that £ > 0. We will
then study the eigenvalues of the perturbed problem

—Au=MAeg+e1)u onf2 (2.8)

where A € (uo, p11), i.e. A lies in a gap of the spectrum of the operator Lg(kz). It is understood that
from now on all functions satisfy the quasi-periodic boundary conditions (2.3). From the equation
(2.8) we get

1
——Au — Au= Ag—lu.
€0 €0

It then follows that ) is an eigenvalue in the gap iff

u:Au@ww—Ar4(§u) 2.9)
holds for some non-zero u. Our strategy will be based on finding solutions of (2.9) using
information on the resolvent of the unperturbed operator Lo (kz).

As mentioned in the introduction, we shall show that small signed perturbations of the
operator Lg(kz) create extra spectrum in an arbitrary fixed gap (po, 1) This will imply that
these perturbations create guided mode spectrum of the operator L. Our second aim in this paper
is to prove that the additional eigenvalues do not accumulate anywhere on the closure of the
spectral gap, in particular not at the endpoints g and 1.

We consider the non-accumulation result as a first step towards a better understanding of
the structure of the guided mode spectrum. One could surmise that the guided mode spectrum
0(L(kz)) \ 0(Lo(kz)) can be written in terms of continuous band functions {6;(k»)} depending
on kg € [—m,n]. However, since eigenvalues may be emitted and absorbed by the essential
spectrum of the unperturbed operator Lo(ks) as kz varies, the functions 6; may possibly be
defined only on subintervals of [—, 7]. An open question is whether a finite total number of
band functions 6; (possibly defined on subintervals of [, 7]) is sufficient to describe the guided
mode spectrum.

3. Eigenvalues at band edges and their eigenfunctions

Our analysis of the waveguide problem will be via a study of the resolvent of the unperturbed
operator Lg(kz). This will be performed using the Floquet-Bloch transform. In this section we
introduce a representation of the resolvent in terms of so-called Bloch functions and show some
results which will be crucial in our later analysis. We note that the perturbation plays no role in
this section.

For fixed k; we consider the operator Lo (ks,k) in L2 ((0,1)?) introduced in the previous
section. The operator depends on k via the quasi-periodic boundary conditions and thus has a
k-dependent domain. We can transform the eigenvalue problem for Lo (kz, k) into an eigenvalue
problem for a k-dependent operator with periodic boundary conditions in the y-direction: Define
Ap:=V% in Lgo((O7 1)) with domain consisting of those H?((0,1)?)-functions satisfying the
boundary conditions

{ u(1,y) = e*ru(0,y), Fe(1,y) = e 8%(0,y), -

u(@, 1) =u(@,0), F&(z,1) = G4(x,0),

H
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where Vi =V + 14 ( 2 >

We wish to apply [23, Theorem VIL.3.9] to the analytic operator family —%Ak. This requires
the operator family to be analytic of type (A). A family of closed operators T'(z) on a Hilbert
space, defined for z in a domain Dy C C, is called analytic of type (A), if the domains D(7'(z)) are
independent of z and T'(z)u is analytic in z € Dy for all u in the domain of the operator (cf. [23]).

Clearly, f%Ak in L2 ((0,1)?) defined above for k € C is analytic of type (A). It is selfadjoint
for k € [—m, 7] and has compact resolvent. Hence, by [23, Theorem VII.3.9 and Remark VII.3.10],
there exist collections of functions {\s(k)}sen in R and {¢s(k)}sen, normalized in L2, ((0,1)?)

satisfying (3.1), which are real-analytic functions in the variable k on [—, 7] and are such that
1
~ g Arts (k) = As (k) (k).

Moreover, for each s€N, there exist ds,ns >0 such that A\s(-) and ¢s(-) can be continued
analytically to the open set

{z€C:Re z€(—m —ds,m+ ds), |Im 2| <ns}

containing the interval [—m,7]. We note that the eigenvalues are not necessarily ordered by
magnitude. Moreover, the analyticity results depend critically on the fact that we only let the
scalar parameter k vary. The normalized eigenfunctions {¢s(z,y, k)}sen of Lo(kz, k) are then
given by ¢s(z,y, k) = ™ ps(x,y, k), where s(z,y, k) corresponds to the eigenvalue As(k). We
call the functions As the band functions and s (z, y, k) the Bloch functions.

1/2
Lemma 3.1. Lef ||jully = (f(o 1)2 |u|2) denote the unweighted L?-norm of a function over (0,1)2.
We have the following gradient estimates:

Voslly <C(VAs(k) +1)  and  [[Vibs|ly < v/ As(k). (3.2)

Proof. As —X Apis = As(k)ps(k), testing with ¢, gives

€0

J ‘Vk(z)s'? = J (_iAkas) EEO :J As(k)%@fo =As (k)
(0,1)? (0,1)2 (0,1)2

€0

Hence,

19 s, = vas —i< ) )%

SNIVigslly + [l [[@s]ly < C(VAs (k) +1).
2

Note that, as k runs through a bounded set, the constant C' can be chosen independently of k.
However, it is dependent on ||1/¢9]| .. The second statement follows from integration by parts:

| wwe=] (—iAws> Trco= | ATz = A (B
(0,1)2 (0,1)2 €0 (0,1)2
O

We remind the reader that ; is the lowest point of a spectral band and lies at the top end of
a gap. The next result shows that only finitely many spectral bands can touch ;1 and that each
As(k) can touch p; only finitely many times.

