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a b s t r a c t 

We study the dynamic behaviour of a hybrid system where manufacturing and remanufacturing opera- 

tions occur simultaneously to produce the same serviceable inventory for order fulfilment. Such a hybrid 

system, commonly found in the photocopier and personal computer industries, has received consider- 

able attention in the literature. However, its dynamic performance and resulting bullwhip effect, under 

push and pull remanufacturing policies, remain unexplored. Relevant analysis would allow considering 

the adoption of appropriate control strategies, as some of the governing rules in a push-based envi- 

ronment may break down in pull-driven systems, and vice versa. Using nonlinear control theory and 

discrete-time simulation, we develop and linearise a nonlinear stylised model, and analytically assess 

bullwhip performance of push- and pull-controlled hybrid systems. We find the product return rate to be 

the key influencing factor of the order variance performance of pull-controlled hybrid systems, and thus, 

to play an important role towards push or pull policy selection. Product demand frequency is another 

important factor, since order variance has a U-shaped relation to it. Moreover, the product return delay 

shows a supplementary impact on the system’s dynamics. In particular, the traditional push-controlled 

hybrid system may be significantly influenced by this factor if the return rate is high. The results high- 

light the importance of jointly considering ordering structure and product demand characteristics for 

bullwhip avoidance. 

© 2021 The Author(s). Published by Elsevier B.V. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Background and contribution 

Closed-loop supply chains (CLSCs) can generate profits by tak- 

ng back products from customers and recovering the remaining 

alue, as well as providing environmental benefits by avoiding 

ending end-of-life products into landfill ( Guide & Van Wassen- 

ove, 2009 ). The value of CLSCs has been estimated at €30 billion 

n the European Union alone ( European Remanufacturing Network, 

015 ), and the European Commission aims to increase the value 

f Europe’s remanufacturing sector by up to €100 billion by 2030. 

nd in the United of States of America, remanufacturing operations 

re already supporting at least 180,0 0 0 full-time jobs ( Dominguez, 

onte, Cannella & Framinan, 2019 ). 

We study the dynamic performance of a hybrid CLSC, focusing 

n the bullwhip effect with push- and pull- controlled remanufactur- 

ng policies. The hybrid CLSC refers to a system where manufactur- 
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ng and remanufacturing operations occur simultaneously to pro- 

uce the same serviceable inventory for order fulfilment ( Van Der 

aan, Salomon, Dekker & Van Wassenhove, 1999 ). The bullwhip 

ffect ref ers to a phenomenon in which low variations in mar- 

etplace demand cause significant changes in upstream produc- 

ion for suppliers, with associated costs such as the ramping down 

nd ramping up of machines, hiring and firing of staff, and ex- 

essive inventory levels ( Ponte, Framinan, Cannella & Dominguez, 

020 ; Wang & Disney, 2016 ). The bullwhip effect ( Lee et al., 1997 )

lays a critical role in influencing supply chain performance under 

he already volatile conditions of the current business environment 

 Spiegler & Naim, 2017 ). Understanding the dynamics of CLSCs and 

educing their bullwhip levels can help improve their operational 

erformance and economic viability ( Hosoda & Disney, 2018 ). 

However, only a small number of studies have explored the 

ynamics of remanufacturing systems with the bullwhip effect 

een as an increasingly important performance indicator for hy- 

rid CLSCs settings ( Goltsos et al., 2019 ; Ponte et al., 2020 ). An

ven more limited number of studies have systematically and com- 
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aratively assessed the impact of push- and pull-based reman- 

facturing production on the bullwhip effect, although some re- 

earchers have analysed the individual impact of both production 

olicies with meaningful insights obtained (e.g. Ponte, Naim & Syn- 

etos, 2019 ; Tang & Naim, 2004 ; M. Turrisi, Bruccoleri & Cannella, 

013 ; Zhou & Disney, 2006 ; Zhou, Naim & Disney, 2017 ). This

akes it difficult to consider the adoption of different control poli- 

ies, as some of the governing rules in a push-based environment 

ay break down in pull-driven systems and vice versa. Practically, 

ased on our remanufacturing project funded by the UK Engineer- 

ng and Physical Sciences Research Council (EPSRC) we found most 

roject partner companies adopted a push-based production con- 

rol policy (e.g. the Order-Up-To policy) for their remanufacturing 

nd CLSCs. As a result, motivated by academic gaps and practical 

bservation, the following fundamental question is answered: 

Which of the classic production policies, push or pull, in the re- 

anufacturing process yield the greatest benefits in improving dy- 

amic behaviour, especially bullwhip performance, in a hybrid CLSC 

ystem? 

Therefore, we argue that the systematic comparison of push- 

nd pull-controlled remanufacturing dynamics in CLSCs is not yet 

ully understood. Below we discuss findings from the extant liter- 

ture, highlighting relevant discrepancies that we will account for 

n the present paper. 

.1. Research on the dynamics of CLSCs systems 

The dynamic performance of traditional forward, or open-loop, 

upply chains has been extensively studied. The outcome of such 

esearch has led to a comprehensive understanding of the impact 

f system structure on bullwhip and inventory variance ( Sterman, 

liva, Linderman & Bendoly, 2015 ). This includes the impact of 

eedback loops and delays ( Lin, Naim, Purvis & Gosling, 2017 ), non- 

inearities ( Lin, Naim & Spiegler, 2020 ; Lin & Naim, 2019 ; Spiegler

 Naim, 2017 ), stocks and flows ( Weinhardt, Hendijani, Harman, 

teel & Gonzalez, 2015 ) and the interplay of human decision- 

aking heuristics with systems structure ( Croson, Donohue, Ka- 

ok & Sterman, 2014 ; Wu & Katok, 2006 ). Methodologically, Sys- 

em Dynamics simulation (Besiou et al. 2014), Control Theory ( Lin, 

piegler & Naim, 2018 ; Udenio, Vatamidou, Fransoo & Dellaert, 

017 ), Agent-based modelling ( Cannella, Di Mauro, Dominguez, An- 

arani & Schupp, 2019 ; Costas, Ponte, de la Fuente, Pino & Puche, 

015 ) and empirical methods ( Bendoly, Swink & Simpson III, 2014 , 

oritz, Siemsen & Kremer, 2014 ) have been recognized for study- 

ng supply chain dynamic behaviour. 

Within the context of CLSCs, the exploration of dynamic perfor- 

ance is far more limited. Goltsos et al.’s (2019) systematic liter- 

ture review reported only 19 academic papers assessing the sys- 

em dynamics performance of remanufacturing systems and CLSCs. 

ang & Naim (2004) were the first to investigate a single eche- 

on, push-based hybrid system considering the impact of different 

nformation sharing mechanisms on bullwhip and inventory vari- 

nce. Under the similar push-based hybrid system setting, Zhou 

 Disney (2006) derived an order variance ratio measure using 
˚ ström’s method. They found that the return rate plays a signifi- 

ant role in influencing bullwhip and inventory variance, while this 

s not the case for remanufacturing lead times. Georgiadis, Vlachos 

 Tagaras (2006) investigated a pure CLSC system by focusing on 

ow the impact of lifecycles and return patterns of various prod- 

cts affect the optimal policies regarding expansion and contrac- 

ion of collection and remanufacturing capacities. Furthermore, M. 

urrisi et al. (2013) developed a specific CLSC model for manag- 

ng CLSCs by considering the work-in-progress in the reverse flow 

f materials and have shown that these may generate a better 

ynamic performance in terms of order and inventory variability. 

sing combined System Dynamics simulation and Control Theory, 
2 
hou et al. (2017) extended the model by Tang & Naim (2004) to 

hree-echelons and showed that the dynamic performance of the 

upply chain generally, but not always, benefits from reverse logis- 

ics. 

Regarding pull-controlled hybrid CLSCs, Zhou, Naim, Tang & 

owill (2006) studied the influence of Kanban-based remanufac- 

uring lead times, return rate and forecasting policy on bullwhip 

nd inventory variance performance. Furthermore, Dev, Shankar & 

houdhary (2017) examined how stochastic demand and return 

ates, stochastic manufacturing and remanufacturing lead times, 

mpact on system dynamics performance by developing simulation 

odels for five different cases from the literature concerning con- 

inuous and periodic review systems. 

In general, the above studies agree that return rate, remanu- 

acturing lead times and forecasting policies play key roles in in- 

uencing dynamic performance. However, no study comparatively 

ssesses the impact of pull and push remanufacturing policies on a 

ybrid CLSC’s dynamic performance. Instead, the focus of previous 

tudies is to compare the system dynamics performance between 

raditional forward supply chain systems and their proposed CLSC 

odels, highlighting the benefits of adopting remanufacturing on 

educing bullwhip to sit alongside the ’environment-friendly’ na- 

ure of remanufacturing. 

Furthermore, all such previous analytical studies are based on 

he fundamental linear assumption of their CLSC models (e.g. 

onte et al., 2019 ; Tang & Naim, 2004 ; Zhou et al., 2006 , 2017 ).

his ignores those common nonlinearities, such as forbidden re- 

urns and capacity constraints, present in real-world CLSCs sys- 

ems. When linear assumptions are removed complex dynamic be- 

aviours are revealed. More importantly, oscillations generated in- 

ernally by the system itself, rather than by the external environ- 

ent, may arise. Although some simulation works consider the 

onlinearity factor in the CLSCs, simulating complex systems with- 

ut having first done some preliminary mathematical analysis can 

e time intensive and lead to a trial-and-error approach that may 

amper the system improvement process ( Goltsos et al., 2019 ; Lin 

t al., 2017 ). 

