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This is a n  Op e n  Acces s  doc u m e n t  dow nloa d e d  fro m  ORCA, Ca r diff U nive r si ty 's

ins ti t u tion al r e posi to ry:h t t p s://o rc a.c a r diff.ac.uk/id/ep rin t/75 6 3 5/

This  is t h e  a u t ho r’s ve r sion  of a  wo rk  t h a t  w as  s u b mi t t e d  to  / a c c e p t e d  for

p u blica tion.

Cit a tion  for  final p u blish e d  ve r sion:

Vronsk aya-Robl, M a ri a  a n d  Sc h mid t ,  Ka rl Mich a el  2 0 1 7.  On  p e r t u r b a tion  s t a bili ty of

SSA a n d  MS SA forec as t s  a n d  t h e  s u p po r tive n e s s  of t im e  s e rie s.  S t a tis tics  a n d  Its

In t e rf ac e  1 0  (1) , p p.  3 3-4 6.  

P u blish e r s  p a g e:  h t t p://dx.doi.o rg/10.43 1 0/SII.201 7.v10.n1. a 4  

Ple a s e  no t e:  

Ch a n g e s  m a d e  a s  a  r e s ul t  of p u blishing  p roc e s s e s  s uc h  a s  copy-e di ting,  for m a t ting

a n d  p a g e  n u m b e r s  m ay  no t  b e  r eflec t e d  in t his  ve r sion.  For  t h e  d efini tive  ve r sion  of

t his  p u blica tion,  ple a s e  r efe r  to  t h e  p u blish e d  sou rc e .  You a r e  a dvis e d  to  cons ul t  t h e

p u blish e r’s ve r sion  if you  wis h  to  ci t e  t his  p a p er.

This  ve r sion  is b eing  m a d e  av ailabl e  in a cco r d a nc e  wi th  p u blish e r  policies.  S e e  

h t t p://o rc a .cf.ac.uk/policies.h t ml for  u s a g e  policies.  Copyrigh t  a n d  m o r al  r i gh t s  for

p u blica tions  m a d e  av ailabl e  in  ORCA a r e  r e t ain e d  by t h e  copyrigh t  hold e r s .
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t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❦❡r♥❡❧ ♦❢ ❙❙❆ ❛s ❛ ❝♦♥✈♦❧✉t✐♦♥ ✜❧t❡r ❛♥❞ t❤❡ ❢♦r❡❝❛st
r❡❝✉rr❡♥❝❡ ✈❡❝t♦r ❛r❡ r❡♠❛r❦❛❜❧② st❛❜❧❡ ❜♦t❤ ✉♥❞❡r ❣❡♥❡r❛t❡❞ ●❛✉ss✐❛♥
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t❤❡ ✈❛r✐❛♥❝❡ ✉♥❞❡r ♣❡rt✉r❜❛t✐♦♥s ♦❢ ❙❙❆ ❛♥❞ ▼❙❙❆ ❢♦r❡❝❛sts✳ ❲❡ s✉❣✲
❣❡st ❛ ❝r✐t❡r✐♦♥ ♦❢ s✉♣♣♦rt✐✈❡♥❡ss ❜❛s❡❞ ♦♥ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡s❡ ♣r♦①②
✈❛r✐❛♥❝❡s ✉♥❞❡r s❝❛❧✐♥❣ ♦❢ t❤❡ s✉♣♣♦rt s❡r✐❡s✳ ❋✐♥❛❧❧②✱ ✇❡ r❡♠❛r❦ ♦♥ ❛
♣r♦❜❧❡♠ ♦❢ ❧❛❝❦✐♥❣ s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥❝❡ ♦❢ ▼❙❙❆✳
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■♥ t❤❡ ♣r❡s❡♥t st✉❞②✱ ✇❡ ❛♥❛❧②s❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❙❙❆ ❛♥❞ ▼❙❙❆ ❢♦r❡❝❛sts✱
✐✳❡✳ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢♦r❡❝❛st ❛s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇❤❡♥ t❤❡ ♦r✐❣✐♥❛❧ t✐♠❡
s❡r✐❡s ✐s ♣❡rt✉r❜❡❞ ❜② ❛❞❞❡❞ ♥♦✐s❡✱ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ s❡❝♦♥❞
t✐♠❡ s❡r✐❡s ✐♥ t❤❡ ❛♥❛❧②s✐s✳ ❚❤✐s q✉❡st✐♦♥ ✇❛s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❛♥❛❧♦❣② ❜❡t✇❡❡♥
t❤❡ r❡❝✉rr❡♥❝❡ s②st❡♠ ✭✹✮ ❢♦r ❛ r❡❝✉rr❡♥t ▼❙❙❆ ❢♦r❡❝❛st ♦❢ ❛ ♣❛✐r ♦❢ t✐♠❡ s❡r✐❡s
❛♥❞ t❤❡ st❛t✐♦♥❛r② ✈❡❝t♦r ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss

Xt =
∑m

j=1 ajXt−j +
∑m

j=1 bjYt−j + εt
Yt =

∑m

j=1 cjXt−j +
∑m

j=1 djYt−j + ξt
✭✶✮

✉s❡❞ ❜② ❈✳ ❏✳ ●r❛♥❣❡r t♦ ✐♠♣❧❡♠❡♥t ❤✐s ❝♦♥❝❡♣t ♦❢ ❝❛✉s❛❧✐t②✱ ❛s ❡①♣r❡ss❡❞ ✐♥ t❤❡
✇♦r❞s✿ ✧❲❡ s❛② t❤❛t Yt ✐s ❝❛✉s✐♥❣ Xt ✐❢ ✇❡ ❛r❡ ❜❡tt❡r ❛❜❧❡ t♦ ♣r❡❞✐❝t Xt ✉s✐♥❣
❛❧❧ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛♥ ✐❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛♣❛rt ❢r♦♠ Yt ❤❛❞ ❜❡❡♥ ✉s❡❞✧
❬✻✱ ♣✳✹✷✽❪✱ ✐✳❡✳ Y ✐s ❝❛✉s✐♥❣ X ✐❢ ✐t ✐♠♣r♦✈❡s t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ❢♦r❡❝❛st ♦❢ s❡r✐❡s
X✳
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◆♦t❡ t❤❛t t❤❡r❡ ❛r❡ ❡ss❡♥t✐❛❧ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧s✿ ✭✶✮ ✐s ❛ st♦❝❤❛s✲
t✐❝ ♣r♦❝❡ss ♠♦❞❡❧✐♥❣ t❤❡ ♥♦✐s❡ ♦♥❧②✱ ❛♥❞ ✐♥❞❡❡❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ●r❛♥❣❡r✬s
❝❛✉s❛❧✐t② ❝♦❤❡r❡♥❝❡ r❡q✉✐r❡s ♥♦✐s❡ t♦ ❜❡ ♣r❡s❡♥t ✐♥ ❜♦t❤ t✐♠❡ s❡r✐❡s✱ ✇❤❡r❡❛s ✭✹✮
✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣r♦❝❡ss ✭❛❧t❤♦✉❣❤ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❞❡r✐✈❡❞ ❢r♦♠ r❛♥❞♦♠
✈❛r✐❛❜❧❡s ✐♥ ♣r❛❝t✐❝❡✮ ♠♦❞❡❧✐♥❣ t❤❡ s✐❣♥❛❧✱ ✇✐t❤ ♥♦✐s❡ ❛❞❞❡❞ ❛❢t❡r✇❛r❞s✱ s♦ t❤❛t
✐♥ t❤✐s ❝❛s❡ ♥♦✐s❡ ❞♦❡s ♥♦t ♣r♦♣❛❣❛t❡ ❛♥❞ ♥♦ s♣❡❝✐✜❝ ♥♦✐s❡ ♠♦❞❡❧ ✐s ❛ss✉♠❡❞✳

◆❡✈❡rt❤❡❧❡ss✱ t❤❡ ❛♥❛❧♦❣② ❜❡t✇❡❡♥ ✭✹✮ ❛♥❞ ✭✶✮ ❝♦✉❧❞ ♣r♦✈✐❞❡ ❛ ❜❛s✐s ❢♦r t❤❡
st✉❞② ♦❢ ❛ ❝❛✉s❛❧ ♦r s✉♣♣♦rt r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t✐♠❡ s❡r✐❡s ✭✇✐t❤♦✉t t❤❡ ❛s✲
s✉♠♣t✐♦♥s ♦❢ st❛t✐♦♥❛r✐t②✱ ③❡r♦ ♠❡❛♥ ♦r ❛✉t♦r❡❣r❡ss✐✈❡ str✉❝t✉r❡✮ ❜② ❝♦♠♣❛r✐♥❣
t❤❡ q✉❛❧✐t② ♦❢ t❤❡ ▼❙❙❆ ❢♦r❡❝❛st ♦❢ t✐♠❡ s❡r✐❡s x ✉s✐♥❣ t❤❡ s✉♣♣♦rt s❡r✐❡s y
✇✐t❤ t❤❛t ♦❢ t❤❡ ❙❙❆ ❢♦r❡❝❛st ♦❢ x ❛❧♦♥❡✱ t❛❦✐♥❣ ❛♥ ✐♠♣r♦✈❡❞ ❢♦r❡❝❛st ❛s ❛♥
✐♥❞✐❝❛t♦r ♦❢ s✉♣♣♦rt✐✈❡♥❡ss✳ ❲❤❛t ❡①❛❝t❧② ❝♦✉♥ts ❛s ❛♥ ✐♠♣r♦✈❡♠❡♥t ✐s ♦♣❡♥ t♦
✐♥t❡r♣r❡t❛t✐♦♥✿ ✐t ❝❛♥ r❡❢❡r ❜♦t❤ t♦ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❢♦r❡❝❛st✱ ✐✳❡✳ ❤♦✇ ❝❧♦s❡ t❤❡
♣r❡❞✐❝t❡❞ ✈❛❧✉❡ ✐s t♦ t❤❡ r❡❛❧ ✈❛❧✉❡✱ ❛♥❞ t♦ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❢♦r❡❝❛st✱ ✐✳❡✳ t❤❡
✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❢♦r❡❝❛st ❛s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✳ ■♥ ♣r❛❝t✐❝❡✱ ❛❝t✉❛❧ ❢✉t✉r❡ ✈❛❧✉❡s
❛r❡ s✉❜❥❡❝t t♦ r❛♥❞♦♠ ✢✉❝t✉❛t✐♦♥ ❛♥❞ ❤❡♥❝❡ ✐♥tr♦❞✉❝❡ ❢✉rt❤❡r ✈❛r✐❛♥❝❡ ✐♥t♦ ❛
♠❡❛s✉r❡♠❡♥t ♦❢ ❛❝❝✉r❛❝②✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❢♦❝✉s ♦♥ ✇♦r❦✐♥❣ ✇✐t❤ t❤❡ st❛❜✐❧✐t②
♦❢ t❤❡ ❢♦r❡❝❛st ✈❛❧✉❡ ✐♥ t❤❡ ♣r❡s❡♥t st✉❞②✳ ❚❤✐s ✐s ❡✛❡❝t✐✈❡❧② ❞♦♥❡ ✐♥ ♣r❛❝t✐❝❛❧
✉s❡ ♦❢ ●r❛♥❣❡r ❝❛✉s❛❧✐t② t❡sts✱ ✇❤✐❝❤ ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ❋✲t❡st ❛♥❞ ❡s✲
s❡♥t✐❛❧❧② ❝♦♠♣❛r❡ ❣♦♦❞♥❡ss ♦❢ ✜t ❢♦r r❡❣r❡ss✐♦♥ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t t❤❡ s✉♣♣♦rt
s❡r✐❡s ❬✼✱ ✶✹❪✳ ❚❤❡r❡ ❤❛✈❡ ❜❡❡♥ ❡❛r❧✐❡r ❛tt❡♠♣ts t♦ ❡st✐♠❛t❡ ❝❛✉s❛❧✐t② ❜② ❞✐✛❡r❡♥t
♠❡❛♥s t❤❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧✐♥❣✱ ✐♥❝❧✉❞✐♥❣ ❙❙❆ ❬✶✷✱ ✷❪✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❬✷❪
t❤❡ ❢♦r❡❝❛st ✐♠♣r♦✈❡♠❡♥t ✐s ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❛❝❝✉r❛❝②✱ ✐✳❡✳
♣r❡❞✐❝t❡❞ ✈❛❧✉❡s ✐♥ ❛ ❢♦r❡❝❛st ✐♥t❡r✈❛❧ ❛r❡ ❝♦♠♣❛r❡❞ t♦ ❛❝t✉❛❧ ❢✉t✉r❡ ✈❛❧✉❡s✳ ■♥
❝♦♥tr❛st✱ ✇❡ st✉❞② t❤❡ st❛❜✐❧✐t② ♦❢ t✐♠❡ s❡r✐❡s ❢♦r❡❝❛sts ✉♥❞❡r r❛♥❞♦♠ ♣❡rt✉r❜❛✲
t✐♦♥s✳✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✿ ❉♦❡s ✐♥❝❧✉s✐♦♥ ♦❢ t❤❡ s✉♣♣♦rt s❡r✐❡s
✐♥ ▼❙❙❆ ♠❛❦❡ t❤❡ ❢♦r❡❝❛st ♠♦r❡ st❛❜❧❡ ✉♥❞❡r ♣❡rt✉r❜❛t✐♦♥s❄

P✉t s✐♠♣❧②✱ t❤❡ ❙❙❆ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ✈✐s✉❛❧✐s❡❞ ❛s ❛ ❜❧❛❝❦ ❜♦① ✭s❡❡ ❞✐❛❣r❛♠
❜❡❧♦✇✮ ✇❤✐❝❤ t❛❦❡s t❤❡ ✐♥✐t✐❛❧ s❡r✐❡s x ❛♥❞ ✐ts ♣❡rt✉r❜❛t✐♦♥ ✭σε✮ ❛s ❛♥ ✐♥♣✉t ❛♥❞
♦✉t♣✉ts t❤❡ ❢♦r❡❝❛st✳ ❋♦r t❤❡ ❜✐✈❛r✐❛t❡ ▼❙❙❆✱ ❛♥ ❡①tr❛ t✐♠❡ s❡r✐❡s y ✭s✉♣♣♦rt
s❡r✐❡s✮ ✐s ✉s❡❞ ❛s ✐♥♣✉t✳ ❚❤❡ r❡s✉❧t❛♥t ♦✉t❝♦♠❡ ✐s t❤❡ ❢♦r❡❝❛st ♣♦✐♥t✱ ❝❛❧❝✉❧❛t❡❞
✇✐t❤ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❙❙❆✴▼❙❙❆ ❧✐♥❡❛r r❡❝✉rr❡♥❝❡✳ ❚❤✐s ✇✐❧❧ ❜❡ ❛ r❛♥❞♦♠
✈❛r✐❛❜❧❡❀ ✐♥ t❤❡ ❞✐❛❣r❛♠ ❜❡❧♦✇✱ ξ ❤❛s ♠❡❛♥ ✵ ❛♥❞ ✈❛r✐❛♥❝❡ ✶✳

x+ σε −→ ❙❙❆ −→ x̂❙❙❆ + σ̂❙❙❆ξ

x+ σε
y

}
−→ ▼❙❙❆ −→ x̂▼❙❙❆ + σ̂▼❙❙❆ξ

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ r❡❧❛t✐♦♥ ♦❢ ✐♥♣✉t ❛♥❞ ♦✉t❝♦♠❡ ✈❛r✐❛♥❝❡s ✇✐t❤ t❤❡ ♠❛✐♥
❢♦❝✉s ♦♥ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ ♦✉t❝♦♠❡ ✈❛r✐❛♥❝❡s ♦❢ ❙❙❆ σ̂SSA ❛♥❞ ▼❙❙❆ σ̂MSSA✳
❲❡ ❞♦ ♥♦t ♣❡rt✉r❜ t❤❡ s✉♣♣♦rt s❡r✐❡s✱ ❛s t❤✐s ✇♦✉❧❞ ♦♥❧② ❛❞❞ ✈❛r✐❛♥❝❡ t♦ t❤❡
▼❙❙❆ ♦✉t♣✉t ✐♥ ❛ ✇❛② ✇❤✐❝❤ ❤❛s ♥♦ ❝♦♠♣❛r❛❜❧❡ ❛♥❛❧♦❣✉❡ ✐♥ ❙❙❆✳

❆❢t❡r ♥♦t✐♥❣✱ ✐♥ ❙❡❝t✐♦♥ ✷✱ t❤❛t t❤❡ ✜rst✲♦r❞❡r ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ♦❢ t❤❡
s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ ❝♦r❡ ❡❧❡♠❡♥t ♦❢ ❙❙❆✱ ❞♦❡s ♥♦t ❣✐✈❡ ❛ s✉✣✲
❝✐❡♥t❧② tr❛♥s♣❛r❡♥t ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐❛♥❝❡s ♦❢ ✐♥♣✉t ♣❡rt✉r❜❛t✐♦♥ ❛♥❞ ❢♦r❡✲
❝❛st✱ ✇❡ ♠❛❦❡ t❤❡ ❞✐s❝♦✈❡r②✱ ✐♥ ❙❡❝t✐♦♥ ✸✱ t❤❛t t❤❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡ t✐♠❡
s❡r✐❡s✱ ❡①❝❧✉❞✐♥❣ t❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st ❙❙❆ ✇✐♥❞♦✇✱ ✐s r❡♠❛r❦❛❜❧② st❛❜❧❡ ✉♥❞❡r
♣❡rt✉r❜❛t✐♦♥s✱ ❛❧❧♦✇✐♥❣ t❤❡ ✉s❡ ♦❢ t❤❡ ✉♥♣❡rt✉r❜❡❞ ❙❙❆ ♣r♦❥❡❝t♦r ❛s ❛ ♣r♦①② ❢♦r
t❤❡ ❛❝t✉❛❧ ♣❡rt✉r❜❡❞ ♦♥❡✳ ❚♦ ❛ ❧❡ss❡r ❡①t❡♥t✱ t❤✐s ✢❛tt❡♥✐♥❣ ❡✛❡❝t ❝❛rr✐❡s ♦✈❡r