Proposition 3.1. The equation

Xs (k) = pu1 (3.3)

has a solution (s, k) € N x [—m, w]. Moreover, there are only finitely many pairs (sp, kp) satisfying (3.3).
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Proof. We first prove that the solution set is finite. Let k, kg € [—7, 71]. Arguing as in [23, VIL3.6],
we find that there exist s-independent constants C', Ca such that

As (k) = Xs(ko)| < (C1 + [Xs (ko)) (721 Fol — 1),
Next, choose |k — ko| < §, where § is such that €“2° — 1 < 1/2. Then

[As(k) = As(ko)| < 5 (C1 + [As (ko))

N —

and so whenever As(kg) > 0 we get

1
As(k) > 5/\s(ko) - C.
For fixed ko, we have As(kg) — oo as s — co. Hence,

nf (k) > 2

5As(ko) — €' — o0, — 0.
{kilk—ko| <6} —28( 0) 00, ass— 0

Since § can be chosen independently of s and kg, we can cover [—, 7] with finitely many intervals
of length ¢ and so

inf  As(k) 5200 as s—oc. (3.4)
ke[—m,7]
Therefore, there are only finitely many values of s such that As(k) = p1 for some k.

On the other hand, if for any fixed s we have As(kp) = 1 for infinitely many kp, then these
must accumulate in [—m, 7] and the analyticity of As would imply As(k) = py. This leads to a
contradiction in the following way. A classical argument by Thomas (see [26,37]) shows that the
periodic Schrodinger operator —A + V with V' € L® cannot have constant band functions, i.e. if

(=Ak +V)o(k) =v(k)p(k) with  é(k) #0, (3.5)

then v(k) is not constant. Since As (k) = p1 implies

(—Ag — eop1)9s(k) =0,

i.e. (3.5) holds with V= —ggu; and v =0, this leads to a contradiction. Thus the set of solutions
to (3.3) is finite.

Now, as (p0, p1) is a spectral gap, we can order the continuous band functions such that for
some s” € N we have \s (k) < p for s < s" and \s(k) > py for s > s” and all k € [—, 71]. Therefore,
w1 =inf{\s(k):s> 5",k € [-m,7|}. By (3.4), there exists s € N such that in fact 11 = inf{\s(k) :
s’ <s< ",k €[—m, 7]} By continuity of the band functions, there then exists a solution to (3.3).

O

We now discuss the expansion of functions in LZ ((0,1)?) in terms of the Bloch functions 1.
Since for each k, the eigenfunctions s (-, k) form a complete orthonormal system in Lgo ((0,1)2),
we have for r € L?O ((0,1)?) and k € (—, )

r= Z (ry s (-, k?)>Lgo((o,1)2) ps (-, k)
seN

and hence by using Parseval’s identity and integrating over k, we get

1 s
172, 010 = 55 32 |10 Co sz oy I (36)
seNYTT

We now derive a representation for (Lo(kg) — A)~'r with r € L2 ((0,1)?) in terms of Bloch
functions. Whenever we apply an operator with domain L?(£2) to a function r € L2, ((0,1)?), it s
to be understood as the application of the operator to the function r extended to all of {2 by zero.
For notational simplicity, we will use the same letter r for the extended function.

H
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Let U denote the Floquet transform in the y-variable defined analogously to (2.1) and set

Ps (k7 T) = <UT('7 k)a 7/)5('7 E)>L§0 ((0,1)2) 1/}5('7 k) (37)
We note that since r is supported in [0, 1]?, we have
1 _

Ps(k,7) = Nir (r,s(, k)}Lgo((OJ)g) Vs (-, k). (3.8)

In view of the analyticity of the Bloch functions s, it follows that also Ps depends analytically on

k in a small complex neighborhood of [—m, 7] (note that k — s (-, k) is analytic in k, which can be
seen by an expansion into power series).

Using this notation we have the following resolvent formula for the operator Lg(kz ), see [26,
33,36]:

(Lofke) = 2)7r == IR AR (39)
seNYTT

for A outside the spectrum of Lq(kz) and r € Lgo ((0,1)%).

4. Generation of spectrum in the gap

In this section we use the representation of the resolvent by Bloch functions and the variational
principle to show that if the perturbation €1 is of fixed sign it will lead to the generation of extra
spectrum in the gap (10, pt1) of the spectrum of the operator Lo (kz).

For definiteness, throughout this section we make the following additional assumption on e1.