Several recent works analytically studied some forms of nonlin- 

arities in traditional forward supply chain systems, such as capac- 

ty ( Spiegler, Naim, Towill & Wikner, 2016 ) and non-negative order 

onstraints ( Wang, Wang & Ouyang, 2015 ). However, no study fo- 

uses on CLSCs systems and even those previous nonlinear stud- 

es on forward supply chains are restricted to the investigation of 

emoryless nonlinearities where the output of a nonlinear compo- 

ent only depends on the current state of input, while more com- 

lex nonlinear elements with memory, where the output depends 

ot only on the current state but also is a function of first order 

erivative of the input (i.e. past state of the input), still remains 

nexplored. Recoverable inventory constraints in hybrid CLSCs, for 

xample, is a typical such nonlinearity existing in pull-controlled 

ybrid CLSCs environment. This is because the remanufacturing or- 

er rate, or output, not only depends on the current state of the 

nput, i.e. desired remanufacturing order rate, but also depending 

n the slope of the input that leads to the different recoverable 

nventory constraint states. 

.2. Contribution 

Motivated by the theoretical gaps and practical observations, 

his paper aims to study the system dynamics performance of hy- 

rid CLSCs, focusing on the bullwhip effect, under pull and push 

ontrolled remanufacturing environments. Our key contributions 

re: 

1 We compare the bullwhip of the CLSCs under remanufacturing 

push and pull policies, contributing to a policy selection strat- 
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egy from system dynamics perspective. We derive the bullwhip 

formulation as a function of the inherent hybrid CLSCs system 

structure, including feedback loops, ordering policies, physical 

lead times and forecasting, and external product demand char- 

acteristics, highlighting the importance of jointly considering 

system structure and product demand characteristics for bull- 

whip avoidance. 

2 We analytically assessing the impact of recoverable inventory 

constraints on the bullwhip effect that to the best of our knowl- 

edge, is the first work to study the nonlinear hybrid CLSC sys- 

tems from a system dynamics perspective. Mathematically ap- 

proximate closed-form results are derived to predict the prop- 

agation of order fluctuations. The easy-implementable method 

also is applicable for investigating other similar nonlineari- 

ties present in supply chain systems, e.g. shipment and state- 

dependant capacity constraints. 

The rest of the paper is organised as follows. Section 2 presents 

he hybrid CLSCs model. Section 3 introduces the main analysis 

ethod adopted in this study with the detailed dynamic analysis 

ndertaken in Section 4 . This is followed by extensive numerical 

imulation in Section 5 before a final discussion and conclusion in 

ection 6. 

. Model 

otations for the hybrid system 

Notation Descriptions 

C m Manufacturing completion rate 

C r Remanufacturing completion rate 

D c Customer demand rate ̂ D c Estimated demand rate 

D O t Desired total order rate 

I s Serviceable inventory level 

I r Recoverable inventory level 

O m Manufacturing order rate 

O r Remanufacturing order rate 

R r Returned product rate 

R O t Re -order point 

W m Manufacturing work-in-process inventory 

W r Remanufacturing work-in-process inventory 

W c The remain-in-use products 

τm Manufacturing lead time 

τr Remanufacturing lead time 

τc Customer in-use lead time ̂ τp Estimated lead time for achieving zero inventory offset 

τa Forecasting smoothing factor 

α Return proportion 

β Safety stock 

.1. Preliminaries 

Consider a hybrid production system in which manufacturing 

nd remanufacturing operations occurs simultaneously, if neces- 

ary, to produce serviceable inventory for customer order fulfil- 

ent. The processes, goods and information-flows, and stocking 

oints of the hybrid system, based on van der 

Laan et al. (1999), van der Laan & Teunter (2006) and Ponte 

t al. (2019) , are visualised in Fig. 1. Such a hybrid system can

e frequently observed in many industries. e.g. Spare part (Souza 

013), Consumer electronic ( Zhou et al., 2017 ) and Furniture ( van 

er Laan & Teunter, 2006 ). Specifically, the manufacturer collects 

sed products from customers, and those products enter the disas- 

embly process including inspection, cleaning and disassembly op- 

rations. A quality test then is conducted after disassembly. Qual- 

fied products will enter the remanufacturing production line, in- 

luding repair, upgrading, and testing operations. Furthermore, due 

o a possible insufficiency in the returns and remanufacturing pro- 
3 
ess, a manufacturing production line, using virgin materials, may 

lso produce the serviceable inventory for customers. 

Manufacturing and remanufacturing are assumed as two in- 

ependent production lines and there is a perfect substitution 

or newly manufactured and remanufactured products, i.e. the re- 

anufactured product is as good as new product. The perfect 

ubstitution and independent production are common assump- 

ions for exploring the dynamics of CLSCs ( Zhou et al., 2017 ; 

osoda and Disney, 2018 ; Ponte et al., 2019 ; Hosoda, Disney & 

hou, 2021 ). The perfect substitution is also assumed in eco- 

omic studies using game theory (e.g. Savaskan, Bhattacharya, 

 Van Wassenhove, 2004 ; ( Atasu, Toktay, & Van Wassenhove, 

013 ). Furthermore, perfect substitution can be frequently ob- 

erved in practice. For instance, a Japanese beverage company 

alled Suntory has developed remanufacturing technology for 

ood-as-new PET bottles ( Suntory, 2019 ). Personal computer gi- 

nt HP remanufactured its toner cartridges worldwide via a closed 

oop cartridge recycling program named ‘Planet Partners’ ( Nichols, 

014 ). 

In the hybrid system of Fig. 1 , the remanufacturing process can 

e controlled by either a push or pull strategy ( van der Laan & 

eunter, 2006 ; Van Der Laan et al., 1999 ). Under a push policy, 

ll returned products are batched and pushed into the remanu- 

acturing line immediately after disassembly and testing. On the 

ther hand, a pull policy ensures the hybrid system only reman- 

factures the required orders to satisfy customer demand, i.e. it 

nables remanufacturing activities to delay the production as late 

s is convenient. The push and pull remanufacturing production 

re well recognised in studying the dynamics of CLSCs (e.g. Zhou 

t al., 2006 , 2017 ; Hosoda et al., 2021 ). It also fits well with sus-

ainability ( Hosoda & Disney, 2018 ) and can be frequently observed 

n practice ( Ponte et al., 2019 ). It should be noted that different

rom Van Der Laan et al. (1999) , we model the remanufactur- 

ng pull based on the principle of remanufacturing priority . That 

s, the remanufacturing activity is always prioritized if there is 

ufficient recoverable inventory. Remanufacturing priority can re- 

ect both practical observations, e.g. HP’s toner cartridges recycling 

roduction ( Nichols, 2014 ), as well as government policy require- 

ents, e.g. EU’s green deal ( European Remanufacturing Network 

015 ). 

.2. Assumptions 

We develop a stylized model of the hybrid manufactur- 

ng/remanufacturing system. All notations used in this paper are 

resented in Table 1. We replicate the dynamics of the hybrid sys- 

em at a single-product level. Such systems occur in practice for 

opier modules and car parts ( Van Der Laan et al., 1999 ). Differ-

nt from the application of stochastic theory in studying supply 

hain dynamics, our model is fundamentally deterministic. This is 

ecause we analyse the complex dynamic behaviour (i.e. bullwhip) 

riven by ordering policies, feedback loops, nonlinearities and de- 

ays, which is determined by various deterministic cause-and-effect 

elationships between variables. The analysis derived from the de- 

erministic model, also, can assists long-term, strategic planning 

e.g. capacity planning, labour expansion, inventory holding) and 

ffers the benchmark of system dynamics performance for sub- 

equent dis-aggregate dynamic modelling and analysis ( Größler, 

hun & Milling, 2008 ; Lin & Naim, 2019 ). There are several gen-

ral assumptions: 

Remanufacturing process: A proportional of sold products, af- 

er considerable customer in-use lead time, will be returned and 

ventually become qualified recoverable inventory via the disassem- 

ly procedures including inspection, cleaning and disassembly op- 

rations, while others are directly sent to landfills for disposal. We 

efine such recoverable inventory as returned products and assume 
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Fig. 1. Information and material flow of the hybrid manufacturing and remanufacturing system (based on Laan et al., 1999, van der Laan & Teunter, 2006 and Ponte et al., 

2019 ). 
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ll of them will be remanufactured, i.e. there is no further disposal 

nce returned products are collected. After the remanufacturing 

rocess, finished goods are entered into serviceable inventory for 

atisfying incoming customer demand. In line with Hosoda, Dis- 

ey & Gavirneni (2015) , Ponte et al. (2019) , Hosoda and Disney 

2018) and Hosada et al. (2021) , the remanufacturing process has 

nlimited capacity and an average lead times is assumed. Practi- 

ally, by removing capacity constraint, we can analytically trace the 

apacity unevenness issue identified in some industries, e.g. Semi- 

onductor ( Karabuk & Wu, 2003 ; Lin et al., 2018 ), which is driven

y reactive dynamic capacity adjustment. That is, managers reac- 

ively adjust production capacity as they can determine maximum 

apacity requirement, leading to capacity unevenness. Also, capac- 

ty constraints may not be an issue if the CLSCs companies de- 

loy the outsourcing or return regulation strategies ( Ponte et al., 

019 ). Furthermore, unlimited capacity assumption allows for the 

n-depth investigation of recoverable inventory constraint on dy- 

amic behaviour under push and pull remanufacturing control. 

