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Abstract. An explicit formula is presented for the norm if 1 ≤ p ≤ ∞ and for the
quasi-norm if 0 < p < 1 of a linear vector-functional L : H → lp on a Hilbert space
H and the set of all extremal elements is described. All eigenvalues and eigenvectors
of a nonlinear homogeneous operator entering the corresponding Euler’s equation, are
written out explicitly.

1 Introduction

LetH be a complex Hilbert space with the inner product (x, y), x, y ∈ H, and l : H → C
be a continuous linear functional on H. By the well-known Riesz Theorem it has the
form Lx = (x, e), x ∈ H, where the element e is uniquely defined by the functional l.
Moreover, ‖l‖H→C = ‖e‖ and each extremal element x, that is an element x ∈ H, x 6=0,
for which |lx| = ‖l‖H→C ‖x‖ has the form x = c e where c ∈ C, c 6= 0. (See, for example,
[3], Section 3.8 for detailed proof, corollaries and applications.)

We consider the case of a linear vector-functional

L = {lk}mk=1 ,

where m ∈ N or m = ∞ and lk : H → C are continuous linear functionals on H. By
the Riesz Theorem there exist uniquely defined elements ek ∈ H such that

Lx = {(x, ek)}mk=1 , x ∈ H . (1.1)

Let {ek}mk=1 be an orthogonal system of non-zero elemets in H, i. e.

(ei, ek) = 0 , i, k = 1,m, i 6= k ; (ek, ek) > 0 , k = 1,m

and let, for z = {zk}mk=1 ⊂ C and 0 < p ≤ ∞,

‖z‖p =


( m∑

k=1

|zk|p
) 1

p
if 0 < p <∞,

sup
k=1,m

|zk| if p =∞.
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We consider the problem of calculating ‖L‖p, the norm if 1 ≤ p ≤ ∞ and the
quasi-norm if 0 < p < 1, of the vector-functional L as an operator acting from H to lp,
that is

‖L‖p ≡ ‖L‖H→lp = sup
x∈H,x 6=0

‖Lx‖p
‖x‖

= sup
x∈H,x 6=0

( m∑
k=1

|(x, ek)|p
) 1

p

‖x‖
,

and of describing for the case ‖L‖p < ∞ the corresponding set Ep of all extremal
elements, that is

Ep =
{
x ∈ H : x 6= 0,

‖Lx‖p
‖x‖

= ‖L‖p
}
.

We derive Euler’s equation for this extremal problem and investigate the nonlin-
ear homogeneous operator entering this equation. We find all its eigenvalues and all
corresponding eigenvectors.

2 Main results

Lemma 2.1. Let 0 < p ≤ ∞ and ‖L‖p <∞. If 0 < p < 2 and x ∈ Ep, then (x, ek) 6= 0
for all k = 1,m. If 2 ≤ p ≤ ∞, then there exists x ∈ Ep such that (x, ek) = 0 for some
k = 1,m.

Lemma 2.2. (Euler’s equation) Let 0 < p <∞. If ‖L‖p <∞ and x ∈ Ep, then

m∑
k=1

|(x, ek)|p <∞,
m∑

k=1

|(x, ek)|2(p−1)‖ek‖2 <∞

and there exists λ = λ(x) ∈ C such that

‖x‖
( m∑

k=1

|(x, ek)|p
) 1−p

p

m∑
k=1

|(x, ek)|p−2(x, ek) ek = λx . (2.1)

(By Lemma 2.1 (x, ek) 6= 0, k = 1,m, for 0 < p < 2, hence the quantities |(x, ek)|2(p−1),
|(x, ek)|p−2 respectively, are defined for all x ∈ Ep. If (x, ek) = 0 for all k = 1,m, which
is not excluded if p ≥ 2, then it is assumed that the left-hand side of this equality is
equal to 0.)

We note the following particular cases of equality (2.1). For p = 1 equality (2.1)
takes the form

‖x‖
m∑

k=1

(x, ek)

|(x, ek)|
ek = λx

and for p = 2 equality (2.1) takes the form

‖x‖
( m∑

k=1

|(x, ek)|2
)− 1

2

m∑
k=1

(x, ek) ek = λx .
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Equality (2.1) implies that

λ =

( m∑
k=1

|(x, ek)|p
) 1

p

‖x‖
≥ 0 .

Let, for 2 ≤ p <∞,

Dp =
{
x ∈ H :

m∑
k=1

|(x, ek)|p <∞,
m∑

k=1

|(x, ek)|2(p−1)‖ek‖2 <∞
}
.

and, for 0 < p < 2,

Dp =
{
x ∈ H : (x, ek) 6= 0, k = 1,m ;

m∑
k=1

|(x, ek)|p ,
m∑

k=1

|(x, ek)|2(p−1)‖ek‖2 <∞
}
.