✷



t♦ ▼❙❙❆✳ ◆♦t❡ t❤❛t ❢♦r t❤✐s ♦❜s❡r✈❛t✐♦♥ t♦ ❜❡ ✉s❡❢✉❧✱ t❤❡ t✐♠❡ s❡r✐❡s ♥❡❡❞s t♦
❜❡ ❧♦♥❣❡r t❤❛♥ t✇✐❝❡ t❤❡ ❝❤♦s❡♥ ✇✐♥❞♦✇ ❧❡♥❣t❤ ❢♦r ❙❙❆✱ t♦ ❧❡❛✈❡ ❛ s✉✣❝✐❡♥t❧②
✐♥❞✐❝❛t✐✈❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡ s❡r✐❡s✳ ❚❤✐s ❞✐s❝♦✈❡r② ♠♦t✐✈❛t❡s ❛ s✐♠♣❧✐❢②✐♥❣ ❛s✲
s✉♠♣t✐♦♥ ✇❤✐❝❤ ✇❡ ❝❛♥ ✉s❡ t♦ ❞❡r✐✈❡ ✈❡r② ❝♦♥✈❡♥✐❡♥t ❛♥❞ ♣r❛❝t✐❝❛❧ ❢♦r♠✉❧❛❡
✭✹✼✮✱ ✭✺✹✮ ❢♦r t❤❡ ❙❙❆ ❛♥❞ ▼❙❙❆ ❢♦r❡❝❛st ✈❛r✐❛♥❝❡s ✐♥ ❙❡❝t✐♦♥ ✹✳ ❲❤❡♥ ❝♦♠✲
♣❛r✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡s❡ ❢♦r♠✉❧❛❡ ❛❣❛✐♥st ❡♠♣✐r✐❝❛❧ ❢♦r❡❝❛st ✈❛r✐❛♥❝❡s
❝❛❧❝✉❧❛t❡❞ ✐♥ r❛♥❞♦♠ tr✐❛❧s ❢♦r ♣❛✐rs ♦❢ t✐♠❡ s❡r✐❡s ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❡①♣❡❝t❡❞
s✉♣♣♦rt✐✈❡♥❡ss✱ ✐♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ✜♥❞ t❤❛t t❤❡② ❛♣♣❡❛r t♦ r❡✢❡❝t t❤❡ q✉❛❧✐t❛✲
t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❙❙❆ ❛♥❞ ▼❙❙❆ ✈❛r✐❛♥❝❡s ✈❡r② ✇❡❧❧ ❛♥❞ ❛r❡ ❛❧s♦
r♦❜✉st ❛❣❛✐♥st ❞✐st♦rt✐♥❣ ❡✛❡❝ts ❝❛✉s❡❞ ❜② r❛♥❞♦♠ ❡✐❣❡♥✈❛❧✉❡ ❝r♦ss✐♥❣s ✐♥ t❤❡
♣s❡✉❞♦r❛♥❞♦♠ ❡♠♣✐r✐❝❛❧ tr✐❛❧s✳

❆❝❝❡♣t✐♥❣ t❤❡s❡ ❢♦r♠✉❧❛❡ ❛s ✐♥❞✐❝❛t✐✈❡ ♣r♦①✐❡s ❢♦r t❤❡ ❛❝t✉❛❧ ❢♦r❡❝❛st ✈❛r✐✲
❛♥❝❡s✱ ❛♥❞ ✇✐t❤ ●r❛♥❣❡r✬s ❣✉✐❞✐♥❣ ✐❞❡❛ ✐♥ ♠✐♥❞✱ ✇❡ s✉❣❣❡st t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❛❝t✐✲
❝❛❧ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞ ❢♦r ❡st❛❜❧✐s❤✐♥❣ ♦r r❡❥❡❝t✐♥❣ s✉♣♣♦rt✐✈❡♥❡ss ♦❢ ❛ t✐♠❡
s❡r✐❡s yn ❢♦r ❛ t✐♠❡ s❡r✐❡s xn✳ ❈❛❧❝✉❧❛t❡ t❤❡ t✇♦ ❢✉♥❞❛♠❡♥t❛❧ ♦❜❥❡❝ts✱ t❤❡ ▼❙❙❆
❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ ✭✹✹✮ ❛♥❞ t❤❡ ▼❙❙❆ ❢♦r❡❝❛st ✈❡❝t♦rs R11✱ R12 ✭✺✮ ❢r♦♠ ▼❙❙❆
♦❢ xn ❛♥❞ ρyn✱ ✇✐t❤ ❛ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡r ρ > 0✱ ❛♥❞ ❤❡♥❝❡ ❝♦♠♣✉t❡ t❤❡ ❝♦♥✈♦✲
❧✉t✐♦♥ ♥♦r♠ ✭✺✹✮✳ ■❢ t❤✐s ♥♦r♠ t❡♥❞s t♦ ✵ ❢♦r ❧❛r❣❡ ρ✱ t❤❡ s❡r✐❡s yn ✐s s✉♣♣♦rt✐✈❡
❢♦r xn✱ ✐❢ t❤❡ ♥♦r♠ ❛♣♣r♦❛❝❤❡s ❛ ♣♦s✐t✐✈❡ ❧❡✈❡❧ ❢♦r ❧❛r❣❡ ρ✱ t❤❡♥ yn ✐s ♥♦t s✉♣✲
♣♦rt✐✈❡ ❢♦r xn✳ ◆♦t❡ t❤❛t t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ❝r✐t❡r✐♦♥ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛♥②
❝❛❧❝✉❧❛t✐♦♥ ♦❢ ✭♣s❡✉❞♦✮r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s✱ ❜✉t ✉s❡s ♦♥❧② ▼❙❙❆ ❞❛t❛ ❢♦r t❤❡
✉♥♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s✳

❚❤❡ ❛❜♦✈❡ ♠❡t❤♦❞ ♠❛❦❡s ❝r✉❝✐❛❧ ✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ▼❙❙❆ ❢♦r❡❝❛st ✐s
♥♦t ❤♦♠♦❣❡♥❡♦✉s ✐♥ t❤❡ s❝❛❧✐♥❣ ❢❛❝t♦r ρ✳ ❍♦✇❡✈❡r✱ ✐♥ s♦♠❡ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s
♦❢ ▼❙❙❆✱ t❤✐s ♠❛② ❜❡ r❛t❤❡r ♣r♦❜❧❡♠❛t✐❝✳ ❲❡ ❜r✐❡✢② t♦✉❝❤ ✉♣♦♥ t❤✐s s❝❛❧✐♥❣
♣r♦❜❧❡♠ ❛♥❞ s✉❣❣❡st ❛ ♣❛rt✐❛❧ r❡♠❡❞② ✐♥ ❙❡❝t✐♦♥ ✻✳

✷ ❋✐rst✲♦r❞❡r ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ♦❢ ❙❙❆

❲❡ st❛rt ✇✐t❤ ❛ ❧♦♦❦ ❛t t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❢♦r❡❝❛st ♣r♦✈✐❞❡❞ ❜② ✜rst✲♦r❞❡r
♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ❬✶✸❪✱ ✇❤✐❝❤ ❡ss❡♥t✐❛❧❧② ❝♦rr❡s♣♦♥❞s t♦ ❧✐♥❡❛r✐s❛t✐♦♥ ♦❢ t❤❡
s✐♥❣✉❧❛r✲✈❛❧✉❡ ✭s♣❡❝tr❛❧✮ ❞❡❝♦♠♣♦s✐t✐♦♥ ✉♥❞❡r❧②✐♥❣ ❙❙❆ ❛♥❞ ▼❙❙❆ ❛♥❞ ♦❢ t❤❡
r❡❝✉rr❡♥t ❢♦r❡❝❛st ❢♦r♠✉❧❛✳ ❆s ❛ r❡s✉❧t✱ ✇❡ s❤❛❧❧ s❡❡ t❤❛t t❤✐s ❧✐♥❡❛r✐s❛t✐♦♥ ✐♥
✐ts❡❧❢ ✐s ♥♦t s✉✣❝✐❡♥t t♦ ❣✐✈❡ ❛ s✉✣❝✐❡♥t❧② s✐♠♣❧❡ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❝♦♥♥❡❝t✐♦♥
❜❡t✇❡❡♥ t❤❡ ❢♦r❡❝❛st ✈❛r✐❛♥❝❡ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✐♥♣✉t ♣❡rt✉r❜❛t✐♦♥❀ ❜✉t ✐t
s❤♦✇s t❤❡ ❞✐✛❡r❡♥t st❡♣s ♦❢ ❡rr♦r ✈❛r✐❛♥❝❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ t❤❡ ❙❙❆ ♣r♦❝❡ss ❛♥❞
♣✐♥♣♦✐♥ts t❤❡ ❝r✉❝✐❛❧ ❡❧❡♠❡♥ts ♦❢ t❤✐s ♣r♦❝❡ss ❢♦r ♦✉r s✉❜s❡q✉❡♥t ❝♦♥s✐❞❡r❛t✐♦♥s✳
❲❡ r❡♠❛r❦ t❤❛t✱ ❜❡②♦♥❞ t❤❡ s✐♠♣❧❡ ✜rst✲♦r❞❡r ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s ❜❡❧♦✇✱
t❤❡ ❢✉❧❧ ♣❡rt✉r❜❛t✐♦♥ s❡r✐❡s ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❡①t❡♥s✐✈❡❧② ✐♥ ❬✶✶❪❀ ❤♦✇❡✈❡r✱ t❤❛t
st✉❞② ✐s ♠❛✐♥❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❧✐♠✐t ♦❢ ✐♥✜♥✐t❡❧② ❧♦♥❣ t✐♠❡ s❡r✐❡s✱ ✇❤❡r❡❛s
✇❡ ❝♦♥s✐❞❡r ✜①❡❞✲❧❡♥❣t❤ t✐♠❡ s❡r✐❡s ❛♥❞ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ ✈❛r✐❛♥❝❡✳

❲❡ s❤❛❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥ ❢♦r ❙❙❆ ❛♥❞ ❜✐✈❛r✐❛t❡ ▼❙❙❆ ❛♥❛❧②s✐s
❛♥❞ r❡❝✉rr❡♥t ❢♦r❡❝❛st✳

❈♦♥s✐❞❡r ❛ t✐♠❡ s❡r✐❡s (x1, ..., xN )✳ ❈❤♦♦s✐♥❣ ❛ ✇✐♥❞♦✇ ❧❡♥❣t❤ 1 < L < N ✱

✸



✇❡ s❡t ✉♣ ❛ tr❛❥❡❝t♦r② ♠❛tr✐①

X =




x1 x2 . . . xN−L+1

x2 . . . xN−L+2

✳✳✳ . . .
✳✳✳

xL . . . xN




❛♥❞ ❝♦♥s✐❞❡r t❤❡ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❧❛❣✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① XX
T =∑L

j=1 λjηjη
T
j ✱ ✇❤❡r❡ ηj ❛r❡ ♦rt❤♦♥♦r♠❛❧ ❡✐❣❡♥✈❡❝t♦rs ♦❢ XX

T ∈ R
L×L ✇✐t❤

❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s λj ✱ ❡♥✉♠❡r❛t❡❞ ✐♥ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ♦r❞❡r✱ ✐✳❡✳ λj ≥
λj+1✳ ❈❤♦♦s✐♥❣ r < L✱ ✇❡ ✉s❡ t❤❡ ♦rt❤♦❣♦♥❛❧ s♣❡❝tr❛❧ ♣r♦❥❡❝t♦r ♦❢ r❛♥❦ r✱

P =
∑r

i=1 ηjη
T
j ✱ t♦ ❡①tr❛❝t ❛ ❧♦✇❡r r❛♥❦ ♠❛tr✐① X̃ = PX✳ ❍❛♥❦❡❧✐③❛t✐♦♥✱ ✐✳❡✳

❞✐❛❣♦♥❛❧ ❛✈❡r❛❣✐♥❣ ♦❢ X̃ ❛♥❞ ♦❢ X − X̃ = (1 − P)X✱ ❣✐✈❡s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢
t❤❡ ✐♥✐t✐❛❧ t✐♠❡ s❡r✐❡s xi = x̃i + εi ✐♥t♦ r❡❝♦♥str✉❝t❡❞ t✐♠❡ s❡r✐❡s x̃i✱ ✇❤✐❝❤ ❝❛♥
❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ s✐❣♥❛❧✱ ❛♥❞ r❡s✐❞✉❛❧s εi ✇❤✐❝❤ ❛r❡ tr❡❛t❡❞ ❛s ♥♦✐s❡✳ ❋♦r t❤❡
❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ ✇✐♥❞♦✇ ❧❡♥❣t❤ L ❛♥❞ ♥✉♠❜❡r ♦❢ ❝♦♠♣♦♥❡♥ts
r s❡❡ ❬✹❪✳ ❇❛s❡❞ ♦♥ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❢♦r❡❝❛st t❤❡ ✐♥✐t✐❛❧ t✐♠❡
s❡r✐❡s ❜② ❡①t❡♥❞✐♥❣ t❤❡ ❍❛♥❦❡❧✐③❡❞ ♦✉t♣✉t ♠❛tr✐① X̃H ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ♥❡①t
❛❞❞❡❞ ❝♦❧✉♠♥ (x̃N−L+2, ..., x̃N , x̂N+1)

T ❤❛s ♠✐♥✐♠❛❧ ❞✐st❛♥❝❡ t♦ t❤❡ ♣r♦❥❡❝t✐♦♥
s✉❜s♣❛❝❡ PR

L✱ ❣✐✈✐♥❣ t❤❡ ❧✐♥❡❛r L✲t❡r♠ r❡❝✉rr❡♥❝❡

x̂n+1 = (x̃n−L+2, ..., x̃n)R, (n ≥ N) ✭✷✮

✇✐t❤ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r

R =

∑r

k=1 ηk,Lη
∇
k

1−
∑r

k=1 η
2
k,L

∈ R
L−1, ηk =

(
η∇k
ηk,L

)
∈ R

L. ✭✸✮

❚❤❡ ❢♦r❡❝❛st ❝❛♥ ❜❡ ❢✉rt❤❡r ❡①t❡♥❞❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ r❡❝✉rr❡♥❝❡ ❢♦r♠✉❧❛✳
❚❤❡ ❛❜♦✈❡ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ s✐♠✉❧t❛♥❡♦✉s ❛♥❛❧②s✐s ♦❢ t✇♦

t✐♠❡ s❡r✐❡s ❜② st❛❝❦❡❞ ❜✐✈❛r✐❛t❡ ▼❙❙❆✳ ●✐✈❡♥ ❛ s❡❝♦♥❞ t✐♠❡ s❡r✐❡s y = (y1, ..., yN )✱
✇❡ st❛❝❦ tr❛❥❡❝t♦r② ♠❛tr✐❝❡s✱ ❜♦t❤ ✇✐t❤ t❤❡ s❛♠❡ ✇✐♥❞♦✇ ❧❡♥❣t❤ L✱ ✐♥ t❤❡ ❢♦❧✲

❧♦✇✐♥❣ ♠❛♥♥❡r

(
X

Y

)
❛♥❞ ✉s❡ t❤❡ s♣❡❝tr❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢

(
X

Y

)(
X

Y

)T

=

(
XX

T
XY

T

YX
T

YY
T

)
=

2L∑

j=1

λM
j ηMj ηMj

T
;

t❤❡ s♣❡❝tr❛❧ ♣r♦❥❡❝t♦r ✇✐❧❧ ❜❡ PM =
∑r

j=1 η
M
j ηMj

T
✳ ❙❡♣❛r❛t❡ ❍❛♥❦❡❧✐③❛t✐♦♥ ♦❢

X̃ ❛♥❞ Ỹ✱ ❞❡✜♥❡❞ ❜②

(
X̃

Ỹ

)
= PM

(
X

Y

)
✱ ❣✐✈❡s ▼❙❙❆ r❡❝♦♥str✉❝t✐♦♥s x̃ ❛♥❞ ỹ✳

❋♦r t❤❡ ❢♦r❡❝❛st✐♥❣✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡ ❛s ❜❡❢♦r❡✱ ✇❡ ❣❡t ❛ ❜✐✈❛r✐❛t❡
L✲t❡r♠ ❧✐♥❡❛r r❡❝✉rr❡♥❝❡

x̂N+1 = (x̃N−L+2, ..., x̃N )R11 + (ỹN−L+2, ..., ỹN )R12

ŷN+1 = (x̃N−L+2, ..., x̃N )R21 + (ỹN−L+2, ..., ỹN )R22
✭✹✮

✹



✇✐t❤ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦rs ✭j ∈ {1, 2}✮

R1j =
1

detA

(
(1−

r∑

k=1

η2k,2L)

r∑

k=1

η
(j)
k ηk,L +

r∑

k=1

ηk,2Lηk,L

r∑

k=1

η
(j)
k ηk,2L

)
, ✭✺✮

R2j =
1

detA

(
(1−

r∑

k=1

η2k,L)
r∑

k=1

η
(j)
k ηk,2L +

r∑

k=1

ηk,Lηk,2L

r∑

k=1

η
(j)
k ηk,L

)
, ✭✻✮

✇❤❡r❡

A =

(
1−

∑r

k=1 η
2
k,L −

∑r

k=1 ηk,2Lηk,L

−
∑r

k=1 ηk,Lηk,2L 1−
∑r

k=1 η
2
k,2L

)
❛♥❞ ηk =




η
(1)
k

ηk,L

η
(2)
k

ηk,2L


 ∈ R

2L.

◆♦t❡ t❤❛t ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❛❜♦✈❡ r❡❝✉rr❡♥t ❢♦r❡❝❛st✐♥❣ ♠❡t❤♦❞✱ ✇❤✐❝❤ ✇✐❧❧
❜❡ t❤❡ ❜❛s✐s ♦❢ ♦✉r ❝♦♥s✐❞❡r❛t✐♦♥s ✐♥ t❤✐s ♣❛♣❡r✱ t❤❡r❡ ❛r❡ ♦t❤❡r ❙❙❆✲ ❛♥❞
▼❙❙❆✲❜❛s❡❞ ❢♦r❡❝❛st✐♥❣ ♠❡t❤♦❞s✱ s❡❡ ❬✶✺✱ ✸❪❀ ♦✉r ▼❙❙❆ ❢♦r❡❝❛st✐♥❣ ♠❡t❤♦❞
❝♦rr❡s♣♦♥❞s t♦ ▼❙❙❆✲❑ ✐♥ ❬✶✺❪ ❛♥❞ r❡❝✉rr❡♥t r♦✇ ▼❙❙❆ ❢♦r❡❝❛st✐♥❣ ✐♥ ❬✸❪✳

❋✐rst✲♦r❞❡r ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r② ♦❢ t❤❡ ❙❙❆ ♣r♦❝❡ss ❛♥❞ ❢♦r❡❝❛st ❣✐✈❡s t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ▲❡t X ❜❡ t❤❡ tr❛❥❡❝t♦r② ♠❛tr✐① ♦❢ ❛♥ ✉♥♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s
x ❛♥❞ L t❤❡ ❝❤♦s❡♥ ❙❙❆ ✇✐♥❞♦✇ ❧❡♥❣t❤✳ ❆ss✉♠❡ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s λ1, ..., λL

♦❢ XX⊺ ❛r❡ ❛❧❧ s✐♠♣❧❡✳
▲❡t R ❜❡ t❤❡ ❙❙❆ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r ✭✸✮ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✉♥♣❡rt✉r❜❡❞ t✐♠❡

s❡r✐❡s xn✳ ❚❤❡♥ t❤❡ ❙❙❆ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r R(σ) ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ r❛♥❞♦♠❧②
♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s xn + σεn✱ ✇❤❡r❡ ε ∼ N(0, 1) ✐s ✐✳✐✳❞✳✱ ✇✐t❤ t❤❡ s❛♠❡ ❙❙❆
♣❛r❛♠❡t❡rs L ❛♥❞ r ✐s✱ t♦ ✜rst ♦r❞❡r✱

R(σ) = R+ σ
(
cR+ R̃

)
+O(σ2) (σ → 0), ✭✼✮

✇❤❡r❡

c =
2
∑r

k=1

∑L

i=r+1 αi,kηi,Lηk,L

1−
∑r

k=1 η
2
k,L

✭✽✮

❛♥❞

R̃ =

∑r

k=1

∑L

i=r+1 αi,k(ηi,Lη
∇
k + ηk,Lη

∇
i )

1−
∑r

k=1 η
2
k,L

. ✭✾✮

Pr♦♦❢✳ ▲❡t N ❜❡ t❤❡ tr❛❥❡❝t♦r② ♠❛tr✐① ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ t✐♠❡ s❡r✐❡s ε✱ ❛♥❞

Z = XNT +NX
T . ✭✶✵✮

❚❤❡ ♣❡rt✉r❜❡❞ ♠❛tr✐①

(X+ σN)(X+ σN)T = (XXT + σZ) +O(σ2)

❤❛s ♦rt❤♦♥♦r♠❛❧ ❡✐❣❡♥✈❡❝t♦rs

γσ,k = ηk + σν1,k + σ2ν2,k + . . . ✭✶✶✮

✺



❛♥❞ ❡✐❣❡♥✈❛❧✉❡s

λσ,k = λk + σµ1,k + σ2µ2,k + . . . , ✭✶✷✮

k ∈ {1, ..., L}✱ ✇❤✐❝❤ ❛r❡ ❛♥❛❧②t✐❝❛❧ ✐♥ σ ❬✶✵✱ ❈❤❛♣t❡r ✷✱➓✶ ❪✳ ❙✉❜st✐t✉t✐♦♥ ♦❢
t❤❡s❡ ♣♦✇❡r s❡r✐❡s ✐♥t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥ ❣✐✈❡s✱ ✐♥ ♦r❞❡r σ✱

XX
T ν1,k + Zηk = λkν1,k + µ1,kηk, ✭✶✸✮

❛♥❞ ❤❡♥❝❡ µ1,k = ηTk Zηk. ❍❡♥❝❡✱ ✇r✐t✐♥❣ ν1,k ✐♥ t❡r♠s ♦❢ ❜❛s✐s ❡✐❣❡♥✈❡❝t♦rs ηi✱

ν1,k =
L∑

i=1

αi,kηi,

❣✐✈❡s✱ ❢♦r j 6= k✱

αj,k =
ηTj (µ1,k − Z)ηk

λj − λk

= −
ηTj Zηk

λj − λk

.