Manufacturing process: The manufacturing line simultaneously 

roduces the new products but only if necessary. Raw materials, 

upplied by qualified suppliers, arrive in a just-in-time manner, 

hat is, no raw material inventory is held. Also, there is no capac- 

ty limit for manufacturing and all finished goods are stocked in 

erviceable inventory to meet customer demand. 

Stock points, returns and backlog orders: All stock points’ ca- 

acities are infinite. Following Tang & Naim (2004) and Zhou et 

l. (2017) , we also assume that there is a deterministic correlation 

etween demand and returns, denoted by the α, ∀ α ∈ ( 0 , 1 ) , af- 

er a considerable in-use delay. For the system controlled by the 

ush policy, there is no serviceable inventory stock point as all 

eturned products are immediately batched and pushed into the 

emanufacturing line. However, for the pull policy, a serviceable 

tock point is presented, as the remanufacturing line only pro- 

uces required products as late as is convenient. Also, demands 

hat cannot be fulfilled immediately are backordered and back- 

og orders are presented by the negative serviceable inventory. 

urthermore, we allow the return between the hybrid producer 

nd raw material supplier, i.e. the possible negative order is al- 

owed. For the impact of non-negative order constraints on sys- 
4 
em dynamics, the reader may refer to Wang et al. (2012); Wang 

t al. (2015) , Spiegler & Naim (2017) and Lin & Naim (2019) for

etails. 

.3. System dynamics models 

The order-up-to (OUT) policy for inventory replenishment (con- 

inuous review) is adopted: 

D O t = R O t − ( I s + W m 

+ W r ) (1) 

 O t = 

̂ D c · ̂ τp + β (2) 

d ̂ D c 

dt 
= 

D c − ̂ D c 

τa 
(3) 

here desired total order rate ( D O t ) aims to bring system in- 

entory, including serviceable and work-in-process inventory ( I s + 

 m 

+ W r ), up to the re-order point ( R O t ) . R O t depends on the 

stimated demand rate ( ̂  D c ) during estimated lead time ( ̂  τp ) that 

etermines any inventory-offset error ( Zhou et al., 2017 ), plus a 

onstant β ( e . g . days , weeks ’ supply ) , although other approaches 

uch as setting as a function of forecasted demand ( Springer & 

im, 2010 ) can be considered. Also, the exponential smoothing 

orecasting technique is applied for estimating ̂ D c with smoothing 

arameter τa ( Zhou et al., 2006 , 2017 ). Moreover, serviceable in- 

entory level ( I s ) is the cumulative level between manufacturing 

nd remanufacturing completion rate ( C m 

+ C r ) and customer de- 

and ( D c ), i.e. while the D c depletes I s , C m 

and C r replenish it: 

d I s 
dt 

= C m 

+ C r − D c (4) 

here C m 

and C r are equal to the delayed manufacturing and re- 

anufacturing order rate ( O m 

and O r ), determined by the corre- 

ponding work-in-process inventory ( W m 

and W r ) and lead times 

 τm 

and τr ). A first order delay with deterministic τm 

and τr is as- 

umed ( Udenio et al., 2017 ), which can be interpreted as a pro-

uction smoothing element representing the speed at which the 

roduction units adapt to changes in O m 

and O r ( Lin et al., 2017 ). 

d W m 

dt 
= O m 

− C m 

, C m 

= 

W m 

τ
(5) 
m 
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Fig. 2. Block diagram representation of remanufacturing push ( Fig. 2 a) and pull ( Fig. 2 b) policies. 
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d W r 

dt 
= O r − C r , C r = 

W r 

τr 
(6) 

The relationship between D O t , O m 

and O r is the order allocation 

rocess for manufacturing and remanufacturing production, and 

here are push and pull remanufacturing options ( Van Der Laan et 

l., 1999 ), as shown in a block diagram form in Figs. 2 a and 2 b

espectively. 

All returned products ( R r ) in the push policy immediately en- 

er the remanufacturing line and thereby there is no recoverable 

nventory ( Tang & Naim, 2004 ). Hence, 

 r ( push ) = R r ; O m 

( push ) = D O t − R r (7) 

here a first order delay with W c and τc is applied for modelling 

 r ( Zhou et al., 2017 ). The proportional parameter, α ∈ ( 0 , 1 ) , is

ntroduced for representing the fact that possibly a proportion of 

 c are eventually returned for remanufacturing, while others are 

irectly sent to landfills for disposal. 

d W c 

dt 
= α · D c − R r ; R r = 

W c 

τc 
(8) 

On the other hand, if the remanufacturing system is controlled 

y a pull policy, the total orders are always prioritized for the re- 

anufacturing line subject to the availability of recoverable inven- 

ory ( I r ) : 

 r ( pull ) = Min ( I r , D O t ) (9) 

here I r is the cumulative level between D O t and R r from cus- 

omers. If remanufacturing cannot satisfy D O t due to the limited 

 r , O m 

will produce the rest of orders required by D O t . 

d I r 
dt 

= R r − D O t (10) 

 m 

( pull ) = D O t − O r (11) 

In other words O m 

( pull ) = 0 if there are available I r to satisfy 

D O t , i.e. O r ( pull ) = D O t , while if I r constrains the D O t , manufac-

uring simultaneously produces for serviceable inventory to satisfy 

ustomer demand, that is, O r ( pull ) = I r , O m 

( pull ) = D O t − I r . 

To summarise, we consider two remanufacturing policies in our 

tylised hybrid model under the OUT serviceable inventory replen- 

shment strategy. If the push policy is adopted, there is no re- 

overable inventory as all returned cores are ‘pushed’ into the re- 

anufacturing line regardless of serviceable inventory level. Given 

he unlimited capacity and return allowance assumption, the push- 

ontrolled hybrid system thereby is completely linear . The linear 

ystem follows the principle of superposition , which means that the 

ystem’s dynamic response given an input signal, e.g. μ1 + μ2 , is 

he sum of the behaviour in signals of magnitude μ1 and μ2 ap- 

lied separately ( Lin et al., 2018 ) and therefore the well-known lin- 

ar control approaches can be applied ( Dejonckheere, Disney, Lam- 

recht & Towill, 2003 ). 
5 
However, the hybrid system under remanufacturing pull con- 

rol creates the recoverable inventory stock in which the returned 

ores will only be remanufactured if necessary. The pull policy also 

rioritises remanufacturing production in responding to D O t , i.e. 

q. (10) and ( 11 ). Therefore, these two Equations form a multi- 

alued nonlinearity in the remanufacturing order rate, dependant 

ot only on the current state of the input, i.e. desired remanufac- 

uring order rate, but also the slope of the input that leads to the 

ifferent recoverable inventory constraint states. 

. Method 

In this work, the sinusoid demand as the hybrid system 

nput is assumed. The sinusoidal demand represents the pre- 

ictable/seasonally unadjusted demand data, which is a major 

ource of demand variability ( Cachon, Randall & Schmidt, 2007 ) 

nd commonly found in many industries, e.g. fashion ( Li, Zhou & 

uang, 2017 ) and agro-food ( Jonkman, Barbosa-Póvoa & Bloemhof, 

019 ). Also, the result generated by sinusoid demand input is iden- 

ical to the input being i.i.d. stochastic demand, i.e. the amplitude 

atio value is exactly the same as the ratio of the standard devi- 

tions of i.i.d. input over output ( Jakšic & Rusjan, 2008 ; Udenio 

t al., 2017 ). Furthermore, it is important to note that our interest 

s not restricted to the expectation of a sinusoidal demand. Since 

ny demand stream can be decomposed into a sum of sinusoids, 

nalysing the relevant frequency response plots (i.e. the graphical 

epresentation of the amplification ratio as a function of the de- 

and harmonics with frequencies between zero and π ) provides 

reliminary understanding about the performance of a system with 

egards to any arbitrary demand pattern based on the amplitude of 

ts constituent harmonics ( Dejonckheere et al., 2003 ). A manager 

herefore can design the system based on the ‘filter lens’ to ap- 

ropriately track the ‘true’ message while rejecting ‘noise’ signals 

 Towill, Zhou & Disney, 2007 ). 

Regarding methods adopted in this study, if the system is linear 

nd time-invariant (LTI), frequency domain analysis, using Laplace 

ransform and transfer function techniques, can be applied ( Wang 

t al., 2015 ). The transfer function of a system is a mathematical 

epresentation describing the dynamic behaviour algebraically of a 

TI system. If a sinusoidal input is assumed, the linear system will 

roduce a sinusoidal output of the same frequency but of a dif- 

erent magnitude and phase. Thus, the steady state amplification 

atio (i.e. bullwhip effect) can be measured by the ratio between 

he amplitude (variance) of orders and demand ( Jakšic & Rusjan, 

008 ; Udenio et al., 2017 ). 