Assumption 4.1. ¢ is a non-negative function and there exist o > 0 and a nonempty open set D such
that infpe1|n =a.

The first step consists of performing a Birman-Schwinger-like reformulation of the problem.
We note that the Birman-Schwinger principle is a classical tool in handling perturbations of
Schrodinger operators (the reader might consult e.g. [36], or [25] for an application of the principle
to eigenvalue counting in spectral gaps).

In (2.9), set

€1

vi=,/—u,
€0

then v is supported in [0, 1]2, as €1 is, and v satisfies

. £1 -1 /€1
v_A\/g(Lo(kw)—A) v (4.1)

Note that conversely, if v satisfies (4.1), then

wi=\(Lo(ks) — A) ! %l)v

satisfies (2.9) and lies in Lgo (£2). Tt is therefore sufficient for our purposes to study (4.1).
We now define the operator Ay on Lgo ((0,1)%) by

Ayv= ()\\/g(Lo(kz) Y %;)

and note that (4.1) has a non-trivial solution if and only if 1 is an eigenvalue of the operator Ay.

4.2)

(0,1)2

Lemma 4.1. Let A € (po, pu1). Then Ay : L2,((0,1)%) — L2, ((0,1)?) is symmetric and compact.
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Proof. Let u,v € L2 ((0,1)?). Then

—1
_ 1 €1 €1
(0 Aru, V) L2((0,0)2) = <50A <_5A - A) VeV sov>Lz(m
[e 1 e
= €0 —lu,/\(f—AfA) Ly
€0 €0 €0 £2(2)
€1 1 -1 €1
= EouU, Ay | — —— A=A —wv
€0 €0 €0

= (eou, A\v)12((0,1)2) 5

(0,1)2 >L2((o,1)2>

so the operator is symmetric. Moreover, by standard estimates (see e.g. [12]) for the elliptic
operator on the strip,

H(LO(M) -7 \/iuHHl((O,l)Q) < Zoka) = 27! \/%uHme

< Oxlullpz) = Cx llullp2(0,1)2) -
Thus A) is the composition of a compact map with the continuous map of multiplication by the
function Z—(l) and is therefore compact as a map from L?((0,1)?) to L?((0,1)?). Multiplication
by the bounded and boundedly invertible weight £y does not affect this. O

We next investigate the dependence of the maximum eigenvalue of Ay on A. To do this, we
will use the standard method of estimating eigenvalues using the variational characterisation via
the Rayleigh quotient (see, e.g. [36]). This technique has previously been extensively used in the
study of waveguides, see for example [5,6,31,34].

Define A >

AU, U
Kmaz(A) == sup ———"0
lull£0 (U e,
It follows from the standard variational characterisation of the spectrum for compact operators
that if Kmaz(A) > 0, it is the maximum eigenvalue of Aj.

Lemma 4.2. (i) On the interval (pi0, 1) the map X — Kmax () is continuous and increasing.
(ii) If there exists \' € (po, p11) such that kmax (') > 0, then A\ Kmax () is strictly increasing on
(X', p1).

Proof. (1) From (4.2), we see that A+ Ay is norm continuous as a map from (o, 1) to
L(L2,((0,1)%)), the space of bounded linear operators on LZ ((0,1)%). Moreover, for any A €
(10, p1) and any € > 0 there exists § > 0 such that for |A — A\| <6

] (Asu ), — (A )., | < [[Ax = Az llull?, <& Jlul?, -

This implies ‘mmw(j\) — Kmaz(N)| <& 50 A Kmaz(A) is continuous.

Let 10 < A < A < 1. Then

A A G-k

Ao(k) =X As(k) =X (As(k) = N)(Aalk) =)

since (As(k) — A)(As(k) —X) >0 and As(k) >0 for all s and all k. We have the following
expression for (Ayu, u), (see the calculation preceding (4.5)):

<,/5—1u,ws(-,k>>
£0 £2,((0,1)2)

4.3)

2

| Tonw-n .
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In view of (4.3), we see that A — kmaz () is monotonically increasing proving the first statement
of the lemma.

(2) We now investigate strict monotonicity of A — Kmax(A). We note that XA — Kmax () need
not be differentiable, as it is possible for eigenvalue branches to cross. However, smax is piecewise
analytic on the interval [\, 111). Note that for A > X, kmax(\) > fmax(\) > 0 by the monotonicity
shown in the first part of the proof, so the point 0 in the spectrum of A does not cause difficulties
for the analytic continuation of the eigenvalues (the reader may refer to the discussion of these
matters in Kato’s book, [23, Theorem VII.3.9 and Remark VIL.3.11]).