Consider the nonlinear homogeneous operator Ap : Dp → H defined by the left-
hand side of equality (2.1):

Apx = ‖x‖
( m∑

k=1

|(x, ek)|p
) 1−p

p

m∑
k=1

|(x, ek)|p−2(x, ek) ek . (2.2)

Clearly, equation (2.1), together with the assumption (x, ek) 6= 0, k = 1,m for
0 < p < 2 based on Lemma 1, is equivalent to the eigenvalue problem

Apx = λx , x ∈ Dp . (2.3)

Denote by Λp the set of all eigenvalues of the operator Ap. Note that Λp ⊂ [0,∞).
The case λ = 0 is trivial. If 0 < p < 2, then equation (2.1) and Lemma 1 imply that
0 /∈ Λp. Let 2 ≤ p < ∞ and let H0 be the closed linear subspace spanned by the
system {ek}mk=1. If H0 = H, then equality (2.1) with λ = 0 implies that x = 0, hence
0 /∈ Λp. If H0 6= H, then 0 ∈ Λp and each element x ∈ H⊥

0 , x 6= 0, is an eigenvector
corresponding to the eigenvalue 0.

Denote by Λ+
p the set of all positive eigenvalues of the operator Ap.

Theorem 2.1. 1. If 0 < p < 2, then

Λ+
p =


∅ if

m∑
k=1

‖ek‖
2p

2−p =∞ ,{( m∑
k=1

‖ek‖
2p

2−p

) 1
p
− 1

2
}

if
m∑

k=1

‖ek‖
2p

2−p <∞ .

For λ =
( m∑

k=1

‖ek‖
2p

2−p

) 1
p
− 1

2
<∞ each corresponding eigenvector x has the form

x = µ
m∑

k=1

ak‖ek‖
2(p−1)
2−p ek ,
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where µ > 0, ak ∈ C, |ak| = 1, k = 1,m.
2. If p = 2, then

Λ+
2 =

{
‖ek‖

}m

k=1

and for any λ ∈ Λ+
2 each corresponding eigenvector x has the form

x =
∑
k∈Sλ

ckek ,

where ck ∈ C, 0 <
∑

k∈Sλ

|ck|2‖ek‖2 <∞ and

Sλ = {k = 1,m : ‖ek‖ = λ} .

3. If 2 < p <∞, then

Λ+
p =

{(∑
k∈S

‖ek‖
2p

2−p

) 1
p
− 1

2
}

∅ 6=S⊂{1,...,m}
,

where the set ∅ 6= S ⊂ {1, ...,m} is such that
∑
k∈S

‖ek‖
2p

2−p <∞ .

For any λ ∈ Λ+
p each corresponding eigenvector x has the form

x = µ
∑
k∈Sλ

ak‖ek‖
2(p−1)
2−p ek ,

where µ > 0, ak ∈ C, |ak| = 1, k ∈ Sλ, and the set Sλ ⊂ {1, ...,m} is such that(∑
k∈Sλ

‖ek‖
2p

2−p

) 1
p
− 1

2
= λ .

Corollary 2.1. Let 0 < p <∞. If
m∑

k=1

‖ek‖
2p

2−p =∞ for 0 < p < 2 or sup
k=1,m

‖ek‖ =∞ for 2 ≤ p <∞ ,

then
‖L‖p =∞ .

Otherwise
‖L‖p = sup Λ+

p <∞ .

Corollary 2.2. Let {ek}mk=1 be an orthonormal system in H.
1. If 0 < p < 2, then

Λ+
p =

{
∅ if m =∞ ,{

m
1
p
− 1

2
}

if m ∈ N .

For λ = m
1
p
− 1

2 ,m ∈ N, each corresponding eigenvector x has the form

x = µ
m∑

k=1

akek ,
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where µ > 0, ak ∈ C, |ak| = 1, k = 1,m.
2. If p = 2, then Λ+

2 = {1} and each eigenvector corresponding to the eigenvalue 1
has the form

x =
m∑

k=1

ckek ,

where ck ∈ C and 0 <
m∑

k=1

|ck|2 <∞.

3. If 2 < p <∞, then
Λ+

p =
{
s

1
p
− 1

2
}m

s=1
.

For the eigenvalue λ = s
1
p
− 1

2 (s = 1,m) each corresponding eigenvector has the
form

x = µ
m∑

k=1

akek ,

where µ > 0, exactly s coefficients ak ∈ C are not equal to 0, and |ak| = 1 for all
nonzero coefficients.

Theorem 2.2. 1. If 0 < p < 2, then

‖L‖p =
( m∑

k=1

‖ek‖
2p

2−p

) 1
p
− 1

2
,

and, if 2 ≤ p ≤ ∞, then
‖L‖p = sup

k=1,m

‖ek‖ .

2. Let ‖L‖p <∞. If 0 < p < 2, then

Ep =
{
µ

m∑
k=1

ak‖ek‖
2(p−1)
2−p ek : µ > 0; ak ∈ C, |ak| = 1, k = 1,m

}
.