However, classic linear techniques are no longer valid in nonlin- 

ar hybrid CLSCs controlled by remanufacturing pull, as described 

y Eqs. (10) and ( 11 ). As such a nonlinearity is characterised by 

 discontinuous piecewise linear function, the describing function 

DF) method ( Spiegler & Naim, 2017 ; Wang et al., 2015 ) will be

pplied for analysing the bullwhip effect. This method is a quasi- 
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a −(
1 +
inear representation for a nonlinear element subjected to specific 

nput signal forms such as Bias, Sinusoid and Gaussian processes 

 Vander Velde, 1968 ). Describing function analysis normally re- 

uires that the input signal is either sinusoidal or dominated by 

ow frequency components ( Spiegler & Naim, 2017 ), while for high 

emand frequency, the aid of simulation is recommended to verify 

he analytical results ( Wang et al., 2015 ). Specifically, for a given si-

usoid input, i t = A · cos ( ωt ) + B, ∀ 0 ≤ t < ∞ , the output o t can

e approximated: 

 t ≈ N A ( O t ) · A · cos ( ωt + φ) + N B ( O t ) · B (12) 

Where a is the amplitude, ω is the angular frequency and b is 

ean. Regarding the DF gains, N A ( O t ) 
is the amplitude gain, N B ( O t ) 

s the mean gain and φ is the phase shift. The basic idea of the DF

ethod is to replace the nonlinear component by a type of transfer 

unction, or a gain derived from the effect of the (sinusoidal) input. 

he Fourier series expansion can be applied to obtain the terms of 

F. 

 t ≈ b 0 + a 1 · cos ( wt ) + b 1 · sin ( wt ) 

+ a 2 · cos ( 2 wt ) + b 2 · sin ( 2 wt ) + · · ·

≈ b 0 + 

∞ ∑ 

n =1 

( a n · cos ( nwt ) + b n · sin (nwt) ) (13) 

here the Fourier coefficient can be determined by: 

 n = 

1 

π

π
∫ 

−π
o t · cos ( nwt ) d wt , b n = 

1 

π

π
∫ 

−π
o t · sin ( nwt ) d wt , 

 0 = 

1 

2 π

π
∫ 

−π
o t · d wt (14) 

To approximate a periodic series, only the first, or fundamen- 

al harmonic, is needed and hence we need to find the first order 

oefficient of Fourier series expansion demonstrated in Eq. (14) . 

 t ≈ b 0 + a 1 · cos ( wt ) + b 1 · sin ( wt ) = b 0 + 

√ 

a 2 
1 

+ b 2 
1 
cos ( wt + φ)

(15) 

By comparing Eq. (15) and ( 12 ), we can obtain the gains of DF

s follow: 

 A ( O t ) = 

√ 

a 2 
1 

+ b 2 
1 

a 
, N B ( O t ) = 

b 0 
b 

, φ = arctan 

(
b 1 
a 1 

)
(16) 

In other words, given the sinusoidal input, the output of a dis- 

ontinuous nonlinearity can be approximated, not only as the func- 

ion of inherent system structure and policy, but also as a function 

f input properties, e.g. amplitude, mean and frequency. 

. Dynamic analysis 

.1. The serviceable inventory 

Recall from Eq. (2) that the reorder point is set as a function of

stimated lead time, ̂ τp , which is assumed equal to actual manu- 

acturing lead time, τm 

, to avoid inventory drift, i.e. the permanent 

nventory error from the target inventory ( Disney & Towill, 2005 ). 

n the hybrid system, to avoid the permanent inventory error, the 

. 

ead time estimation is more complex than in a traditional man- 

facturing system due to possible simultaneous manufacturing 

nd remanufacturing production. This is explored by the following 

roposition: 

D O t ( t ) = 

A Sin ( ωt ) 
(
τa − 1 − ω 

2 + ω 

2 
(
τ 3 

a + τ̂p
6 
Proposition 1 : For the hybrid system following an order-up-to 

eplenishment policy, regardless of push and pull controlled reman- 

facturing, the serviceable inventory drift can be avoided by setting 

dapted ̂ τp as ̂ p = τm 

( 1 − α) + ατr (17) 

Proof 1: See Tang & Naim (2004) . 

Given the existence of manufacturing and remanufacturing lead 

ime variance, Eq. (17) highlights the importance of monitoring the 

ybrid system’s real-time physical lead times and return rate to 

void either excessive inventory or stock-out issues. Also, if the re- 

urn rate, α, is high, more attention should be paid to monitor- 

ng the remanufacturing lead time. This is particularly the case 

hen such a hybrid system, initially in equilibrium, is disturbed 

y a sudden but sustained demand shock. Furthermore, if τm 

= τr , 

 production manager only needs to focus on lead time estimation 

or remanufacturing or manufacturing, since inventory drift can be 

voided by ̂ τp = τm 

or ̂ τp = τr . 

.2. Bullwhip for total order rate 

The total order rate, D O t , remains the same in both push and 

ull controlled remanufacturing process, due to the fundamental 

UT policy adopted for replenishing the serviceable inventory. As 

 result, we derive the following proposition: 

Proposition 2 : Given sinusoid demand, D c = A cos ( ωt ) + B, ∀ B ≥
 > 0 , the order variance of D O t for both push- and pull-controlled

ybrid system, can be measured by: 

V ( D O t ) = 

√ 

1 + ( ω + ω ( ̂  τp + τa ) ) 
2 (

1 + ω 

2 
)(

1 + ω 

2 τ 2 
a 

) (18) 

Proof 2 : For simplicity, without losing generality, we assume 

= 0 ( Zhou et al., 2017 ). The dynamic response of D O t , in respond-

ng to D c, can be derived by using Laplace transform technique: 

D O t 

D c 
= 

1 + s + s ( τa + 

̂ τp ) 

( 1 + s ) ( 1 + s τa ) 
(19) 

The dynamic response of D O t in responding to D c in the time 

omain, using inverse Laplace transform of Eq. (19) , can be de- 

ived: 

 O t ( t ) = 

1 

( 1+ ω 2 ) ( −1+ τa ) ( 1+ ω 2 τ 2 
a ) 

B 

(
1 + ω 

2 
)(

e −
t 
τa − 1 + τa + ω 

2 τ 3 
a − ω 

2 τ 2 
a 

)
−e −t 

(
B + B ω 

2 − Aω 

)
( ̂  τp + τa ) 

(
1 + ω 

2 τ 2 
a 

)
+ e −

t 
τa B 

̂ τp 

(
1 + ω 

2 
)(

B ω 

2 τ 2 
a − Aωτ 2 

a 

)
( 1 + 

̂ τp ) 

−Aω Cos ( ωt ) ( τa − 1 ) 
(
ω 

2 τa ( 1 + τa ) + 

̂ τp 

(
ω 

2 τa − 1 

))
+ A Sin ( ωt ) 

(
τa − 1 − ω 

2 + ω 

2 τ 3 
a + ω 

2 ̂ τp τ 2 
a − ω 

2 ̂ τp 

))
 0 ≤ t < ∞ 

(20) 

For a long-time response in equilibrium, e 
− t 

τc = e −t = 0 . 

q. (20) can be re-arranged as: 

1 

)))
− Aω Cos ( ωt ) ( τa − 1 ) 

(
ω 

2 τa ( 1 + τa ) + 

̂ τp 

(
ω 

2 τa − 1 

))
 ω 

2 
)
( τa − 1 ) 

(
1 + ω 

2 τ 2 
a 

) + B 

(21) 

Eq. (21) can be simplified as: 

D O t ( t ) = A 

√ 

1 + ( ω + ω ( ̂  τp + τa ) ) 
2 (

1 + ω 

2 
)(

1 + ω 

2 τ 2 
a 

) cos 
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×
(
ω t − ta n 

−1 
(

ω + ω τa 

1 − ω 

2 τa 

)
+ ta n 

−1 ( ω + ω ( ̂  τp + τa ) ) 

)
+ B 

(22) 

The bullwhip of D O t in responding to D c , measured by the am- 

litude ratio, can be derived: 

 V Push ( D O t ) = 

amplitude of D O t 

amplitude of D t 
= 

A ·
√ 

1+ ( ω + ω ( ̂  τp + τa ) ) 
2 

( 1+ ω 2 ) ( 1+ ω 2 τ 2 
a ) 

A 

= 

√ 

1 + ( ω + ω ( ̂  τp + τa ) ) 
2 (

1 + ω 

2 
)(

1 + ω 

2 τ 2 
a 

) (23) 

From Eq. (18) , bullwhip exists if OV ( D O t ) > 1 , which depend

n the system delays, forecasting parameter and demand fre- 

uency. Specifically, OV ( D O t ) increases in 

̂ τp , and correspondingly, 

ncreases in τm 

and τr under the adapted 

̂ τp scenario, i.e. ̂ τp = 

m 

( 1 − α) + ατr . This supports the traditional view of long phys- 

cal production lead times as one of the main sources of bull- 

hip induction (Ponte et al. 2017; 2019). An important insight here 

s the relative significance of manufacturing and remanufacturing 

ead times on the bullwhip level depending on return rate un- 

er adapted 

̂ τp . If α < 0 . 5 , bullwhip is more significantly associ-

ted with τm 

than τr while if α > 0 . 5 then bullwhip is more sig-

ificantly associated with τr than τm 

. Furthermore, τm 

and τr play 

he same role in influencing OV ( D O t ) if α = 0 . 5 . 