Consider now some subinterval of [),p1) where kmax is analytic and let u) be the
corresponding normalised eigenfunction of Ay, depending analytically on A. Then

ﬁmax()\) - <A)\'LL)\, u)\>50 P

so using the symmetry of Ay we have

Ormax(\)  /0A,
B3 - < B3 “A’“*> . <AA N’ > <AWA’ B3 >

o 8A)\ 8’(1,)\ %
= <78)\ U)\,U)\>80 +I<Lmax( << > <u,\, 3)\ >EO)

— & (ur,un),, =0

where in the last step we have used the representation of the resolvent via Bloch functions (3.9).
Now, As(k) >0 and As(k) =0 holds at most for a finite number of k, else the analytic band
function \s would be constant. Assume for a contradiction that a”%/{‘o‘) =0. Then, from the
above calculation <1 /%U)\, ¢s> =0 for a.e. k and all s € N. By (3.6), we have , /%“A =0, which

implies Ayu) = 0. However, this cannot be the case, as £Kmax(A) > 0. Therefore, kKmax () is strictly
increasing on (X, 111). O

dk,

We are now ready to prove our main result which shows that small perturbations of ¢q create
eigenvalues in the spectral gap.

Theorem 4.1. Let g and e1 satisfy Assumptions 2.1,2.2, 4.1 and that

(1 — po) infeg
0

lelloo < (4.4)

for some fig € [f10, p1). Then there exists an eigenvalue of the operator L(kz) in (fo, p1).

Proof. We shall estimate the function rkmax to obtain information on the largest eigenvalue of A).
Letu € L?((0,1)?), then using (3.9) we have

{eoAxu, u)p2((0,1)2)

= A(eo cL (IAA)l Sy U
€0 €0 €0 (01)2
1 -1 €
= g (——A—A) 1/—1u,\/ju
€0 €0 €0 L2(2)
2
A J” 1 €1
= 2 (olk) —N) <1/*u,1/)s(-,k)> k. (45)
on _ﬂs% €0 L2,((0.1)?)
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To first get an upper estimate on kmax, let s’ be such that y; is the lowest point of the band
function Ay and pg is the highest point of A/ 1. We note that such an s’ must exist for there to
be a gap. Let A € (Jio, p1)- Then since As(k) — A <0 for s < s’ we have

2

A dk

Codsi i) paoapy < ge | 30 (a0

T s>s!

A

—_— dk
2m(p1 —

AN
=
—
:\‘ 3
N

2
) <fl )
— —u,Ys (-, k dk
2m(p1 —A) J_x SGZN €0 vs( k) €0
- o, A ||el||
- )lnf €0 H ||50 . (46)

Therefore, if the perturbation ¢ is sufficiently small such that (4.4) holds, we can find \' €
(ﬁ()7 ,LL1) such that

Axru,u
Kmaz ()\/) = sup M <1. 4.7)
lul0  [lullZ,

We next want to find a lower bound on kmax. Let kg be such that Ay (ko) = p1
We remind the reader that in this section we are assuming €1 > o > 0 on a nonempty open set
D. It follows from unique continuation (see e.g. [35]) that for any Bloch function v5(-, k) we have

| watmeo >0

D

Therefore, and by continuity of the Bloch functions there exist 6 > 0 and a > 0 such that
| </¢)s'('7 k0)7 1/)8’ ('7 k)>L§0 (D) ‘2 >a

for k € (ko — 6, ko + 9). As test function, we choose u = /224y (-, ko) on D and extend u by zero
0 (0,1)2. Then from (4.5) we get that for A € (Jig, f11)

(e0Axu, u) A m . )
- ()\S(k) _)‘) Ws’(w/f )7¢s(,k’)> 2 dk
ull2, 2 |lul2, LTS% ’ 0 LEO(D)‘
A 7r _ 2
WJ D Ok =N [ k) (3R sz |
g0 VT s<s!

ak J’“U” dk
27 [[ull2, Jho—s As (k) =X

| T iw

2
( k0)7¢5('7k)> 2 dk
2 |lul2, J-n 22, ‘ Lso(D))

ko+96
a\ J dk _c,,

2 [[ull?, Jko—s Asr (R) = 2

where C), is uniformly bounded in X in the interval [po + 7, 1) for any 0 < n < 1 — po. Using
the Taylor expansion of the analytic function Ay, which has a minimum at ko, we see that

Aot (k) < 1+ an(k — ko)™
for k € (kg — 8, ko + ¢) and for some n € N with

! max )\(211)

(2n)! e€lko—s,ko+3] " *

an =
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Thus for 6 < 1

J’“O” dk J’“O“ dk - J’“O” dk
ko—5 Ast (k) — A ko—s M1 — X +an(k —ko)?" T Jp_5 p1 — X+ an(k — ko)?

_ X=5
! arctan on X )4/ M )\‘
w1 — A w1 — A an 1 X=-0

2 an )
———— arctan ———§ ) —soo0as A\ 1.
Van(pr —A) ( B — A _

Combining our estimates, we have

v

—ooas A .