❋♦r j = k✱ ♥♦t❡ t❤❛t

1 = γT
σ,kγσ,k = ηTk ηk + σ(ηTk ν1,k + νT1,kηk) +O(σ2)

= 1 + 2σαk,k +O(σ2),

s♦ αk,k = 0✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❢❛❝t t❤❛t Z ✐s s②♠♠❡tr✐❝ ✐♠♣❧✐❡s t❤❡ ❛♥t✐s②♠♠❡✲
tr② αj,k = −αk,j ✳ ◆♦✇ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r ❢♦r t❤❡ ❙❙❆ ❢♦r❡❝❛st ✐s

R(σ) =

∑r

k=1 γk,σ,Lγ
▽
k,σ

1−
∑r

k=1 γ
2
k,σ,L

=

∑r

k=1

(
ηk,Lη

▽
k + σ

∑L

i=1,i 6=k αi,k(ηi,Lη
▽
k + ηk,Lη

▽
i )
)
+O(σ2)

1−
∑r

k=1(η
2
k,L + 2σ

∑r

i=1,i 6=k αi,kηi,Lηk,L) +O(σ2)
. ✭✶✹✮

❉✉❡ t♦ ❛♥t✐s②♠♠❡tr②✱ ✇❡ ❤❛✈❡

αi,k(ηi,Lη
▽
k + ηk,Lη

▽
i ) + αk,i(ηk,Lη

▽
i + ηi,Lη

▽
k ) = 0 ✭✶✺✮

✐♥ t❤❡ ♥✉♠❡r❛t♦r ♦❢ ✭✶✹✮✱ ❛♥❞ s✐♠✐❧❛r❧② ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ ✭✶✹✮✱

αi,kηi,Lηk,L + αk,iηk,Lηi,L = αi,kηi,Lηk,L − αi,kηk,Lηi,L = 0. ✭✶✻✮

❚❤❡r❡❢♦r❡

R(σ) =

∑r

k=1 ηk,Lη
▽
k + σ(

∑r

k=1

∑L

i=r+1 αi,k(ηi,Lη
▽
k + ηk,Lη

▽
i )) +O(σ2)

1−
∑r

k=1 η
2
k,L − 2σ

∑r

k=1

∑L

i=r+1 αi,kηi,Lηk,L +O(σ2)
.

✭✶✼✮

❊q✉❛t✐♦♥s ✭✼✮✱✭✽✮✱✭✾✮ ♥♦✇ ❢♦❧❧♦✇ ❜② ♦❜s❡r✈✐♥❣ t❤❛t

(
1−

2σ
∑r

k=1

∑L

i=r+1 αi,kηi,Lηk,L

1−
∑r

k=1 η
2
k,L

+O(σ2)

)−1

= 1 +
2σ
∑r

k=1

∑L

i=r+1 αi,kηi,Lηk,L

1−
∑r

k=1 η
2
k,L

+O(σ2).

✻



◆♦t❡ t❤❛t✱ t♦ ✜rst ♦r❞❡r✱ t❤❡ ♥♦✐s❡ ❢r♦♠ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❡♥t❡rs t❤❡ r❡❝✉rr❡♥❝❡
✈❡❝t♦r R(σ) ♦♥❧② t❤r♦✉❣❤ t❤❡ ❝♦❡✣❝✐❡♥ts αj,k✳

❚❤❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ❢♦r❡❝❛st ✐s ❞❡t❡r♠✐♥❡❞ ♥♦t ♦♥❧② ❜② t❤❡ ♣❡rt✉r❜❛t✐♦♥
♦❢ t❤❡ ❢♦r❡❝❛st r❡❝✉rr❡♥❝❡ ✈❡❝t♦r ✭✼✮✱ ❜✉t ❛❧s♦ ❜② t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ r❡❝♦♥✲
str✉❝t❡❞ t✐♠❡ s❡r✐❡s ♦♥ ✇❤✐❝❤ ❣✐✈❡s t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ❢♦r❡❝❛st r❡❝✉rr❡♥❝❡✳
❚❤❡ s✐❣♥❛❧ ♦❢ t❤❡ ✉♥♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s ✐s r❡❝♦♥str✉❝t❡❞✱ ❜② ❞✐❛❣♦♥❛❧ ❛✈❡r✲
❛❣✐♥❣✱ ❢r♦♠ t❤❡ s✉♠ ♦❢ t❤❡ ✜rst r ❡❧❡♠❡♥t❛r② ♠❛tr✐❝❡s Xk(0) = ηkη

T
k X ♦❢ t❤❡

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ tr❛❥❡❝t♦r② ♠❛tr✐① X

X =

r∑

k=1

Xk(0). ✭✶✽✮

❈♦rr❡s♣♦♥❞✐♥❣❧②✱ ❢♦r t❤❡ ✜rst ♦r❞❡r r❡❝♦♥str✉❝t✐♦♥ ❢♦r t❤❡ ♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s✱
t❤❡ ❡❧❡♠❡♥t❛r② ♠❛tr✐❝❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ♣❡rt✉r❜❡❞ ❡✐❣❡♥✈❡❝t♦rs γσ,i✱

Xk(σ) = γσ,kγ
T
σ,k(X+ σN)

= (ηk + σ

L∑

i=1,i 6=k

αi,kηi +O(σ2))(ηk + σ

L∑

i=1,i 6=k

αi,kηi +O(σ2))T (X+ σN)

= Xk(0) + σ




L∑

i=1,i 6=k

αi,k(ηiη
T
k + ηkη

T
i )X+ ηkη

T
k N


+O(σ2).

❆❣❛✐♥✱ t♦ ✜rst ♦r❞❡r t❤❡ ❛❞❞❡❞ ♥♦✐s❡ ❡♥t❡rs t❤r♦✉❣❤ t❤❡ ❝♦❡✣❝✐❡♥ts αj,k ♦♥❧②✳
❚❤❡♥

X(σ) =

r∑

i=1

Xi(σ)

❣✐✈❡s r✐s❡✱ ❛❢t❡r ❞✐❛❣♦♥❛❧ ❛✈❡r❛❣✐♥❣✱ t♦ t❤❡ r❡❝♦♥str✉❝t❡❞ t✐♠❡ s❡r✐❡s x̃n(σ)✳ ❚♦
❝❛❧❝✉❧❛t❡ t❤❡ ❢♦r❡❝❛st✱ ✇❡ s✉❜st✐t✉t❡ t❤❡ ✈❡❝t♦r ✭✶✹✮ ✐♥t♦ t❤❡ ❧✐♥❡❛r r❡❝✉rr❡♥❝❡
❢♦r♠✉❧❛ ❛♥❞ ✉s❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥ s❡r✐❡s

x̃n(σ) = x̃n(0) + σε̃n +O(σ2),

✇❤❡r❡ σε̃n ❛r✐s❡s ❢r♦♠ ♣❡rt✉r❜❛t✐♦♥ t❡r♠s ✐♥ ❡❧❡♠❡♥t❛r② ♠❛tr✐❝❡s Xk(σ)✳ ❚❤❡
❢♦r❡❝❛st ❢♦r t❤❡ (N +1)st ♣♦✐♥t ✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❧✐♥❡❛r r❡❝✉rr❡♥❝❡ ❢♦r♠✉❧❛
✭✷✮ ❛s

x̃N+1(σ) =
L−1∑

k=1

(
ak + σ(cak + bk) +O(σ2))(x̃N−k+1(0) + σε̃N−k+1 +O(σ2)

)

=

L−1∑

k=1

akx̃N−k+1(0) + σ

L−1∑

k=1

(
(cak + bk)x̃N−k+1(0) + akε̃N−k+1

)
+O(σ2)

=x̃N+1(0) + σ

L−1∑

k=1

(
(cak + bk)x̃N−k+1(0) + akε̃N−k+1

)
+O(σ2).

✇❤❡r❡ ✇❡ ❤❛✈❡ ✇r✐tt❡♥ R = (aL−1, ..., a1)
T ❛♥❞ R̃ = (bL−1, ..., b1)

T ❢♦r t❤❡
✉♥♣❡rt✉r❜❡❞ ✈❡❝t♦r R ✭❝❢✳ ✭✸✮✮ ❛♥❞ t❤❡ ✈❡❝t♦r R̃ ✭❝❢✳ ✭✾✮✮ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞
x̃N+1(0) ✐s t❤❡ ✉♥♣❡rt✉r❜❡❞ ❢♦r❡❝❛st✳

✼



❈❧❡❛r❧②✱

var(x̃N+1(σ))

σ2
= var

(
L−1∑

k=1

(
(cak + bk)x̃N−k+1(0) + akε̃N−k+1

)
)
.

◆♦t❡ t❤❛t ❝♦❡✣❝✐❡♥ts bk ✭k ∈ {1, ..., L − 1}✮ ❛♥❞ c ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❞✉❡
t♦ t❤❡ ♥♦✐s❡✱ ✇❤✐❝❤ ❝♦♠♣❧✐❝❛t❡s t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♦✉t♣✉t ✈❛r✐❛♥❝❡ ❛♥❞
♠❛❦❡s t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛ r❛t❤❡r ✐♥❝♦♥❝❧✉s✐✈❡✳ ❚❤❡r❡❢♦r❡ ✇❡ ♥❡❡❞ t♦ ❛♥❛❧②s❡ t❤❡
♣r♦❝❡ss ♦❢ ♥♦✐s❡ ♣r♦♣❛❣❛t✐♦♥ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✸ ❚❤❡ ✢❛tt❡♥✐♥❣ ❡✛❡❝t

■♥ ♦r❞❡r t♦ r❡❛❝❤ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❤♦✇ t❤❡ ❢♦r❡❝❛st ✈❛r✐❛♥❝❡ ❞❡♣❡♥❞s
♦♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✐♥♣✉t ♥♦✐s❡ ε✱ ✇❡ st✉❞② t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❛t
t❤r❡❡ st❛❣❡s s❡♣❛r❛t❡❧②✳ ❚❤❡s❡ st❛❣❡s ❛r❡✿ ♣r♦❥❡❝t♦r ❝♦♥str✉❝t✐♦♥✱ t✐♠❡ s❡r✐❡s
r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ ❢♦r❡❝❛st✳ ❋✐rst❧②✱ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ♥♦✐s❡ ♣r♦♣❛❣❛t✐♦♥ ❛t t❤❡
st❛❣❡ ♦❢ ❝♦♥str✉❝t✐♥❣ t❤❡ ♣r♦❥❡❝t♦r✱ ♦❜t❛✐♥❡❞ ❢r♦♠ ♣❡rt✉r❜❡❞ ❡✐❣❡♥✈❡❝t♦r ❝♦♠✲
♣♦♥❡♥ts✳ ❙❡❝♦♥❞ st❛❣❡ ✐s r❡❝♦♥str✉❝t✐♦♥✱ ✇❤❡r❡ t❤❡ ♥♦✐s❡ ❝♦♠❡s t❤r♦✉❣❤ t❤❡
❍❛♥❦❡❧ ♠❛tr✐① ❛♥❞ ♣❡rt✉r❜❡❞ ♣r♦❥❡❝t♦r✳ ❆♥❞ ✜♥❛❧❧②✱ t❤❡ ❢♦r❡❝❛st✱ ✇❤❡r❡ t❤❡
♥♦✐s❡ ❝♦♠❡s ✐♥ t❤r♦✉❣❤ t❤❡ ♣❡rt✉r❜❡❞ r❡❝✉rr❡♥❝❡ ✈❡❝t♦rs ❛♥❞ t❤r♦✉❣❤ r❡❝♦♥✲
str✉❝t✐♦♥✳ ❖♥ ❡❛❝❤ st❛❣❡ ✇❡ ❛ss❡ss t❤❡ ❡✛❡❝t s✐③❡ ♦❢ ♥♦✐s❡ ❛♥❞ s❡❡ ✐❢ ❛♥② ♦❢ t❤❡s❡
❡✛❡❝ts ❛r❡ ❞♦♠✐♥❛♥t✱ s♦ t❤❛t ♦t❤❡rs ❝♦✉❧❞ ❜❡ ♥❡❣❧❡❝t❡❞ ✐♥ ❝♦♠♣❛r✐s♦♥✳

❯♥✐✈❛r✐❛t❡ ❝❛s❡

❚❤❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ t✐♠❡ s❡r✐❡s ❛✛❡❝ts t❤❡ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ t✐♠❡ s❡r✐❡s
xn ❞✐r❡❝t❧② ❛♥❞ ❧✐♥❡❛r❧② t❤r♦✉❣❤ t❤❡ ❍❛♥❦❡❧ ♠❛tr✐① σN✱ ❛♥❞ ✐♥❞✐r❡❝t❧② ❛♥❞ ♥♦♥✲
❧✐♥❡❛r❧② ❜② ✇❛② ♦❢ t❤❡ ♣❡rt✉r❜❡❞ ❡✐❣❡♥✈❡❝t♦rs γσ ✐♥ t❤❡ s♣❡❝tr❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢
t❤❡ ❍❛♥❦❡❧ ♠❛tr✐① X+ σN✳
❚❤❡ r❡❝♦♥str✉❝t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ ❡❧❡♠❡♥t❛r② ♠❛tr✐❝❡s

ηiη
T
i X, i ∈ {1, ..., r}, ✭✶✾✮

✐s t❤❡ s✐❣♥❛❧ r❡❝♦♥str✉❝t✐♦♥ x̃(1) ✇✐t❤ ♥♦ ♣❡rt✉r❜❛t✐♦♥ ❡✐t❤❡r ✐♥ t❤❡ t✐♠❡ s❡r✐❡s
♦r ✐♥ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ηi✱ ✐✳❡✳ t❤❡ r❡s✉❧t ♦❢ ❙❙❆ ♦❢ t❤❡ ✉♥♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s✳

❚❤❡ r❡❝♦♥str✉❝t✐♦♥ x̃(2) r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ❡❧❡♠❡♥t❛r② ♠❛tr✐❝❡s

γσ,iγ
T
σ,i(X+ σN), i ∈ {1, ..., r}, ✭✷✵✮

✐s t❤❡ r❡❝♦♥str✉❝t✐♦♥ ✇✐t❤ t❤❡ ❞♦✉❜❧❡ ♣❡rt✉r❜❛t✐♦♥ ❡✛❡❝t ✐♥ ❡✐❣❡♥✈❡❝t♦rs ❛♥❞
♣r♦❥❡❝t❡❞ ❍❛♥❦❡❧ ♠❛tr✐①✱ ✐✳❡✳ t❤✐s ✐s t❤❡ r❡s✉❧t ♦❢ ❙❙❆ ♦❢ t❤❡ ♣❡rt✉r❜❡❞ t✐♠❡
s❡r✐❡s✳ ❇♦t❤ x̃(1) ❛♥❞ x̃(2) ❛r❡ st❛♥❞❛r❞ ❙❙❆ r❡❝♦♥str✉❝t✐♦♥s ♦❢ t✐♠❡ s❡r✐❡s xn

❛♥❞ xn + σεn✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥str✉❝t✐♦♥s ❛r❡ ❤②❜r✐❞s ✇❡ ✉s❡ t♦ st✉❞② t❤❡ ✐♥✢✉❡♥❝❡

♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥✳ ❚❤❡ r❡❝♦♥str✉❝t✐♦♥ s❡r✐❡s x̃(3) ✐s ❜❛s❡❞ ♦♥ t❤❡ ❡✛❡❝t ♦❢ t❤❡
❞✐r❡❝t ❍❛♥❦❡❧ ♠❛tr✐① ♣❡rt✉r❜❛t✐♦♥ ♦♥❧②✱ ❜✉t ✉s✐♥❣ t❤❡ ✉♥♣❡rt✉r❜❡❞ ❡✐❣❡♥✈❡❝t♦rs✱

ηiη
T
i (X+ σN), i ∈ {1, ..., r}, ✭✷✶✮

✽



❋✐❣✉r❡ ✶✿ ❘❡❝♦♥str✉❝t✐♦♥s ❞✐✛❡r❡♥❝❡s ❢♦r t❤❡ ♠♦❞❡❧ ✭✷✸✮ ✇✐t❤ ♣❡rt✉r❜❛t✐♦♥
σεn ∼ N(0, 0.25)✿ x̃(1) − x̃(3)✱ x̃(2) − x̃(4) ✭t♦♣✮❀ x̃(2) − x̃(4)✱ x̃(2) − x̃(3) ✭❜♦t✲
t♦♠✮✳

❛♥❞ t❤❡ r❡❝♦♥str✉❝t❡❞ s❡r✐❡s x̃(4) ✉s❡s ❡❧❡♠❡♥t❛r② ♠❛tr✐❝❡s r❡s✉❧t✐♥❣ ❢r♦♠ ♣❡r✲
t✉r❜❡❞ ❡✐❣❡♥✈❡❝t♦rs✱ ❜✉t ❛♣♣❧✐❡❞ t♦ t❤❡ ✉♥♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s

γσ,iγ
T
σ,iX. ✭✷✷✮

❋♦r ❛ ✜rst ❡①♣❡r✐♠❡♥t✱ ✇❡ ✉s❡ t❤❡ ❣❡♥❡r❛t❡❞ t✐♠❡ s❡r✐❡s

xn = sin(
3π

2
n) + sin(

π

2
n) n ∈ {1, ..., 200}, ✭✷✸✮

♣❡rt✉r❜✐♥❣ ✐t ✇✐t❤ ●❛✉ss✐❛♥ ✐✳✐✳❞✳ ♥♦✐s❡ σεn ∼ N(0, 0.25)✱ ❛♥❞ ♣❡r❢♦r♠✐♥❣ ❙❙❆
✇✐t❤ L = 50 ❛♥❞ r = 4✳