Also, OV ( D O t ) is independent of τc , suggesting that bullwhip 

s not influenced by the return delay of sold products. Further- 

ore, the impact of return rate, α, on bullwhip depends on the 

atio between the manufacturing and remanufacturing lead times 

iven 

̂ τp = τm 

+ α( τr − τm 

) , ∀ α ∈ ( 0 , 1 ) . If τr 
τm 

> 1 , ̂ τp is monoton-

cally increasing in α and thereby OV ( D O t ) is a monotonically in- 

reasing function in α. In other word, bullwhip increases with the 

ncrease of return rate. On the other hand, if τr 
τm 

< 1 , ̂ τp is a mono-

onically decreasing function in α and therefore bullwhip decreases 

ith the increase of return rate. This implies that, if τr < τm 

, there 

s an economic incentive to increase the customer return rate to 

educe the total bullwhip cost. This result is consistent with Tang 

 Naim (2004) and Zhou et al. (2017) . Given 

̂ τp = τm 

if τr = τm 

,

hen the return rate, α, plays no part on bullwhip of total order 

ate, while an increase manufacturing lead time results in greater 

ullwhip. 

Regarding the impact of forecasting policy, we notice the fol- 

owing property by solving OV ( D O t ) ≤ 1 with respect to τa . 

Property 1: bullwhip can be avoided by setting: 

a ≤
1 + 

̂ τp + 

√ 

1 + 

̂ τp 

(
1 + ω 

2 
)
( 2 + 

̂ τp ) 

ω 

2 
(24) 

Property 1 shows that if the product demand cycle is slow 

small value of ω), large value of τa , due to the denominator of 

q. (24) , needs to be chosen to reduce or avoid bullwhip, although 

uch a setting may lead to poor dynamic performance of service- 

ble inventory due to the slow recovery speed in responding to 

olatile demand ( Dejonckheere, Disney, Lambrecht & Towill, 2002 ; 

in et al., 2018 ). 

.3. Bullwhip in push-controlled remanufacturing systems 

If the remanufacturing process is controlled by a push policy, 

e have the following proposition for bullwhip measurement: 

Proposition 3: If the hybrid CLSCs is controlled by a push pol- 

cy, for a given sinusoid demand, D c = A cos ( ωt ) + B, ∀ B ≥ A > 0 , t ∈
 0 , ∞ ) , order variance (OV) of O r and O m 

can be measured by: 

 V Push ( O r ) = α

√ 

1 

1 + ω 

2 τ 2 
c 

(25) 
7 
O V Push ( O m ) 

= 

√ √ √ √ 

ω 

2 ( ( 1 − α) ( τa + 1 ) + ̂

 τp + τc ) 
2 + 

(
1 − α + ω 

2 ( ατa − τc ( 1 + ̂

 τp + τc ) ) 
)2 (

1 + ω 

2 
)(

1 + ω 

2 τ 2 
a 

)(
1 + ω 

2 τ 2 
c 

)
(26)

Proof 3 . Since the push-controlled hybrid system is completely 

inear, the bullwhip of O r and O m 

can be derived using the Proof of 

roposition 2 . 

From Eq. (25) , remanufacturing cannot produce bullwhip in 

 push-based hybrid system, as α
√ 

1 

1+ ω 2 τ2 
c 

< 1 regardless of τa 

nd ω (note that α ranges between 0 and 1). The O V Push ( O r ) can be

ignificantly decreased given an increase in ω and τc . This means 

hat, for high frequency demand, with long life cycle products, 

he push-controlled remanufacturing can maintain a level sched- 

le without concern of inducing high order variance. However, the 

anufacturing order rate may produce bullwhip, i.e. O V Push ( O m 

) > 

 . Regarding Eq. (26) , by differentiating O V Push ( O m 

) with respect 

o α, it can be easily observed that an increase in α leads to 

 decrease in O V Push ( O m 

) , suggesting that increasing the remanu- 

actured product return rate, α, can reduce bullwhip in a push- 

ontrolled system. This result is consistent with previous literature 

e.g. Ponte et al., 2020 ; Zhou & Disney, 2006 ; Zhou et al., 2017 )

hat encourage product return so as to improve system dynamics 

erformance by reducing bullwhip in the manufacturing process. 

Although the additional proportional controller for inventory 

djustment, that is, the proportional OUT (POUT), is advocated 

or system dynamics performance improvement (Wang and Disney 

017), it is important to note that in the hybrid OUT based model 

nalysed here the only controllable policy is the forecasting adjust- 

ent. This provides the insight that one reliable way to eliminate 

ullwhip by carefully adopting a forecasting adjustment method 

ased on customer demand. By further inspecting Eq. (26) with its 

rst order derivative with respect to τA , it is shown that large value 

f τA reduces the manufacturing order variance. 

.4. Bullwhip analysis in pull-controlled hybrid systems 

If the remanufacturing is controlled by a pull remanufacturing 

riority policy, that is, Eq. (10) and ( 11 ), then recoverable inventory 

tock, I r , is created as the order is delayed as long as it is conve-

ient. The O r and O m 

, thereby, can be expressed as: 

 r = 

{
D O t , i f D O t < I r 

I r , i f D O t > I r 
, O m 

= D O t − O r (27) 

Given the sinusoid demand, i.e. D c = A cos ( ωt ) + B, ∀ B ≥ A >

 , t ∈ ( 0 , ∞ ) , and proportional return rate assumption ( α ∈ ( 0 , 1 ) ),

he hybrid system with pull-controlled remanufacturing policy has 

wo different operating states: 

perating State 1 : O r = I r , O m 

= D O t − O r , ∀ D O t > I r , 

t ∈ ( 0 , ∞ ) (28) 

Operating State 2 : O r 

= 

{
D O t | D O t < I r 

I r | D O t > I r 
, O m 

= 

{
0 | D O t < I r 

D O t − O r | D O t > I r 
∀ t ∈ ( 0 , ∞ ) 

(29) 

Operating State 1 means that remanufacturing can never meet 

 O t due to the I r constraint, therefore, manufacturing and reman- 

facturing occur simultaneously to satisfy D O t . Under such an op- 

rating state, the hybrid system is similar to the push-controlled 
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− λ1

n ( θ2
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Cos ( r

 + αB

1 λ2 Co
emanufacturing policy, where the returned cores immediately en- 

er remanufacturing because recoverable inventory is always insuf- 

cient to satisfy the required D O t . The bullwhip effect can be cal- 

ulated using the analytical expression derived in Proposition 3. 

Operating State 2, on the other hand, refers to fact that remanu- 

acturing can possibly switch between I r and D O t during a cyclical 

emand, while manufacturing may intermittently replenish the re- 

uired orders during the demand cycle. 

So, under what conditions will the hybrid system operate as 

tate 1 or State 2? We explore this question via the following 

roposition. 

Proposition 4: For a given sinusoid demand, D c = A cos ( ωt ) + 

, ∀ B ≥ A > 0 , t ∈ ( 0 , ∞ ) , the hybrid CLSCs system controlled by pull-

ontrolled policy operates under State 1 if 

 − A 

√ 

1 + ( ω + ω ( ̂  τp + τa ) ) 
2 (

1 + ω 

2 
)(

1 + ω 

2 τ 2 
a 

) −

⎛ ⎝ 

αA √ (
1 + ω 

2 τ 2 
c 

) + αB 

⎞ ⎠ ≥ 0 

(30) 

Otherwise the hybrid system operates under State 2. 

Proof : See Appendix 1.2. 

By differentiating the left side of Eq. (30) with respect to A, α
nd ω, we have the following property: 

Property 2. For the hybrid CLSC system following a pull-controlled 

emanufacturing, the increase of demand amplitude and return rate 

eads to the switch from State 1 to State 2. However, an increase in 

emand frequency leads to a switch from State 2 to State 1. 

Property 2 implies that the product demand and return char- 

cteristics play important roles in influencing the adoption of dif- 

erent remanufacturing control strategies. If the product demand 

s characterised as high demand frequency, low variability and 

igh return rate, there is no major difference for push and pull- 

ontrolled remanufacturing strategies regarding the system dy- 

amics performance, as the remanufacturing operates at State 1 

nder the pull-controlled policy. On the other hand, for long de- 

and cycles with high variability and low return rate, the hybrid 

DF ( O r ) = 

1 

4 A 

√ √ √ √ √ √ √ √ √ √ √ 

⎛ ⎝ 

4 B ( 1 + α) ( Cos ( r 1 ) − Cos ( r 2

λ2 ( Cos ( 2 r 1 + θ2 ) −

+ 

⎛ ⎝ 

4 B ( 1 − α) ( Sin ( r 1 ) − Sin ( r

λ2 ( Sin ( 2 r 2 + θ2 )

DF ( O m 

) = 

1 

4 Aπ

√ √ √ √ √ √ √ √ √ 

(
4 B ( α − 1 ) ( Sin ( r 1 ) − Sin (

2 λ2 ( Co

+ 

(
4 B ( α − 1 ) ( 1 + Cos ( r 2 ) )

2 ( πSi

r = 

Arc Cos 

⎛ ⎜ ⎜ ⎜ ⎝ 

B ( 1 − α) ( λ1 √ 

( Sin ( θ1 ) λ1 − Sin ( θ2 ) λ2 ) 
2 
(
( B

λ2 
1 
−2 λ
1 
w 

8 
LSC with a pull-controlled remanufacturing policy will operate at 

tate 2. Fig. 3 shows the plot of the value of Min D O t - Max R r as

he function of ω, as well as the corresponding simulation verifica- 

ion, with the following system parameter settings as an example. 