Since by (4.7) we have some )\ € (fig, 1) with Kmaz(\) <1 and Kmaz(+) is continuous, we
can use the Intermediate Value Theorem to find A € (\', 1) such that Kmaz(\) = 1. From (2.9)
and (4.1) we see that this gives an eigenvalue of the perturbed strip operator L(kz) between \
and p1 and thus in (zg, p11)- O

Remark 4.1. (1) Our result only holds for small perturbations. One would of course generally expect
that larger perturbations lead to the creation of more spectrum in the gap as lower eigenvalues of
A cross 1, but our method of proof does not cover those cases. However, existence of guided modes
for sufficiently large perturbations is shown for example in [14,32].
(ii) We consider a special case: Assume that e1(x) = aé(z) for some function &(x) >0 and o € R™T.
This enables us to study the spectrum in terms of the scalar parameter . We can interpret moving
from a =0 to o> 0 as switching on the perturbation and higher values of o as increasing the
perturbation. Let Ay = Ay /a and vmax(X) be the maximum eigenvalue of Ay. Then we have
X € o(L(kz)) iff avmax(X) = 1. This gives the following results:

(a) Monotonicity of A+ vmax(\) and the fact that the maximal eigenvalue vmax(\) of Ay
tends to 400 as X — p1 implies that for any given small o, we can find \ such that
Vmax(\) = é, so an additional spectral point is produced as soon as the perturbation is
switched on.

(b) Strict monotonicity of X+ vmax(X) implies that there exist N > o and >0 such
that vmax : (X, u1) — (B, 00) is invertible. Given o < %, the function g(o) == I/I;;X(é)
always gives an eigenvalue and g(a) — 11 when a — 0.

(c) Let X € (o, p1). The estimate (4.6) shows that the maximum eigenvalue vmax(\) of Ay
satisfies

NE

vmax(}) < (11 — )\)(i):leO.

Hence, if o < % then awvmax(A) < 1, so X is not an eigenvalue. This implies that

the perturbation needs to have a certain size before the spectrum can appear at any given
point in the gap away from p.

(iii) In the case when €1 is a non-positive function analogous results can be shown by considering the

operator
Ao =M/ =L (Lo(kz) — N) 71/ =L
€0 €0

In this case, the extra eigenvalues created for small perturbations will appear at the bottom end of
the spectral gap near pug.

We end the section by considering the consequences of this result for the spectrum of the
operator L in L2(R?).
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Theorem 4.2. Let (Mo, M1) be a gap in o(Lg). Assume that €1 is non-negative, is strictly positive on a
non-empty open set and that
(M1 — My) inf &g

o (4.8)

llerlloo <

Then o (L) N (Mo, My ) contains a non-empty interval.

Proof. We fix kg € [—m, 7] such that My € o(Lo(kz)). Such a k; must exist by a similar argument
to that in the proof of Proposition 3.1. Applying Theorem 4.1 with p; =M; and jg=
My gives an eigenvalue A(kz) of L(kz) in (Mg, My). By standard perturbation arguments,
there exists § >0 such that for ky € (ks — 6, ks + 6) the operator L(k;) has an eigenvalue
A(kz) such that kg — A(kz) is continuous. Moreover, by [20], it's non-constant. Therefore,

{)\(kx) ¢ kg € (kg — 0, ke + 5)} is a non-empty interval and by (2.7), it is contained in o(L). O

Remark 4.2. Since by [20] the spectrum o(L) does not contain eigenvalues, the additional spectrum
induced in the gap (Mo, M) is purely continuous. Thus the perturbed problem really deserves the name
waveguide since the spectrum of L within (Mo, M) corresponds to frequency ranges in which light is
transmitted through the structure, which were not present in the original unperturbed bulk.

5. Non-accumulation of the eigenvalues

In this section we wish to show that new eigenvalues generated by the perturbation cannot
accumulate at the band edges. Unlike in section 4, we no longer make any assumptions on the
sign of the perturbation.

In (2.9), set

€1
V= —1u.

€0

Note that v is supported in [0, 1]2, as 1] is, and v satisfies

=2 (Lo(ks) — N) . G.1)
€0

Therefore, we shall study the spectrum of the operator )\i—é (Lo(kz) — )\)71 acting on functions
supported in [0, 1]°.

(a) Analytic continuation of the resolvent

Recall the resolvent formula (3.9):

-zl

for X outside the spectrum of Lg(kz) and r € Lgo ((0,1)?). Considered as a map in LZ(LEO ((0,1)%))
the resolvent (Lo (kz) — A) ™! is compact and we would like to use meromorphic Fredholm theory
(see Theorem 5.1) to analyze the point spectrum near the band edges. Fredholm theory is a useful
tool for studying boundary value problems for partial differential equations, and is particularly

(Lo(kz) = X)~'r (k) — N) " Pu(k, 7)dk (.2)

efficient when one has to deal with an operator equation depending analytically on a parameter.
This situation arises frequently in scattering theory, e.g. see Jaksi¢ and Poulin [21] and Colton,
Pdivdrinta and Sylvester [9] or Lakshtanov and Vainberg [30] for applications to transmission
eigenvalue problems.