❋✐❣✉r❡ ✶ ✐❧❧✉str❛t❡s t❤❛t

x̃(2)
n − x̃(3)

n ≈ 0 ❢♦r n ∈ {L+ 1, ..., N − L}, ✭✷✹✮

✐✳❡✳ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s ♥❡❣❧✐❣✐❜❧② s♠❛❧❧ t❤r♦✉❣❤ t❤❡ ✇❤♦❧❡ r❡❝♦♥str✉❝t✐♦♥✱ ❛♣❛rt
❢r♦♠ t❤❡ ✜rst ❛♥❞ ❧❛st ❧❡♥❣t❤ L ✐♥t❡r✈❛❧✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s❡❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡
♦❢ t❤❡ s✉♠ ♦❢ ❡❧❡♠❡♥t❛r② ♠❛tr✐❝❡s

∑r

i=1 γiγ
T
i (X + σN) −

∑r

i=1 ηiη
T
i (X + σN)

✐s ❛♣♣r♦①✐♠❛t❡❧② ③❡r♦ ❛❢t❡r ❍❛♥❦❡❧✐③❛t✐♦♥✳ ❚❤❛t s✉❣❣❡sts t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥
t❤❡ ❡✐❣❡♥✈❡❝t♦rs ✐s s♠❛❧❧ ❛♥❞ ♠❛② ❜❡ ♥❡❣❧❡❝t❡❞ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❡✛❡❝t ♦❢
t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❝♦♠✐♥❣ t❤r♦✉❣❤ t❤❡ ❍❛♥❦❡❧ ♠❛tr✐① X+ σN ❞✐r❡❝t❧②✳

❙✐♠✐❧❛r ❜❡❤❛✈✐♦✉r ✐s ♦❜s❡r✈❡❞ ❢♦r t❤❡ ❞✐✛❡r❡♥❝❡

x̃(4)
n − x̃(1)

n ≈ 0 ❢♦r n ∈ {L+ 1, ..., N − L}, ✭✷✺✮

✇❤✐❝❤ ✐s ❛♣♣r♦①✐♠❛t❡❧② ③❡r♦ t❤r♦✉❣❤ ❛❧❧ s❡r✐❡s✱ ❛♣❛rt ❢r♦♠ t❤❡ ✜rst ❛♥❞ ❧❛st L
✐♥t❡r✈❛❧✳

❚❤❡ ♦❜s❡r✈❛t✐♦♥ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❝❤❛♥❣❡ ✐♥ ♣❡rt✉r❜❡❞ ❡✐❣❡♥✈❡❝t♦rs γσ ✐s
♥♦t ❝r✉❝✐❛❧ ✐♥ t❤❡ ♠❛✐♥ ✭❝❡♥tr❛❧✮ ♣❛rt ♦❢ t✐♠❡ s❡r✐❡s✳ ❖♥❡ ❝♦✉❧❞ t❤✐♥❦ t❤❛t t❤✐s
❤♦❧❞s ❜❡❝❛✉s❡ t❤❡ t✐♠❡ s❡r✐❡s ✐♥ t❤✐s ❡①❛♠♣❧❡ ❤❛❞ ❛ s✐♠♣❧❡ str✉❝t✉r❡ ❛♥❞ ✇❛s
♣❡rt✉r❜❡❞ ✇✐t❤ ❣❡♥❡r❛t❡❞ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❛❧s♦ ✜♥❞ t❤✐s
✢❛tt❡♥✐♥❣ ❡✛❡❝t ✇✐t❤ r❡❛❧ ❞❛t❛✳

✾



❋✐❣✉r❡ ✷✿ ❆✉str❛❧✐❛♥ ❞r② ✇✐♥❡ s❛❧❡s✱ L = 24✱ r = 5✿ (x(2) − x(1)) ✭❛❜♦✈❡✮✱
(x(4)−x(1)) ✭❜❡❧♦✇✮✳ ◆♦✐s❡ ✐s ●❛✉ss✐❛♥ ◆✭✵✱✹✵✵✵✮ ✭t♦♣ t✇♦ ❣r❛♣❤s✮ ♦r ♣❡r♠✉t❡❞
r❡s✐❞✉❛❧s ✭❜♦tt♦♠ t✇♦ ❣r❛♣❤s✮✳

❚❤❡ r❡❛❧ ❞❛t❛ ♣r❡s❡♥t❡❞ ❤❡r❡ ✐s ♠♦♥t❤❧② s❛❧❡s ♦❢ ❞r② ❆✉str❛❧✐❛♥ ✇✐♥❡ ❢♦r t❤❡
♣❡r✐♦❞ ✶✾✽✵ ✲ ✶✾✾✹ ❬✾❪✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞r② ✇✐♥❡ t✐♠❡ s❡r✐❡s ✐s ❞♦♥❡ ❛s ✐♥
❬✹✱ ❈❤❛♣t❡r ■■❪✱ ✇❤❡r❡ t❤❡ s❛♠❡ t✐♠❡ s❡r✐❡s ✇❛s ✉s❡❞✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ s❡r✐❡s
✐s N = 187 ❛♥❞ t❤❡ ♥❛t✉r❛❧ ♣❡r✐♦❞ ✐s ❡q✉❛❧ t♦ ♦♥❡ ②❡❛r✱ ✐✳❡✳ ✶✷ ♠♦♥t❤s ✭✶✷
❞❛t❛ ♣♦✐♥ts✮✳ ■t ✐s t❤❡r❡❢♦r❡ ♥❛t✉r❛❧ t♦ ❝❤♦♦s❡ ❛ ♠✉❧t✐♣❧❡ ♦❢ ✶✷ ❢♦r t❤❡ ✇✐♥❞♦✇
❧❡♥❣t❤✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❜♦♦❦ ❬✹✱ ♣✳ ✶✸✽❪✱ t❤❡ ♦♣t✐♠❛❧ ✇✐♥❞♦✇ ❧❡♥❣t❤ t♦ ♦❜t❛✐♥
t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ t✐♠❡ s❡r✐❡s ✐s L = 24 ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥tr✐♣❧❡s ✇❤✐❝❤
❝♦rr❡s♣♦♥❞ t♦ t❤❡ tr❡♥❞ ❛♥❞ ♠❛✐♥ ♣❡r✐♦❞✐❝s ✐s r = 5✳

❍❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✉♥♣❡rt✉r❜❡❞ s✐❣♥❛❧ t✐♠❡ s❡r✐❡s t♦ ❜❡ ❜❛s❡❞ ♦♥ t❤❡
✜rst ✺ ❡✐❣❡♥tr✐♣❧❡s✱ ❛♥❞ t❤❡ ❛❞❞❡❞ ♥♦✐s❡ t❡r♠ ✐s ❡✐t❤❡r ❣❡♥❡r❛t❡❞ ●❛✉ss✐❛♥ ♥♦✐s❡
♦r r❛♥❞♦♠❧② ♣❡r♠✉t❡❞ r❡s✐❞✉❛❧s ❢r♦♠ t❤❡ ❙❙❆ r❡❝♦♥str✉❝t✐♦♥ ✭s♦ st❛t✐st✐❝❛❧❧②
✐♥❞❡♣❡♥❞❡♥t✱ ❜✉t ♥♦t ●❛✉ss✐❛♥✮✳

❋✐❣✉r❡ ✸ ✐❧❧✉str❛t❡s t❤❡ ❞✐✛❡r❡♥❝❡s ♦❢ r❡❝♦♥str✉❝t✐♦♥s ❢♦r ❜♦t❤ ❡①♣❡r✐♠❡♥ts✱
✇❤❡r❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ x(1) ❛♥❞ x(4) ✐s ❛♣♣r♦①✐♠❛t❡❧② ③❡r♦ ✐♥ ❜♦t❤ ❝❛s❡s
✐♥ t❤❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ ✐s ♦s❝✐❧❧❛t✐♥❣ ✐♥ t❤❡ ✜rst ❛♥❞ ❧❛st
✇✐♥❞♦✇ ❧❡♥❣t❤ ✐♥t❡r✈❛❧✳

❲❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♣❡rt✉r❜❡❞ ❡✐❣❡♥✈❡❝t♦rs ♦♥ t❤❡ r❡❝✉r✲
r❡♥❝❡ ✈❡❝t♦r ✉s❡❞ ❢♦r ❢♦r❡❝❛st✐♥❣✳ ■♥ t❤❡ ❡①❛♠♣❧❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✱ t❤❡ ✉♥♣❡r✲
t✉r❜❡❞ s✐❣♥❛❧ t✐♠❡ s❡r✐❡s ✐s ❜❛s❡❞ ♦♥ t❤❡ ✜rst ✼ ❡✐❣❡♥tr✐♣❧❡s ✭L = 60✮ ♦❢ t❤❡ r❡❞
✇✐♥❡ s❛❧❡s t✐♠❡ s❡r✐❡s ✭❬✾❪✮✱ ❛♥❞ t❤❡ ❛❞❞❡❞ ♥♦✐s❡ t❡r♠ ✐s ❡✐t❤❡r ❣❡♥❡r❛t❡❞ ●❛✉s✲
s✐❛♥ ♥♦✐s❡ ♦r r❛♥❞♦♠❧② ♣❡r♠✉t❡❞ r❡s✐❞✉❛❧s ❢r♦♠ t❤❡ ❙❙❆✳ ❲❡ ❣❡♥❡r❛t❡❞ r❛♥❞♦♠

✶✵



❋✐❣✉r❡ ✸✿ ❆✉str❛❧✐❛♥ r❡❞ ✇✐♥❡ s❛❧❡s✱ L = 60✱ r = 7✿ ❘❡❝✉rr❡♥❝❡ ✈❡❝t♦r ✇✐t❤
❣❡♥❡r❛t❡❞ ♥♦✐s❡ ε ∼ N(0, 100) ✭❧❡❢t✮ ✈s✳ ♣❡r♠✉t❡❞ r❡s✐❞✉❛❧s ✭r✐❣❤t✮❀ 250 r❛♥❞♦♠
✐♥st❛♥❝❡s ✐♥ ❡❛❝❤ ❣r❛♣❤✳

✭●❛✉ss✐❛♥ ♦r ♣❡r♠✉t❡❞ r❡s✐❞✉❛❧s✮ ♥♦✐s❡ 250 t✐♠❡s t♦ st✉❞② t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡
r❡❝✉rr❡♥❝❡ ✈❡❝t♦r ✉♥❞❡r ♣❡rt✉r❜❛t✐♦♥s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡ ✭❧❡❢t
✐♥ ❋✐❣✉r❡ ✸✮✱ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r ✐s r❡♠❛r❦❛❜❧② st❛❜❧❡ ❛♥❞ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞
❛s ♣r❛❝t✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ♦♥ ♥♦✐s❡❀ t❤❡ ♣❡r♠✉t❡❞ ♥❛t✉r❛❧ ♥♦✐s❡ ✭r✐❣❤t ❋✐❣✉r❡
✸✮ ❣✐✈❡s ❣r❡❛t❡r ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r✱ ❜✉t t❤❡ ♣♦s✐t✐♦♥s ❛♥❞ ❤❡✐❣❤ts
♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s♣✐❦❡s ❛r❡ ✈❡r② st❛❜❧❡✳

❇✐✈❛r✐❛t❡ ❝❛s❡

■♥ t❤❡ ❜✐✈❛r✐❛t❡ ❝❛s❡ t❤❡ ♠❛✐♥ t✐♠❡ s❡r✐❡s xn ✐s ♣❡rt✉r❜❡❞ ✇✐t❤ σεn✱ ❛♥❞ yn ✐s
❛ s✉♣♣♦rt s❡r✐❡s✳ P❡r❢♦r♠✐♥❣ ❜✐✈❛r✐❛t❡ ▼❙❙❆ ✇✐t❤ ♣❛r❛♠❡t❡rs L✱ r✱ ✇❡ st✉❞②

t✇♦ s✐❣♥❛❧ r❡❝♦♥str✉❝t✐♦♥s ♦❢ t❤❡ ♠❛✐♥ s❡r✐❡s xn✿ t❤❡ r❡❝♦♥str✉❝t✐♦♥ x̃
(1),MSSA
n

❢r♦♠ ❞✐❛❣♦♥❛❧ ❛✈❡r❛❣✐♥❣ ♦❢ ❣r♦✉♣❡❞ ❡❧❡♠❡♥t❛r② ♠❛tr✐❝❡s ♦❢

ηMSSA
(
ηMSSA

)T
(
X

Y

)

❛♥❞ x̃
(2),MSSA
n ❢r♦♠ t❤❡ ♣❡rt✉r❜❡❞ s❡r✐❡s

γMSSA(σ)
(
γMSSA

(
σ))T

(
X+ σN

Y

)
,

❛❧♦♥❣ ✇✐t❤ t✇♦ ❤②❜r✐❞ ❝❛s❡s✱ x̃
(3),MSSA
n ❢r♦♠ ηMSSA

(
ηMSSA

)T
(
X+ σN

Y

)
❛♥❞

x̃
(4),MSSA
n ❢r♦♠ γMSSA(σ)

(
γMSSA

(
σ))T

(
X

Y

)
✳ ❈♦♥s✐❞❡r✐♥❣ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡

✇✐t❤ t✐♠❡ s❡r✐❡s
xn = yn = sin (πnω) , ✭✷✻✮

✇❤❡r❡ n ∈ {1, ..., 200}✱ ω = 0.48 ❛♥❞ ✐✳✐✳❞✳ ♣❡rt✉r❜❛t✐♦♥ 0.5εn ∼ N(0, 0.25)✱

✇❡ ❝❛❧❝✉❧❛t❡❞ ▼❙❙❆ r❡❝♦♥str✉❝t✐♦♥s ❛♥❞ ❤②❜r✐❞ ❝❛s❡s x̃
(1),MSSA
n , x̃

(2),MSSA
n ✱

x̃
(3),MSSA
n ✱ x̃

(4),MSSA
n ✇✐t❤ L = 10✱ r = 2✳ ❋✐❣✉r❡ ✹ ✐❧❧✉str❛t❡s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡

x̃(4),MSSA
n − x̃(1),MSSA

n

✶✶



❋✐❣✉r❡ ✹✿ ❘❡❝♦♥str✉❝t✐♦♥s ❞✐✛❡r❡♥❝❡s x̃
(4),MSSA
n − x̃

(1),MSSA
n ✭t♦♣✮ ♦❢ ♣❡rt✉r❜❡❞

t✐♠❡ s❡r✐❡s ✭✷✻✮✱ ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ x̃
(2),MSSA
n − x̃

(1),MSSA
n ✱ L = 10✱ r = 2

✐s ♥♦t ♥❡❣❧✐❣✐❜❧② s♠❛❧❧ ❛s ❢♦r t❤❡ ❣❡♥❡r❛t❡❞ ❡①❛♠♣❧❡ ❢♦r ✉♥✐✈❛r✐❛t❡ ❝❛s❡ ✭s❡❡ ❋✐❣✲

✉r❡ ✶✮✱ ❜✉t ✐s ❝♦♥s✐❞❡r❛❜❧② s♠❛❧❧❡r t❤❛♥ x̃
(3),MSSA
n − x̃

(1),MSSA
n ❛♥❞ x̃

(2),MSSA
n −

x̃
(1),MSSA
n ✳

✹ ❆ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ♦❢ ❢♦r❡❝❛st ✈❛r✐❛♥❝❡

❲❡ ♥♦✇ ♣r♦❝❡❡❞ t♦ ❞❡r✐✈❡ ❢♦r♠✉❧❛❡ ❢♦r t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❙❙❆ ❛♥❞ ▼❙❙❆ ❢♦r❡❝❛sts
♦❢ t❤❡ r❛♥❞♦♠❧② ♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s✱ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❙❙❆ ❛♥❞ ▼❙❙❆ ❞❛t❛
♦❢ t❤❡ ✉♥♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s✳ ❚❤❡② ✇✐❧❧ ❣✐✈❡ ❛ s✐♠♣❧❡ ❛♥❞ tr❛♥s♣❛r❡♥t ♠♦❞❡❧ ❢♦r
t❤❡ ❢♦r❡❝❛st ✈❛r✐❛♥❝❡✳ ❍♦✇❡✈❡r✱ t❤❡② ✇✐❧❧ r❡❧② ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❛ss✉♠♣t✐♦♥s✳
❋✐rst❧②✱ ✇❡ ♠❛❦❡ t❤❡ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ✢❛tt❡♥✐♥❣ ❡✛❡❝t ♦❜s❡r✈❡❞
✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ s❡❝t✐♦♥ ♦❝❝✉rs ❡①❛❝t❧②✱ s♦ t❤❛t t❤❡ ❙❱❉ ❡✐❣❡♥✈❡❝t♦rs ❛♥❞ t❤❡
❢♦r❡❝❛st r❡❝✉rr❡♥❝❡ ✈❡❝t♦rs ♦❢ t❤❡ ✉♥♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s ❝❛♥ ❜❡ ✉s❡❞ ❛s ♣r♦①✐❡s
❢♦r t❤♦s❡ ♦❢ t❤❡ ♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s ✐♥ t❤❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡ t✐♠❡ s❡r✐❡s✱ ✐✳❡✳
♦♠✐tt✐♥❣ t❤❡ ✜rst ❛♥❞ ❧❛st L ❡♥tr✐❡s✱ ✇❤❡r❡ L ✐s t❤❡ ✇✐♥❞♦✇ ❧❡♥❣t❤✳ ◆♦t❡ t❤❛t
t❤✐s r❡q✉✐r❡s L t♦ ❜❡ s✉❜st❛♥t✐❛❧❧② s♠❛❧❧❡r t❤❛♥ t❤❡ t♦t❛❧ ❧❡♥❣t❤ N ♦❢ t❤❡ t✐♠❡
s❡r✐❡s✱ s♦ t❤❡ ❝❤♦✐❝❡ L = N/2✱ ✇❤✐❝❤ ✐s ♥♦t ✉♥❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ ❙❙❆✱ ✇✐❧❧ ❜❡
✉♥s✉✐t❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ t✐♠❡ s❡r✐❡s ❝♦♠♣r✐s❡s s❡✈❡r❛❧ ♣❡r✐♦❞ ✐♥t❡r✈❛❧s✱ t❤❡♥
t❤❡ ♣❡r✐♦❞ ❧❡♥❣t❤ ♦r ❛ ♠✉❧t✐♣❧❡ ♦❢ ✐t ✇✐❧❧ ❜❡ ❛ ♥❛t✉r❛❧ ❝❤♦✐❝❡ ❢♦r L✱ ❛❧❧♦✇✐♥❣ t♦
❧❡❛✈❡ ❛ s✉✣❝✐❡♥t ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡ s❡r✐❡s✳ ❙❡❝♦♥❞❧②✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ r❡str✐❝t✐♦♥
t♦ t❤❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡ s❡r✐❡s ❛♥❞ ❢♦r r❡❛s♦♥s ✇❤✐❝❤ ✇✐❧❧ ❜❡❝♦♠❡ ❛♣♣❛r❡♥t ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❢♦r♠✉❧❛❡ ✇✐❧❧ ❛♣♣❧② ♥♦t t♦ ❛ ❢♦r❡❝❛st ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ s❡r✐❡s✱
✐✳❡✳ ❛ ❢✉t✉r❡ ❢♦r❡❝❛st✱ ❜✉t t♦ t❤❡ ❢♦r❡❝❛st ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡
s❡r✐❡s✳ ❚❤✐s ✇✐❧❧ ♥♦t ♥♦r♠❛❧❧② ❜❡ ❛ ❢♦r❡❝❛st ♦❢ ✐♥t❡r❡st ✐♥ ✐ts❡❧❢❀ ❤♦✇❡✈❡r✱ ✇❡ ❤❡r❡
✉s❡ t❤❡ ❢♦r❡❝❛st ❛s ❛ t♦♦❧ t♦ ❛ss❡ss t❤❡ s✉♣♣♦rt✐✈❡♥❡ss ♦❢ ❛ s❡❝♦♥❞ t✐♠❡ s❡r✐❡s✱
❛♥❞ ❢♦r t❤✐s s♣❡❝✐✜❝ ♣✉r♣♦s❡ ❛ ❢♦r❡❝❛st ❢r♦♠ ❛♥ ✐♥t❡r✐♦r ♣❛rt ♦❢ t❤❡ t✐♠❡ s❡r✐❡s
✇✐❧❧ ❜❡ s✉✐t❛❜❧❡✳