in D O t is the minimum value of the dynamic response of D O t and 

ax R r is maximum value of the dynamic response of R r in D c . As 

llustrated in the Proof of Proposition 4 (Appendix 1.2), the value of 

in D O t - Max R r determines the different operating states. 

 c = 0 . 5 cos ( ωt ) + 1 , α = 0 . 5 , τa = 16 , τc = 32 , τm 

= 8 , τr = 4

Fig. 3 a. Min D O t - Max R r as the function of ω Fig. 3 b. Min D O t -

ax R r = 0 ( ω = 0 . 97 rad / week ) 

Fig. 3 c. Min D O t - Max R r > 0 ( ω = 1 . 5 rad / week ) Fig. 3 d. Min D O t 

 Max R r < 0 ( ω = 0 . 5 rad / week ) 

Overall, the simulation verifies the analytical results of Min D O t 

 Max R r . The crossover frequency, i.e. ω = 0 . 97 rad/week , indicates

hat such a frequency leads to Min D O t - Max R r = 0 . Also, for ω =
 . 5 rad/week , Min D O t - Max R r < 0, meaning the remanufacturing

rder rate ( O r ) operates under State 2 condition. In other words, as 

 O t and R r are two independent variables, for a demand cycle O r 

ay be able to satisfy D O t if D O t < R r and therefore D O t < I r . How- 

ver, O r is constrained by I r due to D O t > R r hence D O t > I r . As a

esult, O r may switch between D O t and I r during the demand cycle, 

eading to the complex nonlinear dynamics driven by the Operating 

tate 2 . We explore this phenomenon by the following proposition. 

Proposition 5: If the hybrid CLSC is controlled by a pull-controlled 

olicy under Operating State 2, for a given sinusoid demand, D c = 

 cos ( ωt ) + B, ∀ B ≥ A > 0 , O V Pull ( O r ) and O V Pull ( O m 

) can be approx-

mated by: 

 V Pull ( O r ) ≈
√ 

1 + ( ω + ω ( ̂  τp + τa ) ) 
2 (

1 + ω 

2 
)(

1 + ω 

2 τ 2 
a 

) ·DF ( O r ) (31) 

 V Pull ( O m 

) ≈
√ 

1 + ( ω + ω ( ̂  τp + τa ) ) 
2 (

1 + ω 

2 
)(

1 + ω 

2 τ 2 
a 

) ·DF ( O m 

) (32) 

Where DF ( O r ) and DF ( O m 

) can be computed by: 

 λ1 

(
C os ( 2 r 2 + θ1 ) − C os ( 2 r 1 + θ1 ) −
4 πSin ( θ1 ) + 2 Sin ( θ1 ) ( r 2 − r 1 ) 

)
+ 

 ( 2 r 2 + θ2 ) + 2 Sin ( θ2 ) ( r 1 − r 2 ) ) 

⎞ ⎠ 

2 

 λ1 

(
4 πCos ( θ1 ) + Sin ( 2 r 1 + θ1 ) −

Sin ( 2 r 2 + θ1 ) + 2 Cos ( θ1 ) ( r 1 − r 2 ) 

)
+ 

n ( 2 r 1 + θ2 ) + 2 Cos ( θ2 ) ( r 2 − r 1 ) ) 

⎞ ⎠ 

2 (33) 

 λ1 ( −Sin ( 2 r 1 + θ1 ) + Sin ( 2 r 2 + θ1 ) + 2 Cos ( θ1 ) ( r 2 − r 1 ) ) + 

 r 2 + θ2 ) Sin ( r 1 − r 2 ) + Cos ( θ2 ) ( r 1 − r 2 ) ) 

)2 

+ 

 

( Cos ( 2 r 2 + θ1 ) + 2 πSin ( θ1 ) + 2 r 2 Sin ( θ1 ) − Cos [ θ1 ] ) λ1 + 

 

) − Sin ( r 2 ) Sin ( r 2 + θ2 ) + r 2 Sin ( θ2 ) ) λ2 

)2 

(34) 

here 

 1 ) − Cos ( r 2 ) λ2 ) + 

 ) 
2 + λ2 

1 
− 2 λ1 λ2 Cos ( θ1 − θ2 ) + λ2 

2 

)
s ( θ1 −θ2 ) + λ2 

2 

⎞ ⎟ ⎟ ⎟ ⎠ 

(35) 
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Fig. 3. The plot of Min D O t - Max R r as the function of ω and the dynamic response of D O t and R r under Min D O t - Max R r = 0 ( Fig. 3 b), Min D O t - Max R r > 0 ( Fig. 3 c) and 

Min D O t - Max R r < 0 ( Fig. 3 d). 

r

2 ) −
 

λ2 Co

θ

θ

O  
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f

C
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U

D

a

d

a

f

b

H

 2 = −

Arc Cos 

⎛ ⎜ ⎜ ⎜ ⎝ 

B ( α − 1 ) ( λ1 Cos ( r 1 ) − Cos ( r 2 ) λ√ 

( Sin ( θ1 ) λ1 − Sin ( θ2 ) λ2 ) 
2 
(
( B + αB ) 

2 + λ2 
1 

− 2 λ1

λ2 
1 
−2 λ1 λ2 Cos ( θ1 −θ2 ) + λ2 

2 

w 

(36) 

λ1 = A 

√ 

1 + ( ω + ω ( ̂  τp + τa ) ) 
2 (

1 + ω 

2 
)(

1 + ω 

2 τ 2 
a 

) , λ2 = 

αA √ (
1 + ω 

2 τ 2 
c 

)(
1 + ω 

2 
)
(37) 

1 = −ta n 

−1 
(

ω + ω τa 

1 − ω 

2 τa 

)
+ ta n 

−1 ( ω + ω ( ̂  τp + τa ) ) , 

2 = −ta n 

−1 ( ω τc ) − ta n 

−1 ( ω ) (38) 

Proof 5: See Appendix 1.3. 

Given the complex analytical expression of DF gain for O r and 

 m 

, we plot DF ( O r ) and DF ( O m 

) as a function of demand frequency

 ω = 0.1–1 rad/week) and demand amplitude ( A = 0.1–1) under high

nd low return rates, that is, using α = 0 . 3 and α= 0.8 as shown in
9 
s ( θ1 − θ2 ) + λ2 
2 

)⎞ ⎟ ⎟ ⎟ ⎠ 

.

ig. 4 . Note that other system parameter settings are shown below, 

ollowing Tang & Naim (2004) and Zhou et al. (2017) ’s benchmark 

LSC models 

 c = A cos ( ωt ) + 1 , τa = 16 , τc = 32 , τm 

= 8 , τr = 4 

Fig. 4 a DF gain in relation to demand frequency Fig. 4 b. DF gain

n relation to demand variance 

Based on Fig. 4 a, we find that DF ( O r ) displays a concave

-shaped relationship with respect to demand frequency, while 

F ( O m 

) shows a convex U-shaped relationship with demand vari- 

nce. The results highlight the importance of monitoring product 

emand frequency if a remanufacturing pull-controlled policy is 

dopted in the hybrid system. For those low or medium demand 

requencies, high total order variance may be largely absorbed 

y remanufacturing production O r , leading to the bullwhip effect. 

owever, if the product is characterised by high demand frequency, 
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Fig. 4. DF ( O r ) and DF ( O m ) in relation to demand frequency (4a) and demand variance (4b). 
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anufacturing production, O m 

will take priority in absorbing cus- 

omer demand. 

Also, product return rate plays an important role in influenc- 

ng the describing function gain in the pull-controlled remanu- 

acturing system. High product return rate significantly increases 

F ( O r ) comparing with a low return rate. As O V Pull ( O r ) and

 V Pull ( O m 

) can be approximated by 

√ 

1+ ( ω + ω ( ̂  τp + τa ) ) 
2 

( 1+ ω 2 )( 1+ ω 2 τ2 
a ) 

·DF ( O r ) and 

 

1+ ( ω + ω ( ̂  τp + τa ) ) 
2 

( 1+ ω 2 )( 1+ ω 2 τ2 
a ) 

·DF ( O m 

) , remanufacturing production may gener- 

te high bullwhip if a large proportion of sold products are re- 

urned to the hybrid system. This is due to the order allocation 

olicy, i.e. remanufacturing priority, where the high order variance 

f D O t generated is increasingly absorbed by remanufacturing pro- 

uction with an increase in returned product rate. However, if the 

eturn rate is low, the insufficient recoverable inventory forces the 

ybrid system to frequently switch to manufacturing production to 

atisfy D O t . 

Furthermore, demand variance (amplitude) profoundly impacts 

n DF ( O r ) and DF ( O m 

) . With an increase in demand amplitude

 A > 0.2), the system operates at State 2 and a further increase in

emand amplitude leads to an increase in DF ( O r ) and a decrease 

n DF ( O m 

) . This means increased demand variance can be largely 

bsorbed by remanufacturing production, leading to high bullwhip 

evels. However, for low demand amplitudes (0 < A < 0.2), the pull- 

ontrolled hybrid system operates at State 1 . This is because under 

perating State 1 , the hybrid system with pull-based remanufac- 

uring is similar to the push-based system in which all returned 

roducts are pushed into remanufacturing production due to in- 

ufficient recoverable inventory. It should be noted that α plays an 

ssential role in influencing the switch from linear remanufactur- 

ng push to nonlinear remanufacturing pull. Operating State 2 oc- 

urs at low demand amplitudes (e.g. 0 < A < 0.2) if α is high (e.g.