However, in our situation the resolvent is not well-defined in a neighbourhood of the band
edge. To overcome this difficulty, we transform the critical integrals in (5.2) by integration over a
suitable contour in the complex plane (see Figure (a)) instead of the real interval [—, 7]. In this
way, we obtain an analytic operator family, see (5.3), that coincides with the resolvent on a sector
of the complex plane. Analytic continuation techniques are very useful for periodic problems,
when there is a distinguished spatial direction (i.e. the waveguide axis), although to the authors’
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knowledge, this has not been exploited too often in the literature. We refer the reader to [11,24]
for applications to scattering from a half-space for the Schrodinger equation. More recently, the
usefulness of analytic continuation in optical waveguides and for more general elliptic operators
was noted by one of the authors and used in [18,20].

We will do this construction for the lower edge of a band near p1. A similar construction is
possible near the top end of a band near .

Note that by Proposition 3.1 there are only finitely many pairs (sp, kp), p =1, ..., N such that for
X = p1 theintegrand (Xs, (k) — A)_lPsp (k,r)in (5.2) is singular at kp, since s, (kp) = p1. Asnone
of the analytic functions As can have a zero of infinite multiplicity by the Thomas argument (see
[26,37]), we have for each p that )\gi) (kp)=0forj=1,...,mp — land ,\ij“ (kp) # 0 for some even
mp > 2. Since p1 lies at the bottom end of the band, we can write s, (k) = p1 + (k — kp)""? gp(k)
with g, an analytic function of k, g, (kp) > 0 and gp(R) CR.

We set hg, 1, (k):= (k — kp) ™§/gp(k). Here, we choose the branch cut of the root away
from the positive real axis, so that it does not intersect with the set {gp(k)} for k in a small
neighbourhood of kp. Since h;m k, (kp) = "%/ gp(kp) # 0, we can locally invert A, j, to obtain

k= hs_p1 k, (v), and k will depend analytically on v for v in a ball N centered at 0. Let N'* =
N N {Im(v) >0} and N~ =N N {Im(v) < 0}. Clearly, hy, ., : R =R, so0 h.s_plk,, :NT S C\R. As
N are connected, hs_,,l ky (NV*) are connected and are therefore completely contained in either the

lower or upper half-plane. Take v = +is € N'*. Then, as

(hks,) © =1/ "t/ap(ks) >0,
by Taylor series expansion we get
+is
"%/ gp(kp)
with r4 (is)/s — 0 as s — 0. Hence, Im(hs_;kp (is)) > 0 and Im(h;p{kp(—is)) <0, so hs_,,l,k,) maps
N to the upper and NV~ to the lower half-plane.

hyty, (Fis) = kp + + 7 (is)

Proposition 5.1. All solutions of (k — kp)™? gp(k) = v"™? in a neighbourhood of ky are given by

k=h!

2mwip/m
oy (27 )

withp=0,...,mp — L.

Proof. In a punctured neighbourhood of k;, we have the following equivalences:

(k= ko) gp(k) =™ <%4m”zﬂm) -

v __—2mip/m,
—_— _=c¢ , p€{0,....,mp — 1}
(k= kp) ™%/ gp(k)

= k:h_lk (e2mp/m”1/), pe{0,....,mp — 1}.

STJ7 P

O

For simplicity of notation, from now on we restrict ourselves to the case when only one band,
which we call the sp-band, touches p1, i.e. As(k) = p1 implies s = sg. All results generalise in the
obvious way in the case when more than one band touches 1.

Let (so,kp), p=1,..., 5 be all pairs described in Proposition 3.1 with m, being the order of
the first non-vanishing derivative of As, at kp. Let m be the lowest common multiple of the m,
and gp = m/mp. Using the Taylor expansion of As, (k) around each of these kjp, we find a complex
neighbourhood N (111) of i1 and balls Br(k1), ..., Br(kg) of some radius R around each of the kjp
such that by Proposition 5.1 the equation As, (k) = p11 + p'"? has precisely m,, solutions in By (kp)
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whenever p1 + p™? € N(u1). Moreover, we can find a smaller neighbourhood N (p1) of pg such
that foreachi=1,...,S and all uy + " € ]T](,ul) all solutions in Br(kp) of Asq (k) =p1 + '™
in fact lie in a ball B 3(kp) of radius /3 around kp.

We now choose a contour G as indicated in Figure (a).

Figure 2. The contour G.

For later estimates, it will be useful to have a bound on the distance from the curve G to
solutions of the equation As, (k) = z. This is given by the following lemma.

Lemma 5.1. There exists another neighbourhood N C N(uy) such that for some positive number o we
have dist(G, {k € C: Xsy (k) = 2}) > dg forall z€ N.

Proof. For a contradiction, we assume that for all neighbourhoods N and for all §y > 0 there exists
z € N such that dist(G, {k : As, (k) = 2z}) < dp. This implies that there exists a sequence (zr) in

N (u1) such that z, — p1 and
dist(G, {k: Asg (k) =2n}) =0

as n — oo. This in turn implies the existence of a sequence (E) such that )\50@;) =2zn and
dist(G, {kn}) — 0 as n — occ.