❚❤❡ ❢♦r♠✉❧❛❡ ✭✹✼✮✱ ✭✺✹✮ ❢♦r t❤❡ ❙❙❆ ❛♥❞ ▼❙❙❆ ❢♦r❡❝❛st ✈❛r✐❛♥❝❡ ✇✐❧❧ ❜❡
❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ ❙❙❆ r❡❝♦♥str✉❝t✐♦♥ ❛s ❛ ✭♠✐❞✲♣♦✐♥t✮
❧✐♥❡❛r ✜❧t❡r❀ ❢♦r t❤✐s ❛s♣❡❝t ♦❢ ❙❙❆✱ s❡❡ ❛❧s♦ ❬✶✱ ✽❪ ❛♥❞ ❬✺❪✱ ❙❡❝t✐♦♥ ✸✳✾✳

✶✷



Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ▲❡t f = (f1, ..., fN ) ❜❡ ❛ t✐♠❡ s❡r✐❡s ❛♥❞ f̃ = (f̃1, ..., f̃N ) ✐ts
❙❙❆ s✐❣♥❛❧ r❡❝♦♥str✉❝t✐♦♥ ❢♦r ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ ♣❛r❛♠❡t❡rs L ❛♥❞ r✳ ❚❤❡♥

f̃n = (q ⋆ f)n =

L−1∑

m=−L+1

qmfn+m, n ∈ {L+ 1, ..., N − L}, ✭✷✼✮

✇❤❡r❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❦❡r♥❡❧ q : {−L + 1, ..., L − 1} → R ❤❛s t❤❡ s②♠♠❡tr②
♣r♦♣❡rt②

q−m = qm, m ∈ {−L+ 1, ..., L− 1}. ✭✷✽✮

❚❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❢♦r♠✉❧❛ ✭✷✼✮ ❣✐✈❡s t❤❡ ❡①❛❝t s❛♠❡ r❡s✉❧t ❛s t❤❡ st❛♥❞❛r❞ ❙❙❆
r❡❝♦♥str✉❝t✐♦♥✱ ❡①❝❡♣t ✐♥ t❤❡ ✜rst ❛♥❞ ❧❛st L t❡r♠s✳ ■♥ ❢❛❝t✱ t❤❡ ❝♦♥✈♦❧✉t✐♦♥
❝♦♥❝❡♣t ✐s ♠♦r❡ ♥❛t✉r❛❧ t♦ ❞♦✉❜❧②✲✐♥✜♥✐t❡ t✐♠❡ s❡r✐❡s f = (fj)j∈Z✳ ❖✉r ❛♣♣r♦❛❝❤
t♦ t❤❡ ♣r♦♦❢ ✐s t♦ ❞❡r✐✈❡ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❞♦✉❜❧②✲✐♥✜♥✐t❡ ❝❛s❡❀ t❤❡
❢❛❝t t❤❛t t❤❡ s❡r✐❡s f ✐s ✜♥✐t❡ ✭❛♥❞ ❡①t❡♥❞❡❞ t♦ ❜❡ ❞♦✉❜❧②✲✐♥✜♥✐t❡ ❜② ♣❛❞❞✐♥❣
③❡r♦s✮ ✐s ✐♥✈✐s✐❜❧❡ ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ♣❛rt ❞✉❡ t♦ t❤❡ ✜♥✐t❡ s✉♣♣♦rt ♦❢ q✳ ❍♦✇❡✈❡r✱
❢♦r ♣♦✐♥ts ✐♥ t❤❡ ✜rst ❛♥❞ ❧❛st ✇✐♥❞♦✇ ❧❡♥❣t❤✱ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ✇✐❧❧ ✐♥ ❣❡♥❡r❛❧ ❜❡
❞✐✛❡r❡♥t ❢r♦♠ t❤❡ r❡s✉❧t ♦❢ st❛♥❞❛r❞ ❙❙❆✱ ❛s ✐t ❣✐✈❡s t❤❡ ❙❙❆ ♦❢ t❤❡ t✐♠❡ s❡r✐❡s
❡①t❡♥❞❡❞ ❜② ✵✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ❞♦✉❜❧② ✐♥✜♥✐t❡ t✐♠❡ s❡r✐❡s f = (fj)j∈Z ❛♥❞ t❤❡ r✐❣❤t s❤✐❢t
♦♣❡r❛t♦r S : RZ → R

Z✱ (Sf)t = ft+1(t ∈ Z)❀ t❤❡♥ t❤❡ tr❛❥❡❝t♦r② ♠❛tr✐① ♦❢
✐♥✜♥✐t❡ t✐♠❡ s❡r✐❡s f ✇✐t❤ ✇✐♥❞♦✇ ❧❡♥❣t❤ L ✐s

X =




f
Sf
✳✳✳

SL−1f


 ∈ R

L×Z, ✭✷✾✮

❛♥❞ t❤❡ ❧❛❣✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① t❛❦❡s t❤❡ ❢♦r♠

XX
T =




ffT f(Sf)T . . . f(S(L−1)f)T

(Sf)fT Sf(Sf)T . . . Sf(S(L−1)f)T

✳✳✳
(S(L−1)f)fT S(L−1)f(Sf)T . . . S(L−1)f(S(L−1)f)T


 ∈ R

L×L,

✭✸✵✮

❛ss✉♠✐♥❣ t❤❛t t❤❡ ✐♥♥❡r ♣r♦❞✉❝ts ❛r❡ ✜♥✐t❡✳ ■♥ ❢❛❝t✱ t❤❡ ♠❛tr✐① XX
T ✐s ❛ ❚♦❡♣❧✐t③

♠❛tr✐①✱ ❛s

(Sjf)(Skf)T = (S(j−k)f)fT (j, k ∈ Z). ✭✸✶✮

❚❤❡ ❙❙❆ ♣r♦❥❡❝t♦r P ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ✜rst r ♦rt❤♦♥♦r♠❛❧ ❡✐❣❡♥✈❡❝t♦rs η1, ..., ηr
♦❢ XXT ❤❛s ♠❛tr✐① ❡♥tr✐❡s

pk,j =

r∑

i=1

ηi,kηi,j (k, j ∈ {1, ..., L}), ✭✸✷✮

✇❤❡r❡ ηi,j ✐s t❤❡ jth ❡♥tr② ♦❢ ηi✳ ◆♦t❡ t❤❛t

pk,j =

r∑

i=1

ηi,kηi,j =

r∑

i=1

ηi,jηi,k = pj,k. ✭✸✸✮

✶✸



❚❤❡r❡❢♦r❡✱ ❛♣♣❧②✐♥❣ t❤❡ ❙❙❆ ♣r♦❥❡❝t♦r t♦ t❤❡ ❍❛♥❦❡❧ ♠❛tr✐①✱ ✇❡ ❣❡t

PX =




L−1∑

j=0

p0,jS
jf

L−1∑

j=0

p1,jS
jf

✳✳✳
L−1∑

j=0

pL−1,jS
jf




, ✭✸✹✮

❚❤❡ ❍❛♥❦❡❧✐③❛t✐♦♥ ♦❢ t❤✐s ♠❛tr✐① ♦❢ L r♦✇s ❛♥❞ ✐♥✜♥✐t❡❧② ♠❛♥② ❝♦❧✉♠♥s t❛❦❡s
t❤❡ s✐♠♣❧❡ ❢♦r♠ ♦❢ ❛ ❧✐♥❡❛r ♦♣❡r❛t♦r✳

H : RL×Z → R
Z, H




y0
✳✳✳

yL−1


 =

1

L

L−1∑

k=0

S−kyk. ✭✸✺✮

❍❡♥❝❡✱ t❤❡ r❡❝♦♥str✉❝t❡❞ s✐❣♥❛❧ ✐s

f̃ = HPX =
1

L

L−1∑

k=0

PX =
1

L

L−1∑

k=0

L−1∑

j=0

pk,jS
j−kf =

L∑

m=−L

qmSmf, ✭✸✻✮

✐✳❡✳

f̃n =
L−1∑

m=−L+1

qmfn+m (n ∈ Z),

✇❤❡r❡

qm =





1

L

L−1∑

i=0

pi,i, ✐❢ m = 0,

1

L

L−1∑

i=m

pi−m,i, ✐❢ m ∈ (1, ..., L− 1),

1

L

L−1∑

i=−m

pi,m+i, ✐❢ m ∈ (−L+ 1, ...,−1).

❆s t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❝♦♥✈♦❧✉t✐♦♥ ❝♦❡✣❝✐❡♥ts qm ✐s ❜❛s❡❞ ♦♥ s✉♠♠✐♥❣ ♣r♦✲
❥❡❝t♦r ❡❧❡♠❡♥ts ✭✸✷✮✱ ✇❤✐❝❤ ❤❛✈❡ t❤❡ s②♠♠❡tr② ✭✸✸✮✱ t❤❡ qm ❛r❡ s②♠♠❡tr✐❝ ❛s
✇❡❧❧✱

qm = q−m (m ∈ {−L+ 1, ..., L− 1, L}). ✭✸✼✮

❙❡tt✐♥❣ qm = 0 ✐❢ |m| > L✱ t❤❡ ❡①♣r❡ss✐♦♥ ✭✸✻✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❛ ❝♦♥✈♦❧✉t✐♦♥

f̃n =
∑

m∈Z

qn−mfm = (q ⋆ f)n.

✶✹



Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ▲❡t f = (f1, ..., fN )✱ g = (g1, ..., gN ) ❜❡ t✐♠❡ s❡r✐❡s ❛♥❞

f̃ = (f̃1, ..., f̃N )✱ g̃ = (g̃1, ..., g̃N ) t❤❡✐r ▼❙❙❆ s✐❣♥❛❧ r❡❝♦♥str✉❝t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✱
❢♦r ❛ s✉✐t❛❜❧❡ ❝❤♦✐❝❡ ♦❢ ✇✐♥❞♦✇ ❧❡♥❣t❤ L ❛♥❞ r ❡✐❣❡♥tr✐♣❧❡s✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛
❝♦♥✈♦❧✉t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡ r❡❝♦♥str✉❝t❡❞ t✐♠❡ s❡r✐❡s

(
f̃
g̃

)
=

(
q1 ⋆ f + q2 ⋆ g
q3 ⋆ f + q4 ⋆ g

)
, ✭✸✽✮

✇❤❡r❡ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❦❡r♥❡❧s qi : {−L+ 1, ..., L− 1} → R ❢♦r i ∈ {1, 2, 3, 4}
❞❡♣❡♥❞ ♦♥ t❤❡ ▼❙❙❆ ♣❛r❛♠❡t❡rs L✱ r✳

Pr♦♦❢✳ ❊①t❡♥❞ t❤❡ ❣✐✈❡♥ t✐♠❡ s❡r✐❡s ❜② ✵ t♦ ❞♦✉❜❧②✲✐♥✜♥✐t❡ t✐♠❡ s❡r✐❡s (fn)n∈Z✱
(gn)n∈Z ∈ R

Z✳
❚❤❡ ❍❛♥❦❡❧ ♠❛tr✐① ❢♦r t❤❡ ❜✐✈❛r✐❛t❡ ▼❙❙❆ ✐s ❛ ❜❧♦❝❦ ♠❛tr✐① ❝♦♥s✐st✐♥❣ ♦❢

t❤❡ ❍❛♥❦❡❧ ♠❛tr✐① X ♦❢ fn st❛❝❦❡❞ ♦♥ t♦♣ ♦❢ t❤❡ ❍❛♥❦❡❧ ♠❛tr✐① Y ♦❢ gn✱

(
X

Y

)
=




f
Sf
✳✳✳

SL−1f
g
Sg
✳✳✳

SL−1g




∈ R
2L×Z. ✭✸✾✮

❚❤❡ ▼❙❙❆ ♣r♦❥❡❝t♦r P ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✜rst r ❡✐❣❡♥✈❡❝t♦rs η1, ..., ηn ♦❢
t❤❡ 2L× 2L ❧❛❣✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①

(
X

Y

)(
X

Y

)T

=

((
(Si−1f)(Sj−1f)

)L
i,j=1

(
(Si−1f)(Sj−1g)

)L
i,j=1(

(Si−1g)(Sj−1f)
)L
i,j=1

(
(Si−1g)(Sj−1g)

)L
i,j=1

)
. ✭✹✵✮

❚❤❡ ♣r♦❥❡❝t♦r P ❝♦♥s✐sts ♦❢ ✹ ❜❧♦❝❦s

P =

(
p1 p2

p3 p4

)
,

✇❤❡r❡

p1k,j =

r∑

i=1

ηi,kηi,j (k, j ∈ {0, ..., L− 1}),

p2k,j =

r∑

i=1

ηi,kηi,j (k ∈ {0, ..., L− 1}, j ∈ {L, ..., 2L− 1}),

p3k,j =

r∑

i=1

ηi,kηi,j (k ∈ {L, ..., 2L− 1}, j ∈ {0, ..., L− 1}),

p4k,j =

r∑

i=1

ηi,kηi,j (k, j ∈ {L, ..., 2L− 1}).

✭✹✶✮

❙✐♠✐❧❛r❧② t♦ t❤❡ ✉♥✐✈❛r✐❛t❡ ❝❛s❡✱ ✇❡ ♥♦✇ ❝❛♥ ✇r✐t❡ ❞♦✇♥ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r
t❤❡ s✐❣♥❛❧ r❡❝♦♥str✉❝t✐♦♥ ♦❢ fn ❛♥❞ gn✱ ✉s✐♥❣ t❤❡ ❍❛♥❦❡❧✐③❛t✐♦♥ ♦♣❡r❛t♦r H ♦❢

✶✺



✭✸✺✮

(
f̃
g̃

)
=




H

(
L−1∑

k=0

L−1∑

k=0

p1k,jS
j−kf +

L−1∑

k=0

L−1∑

k=0

p2k,jS
j−kg

)

H

(
L−1∑

k=0

L−1∑

k=0

p3k,jS
j−kf +

L−1∑

k=0

L−1∑

k=0

p4k,jS
j−kg

)




✭✹✷✮

=




L∑

m=−L

q1mSmf +

L∑

m=−L

q2mSmg

L∑

m=−L

q3mSmf +

L∑

m=−L

q4mSmg




, ✭✹✸✮

✇❤❡r❡

qjm =





1

L

L−1∑

i=0

pji,i, ✐❢ m = 0,

1

L

L−1∑

i=m

pji−m,i, ✐❢ m ∈ (1, ..., L− 1),

1

L

L−1∑

i=−m

pji,m+i, ✐❢ m ∈ (−L+ 1, ...,−1),

✭✹✹✮

❛♥❞ qjm = 0 ♦t❤❡r✇✐s❡✳ ❚❤✉s

(
f̃n
g̃n

)
=




∑

m∈Z

q1n−mfm +
∑

m∈Z

q2n−mgm

∑

m∈Z

q3n−mfm +
∑

m∈Z

q4n−mgm


 =

(
(q1 ⋆ f)n + (q2 ⋆ g)n

(q3 ⋆ f)n + (q4 ⋆ g)n

)
(n ∈ Z)

✭✹✺✮

♦r ❜r✐❡✢②

(
f̃
g̃

)
=

(
q1 ⋆ f + q2 ⋆ g
q3 ⋆ f + q4 ⋆ g

)
. ✭✹✻✮

❚❤❡ ❡①♣r❡ss✐♦♥ ✭✹✻✮ ❣✐✈❡s t❤❡ r❡❝♦♥str✉❝t✐♦♥s f̃n✱ g̃n ♦❢ t❤❡ ♠❛✐♥ s❡r✐❡s fn ❛♥❞
s✉♣♣♦rt s❡r✐❡s gn ❢♦r n ∈ {L+ 1, ..., N − L}✳ ❚❤✐s ❡①♣r❡ss✐♦♥ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡
▼❙❙❆ r❡❝♦♥str✉❝t✐♦♥s✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❜♦t❤ ♣r♦❝❡❞✉r❡s ❛r❡ t❤❡
s❛♠❡✳

■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t ❝♦♥✈♦❧✉t✐♦♥ ✈❡❝t♦rs q1 ❛♥❞ q4 ❤❛✈❡ t❤❡ r❡✢❡❝t✐♦♥
s②♠♠❡tr② ✭✸✼✮✱ ✇❤✐❝❤ q ❤❛s ✐♥ t❤❡ ✉♥✐✈❛r✐❛t❡ ❝❛s❡✱ ❜✉t q2✱ q3 ❞♦ ♥♦t✳ ■♥st❡❛❞✱
t❤❡② ❛r❡ r❡❧❛t❡❞ ✈✐❛ q2m = q3−m(m ∈ Z)✳

❆❢t❡r t❤❡s❡ ♣r❡♣❛r❛t✐♦♥s✱ ✇❡ ❛r❡ r❡❛❞② t♦ st✉❞② t❤❡ ❢♦r❡❝❛st ❢♦r xN−L+1

❜❛s❡❞ ♦♥ t❤❡ ❙❙❆ r❡❝♦♥str✉❝t✐♦♥ ❢♦r {x̃L+1, ..., x̃N−L} ❢r♦♠ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❢♦r✲
♠✉❧❛✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✭✷✼✮ ✐s ❝♦♥✈❡♥✐❡♥t❧② ❧✐♥❡❛r ❛♥❞ ❝♦♥❝✐s❡❀ ❤♦✇❡✈❡r✱ ❜♦t❤
❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ qi(σ) ❛♥❞ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r R(σ) ✇✐❧❧✱ str✐❝t❧② s♣❡❛❦✐♥❣✱

✶✻



❞❡♣❡♥❞ ♦♥ ♥♦✐s❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ t✐♠❡ s❡r✐❡s✱ ✇❤✐❝❤ ❝♦♠♣❧✐❝❛t❡s t❤❡ ♣r♦❝❡ss ♦❢ ❡s✲
t✐♠❛t✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♥♦✐s❡ ✐♥ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❛♥❞ ✐♥ t❤❡ ❢♦r❡❝❛st✳
❚❤❡r❡❢♦r❡ ✇❡ ♠❛❦❡ t❤❡ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡s❡ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤
t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ ❛♥❞ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r ♦❢ t❤❡ ✉♥♣❡rt✉r❜❡❞ s❡r✐❡s✱ ❛s ✐♥❞✐✲
❝❛t❡❞ ❜② ♦✉r ♦❜s❡r✈❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✹✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐♥
t❤❡ ✉♥✐✈❛r✐❛t❡ ✭❙❙❆✮ ❝❛s❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳ ▲❡t R✱ q ❜❡ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r ❛♥❞ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧✱
r❡s♣❡❝t✐✈❡❧②✱ ♦❢ ❙❙❆ ♣❡r❢♦r♠❡❞ ♦♥ ❛ t✐♠❡ s❡r✐❡s (xn)n∈{1,...,N} ✇✐t❤ ♣❛r❛♠❡t❡rs
L✱ r✳