= 0.8), while for α = 0 . 3 , the hybrid system maintains Operating 

tate 1 when demand amplitude is 0 < A < 0.6. This suggests that, if

 large proportion of sold products are returned, the hybrid system 

witches to ‘pure’ remanufacturing pull even if demand variance is 

ow. 

. Simulation analysis 

In this section, we further study the hybrid system using the 

umerical simulation software Matlab®. We verify the analytical 
10 
esults shown by Propositions 2 – 5 . Also, we extensively compare 

he order variance performance of the hybrid system under pull- 

nd push-controlled remanufacturing policies. Finally, we conduct 

he remanufacturing and manufacturing lead time sensitivity anal- 

sis to understand the impact of system production delay variance 

n bullwhip performance. 

.1. Verification 

We verify Propositions 2–5 by comparing the analytical and sim- 

lation results of total order manufacturing order and remanufac- 

uring order variance in both pull and push-controlled hybrid sys- 

ems, as shown in Table 2 . Also, the describing function gain in 

ull-controlled hybrid system, that is, Proposition 4 , is verified. We 

elect ω = 0 . 1 , 0 . 5 and 1 rads / week to represent different types

f product characterised by low, medium and high demand fre- 

uencies. Also, to ensure the remanufacturing pull-controlled hy- 

rid system maintains Operating State 1, demonstrated by Proposi- 

ion 4 , we adopt the following system parameter settings: 

 c = cos ( ωt ) + 1 , τa = 16 , τc = 32 , τm 

= 8 , τr = 4 , α = 0 . 3 

In general, our analytical results precisely predict the order 

ariance of total orders, manufacturing and remanufacturing in 

oth pull and push-controlled remanufacturing hybrid systems. 

ote that for high demand frequency, the analytical prediction is 

ot as precise as with low demand frequency. As illustrated by 

ang et al. (2015) , this is the main limitation of describing func- 

ion approximation (i.e. the low-filter property) and hence where 

imulation is needed for an input of high frequency. 

.2. Bullwhip comparison 

We systematically compare order variance of O r and O m 

in 

elation to product demand frequency ( ω), product return 

ate ( α) and product return delay ( τc ). We define O V Push ( O m 

) ,

 V Push ( O r ) , O V Pull ( O r ) and O V Pull ( O m 

) as order variance ratio of

 m 

and O r under push- and pull-controlled hybrid system in 

elation to demand variance. Note that the baseline settings follow 

enchmark model developed by Tang & Naim (2004) and Zhou 

t al. (2017) , although we vary each parameter to assess its impact 

n order variance, and we choose α = 0.3 and 0.8 to represent 

he low return and high return rate scenarios. Another reason for 

hoosing such baseline settings is to ensure the pull-controlled 
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Table 2 

Simulation verification for analytical prediction. Unbracketed numerical result: Simulation; bracketed numerical result: 

Analytical prediction. (a). Analytical and simulation results comparison of OV ( D O t ) , O V Push ( O r ) and O V Push ( O m ) for 

push-controlled hybrid system. (b). Analytical and simulation results comparison of O V Push ( O r ) , O V Push ( O m ) , DF ( O r ) 

and DF ( O m ) for pull-controlled hybrid system. 

Demand frequency Analytical (simulation) results OV ( D O t ) O V Push ( O r ) O V Push ( O m ) 

ω = 0 . 1 rad/week 1.23 (1.32) 0.089 (0.09) 1.15 (1.31) 

ω = 0 . 5 rad/week 1.19 (1.29) 0.018 (0.017) 1.17 (1.26) 

ω = 1 rad/week 0.97 (1.02) 0.01 (0.009) 0.96 (1.01) 

Demand frequency Analytical (simulation) results O V Pull ( O r ) O V Pull ( O m ) DF ( O r ) DF ( O m ) 

ω = 0 . 1 rad/week 0.82 (0.95) 0.92 (1) 0.67 (0.70) 0.75 (0.74) 

ω = 0 . 5 rad/week 0.70 (0.75) 0.89 (0.95) 0.58 (0.6) 0.74 (0.76) 

ω = 1 rad/week 0.21 (0.3) 0.59 (0.8) 0.22 (0.3) 0.61 (0.80) 

Fig. 5. Order variance of O r and O m in relation to ω under α = 0 . 3 and 0.8. 

Fig. 6. Order variance of O r and O m in relation to τc under α = 0 . 3 and 0.8. 
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ybrid system operates as State 1 demonstrated in Proposition 4 . 

ll results are reported in Figs. 5 and 6 . 

Baseline settings: τa = 16 , τm 

= 8 , τr = 4 , α = 0 . 3 , ω =
 . 1 rad / week , τc = 32 ( Zhou et al., 2017 ) 

Specifically, Fig. 5 illustrates order variance of O r and O m 

in re- 

ation to ω. Overall, O V Push ( O m 

) , O V Pull ( O r ) and O V Pull ( O m 

) display a

oncave U-shaped relation to demand frequency beside O V Push ( O r ) , 

ncreasing their value as the increase of demand frequency and 

hen decreases as the further increase of demand frequency. The 

eak of O V Push ( O m 

) , O V Pull ( O r ) and O V Pull ( O m 

) are located around

.1 – 0.3 rad/week. 
11 
At low return rate, α = 0 . 3 , pull-controlled hybrid system gen- 

rates less bullwhip than the corresponding push-controlled sys- 

em. O V Pull ( O m 

) and O V Pull ( O r ) are less than 1 for most de-

and frequencies, although O V Pull ( O m 

) produces bullwhip around 

 = 0 . 19 − 0 . 3 rad / week . However, O V Push ( O m 

) > 1 for demand fre-

uency between 0.1 rad/week - 1 rad/week, reaching 1.4 as peak 

evel. Although O V Push ( O r ) cannot generate bullwhip, as all re- 

urned products are ‘pushed’ into remanufacturing production 

n push-controlled hybrid system, such a result indicates pull- 

ontrolled hybrid system performs better than the push-based hy- 

rid system at low return rates. 
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When the return rate is increased to α = 0.8, O V Pull ( O r ) is sig-

ificantly increased and larger than 1 for most of demand frequen- 

ies, suggesting bullwhip is induced by remanufacturing produc- 

ion in pull-controlled system. Also, O V Pull ( O r ) > O V Push ( O r ) for low

nd medium demand frequencies (i.e. from 0.1 to 0.6 rad/week), 

nd O V Pull ( O m 

) is always greater than O V Push ( O r ) . This means

f the product return rate is high, pull-controlled hybrid system, 

n the other hand, generates high bullwhip in comparison to the 

ush-based system. This is particularly the case when the demand 

s characterised by low frequencies. 

Also, O V Push ( O m 

) is decreased with an increase in return rate. 

iven O V Push ( O m 

) = α
√ 

1 

1+ ω 2 τ2 
c 

, see P roposition 3 , and cannot pro- 

uce bullwhip, we can conclude that the increased return rate alle- 

iates the variability in push-controlled hybrid supply chains. This 

esult is consistent with many push-based remanufacturing dy- 

amics literature, e.g. Tang and Naim (2004) Type 2 and Type 3 

ush-based hybrid models; Zhou et al.’s (2006) push hybrid mod- 

ls; Ponte et al. (2020) Model 1 and 2. However, based on the sim-

lation results, the increased return rate plays a significant role 

n increasing O V Pull ( O r ) , leading to high bullwhip. This implies 

igh return rates can deteriorate the system dynamics performance 

f the hybrid system if remanufacturing is controlled by a pull 

olicy. 

It is also interesting to note that under the pull-controlled re- 

anufacturing policy, O V Pull ( O m 

) is always larger than O V Pull ( O r ) in 

ow return rate scenarios, while the opposite result can be found 

n a high return rate situation. This is due to the nature of the 

ull-controlled remanufacturing policy in the hybrid system such 

hat D O t is prioritised to the remanufacturing production if there 

s sufficient I r . As a result, remanufacturing production absorbs the 

ajority of order variance of D O t if the product return rate is high. 

owever, O m 

and O r simultaneously produce serviceable inventory 

o fulfil D O t for low return rate scenarios due to limited I r , improv- 

ng the order variance performance. 

Fig. 6 plots the order variance of O r and O m 

in relation to τc . 

nstead of a U-shape relationship between order variance and de- 

and frequency, an increased τc leads to the increased O V Pull ( O m 

) , 

 V Pull ( O r ) and O V Push ( O m 

) , although this is not the case for

 V Push ( O r ) due to the nature of the push policy. Such results are

onsistent with previous literature ( Ponte et al., 2019 ; Zhou et al., 

006 , 2017 ). Similar to the order variance of O r and O m 

in relation 

o ω, the pull-controlled hybrid system performs better than push- 

ontrolled system under low return rate, α = 0.3. O V Pull ( O m 

) and 

 V Pull ( O r ) are less than 1 for the whole spectrum of return delays,

hile O V Push ( O m 

) can generate bullwhip with an increase in return 

elay. 