Assume for another contradiction that &, € B r(kp) for some p. Then by definition of N(u1)
we would have &, € B ry3(kp) for large n. However, this contradicts that the fon, are very close to
the curve G for large n. We can deduce that fen ¢ Bp(kp) and since dist(G, {E;}) — 0 we get that
Im &, — 0 as n — oco.

Now, [—m, 7]\ U (Bgr(kp) NR) is compact, so there exists a subsequence k/; converging to
some k€ [—m, 7]\ U (Br(kp) NR). It then follows that )\So(k/n;) — Aso (k), and Zn; — pi1. SO
Aso (k) = p1. Hence, k is an additional real solution to As, (k) = p1 contradicting the assumption
that the &, are all solutions. O

We are now in a position to introduce the operator family that will provide an analytic
extension of the resolvent. Let O; be a small neighbourhood of 0 such that p; + p™ € N for
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any p € O1. For € O1 \ {0} we define the operator family B, on L2, ((0,1)?) by

1 T -
Bu(r) = Nor: > J (As(k) = p1 — ™)~ Palle, ) dke

s#sg
1 —

* E JG()‘SO (k) — M1 — Nm) IPSO (kv T)dk (5.3)

s
VYD D N g b (T ) T P (T ),
p=1la€s,

where S, ={0,..., 52 — 1} and r € LZO((O, 1)2). The next result shows that B, does indeed
extend the resolvent.

Proposition 5.2. For € Oy \ {0} with arg pu € (0, 2w /m), we have
Bu(r) = (Lo(ke) — p1 — u™) " 'r

forre LZ,((0,1)?)

Proof. Noting the resolvent formula (3.9), we see that B, is obtained from the resolvent by
replacing integration over (—m, ) with integration over G when s =so and adding the final
term with the point evaluation. Hence, the proof amounts to a simple application of the residue
theorem. This involves finding the solutions to s, (k) = p1 + p'™, ie. to (k — kp)™rg(k)=p"™,
lying between G and the real axis. Since h;ol ), Maps points in the upper half-plane to points
in the upper half-plane and points in the lower half-plane to points in the lower half-plane, by
Proposition 5.1 and the discussion following it, these are given by k = hs_ol, Ky (e2mialmp m/my)

for those a € {0, ..., mp — 1} such that ¢27*%/™» ™/ ™» lies in the upper half plane. Now for
arg u € (0,27 /m),

; 2
arg (ezma/mf’um/m‘o) € (QTI'mi, 27rmi + mi) .
P P P

This is in (0,7) if and only if a € S,. Note that in calculating the residue, we have used that
Res: f/g= f(2)/d'(z) whenever g(z) =0, ¢'(z) #0. O

(b) Properties of the operator family 13,

We next look at properties of the operator family By, from (5.3) with p in a small neighbourhood
O of 0. Recall that our aim is to be able to apply Fredholm theory to this operator family.

Proposition 5.3. There exists a neighbourhood O of 0 such that p — By, is analytic as a map from O \ {0}
to £(L2,((0,1)?)).

Proof. We discuss the three terms on the right hand side of (5.3) separately.
(1) We first consider the contour integral

\/% JG(ASO (k) — p1 — u™) " Pay (k, ) dk. (5.4)

~!isbounded for

Lemma 5.1 implies that along the contour G we have that |(As(k) — As, — ™)
w1 € O1. In particular, this implies that the integrand in (5.4) is analytic in f.
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(2) The only problem in the third term, the residue term, arises when
Nog (bt (2747 ) = .
Now, p =0 is locally the only solution of hs_o1 Ky (1) = kp and, since

Noo (k) = (k — kp)™* ™" [mpg(k) + (k — kp)g' (K))],

#0 for k=k,

kp is locally the only zero of k — A5, (k). Therefore, there exists a neighbourhood Oz of 0 such
that the residue term is analytic for u € Oz \ {0}.

(3) Next, we consider the first term, the infinite sum component in the resolvent. We note
that by an argument as in the proof of Proposition 3.1, there exists 1 > 0 such that for all band
functions A\s which do not touch p; and for all k, we have |As(k) — p1| > 7. So there exists a
neighbourhood O3 of the origin such that for all 1 € O3 and for all non-touching bands s we have
[As(k) — p1 — ™| > 3 for all k. Hence, |(As(k) — p1 — ©™)~1| is uniformly bounded in s and .
We need to test with a function ¢ and show that for any ¢ the resulting function is analytic in p.
Fubini’s Theorem allows us to interchange the integration in & and the L%-scalar products. Then
we have for y € O3 and M > N sufficiently large,

M 1

G;VJ T )\s(k) — p1 — pm <UT('7k)7w3(" k)>€o <¢8(.’ k)’¢>50 dk
Mooro

< ZJ UGB, B Ry | (W), 6., | db
s=N""T
, [20 - M

< 2 3 J (U (- k), s (- R)) (2o by | S J | (¥s(, k), ¢) 12, dk.

s=N""T s=N"7T

By completeness of the Bloch functions (see (3.6)), this tends to 0 as N, M — co. Hence we get
uniform convergence of the series in 1 and the limit function is analytic.
Finally, we choose O = 01 N Oz N O3. O

Proposition 5.4. By, is compact for € O \ {0}.