▼♦r❡♦✈❡r✱ ❛ss✉♠❡ t❤❛t (εn)n∈{1,...,N} ✐s ❛ r❛♥❞♦♠ t✐♠❡ s❡r✐❡s s✉❝❤ t❤❛t t❤❡
εn ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ❤❛✈❡ ✈❛r✐❛♥❝❡ ✶✳ ▲❡t x̂N−L+1(σ) ❜❡ t❤❡ ❙❙❆ ❢♦r❡✲
❝❛st ♦❢ t❤❡ t✐♠❡ s❡r✐❡s (xn + σεn)n∈{1,...,N} ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ r❡❝♦♥str✉❝t❡❞
(x̃N−2L+2(σ), ..., x̃N−L(σ))✳

❚❤❡♥✱ ❛ss✉♠✐♥❣ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r R(σ) ❛♥❞ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ q(σ) ❛r❡
❡q✉❛❧ t♦ t❤❡ ✉♥♣❡rt✉r❜❡❞ R✱ q✱

var(x̃N−L+1(σ)) = σ2‖R ⋆ q‖22. ✭✹✼✮

❍❡r❡ ‖y‖2 =
√∑

j |yj |
2 ✐s t❤❡ ℓ2✲♥♦r♠✳

Pr♦♦❢✳ ❯s✐♥❣ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❡①♣r❡ss✐♦♥ ✭✷✼✮ ❢♦r t❤❡ ❙❙❆ r❡❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡
♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s xn + σεn✱ ✇❡ ✜♥❞

x̃n(σ) =
∑

m∈Z

qn−m(σ)(xm + σεm)

=
∑

m∈Z

qn−m(σ)xm + σ
∑

m∈Z

qn−m(σ)εm. ✭✹✽✮

❆♣♣❧②✐♥❣ t❤❡ ▲❘❋ ✭✷✮ t♦ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ✭✹✽✮✱ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❢♦r❡✲
❝❛st x̂N−L+1(σ) ♠❛② ❜❡ ✇r✐tt❡♥✱ ✉s✐♥❣ R(σ) = (aL−1(σ), ..., a1(σ))

T ❢♦r t❤❡
♣❡rt✉r❜❡❞ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r✱ ❛s

x̂N−L+1(σ) =

L−1∑

i=1

ai(σ)

(
∑

m∈Z

qN+1−i−m(σ)xm + σ
∑

m∈Z

qN+1−i−m(σ)εm

)

✭✹✾✮

=

L−1∑

i=1

ai(σ)
∑

m∈Z

qN+1−i−m(σ)xm + σ

L−1∑

i=1

ai(σ)
∑

m∈Z

qN+1−i−m(σ)εm.

✭✺✵✮

❯♥❞❡r t❤❡ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s✱ ✭✺✵✮ t✉r♥s ✐♥t♦

x̂N−L+1(σ) =

L−1∑

i=1

ai
∑

m∈Z

qN−L+1−i−mxm + σ

L−1∑

i=1

ai
∑

m∈Z

qN−L+1−i−mεm ✭✺✶✮

= x̂N−L+1(0) + σ

L−1∑

i=1

ai
∑

m∈Z

qN−L+1−i−mεm ✭✺✷✮

= x̂N−L+1(0) + σ
∑

m∈Z

( L−1∑

i=1

aiqN−L+1−i−m

)
εm. ✭✺✸✮

✶✼



❆s εm ❛r❡ ✐✳✐✳❞✳ ✇✐t❤ ✈❛r✐❛♥❝❡ ✶✱ ✇❡ ❤❡♥❝❡ ❝♦♥❝❧✉❞❡ t❤❛t

var(x̂N−L+1) = σ2
∑

m∈Z

∣∣∣∣∣

L−1∑

i=1

aiqN−L+1−i−m

∣∣∣∣∣

2

= σ2
∑

k∈Z

∣∣∣∣∣

L−1∑

i=1

aiqk−i

∣∣∣∣∣

2

= σ2
∑

k∈Z

|(R ⋆ q)i|
2 = σ2‖R ⋆ q‖22.

❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐♥ t❤❡ ❜✐✈❛r✐❛t❡ ✭▼❙❙❆✮ ❝❛s❡✱ ✐♥❝❧✉❞✲
✐♥❣ t❤❡ ❛❞❞✐t✐♦♥❛❧ s✉♣♣♦rt s❡r✐❡s yn✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳ ▲❡t R11✱ R12 ❛♥❞ qi✱ i ∈ {1, 2, 3, 4} ❜❡ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦rs
❛♥❞ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧s✱ r❡s♣❡❝t✐✈❡❧②✱ ♦❢ ▼❙❙❆ ♣❡r❢♦r♠❡❞ ♦♥ (xn)n∈{1,...,N}✱
(yn)n∈{1,...,N} ✇✐t❤ ♣❛r❛♠❡t❡rs L✱ r✳

❆ss✉♠❡ t❤❛t (εn)n∈{1,...,N} ✐s ❛ r❛♥❞♦♠ t✐♠❡ s❡r✐❡s s✉❝❤ t❤❛t t❤❡ εn ❛r❡ ✐♥❞❡✲
♣❡♥❞❡♥t ❛♥❞ ❤❛✈❡ ✈❛r✐❛♥❝❡ ✶✳ ▲❡t x̂N−L+1(σ) ❜❡ t❤❡ ▼❙❙❆ ❢♦r❡❝❛st ♦❢ t❤❡ t✐♠❡
s❡r✐❡s (xn + σεn)n∈{1,...,N} ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ r❡❝♦♥str✉❝t❡❞ (x̃N−2L+2(σ), ...,
x̃N−L(σ)) ❛♥❞ (ỹN−2L+2(σ), ..., ỹN−L(σ))✳

❚❤❡♥✱ ❛ss✉♠✐♥❣ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦rs R11(σ)✱ R12(σ) ❛♥❞ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r✲
♥❡❧s (qi(σ), i ∈ {1, 2, 3, 4} ❛r❡ ❡q✉❛❧ t♦ t❤❡ ✉♥♣❡rt✉r❜❡❞ R11✱ R12 ❛♥❞ qi✱ i ∈
{1, 2, 3, 4}✱

var(x̂N−L+1(σ)) = σ2‖R11 ⋆ q
1 +R12 ⋆ q

3‖22. ✭✺✹✮

Pr♦♦❢✳ ❘❡❝❛❧❧✐♥❣ t❤❡ ▼❙❙❆ ▲❘❋ ❢♦r t❤❡ ❢♦r❡❝❛st ✭✹✮ ❛♥❞ ✐ts r❡❝✉rr❡♥❝❡ ✈❡❝t♦rs
R11✱ R12 ✭✺✮✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❢♦r❡❝❛st x̂N−L+1(σ) ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛

x̂N−L+1(σ) =

L−1∑

i=1

a1,ix̃N−L+1−i(σ) +

L−1∑

i=1

a2,iỹN−L+1−i(σ), ✭✺✺✮

✇❤❡r❡ R11 = (aL−1,i, ..., a1,1)
T ❛♥❞ R12 = (a2,L−1, ..., a1,1)

T ✳
◆♦t❡ t❤❛t ✇❡ ❛r❡ ♦♣❡r❛t✐♥❣ ✉♥❞❡r t❤❡ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s t❤❛t r❡❝✉r✲

r❡♥❝❡ ✈❡❝t♦rs R11 ❛♥❞ R12 ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ✉♥♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s xn✱
✐✳❡✳ ✜①❡❞✳

❙✉❜st✐t✉t✐♥❣ r❡❝♦♥str✉❝t✐♦♥s ✭✹✺✮ ✐♥t♦ ✭✺✺✮ ✇❡ ❣❡t✱ ✉s✐♥❣ xm(σ) = xm+σεm✱

x̂N−L+1(σ) =

L−1∑

i=1

a1,i(
∑

m∈Z

q1N−L+1−i−mxm(σ) +
∑

m∈Z

q2N−L+1−i−mym)

+

L−1∑

i=1

b1,i(
∑

m∈Z

q3N−L+1−i−mxm(σ) +
∑

m∈Z

q4N−L+1−i−mym)

= x̂N−L+1(0) + σ
∑

m∈Z

L−1∑

i=1

(a1,iq
1
N−L+1−i−m + b1,iq

3
N−L+1−i−m)εm.

❙✐♠✐❧❛r❧② t♦ t❤❡ ✉♥✐✈❛r✐❛t❡ ❝❛s❡✱ ✇❡ ❝❛♥ ♥♦✇ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❢♦r❡✲

✶✽



❝❛st✱

var(x̂N−L+1(σ)) = σ2
∑

m∈Z

∣∣∣∣∣

L−1∑

i=1

(a1,iq
1
N−L+1−i−m + b1,iq

3
N−L+1−i−m)

∣∣∣∣∣

2

= σ2
∑

k∈Z

∣∣∣∣∣

L−1∑

i=1

(a1,iq
1
k−i + b1,iq

3
k−i)

∣∣∣∣∣

2

= σ2
∑

k∈Z

∣∣R11 ⋆ q
1 +R12 ⋆ q

3
∣∣

= σ2‖R11 ⋆ q
1 +R12 ⋆ q

3‖22.

✺ ❚♦✇❛r❞s ❛ ♠❡❛s✉r❡ ♦❢ s✉♣♣♦rt✐✈❡♥❡ss

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛✐♠ t♦ ❡①♣❧♦r❡ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✉s✐♥❣ t❤❡ ❢♦r❡❝❛st ✈❛r✐❛♥❝❡
❛s ❛ t♦♦❧ t♦ ❡st❛❜❧✐s❤ ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t✇♦ t✐♠❡ s❡r✐❡s ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡
s❡❝♦♥❞ ✭s✉♣♣♦rt✮ s❡r✐❡s st❛❜✐❧✐s❡s t❤❡ ❢♦r❡❝❛st ♦❢ t❤❡ ♣r✐♠❛r② s❡r✐❡s✳ ❚❤✐s ✇✐❧❧
r♦✉❣❤❧② ❝♦rr❡s♣♦♥❞ t♦ ●r❛♥❣❡r✬s ❝♦♥❝❡♣t ♦❢ ❝❛✉s❛❧✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❛❞❞r❡ss
t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤❛t r♦❧❡ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❢♦r♠✉❧❛ ✭✺✹✮ ❜❛s❡❞ ♦♥ t❤❡ s✐♠♣❧✐❢②✐♥❣
❛ss✉♠♣t✐♦♥ ♦❢ ❝♦♥st❛♥t r❡❝♦♥str✉❝t✐♦♥ ❦❡r♥❡❧ ❛♥❞ ❢♦r❡❝❛st ✈❡❝t♦rs ❝❛♥ ♣❧❛② ❛s
❛ ♣r❡❞✐❝t♦r ❢♦r t❤❡ ❡♠♣✐r✐❝❛❧ ✈❛r✐❛♥❝❡ ♦♥❡ ✇♦✉❧❞ ♦❜s❡r✈❡ ✐♥ r❛♥❞♦♠ tr✐❛❧s ♦❢
♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s✳

❚❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ✈❛r✐❛♥❝❡s ❜❡❛rs s♦♠❡ s✐♠✐❧❛r✐t② t♦ t❤❡ st❛t✐st✐❝❛❧ ❋✲t❡st❀
❤♦✇❡✈❡r✱ ♦✉r q✉❡st✐♦♥ ❞♦❡s ♥♦t ❞✐r❡❝t❧② ✜t ✐♥t♦ t❤❡ s❝❤❡♠❡ ♦❢ t❤❛t t❡st✱ ❛s ❤❡r❡
t❤❡ s❛♠♣❧❡ s✐③❡ ✭t❤❡ ♥✉♠❜❡r ♦❢ r❛♥❞♦♠ tr✐❛❧s✮ ✐s ❛r❜✐tr❛r② ❛♥❞ ✇✐❧❧ ♥♦t str♦♥❣❧②
❛✛❡❝t t❤❡ ✈❛r✐❛♥❝❡✳ ❍❡♥❝❡ t❤❡ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡ t❡st ❝❛♥♥♦t ❜❡ r❡❛s♦♥❛❜❧② ❝❛❧✲
❝✉❧❛t❡❞✱ ❛♥❞ ❛ s✐♥❣❧❡ ♥✉♠❜❡r ✇✐❧❧ ♥♦t ❜❡ ✈❡r② ✐♥❞✐❝❛t✐✈❡✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝♦♥s✐❞❡r
t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ✈❛r✐❛♥❝❡ ❛s t❤❡ r❡❧❛t✐✈❡ ✇❡✐❣❤t ♦❢ t❤❡ s✉♣♣♦rt s❡r✐❡s ✐♥ ❜✐✲
✈❛r✐❛t❡ ▼❙❙❆ ✐s ✐♥❝r❡❛s❡❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣❛✐r ♦❢ t✐♠❡ s❡r✐❡s
(xn)n∈{1,...,N} ✭♠❛✐♥ s❡r✐❡s✮ ❛♥❞ (ρyn)n∈{1,...,N} ✭s✉♣♣♦rt s❡r✐❡s✮ ✇✐t❤ ✈❛r②✐♥❣
s✉♣♣♦rt s❡r✐❡s ♠✉❧t✐♣❧✐❡r ρ ❛♥❞ st✉❞② t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛♥❝❡ ♦♥ ρ✳

●✐✈❡♥ t❤✐s ♣❛✐r ♦❢ t✐♠❡ s❡r✐❡s✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ ✈❛❧✉❡ ❢♦r t❤❡ ♣r❡❞✐❝t❡❞ ❢♦r❡✲
❝❛st ✈❛r✐❛♥❝❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❢♦r♠✉❧❛ ✭✺✹✮ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ s❡✲
r✐❡s (xn)n∈{1,...,N}✱ (ρyn)n∈{1,...,N}✱ ✇✐t❤ t❤❡ ❡♠♣✐r✐❝❛❧ ✈❛r✐❛♥❝❡ ❢r♦♠ ✶✵✵✵ r❛♥✲
❞♦♠ tr✐❛❧s ♦❢ t❤❡ ▼❙❙❆ ❢♦r❡❝❛st ❢♦r t❤❡ t✐♠❡ s❡r✐❡s (xn + ǫn)n∈{1,...,N} ❛♥❞
(ρyn)n∈{1,...,N}✱ ✇❤❡r❡ ǫn ∼ N(0, σ2) ✐s ✐♥❞❡♣❡♥❞❡♥t ♣s❡✉❞♦✲r❛♥❞♦♠ ❣❡♥❡r❛t❡❞
♥♦✐s❡ ✐♥ ❡❛❝❤ tr✐❛❧✳ ■♥ ♦r❞❡r t♦ ❛ss❡ss t❤❡ ✐♠♣❛❝t ♦❢ ♦✉r s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s
✐♥ ♠♦r❡ ❞❡t❛✐❧✱ ✇❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ ❡♠♣✐r✐❝❛❧ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ▼❙❙❆ ❢♦r❡❝❛st
✇❤❡r❡ t❤❡ ❢♦r❡❝❛st ✈❡❝t♦r R11(σ) ✐s✱ ✐♥ ❡❛❝❤ tr✐❛❧✱ r❡♣❧❛❝❡❞ ✇✐t❤ t❤❡ ✜①❡❞ ✉♥♣❡r✲
t✉r❜❡❞ ❢♦r❡❝❛st ✈❡❝t♦r R11 ✭✈❛❧✉❡s A✮✱ ❛♥❞ ✇❤❡r❡ ❜♦t❤ ❢♦r❡❝❛st ✈❡❝t♦rs R11(σ)
❛♥❞ R12(σ) ❛r❡ r❡♣❧❛❝❡❞ ✇✐t❤ t❤❡ ✜①❡❞ ✉♥♣❡rt✉r❜❡❞ ❢♦r❡❝❛st ✈❡❝t♦rs R11✱ R12

✭✈❛❧✉❡s B✮✳ ◆♦t❡✱ ❤♦✇❡✈❡r✱ t❤❛t ✐♥ t❤❡s❡ ❝❛s❡s t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❦❡r♥❡❧ ✇✐❧❧ ♥♦t
❜❡ ❦❡♣t ✜①❡❞✱ ❜✉t ✇✐❧❧ ✈❛r② ✇✐t❤ t❤❡ r❛♥❞♦♠ ♣❡rt✉r❜❛t✐♦♥s✳

❲❡ ❛♥❛❧②s❡❞ t✇♦ ❡①❛♠♣❧❡s✱ ✇✐t❤ t✐♠❡ s❡r✐❡s t❛❦❡♥ ❢r♦♠ t❤❡ ❆✉str❛❧✐❛♥ ✇✐♥❡
❞❛t❛s❡ts ❬✾❪✳ ❚❤❡ ♠❛✐♥ s❡r✐❡s ✐♥ ❜♦t❤ ❡①❛♠♣❧❡s ✐s ❜❛s❡❞ ♦♥ t❤❡ r❡❞ ✇✐♥❡ s❛❧❡s
t✐♠❡ s❡r✐❡s✱ t❤❡ s✉♣♣♦rt s❡r✐❡s ✐♥ t❤❡ ✜rst ❡①❛♠♣❧❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ s♣❛r❦❧✐♥❣ ✇✐♥❡
s❛❧❡s t✐♠❡ s❡r✐❡s✱ ✐♥ t❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡ ✐t ✐s ♠❛❞❡ ✉♣ ♦❢ ✉♥r❡❧❛t❡❞ ❣❡♥❡r❛t❡❞

✶✾



❋✐❣✉r❡ ✺✿ ❘❡❞ ✇✐♥❡ ✈s s♣❛r❦❧✐♥❣ ✇✐♥❡ ❛♥❞ ❣❡♥❡r❛t❡❞ s❡r✐❡s✱ ✶✾✽✵✲✶✾✾✹✳

❞❛t❛✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ ❛❧❧ t✐♠❡ s❡r✐❡s ✐s N = 187✳ ❚❤❡ r❡❞ ✇✐♥❡ ❛♥❞ s♣❛r❦❧✐♥❣ ✇✐♥❡
t✐♠❡ s❡r✐❡s ❝❧❡❛r❧② ❡①❤✐❜✐t s♦♠❡ str✉❝t✉r❛❧ s✐♠✐❧❛r✐t✐❡s ❛s ✇❡❧❧ ❛s ❝❤❛r❛❝t❡r✐st✐❝
❞✐✛❡r❡♥❝❡s✱ s❡❡ ❋✐❣✉r❡ ✺ ✭❧❡❢t✮✳