However, the increased product return rate leads to different 

rder variances for O r and O m 

. For the pull-controlled hybrid sys- 

em, O V Pull ( O r ) always induces bullwhip regardless of return de- 

ay, while τc plays little impact on O V Pull ( O m 

) . Regarding the push- 

ased hybrid system, O V Push ( O r ) can be significantly reduced with 

n increase in τc at the expense of increasing O V Push ( O m 

) , and thus

eads to bullwhip. Note that the impact of τc on order variance 

f push-controlled hybrid system under high return rate is sig- 

ificantly higher than the corresponding low return rate scenario. 

hen α = 0 . 8 , the increase of τc significantly increase O V Push ( O m 

) ,

hile significantly decrease O V Push ( O r ) . However, this is not the 

ase for α = 0 . 3 . 

We can conclude that return rate significantly influences bull- 

hip effect of the hybrid system controlled with both push 

nd pull remanufacturing policies. If product return rate is low, 

he pull-based system outperforms the corresponding push-based 

ybrid system in which order variance of D O t can be allo- 

ated to both O r and O m 

. However, with an increase in return 

ate, O r is responsible for satisfying a majority of D O t under 

t

12 
he remanufacturing priority policy, causing high bullwhip 

evels. 

.3. Lead time analysis 

Recall Proposition 1 that the permanent inventory drift can be 

liminated by appropriately estimating ̂ τp . In order to assess the 

mpact of τm 

and τr on bullwhip performance of the two different 

ybrid systems, we plot O V Push and O V Pull ( Fig. 7 ) by varying τm 

nd τr , while other system settings remain the same indicated in 

aseline settings. 

Overall, τm 

and τr positively impact on O V Push ( O m 

) , O V Pull ( O r ) 

nd O V Pull ( O m 

) . O V Push ( O r ) , however, is not influenced by man-

facturing and remanufacturing delays, as the timing for push 

emanufacturing is only determined by return delay in a push- 

ontrolled hybrid system. Another finding is that the strength of 

anufacturing lead times on bullwhip is higher than the cor- 

esponding impact of remanufacturing lead times. For example, 

 V Push ( O m 

) = 1 . 55 , O V Pull ( O r ) = 1 . 5 , O V Pull ( O m 

) = 1 . 25 for τm 

= 20 ,

hile O V Push ( O m 

) = 1 . 4 , O V Pull ( O r ) = 1 . 3 , O V Pull ( O m 

) = 1 . 15 for τr =
0 . As analysed in Proposition 1 , this is due to ̂ τp = τm 

( 1 − α) +
τr . If the return yield is low, i.e. α < 0 . 5 , τm 

plays a more impor-

ant role in influencing ̂ τp than τr and vice versa. As derived and 

nalysed in Proposition 2 , this highlights the importance of explor- 

ng product demand characteristics to improve system dynamics 

erformance of a hybrid system. Given remanufacturing lead times 

re usually shorter than manufacturing productions ( Zhou et al., 

017 ), if the product return yield rate is relatively low, the reduc- 

ion of manufacturing lead times is an effective strategy in directly 

educing bullwhip. However, if most of sold products are expected 

o be returned, e.g. military photonics ( Goltsos et al., 2019 ), the in-

entive for remanufacturing reduction investment may become too 

igh. 

.4. Summary 

We summarize all main findings and results based on analytical 

nd simulation conducted in Sections 4 and 5 . Specifically, for D O t , 

t remains the same in both push and pull controlled remanufac- 

uring production, although bullwhip in D O t increases with 

̂ τp , and 

lso with increases in τm 

and τr under the adapted 

̂ τp scenario, i.e. ̂ p = τm 

( 1 − α) + ατr . Furthermore, if α < 0 . 5 , bullwhip in D O t is

ore significantly associated with τm 

than with τr . 

For Push-controlled remanufacturing production, it can be 

oncluded that O V Push ( O m 

) < 1 regardless of ω and τc and an in- 

rease in α leads to a decrease in O V Push ( O m 

) . On the other hand,

he hybrid CLSC system characterised by Pull-controlled reman- 

facturing production may switch between two different operat- 

ng states, Operating States 1 and 2 . The system performs similarly 

o the push-controlled remanufacturing in Operating State 1 , while 

he hybrid system operates at Operating State 2 for high demand 

ariance, low demand frequency and low return rate. Furthermore, 

ased on the describing function analysis, DF gain presents a U- 

hape in relation to demand frequency in pull-controlled remanu- 

acturing environment and DF ( O r ) increases with respect to return 

ate, while DF ( O m 

) decreases with an increase return rerate 

By comparing bullwhip under push and pull-controlled re- 

anufacturing production , we can conclude that return rate, α, 

lays a dominant role in influencing the choice of push or pull- 

ontrolled hybrid system, given the pull-controlled system operates 

t State 2 . Also, compared to α, τr plays a supplementary role in 

rder variance of manufacturing and remanufacturing. order rates. 

n increase in τr leads to an increase in O V Pull ( O m 

) , O V Push ( O m 

)

nd O V Push ( O m 

) , but an decrease in O V Push ( O r ) .Finally, O V Push ( O m 

) ,

 V Pull ( O r ) and O V Pull ( O m 

) present a concave U-shaped relationship 

o demand frequency. 
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Fig. 7. Order variance of O r and O m in relation to τm and τr when α = 0 . 3 . 
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Based on above analytical and simulation results, we derive the 

ollowing managerial implications: 

1 Overall, lead time reduction for both manufacturing and reman- 

ufacturing is a way in reducing bullwhip, and thus, reducing 

operational costs. Particularly, if the product return yield rate is 

relatively low, the reduction of manufacturing lead times is an 

effective strategy in directly reducing bullwhip. Depending on 

different industries, if the product return rate is expected to be 

low, more investment in lead time reduction should be given 

to manufacturing processes. However, if we expect a high re- 

turn rate, reducing remanufacturing lead times, including the 

opportunities of reducing disassembly, quality test and reman- 

ufacturing production, leads to reduced operational costs. 

2 Remanufacturing cannot produce bullwhip in the push-based 

scenario. Also, encouraging product returns can benefit from 

improved system dynamics performance by reducing bullwhip 

levels in the manufacturing process. 

3 If the product demand variance is low, there is no differ- 

ence between push and pull-controlled hybrid system in 

dynamic performance. The hybrid system with remanufactur- 

ing push is recommended if high product return rate can 

be achieved ( α > 0 . 5) . Under such a situation, the overall

bullwhip level can be effectively reduced by shorting the 

return delay. For example, this may be achieved by increasing 

the effectiveness of the collection process and giving incen- 

tives for customer to return their used products. The hybrid 

system with remanufacturing pull policy is recommended if 

the product return rate is low and demand variance is high. 

The reduction of return delay, similarly, can adequately improve 

the system dynamics performance in such a case. 

4 It is important to determine product demand frequencies and 

group the products with the same characteristics, as demand 

frequency significantly impacts on bullwhip in both manufac- 

turing and remanufacturing process for both push and pull- 

based systems. 

. Conclusion 

We developed a nonlinear system dynamics model of the hy- 

rid CLSC system, capturing characteristics of remanufacturing 

ush and pull production. Using linear and non-linear control tech- 

iques, we derived analytical results for bullwhip, showing the im- 

act of inherent system structure (physical lead times, feedback 

oops, policies and forecasting) as well as product demand char- 

cteristics (demand frequency, return rate and return delay) on 
13 
he bullwhip effect. We systematically compared bullwhip perfor- 

ance for push and pull-controlled remanufacturing production 

nd extensive numerical simulation is conducted to verify the an- 

lytical results. 

We found product return rate is the key parameter in influ- 

ncing bullwhip performance of a pull-controlled hybrid system. 

roduct demand frequency is another important factor for system 

ynamics performance of the hybrid system. Given order variance 

as a concave U-shaped relation to demand frequency, production 

anagers may need to carefully consider their product demand 

requency to avoid high bullwhip effect. Moreover, product return 

elay shows a supplementary impact on system dynamics. The tra- 

itional push-controlled hybrid system may be significantly influ- 

nced by return delay if the return rate is high. 

We contribute to the bullwhip effect analysis for two remanu- 

acturing production control policies. We analytically approximate 

he bullwhip level under pull-controlled remanufacturing, in which 

he recoverable inventory constraint is characterised by multi- 

alued nonlinearity properties. We focus on bullwhip analysis us- 

ng the frequency analysis method, considering the transform be- 

ween the time and frequency domains. This can help practitioners 

o carefully think about the impact of their customer demand char- 

cteristics and their system structure for the bullwhip avoidance or 

eduction. 

Regarding future research directions, the incorporation of a for- 

idden return nonlinearity and analysis of the impact of other 

ypes of nonlinearities on the bullwhip effect can be considered. 

lso, given many practical hybrid systems’ limited production ca- 

acity, the in-depth investigation of capacity constraints together 

ith recoverable inventory constraints should be considered. Fi- 

ally, given our study is an initial exploration of system dynamics 

or such push / pull hybrid systems, a cost function can be de- 

eloped and relevant optimization studies can be considered by 

ncorporating order variance and inventory variance related costs 

ncluding holding and stockout costs. 
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Supplementary material associated with this article can be 
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