If 2 ≤ p ≤ ∞, let

K =
{
k = 1,m : ‖ek‖ = sup

s=1,m

‖es‖
}
.

If K = ∅, then Ep = ∅. If K 6= ∅, then

E2 =
{∑

k∈K

ckek : ck ∈ C, 0 <
∑
k∈K

|ck|2‖ek‖2 <∞
}

and for 2 < p ≤ ∞
Ep =

{
ckek : k ∈ K, ck ∈ C, ck 6= 0

}
.
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Corollary 2.3. Let {ek}mk=1 be an orthonormal system in H. Then

‖L‖p =


∞ if 0 < p < 2, m =∞ ,

m
1
p
− 1

2 if 0 < p < 2, m ∈ N ,
1 if 2 ≤ p ≤ ∞, m ∈ N or m =∞ .

Moreover,

Ep =
{
µ

m∑
k=1

akek : µ > 0; ak ∈ C, |ak| = 1, k = 1,m
}

for 0 < p < 2 and m ∈ N,

E2 =
{∑

k∈K

ckek : ck ∈ C, 0 <
∑
k∈K

|ck|2 <∞
}

and
Ep =

{
ckek : k = 1,m, ck ∈ C, ck 6= 0

}
for 2 < p ≤ ∞.

Remark 2. Theorem 2.2 is a corollary of Theorem 2.1 It is also possible to give a proof
of Theorem 2.2 without applying Theorem 2.1, by using Hölder’s and Jensen’s inequal-
ities and investigating the cases in which equalities are attained in these inequalities.

Remark 3. For the case H = L2(I
n), where In = (0, 1)n is the unit cube in Rn,

1 < p <∞, m ∈ N and for the linear vector-functionals L defined by the functions

eα(t) =
(−1)l−1α!Qα,2(t)

‖Qα,2‖2L2(In)

, t ∈ Rn ,

where α = (α1, ..., αn), αj are non-negative integers, |α| = α1 + · · · + αn = l ∈ N,
α! = α1! · · ·αn!,

Qα,2 = Qα1,2 · · ·Qαn,2 ,

and Qσ,2 is a polynomial of order σ ∈ N of least deviation from zero in L2(0, 1),
Theorems 2.1 and 2.2 were proved in [1], [2].

However, it appeared that, in fact, results in [1], [2] are particular cases of general
statements of functional analysis for vector-functionals in Hilbert spaces formulated
above.

Acknowledgments
This research was partially supported by the grant of the Russian Foundation for
Basic Research (project 12-01-00554) and by the grants of the Ministry of Education
and Science of the Republic of Kazakhstan (projects 1834/ГФ/2 and 1889/ГФ/3).



138 V.I. Burenkov, T.V. Tararykova

References

[1] V.I. Burenkov., V.A. Gusakov, On sharp constants in Sobolev embedding theorems. II, Dokl.
Ross. Akad. Nauk. Matematika 324 (1992), 505–510 (in Russian). English transl. in Russian
Acad. Sci. Dokl. Math. 45 (1992).

[2] V.I. Burenkov, V.A. Gusakov, On sharp constants in Sobolev embedding theorems. III, Trudy
Mat. Inst. Steklov 204 (1993), 80–98 (in Russian). English transl. in Proc. Steklov Inst. Math.,
American Mathematical Society, Providence, Rhode Island 204 (1994), issue 3.

[3] E. Kreyszig, Introductory functional analysis with applications, John Wiley & Sons, New York
– Santa Barbara – London – Sydney – Toronto, 1989.

Victor Ivanovich Burenkov
and
Tamara Vasil’evna Tararykova
Faculty of Mechanics and Mathematics
L.N. Gumilyov Eurasian National University
2 Mirzoyan St,
010008 Astana, Kazakhstan
and
Cardiff School of Mathematics
Cardiff University
Senghennydd Rd
CF24 4AG Cardiff, UK

E-mails: burenkov@cf.ac.uk, tararykovat@cf.ac.uk

Received: 01.02.2014



EURASIAN MATHEMATICAL JOURNAL
2014 – Том 5, № 2 – Астана: ЕНУ. – 139 с.

Подписано в печать 29.06.2014 г. Тираж – 120 экз.

Адрес редакции: 010008, Астана, ул. Мирзояна, 2,
Евразийский национальный университет имени Л.Н. Гумилева,

главный корпус, каб. 312
Тел.: +7-7172-709500 добавочный 31313

Дизайн: К. Булан

Отпечатано в типографии ЕНУ имени Л.Н.Гумилева

c© Евразийский национальный университет имени Л.Н. Гумилева

Свидетельство о постановке на учет печатного издания
Министерства культуры и информации Республики Казахстан

№ 10330 – Ж от 25.09.2009 г.