❲❡ ❝♦♥str✉❝t❡❞ t✐♠❡ s❡r✐❡s (xn)n∈{1,...,187}✱ (yn)n∈{1,...,187} ❜② ♣r❡❝♦♥❞✐t✐♦♥✲
✐♥❣ t❤❡ r❛✇ r❡❞ ❛♥❞ s♣❛r❦❧✐♥❣ ✇✐♥❡ t✐♠❡ s❡r✐❡s✱ r❡s♣❡❝t✐✈❡❧②✱ ♣❡r❢♦r♠✐♥❣ ❙❙❆
✇✐t❤ L = 60 ❛♥❞ r = 7 s❡♣❛r❛t❡❧② ♦♥ ❜♦t❤ s❡r✐❡s❀ t❤❡s❡ ❛r❡ t❤❡ ♦♣t✐♠❛❧ ❙❙❆
♣❛r❛♠❡t❡rs ❢♦r t❤❡s❡ st❛♥❞❛r❞ s❡r✐❡s ✭s❡❡ ❬✹❪ ♣♣✳ ✶✸✽✕✶✸✾✮✳ ❚❤❡ ✈❛r✐❛♥❝❡ ❢♦r t❤❡
♣❡rt✉r❜❛t✐✈❡ ●❛✉ss✐❛♥ ✇❤✐t❡ ♥♦✐s❡ ❛❞❞❡❞ t♦ (xn)n∈{1,...,187} ✐♥ t❤❡ tr✐❛❧s ✇❛s
s❡t t♦ σ2 = 100✳ ❋♦r t❤❡ ❢✉rt❤❡r ❛♥❛❧②s❡s✱ ✇❡ ❦❡♣t t❤❡ ✭▼✮❙❙❆ ♣❛r❛♠❡t❡rs ❛t
L = 60✱ r = 7✳ ❋♦r ❛ ❢❛✐r ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❢♦r♠✉❧❛✱ ✇❡ ❢♦r❡✲
❝❛st t❤❡ ✈❛❧✉❡ st❛rt✐♥❣ t❤❡ ❧❛st ✇✐♥❞♦✇ ✐♥ t❤❡ t✐♠❡ s❡r✐❡s✱ ✐✳❡✳ x̂128✱ ❢r♦♠ t❤❡
r❡❝♦♥str✉❝t❡❞ x̃68, . . . , x̃127 ❛♥❞ ỹ68, . . . , ỹ127✳

❚♦ ♣✉t t❤❡ ❛❜s♦❧✉t❡ ✈❛r✐❛♥❝❡s ❝❛❧❝✉❧❛t❡❞ ❢♦r t❤❡ ▼❙❙❆ ❢♦r❡❝❛sts ✐♥t♦ ♣❡r✲
s♣❡❝t✐✈❡✱ ✇❡ ❝♦♠♣✉t❡❞ t❤❡ ♣❡rt✉r❜❛t✐✈❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❙❙❆ ❢♦r❡❝❛st ♦❢ t❤❡ r❡❞
✇✐♥❡ s❡r✐❡s (xn)n∈{1,...,187} ❛❧♦♥❡✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ ✈❛r✐❛♥❝❡ ❢r♦♠ ✶✵✵✵ tr✐❛❧s ✐s
var(x̂SSA

128 ) = 7.9991✳ ❲❤❡♥ t❤❡ ♣❡rt✉r❜❡❞ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r R(σ) ✐s r❡♣❧❛❝❡❞
✇✐t❤ t❤❡ ✉♥♣❡rt✉r❜❡❞ ❝♦♥st❛♥t R ✐♥ ❡❛❝❤ tr✐❛❧✱ t❤❡ ❡♠♣✐r✐❝❛❧ ✈❛r✐❛♥❝❡ ✐s 7.2037✳
❚❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❢♦r♠✉❧❛ ✭✹✼✮ ❣✐✈❡s t❤❡ ✈❛❧✉❡ 6.7355✱ s❤♦✇✐♥❣ t❤❛t ❛ ❧❛r❣❡ ♣❛rt
✭❛❧t❤♦✉❣❤ ♥♦t ❛❧❧✮ t❤❡ ♦❜s❡r✈❡❞ ✈❛r✐❛♥❝❡ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❡✈❡♥ ♠❛❦✐♥❣ t❤❡ s✐♠✲
♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s✳

❚❤❡ r❡s✉❧ts ❢♦r t❤❡ ✜rst ❡①❛♠♣❧❡ ✭r❡❞ ✇✐♥❡ s❛❧❡s ✇✐t❤ s♣❛r❦❧✐♥❣ ✇✐♥❡ s❛❧❡s ❛s
s✉♣♣♦rt✮ ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✶✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ ✈❛r✐❛♥❝❡ ♦❢ ❢♦r❡❝❛st ✈❛❧✉❡s x̂128

❛♣♣❡❛rs ❧❛r❣❡❧② st❛❜❧❡✱ ❛♣❛rt ❢r♦♠ t❤❡ ❝♦♥s♣✐❝✉♦✉s❧② ❧❛r❣❡ ✈❛❧✉❡ ❢♦r ρ = 0.18✱
✇❤✐❝❤ ✇❡ s❤❛❧❧ ❞✐s❝✉ss ❜❡❧♦✇✳ ❚❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❢♦r❡❝❛sts ✇✐t❤ ✜①❡❞ R11 ✭✈❛❧✉❡s
A✮ ❜❡❤❛✈❡s ✐♥ ❛ ❣❡♥❡r❛❧❧② s✐♠✐❧❛r ♠❛♥♥❡r✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✈❛r✐❛♥❝❡
♦❢ ❢♦r❡❝❛sts ✇✐t❤ ❜♦t❤ R11 ❛♥❞ R12 ✜①❡❞ ✭✈❛❧✉❡s B✮ s❤♦✇s ❛r❡ ♠❛r❦❡❞ ❛♥❞
s✉st❛✐♥❡❞ ❞❡❝r❡❛s❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ρ✳ ❚❤✐s ✐s ❢✉❧❧② ♣❛r❛❧❧❡❧❡❞ ❜② t❤❡ ♣r❡❞✐❝t✐♦♥
❢r♦♠ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❢♦r♠✉❧❛ ✭✺✹✮✳

❚❤✉s ✐t ❛♣♣❡❛rs t❤❛t t❤❡ ✐♥st❛❜✐❧✐t② ✉♥❞❡r ♣❡rt✉r❜❛t✐♦♥ ♦❢ R12(σ) ❤❛s ❛
♣r♦♥♦✉♥❝❡❞ ❡✛❡❝t ♦♥ t❤❡ r❡s✉❧t ✈❛r✐❛♥❝❡✱ ✇❤✐❧❡ R11 ❛♥❞ t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❝♦♥✲
✈♦❧✉t✐♦♥ ❦❡r♥❡❧ ❝❛♥ ❜❡ ❛ss✉♠❡❞ t♦ ❜❡ ✉♥♣❡rt✉r❜❡❞ ✇✐t❤♦✉t q✉❛❧✐t❛t✐✈❡ ❞✐✛❡r❡♥❝❡
✐♥ t❤❡ r❡s✉❧ts✳

■t ✐s str✐❦✐♥❣ ✐♥ ❚❛❜❧❡ ✶ t❤❛t ❛❧❧ ✈❛❧✉❡s ♦❜t❛✐♥❡❞ ❢r♦♠ s✐♠✉❧❛t❡❞ ♥♦✐s❡ tr✐❛❧s
s❤♦✇ ✈❡r② ✉♥st❛❜❧❡ ❜❡❤❛✈✐♦✉r ♥❡❛r ρ = 0.18 ✭✈❛❧✉❡s ✐♥ ❜♦❧❞✮✳ ❚❤✐s ✐♥st❛❜✐❧✐t② ✐s

✷✵



❚❛❜❧❡ ✶✿ ▼❙❙❆ ❘❡❞ ❲✐♥❡ ❋♦r❡❝❛st ▼❡❛s✉r❡s
ρ var(x̂128) var(A) var(B) σ2|Rs

11 ∗ q
1 +Rs

12 ∗ q
3|

✵✳✶ ✼✳✹✼✻✽ ✻✳✻✷✼✽ ✻✳✺✼✹✾ ✺✳✻✾✼✺
✵✳✶✼ ✽✳✶✺✼✹ ✶✶✹✳✺✾✹✶ ✼✳✶✽✺✶ ✹✳✺✼✻✾
✵✳✶✽ ✸✽✾✽✳✾ ✸✶✹✻✳✷ ✾✾✼✳✾✼✻✻ ✷✳✻✶✻✾
✵✳✶✾ ✼✳✸✽✺✹ ✶✾✹✳✶✵✾✷ ✸✳✻✾✺✹ ✷✳✺✺✼✺
✵✳✷ ✻✳✼✸✹✻ ✸✵✳✹✾✸✺ ✸✳✷✹✺✾ ✷✳✹✸✺✾
✵✳✷✷ ✺✳✾✷✹✽ ✾✳✺✶✽✷ ✸✳✶✹✵✼ ✷✳✶✾✽✾
✵✳✸ ✹✳✼✻✷✺ ✺✳✶✻✾✷ ✶✳✾✹✼✼ ✶✳✺✷✷✷
✵✳✹ ✹✳✻✼✹✽ ✹✳✺✼✶✷ ✶✳✷✶✽✷ ✶✳✵✸✽✻
✵✳✺ ✹✳✼✷✺✹ ✹✳✸✼✶ ✵✳✼✾✸✽ ✵✳✼✸✹✶
✵✳✻ ✹✳✽✵✽✺ ✹✳✸✶✶✺ ✵✳✺✸✼ ✵✳✺✷✺✸
✵✳✼ ✹✳✽✾✹✾ ✹✳✸✷✹✽ ✵✳✸✼✸✽ ✵✳✸✼✾✷
✵✳✽ ✹✳✾✼✽ ✹✳✸✼✾✹ ✵✳✷✻✻✸ ✵✳✷✼✻✹
✵✳✾ ✺✳✵✺✼✹ ✹✳✹✺✼✷ ✵✳✶✾✸✹ ✵✳✷✵✸✾
✶ ✺✳✶✸✶✾ ✹✳✺✹✻✸ ✵✳✶✹✷✾ ✵✳✶✺✷✸
✶✳✶ ✺✳✶✾✾✹ ✹✳✻✸✽✸ ✵✳✶✵✼✸ ✵✳✶✶✺✷

❝❛✉s❡❞ ❜② ❛♥ ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥✱ ✇✐t❤✐♥ t❤❡ ♣❛✐r ♦❢ t❤❡ ✼t❤ ❛♥❞
✽t❤✱ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝♦♥t✐♥✉♦✉s ❜r❛♥❝❤❡s ♦❢ ❡✐❣❡♥✈❡❝t♦rs✳
❋♦r ρ ♥❡❛r 0.18✱ t❤❡ ✼t❤ ❛♥❞ ✽t❤ ❡✐❣❡♥✈❛❧✉❡s ❤❛♣♣❡♥ t♦ ❧✐❡ ✈❡r② ❝❧♦s❡❧② t♦❣❡t❤❡r✳
❆s t❤❡ ▼❙❙❆ ❝✉t✲♦✛ ✇❛s ✜①❡❞ ❜❡t✇❡❡♥ t❤❡ ✼t❤ ❛♥❞ ✽t❤ ❡✐❣❡♥✈❛❧✉❡✱ ❛ s♠❛❧❧
❝❤❛♥❣❡ ❞✉❡ t♦ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ❝❛♥ ❧❡❛❞ t♦ ❛ s✇❛♣ ♦❢ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡s❡
❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❤❡♥❝❡ t♦ ❛ ❧❛r❣❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❡❧❡♠❡♥t❛r② ▼❙❙❆ ♠❛tr✐① ❢♦r♠❡❞
❢r♦♠ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ♥❡❛r❧② ♦rt❤♦❣♦♥❛❧ ❡✐❣❡♥✈❡❝t♦r✳ ❚❤❡ ✐♥st❛❜✐❧✐t② ✐s
t❤✉s ❡❛s✐❧② ❡①♣❧❛✐♥❡❞ ❛s ❛ ♠❡❛♥✐♥❣❧❡ss ❛rt❡❢❛❝t ♦❢ t❤❡ s✉♣♣♦rt s❡r✐❡s s❝❛❧✐♥❣ ❛♥❞
❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❞✐sr❡❣❛r❞❡❞✳ ◆♦t❡ t❤❛t t❤❡ ✈❛❧✉❡s ❢r♦♠ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❢♦r♠✉❧❛
❞♦ ♥♦t ❤❛✈❡ t❤✐s ♣r♦❜❧❡♠✱ ❛s t❤❡② ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ✉♥♣❡rt✉r❜❡❞ s❡r✐❡s✳

❋♦r t❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡✱ ✇❡ ✉s❡❞ t❤❡ s❛♠❡ ♠❛✐♥ s❡r✐❡s ❛s ❜❡❢♦r❡✱ ❜✉t t❤❡
✉♥r❡❧❛t❡❞ ❣❡♥❡r❛t❡❞ s✉♣♣♦rt s❡r✐❡s

yn = 500 + 1000 sin 2π
277

566
n (n ∈ {1, . . . , 187}).

❋✐❣✉r❡ ✺ ✭r✐❣❤t✮ s❤♦✇s ❜♦t❤ t✐♠❡ s❡r✐❡s✳
❚❤❡ r❡s✉❧t✐♥❣ ✈❛r✐❛♥❝❡s ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✷✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ ✈❛r✐❛♥❝❡ ♦❢ t❤❡

❢♦r❡❝❛st x̂128 ✐s ✈❡r② st❛❜❧❡ ❛♥❞ s❤♦✇s ♥♦ ❡ss❡♥t✐❛❧ ✐♥❝r❡❛s❡ ♦r ❞❡❝r❡❛s❡✳ ❚❤❡
✈❛r✐❛♥❝❡s ❢♦r ✜①❡❞ R11 ✭✈❛❧✉❡s A✮ ❡✈❡♥ ❤❛✈❡ ❛♥ ✐♥❝r❡❛s✐♥❣ tr❡♥❞✳ ❍❡r❡ ❛❧s♦ t❤❡
❡♠♣✐r✐❝❛❧ ✈❛r✐❛♥❝❡s ❢♦r ✜①❡❞ R11 ❛♥❞ R12 ✭✈❛❧✉❡s B✮ ❛r❡ ✈❡r② st❛❜❧❡✱ s❤♦✇✐♥❣
♦♥❧② ✈❡r② ❢❛✐♥t ❞❡❝r❡❛s❡✱ ❡s♣❡❝✐❛❧❧② ❢♦r ρ > 0.5✱ ❡✈❡♥ ✐❢ t❤❡ ♠✉❧t✐♣❧✐❡r ρ ✐s ♣✉s❤❡❞
t♦ ❡①tr❡♠❡❧② ❤✐❣❤ ✈❛❧✉❡s✳ ❚❤✐s ❛❧s♦ ❤♦❧❞s ❢♦r t❤❡ ✈❛❧✉❡s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡
❝♦♥✈♦❧✉t✐♦♥ ❢♦r♠✉❧❛✱ ✇❤✐❝❤ ❤❡r❡ ❛r❡ ❡①❝❡❧❧❡♥t ♣r♦①✐❡s ❢♦r t❤❡ ✈❛❧✉❡s B✳

■♥ s✉♠♠❛r②✱ ✇❡ s❡❡ t❤❛t t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❢♦r♠✉❧❛ ✭✺✹✮ ❣✐✈❡s ✈❡r② ❣♦♦❞ ♣r❡✲
❞✐❝t✐♦♥s ♦❢ t❤❡ ✈❛❧✉❡s ❛♥❞✱ ♠♦r❡ ✐♠♣♦rt❛♥t❧②✱ q✉❛❧✐t❛t✐✈❡ ❜❡❤❛✈✐♦✉r ❢♦r ✈❛r②✐♥❣
ρ✱ ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ✈❛r✐❛♥❝❡s ✇❤❡r❡ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦rs ❛r❡ ✜①❡❞✳ ❍♦✇❡✈❡r✱
t❤❡s❡ ♣r❡❞✐❝t✐♦♥s ❞♦ ♥♦t ✐♥ ❣❡♥❡r❛❧ r❡✢❡❝t t❤❡ ❡♠♣✐r✐❝❛❧ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❢♦r❡❝❛st
♦❢ t❤❡ ♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s ✈❡r② ✇❡❧❧✳

❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤✐s ❝❛♥ ❜❡ t❛❦❡♥ ❛s ❛♥ ✐♥❞✐❝❛t✐♦♥ t❤❛t ♦✉r s✐♠♣❧✐✜❡❞
♠♦❞❡❧ ❜❛s❡❞ ♦♥ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦rs ❞♦ ♥♦t ❡ss❡♥t✐❛❧❧②

✷✶



❚❛❜❧❡ ✷✿ ▼❙❙❆ ❘❡❞ ❲✐♥❡ ❋♦r❡❝❛st ▼❡❛s✉r❡s ✇✐t❤ s✉♣♣♦rt s❡r✐❡s

ρ var(x̂128) var(A) var(B) σ2|Rs
11 ∗ q

1 +Rs
12 ∗ q

3|
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✵✳✽ ✽✳✷✺✹✽ ✷✷✳✻✶✻✼ ✻✳✼✹✺✸ ✻✳✺✼✹✼
✵✳✾ ✽✳✸✷✽✻ ✷✹✳✵✷✶✽ ✻✳✼✸✹✾ ✻✳✺✽✵✾
✶ ✽✳✸✽✽✸ ✷✺✳✵✽✷✹ ✻✳✼✷✼✹ ✻✳✺✽✺✸
✶✳✶ ✽✳✹✸✻✻ ✷✺✳✽✾✽✷ ✻✳✼✷✶✽ ✻✳✺✽✽✽
✶✵ ✽✳✼✶✻✶ ✸✵✳✵✽✷✶ ✻✳✻✾✻✼ ✻✳✻✵✻✹
✶✵✵ ✽✳✼✷✵✶ ✸✵✳✶✸✻✷ ✻✳✻✾✻✹ ✻✳✻✵✻✼