Proof. Again, we consider the three terms on the r.h.s. of (5.3) separately.

(1) The term from the residue is clearly compact, as it is a finite rank operator.

(2) We next consider the contour integral (5.4). Lemma 5.1 implies that along the contour G we
have that |(As, (k) — p1 — ™) "] is bounded and the same is true of ||¢s, (-, k)||. Using (3.8) and
taking the norm into the integral, we can now estimate

| Ohso () = . = ™) 71 Py, (k7r)(')dk“H1(((),1)2)

||'¢’€ (,k)“ 1 2
< CJ'G W <T, 17[)80 ('7 k))eo |dk

<O fg oo (R, |dk <clr

[Asg (k) —p1—pm| €0’

where the second inequality follows using (3.2). By the compact embedding of H'((0,1)?) into
L?((0,1)?), as an operator in L2, ((0,1)?), this part of the resolvent is compact.

(3) Finally, we consider the infinite sum component in the resolvent. We note that, as before,
there exists 7 > 0 such that for all 1 € O and for all non-touching bands s we have |As(k) — 1 —
w™| > 3 for all k.
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Hence, |(As(k) — 1 — ™) 1| is uniformly bounded in s and p and

M 2
S| Ol = = T PR Gk
s=N""T H1
r M 2
- j S Oslk) = i1 — ™) (U R, (o K)oy s, K)dk
T s=N H
x || M 2
< cj SO k) = i1 — ™) UKD, s )y s R) || d
T lls=N H
M 2
" s . R) 20 | P
< o] 3 i a (rws a
2
. M (\/As(k)ﬂ) )
< | Y G (R

M o
< oY | |wrtmvn,

as M,N — oco. In the third line we have used the H'-orthogonality of the eigenfunctions
{s(-, k) }sen for fixed k. Thus, we have a Cauchy sequence in H'((0,1)?). Moreover, the
H'-norm of the limit is bounded by C |r|| <, Which gives compactness as an operator in

L2,((0,1)?). R
Proposition 5.5. By, has a pole of finite rank for j1 = 0.

Proof. We note that the only pole comes from the residue term at ;o = 0. The operator has a pole of
finite order as A%, only has simple zeroes of order m, — 1 at the points &, and hs_o1 & is analytic
sp

in a neighbourhood of 0. Moreover, the factors Ps, (h;)1 ky (e2™e/™p 1,90 1) are of rank 1. O

Proposition 5.6. Let ;€ O\ {0} such that arg j € (0, w/m). Let

= 3
Bu=(u1 + M’”)iBM. (5.5)

Then (I — By,)v =0 only has the trivial solution in L2,((0,1)%).

Proof. Suppose that there exists v # 0 such that (I — By)v = 0. Set w := (Lo(kz) — A) "' v where
A=p1 + p™. Then Proposition 5.2 and the equation for v imply that v= Az—éw. This gives

(—%A - )\) w=0v= )\i—éw, or —Aw = A(eg + £1)w. However, this implies that A = p1 + p™ is
a non-real eigenvalue of the selfadjoint operator L(k; ), yielding a contradiction. O

(c) Main result

The abstract result on meromorphic Fredholm theory which we shall need is the following [36,
Theorem XIII.13]:

Theorem 5.1. Let D be a domain in C, S a discrete subset of D, and H a Hilbert space. Assume we have
a family of operators { A : z € D} such that

(i) z— A is analytic as a map from D \ S to L(H),
(ii) A is compact for € D\ S,
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(iii) A has poles in S of finite rank,
(iv) there exists z € D \ S such that (I — A)u = 0 has only the trivial solution.

Then there exists at most a discrete set S C D such that (I — A,)~Y e L(H) forall ze D\ (S U S).
We can therefore prove our main result of this section:

Theorem 5.2. Let g and e1 satisfy Assumptions 2.1 and 2.2. The spectrum of the problem on the strip,
i.e. the spectrum of the operator L(kz) can not accumulate at the ends of bands of the spectrum of the
operator Lo (kz).

Proof. By [4, Lemma 10], the spectrum of the operator L(k;) outside the bands can only consist
of eigenvalues. By (5.1), it is clear that A=y + u™ € op(L(kz)) if and only if I — By, is not
invertible.

We apply Theorem 5.1 to the operator family B 1 from (5.5) with p in a small neighbourhood O
of 0. The properties (1)-(3) follow from the propositions proved for By, in the previous sub-section,
which obviously carry over to Eu, while (4) is shown in Proposition 5.6. O
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