✈❛r② ✇✐t❤ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ✐s ♦✈❡rs✐♠♣❧✐✜❡❞ ❛♥❞ ✉♥r❡❛❧✐st✐❝✱ ❛♥❞ ✐t ✐s ❝❡rt❛✐♥❧②
♥♦t ❛ s✉✐t❛❜❧❡ t♦♦❧ ❢♦r ❛ ♣r❡❝✐s❡ ❡st✐♠❛t❡ ♦❢ t❤❡ ❛❝t✉❛❧ ❢♦r❡❝❛st ✈❛r✐❛♥❝❡✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜❡❛r✐♥❣ ✐♥ ♠✐♥❞ t❤❛t ✇❡ ❛r❡ ✉s✐♥❣ t❤❡ ❢♦r❡❝❛st ✈❛r✐❛♥❝❡
❥✉st ❛s ❛♥ ❡①♣❡r✐♠❡♥t❛❧ t♦♦❧ ❢♦r ❛ss❡ss✐♥❣ t♦ ✇❤❛t ❡①t❡♥t t❤❡ s✉♣♣♦rt s❡r✐❡s ❤❡❧♣s
✐♠♣r♦✈❡ t❤❡ ❢♦r❡❝❛st ♦❢ t❤❡ ♠❛✐♥ s❡r✐❡s✱ ❣✐✈✐♥❣ ❛♥ ✐♥❞✐❝❛t♦r ♦❢ s✉♣♣♦rt✐✈❡♥❡ss✱ ♦✉r
r❡s✉❧ts s✉❣❣❡st t❤❛t t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ❢♦r♠✉❧❛ ✭✺✹✮✱ ✇❤❡♥ ❝♦♥s✐❞❡r❡❞ ❢♦r ✈❛r②✐♥❣
s✉♣♣♦rt s❡r✐❡s ♠✉❧t✐♣❧✐❡r ρ✱ ❝♦✉❧❞ ✇❡❧❧ ❜❡ ✉s❡❞ ❛s s✉❝❤ ❛ t♦♦❧✳ ❆s ✐t ✐s ❝❛❧❝✉❧❛t❡❞
❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ✉♥♣❡rt✉r❜❡❞ t✐♠❡ s❡r✐❡s ♦♥❧②✱ ✐t ✐s ✈❡r② q✉✐❝❦ ❛♥❞ ✐♥❡①♣❡♥s✐✈❡
t♦ ❝♦♠♣✉t❡ ❛♥❞ ❞♦❡s ♥♦t s✉✛❡r t❤❡ ❝✉t✲♦✛ ✐♥st❛❜✐❧✐t② ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧
r❡s✉❧ts✳ ■♥ s❤♦rt✱ ✇❡ s✉❣❣❡st t❤❡ ❝r✐t❡r✐♦♥ ❢♦r s✉♣♣♦rt✐✈❡♥❡ss t❤❛t t❤❡ ❝♦♥✈♦❧✉t✐♦♥
♥♦r♠ ✭✺✹✮ ❜❡❝♦♠❡s s♠❛❧❧ ❢♦r ❧❛r❣❡ s✉♣♣♦rt s❡r✐❡s ♠✉❧t✐♣❧✐❡r ρ✱ ❝♦♠♣❛r❡❞ t♦ ✐ts
✈❛❧✉❡ ❢♦r s♠❛❧❧ ρ ✭♦r t❤❡ ❙❙❆ ❝♦♥✈♦❧✉t✐♦♥ ♥♦r♠ ✭✹✼✮✮✱ ✇❤❡r❡❛s s✉♣♣♦rt✐✈❡♥❡ss
✐s r❡❥❡❝t❡❞ ✐❢ ✐t s❡tt❧❡s ❛t ❛ ♣♦s✐t✐✈❡ ❧❡✈❡❧ ❢♦r ❧❛r❣❡ ρ✳

❚♦ ❡①♣❧♦r❡ t❤✐s ❝♦♥❝❡♣t ❢✉rt❤❡r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♣❛r❦❧✐♥❣ ✇✐♥❡ t✐♠❡ s❡r✐❡s✱
✉s✐♥❣ ❛ s✐♠♣❧❡ ❝♦s✐♥❡ ✇✐t❤ ✶ ②❡❛r ♣❡r✐♦❞✱

yn = 3500 + 500 cos
2π

12
n (n ∈ {1, . . . , 187}),

❛s ❛ s✉♣♣♦rt s❡r✐❡s ✭L = 60✱ r = 7✮✳ ❚❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♥♦r♠s ✭✺✹✮✱ s❤♦✇♥ ✐♥
❚❛❜❧❡ ✸ ✭❛✮✱ s❡tt❧❡ ❛t ❛ ♣♦s✐t✐✈❡ ❧❡✈❡❧ ❛❢t❡r ❛ ❜r✐❡❢ ✐♥✐t✐❛❧ ❞❡❝r❡❛s❡✱ ✐♥❞✐❝❛t✐♥❣ ❧❛❝❦
♦❢ s✉♣♣♦rt✐✈❡♥❡ss✳

❋♦r ❝♦♠♣❛r✐s♦♥✱ ✇❡ t❤❡♥ t❛❦❡ t❤❡ s♣❛r❦❧✐♥❣ ✇✐♥❡ t✐♠❡ s❡r✐❡s ✐ts❡❧❢✱ ✇✐t❤♦✉t
❛❞❞❡❞ ♥♦✐s❡✱ ❛s ❛ s✉♣♣♦rt s❡r✐❡s ❢♦r t❤❡ s❛♠❡ ♠❛✐♥ s❡r✐❡s ❛♥❞ ✉s❡ t❤❡ s❛♠❡
▼❙❙❆ ♣❛r❛♠❡t❡rs ❛s ❛❜♦✈❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♥♦r♠s t❡♥❞ t♦ ③❡r♦✱
s❡❡ ❚❛❜❧❡ ✸ ✭❜✮✳ ❲❤❡♥ t❤✐s s✉♣♣♦rt s❡r✐❡s ✐s s❤✐❢t❡❞ ❝②❝❧✐❝❛❧❧② ❜② ✶✼ ♠♦♥t❤s✱ t♦
❜❡❝♦♠❡

(y18, . . . , y187, y1, . . . , y17),

t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ s✉♣♣♦rt✐✈❡♥❡ss ❛♣♣❡❛rs✱ s❡❡ ❚❛❜❧❡ ✸ ✭❝✮✳
❲❡ ♦❜s❡r✈❡❞ t❤❡ s❛♠❡ ❡✛❡❝t ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ s✐♠♣❧❡ s✐♥❡ ❡①❛♠♣❧❡✱ ✇✐t❤ ♠❛✐♥

s❡r✐❡s

xn = sin
2π

40
n+ εn (n ∈ {1, . . . , 200}),

✷✷



❚❛❜❧❡ ✸✿ ❈♦♥✈♦❧✉t✐♦♥ ♥♦r♠s ✭✺✹✮ ❢♦r ❆✉str❛❧✐❛♥ s♣❛r❦❧✐♥❣ ✇✐♥❡ s❛❧❡s✱ s✉♣♣♦rt
✭❛✮ ❝♦s✐♥❡✱ ✭❜✮ s❡❧❢✱ ✭❝✮ s❤✐❢t❡❞ s❡❧❢

ρ ✭❛✮ ✭❜✮ ✭❝✮
✵✳✶ ✺✺✻✼✽✳✹✶ ✺✹✾✶✾✳✷✼ ✺✸✼✷✼✳✵✼
✵✳✷ ✺✹✼✹✶✳✵✻ ✺✶✼✾✻✳✺✺ ✹✼✺✺✹✳✾✻
✵✳✸ ✺✸✹✸✽✳✹✼ ✹✼✶✺✸✳✺ ✸✾✷✺✵✳✹✹
✵✳✹ ✺✷✵✵✸✳✻✹ ✹✶✻✸✹✳✸✸ ✸✵✼✵✺✳✸✾
✵✳✺ ✺✵✺✾✸✳✾✺ ✸✺✽✺✹✳✽✷ ✷✸✷✹✻✳✵✼
✵✳✻ ✹✾✷✽✷✳✸✸ ✸✵✷✽✾✳✸✸ ✶✼✹✷✹✳✸✽
✵✳✼ ✹✽✵✽✻✳✵✻ ✷✺✷✸✹✳✺✷ ✶✸✷✵✹✳✾✼
✵✳✽ ✹✻✾✾✼✳✵✻ ✷✵✽✷✾✳✺✺ ✶✵✷✻✽✳✺✺
✵✳✾ ✹✻✵✵✵✳✽✹ ✶✼✶✵✵✳✺✻ ✽✷✹✸✳✵✽
✶ ✹✺✵✽✹✳✹✶ ✶✹✵✵✺✳✼✾ ✻✽✶✽✳✵✸
✶✵ ✸✺✹✹✸✳✽✼ ✺✳✹✾ ✻✳✺✾
✶✵✵ ✸✺✺✷✷✳✷✺ ✵✳✵✵✵✺✻ ✵✳✵✵✵✻✾

εn ∼ N(0, 1) ✐✳✐✳❞✳✱ ❛♥❞ s✉♣♣♦rt s❡r✐❡s

yn = sin 2π(
n

40
+ α) (n ∈ {1, . . . , 200})

✇✐t❤ ♦✛s❡ts α ∈ {0.05, 0.1, 0.15, 0.25}✱ t❛❦✐♥❣ L = 50✱ r = 2✳ ■♥ ❛❧❧ ❝❛s❡s✱
t❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♥♦r♠s ✭✺✹✮ ❜❡❝❛♠❡ s♠❛❧❧ ✇✐t❤ ❣r♦✇✐♥❣ ρ✱ ❛t ❛ r❛t❡ r♦✉❣❤❧②
✐♥❞❡♣❡♥❞❡♥t ♦❢ α✳

❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t t❤❡ s✉❣❣❡st❡❞ ❝r✐t❡r✐♦♥ ❢♦r s✉♣♣♦rt✐✈❡♥❡ss t❡sts ❢♦r str✉❝✲
t✉r❛❧ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ t✇♦ t✐♠❡ s❡r✐❡s r❛t❤❡r t❤❛♥ ❛ s✐♠♣❧❡ ♣♦✐♥t✲❜②✲
♣♦✐♥t ❝♦♥❢♦r♠✐t②✳

✻ ❚❤❡ s❝❛❧✐♥❣ ♣r♦❜❧❡♠ ❛♥❞ ❧✐♥❡❛r✐s❡❞ ▼❙❙❆

❈♦♥s✐❞❡r t✇♦ t✐♠❡ s❡r✐❡s✱ ♦♥❡ ✭x✮ ❣✐✈✐♥❣ ♣r✐❝❡s ✭✐♥ ✉♥✐ts ♦❢ ✩✮✱ t❤❡ ♦t❤❡r ✭y✮
q✉❛♥t✐t✐❡s ♦❢ ❛ ❝♦♠♠♦❞✐t② ✭✐♥ ✉♥✐ts ♦❢ ♠❡tr✐❝ t♦♥♥❡s✮✳ ❚❤❡♥✱ ✐♥ t❤❡ ▼❙❙❆
r❡❝✉rr❡♥❝❡ ❢♦r♠✉❧❛ ✭✹✮✱ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦rs R11✱ R22 ✇✐❧❧ ❜❡ ❞✐♠❡♥s✐♦♥✲❢r❡❡✱
❜✉t t❤❡ ❡♥tr✐❡s ♦❢ R12 ✇✐❧❧ ❜❡ ✐♥ ✉♥✐ts ♦❢ ✩✴t ❛♥❞ t❤♦s❡ ♦❢ R21 ✐♥ ✉♥✐ts ♦❢ t✴✩✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ❞❛t❛✱ ❜✉t ❡①♣r❡ss✐♥❣ t❤❡ q✉❛♥t✐t✐❡s ♦❢ t❤❡ ❝♦♠♠♦❞✐t②
✐♥ ✉♥✐ts ♦❢ ❦✐❧♦❣r❛♠♠❡s✱ ✐✳❡✳ ❛s ❛ t✐♠❡ s❡r✐❡s ỹ = 1000y✳ ❚❤❡♥✱ ✐♥ ♦r❞❡r t♦ ❣❡t
t❤❡ s❛♠❡ ❢♦r❡❝❛st ❛s ❜❡❢♦r❡✱ t❤❡ r❡❝✉rr❡♥❝❡ ✈❡❝t♦rs ♠✉st ❜❡ ❛❞❥✉st❡❞ ❜② t❤❡
s❛♠❡ ❝♦♥✈❡rs✐♦♥ ❢❛❝t♦r✱ ✐✳❡✳ R̃12 = R12/1000 ❛♥❞ R̃21 = 1000R21✳ ❍♦✇❡✈❡r✱
t❤✐s ✐s ♥♦t ✇❤❛t ▼❙❙❆ ♦❢ t❤❡ ♥❡✇ ♣❛✐r ♦❢ t✐♠❡ s❡r✐❡s x✱ ỹ ✇✐❧❧ ❣✐✈❡❀ ✐♥st❡❛❞ t❤❡
r❡s✉❧t ✇✐❧❧ ❜❡ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ❢♦r❡❝❛st ✈❡❝t♦rs✱ ❞✉❡ t♦ t❤❡ ♥♦♥✲❧✐♥❡❛r✐t② ♦❢
t❤❡ s♣❡❝tr❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦♠❜✐♥❡❞ ✭st❛❝❦❡❞✮ ❍❛♥❦❡❧ ♠❛tr✐❝❡s✳ ❚❤✉s ▼❙❙❆
❤❛s t❤❡ ✐♥tr✐♥s✐❝ ♣r♦❜❧❡♠ ♦❢ ❧❛❝❦✐♥❣ s❝❛❧✐♥❣ ✐♥✈❛r✐❛♥❝❡ ✐♥ t❤❡ s❡♣❛r❛t❡ ✐♥♣✉t t✐♠❡
s❡r✐❡s✳ ❚❤❡ ♣r❛❝t✐❝❛❧ ❡①♣❡❞✐❡♥t ♦❢ ♦♥❧② ✉s✐♥❣ ♥♦r♠❛❧✐s❡❞ t✐♠❡ s❡r✐❡s ✭❡✳❣✳ ♠❡❛♥
✵✱ ✈❛r✐❛♥❝❡ ✶✮ ✐♥ ▼❙❙❆ ❤✐❞❡s r❛t❤❡r t❤❛♥ s♦❧✈❡s t❤✐s ♣r♦❜❧❡♠✳ ■♥ s✐t✉❛t✐♦♥s
✇❤❡r❡ t❤❡ ❡✛❡❝t ♦❢ ❞✐✛❡r❡♥t s❝❛❧✐♥❣s ♦❢ ❛ s✉♣♣♦rt t✐♠❡ s❡r✐❡s ✐s t♦ ❜❡ ❡①♣❧✐❝✐t❧②
st✉❞✐❡❞✱ s✉❝❤ ❛s ✐♥ ❙❡❝t✐♦♥ ✺ ❛❜♦✈❡✱ ♥♦r♠❛❧✐s❛t✐♦♥ ✇✐❧❧ ♥♦t ❜❡ ❛♣♣❧✐❝❛❜❧❡ ✐♥ ❛♥②
❝❛s❡✳

❆ ♣❛rt✐❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ s❝❛❧✐♥❣ ♣r♦❜❧❡♠ ✐s ❛❝❤✐❡✈❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦✲
♣♦s❡❞ ❧✐♥❡❛r✐s❛t✐♦♥ ♦❢ ▼❙❙❆ ❛r♦✉♥❞ ❙❙❆✱ ✇❤✐❝❤ ✇✐❧❧ ❛❧s♦ ❣✐✈❡ ❛ q✉✐❝❦ ▼❙❙❆✲

✷✸



t②♣❡ ❢♦r❡❝❛st ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❙❙❆ ♦❢ t❤❡ ♠❛✐♥ ✭✜rst✮ t✐♠❡ s❡r✐❡s ❛❧♦♥❡✳

❈♦♥s✐❞❡r t❤❡ st❛❝❦❡❞ ❍❛♥❦❡❧ ♠❛tr✐①

(
X

αY

)
✇✐t❤ s♠❛❧❧ α✱ t❤❡♥

(
X

αY

)(
X

αY

)T

=

(
XX

T 0
0 0

)
+ α

(
0 XY

T

YX
T

)
+O(α2).

❉❡♥♦t✐♥❣✱ ❛s ❜❡❢♦r❡✱ t❤❡ ✭❙❙❆✮ ❡✐❣❡♥✈❡❝t♦rs ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢ XX T ❜② ηk✱ λk✱

r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ✭▼❙❙❆✮ ❡✐❣❡♥✈❡❝t♦rs ♦❢

(
X

αY

)(
X

αY

)T

❤❛✈❡ t❤❡ ❢♦r♠

(
ηk

α
λk

YX
T ηk

)
+O(α2),

❛♥❞ ❢✉rt❤❡r t❤❡ ▼❙❙❆ r❡❝✉rr❡♥❝❡ ✈❡❝t♦rs ❛r❡

R11(α) =
1

(1−
∑

k η
2
k,L)

∑

k

ηk,Lη
∇
k ,

R12(α) =
1

(1−
∑

k η
2
k,L)

α
∑

k

ηk,Lγ
∇
k ,

R21(α) =
1

(1−
∑

k η
2
k,L)

α
∑

k

(
γk,L(1−

∑

l

η2l,L) + ηk,L
∑

l

ηl,Lγl,L
)
η∇k ,

R22(α) =
1

(1−
∑

k η
2
k,L)

α2
∑

k

(
γk,L(1−

∑

l

η2l,L) + ηk,L
∑

l

ηl,Lγl,L
)
γ∇
k ,

✇❤❡r❡ γk = 1
λ
YX

T ηk✳ ◆♦t❡ t❤❛t R11 ✐s t❤❡ α✲✐♥❞❡♣❡♥❞❡♥t ❙❙❆ r❡❝✉rr❡♥❝❡ ✈❡❝t♦r
R ❢♦r t❤❡ s❡r✐❡s x✳ ▼♦r❡♦✈❡r✱ R12 ❛♥❞ R21 ❛r❡ ❧✐♥❡❛r ✐♥ α✱ ✇❤❡r❡❛s R22 ✐s ♦❢
❤✐❣❤❡r ♦r❞❡r ❛♥❞ ❤❡♥❝❡ ♥❡❣❧✐❣✐❜❧❡ ✐♥ t❤❡ ❧✐♥❡❛r✐s❛t✐♦♥✳

❚❤❡ r❡s✉❧t✐♥❣ ❢♦r❡❝❛st ✇✐❧❧ ❜❡ ♣r♦♣❡r❧② ❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ r❡s♣❡❝t t♦ s❝❛❧✐♥❣
♦❢ t❤❡ s✉♣♣♦rt s❡r✐❡s y ❛♥❞ ✐s ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❙❙❆ ♦❢ x ♦♥❧②✳ ❍♦✇❡✈❡r✱ ✐t ✐s
❛s②♠♠❡tr✐❝ ❜❡t✇❡❡♥ t❤❡ t✇♦ s❡r✐❡s ❛s ✐t r❡♠❛✐♥s ♥♦♥✲❧✐♥❡❛r ✭✐♥ ♣❛rt✐❝✉❧❛r✱ ♥♦t
s❝❛❧✐♥❣ ❝♦✈❛r✐❛♥t✮ ✐♥ x ❛♥❞ ❞♦❡s ♥♦t ❣✐✈❡ ❛ ✉s❛❜❧❡ ❢♦r❡❝❛st ❢♦r t❤❡ s✉♣♣♦rt s❡r✐❡s
y✳ ❆❧s♦✱ t❤✐s ❧✐♥❡❛r✐s❡❞ ▼❙❙❆ ❝❛♥♥♦t ❞✐r❡❝t❧② r❡♣❧❛❝❡ ❢✉❧❧ ✭♥♦♥✲❧✐♥❡❛r✮ ▼❙❙❆ ✐♥
t❤❡ s✉♣♣♦rt✐✈❡♥❡ss ❛♥❛❧②s✐s ♣r♦♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳

◆❡✈❡rt❤❡❧❡ss✱ ❧✐♥❡❛r✐s❡❞ ▼❙❙❆ ♠❛② ❜❡ ❛ s✉✐t❛❜❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ♠❛♥②
s✐t✉❛t✐♦♥s ✇❤❡r❡ ▼❙❙❆ ✐s ♥♦✇ ✉s❡❞✱ ❛♥❞ ✐ts ❣❡♥❡r❛❧ r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ t❤❡ s✉♣✲
♣♦rt✐✈❡♥❡ss q✉❡st✐♦♥ r❡♠❛✐♥s t♦ ❜❡ ❡①♣❧♦r❡❞✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✳ ❚❤❡ ❛✉t❤♦rs ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ r❡❢❡r❡❡s ❢♦r t❤❡✐r ❞❡t❛✐❧❡❞
❛♥❞ ✈❛❧✉❛❜❧❡ ❝♦♠♠❡♥ts✳
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